IMPROVED STABILITY VERSIONS
OF THE PREKOPA-LEINDLER INEQUALITY
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ABSTRACT. We consider the problem of stability for the Prékopa—Leindler inequality. Exploit-
ing properties of the transport map between radially decreasing functions and a suitable func-
tional version of the trace inequality, we obtain a uniform stability exponent for the Prékopa—
Leindler inequality.

Our result yields an exponent not only uniform in the dimension but also in the log-concavity
parameter 7 = min(A,1 — \) associated with its respective version of the Prékopa—Leindler
inequality. As a further application of our methods, we prove a sharp stability result for log-
concave functions in dimension 1, which also extends to a sharp stability result for log-concave
radial functions in higher dimensions.

In honor of R. T. Rockafellar, for his 90th birthday.

1. INTRODUCTION

In this paper, we deal with stability versions of the Prékopa—Leindler inequality. This in-
equality asserts that, for measurable non-negative functions h, f,g : R® — R which satisfy

h(dz+ (1= Ay) > f(@)gy)'™*,  Va,y €R", (1.1)

/nh2</nf>k</ng>l_k’ (12)

with equality if and only if A is log-concave, and for some zg € R", a > 0, we have

then

f(x) =a h(z — Azg), g(x) = a* P h(z+ (1 — N)zo).

Such an inequality is of pivotal importance in areas such as convex geometry and high-dimensional
probability, and is intimately related to the Brunn—-Minkowski inequality, which asserts that,
for A, B C R™ measurable sets with A+ B :={a+ b,a € A,b € B} measurable, we have

[ A+ BV > A BV (1.3)

with equality if and only if A, B are both convex sets, and A is a translated scaled copy of B.
Indeed, the Prékopa—Leindler is not only a functional version of Brunn—Minkowski, but it also
implies the latter through a scaling argument.

When it comes to the question of stability for both the Prékopa—Leindler and Brunn—Minkowski
inequalities, the matters are much more subtle: indeed, in the Brunn—Minkowski case, the first

work in that direction was achieved by the first author, Maggi, and Pratelli [11], which proved
1
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a sharp stability version when the sets A, B satisfying almost equality in (1.3) are already con-
vex. In spite of this initial contribution, a proof of stability of Brunn—Minkowski, even in the
non-sharp case, would only be addressed in the works of Christ in a series of papers [5, 7, 6],
with an explicit exponent of stability only being achieved later by the works of Jerison and the
first author [10]. Other relevant works addressing the question of stability for that inequality
are [9, 15, 13].

A major breakthrough in that regard is the settling of the sharp stability for the Brunn—
Minkowski in the general case. Indeed, for n = 2, a proof was found by van Hintum, Spink, and
Tiba [16], and, for the n > 3 case, in the recent paper by the first author, van Hintum, and Tiba
[12].

On the other hand, stability results for the Prékopa—Leindler inequality are comparatively
significantly less abundant at the moment. We mention initial works by Boroczky and Ball [2, 1]
in the one-dimensional log-concave case, the recent contribution by Bordczky and De [3] in the
higher-dimensional log-concave setting, and the contributions by Rossi and Salani [14], which
deal with other non-degenerate cases of the Borell-Brascamp—Lieb inequality.

Stability for the case of measurable functions, even with a non-sharp exponent, remained open
until the recent work of Boroczky and the authors of this manuscript [4], where it was shown
that if h, f, g are as in the statement of the Prékopa—Leindler inequality, such that

/n h(z)de < (1+2) < [ @) dx>A (/ng(aj) dx>H, (1.4)

then there is a log-concave function h : R — R4 and a > 0,29 € R™ such that
/ £(2) — a Mz — Azo)| do < C()e @ [ f(a)da,
n RTL

/ g(@) = a' Pz + (1= Nao)| dz < (7)) / g(z)dz,

n

/n b —h| < C(r)e ) /n h(z) dx.

in all dimensions n > 1, with a computable exponent «,(7) > 0. It is important to note that the
exponent oy, (7) obtained in [4] is highly dependent on the dimension and on 7 = min(A,1 — A).

