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ON RELATIVE PROPERTY (T)

TO BOB ZIMMER ON HIS 60TH BIRTHDAY

Abstract

We present families of pairs (H x A A) with relative property (T), where H is
a locally compact group acting continuously by automorphisms on a locally
compact abelian group A. The paper is completely self-contained.

1. Introduction

Property (T) for groups and for pairs (also referred to as relative property (T))
was first introduced by D. Kazhdan in his thesis [14] to show that lattices
in semisimple Lie groups are finitely generated. His proof that SL(n, R) has
property (T) for n > 3 follows from the fact that the pair (SL(2, R) x R?, R?)
has the relative property (T).

Recall that a unitary representation 7 : G — U(H) of a locally compact
group G almost has invariant vectors if for every compact subset K C G and
for every € > 0 there exists & € H with ||&|| = 1 such that

sup [[7(g)s =&l <.
gek
Equivalently, one says that the representation 7w weakly contains the trivial

representation 1. Then a group G has property (T) if any representation that
almost has invariant vectors actually has invariant vectors. A typical example
of a group with property (T) is a connected semisimple real Lie group all of
whose factors have real rank at least 2, for example SL(n, R) for n > 3, or any
lattice therein.

DEFINITION 1.7. LetL < Gbeasubgroup of alocally compact group G. The
pair (G, L) has relative property (T) if whenever (7, ) is a continuous unitary
representation of G, which almost has invariant vectors; there are nonzero
L-invariant vectors.
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Property (T) has several diverse applications in representation theory, er-
godic theory, operator algebras, lattices in algebraic groups over local fields,
geometric group theory, and the theory of networks. Aside the implicit use
of relative property (T) in [14], among its first applications there is the con-
struction of an infinite family of expanders [15], or the solution of Ruziewicz
problem for R", [16], both due to Margulis. Further applications include Ga-
boriau and Popa’s construction [11] of a noncountable family of free ergodic
measure-preserving non-orbit equivalent actions of the free group F, in r > 2
generators on a standard probability space (see also [21] or [10] for general-
izations) or Popa’s construction [20, 22, 23] of a factor of type II; with trivial
fundamental group. Finally, although the fact that a pair (G, L) has relative
property (T) is a weaker condition than requiring that the group G itself has
property (T), in some situations relative property (T) will suffice; for example,
Navas [19] has proven that for the nonexistence of “interesting” C2-actions on
the circle, the relative property (T) of a pair (I", o), where I'g is normal in T,
will suffice.

Just to give a flavor of how relative property (T) differs from property (T),
although we will not use these facts here, observe that if (G, L) has relative
property (T) this does not imply that either G or L have property (T), and
moreover, (SL(2, Z) x Z?, Z?) has relative property (T) but neither SL(2, Z) nor
72 have property (T). Furthermore, the fact that (G, L) has relative property (T)
does not imply that either G or L is compactly generated, as the example of
(SL(3,Z) x A,Fs x {€}), where A is any group that is not finitely generated
shows.!

Just as for property (T), several different characterizations of relative prop-
erty (T) are available, for example, in terms of strongly ergodic actions, in
terms of Von Neumann algebras, of positive definite functions, of isometric
actions of Hilbert spaces, and so on; moreover, it is possible to define relative
property (T) for pairs (G, X) where X is any subset [6]. We refer the reader to
[13] and [6] and to the references therein.

It goes without saying that if either G or L is a group with property (T), then
the pair (G, L) has the relative property (T); nontrivial examples of pairs with
relative property (T) have been constructed in [5], in [8] (see Theorem 1.3 and
the comments thereafter) or in [25] (see the last paragraph of this introduc-
tion). The scope of this note is to present families of pairs (G, L) with relative
property (T) whose general form is the semidirect product G = H x A of a

1. Note, however, thatif (G, L) has relative property (T), there exists a compactly generated
subgroup H containing L such that (H, L) has relative property (T); see [6].
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locally compact group H acting continuously by automorphisms on a locally
compact abelian group A and L = A.

1.1.

LetI" beadiscrete group, S afinite set of prime numbers, Z[ S] the ring obtained
inverting the primesin Sand p : I' — GLN(Z[S]) a homomorphism. We will
denote by p, : I' = GLN(Qp) the representation obtained by injecting Z[S]
into Qp, where Qu :=R.

THEOREM 1.2. Assume that the image p(T') of T is Zariski dense in SLy. Then
the following are equivalent:

i) the pair (T x Z[SIN, Z[SIV) has relative property (T);
ii) the Z[T"]-module ZISIN is finitely generated;
iii) for every p € SU{oo} the image pp(I") < SLn(Qp) is not bounded; and
iv) there is no py(I")-invariant probability measure on }P((Q;,‘] )*), forpe SU
{o0}.

