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Abstract

We study a compactification of the Drinfeld period domain over a finite field which
arises naturally in the context of Drinfeld moduli spaces. This compactification is
in some sense dual to the compactification by projective space. It is normal but
singular at the boundary. We construct a desingularization and obtain a smooth
modular compactification of the Drinfeld period domain with a natural stratification,
simple functorial description, and the boundary a divisor with normal crossings in
the strongest sense.
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1 Introduction

Let d > 1 be an integer and let V' be a d-dimensional vector space over a finite field IF,
with ¢ elements. Denote by Sy the symmetric algebra on V' over I, and by Frac(Sy) its
field of fractions. Thus Sy is non-canonically isomorphic to the polynomial ring over F,
in d variables, but refraining from the choice of a basis for V' will make the constructions
and statements of the article more lucid and canonical.

Let Ry and RSy be the F -subalgebras of Frac(Sy) defined as follows:

1
Ry =T, {; UGV\{O}:|
1
RSy :=F, [v,— UEV\{O}l
v

We make Sy and RSy into graded rings by defining degg, (v) = degpg (v) := 1 and
degpg,, (%) = —1. We make Ry into a graded ring by defining degp, . (%) := 1. This
definition will turn out to be more convenient for the remainder of the article.

Associated to these rings we define the following schemes over F,:
Py := Proj (Sy)

Qv = Proj (Ry)
QV = Spec ((RSV)())

Thus Py is non-canonically isomorphic to projective space P%q_l. The scheme €y is equal
to the open affine complement of the union of all F,-rational hyperplanes in Py, as well
as the open affine subscheme of @)y obtained by inverting all homogeneous elements of
degree 1 in Ry. It is an important example of a period domain over a finite field - the
Drinfeld period domain. See for example Rapoport [8], Orlik [9] and Orlik-Rapoport [10].

The scheme €2y is an analogue over F, of Drinfeld’s period domain over a nonarchimedean
local field F. The latter is defined as the complement in projective (d — 1)-space of the
union of all F-rational hyperplanes, and makes sense only as a rigid analytic space, not as
an algebraic variety. When F' has equal positive characteristic, this period domain plays
a central role in the analytic description of the moduli space of Drinfeld modules. See for
example Deligne-Husemoller [11] and Drinfeld [12]. The special case of Drinfeld modules of
rank d with respect to the ring IF,[t| and with a level structure of level (¢) leads naturally to
the scheme €y defined above. The natural (Satake, or Baily-Borel) compactification of this
Drinfeld moduli space turns out to be essentially @y, and not Py. As @y is singular (see
section 4) we are thus led to the natural problem of constructing a good desingularization
of @y, which is the main goal of this article.



The details of the relation of €2y, Qv and its desingularization with Drinfeld moduli spaces
will not be discussed.

We now describe the main results of the article. The study of the projective coordinate
ring Ry of QQy is carried out in sections 2 and 3. We determine a presentation of Ry with
generators and relations (Corollary 2.5), prove that Ry is integrally closed (Proposition
2.12), and determine its Hilbert polynomial (Propositions 2.6, 2.9, 2.10). Although Ry is
neither regular nor factorial (Proposition 2.11), we show that up to a Frobenius power, the
ring Ry is isomorphic to the symmetric algebra Sy- on the dual vector space V* over F,
(see Theorem 3.1 for a precise statement). From this we again deduce that Ry is integrally
closed.

In section 4 we study the projective variety @y = Proj(Ry). Applying the ring-theoretic
results of sections 2 and 3, we deduce that )y is a normal scheme, and compute its degree
(Corollary 4.1). We construct a natural and well-behaved stratification of @)y where the
strata are indexed by nonzero subspaces of the vector space V' (Theorem 4.6, Remark 4.7).
This stratification is in some sense dual to the usual stratification of projective space Py
(Proposition 4.2), where the strata are indexed by nonzero quotients of V. We discuss the
birational equivalence of @y and Py (Propositions 4.8, 4.9). Finally we prove that the
singular locus of Qy is equal to the union of all strata of codimension at least 2 (Theorem
4.10).

Before turning our attention to the construction of a good desingularization of @y in
arbitrary dimension, we study the special cases where d = 2 and d = 3 in section 5.
If d = 2, the schemes )y and P, are isomorphic smooth projective curves, and in fact
Qv = Proj(Ry) is the g-uple embedding of the projective line Py (Proposition 5.1). If
d = 3, the schemes )y and P, are non-isomorphic surfaces. We prove that P, and

Qv become isomorphic after blowing up both surfaces in every zero-dimensional stratum
(Theorem 5.2).

Section 6 forms the heart of the article. Here we construct a desingularization By of Qy in
arbitrary dimension. Throughout the section we work exclusively with functors of points.
Thus we begin by determining the functors represented by Py, Qv and Qy (Corollaries 6.3,
6.4). We define By functorially and show that it is indeed representable by a projective
variety over F, (Proposition 6.5, Corollary 6.14). We then construct a stratification for
By where the strata are indexed by filtrations of the vector space V' (Theorem 6.9). The
stratum corresponding to the trivial filtration is open and dense in By and isomorphic
to Qy (Proposition 6.7). The stratification enjoys several natural and beautiful geometric
properties (Proposition 6.6, Corollary 6.8, Remark 6.11, Corollary 6.15). We prove that By
is smooth (Proposition 6.13, Corollary 6.14) and that the boundary By ~\ Qy is a divisor
with normal crossings in the strongest sense (Proposition 6.16). Finally, we construct
projective morphisms to Py and )y which are isomorphisms on €2y. Therefore By is a
desingularization of @y (Corollary 6.17).



I would like to thank Prof. Richard Pink for initiating and guiding this project, for count-
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supervision and support during my time at ETH Zurich.



2 Structure of Ry

In this section we study the rings Ry and RSy defined in the introduction. Our first
goals are to find F,-bases for Ry and RSy, and a presentation of Ry with generators
and relations. Not surprisingly, it is convenient to treat these questions simultaneously.
Having found an F,-basis for Ry, we deduce formulas for the Hilbert function and Hilbert
polynomial of Ry. At the end of the section we give an ad-hoc proof of the fact that Ry
is integrally closed.

Let Ay :=F,[X, | 0 # v € V] denote the polynomial ring over F, in the indeterminates
X, for all nonzero vectors v in V. Denote by xy the degree-preserving surjection of graded
rings
Ry - AV - RV
X, — 1 .
v
Let Jyy C Ay be the homogeneous ideal generated by all homogeneous elements of the form

Xy —aXay
forall 0 #v € V and o € F, and
XUXUI -+ XUIXUN + XUXU//

for all v,v",v” € V . {0} such that v 4+ v +v" = 0.

It is easy to see that the ideal Jy, is contained in the kernel of xy . In Corollary 2.5 we will
see that Jy, is actually equal to the kernel of k. Thus we will obtain a presentation of Ry
with generators and relations as Ry = Ay /Jy.

For the entire section, we choose an F,-basis e;,...,e; of V. We call a monomial in Ay
reduced with respect to this basis if it is of the special form

d .
H <X6i+2§;11 @ij ej)
i=1

for some 7; € Z=° and a;; € Fy. Let Ky denote the [F-linear subspace of Ay generated by
all reduced monomials.

Proposition 2.1 The [F,-vector space Ay is the sum of the linear subspaces Jy and Ky .

Proof. We have to show that every monomial in Ay lies in the sum Jy + Ky . By the
definition of Jy, we have the following two relations in the quotient Ay /Jy :



(1) Xaw=21X, forsomeaecF,and0#veV
(2) X, Xy =Xy X, v — X, Xy forsomewv#v €V~ {0}

We will show that every monomial in Ay can be transformed into an element of Ky by
using these relations finitely many times.

For any nonzero vector v = Zle aze; in V' we define
width(v) :=max{i € {1,...,d} | a; # 0}.

For any monomial f =[], X,, in Ay we define

width(f) := zn:vvidth(vi).
i=1

We carry out the proof by induction on the width w of the monomial f, starting with
w = 0. By the usual convention that the empty sum is equal to 0 and the empty product
is equal to 1, the case w = 0 implies f = 1 and thus f € Ky .

Now assume that the statement is true for all monomials of width less than w, and let
f =11, X,, have width w. Using relation (1), it suffices to consider the case where every
v = Z;l:l a;je; is “monic” in the sense that a;; = 1 for j = width(v;). If f is not already
reduced, there exist indices j and k such that v; # vy, but width(v;) = width(vy). Since
v; and vy, are “monic”, this implies that width(v; — vx) < width(v;). Using relation (2) we
can replace the factor Xy, Xy, by Xy Xy — Xy, Xy, 80 that

i~ Vk

f = (H le> Xkavj—vk - (H Xm) ijij—vk'

i34,k i#£5,k

By construction, both summands have width less than w. Thus the induction hypothesis
implies that both summands lie in Jy, + Ky, hence also f. q.e.d.

Proposition 2.2 The system (S) of all elements of RSy of the following form is an F,-
basis of RSy :

for some r; € Z, a;; € Fy, and a;; =0 for all j of r; > 0.

For the second part of the proof of Proposition 2.2 we will need the following well-known
lemma, whose proof we include for lack of a suitable reference.
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Lemma 2.3 Let L be a field and let L(T) denote the field of rational functions in one
indeterminate over L. Then the system of elements

(T'-a)*|a€L, neZ, anda=0 ifn>0)

of L(T) is linearly independent over L.

Proof. Assume there exists a non-trivial linear combination

Z Q(g,n) (T — CL)" = 0.

Since the subsystem (7" | n > 0) of the system under consideration is already L-linearly
independent, there must exist an element b € L and an integer n < 0 such that o) # 0.
Fix such an element b and let m denote the minimum of all integers n < 0 with o) # 0.

We multiply the above linear combination with the least common multiple of all the denom-
inators. Then every summand is divisible by (T'—b) except for the summand corresponding
to the index (b, m). Thus we obtain an equation of the form

where f and g are nonzero polynomials in L[T] and g(b) # 0. Substituting b for T yields
the desired contradiction. q.e.d.

Proof of Proposition 2.2. First we show that the system (5) generates RSy over F,.
Set

V(i) := Z Fe;.
j=1

Since the ideal Jy, is contained in the kernel of ky and since ky is surjective, Proposition
2.1 implies that kv (Ky) = Ry. Unfolding the definitions, we see that the composition of
ky with the inclusion Ry < RSy maps the system of all reduced monomials of Ay onto
the subsystem of (S) consisting of all elements

d i—1 T

H (61' + Z aijej>

i=1 j=1

with r; <0 for all 3.