The purpose of this manuscript is to improve the previous result in different contexts. In fact,
the first result we present here is a proof of a uniform stability exponent for the Prékopa—Leindler
inequality for general functions in any dimension, for any A € (0,1):

Theorem 1. There is an absolute constant cog > 0 such that the following holds. Let h, f,g :
R™ — R be non-negative measurable functions satisfying (1.1). Suppose, additionally, that they
satisfy (1.4). Then there are a > 0,9 € R™, and a log-concave function h : R™ — Ry, such that

/ @) = = dao)|do < ()= [ (o)

/ 9(2) — "M@ + (1 — Nao)| do < cn(f)sco/ o(z) da,
]Rn

n

/n \h(z) — h(z)|dz < Cn(T)sco/ h(z)dz.

n
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Remark 1.1. The proof of Theorem 1 may be divided into two main parts. The first is a
new proof of the one-dimensional result in [4]. For that, instead of resorting to a four-point
inequality as done in that manuscript, we use an idea similar to the one used in [4] but for
higher-dimensional functions. In effective terms, by a similar truncation argument, we arrive
at the fact that, if we wish to use the stability results for the Brunn—Minkowski inequality
available in dimension 2, we only need to prove that the distribution functions of f and g as in
the statement are close in L', upon appropriate scaling and translating.

It is equivalent to work with even, radially decreasing functions in dimension one. In order
to prove a uniform stability for those, we consider the transport map between them. Upon
appropriately cutting both f and g at a well-controlled level set, we see that the derivative
of the transport map is bounded except for a set of small measure. By employing a trace-
like inequality on the set where the derivative is bi-Lipschitz, we are able to show the desired
distributional result in one dimension, which concludes the one-dimensional version together
with the results from [16].

For the higher-dimensional case, we first reduce the matter to the level-set analysis mentioned
before. There, by a proposition originally from [4], the one-dimensional estimates automatically
yield bounds on the distribution functions in higher dimensions. This guarantees that the log-
hypographs in question are close by, in terms of a uniform parameter. At that point, instead of
using the result in [9] (as previously done in [4]), we exploit the recent sharp stability result by
the first author, van Hintum, and Tiba [12]. This enables us to not lose a dimensional constant
in the exponents. Since the 7-dependency was only stemming from either the one-dimensional
results — from which we removed such a dependency — or the Brunn—Minkowski stability problem,
this argument yields Theorem 1 as a consequence.

The next result that we present in this manuscript deals with a question originally raised by
Boroczky and Ball in [2]. In analogy to the Brunn-Minkowski theory presented above, where
sharp stability for convex sets may be derived from an argument using a Poincaré-type inequality,
one may wonder what happens if we suppose beforehand that either h or f and g are already
log-concave. In the one-dimensional case, we are able to prove a sharp stability result.

Theorem 2. Let h, f,g : R — Ry be measurable functions satisfying (1.1). Suppose also that
either h is log-concave, or both f and g are log-concave, and that

frsasolf)' (1)

Then there exist C,a >0, xo € R, and h : R — Ry a log—concave function, such that

/yf ) — a " h(z 4 Azo) ]da:<C /f x,
[ lat@) = a'he — (1= Ve do < € (T)” [ ota)da,

/h ha)lde < 0 (2 )1/2/Rh(x)dx, (1.6)

where 7 = min(X\, 1—\). This result is sharp, in the sense that there are functions h, f, g satisfying
(1.1) and (1.4) for which (1.6) is reversed (with a smaller constant C').
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Remark 1.2. The proof of this result exploits the interplay between f and g provided by the
transport map between them (when looked at as probability measures on the real line). This
allows us to exploit a reduction from [2], which states that it is sufficient to prove that f and g
are close to each other, and then stability follows in the same order. In the proof, a key fact is
to show that outside an interval where both f and g have negligible mass, the transport map
between the densities f and ¢ is universally bi-Lipschitz continuous - which is a property even
stronger than the one needed for us to prove Theorem 1. Then, the conclusion of the proof runs
through an inequality that follows directly from the optimal transport proof of the Prékopa—
Leindler inequality. A crucial step is the use of a suitable trace-like inequality for BV functions
showing that the distance between f and g is bounded by the quantity [, f(x)/T"(z) — 1| dz,
which, by the reductions above, is in turn bounded by Ce'/2. Thanks to the fact that we are
working in dimension 1, our desired trace-like inequality follows from a simple integration by
parts argument.