We remark that (ii) is in contrast with the fact that, unless S =, the
ring Z[S] is not finitely generated as a Z-module; moreover, it is remarkable
that although the relative property (T) is analytic in nature, the equivalent
property in (ii) above is purely algebraic. As it will be clear from the proof
(see Proposition 4.5) Zariski density is not needed for the equivalence of the
assertions (i) and (iv).

The motivation to establish results of the type of Theorem 1.2 comes from
[8], where the following is shown:

THEOREM 1.3. (FERNOs, [8]) Let ' be a finitely generated group. Then the
following are equivalent:

i) there exists a representation p : I — SL,(R) such that the real points
mz (R) of the Zariski closure of the image of p is not an amenable group;
and

ii)there exists a finite set of primes S, an integer N € N, and a representation
I' — SLN(Z[S]) such that (T x Z[S]N, Z[S]N) has relative property (T).

EXAMPLE 1.4.

1) According to the Tits alternative, if k is any local field of zero character-
isticand I' < GL(n, k) is a finitely generated subgroup, then either I' is
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virtually solvable or it contains a free subgroup F; in two generators that
is Zariski dense in I'. Since I' = SLy(Z) is not virtually solvable, then
there is a Zariski-dense I, < SLy(Z) and thus (F, x ZN, ZN) has relative
property (T).

2) A topological version of the Tits alternative shown by Breuillard and
Gelander [4] asserts that if k; are local fields of zero characteristic and
I' < []GL(n, k;) is a finitely generated subgroup, then either I' contains
an open solvable subgroup, or a finitely generated free subgroup that is
densein .

Using this result we show the following:

COROLLARY 1.5. For every natural number N € N and every nonempty finite
set of primes S, there is a finitely generated free group I' < SLn(Z[S]) such that the
pair (I x Z[SIN, Z[SIN) has relative property (T).

1.2

Now let p : G — GL(V) be a rational representation defined over Q, where
G is a connected, semisimple Q-group. Let pg : Gk — GL(VR) be the rep-
resentation on the level of real points. We say that pg is totally unbounded
if for any Gg-invariant subspace Wr C Vg of positive dimension, the group
p(Gr)|wi < GL(WR) is unbounded.

THEOREM 1.6. Let A C Vg bea Z-module of maximal rank invariant under G,
LetT' < Gy and assume that I is Zariski dense in G. The following are equivalent:

i) the pair (T x A, A) has relative property (T); and
ii) the representation pg : Ggr — GL(VR) is totally unbounded.

A remark is in order regarding the hypothesis of Zariski density of I' in
G. There is a result of Borel [3, theorem 1] to the extent that if G contains no
connected normal Q-subgroups N # {e} such that Ny is compact, then Gy
is Zariski dense in G; this avoids the situation in which if G = G; x G, with
G; Q-groups, then G1 7 X Gyz = Gz C Gr = G1r X Gy r With G g compact,
which would prevent the Zariski density of Gz. So Theorem 1.6 applies to any
finite-index subgroup I' of Gz, provided Gg has no compact factors.

If pr is irreducible with unbounded image, it is trivially totally unbounded
and hence the pair (I x A, A) has relative property (T). The construction of
such a representation for a group defined over Q, which is either adjoint or
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simply connected will be given in Lemma 4.7. As an application we have the
following:

COROLLARY 1.7. IfGisa connected real algebraic semisimple Lie group without
compact factors and I' < G is an arithmetic lattice, then there is a linear represen-
tation T” — SLy(Z) of a finite-index subgroup T < T such that (I' x ZN, ZN)
has relative property (T).

Theorem 1.6 is motivated by [25, theorems 1 and 4], where the same as-
sertion as in Corollary 1.7 is proven, under the additional hypothesis that the
group G is absolutely simple. Corollary 1.7 can also be deduced from [8, theo-
rems 3 and 7.1] by observing that such an arithmetic lattice I" satisfies property
(Foo) in [8]. Just like in [25] the value of the integer N is explicitly given (see
the proof of Lemma 4.7). Moreover, if I'' < T is of finite-index k := [[", "]
and (I x ZN, ZN) has relative property (T), then (I" x Z*N, Z¥N) has relative
property (T), [8, step B in the proof of theorem 7.1].

Acknowledgments: The author thanks Marc Burger for useful conversations
during the preparation of this paper and the referee for helpful comments.

2. Generalities

We collect here, with proofs, few classical facts about relative property (T). We
start by recording here the following observation:

LEMMA 2.1. Let H;, B; be locally compact groups such that H; acts on B; via
a continuous action H; — Aut(B;), i = 1,2, and let q : Hy x By — Hj x B be
a continuous homomorphism such that q(B1) = By. If (H1 x B1, B1) has relative
property (T), then also (Ha x By, By) has relative property (T).