Therefore, every element of RSy can be written as a linear combination of elements = of

the form P
Hi:l ;'

H?:1(€i + )"

for some v; € V(i — 1), r; >0, ¢; > 0.



After cancelling we can assume that whenever v; = 0, either r; = 0 or ¢; = 0. If x is not
already an element of the system (.5), there exists an index ¢ such that r; > 0 and ¢; > 0.
Denote by n the largest such index i. We will now show that = can be written as a linear
combination of elements of the same form, but with smaller value of n for each summand.
Once this is shown, one can apply the same procedure to each of the summands. By
performing at most d iteration steps, x can be written as a linear combination of elements
of the above form with the additional property that for every index i, either r; = 0 or
¢; =0, i.e., as a linear combination of elements of the system (.59).

In order to find the desired linear combination of z, note that

efzn (en + Un — Un)gn - gn ( + )E —rn—k, .k
= = En +U)" T U,
(entva)™  (eatv)m = \k '

Now since v, € V(n — 1), the k-th power v* on the right hand side can be written as a
linear combination of products of basis vectors e; with 1 < ¢ < n — 1. Thus multiplying
this equation by the missing factors

L
Hi;én €
Hz;én (ei + Ui)ri

and subsequent cancelling yields the desired linear combination of x. Thus we have shown
that the system () generates RSy over F,.

Now we come to the linear independence of the system (.5). We proceed by induction on d.
The case d = 1 is an immediate consequence of Lemma 2.3. We now assume that the
statement holds for (d — 1) indeterminates. Let T be a finite indexing set and assume that

Z P)/tbt = 07

teT
where v, € F;, and where

d i—1 Tit
b == H <€i + Z aijt%‘)
i=1 j=1
is an element of the system (S) under consideration. To simplify notation, denote vy :=
i—1

D i1 Qije€-
In order to apply the induction hypothesis, we wish to arrange the summands of the finite

sum ), . Yb in a convenient way. As the index ¢ runs over the indexing set T, the pair
(Tar, var) takes values in the set Z x F,(eq, ..., eq4—1). More formally, we consider the map

T —7x Fq(el,...,ed,l)

t— (Tdta Udt) .

8



We partition 7" into the non-empty fibers of this map: For n € Z and f € Fy(ey,...,e4-1)
define T, py == {t € T'| (rar,vat) = (n, f)}. Note that for n > 0, the set 1}, ) is the only
potentially non-empty set among the T, r). For notational purposes, define

d—1
Cln,) = Z Ve (H (€; +Uz‘t)r”> :

tET(nyf> =1

We calculate

0 = Z’Ytbt

teT
d—1
- 5 5 e sy (T )
(n,f) t€T(n, 5 i=1
= Y Capy-(eat "
(n,f)
Since C(y, gy lies in Fy(eq, ..., eq-1) for all pairs (n, f), we can apply Lemma 2.3 with ground

field L = F,(e1,. .., e4-1) and coeflicients C, 5). We conclude that C(, sy = 0 for all (n, f).

Note that every element C(, sy € Fy(eq,...,eq—1) has precisely the form of an element of
the system (.S) under consideration, only in one indeterminate less. Thus we can apply the
induction hypothesis to each C(, ;) and conclude that +, = 0 for all £ € T". This finishes
the proof of the linear independence of the system (.5). q.e.d.

Corollary 2.4 The system consisting of all elements of Ry of the following form is an

F,-basis of Ry :
d i—1 Ti
H (61 + Z ozijej>
j=1

=1

for some r; € Z=°, ay; € Fy, and ay; = 0 for all j if r; = 0.

Proof. We have already seen that Jy, C ker(ky). Since ky : Ay — Ry is surjective,
Proposition 2.1 implies that Ry = ky(Ky). Since ky maps the system of all reduced
monomials in Ay to precisely the system under consideration, this shows that the system
generates Ry as an [F -vector space. The linear independence follows readily from Propo-
sition 2.2. q.e.d.

Corollary 2.5 The kernel of ky s equal to the ideal Jy. Thus we have found a presenta-
tion of Ry by generators and relations as

RV = Av/Jv.

Our choice of grading for Ry in the introduction implies that this isomorphism is actually
a degree-preserving isomorphism of graded F,-algebras.
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Proof. It follows from Corollary 2.4 that the restriction ry |k, : Ky — Ry is an isomorph-
ism of F,-vector spaces, and that the F -vector space Ay decomposes as Ay = Jy @ Ky.
Thus ker(ky) C Jy. The converse inclusion Jy C ker(ky) has already been observed at
the beginning of the section. q.e.d.

Using the basis for Ry of Corollary 2.4 we will now study the Hilbert function and the
Hilbert polynomial of Ry. We refer the reader to Matsumura [1], section 13, and Bruns-
Herzog [2], chapter 4, for background material.

Recall from the introduction that we define degRV(%) := 1, so that Ry becomes a Z=°-
graded ring. We denote the Hilbert function of Ry by H,. This notation is well-chosen
since the isomorphism class of Ry only depends on the dimension d of the vector space V.
Our first goal is to derive a recursion formula for the Hilbert function.

Proposition 2.6 The value of the Hilbert function Hy at an integer n € Z=° can be
computed from the Hilbert function Hy_q by the formula

Hy(n) = Hy_1(n) +q* - i Hy (k).

Proof. Set V(d—1) := Y% F,e; and fix an integer n € Z2°. Then Hy(n) is precisely

the number of basis elements .

i—1 Ti
H <€i + Z Oéijej>
j=1

i=1
of degree n, where r; < 0 and «;; € I, as in Corollary 2.4. We count the number of such

basis elements of degree n for fixed values of the exponent r;. Then the sum of these
numbers will be equal to Hy(n).

Any basis element of degree n decomposes uniquely into a product

d—1 Td
b- <€d + Z ozdje]-) ,
j=1

where b is a basis element of Ry 1) of degree n — rq. Thus if r4 = 0, the number of
possibilities is equal to Hy_q1(n). If r4 < 0, the scalars ag4; can be chosen arbitrarily in
F, for all j = 1,...,d — 1. Hence there are ¢?~! possibilities for the second factor and
Hy 1(n —r,) possibilities for the first factor. Thus

Hd(n) = del(n) -+ Z qdil . del(n — Td) = Hd,l(n) + qdil : infl(/{I).

rqg=1

q.e.d.
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Remark 2.7 Using the formula of Proposition 2.6 above, one easily computes the Hilbert
function of Ry for small values of d. The following formulas hold for all integers n € Z=°.

Hl(n) =1
Hy(n) = qn+1

H(n) = (q;> 2+<—gq3+q2+q)n+(q3+1)

We now study the Hilbert polynomial of Ry. We will need the following well-known lemma.

Lemma 2.8 For integers m > 1 and n > 0 denote by s,,(n) the m-th power sum

Sm(n) = Z E™.

1

Then sy (n) is a polynomial in n of degree (m + 1) and with leading coefficient .

Lemma 2.8 can easily be proven directly by standard arguments using the difference func-
tion A(n) := sp(n+ 1) — s,(n) = n™. Alternatively, see Conway-Guy [7] for an explicit
formula for the coefficients of the polynomial s,,(n) in terms of Bernoulli numbers.

We denote by P, the Hilbert polynomial of Ry, i.e., the unique polynomial P,; € Q[n] such
that Py(n) = Hy(n) for all n > 0. Due to an obstruction in cohomology, one cannot in
general expect that the Hilbert function and the Hilbert polynomial agree for all n > 0.
This is however true for a polynomial ring, and, as we will now see, also for the ring Ry .

Proposition 2.9 (i) P;(n) = Hy(n) for alln > 0.

(ii) The Hilbert polynomial of Ry satisfies the same recursion formula as the Hilbert
function, 1i.e.,

n—1
Pd(n) = Pd,l(n) + qdil : Z Pdfl(k)
k=0
for all integers n € Z=°.

Proof. We prove (i) by induction on d. For the case d = 1 see Remark 2.7 above. If the
statement is true for (d — 1), Proposition 2.6 above implies that

Hd(n) = Pd,l(n) + qdil : Z_: Pd,1<k)
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for all n > 0. Now since P;_1(n) is a polynomial in n, Lemma 2.8 implies that the right
hand side of the equation is already a polynomial in n. This polynomial agrees with the
Hilbert polynomial P, for all n > 0, and therefore even for all n € Z. Thus Hy(n) = Py(n)
for all n > 0.

The statement of (iz) follows directly from (i) and Proposition 2.6. q.e.d.

Proposition 2.10 The Hilbert polynomial of Ry has degree (d — 1), and its leading coef-

ficient is equal to
1 (d=1)(d—2)
2 .

d—1

Proof. We proceed by induction on d. For the case d = 1 we again refer to Remark 2.7
and part (i) of Proposition 2.9 above. Now assume the statement is true for (d — 1), i.e.,

d—2
Py 1(n) = g a;n"’
i=0
for some a; € Q and where
1 (d=2)(d—3)

2

Qg—2 = M q

Using (4i) of Proposition 2.9 above, we calculate

d—2 n—1 d—2
Py(n) = Z an’ 4 ¢t Z Z ak’ =
i=0 k=0 i=0
d—2 d—2
=Y an'+ Y ¢ lasi(n—1).

Note that the polynomials s;(n) and s;(n — 1) € Q[n| have the same degree and the same
leading coefficient. Thus from Lemma 2.8 we see that P,(n) has degree (d — 1) and that
its leading coefficient is equal to

1 1 1 (d—1)+ d=2)(4=5) 1 (d-1)(d=2)

— d pr—
da—17 M= gyt d— 1)

q.e.d.

The following proposition collects some elementary properties of the ring Ry .

Proposition 2.11 (i) The Krull dimension of Ry is equal to d.

(i1) If d > 2, the ring Ry is not factorial.
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(ii) If d > 2, the ring Ry is not regular at the augmentation ideal m := B, Ry,

Proof. The ring Ry is a finitely generated [F -algebra and an integral domain. Thus the
Krull dimension of Ry is equal to the transcendence degree of its field of fractions Frac(Ry )
over F,. Since Frac(Ry) is isomorphic to a function field over F, in d indeterminates, the
transcendence degree of Frac(Ry) is equal to d. This proves (i). Alternatively, one could
appeal to Proposition 2.10, where it was proven that the degree of the Hilbert polynomial
of Ry equals (d — 1). This again shows that the Krull dimension of Ry is equal to d.

We now prove (ii). If d > 2, we can choose pairwise linearly independent vectors v, v, v
in V such that v +v" +v” = 0. The elements %, %, % € Ry are irreducible since they are
homogeneous of degree 1. The equality

1/1 1 11
\o ") T e

shows that % divides the product < - but it does not divide any of the two factors. Thus

ol v

% is irreducible but not prime, so Ry cannot be factorial.