A consequence of the methods used to prove Theorem 2 is a sharp stability result for log-
concave radial functions in higher dimensions:

Theorem 3. Let h, f, g : R" — Ry be radial functions satisfying (1.1). Suppose moreover that
either h is log-concave or that f, g are log-concave, and that

/n h(z)dz < (1+¢) ( @ d:c>A (/ng(m’) da;)l/\.

Then there is a dimensional absolute constant Cy,, > 0, a scalar a > 0 and a radial log-concave
function h such that

[ 1@ - iiar <6, (5)" [ s,
[ 1ot —aVi@lar <, (2) [ gty an,
[ ) —hwiar < ()" [ hwar

Acknowledgements. We would like to thank Karoly Boroczky for valuable comments on the
main results of this manuscript. A.F. is partially supported by the Lagrange Mathematics and
Computation Research Center.

2. PRELIMINARIES

2.1. Notation. Throughout this manuscript, we will write 7 = min(\A, 1 — X). We will generally
use the following notation for level sets of functions f, g, h below:

A= {z € R f(x) = 1},
By = {w € R": g(2) > ),
Cy ={x € R": h(x) > t}. (2.1)
Given positive quantities a and b, we will sometimes write a < b, meaning that a < ¢ - b, where

¢ > 0 is an absolute constant, depending only possibly on the dimension. We will also write ¢(7)
to denote an absolute computable function of only 7, that may change from line to line.
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2.2. Transport maps and trace-like inequalities. In the proof of the main result of this
manuscript, a crucial tool is the use of the transport map between radially decreasing functions.
We first state the main properties we are going to need about that object.

Proposition 2.1. Let f, g be two non-negative, radially decreasing probability distributions. Let
T denote the transport map between f and g, in the sense that

/ " fyde - / o g(t)dt, VzeR (2.2)

oo

Then the map T is an increasing bijection of the real line, and hence differentiable almost
everywhere. Furthermore, it satisfies the equation

f(z) =g(T(x))-T'(x), for almost every x € R.

Moreover, if we denote the inverse of T by S, we have that

9(y) = f(S()-S'(y),  for almost every y € R.

Proof. We simply note that (2.2) is equivalent to the fact that the map T is a transport map
between the measures f(z)dx and g(y)dy. The properties of T' then follow, for instance, from
the theory of optimal transport as in [8], restricted to the one-dimensional case. [l

We now state a trace-like inequality result for radially decreasing functions on the real line,
which is the main new bridge in order to prove the crucial step in the one-dimensional version
of Theorem 1, as well as in the sharp results Theorems 2 and 3, which is Proposition 3.1 below.

Proposition 2.2. Suppose that f : R — R, is a L' function which is furthermore increasing
on (—00,0) and decreasing on (0,400). Moreover, let ® be a locally Lipschitz function with
®(0) = 0. Under those assumptions, the inequality

[1e@ir@i < [ 1@l @] (23)
R R
holds, where |df| denotes the variation of the measure df such that f(z) = [*__ df(s).

Proof. We note that, since f is increasing on (—o0,0) and decreasing on (0, +00), we may write
the left-hand side of (2.3) as

0 “+00
[ @l - /0 ()| df ().

—0o0
Suppose first f is compactly supported, so that both integrals exist and are finite. Then we may
use a Riemann—Stieltjes integration by parts together with the fact that ®(0) = 0 and that the
support of f is compact:

0 0
| le@iare == [ sl el .