LEMMA 2.2. Let H, Ay, Ay, ..., Ay, be locally compact groups such that H acts
on A; via a continuous action H — Aut (A;). The following are equivalent:

i) the pair (H X (A1 X « -+ X Ay), A1 X - -+ X Ay) has relative property (T); and
ii) the pair (H x A;, A;) has relative property (T) forj =1,...,n.

Proof. The implication (i)=>(ii) follows from Lemma 2.1 by considering
the homomorphisms H x (A1 x - -+ x Ay) — H x A;, while (ii)=(i) is in [8,
lemma 5.2], where it is used that relative property (T) is a property closed
under certain extensions. O
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The following corollary is essential in the proof of Proposition 4.5.

COROLLARY 2.3. Let H and M be locally compact groups, A < M a cocompact
lattice and let p : H — Aut (M) be a continuous action by automorphisms preserv-
ing A. Then the pair (H x A, A) has relative property (T) if and only if the same
holds for the pair (H x M, M).

Although the above resultis all we need, we are going to prove the following
more general result from which the corollary can be obtained at once by setting
L=HxAandA:=M<HxM=:G.

PROPOSITION 2.4. Let G bealocally compactgroup, A < G anormal subgroup,
and L < G a closed subgroup.

1) If (G, A) has relative property (T) and L\ G has a finite G-invariant measure,
then the pair (L, LN A) also has relative property (T).

2)If A/LN A is compact with finite A-invariant measure and (L, LN A) has
relative property (T), then (G, A) has relative property (T).

In order to prove this, we will use a strengthening of relative property (T).
We recall first that if 7 : G — U(H) is a unitary representation of a locally
compact group G, we say that a sequence {§,} C H of vectors is asymptotically
7 (G)-invariant if ||&,]| = 1 for all n and for every compact subset K C G we
have that

2.1 Jim sup 7 (k)n — &nll = 0.

If a group is o-compact, a representation almost has invariant vectors if and
only if it has a sequence of asymptotically invariant vectors. Denote by H the
subspace of H consisting of 7 (G)-invariant vectors. Then it is well known that
if G is a group with property (T) and 7 : G — U(H) is a unitary representation
of G with a sequence {£,} of asymptotically 7 (G)-invariant vectors, then

lim d(&,, HE) =0,
n—oo

Where d denotes the distance to a subspace.
Similarly one has the following:

LEMMA 2.5. Let A < G be a normal subgroup of a locally compact group G such
that the pair (G, A) has relative property (T). If m : G — U(H) is a continuous
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unitary representation and {£,} C H is a sequence of asymptotically 7t (G)-invariant

vectors, then
lim d(&,, H*) = 0.
n—00

Proof. Since A is normal in G, the Hilbert subspace H is 7 (G)-invariant, so
that

H="H"®H"
is an orthogonal decomposition into 7 (G)-invariant subspaces. Let {&,} C
H be a sequence of asymptotically invariant vectors and let &, = ¢, + ¢,
be the corresponding orthogonal decomposition, so that showing that
limy,—, o0 d(€n, HA) = 0 is equivalent to showing that lim,,_, « ||¢.]| = 0.
Let us assume by contradiction thatlim sup,,_, [, ]l # 0, thatis, for some
€ > 0,let {{,’%} € (™™ be a subsequence such that

22 for all k € N we have ||§,Qk|| >e.

Since (H4)* is 7 (G)-invariant and the orthogonal projection is norm decreas-
ing, we have that forallg € G

172 ()&, = & I < 117 (8)Emy, — Em

from which, using Equation 2.2, we obtain that

Cn, S,
H”‘g)<ncy@kn> 12,1

Ifnow K C Gisanycompactset, since the sequence {&,} C H isasymptotically

T €

1
‘ < — 7 (g)8m, —&n,l -

7 (G)-invariant, we have

G\
”(g)<||;,;k||> T

from which we deduce that the sequence {;,Qk/ |I§r/,k I} is also asymptotically

lim sup
k=00 kek

. 1
‘ < lim Supg“ﬂ(g)%:nk _";:nk” =0,

T koo kek

7 (G)-invariant. Hence 7 (G)| (3A)" has non-zero 7 (A)-invariant vectors, which
is a contradiction. 0

You are reading copyrighted material published by University of Chicago Press.
Unauthorized posting, copying, or distributing of this work except as permitted under U.S. copyright law is illegal
and injures the author and publisher.



382/ A. 10221

Proof of Proposition 2.4.