To prove (7ii), we need to show that if d > 2, the local ring Ry, at the maximal ideal
m C Ry is not regular. Since Ry is a finitely generated algebra over a field and an
integral domain, every maximal ideal of Ry has the same height. Therefore part (i) of
the proposition implies that the Krull dimension of (Ry), is equal to d. Because m is a
maximal ideal, it suffices to show that dimp, m/m? > d.

The F,-algebra Ry is generated in degree 1 over Ry = IF;,. Thus
dimp, m/m* = Hy(1),

where H,; denotes the Hilbert function of Ry as in Proposition 2.6 above. From the
recursion formula in Proposition 2.6 we see that

Hd(l) = del(l) + qdil.
By iterating and using that H;(1) = 1, we conclude that Hy(1) = Zf:_ol ¢'. If d > 2, this

number is greater than d. q.e.d.

We finish the section with an ad-hoc proof of the fact that the domain Ry is integrally
closed. We will give a more conceptual proof in section 3 below.

Proposition 2.12 The integral domain Ry is integrally closed.

Proof. It suffices to show that Ry is integrally closed in the domain RSy, which is a
localization of the regular ring Sy and thus integrally closed in Frac(Sy ).
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Given an element b of the basis for RSy defined in Proposition 2.2, we define a pair of
non-negative integers £(b) € Z=% x Z=° as follows. If b is contained in Ry, set £(b) := (0,0).
If b is not contained in Ry, there exists an integer ¢ such that r; > 0. Then we set
n = max{i | r; > 0} and define

((b) := (n,r,) € Z=° x 22°.
Fix a total order on Z=° x Z=" by defining
(z,y) > (2',y') <= either z > 2’ or if z =2’ then y > ¢/'.

For an arbitrary element x = ), 5;b; € RSy for pairwise distinct basis elements b; € RSy
and scalars [3; € F, define
{(z) := max {(b;).

Lemma 2.13 (i) Let x,2’ € RSy. Then {(x + 2') < max({(z), {(z")).
(i1) Let x € RSy and a € Ry. Then ((azx) < {(z).
(iii) Let v € RSy ~ Ry and n € Z7°. Then ((z") > ((z"1).

Proof of Lemma 2.13. Part (i) is clear from how we extended the definition of ¢ from
the special case of a basis element to an arbitrary element of RSy above.

It follows from the algorithm used in the first part of the proof of Proposition 2.2 that
statement (i7) is true if @ and x are basis elements. For arbitrary a = ). a;a;, and z =
> i Bjb; with basis elements a;, b; and scalars «;, §; € F, we calculate

()
l(ax) < max{(a;b;) < max/{(b;) = {(z).

,J J

The statement of (iii) is clear if x is a basis element. If z = ) §;b; is arbitrary, fix an
index k such that £(x) = £(b;). Then we conclude that ¢(z™) = £(b7) > £(b}1) = £(2™71).
q.e.d.

Assume that z € RSy . Ry is integral over Ry . Fix an equation
"t an 2" . ez +a=0
for some n > 0 and some a; € Ry. Then

< : (%) . (i) - (444 113
(z") =4 (Z aixz> < max ( (a;2z') < max ((z") ay (") (<) l(xm),

i<n—1 i<n—1
=0

contradiction. q.e.d.
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3 Relating Ry and Sy~

It is the goal of this section to relate the rings Ry and Sy«, where VV* denotes the dual
vector space of V. We will show that Ry, and Sy« are “isomorphic up to Frobenius” in a
sense made precise by Theorem 3.1 below.

The majority of this section is devoted to the proof of Theorem 3.1. As an application,
we will use the theorem to give a more conceptual proof of the fact that Ry is integrally
closed.

We begin by fixing some notation. For a linear form w € V* and a vector v € V' we define
(w,v) := w(v). Furthermore, we define the Frobenius homomorphisms

1

d—
v Ry — Ry, z+— 21

Fr

and
1

d—
Fs,.: Sy« = Sy, z+—a? .

Theorem 3.1 (i) There exists a unique F,-algebra homomorphism 1 : Sy« — Ry such
that

(i1) There exists a unique IF,-algebra homomorphism ¢ : Ry — Sy« such that

e I e

wev*
(w,v)=1

(iii)) oot = Fi,.

(iv) Yoy = FRV

Proof of 3.1(i). We need to show that the formula for ¢(w) is IF-linear as w ranges over
the vector space V*. This is immediate once we write ¢(w) in the form

1 (w,v)
sw=> 1 = Y el
(1 ve(V~{0})/Fy
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Proof of 3.1(ii).
We first construct an Fg-algebra homomorphism 7 : Sy — Frac(Sy+) such that

1
0#v— | | — .
w
weV*
(w,v)y=1

In order to show that such a homomorphism 7 exists, we need to verify that
(a) n(av) = an(v)
(b) n(v+v) = n(v) +n()

for all « € Fy and all 0 # v,0" € V.

To prove (a), we calculate

n(av) = H %: H %Zaqdil- H ézan(v).

weV* weV* weV*
(w,av)=1 (w,v)=1 (w,v)=1

Equation (b) follows from equation (a) if v and v’ are linearly dependent. If v and v’ are
linearly independent, we have to prove that the formula

1 1 1
w w w
weV* weV* weV*
(w,v+v’)y=1 (w,v)y=1 (w,v')=1

holds in Frac(Sy+).

After choosing an appropriate basis for V' we can identify V' with IFf]l and v, v with the
standard basis elements (1,0,...,0),(0,1,0,...,0) € Ffll. Denote by Xi,..., X, € (Fg)*
the dual basis of the standard basis of Fg. Then we have to prove that the formula

H 1 1 n 1
—d v —d v <4 v
acrd > imy Qi X acrd > e X acrd > i1 i

ajtag=1 ap=1 ag=1

holds in the field of rational functions F (X7, ..., X4).

We proceed by induction on the number of indeterminates d. For d = 2 we have to show
that

1 1 1
H OéX1+<1—Oé)X2 al;I‘[ X1+06X2+ H CYX1+X2 .

a€lfq a€lg

Multiplying this equation by the factor X - []
equation

ack, (X5 — aX;) we obtain the equivalent

H = (Xo—X1)=X1+ Hé Xo.

l—«a
a€lfq a€lfg
a#l a#0
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This equation in turn follows from the observation that

a€clfq a€clFq

a#l a#0
We now assume that the statement is true for (d — 1) indeterminates 71, ..., Ty_1. We will
deduce the statement for the d indeterminates X1, ..., Xy by substituting the expressions

(X! — X3'X;) for T; for alli = 1,...,d — 1.
Let ¢ be a linear form over F, in two variables oy, ae. We calculate

1 1
H ZCIT - H del ~(Xf1 _ Xq_lXi)

ol
aerdl =1 "t

Lay,az)=1 £(ag,ap)=1

1
ael;;ll <Z;‘1:_11 sz‘Xz‘>q - Xi (Z?j 04in'>

L(aq,00)=1

aelw_d[ . ﬁl;! — alX + X4
L(ay, a2) 1
1
- H STVSTR
acrd Zi:l Qi
#ay,09)=1

By using this calculation for each of the three linear forms

U (aq,00) — g + g,
" (061,042> — Qq ,

0" (o, an) — ao

we deduce the statement for the d variables X7, ..., X, from the statement in the (d — 1)
variables T, ..., Ty_1. This finishes the proof of part (b) above.

We have therefore shown that the F -algebra homomorphism 7 : Sy — Frac(Sy+) is well-

defined. Since n(v) # 0 for all 0 # v € V, the map 7 extends uniquely from Sy to RSy.

By restricting this extension from RSy to its subring Ry we obtain the desired map ¢.
q.e.d.

Proof of 3.1(iii). We have to show that for any 0 # wy € V* the equation

d—1
— o9
2. ] w=ul

veV weV*
(wg,v)=1 (w,v)=1

17



holds in Sy«.

We choose a basis X1, ..., X, for V* such that X; = wy. By fixing the corresponding dual
basis for V', we can identify V with Fg and the dual basis of X7, ..., X; with the standard
basis of IF;I. Then we need to show that the equation

ST (o) -

d d
a€fg ey
ag=1l (a,p)=1

holds in the field of rational functions F (X, ..., X,). Equivalently, we have to prove the
equation

(E) Z H (Xd + i ﬁl (Xz — OziXd>> = ng_l.

We proceed by induction on the number of variables d. The case d = 1 is clear. Since
we will use the statement for two indeterminates in the induction step below, we treat the
case d = 2 next. We calculate

S JI e+8X+aXy)) = D (X§— (X1 —aXy)™h - Xo)

a€clF, Bely ackF,
X! — aX]
I
X1 — OéXQ
a€lfy a€ly
q—1
= qX§—Xp- ) > XTI (—aXy)
a€F, i=0
q—1
SR o] ETRRISTE ppt
i=0 €k,
= Xi

where for the last equality we used that
Z. { 0 ifitq—1
20 =8
acEy -1 ifi=qg-—1.
Here we define 0° := 1, in accordance to our calculation above.
We now assume that equation (E) holds for the (d — 1) variables T,..., Ty 1, i.e.
d—2 )
Z H (Td—l + Zﬁi (T; — Oéde—1)> =T7,.
i=1

a€Fd~? Berg 2

18



Given a scalar og—1 € Fy, we substitute the expression
X§—Xa- (Xao1 — ag-1Xq)""
for T;_1, and the expression
X=X (Xao1 — ag1 X))
for T; fori=1,...,d — 2.

Thus for each scalar og—1 € F, we obtain an equation in the variables X;,..., X3, We
denote by (E’) the sum of all of these equations.

The right hand side of (E’) is equal to

Z (X§ —Xg- (Xg1 — Oédled)qil)qd_Q

aqg—1€F,

By the calculation for the case d = 2 above, this expression is equal to (Xfl’)qdi2 = ngil

The left hand side of (E’) is equal to

Z H ((sz' —Xg- (Xg1— Oéd—le)qA)

acFi! pery 2
d—2
+ Zﬁi (Xf — X = X (Xa1 — ag 1 Xa)" Xy (Xao — ag 1 Xa) ! ))
=1 e q
= Z H ((Xd + Zﬁi (X — OéiXd))
a€Fs! ey 2 i=1

d—2
— <Xd + Z Bi (X; — aiXd)> (X1 — ad—le)q1>
=1

aeFd™! gerg !

Thus we have deduced the desired formula in the d variables X, ..., X,. q.e.d.

Proof of 3.1(iv).