—00

9] 00 d
/0 ()] df () = - /0 o)L 18] (0) .
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We readily see that the difference between the right-hand sides above is bounded by

[ 1@ | e

—00

dz,

which, on the other hand, is bounded by the asserted quantity. For the non-compactly supported
case, we simply argue by approximation in a standard way. O

2.3. The Prékopa—Leindler inequality and rearrangements. Our next preliminary result
concerns the interplay of rearrangements with the Prékopa—Leindler inequality. We define, for a
function ¢ : R™ — R, its symmetric decreasing rearrangement to be the unique radial function
©* : R™ — R such that

{e > s} = [{e" > s},

for all s > 0 for which the function p(s) = |[{¢ > s}| is continuous. A crucial property of the
rearrangement is that it preserves functions satisfying (1.1):

Proposition 2.3. Let h, f,g : R™ — R satisfy (1.1). Then the same inequality follows for their
rearrangements. That is,

Az +(1=Ny) > @) g (), Va,yeR™

Proof. Let H, F,G denote, respectively, the distribution functions of A, f, g. That is,

By (1.1), we have that
Corpi-x D Mg+ (1= M) By,
for all s,¢ > 0. Hence, by Brunn—Minkowski, it follows that
H(sM) > ()\F(s)l/” +(1- )\)G(t)l/”)n Vst > 0. (2.4)
We then use that, for each x € R™, the rearrangement of a function ¢ may be written as
¢ (z) = sup{t > 0: &(¢) > vol(By4)(0))},

where @ is the distribution function of . Take then s; for which F(s1) > vol(B;(0)) and t
for which G(t1) > vol(B),|(0)) in (2.4). Then it follows that

H(s1t]7) = vol (B4 (1-2)((0))-

Since s; and ¢; can be made arbitrarily close to f*(|z|) and ¢*(|y|), respectively, we conclude
that
F2D*g* ()™ < h*(Aal + (1= N)ly),  Va,y €eR™

Since h* is radially decreasing, this implies the claim. (Il
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2.4. Log-concave functions. Finally, we will need some properties of log-concave functions
on the real line for Theorems 2 and 3. We say that a function ¢ : R™ — Ry is log-concave if,
for any x,y € R™ and A € (0,1), we have

oAz + (1= Ny) > o(x) o(y)' .

We will focus on properties of log-concave functions in dimension n = 1. For that case, if we
have that [ ¢(x)dz = 1, then we say that ¢ has median m,, if

/_T:;Pcp(az)dznz/mo:go(x)dm:;

It turns out that the median plays a special role for pointwise estimates for log-concave probabil-
ity distributions, as highlighted by the next result, which is a particular case of Proposition 2.2
in [1].

Proposition 2.4. Let p : R — R be a log-concave probability distribution with median m. We
have then that
p(m)e 22l < o (@) < p(m)e*etmle=ml] (2.5)

log(2)
2¢p(m)

whenever |x —m| <

Proof. By scaling and translating, we may suppose, without loss of generality, that m = 0 and
©(0) = % We then let ¢ : R — Ry be the log-concave distribution defined by

1 —z
s€ whenever x > —log(2),
0 otherwise.

Then ¥(0) = ¢(0) and my, = 0 as well. Hence, since [;* ¢(x)dz = [;° () dz, there must exist
v > 0 for which p(z) < (z) for all x > v. Take the minlmal v. It then follows by log-concavity
of ¢ that o(x) > ¢ (z) for x € [0,v], and p(z) < ¢(x) otherwise. This implies in particular the
claimed upper bound in (2.5).