1) Let (w,H) be a representation of L that almost has invariant vectors.
Since weak containment is preserved under induction, the representation w :=
Indf(n) of G induced from & weakly contains the representation Indf (1r) in-
duced to G from the identity representation of L; the latter in turn has invariant
vectors since L\ G has finite G-invariant measure and hence, by transitivity of
weak containment, w almost has invariant vectors. Thus, since (G, A) has
relative property (T), the Hilbert space

Ly :={f:G— H: fis measurable, f({g) = 7 (£)(f(g)),

for almost everyg € Gand forall¢ € L

and / 1 (&) 12d1a(g) < o)
I\G

of the representation w has nonzero A-invariant vectors with respect to the
action (w(g)f)(x) =f(xg) for all g € G and almost all x € G. Let f € £, be
such nonzero A-invariant vector. Then for alla € ANL and almostall x € G
we have

7 (@)(f (x)) = f(ax) = f (e(x" " ax)) = f(x),

which shows that the space of (L N A)-invariant vectors in H is not trivial and
hence shows (1).

2) Let w : G — U(H) be a representation of G and {&,} € H be a sequence of
asymptotically 7 (G)-invariant vectors.? Then {&,} is also asymptotically 7 (L)-
invariant and since by hypothesis (L, LN A) has relative property (T) and LN

HEMA such

A is normal in L, by Lemma 2.5 there exists a sequence {¢,} €
that limy,, o0 [|&n — Cnll = 0. After rescaling if necessary, we may assume that

[IZull = 1. For all n € N the vectors
N 1= / (@) dr(a) € H,
AJANL

where 2 is the A-invariant probability measure on A/AN L, are obviously i (A)-
invariant, and we only need to show that there exists an n € Nsuch thatn, # 0.

2. For the sake of simplicity we assume in the sequel that all locally compact groups
are o-compact. If not, the same arguments apply by replacing sequences with generalized
sequences.
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To see this, let F C A C G be a compact fundamental domain for the action
of ANL on A. Then for all a € A there exists f; € F and £, € AN L such that
a = falg, so that, by (L N A)-invariance of &y,

1 = Cull =

/ 2 (@)en dMa) — 0| < / 17(@)5n — o1l d2.(a)
AJANL AJANL

< sup |7 (fa)¢n — Cull -
fa€F

Now we observe that {¢,,} is asymptotically  (G)-invariant: indeed forallg € G,

77 (8)¢n — Enll < 2018 — Enll + N7 (8)6n — &nll -

It follows that limy,_, |7, — ¢ull = 0 and thus in particular 5, # 0 for some
neN. O

LEMMA 2.6. LetT" x A bea semidirect product of discrete groups, with A abelian,
and assume that (I' x A, A) has relative property (T). Then the Z[I']-module A is
finitely generated.

Proof. Let A, 1 Abe an increasing sequence of T'-invariant subgroups finitely
generated over Z[I'] and UA,, = A. Consider the I x A-regular action on

P A xA/T x Ay);

n>1

the sequence 8¢(rx 4, is asymptotically invariant, hence there is an A-invariant
vector in some €2(I" x A/ " x Ay); this implies that there is a finite A-orbit in
(Cx A/T x Ay) = A/A, and hence |A/A,| < +oo. O

3. Algebraic Actions and Measure Theory

We start by recalling the classical fact that if k is a local field and Hj, consists of
the k-points of an algebraic group defined over k, then any k-algebraic action
of Hj, on the k-points of a k-variety has orbits, which are locally closed in the
Hausdorff topology [2]. Recall, moreover, that an action is almost effective if
the intersection of the stabilizers is a finite group.
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At the heart of what we are doing is the following theorem of Gromov: the
proof we recall here is more elementary than the original one and appears in
[1, théoreme 6.5].

THEOREM 3.1. (GROMOV) Let k be a local field, H a k-algebraic group, W a
k-algebraic variety and H x W — W a k-algebraic action. Let u € M*(W}) be a
probability measure on W), such that the Zariski closure of its support is W, and
assume that the action is almost effective. Then

Stabp, (1) :={h € Hy: hop = pu}

is compact.

Proof. Observe first of all that since supp (1) C Wy, then supp (/,L)Z cWe,
which, together with the hypothesis on the support of x implies that W} is
Zariski dense in W. This and the fact that the action is almost effective imply
that

3.1 () Stabg, (x) = () Stabp, (x) is finite.
xeWj xeW

The Noetherian property for the k-algebraic group Staby, (x) implies that there

exist x1, ..., %, € W} such that
n
3.2 [ Stabr, () = () Staba, (x).
j=1 xeW}

If we now let H act diagonally on W" and define
O :={p e W": Staby, (p) is finite}

we deduce immediately from Equations 3.1 and 3.2 that O is not empty. Like-
wise it is easy to see that O is Zariski open and hence, if v := u®", v(Oy) > 0.
Since, moreover, Oy is Hy-invariant, then we conclude that v|e, is a finite
measure left-invariant by Stabp, (14).