Using (4i7) we see that

po((Woyp)—Fr,) = (Fs,.0p) —(poFr,)=0.
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Thus once we show that ¢ is injective, the assertion of (iv) will follow from (i7).

To prove the injectivity of ¢ we first fix appropriate Sy«-algebra structures on the rings
of interest for the proof. Consider Ry and Frac(Ry) as Sy«-algebras via the map © :
Sy« — Ry. Consider Frac(Sy«) as an Sy«-algebra via the inclusion Sy« < Frac(Sy«).
Finally, denote by Sf. the ring Sy« endowed with the Sy«-algebra structure induced by
the Frobenius map F,,..

The following diagram of Sy-algebras commutes because of the above choices of Sy-«-
algebra structures.

RV L SF*
Frac Sy» —— Ry ®g,,. Frac Sy~ ! SE. ®s,,. Frac Sy
Frac vy )
(]
Frac Ry

Here we denote by Frac(t) the field homomorphism induced by % : Sy« < Ry. The map
j is induced by ¢ : Ry — SE. and by the identity map of Frac(Sy+). The map 4 is induced
by the inclusion Ry < Frac(Ry) and by Frac(t). Since the diagram commutes, it suffices
to show that j is injective.

The fields Frac(Ry) and Frac(Sy«) have the same transcendence degree d over F,, so that
Frac(Ry) is algebraic over Frac(Sy«) via the map Frac(¢). Therefore Frac(Ry) is integral
over the domain Ry ®g,,. Frac(Sy-) via the injection ¢. Thus the domain Ry ®g,,. Frac(Sy«)
has to be a field as well, and j must be injective. q.e.d.

Using Theorem 3.1 and the basis for RSy from Proposition 2.2, we will now give a more
transparent proof of the fact that Ry is integrally closed.

Proof of Proposition 2.12.

Let = € Frac(Ry) be integral over Ry. As in the proof given in section 2 we conclude
that x € RSy. Being injective, the maps ¢ and 1 of Proposition 3.1 extend to the fields
of fractions of Ry and Sy«. By abuse of notation we refer to these extensions as ¢ and ¥
again. Since x is integral over Ry, its image p(z) € Frac(Sy~) is integral over the integrally
closed domain Sy~. Thus ¢(z) already lies in Sy~ and its image ¢(p(z)) = 29" " is an
element of Ry .
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Thus it suffices to show that an element y € RSy lies in the subring Ry if and only if the
Frobenius power yq‘H lies in Ry. If y is an element of the basis for RSy constructed in
Proposition 2.2, the Frobenius power yqdf1 is again a basis element, and the statement about
y follows directly from the shape of the basis under consideration. Since the Frobenius
map is a homomorphism, we can reduce the general case to the case of a basis element by
considering arbitrary linear combinations. q.e.d.
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4 Structure of Q)y

We now study the projective variety @y = Proj(Ry ). We begin with some basic properties
of QQy which follow directly from the results of section 2. We then construct stratifications
for Qv and for the projective space Py = Proj(Sy) which are “dual” in a sense made
precise by Proposition 4.2 and Proposition 4.6 below. Finally, we determine the singular
locus of @)y and discuss the birational equivalence Qv D Qy C Py.

Corollary 4.1 (i) The dimension of Qv is (d — 1).

(i) Qv is projectively normal.

(d=1)(d—2)
2

(iii) The degree of Qv is equal to q

Proof. Part (i) follows directly from Proposition 2.11, (7). Part (i) is merely a repetition
of Proposition 2.12. Part (zii) follows from part (i) together with Proposition 2.10. q.e.d.

We now construct the aforementioned stratifications, beginning with the more familiar case
of Pv.

A surjection of F,-vector spaces o : V — V" # 0 induces a degree-preserving surjection of
graded F-algebras Sy — Sy~ with kernel (v | v € ker(o)) C Sy. Thus we see that for any
proper subspace V' C V, the scheme Py v+ is the closed subscheme of Py corresponding to
the homogeneous ideal (v | v € V') C Sy. The scheme 2y~ is the locally closed subscheme
of Py obtained by intersecting the closed subscheme Py with the open subscheme of Py
on which the homogeneous element [], .., v of Sy does not vanish.

Theorem 4.2 (Stratification of Py) The underlying set of the scheme Py is the disjoint
UNLON

PV - U QV/V’ .
VICV

Proof. The disjointness is clear from the description of the strata €yy- as locally closed
subschemes of Py,. In order to see that every point of Py lies in one of the Qy v/, let x € Py
and observe that the set V, := {v € V | v(z) = 0} is a linear subspace of V. Then z lies
in Qyy, C Py by definition of V. q.e.d.

Remark 4.3 The closure of a stratum Sy, C Py is again a union of strata:

Qv = Pyyyr = U Qvw C Py
VICWCV
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We now proceed in a similar fashion to construct a stratification for the scheme @y .

Lemma 4.4 Let 0 # V' C V be a nonzero linear subspace of V.. Then there exists a
degree-preserving surjection of graded F,-algebras p : Ry — Ry such that
1 1 oifveV {0}
-
v 0 ifveV V.

Furthermore, the kernel of p is equal to the ideal (% lv eV~ V’).

Proof. We claim that the surjection

n:Ay =F,[X,|0#£veV] — Ry

o L oifveV {0}
! 0 ifoeV V.

has the kernel a := Jy + (X, | v € V . V’). This suffices to prove the lemma because of
the presentation Ry = Ay /Jy of Proposition 2.5.

The inclusion ker(r) C a is immediate from the presentation Ry = Ay//Jy,. We now
prove the converse inclusion. It is easy to see that all elements X, of a for some v € V V'
and all elements of a of the form X, — aX,, for some 0 # v € V and some « € ]F; already
lie in the kernel of 7. Thus we only need to show that for three nonzero vectors v, v, v” € V
with v +v 4+ v” = 0, the element f := X, X, + X, X,» + X, X,» € a lies in the kernel of 7
as well. This is clear if at least two of the three vectors lie in V' ~. V’. If not, then all three
vectors must lie in V', so that f € Jy» and therefore 7(f) = 0 as well. q.e.d.

Corollary 4.5 Let 0 £ V' C V be a nonzero linear subspace of V.. Then the scheme Qv
is the closed subscheme of Qv corresponding to the homogeneous ideal (% lv eV~ V’) C
Ry. The scheme Qy is the locally closed subscheme of Qv obtained by intersecting the
closed subscheme Qv with the open subscheme of Qv on which the homogeneous element
[Tozoer 1 of Ry does not vanish.

For any three nonzero F,-vector spaces 0 # V" C V! C V, the induced triangle of closed
1MMErsions
QV”\(\—/>QV'
Qv

commutes.
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Proof. The statements about Qy+ and - are immediate from Lemma 4.4 above. The
last statement follows from the commutativity of the triangle

~N_

Ry

RV”

Ry

q.e.d.

Theorem 4.6 (Stratification of Qy) The underlying set of the scheme Qv is the dis-
joint union

Proof. As in the proof of Proposition 4.2 above, the disjointness is a direct consequence of
the description of the strata €2y as locally closed subschemes of QQy,. To show that any point
z of Qv lies in one of the strata Qy-, we define the set V, := {v € V~{0} | 1(z) # 0}U{0}.
We claim that V. is a nonzero linear subspace of V. To see this, we need to show that if
1(z) # 0 and L(z) # 0 for some v,w € V, then also U%ﬂ(z) # 0. This is immediate from
the equality

1 1 1 (1 1)
—_ . — = . __|__ .
vow U+ w v w

Thus z lies in the stratum Qy, C @y by definition of the subspace V. q.e.d.

Remark 4.7 The closure of a stratum Qv C Qv is again a union of strata:

Qi = Qv = U Qw C Qv

0£WCV/

Comparing the two stratifications 4.2 and 4.6 of P, and )y, respectively, we observe that
the sets of isomorphism classes of strata occurring in the two stratifications are identical.
The disparity of the schemes P, and )y is reflected in the functoriality of the indexing
sets: The strata of Py, are indexed by nonzero quotients of V', whereas the strata of Q) are
indexed by nonzero subspaces of V. Since P, and @)y both contain the non-empty open
stratum {2y, they are birationally equivalent.

Before studying this birational equivalence we introduce convenient open affine covers of
Py and Qy. More precisely, for each stratum of Py, and of ), we construct the smallest
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open affine neighborhood which is itself a union of strata. We denote the structure sheaves
of Py and Qv by Op, and by Og,,, respectively.

We begin with the projective space Py,. For a proper subspace V' C V', define

uV/V’ = U Qv/w C Py.
wcv’

We call Uy v+ the strata neighborhood of Sy in Py. Note that Uy, is indeed the open
affine subscheme of P, on which the homogeneous element ], . v of Sy does not
vanish. Therefore the affine coordinate ring of Uy is equal to

Op, (Uvp) = Fy |

UEV,U)EV\V’].

We proceed analogously for the scheme @Qy. For a nonzero subspace 0 # V' C V, define

Vv = U Qw C Qy.

Vicw

We call Vi the strata neighborhood of Qv+ in Qv . It is indeed the open affine subscheme of
Qv on which the homogeneous element [,y + of Ry does not vanish. Thus the affine
coordinate ring of Vy- is equal to

v

Oy W) = Fy|

vEV’,wEV\{O}].

w

Proposition 4.8 The morphism Py, D Qy — Qv identifying the open stratum €y in Py
with the open stratum Qy in Qv can be extended uniquely to the union of all strata of Py
of codimension < 1. This extension map collapses each 1-codimensional stratum Qv v of
Py to the corresponding 0-dimensional closed stratum vy of Qy .

Proof. Let V' C V be a 1-dimensional proper subspace of V. Recall that

Op, (Uyy) = Fy|-
Og, V) = F, |-
(RS}, = Oaqu (@) = O, () =F, |-

vemwev\w}

uevuuev\{m}

vemwev\mﬂ

We prove the existence of an extension to the strata neighborhood Uy v+ C Py by providing
a dotted arrow which makes the following diagram of affine coordinate rings commute:
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Op, (Uvpy) < = Oqy (Vv1)

\ . /

Since the dimension of V” is equal to 1, the quotient 2 lies in F, for any two non-zero
vectors v,w € V'. Thus

v
Oq, Wv) = F, [5

vev’,wev\v’]

Hence we can define the desired dotted arrow to be the inclusion

t: OQV (VV’> — OPV (Z/{V/V’) .

We now show that the l-codimensional stratum €y, of Py is mapped onto the 0-
dimensional closed stratum €y of @y under the corresponding map of affine schemes.
The ideal I of the closed subscheme €2y < Uy v is equal to

I = (% } RS V/,’LU € V\V’) C OPV (Z/{V/V’) .
Therefore, its inverse image

t(I) = (—

w

VeV weV N v’) C 0oy W)

is precisely the ideal of the closed subscheme €y — Vi, as desired.