Since Oy is open in WkN and the Hy-orbits in W}, are locally closed, then
also the Stabpy, (u)-orbits in Oy are locally closed in the Hausdorft topology.
By decomposing v|p, if necessary into ergodic components and applying
general considerations (see [26] or [12, 7]), we deduce that the finite Stabp,
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(1)-invariant measure on Oy is supported on an orbit Stabg, (1) - po, with
po € Oy. But

Staka (1) po = Staka (m)/ Staka (po) N Staka ()

and, by hypothesis, Stabp, (po) is finite. It follows that Stabp, (1) supports a
finite measure that is invariant by translations and hence is compact. O

We can draw from this theorem some useful consequences on the structure
of the stabilizer of a probability measure in projective space. The point is to be
able to deal with measures whose support is not necessarily Zariski dense and
with actions that are not necessarily effective. To apply the previous theorem
and for further reference, let us set up some notation. If k is a local field, let E
be a finite-dimensional vector space defined over k. If & € MY (P(E})), let us
set

3.3 W .= supp it c P(E)

to be the projective subvariety defined as the Zariski closure of the support of
w and define the algebraic subgroups

N(W) :={h € PGL(E) : h(W) = W}
34

[(W) :={h € PGL(E) : hlw = ldw},

where I(W) is normal in N(W) and both are defined over k. The above notation
will be typically applied when E is either a vector space as in the next corollary
or the dual of a vector space (the only difference of course is lying in the
action).

COROLLARY 3.2. Let V} be a finite-dimensional k-vector space seen as the set
of k-points of the corresponding vector space V over an algebraic closure of k. The
stabilizer Stabpgr(v,) () of @ probability measure . € M (P(Vy)) on the projective
space IP(Vy) has a cocompact normal k-subgroup. More precisely, if W C P(V) and
I(W) are defined as in Equations (3.3) and (3.4), respectively, then I(W) is a k-
subgroup of PGL(V) such that I(W)y, is normal in Stabpgr(v,) (1) and the quotient
Stabpgr(vy) (1)/1(W)y is compact.

Proof. By construction the group H := N(W)/I(W) is defined over k and so is
the algebraic action H x W — W, which is in addition effective by construc-
tion. Since N(W)/I(W); is the N(W),-orbit of the identity in (N(W)/I(W));, =
Hy, itis locally closed in the Hausdorff topology and, being a topological group,
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is also closed; but Stabpgr(vy) (1t)/I(W) being closed in N(W)/I(W)y itis also
closed in Hy. Since the quotient Stabpgrv,) (1)/ (W) is closed and contained
in the compact Stabg, (u), it is itself compact. O

REMARK 3.3. Furstenberg’s lemma [9] asserts that either the stabilizer of a prob-
ability measure p on P(Vy) is compact or the support of the measure is contained
in the union of two proper subspaces. Using this lemma Zimmer has shown [26,
theorem 3.2.4] (see also [18]) that under the same hypotheses as in Corollary 3.2
Stabpgr(v,) (1) has a normal subgroup of finite index that contains a cocompact
normal subgroup consisting of the k-points of a k-algebraic group.

4. Applications to Group Pairs

Let V} be as in §3 a k-vector space identified with the k-points of a vector space
V over an algebraic closure of k, and let V' be its dual. If u € /\/ll(IP’(V,j)),
define

4.1 GM = {I’L S GL(Vk) . [h*] S StaprL(V;) (/,L)}

where h* denotes the transpose of h. Then we have

PROPOSITION 4.1. Letp € /\/ll(]P’(V,:‘)). Then the pair (G, x Vg, Vi) does not
have relative property (T).

Proof. Letus consider W C P(V*) and I(W) as defined in Equations (3.3) and
(3.4) with E = V* and let us define

I, :={h€G,: [W]e (W)
= {h e GL(Vy) : [h*] € [(W);}.
Let [A] € supp u, where A : V;, — kis a nonzero linear form. Then, by defini-

tion of I, there exists a continuous homomorphism y; : I,, — k* such that
forevery h € I,

4.2 Wa = xa(h)A.
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But this is equivalent to saying that the map

o lux V- kK xk

(hv) > (X(h), A(v))

is a homomorphism. Since k is not compact and k* x k is amenable, then
(k* x k, k) does not have relative property (T) (see, for instance, [8, lemma 8.3]),
and since g is continuous with gy (V}) = k, then also (I, x Vi, V}) does not
have relative property (T) (Lemma 2.1). But I, is a normal subgroup of G,
and G, /I, is compact by Corollary 3.2, so that Proposition 2.4(1) implies that
also (G, x Vj, Vi) does not have relative property (T). O

Our source of examples is the following:

THEOREM 4.2. Let k be a local field, Vy, a finite-dimensional k-vector space en-
dowed with its structure of (additive) locally compact group, H a locally compact
group, and p : H — GL(V}) a continuous representation. Then the following are
equivalent:

i) the pair (H x Vi, Vi) has relative property (T); and
ii) there is no H-invariant probability measure on P(VY).

The proof of the implication (ii)=-(i) was proven in [5, proposition 7
and examples] and is recalled below for completeness. The case in which
k=R and H is a semisimple connected Lie group was established in [24,
proposition 2.3]. The implication (i)=(ii) in the general case appears in [6,
proposition 3.1.9], but it follows here immediately from the above proposi-
tion. In fact, assume that via the contragredient action p* of p, the group H
fixes a measure u € Ml(]P’(V,:‘)). With G,, as in Equation 4.1, consider the
continuous homomorphism

PRI
H x Vk4>G;L X Vk .

Then Proposition 4.1 and the contrapositive of Lemma 2.1 imply that (H x
Vi, Vi) does not have relative property (T).

We recall now the proof of the implication (ii)=(i). Let p : H — GL(V})
be a continuous representation and let G := H x V;. By fixing a nontrivial
character x € Homc (k, T) we get the usual isomorphism as locally compact
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groups of the Pontryagin dual V}, of Vj, with the dual V7, via
Vi — Vi
A xoAi.

Given a continuous unitary representation 7 : G — U(H), we have the spectral
measure

P: B(V}) — P(H)

of |y, that is, a map associating to every Borel set B C V}" an orthogonal
projection satisfying certain additional properties. Essential is the fact that for
every & € H,

we(B) := (P(B), &)

defines a bounded positive Radon measure pg € M* (V") on V" and
(0066 = icl) = [ xu0 dise ).
k

In other words, ¢ is determined uniquely by the diagonal coefficients on Vj,
associated to & and it is easy to see that P(B) is uniquely determined by the
map & > g (B); furthermore, we have for all h € H and B € B(V})

43 P(o(h)*B) = n(h)"' P(B)mr(h).
Now let & € # and g € MT (V") and define
me = px (i |vi(0)

to be the push- forward of the measure ji¢ (A7) under the projection p : V}"\
{0} — P(V}).If B € B(P(V))isaBorel subsetin P(V;) and weset B’ = p~1(B),
using Equation 4.3 we have

mg (0* (h)B) — mg (B) = (P(p* () B)§, &) — (P(B)§, &)
= (P(B)m(h)€, 7 (h)E) — (P(B')§, &)
= Re (P(B)( (h)é +§), m(h)§ &),
so that
Img (0™ (h)B) — mg (B)] < 2[&]l ()& — &1
Now for any subset K C H, introduce the following quantity

a(K, p) = inf sup  sup|m(p*(h)B) — m(B)|
me M (P(V})) BeB(B(V)) heK
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which is somehow the extent to which “measures are moved by p*(h).”
Since the total mass of the positive measure m; is

e P(VE)) = pe (Vi) — e ({0D)

and since there are no p(Vj)-invariant vectors if and only if g ({0}) = 0 for
every |||l = 1, we obtain the following:

PROPOSITION 4.3. Let p: G — U(H) be a continuous unitary representation
of H x V}, with no nonzero Vj-invariant vectors. Then for every compact subset
K C H and for every & € H with |&|| = 1, we have that

h >1 K
rileé}gllp( )E—EII_EO!( P -

The proof of Theorem 4.2(ii)= (i) will be complete if we show that H has
no invariant measure on P(V}’) via p if and only if there exists a compact set
K C H with ¢(K, p) > 0; but this is just an exercise.

4.1. Proof of the Results in (j1.1
We adopt the same notation as in §1.1, namely, I' is a discrete group, S
a finite set of primes, Z[S] the ring obtained inverting the primes in S,
p:T — GLN(Z[S]) a representation, and p, : I' — GLy(Qp) is the repre-
sentation obtained by composing p with the embedding Z[S] — Qp, where
Qo := R. Since the diagonal embedding

zisiN < RN x [ [ @)

pes

realizes Z[S]" as a cocompact lattice, Corollary 2.3 can be translated into the
following:

COROLLARY 4.4, The pair (T x Z[SIN, Z[S]N) has relative property (T) if and
only if the pair (T x (RN x [Ipes Qﬁ’), RN x [Ipes Q;,‘J) has relative property (T).

From this we deduce the equivalence of (i) and (iv) in Theorem 1.2, which
we record here separately as it does not require the hypothesis of Zariski
density of p(I') in SLy.