Since Qv is separated and Py is reduced, any extension of the morphism Py D Qy — Qv
to an open subset containing 2y C Py is unique. Thus all the extensions obtained by
varying the 1-dimensional proper subspace V' C V' can be glued together. q.e.d.

The following proposition can be proved in exactly the same fashion:

Proposition 4.9 The morphism Qv D Qy — Py identifying the open stratum Qy in Qv
with the open stratum €y in Py can be extended uniquely to the union of all strata of Qv
of codimension < 1. This extension map collapses each 1-codimensional stratum Sy of
Qv to the corresponding 0-dimensional closed stratum Sy v of Py .

Theorem 4.10 The singular locus of Qv consists of all strata of codimension at least 2:

sing
= U

dim(V/V’/>2)
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Proof. Let 0 # V' C V be a non-zero linear subspace of V. Choose a linear subspace
V" C V such that V = V'@ V", Our goal is to construct a morphism of schemes over I,

0 : VV’ — QV’ X Spec RVN

which restricts to an isomorphism of a neighborhood of the closed subscheme Qy in Vy»
onto a neighborhood of the closed subscheme Q- x {0} in Q-+ x Spec Ry~. Here we denote
by {0} the vertex of the affine cone Spec Ry~». This will link the problem of determining
whether the points of €y are singular in @)y to the singularity of the ring Ry, which has
already been treated in Proposition 2.11.

We now construct the morphism 6. Fix a nonzero vector v, € V'. From the presentation of
Ry in Proposition 2.5 it is easy to see that there exists a unique F,-algebra homomorphism

1
Ry» =T, L)_ v eV~ {0}} — T, [% ) veViweV N {0}] = 0q, V)
such that
1 v

It is clear that this map is injective. Furthermore, there exists a natural inclusion

v
(RSv)o = F, |-

v,W € V' {0} — OQV (VV/) .

After identifying the rings (RSy+)o and Ry~ with their images in Og, (Vi) under these
injections, we observe that their intersection is trivial in the sense that (RSy/)o N Ry» =
F, C Og, (Vy/). Thus the induced F-algebra homomorphism

£ (RSV/)O ®Fq RVN — OQV (VV/)
is injective as well. To simplify notation we identify the ring (RSy+)o ®r, Ry~ with its

image
/

F, [% ’ v, W E V'\{O}} {%

in Og, (Vy/). The homomorphism ¢ induces the desired map of affine schemes

VeV N {o}]

0 : VV/ — QV/ X Spec RV//.

We now show that 6 satisfies the property stated at the beginning of the proof. The closed
subscheme €y, < Vy corresponds to the ideal

= (%‘véV’,wGVxV’)
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in Og,, (Vy). The inverse image

veV we V'~ {0})

in the ring

/
(RSV’)O ®]Fq RV” = Fq [% ‘ v, W € VI N {O}:| |:—0

(%
"

VeV N {0}1

is precisely the ideal corresponding to the closed subscheme Q. x {0} < Q. x Spec Ry».
Therefore 6 restricts to an isomorphism of the closed subscheme €2y < Vi onto the closed
subscheme Qy x {0} < Qs X Spec Ry».

We claim that the injective F,-algebra homomorphism
es + ((RSv1)o ®r, Ryn), — (Oq, Vi),

obtained by localizing € with respect to the homogeneous element

!/

vhw
5= H (v_? + U—?,) € (RSvr)o ®r, Ryn

0#£v’ ev/
0% eV

is surjective and thus an isomorphism. To see this, we have to show that for nonzero vectors
u,u' € V' and v"” € V", the element —=— of (Og, (Vv)), already lies in the localization

u/_j’_u//

((RSV/)O ®F, RV//)S. This follows from the equality

u vy g u v
o\t =S
u +u U U uou

since the element (Z—E) + Z—é) is invertible in the localization ((RSV/)O ®F, RV”)S‘

Since 6 : Vy» — Qs x Spec Ry« is the map of affine schemes corresponding to the ring
homomorphism ¢ : (RSy)o ®r, Ry» — Ogq, (Vy), the fact that the localized homomorph-
ism e, is an isomorphism implies that # is an isomorphism away from the zero-loci of s in
Vy+ and Qv+ X Spec Ry . Therefore, our next goal is to show that the zero-locus of s in
Vy+ is disjoint from €y, and that the zero-locus of s in €2y, X Spec Ry~ is disjoint from
Qyr x {0}. We need to show that given nonzero vectors v’ € V' and v” € V", the homoge-

neous element (Z—‘/? + Z—é) vanishes nowhere on Qv C Vy» and Qy» x {0} C Qy» xSpec Ry».
For a point € Qyr C Vyr or x € Qyr x {0} C Qyr x Spec Ry, we calculate

(v_6+v_6> (q;)zZ—é(x)—i—O#O

U/ ,Ul/

by the definition of €2y, as desired.
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We have now shown that the map ¢ induces an isomorphism of a neighborhood of €2y in
Vy+ with a neighborhood of Qy x {0} in Qy x Spec Ry, and that this isomorphism is an
extension of the isomorphism Qy, = Q- x {0}. This implies that € yields a bijection

( sing QV,) > (Qyr x Spec Ry)™ N (Qyr x {01).
Since 2y is smooth, we note that
(Qyr x Spec Ryn)™ = Q. x (Spec Ryn )™
It was already shown in Proposition 2.11 that the vertex {0} of Spec Ry~ is a singular

point if and only if dim V" > 2. Thus the subset Qy, C @y consists of only non-singular
points if dim V/V’" < 1, and of only singular points if dim V/V" > 2. q.e.d.
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5 Low-dimensional examples

In this section we study the special cases d = 2 and d = 3. If d = 2, the varieties P, and
Qv are isomorphic curves. If d = 3, they are non-isomorphic surfaces. In this case, we will
prove that the blow-up of Py in every closed stratum is isomorphic to the blow-up of Qy
in every closed stratum. In particular, the blow-up of @y (or of Py) is a desingularization
of @y in this special case.

We first assume that d = 2. Then the curve @y is non-singular according to Theorem 4.10.
In fact, Propositions 4.8 and 4.9 imply that the curves )y and Py are even isomorphic in
this case. Knowing that )y is a smooth curve, this of course also follows from the general
fact that up to isomorphism there is a unique smooth projective curve in every birational
equivalence class.

In a similar vein, we now show that the map ¢ of Theorem 3.1 yields an isomorphism of
Qv with the ¢g-uple embedding of Py«.

Proposition 5.1 Let d = 2. Then the map ¢ : Ry — Sy« of Theorem 3.1 induces an
isomorphism of graded F-algebras

RV i S(qf = @SV*,qi .

i>0

Thus the projective curve Qy = Proj(Ry) is the q-uple embedding of the projective line

Proof. The degree of the homogeneous element cp(%) € Sy« is equal to ¢ for any nonzero

vector v € V. Thus ¢ factors through a degree-preserving map Ry — S @) From Theorem
3.1 we already know that this map is injective. We now prove that it is also surjective.
Since the map is degree-preserving, F,-linear and injective, it suffices to show that the
graded I ,-algebras Ry and S (@) have the same Hilbert function. The Hilbert function H,
of Ry was determined to be Hy(n) = gn+ 1 in Remark 2.7 above. Since dim(V*) = d = 2,
this is precisely the Hilbert function of S‘(/q*) ) q.e.d.

For the remainder of the section let d = 3. Thus Py and @)y are surfaces. According
to Theorem 4.10 the singular locus of @y is the union of all 0-dimensional strata. A
0-dimensional stratum of ()y or Py, consists of precisely one closed point.

In this situation, Propositions 4.8 states that the morphism P, D Qy — @y can be ex-
tended to the union of all strata of Py, of codimension < 1 by collapsing each 1-dimensional
stratum of Py, to the corresponding 0-dimensional stratum of Q). Proposition 4.9 provides
the analogous statement for the morphism @y D Qy — Py,. We will now show that by
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blowing up both surfaces in all 0-dimensional strata one obtains isomorphic objects. For
background material on blowing up we refer the reader to Hartshorne [5], I1.7, Eisenbud
3], 5.2., and Eisenbud-Harris [4], IV.2.

Denote by ]5; — Py and by @\‘// — @y the blow-ups of Py, and of @y, respectively, in
all the 0-dimensional strata. Thus the open stratum P D )y C Qy is also a dense open
subset of Py, and Qy .

Theorem 5.2 Let d = 3. Then the identity morphism Py D Qy = Qy C Qv extends
uniquely to an isomorphism of the blow-ups Py = Qv . In particular, Qv is a desingular-
1zation of Qy .

Proof. Let 0 C Vi C Vo C V be a complete flag of V. We will construct open affine
subschemes Ay, vy, of Py and By, v, of @y which contain €y and are isomorphic via a
map extending the identity on §2y. We will show that if 0 C Vi C Vo C V ranges over
all complete flags of V', the open sets Ay, v, cover PV and the open sets BV1 v, cover QV

Since the blow-ups PV and QV are separable and reduced, this implies that the identity
map Py D Qy = Qy C Qy extends uniquely to an isomorphism Py = Q)y .

We begin with the construction of the affine open subscheme Ay, v, of Py. Denote by Z//{;/;Q
the inverse image of the strata neighborhood Uy /v, under the projection map Py — Py.

Denote by A : [— | veViweV Vg] the affine coordinate ring of Uy y, and by
I := (2 | v E Vg, w E VN Vg) the ideal in A corresponding to the closed point €y y, of
Uy vy Thus

Uy, = Proj (Bl; A),
where Bl; A:= A® T ®I*® ... denotes the blow-up algebra of A with respect to I.

Inverting the homogeneous element

(%
= — el*cBLA
r=11 = ;
veVoNVy
weV~\Vy

of degree k := #(Va N\ V1) - #(V \ V,) in Bl; A yields the desired open affine subscheme

Ay, v, of Py, with affine coordinate ring equal to (Bl; A) [l} . This affine coordinate ring
0

f
is equal to
v vow
]Fq[— UE‘/,IUGV\‘/Q} l—-—/ veVy, vV eV Vi, waw eV V,
w wowv
= ]F‘q[E veVg,wGV\Vl},
w

where the last equality is a consequence of the fact that dim V5 = 2:
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The second ring is clearly contained in the first ring. For the converse inclusion, one sees
easily that it suffices to show that for given vectors v € V and w € V \ V3, the quotient
2 is an element of the second ring. To see this, note that the vector space V' decomposes
as V =V, @ Fyw since dimV, = 2 = dim V' — 1. Hence there exist elements vy € V5 and

a € F, such that v = vy + aw. Thus > = 2 + « is indeed an element of the second ring.

We now proceed analogously with the construction of the affine open subscheme By, v, of
QV Denote by Vvl the inverse image of the strata neighborhood Vy, under the projection
map Qv — Q. Denote by B :=F, [% | v € Vi,w eV ~ {0} the affine coordinate ring
of Vy, and by J := (& } veVi,weV Vl) the ideal in B corresponding to the closed
point €y, of Vy,. Thus

Vy, = Proj (Bl B) .

Inverting the homogeneous element

(Y
g = H E GJZCBL]B

veVi~{0}
weVoy\Vy

of degree ¢ := #(V1 N {0}) - #(V5 V) in Bl; B yields the desired open affine subscheme
By, v, of @T/, with affine coordinate ring equal to (Bl; B) [ﬂ . Using that any two nonzero

vectors of the 1-dimensional vector space V; only differ by multiplication with a scalar in
[, we see that this affine coordinate ring is equal to

- /
F, |2 vEVl,wEV\{O}] {33/ 0,0 €ViNA{0}, wEV AW, W EVa V)
LW w v
ro w/ ,
= F, |- vGVl,wGV\Vl} —lweVavi, v el n
- F, |2 UEVQ,wEV\Vl].
LW

Thus the open subscheme Ay, v, C I/DT/ is isomorphic to the open subscheme By, v, C Q\x//
via a map extending the identity on y.

It remains to show that the constructed open subsets of the blow-ups are indeed coverings.
We begin with the blow-up Py. For a fixed 2-dimensional subspace V5 of V', we prove that

if V1 ranges over all 1-dimensional subspaces of V5, the open sets Ay, v, cover Uy y,. Let
p be a homogeneous prime ideal of Bl; A such that for every 1-dimensional subspace V; of
V5, the homogeneous element

fu= [ & er*cBLA

veVoNVy
weV~\Vy
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of degree k = #(Vo V1) - #(V ~ V3) lies in p. We have to show that p contains the
augmentation ideal I & I? @ ... of Bl; A.

Denote by V, the set consisting of all vectors v € V, for which there exists a vector
w € V'~ V3 such that the homogeneous element = € [ 1 € Bl; A of degree 1 lies in p. The
set V}, is in fact a subspace of V.

We have to show that V, is equal to V5. Choose a 1-dimensional subspace Vi of V5. Since
Jw, lies in p, there exists a nonzero vector v’ € V5 \ Vi such that v' € Vj. Set V] :=Fv'.
Then since fyr lies in p, there exists a nonzero vector v € V5 \. V] such that v" € V,,. By
construction, the vectors v" and v” are linearly independent. Thus V} is equal to V5.

We now prove the analogous result for the blow-up @T/ For a fixed 1-dimensional subspace
Vi of V, we prove that if V; ranges over all 2-dimensional subspaces of V' containing Vi,
the open sets By, v, cover Vy,. Let q be a homogeneous prime ideal of Bl; B such that for
every 2-dimensional subspace V, of V' containing V;, the homogeneous element

w,= [[ - ercBLB
veVi~{0}
weVoN\Vy
of degree ¢ = #(Vi ~ {0}) - #(Vo . V1) lies in q. We have to show that g contains the
augmentation ideal J @ J? @ ... of Bl; B.

Choose a generator v; of V. Denote by V; the set consisting of 0 € V' and of all nonzero
vectors w € V' such that the homogeneous element 7+ € J 1 ¢ Bl B of degree 1 does not
lie in q. It is easy to see that the set Vj is in fact a subspace of V. Since V; contains Vi,
the dimension of Vj is at least 1. We have to show that the dimension of V; is in fact equal
to one.

Choose any 2-dimensional subspace V5 of V' containing V. Then since gy, lies in q, there
exists a nonzero vector w € Vo \. 'V which does not lie in V;. Hence the dimension of Vj is
at most 2. If it was equal to 2, the fact that the homogeneous element gy, lies in q yields
a contradiction to the fact that q is a prime ideal. Thus the dimension of Vj is equal to 1,
as desired. q.e.d.
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6 Desingularization of (), in arbitrary dimension

This section forms the heart of the article. We construct a desingularization By of @y as
follows. We first define By as a functor, motivated by a functorial interpretation of blowing
up and by the results of section 5. We then prove that this functor is representable by a
projective variety over IF, which contains {2y, as a dense open subscheme. We exhibit a
natural stratification for By, show that By is nonsingular, and prove that the boundary
By \ Qy is a divisor with normal crossings in the strongest sense. Finally, we construct
morphisms to P, and )y which are isomorphisms on €2y,.

We begin by describing the functors of points of Py, Qv and §2y,. For basic results regarding
open and closed subfunctors and representability in algebraic geometry we refer the reader
to Eisenbud-Harris [4], chapter VI, and Grothendieck [6], EGA 0: 8.1, EGA I: 3.4.

For convenience and future reference we first collect some basic open and closed conditions
in the following lemma. We say that a morphism of sheaves or a section of a sheaf vanishes
at a point of a scheme if it vanishes after pulling back to the residue field at that point.

Lemma 6.1 Let X be a scheme. Let F be a locally free coherent sheaf on X and let
f e T(X,F) be a global section of F. Furthermore, let p : G — H be a morphism of locally
free coherent sheaves on X.

(i) The set of points of X on which f vanishes is a closed subset of X.
(1i) The set of points of X on which ¢ vanishes is a closed subset of X.
(11i) The set of points of X on which ¢ is an isomorphism is an open subset of X .

Proof. All statements are local, so we can assume that X = Spec(A) is affine and F, G
and H are free of finite rank. Suppose f is given by the coordinates aq,...,a, € A. Then
the zero locus of f is equal to the zero locus of the ideal generated by the a; in A. This
proves (7). Part (i¢) follows from (i) if we set F := Homo, (H,G), the sheaf of morphisms
from H to G, and f := ¢ € I'(X,F). To prove (iii), we can assume that G and H have
the same finite rank, so that ¢ is given by a matrix with coefficients in A. Then ¢ is an
isomorphism away from the zero locus of the determinant of this matrix, which by (7) is a
closed subset of X. q.e.d.

We now recall a description of the functor of points of an arbitrary projective scheme over
an affine base, generalizing the well-known characterization of projective n-space as the
functor which to a scheme T associates the set of invertible quotients of OF" 1.

Given an invertible sheaf £ on a scheme 7', we call a collection of global sections sy, ..., s, €
[ (T, L) of L generating if for each ¢t € T the images (s1)¢, - . ., (s,)¢ in the stalk £, generate
the stalk as an Or;-module. Of course this is equivalent to requiring that the sections
S1,...,8, do not vanish simultaneously at any point of T, or to requiring that the induced
morphism of sheaves OF" — L is a surjection.
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Remark 6.2 Let A be a ring and let fi,..., f, be homogeneous polynomials
in A[Xo,...,X,|. Define

X = Proj ([(Xos .-, Xl / (F1a o1 ).

Then the functor of points of X s isomorphic to the contravariant functor from the category
of A-schemes to the category of sets which to an A-scheme T associates the set of all equiv-
alence classes of the following data: An invertible sheaf L on T, together with generating
global sections s, ..., s, € I'(T, L), such that f; (so,...,sp) =0in (T, £®degfi) for alli.
Two such pairs of invertible sheaves with global sections (L, sg, ..., Sn), (L', 8G,...,s) are

defined to be equivalent if there exists an isomorphism L = L' which identifies s; with s,

for all v.

The proof is a straightforward adaption of the well-known special case of projective space.
See for example [5], chapter II, Theorem 7.1.

Corollary 6.3 The scheme Py represents the functor which associates to an F,-scheme T
the set of all equivalence classes of pairs (L, ) consisting of an invertible sheaf L together
with a surjection ¢ : Op @p, V — L.

The open subscheme v of Py corresponds to the open subfunctor obtained by additionally
requiring that for any nonzero vector 0 # v € V', the section p(1 ® v) € I'(T, L) vanishes
nowhere on T.

Corollary 6.4 The scheme Qv represents the functor which associates to an F,-scheme T
the set of all equivalence classes of pairs (G, \) consisting of an invertible sheaf G together
with a map of sets A : V {0} — I' (T, G) such that

(i) the set of global sections {\(v) | 0 #v € V'} generates G
(it) Mav) = LX(v) for all0 #£v eV and o € F,

(iii) A(v)-A0') = Aw)-Av+0")+A0') - Av+0") in T (T,G%?) for all linearly independent
vectors v,v' € V.

The open subscheme 2y, of Qv corresponds to the open subfunctor obtained by additionally
requiring that for any nonzero vector 0 # v € V, the section A(v) € I'(T,G) vanishes
nowhere on T.

Proof. Apply Remark 6.2 above to the presentation of Ry in Corollary 2.5. q.e.d.

The birational equivalence of Py and )y takes the following shape on the level of functors.
Given a T-valued point (G, \) of the open subfunctor of @y in Corollary 6.4, any section
A(v) trivializes the invertible sheaf G, so we can assume that G = Or. For a nonzero vector
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0# v €V define (1 ® v) := ﬁ Then the properties (¢) and (i) of A above imply that
we can extend ¢ to a morphism of sheaves ¢ : Or ®p, V — L := Or as in Corollary 6.3.
This yields a natural transformation from the open subfunctor of @)y in Corollary 6.4 to
the open subfunctor of P, in Corollary 6.3, and the inverse map is constructed analogously.

We now come to the definition of the contravariant functor By from the category of schemes
over [F, to the category of sets. To an [F,-scheme T, we associate the set of all equivalence
classes of the following objects: For every nonzero subspace 0 # V' C V' an invertible sheaf
Ly on T, together with a surjection

ovi i OrQp, V' —> Ly,
and for every inclusion of nonzero subspaces 0 # V" C V/ C V a morphism
v//

v o EV” — EV’ ,

such that the restriction of ¢y to the subsheaf Or ®p, V" c Or ®F, V' is equal to the
composition @DX," o wy~. In other words, we require the diagram

oy

Or ®g, V' —~ Ly
WY

OT ®Fq V” o ﬁv//

to commute.

For the sake of readability we denote such an object as a triple (L, ¢,1). Two such objects
(L,p,v) and (L, P, 1)) are defined to be equivalent if for every nonzero subspace V' C V

there exists an isomorphism of invertible sheaves Ly = Ly which is compatible with the
surjections @y and Qyr.