PROPOSITION 4.5. With the above hypotheses, the following are equivalent:

i) (T x Z[S]N, Z[SIN) has relative property (T); and
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ii) for every p € SU {00}, there is no py(I')-invariant probability measure on

P((Q))").

Proof. Using Corollary 4.4 and Lemma 2.2 we deduce that the pair (I" x
Z[SIN, Z[S]N) has relative property (T) if and only if (I" x Q}f , Q;I ) has relative
property (T) for every p € SU {oo}. Theorem 4.2 then implies the equivalence
with (ii). O

Proof of Theorem 1.2. The chain of implications that we shall prove is as fol-
lows: (iii)=(iv)=(i)=(ii)=(iii), where, however, the equivalence (iv)< (i) is
the content of Proposition 4.5.

(iii)=>(iv). We shall show the contrapositive statement; namely, we shall
assume that for some p € SU{oo} there exists a p;(I‘)-invariant probabil-
ity measure 1 and we shall prove that then the image p,(I") C SLn(Qp) is
bounded.

Let W C P((@N)*) and I(W) be defined as in Equations 3.3 and 3.4 with
E= (@N)* and Q, an algebraic closure of Q,, and let us consider I'(W) =
I(W) N PSLy. Since I'(W) is normalized by p(I') and p(T") is Zariski dense in
SLy, then I'(W) is a normal subgroup of PSLy and hence either trivial or the
full group. Obviously it cannot be the full group PSLy since this cannot fix
pointwise any nonempty subset in projective space. So since I'(W) is trivial,
then by Corollary 3.2 StabPSL(Q}y) (1) is compact, so that pp(I") is bounded.
(i)=>(ii). This follows from Lemma 2.6.

(ii)=(iii). If p = oo, then itis easy to see that p (I') cannot be bounded because
otherwise it would be conjugate into a maximal compact subgroup that is a
real algebraic group, thus contradicting the Zariski density of p(I') in SLy.

Letus assume that Z[ S]" is finitely generated as a module over Z[I'], namely
there exist a; € Z[SIV, with 1 <j <r, such that Z[SIN = pzZI)ar+---+
p(Z(T'))a,. Forp € S, n; € Z, and y; € T, using the ultrametric inequality, we
have

<0 T

Y mopia| < max Imiop(vi)a;ll

i j=1

= max || pp(vi)a;ll < maxsup || pp(y)a;ll
i J yer

so that if p,(I") were to be bounded for any of the p’s in S, then Z[S]N would
also be bounded in QY, which is not the case. O
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In the course of the proof of the implication (iii)=(i) in Theorem 1.2 we
have proven the following fact, which we record as it might be of independent
interest and which could be deduced also from Furstenberg’s Lemma [9].

LEMMA 4.6. Let A < PSLy(Qp) be an unbounded closed subgroup that is Zariski
dense in PSLy. Then there exists no A-invariant probability measure on ]P(Q;’ ).

Proof of Corollary 1.5. Since SLy(Z[S]) is an irreducible lattice in the product
SLN(R) x [[;cs SLn(Qe), if p € S is a fixed prime, the projection

ap : SLN(Z[S]) — SLy(R) x [ SLn(Qe)
teSt#p

has dense image. We assume for the moment that we have proven that
ap(SLn(Z[s])) cannot contain an open solvable subgroup, so that by the
topological Tits alternative [4, theorem 1.6] there exists a free dense sub-
group A < ap(SLy(Z[S])) of finite rank, which is also dense in SLy(R) x
]_[ees‘#p SLn(Q¢). This implies in particular that for all £ € S, £ # p, the pro-
jection pg @ o, 1(A) — SLy(Qy) is unbounded. If we show that also the projec-
tion pp : I' = SLy(Qp) is unbounded where I := ap_l(A) < SLN(Z[S]), then
Theorem 1.2 will imply that the pair (I" x Z[s]", Z[s]V) has relative property (T).
Infact, if the projection p, : I' = SLy(Qjp) were bounded with compact closure
K, then I" would be a discrete subgroup of SLn(R) x [yes ¢p SLN(Q¢) X K,
contradicting the fact that its projection in SLN(R) x []es ¢, SLN(Qe) is
dense.

To complete the proof we need to verify that «, (SLy(Z[S])) does not have
open solvable subgroups. Let us start with the general observation that if
L < H < G are topological groups such that L is open in H and H is dense
in G, then the closure L of L is an open subgroup of G. By applying this to
H = ap(SLN(Z[S])) < SLN(R) X [ [ses,¢2p SLN(Qp), we have that if such open
solvable subgroup L < o (SLN(Z[S])) were to exist, then p (L) would be an
open solvable subgroup of SLy(R), hence closed, and hence p (L) = SLy(R),

since SLy(R) is connected. This is not possible and the proof is completed. O

4.2. Proof of the results in (j1.2
We now move on to the proof of the results in §1.2.

Proof of Theorem 1.6. In view of Theorem 4.2 it will be enough to prove the
equivalence of the following statements:
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1) There exists a p*(T')-invariant probability measure on P(Vy); and
2) The representation pg : Gk — GL(VR) is not totally unbounded.