Since all morphisms ¢ in this definition are surjective, the maps 1) making the corresponding
diagrams commute are unique. In particular, for any chain of nonzero subspaces

O£V CVoCV3CV
the maps 1 automatically satisfy the cocycle condition
Wt o vl = vl
Similarly, if two objects (£, ¢, ) and (L, @, 1)) are equivalent, the corresponding isomorph-
isms £ = L are automatically compatible with the maps ¢) and ¢ as well.

We finish the construction of the functor By by associating to a morphism f : T — T’
of F,-schemes the map of sets f* : By(1") — By (T') obtained by pulling back all of the
above data along f. We now study this functor in more detail.
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Proposition 6.5 The functor By is representable by a projective scheme over F,,.

Proof. We show that By is isomorphic to a closed subfunctor of the functor represented
by the product of projective spaces [], svicy Pyvr. This implies both the representability
of By and the projectivity of the representing scheme.

A T-valued point of the product [],, Py~ is given by a collection of invertible quotients

(SDV' : Or ®r, Vi— ‘CV')O;éV/CV'

Fix an inclusion of nonzero subspaces 0 # V" C V' of V. Then since ¢y~ is an epimorphism,
there exists at most one dotted arrow 1/15,” making the diagram

Py
OT ®Fq VI Ev/
A
H "
DY
1 E
OT ®Fq V o ﬁvu

commute. Thus By is isomorphic to the subfunctor of Hv' Py which associates to an

IF,-scheme T the set of all collections of invertible quotients

(SOV’ : OT ®Fq V/ - EV/)O;IEV’CV
satisfying the extra condition that for any inclusion of nonzero subspaces 0 £ V" Cc V' C V,
there exists a morphism ¢“ff/ making the above diagram commute.

To finish the proof we have to show that this extra condition is indeed a closed condition.
It suffices to prove this for a single fixed inclusion of nonzero subspaces 0 £ V" Cc V' C V.
Denote by iyw the inclusion of the kernel of ¢y~ into Op ®p, V”. Then the diagram

OT ®]Fq V/ v LV/ O

0 — ker (¢pyn) e Or @, V"' ————

V//

shows that the existence of a dotted arrow 1#5,” is equivalent to the condition that the

composite morphism @y oy vanishes. Since the sheaf ker(py«~) is again locally free, this
is indeed a closed condition by Lemma 6.1, (i7). q.e.d.

By the usual abuse of notation we make no notational distinction between the functor By,
and the scheme representing it.
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Our next goal is to construct the aforementioned natural stratification of By . Fix a filtra-
tion F=V=V2...2V,.12V,=0)of V.

We define a subfunctor Uz of By by imposing the following condition on the set of T-valued
points. For every inclusion of nonzero subspaces 0 # V" C V'’ of V' with the property that
there exists no index i such that V" C V; C V', we require the morphism 1y, to be an
isomorphism. Thus Uz is an open subfunctor of By by Lemma 6.1, (i77), and representable
by an open subscheme of By, which we denote by Ur as well.

Similarly, we define a subfunctor Z# of By by imposing the following condition: For every
inclusion of nonzero subspaces 0 # V" C V’ of V with the property that there exists an
index i such that V” C V; € V', we require the morphism 1V, to be equal to zero. It
follows from Lemma 6.1, (i¢), that Z is a closed subfunctor, and therefore representable
by a closed subscheme of By, which we denote by Zr as well.

Finally, we define a subfunctor S of By by imposing both conditions simultaneously:
Given an inclusion of nonzero subspaces 0 # V" C V' of V, we require that ¢y, is equal
to zero if there exists an index i such that V” C V; C V', and an isomorphism in all other
cases. Thus Sz is a locally closed subfunctor of By, and set-theoretically the equation

SF(T) = Ur(T) N Zx(T)

holds for every [F,-scheme T". We denote the corresponding locally closed subscheme by Sz
as well.

Proposition 6.6 Let F = (V=V,2 ... 2 V,_1 2V, =0) be a filtration of V. Then the
scheme Zx decomposes as a product as follows:

Zj-‘ = BVO/VI X BVI/VQ X X Bvrfl/v'r

Proof. We construct the isomorphism on the level of functors. Let 7" be an [ -scheme
and let (L, ¢, 1) be a T-valued point of Zz. For every integer i = 0,...,r —1 we construct
a T-valued point (M, p,() of By, v,,, as follows. Let W be a subspace of V' such that
Vigt €W C Vi Set My, := Lw. By definition of the subfunctor Zz, the morphism

;/Iﬁ“ is equal to zero. It follows from the compatibility of the maps ¢ and v in the definition
of By that ¢y vanishes on the subsheat Or ®p, Vii1 C Or @p, W and thus descends to a
morphism

Pw/Viss - Or ®r, W/Viir — My,

Finally, for an inclusion of subspaces V;;1 C U C W C V,, define gﬁ’v//ﬁll := 1l,. This

construction yields a natural transformation of functors pu: Zz — By, v, X --+ X By, _ v,

We now define a natural transformation in the converse direction. Assume that for every
integer ¢ = 0,...,7 — 1 we are given a T-valued point (M(3), p(7),((2)) of By, We

Vig1-
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construct a T-valued point (L, p, 1) of Zx as follows. Let W be a nonzero subspace
of V, and let j be the unique integer such that W C V; and W ¢ V4. Set Ly =
M(J)(W+vj41)/v;5, and define oy as the composite surjection

ow: Or@p, W —» Or®@p, (W +Vi1)/Vin —» M) wivie) Vi
where the second map is given by p(7)w+v;,1)/v;4.-

Given an inclusion of nonzero subspaces U C W of V| let k denote the unique integer such
that U C Vi and U ¢ V41, and let j denote the unique integer such that W C V; and W ¢

Vigr. If k> j, define the morphism 5, to be zero. If k = j, set Y, := C(J)Egvt‘%i))//v\jfﬁl

We now check that the triple (£, ¢, ¥) indeed defines a T-valued point of Zx. Let U, W, k, j
be defined as in the last paragraph. We need to check that the restriction of ¢y to the
subsheaf Or ®r, U C Or ®p, W is equal to the composition wg, owy. If k = j, this follows
from the corresponding property of the triple (M(45), p(j),¢(j)). If k£ > j we observe that
U C Vj41 € W. Thus both morphisms are equal to zero.

Therefore the triple (£, ¢, 1) defines a T-valued point of By. By definition of the morph-
isms 1) it is clear that @/JX," is equal to zero whenever there exists an index 4 such that V" C
V; € V'. Hence the triple (£, ¢, %) indeed defines a T-valued point of the subfunctor Zx of
By. We have thus constructed a natural transformation v : By, X -+ X By,_ v, — ZF
in the converse direction.

To complete the proof we need to show that the natural transformations y and v are inverse
to each other. It follows directly from the construction that pov = id. We now prove
that v o u = id. Let T be an F,-scheme, let (£, p,v) be a T-valued point of Zz, and
denote by (E &, w) its image under the composition v o y = id. We show that (L, p, )
and (E D, w) are equivalent triples. Fix a nonzero subspace W of V. We have to prove
that ow : Or @p, W — Ly and ¢w : Or Qp, W — £~W are equivalent quotients.

Let j denote the unique integer such that W C V; and W ¢ V. By chasing through the
construction of the natural transformations y and v, one verifies that Ly = Ly v,,, and
that ¢y is equal to the composition

PWHVjq1)

pw: Or@e, W — Or@s, (W+Vin)  — Lovivi) -

In other words, the following diagram commutes:

PW+Vii11)

Or @, (W 4 Vjia) Lw vy

J / Vv

Or ®Fq
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The commutativity of the lower triangle implies that ¥y}, +v,,, 18 surjective and thus an

isomorphism. Therefore the quotients (Ly, pw) and (L, ¢w) are equivalent. This con-
cludes the proof of the proposition. q.e.d.

Proposition 6.7 Let (V 2 0) be the trivial filtration of V.. Then Uy 20y = Svoo) and
S(V;QO) ~ Oy .

Proof. The first statement is clear. In order to prove that Sy o) = €y, we use the functo-
rial interpretation of €y, obtained in Proposition 6.3 above. The functor Sy o) is the open
subfunctor of By defined by the condition that all morphisms v are isomorphisms. Thus
for an F,-scheme T, any triple (£, ¢,%) in Sy50)(1") can be recovered up to equivalence
of triples from the quotient ¢y : Or ®, V — Ly. Every such quotient oy satisfies the
condition that for any nonzero vector 0 # v € V, the section ¢y (1®v) € I'(T, L) vanishes
nowhere on 7. Conversely, it is clear that every quotient ¢y satisfying this condition can
be extended to a triple (£, p,v) in Sqyoo)(T). q.e.d.

Corollary 6.8 Let F = (V =V, 2...2V,1 2V, =0) be a filtration of V.. Then the
scheme S decomposes as a product as follows:

S = QVo/V1 X QVl/V2 X X QVr—l/Vr

Proof. Under the isomorphism of Proposition 6.6, the open subfunctor Sz of Z# corre-
sponds to the open subfunctor S, v, 5 0) X -+ X Sv,_1 v, 20y of Byyvy X -+ X By, _ v,
Then the statement follows from Proposition 6.7. q.e.d.

Theorem 6.9 (Stratification of By) The underlying set of the scheme By is the dis-
joint union

By = USf,
f
where the indexing set consists of all filtrations F of the vector space V.

Proof. We need to show that By (K) is the disjoint union of the subsets Sz(K) for every
extension field K of IF,. The disjointness is clear from the definition of the functors Sr.
Let (L, p,1) be a K-valued point of By. Since K is a field, we can assume that every
invertible sheaf £ of the triple (£, ¢, ) is equal to K. Furthermore, every morphism
is either an isomorphism or equal to zero. We now provide an algorithm to construct a
filtration F such that (L, p, ) is an element of Sz(K).
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Set Vg := V. If ¢} is an isomorphism for all nonzero subspaces V' of V| define V; := 0.
Thus F is the trivial filtration (V' 2 0) in this case. If not all of the ¢}, are isomorphisms,
let W be a nonzero subspace of V' of maximal dimension such that ;Y = 0. We claim that
W is uniquely determined by this property.

More generally, we show that any nonzero subspace V' with the property that w&l =0
must already be contained in W: If V' is not contained in W, then W is a proper subspace
of W+ V’. Then it follows from the maximality of W that ¢J¥_ ., = 0 and ¢}, = 0.
This in turn implies that ¢y 1y = 0, a contradiction. Thus V/ must have been contained

in W, and W is unique. Set V; := W.

We can now repeat the above step with V' replaced by V;. Iterating this procedure yields
a filtration F = (V. =V, 2 V; 2 --- 2 V, = 0) of V with the property that 1y, = 0 if
and only if there exists an index i such that V" C V; C V'. Thus the triple (£, ¢, 1) is an
element of Sy(K). q.e.d.

In analogy to sections 4 and 5 we call the locally closed subschemes Sz strata and their
open neighborhoods Uz strata neighborhoods. Theorem 6.9 above shows that the Ux form
an open cover of By.

As a corollary of Proposition 6.6 and Theorem 6.9, we give a description of the set of
K-valued points of By .

Corollary 6.10 Let K be an extension field of F,. Then there exists a natural bijection
between the set By (K) of K-valued points of By and the set of pairs (F,x) consisting of
a filtration

F=(V=V%2W2..2V12V=0

and an element
T < QVO/Vl(K) X ... X QVr71/Vr(K)‘

Let F and F’ be filtrations of V. We define F N F’ to be the filtration of V' which consists
of precisely those subspaces which occur in both F and F'. We use the notation ' C F
to indicate that F' can be obtained from F by deleting some of the filtration steps. The
following statements follow directly from Theorem 6.9 above.

Remark 6.11



(ZZZ) F CF +<— Ur CUFE

(/LU) z/{}‘m]—‘/ = u]:mZ/{]:/

Our next goal is to show that By is a smooth projective variety and that the boundary
By \Qy is a divisor with normal crossings in the sense that it is Zariski-locally isomorphic
to the embedding of a union of coordinate planes into affine space.

Fix a filtration F = (V. =V, 2 ... D V., =0) of V. For every integeri = 1,...,r—1 we fix
a subspace W; C V;_; such that V;_; = V; & W;, together with a nonzero vector w; in W;.
In addition we fix a nonzero vector w, in V,_;.

Lemma 6.12 The functor Ur is isomorphic to the functor that associates to an F,-
scheme T the set of commutative diagrams of the form

%)
Or ®r, Vo i Or
JA w;
%)
Or ®r, V1 < Or
JA Wﬁ
%)
Or ®r, Vo e Or
A A
! |
! |
! |
! |
| ov._ |
OT ®Fq ‘/r—l o OT
with the following properties:
(i) For every integeri =0,...,7—1 and every vector v € V; \Vi;1 the section py,(1®v)

in I'(T, Or) vanishes nowhere on T.

(ii) For every integer i =1,...,r, the section py,_,(w;) is equal to 1 in T'(T, Or).

Proof. Let T be an Fj-scheme and let (£, p,1) be a T-valued point of Ur. We first
show that for every ¢ = 0,...,r — 1 the invertible sheaf Ly, is trivial. Choose a vector
v € Vi N\ Viiq and let W denote the F,-span of v. Then since W is one-dimensional, the
corresponding invertible sheaf Ly, is trivialized by the map ¢y,. By the definition of U,
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the morphism w&,’ is an isomorphism. Thus Ly, is trivial as well. By using the equivalence
relation on the set of triples (£, ¢, 1) we can assume that Ly, = Or.

It follows directly from the definition of U that a triple (£, ¢, ) in Ux(T) can be recon-

structed up to equivalence of triples from the subdiagram (py;, “2“) pictured above, and

that every such subdiagram satisfies property (i). Conversely, every diagram (oy;, “2“)
satisfying property (i) can be extended to a triple (£, ¢,v) in Ux(T). Thus Ur is iso-
morphic to the functor that associates to an [F -scheme T' the set of equivalence classes of
diagrams (pv;, w‘%“) satisfying property (7). Additionally requiring property (iz) above is
then equivalent to the choice of a representative for each equivalence class of diagrams.
q.e.d.

We use the description of Uz obtained in Lemma 6.12 in the following definition and in
Proposition 6.13 below.

Define a natural transformation
T: Ur — A%;l X QW1 X QW2 X e X QWT71 X QVT71

Vit

as follows. Let T be an F -scheme and let (pv;, ¢y *") be a T-valued point of Uz. Then for
every i =0,...,r—2 the morphism w&?“ : Op — O yields a T-valued point of A}Fq since

Homo, (Or,Or) = I'(T,0r) = AJIFQ(T)-

Furthermore, it follows from property (i) in Lemma 6.12 above that for every i = 0,...,r—2
the surjection
90Vi|oT®Fqu+1 : Or @p, Wizn —» Or
yields a T-valued point of Q.
Vit1

Thus we define the image of (¢v;, ¢y, "") under 7 to be the T-valued point

%] Vi_1 | |
770\/07 7¢VT,2’ A% Or@p Wiy + -+ PVr_a OrQryWr—25 Vi1

of the product scheme AEI X Quy X Quyy X oo X Qe X Qy .

Proposition 6.13 The natural transformation
T Ur — Agl X Qury X Qyy X oo X QX Qy

1s 1njective. Furthermore, the image of T is an open subfunctor of the product functor
Agl X Quy X Quy, X oo X Q. X Qv . In particular, the scheme Ur is isomorphic to

an open subscheme of affine space Aféq’l.
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Proof. We first prove that 7 is injective. Let T be an F -scheme and let (¢, \‘2“) be a
T-valued point of Ur. It suffices to show that every morphisms ¢y, is uniquely determined
by the image of (¢v;, “2“) under 7. We proceed by downwards induction on j. The
statement is clear for j = r — 1. For arbitrary j, the morphism ¢y, can be reconstructed
from the composition w“gﬂ o pv;,, and the restriction v, |orey, w;,, as follows. Given a
nonzero vector v € Vj, there exist unique vectors v;y1 € Vi1 and wj € W,y such that

v = vj11 + uj+1. Then it follows from the commutativity of the diagram (py;, “2“) that

V.
(*) pv;(1®@v) = (wvj“ o g&vﬂl) (1®vjt1) + ov;loree, Wi (1 @ ujt1).

Thus by induction we conclude that ¢y, is uniquely determined by the image of (¢vy;, “2“)

under 7. This shows that 7 is injective.

We now determine the image of 7. From equation (x) above we see that every T-valued
point of Aﬁ;l X Qu, X Quy, X -+ X Q. X Qp_, gives rise to a commutative dia-
gram (pv;, “2“). However, the morphisms ¢y, might lack property (i) of Lemma 6.12, so
that the diagram (¢y;, 1/1“2“) constructed in this way is not necessarily a T-valued point of
Ur. Thus the image of 7 is the subfunctor of A{F;l X Qyyy X Qyyy X+ X Qyy,_, X Qy, | defined

by requiring that every morphism ¢y, constructed inductively via equation () possesses
property ().

More explicitly, the image of 7 is the subfunctor defined by the following condition: Given
any integer j = 0,...,7 — 2 and any collection of vectors v,_; € V,_1, u,_1 € W,_q,
Up—o € Wi_o, ..., ujp1 € Wiy, not all equal to zero, we require that the global section

V.
+ w‘/]]'ﬂLl o 90‘/34»1 |OT®Fqu+2(1 ® Uj+2)

Vit Vite
+ ¢w °© Yy, © 90Vj+2|(9T®]Fqu+3(1®uj+3)

Vi L
+ wV;H o ... 0 wgﬁ; o SOVT_1(1®U,~,1)

in I'(T", Or) vanishes nowhere on 7T'.
This condition is an open condition by Proposition 6.1. q.e.d.

Corollary 6.14 The scheme By s a smooth projective variety.

Proof. In Proposition 6.5 we have already shown that By is projective. Proposition 6.13
above implies that every open subscheme Uz of By is irreducible. Furthermore, every Uz
contains the open stratum S0y = y. Therefore the fact that the Ur form a cover of
By implies that 2y is dense in By, and therefore By is irreducible. The smoothness of By,
follows from Proposition 6.13 and the fact that the open subschemes Ur cover By. q.e.d.
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Corollary 6.15 The closure of a stratum S in By is again a union of strata and carries
a natural subscheme structure:

SF = U Sp = Zf
FCF

Proof. Proposition 6.6 and Proposition 6.14 together imply that the scheme Zz is
irreducible. Thus the non-empty open subscheme Sz of Z# is dense in Z#, and the claim
follows from Remark 6.11, (i7). q.e.d.

Corollary 6.16 The boundary By ~\ €y C By is a divisor with normal crossings in the
sense that it is Zariski-locally isomorphic to the embedding of a union of coordinate planes
into affine space.

Proof. It suffices to verify the claim on every open subscheme Ur of By. We use the
characterization of Ur in Lemma 6.12. The boundary Ur ~ y represents the closed
subfunctor of Uz defined by the condition that at least one of the morphisms %‘ZH is equal
to zero. Thus it is clear from the definition of the natural transformation 7 above that the
embedding of Ur ~ Qy into Uz is isomorphic to an embedding of a union of coordinate

planes into an open subset of affine space Aﬂi‘éq—l. q.e.d.

Finally, we construct morphisms from By to Py, and )y . Define a morphism from By to Py
on the level of functors by mapping a triple (£, ¢, 1)) to the quotient ¢y : Or ®p, V — Ly .
It is clear from Proposition 6.3 that this morphism induces an isomorphism on €2y .

Similarly, we use the functorial description of )y in Proposition 6.4 to define a morphism
from By to Qy. Given an F,-scheme T and a triple (£, p,%) in By (T), construct a pair
(G, \) in Qv (T) as follows.

The collection of invertible sheaves (Ly+)oxy/cy forms an inverse system via the morph-
isms ¢. Thus there exists the inverse limit sheaf liﬂlﬁvl on 1. In the special case that
the triple (£, p,¢) lies in Ux(T), it is clear that lim Ly is again invertible. In the
general case, we conclude that lim Ly~ is locally isomorphic to an invertible sheaf (and
thus itself invertible) since the open subschemes Uzr cover By. We define G as the dual
(lim L) := Homo, (lim Ly, Or) of lim L.

Let v be a nonzero vector in V' and denote by F,v the one-dimensional subspace spanned
by v. We define the global section A(v) of G as the composition

-1
Pr, v I~
Av): lim Lyr — Ly, —5 Or @5, Fo — Or.

Then it follows directly from the construction that A(v) satisfies properties (ii) and (i)
of Proposition 6.4, and that the collection of global sections (A(v))ozscv generates G. We
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have thus defined a morphism from By to @Qy. The description of €2y, as a subfunctor
of By in Proposition 6.7 and as a subfunctor of @)y in Proposition 6.4 implies that this
morphism induces an isomorphism on €2y,. Since both By and @)y are projective schemes
over [F, this morphism is projective as well.

Corollary 6.17 The projective variety By is a desingularization of Qv .

A classical theorem of surface theory (see for example [5], chapter V, Corollary 5.4) states
that every birational morphism of nonsingular projective surfaces can be factored into
finitely many monoidal transformations. From this theorem one can easily deduce that
if d = 3, the desingularization By coincides with the blowups P, = @y constructed in
section b.
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