Remark first of all that one should avoid the temptation of trying to deduce
Theorem 1.6 as an application of Theorem 1.2 (with p = 00), as in order to do
so one should require in addition to the hypotheses of Theorem 1.6 also the
Zariski density of the image p(I') in SLy.

(2)=(1). By hypothesis let Wr C VR be a pr(G)-invariant subspace such that
Pr(G)|wy, is bounded. Then on P(Wg) C P(Vr) there exists a p(I")-invariant
probability measure.

(1)=(2). Let u € M (B(V}) be a p*(I')-invariant probability measure and let
W CP(V*), N(W), and I(W) be as usual as defined in Equations 3.3 and 3.4
with E = V*. If p* is the contragredient representation, by hypothesis for all
gegG,

[0*(g)] € N(W).

If we define N := {g € G : [p*(g)] € (W)}, then we have an injective homo-
morphism

G/N < N(W)/[(W),
and, by passing to the real points, we have an induced homomorphism
h:Gg/Ng — N(W)z/I(W)g

that is at most finite-to-one. If p : Gg — Ggr/Ngr denotes the usual projec-
tion, then hop(I) is relatively compact since it is contained in Stabpgr(vy)
(n)/I(W)r, which is compact by Corollary 3.2. Since h is at most finite-to-
one, we infer that p(I') is bounded. Since (Ng)° is of finite index in Ng, if
p1: Gr — Gr/(Nr)®, then p;(T') is also bounded in Gr/(Ngr)°.

The rest of the proof will consist just in identifying the quotient Gg/(Nr)°
to deduce that pp is not totally unbounded. To this purpose, observe that the
connected component N° of N fixes pointwise every vector in the linear span
E of 7~ (W), where 7 : V* — P(V*). In fact, for every [\] € W, A: V — C,
we have yx, : N — C* given by

P*(MA = xa(m)A
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for every n € N. Thus, since N° is connected and a product of almost R-simple
factors of G, we get that x; (N°) = 1. Since

N=lgeG: p*(g)lw = Hw)

D{ge G: p*(g)lg = Hg} D N°

then Gg/(Nr)® surjects onto Gr/ ker (g — p*(g)| g }. The fact that

Gr/ker {g > p*(g)|g,) = im (g > p*(g)l5,} C GL(Eg),

together with the fact that p;(I') was bounded in Ggr/(Ng)°, implies that
p*(C)|gz is bounded in GL(Egr); again by Zariski density, of(Gr)lg is
bounded, thus showing that pp is not totally unbounded. O

LEMMA 4.7. Let H be a connected Q-semisimple group that is either simply con-
nected or adjoint and with no factors of Q-rank = 0. Then there exists an irreducible
representation p : H — GL(V) such that pr : Hrp — GL(VR) is irreducible and
unbounded.

Proof. Tt will be enough to prove the assertion under the hypothesis that H
is Q-simple. In fact, since H = Hy X - - - X Hy, if a representation pj: Hy —
GL(V;) with the desired properties exists for each factor H;, then the Kronecker
product p := ®;’=1 pj: H— GL (®f=1 VJ) will have the desired properties
for the group H.

So, recall (see for instance [17, pp. 47-48]) that if H is a connected almost
Q-simple group, there is a number field k and an absolutely simple k-group
L such that H = Resy g L. Thus, over C, H =[], ;_,¢ L7, where the prod-
uct is over all Archimedean places of k. If I denotes the Lie algebra of L, let
Ad; := Ad : L — Aut([) be the adjoint representation of L and Ad; : L% —
Aut (I'). Then by Weil’s criterion p := @!_; Ad; : [[L% — Aut(®", I) can
be defined over Q and, setting V := @ [’, we get an irreducible represen-
tation p : H — GL(V); then pg : Hr — GL(VR) is also irreducible and with
unbounded image. O

Proof of Corollary 1.7. By hypothesis, there exists a connected semisimple
simply connected algebraic group H defined over Q and a surjective homo-
morphism h : Hgr — G such that h(Hz) is commensurable with I". By passing
to a subgroup of finite index 'y < Hyz, we may assume that p|r, is injective and
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hasimageI” < T < Goffiniteindexin . If p : H — GL(V) is the represen-
tation in Lemma 4.7 and dim V = N, Theorem 1.6 implies that (H;, x zZN, ZVN)
has relative property (T); hence (I x ZN, Z") has relative property (T) where

the action of I" on ZN is via po h™ L. O
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