In order to prove the lower bound, we suppose without loss of generality that = > 0 and note
that it is enough to prove that ¢(log(2)) > 1, since the desired assertion for points in the interval
[0,10g(2)] follows by log-concavity directly. Suppose then, for the sake of a contradiction, that
it does not hold - that is, ¢(log(2)) < 1. Then we should have, by log-concavity of ¢ and the
fact that ¢(0) = 1, that

o—alz—10g(2))

9

p(r) <

g(2), and note that, since %e‘“(to—log@)) = 3¢~ then

¥ for x € [0,tp]. We then estimate

)Jk\k—‘

for some a > 1. We fix then ¢y = {77
again by log-concavity we get p(x) <

o 1 [to 1 [ 1
/ p(x)dr < / e’ dz + / e~ ot1e2) qp < —|
0 2 Jo 4 Ji 2

as a > 1. This is a contradiction to the fact that 0 is the meadian of ¢, which implies the

Lo
Lo
2€

claim. 0
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The next result shows how to obtain a generalization of the result in the previous Proposition
where one does not compare the log-concave distribution to the median point. It is a combination
of results from Corollary 2.3 and Proposition 2.2 in [1].

Proposition 2.5. Let ¢ : R — Ry be a log-concave probability density, and let f;onp =v E
(0, %] Then we have the following:

p(@)|t—z|

(i) o(x) - e~ 2 < o) < p(a) 2T if -] < vlog(2)
(it) p(w) < p(x), for all w > .

vlog(2)
o(x)

W):{ o(t) ift>

Proof. We begin by proving (i). Let |t — x| <
for the function

. There exists a unique A € R such that,

min {¢(t), (z) - eA(t*x)} ift<az’

we have [* @ = v. We note that ¢ is log-concave and A > _"Oy(x). In particular 5@ is
a log-concave probability distribution whose median is x, and hence Proposition 2.4 yields
e(t) > o(t) > p(x) - =22 Since for s = 2 — ¢ we have o(s) > p(x) - ew, we
conclude (i) by log-concavity.

For the proof of (ii), we may translate and dilate (preserving L' norms) in order to assume
without generality that = 0 and ¢(0) = 1/2. From this, the assertion in part (i) above implies
that we may suppose w > 2vlog(2).

Suppose then that ¢(w) > 1. Then, log-concavity of ¢ directly implies that ¢(¢) > %e(t/“’) log(2p(w))
for each ¢ € (0, w). We have then

v w(p(w) —1) 1o 2p(w) — 1
vz [Ceta 20g(2p(w)) ~ 2@ log(2p(w))

It is then a simple computation to verify that the function s — lsg(i) is larger than @
for s > 2. Hence, the right-hand side above is bounded from below strictly by v under our
hypothesis, a contradiction stemming from ¢(w) > 1. Hence p(w) < 1, and the second assertion

is proved. O

We finally note the following simple result for log-concave functions, which will play a crucial
role in extending the results from the A = 1/2 case to the case of general A € (0,1):

Proposition 2.6 (Lemma 7.4 in [3]). For fized A € (0,1), if n € (0,2 - min{1 — A\, A\}) and ¢ is
a log-concave function on [0, 1] satisfying p(N\) < (14 1)p(0)1=2p(1)*, then

o (3) = (14 sty ) VRO

Proof. We may assume that 0 < A < 3. Then, since A = (1 —2X) - 0+ 2X - 3 and p()) <
(14 n)e(0)1"*p(1)*, the log-concavity of ¢ yield

1 2
L+ M0 o1 2 o) 2 902 ()
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Thus (1 —I—n)% <ew <141 ¥ implies

¢(3) = a0 VEmRD < (1+ ) Vo0

3. PROOF OF THEOREM 1

We will divide our discussion of the proof of Theorem 1 into two parts: the one-dimensional
and the higher-dimensional parts. For each part, the proof will be split into several steps.

3.1. Part I: One-dimensional analysis. In this part, we show a new alternative approach
to the stability of the Prékopa—Leindler inequality in dimension n = 1. This new approach has
the major advantage of removing the exponent dependency on X in that case. In fact, in the
n = 1 case, the result of Theorem 1 can be deduced from [16] directly, since it uses only the
two-dimensional sharp Brunn—Minkowski inequality as a black box.

Step 1. Bounding the level sets of near-extremals. We first discuss some more immediate
properties of functions h, f,g : R — R satisfying (1.1) and (1.4) for n = 1.

First of all, up to multiplying f, g, h by constants that preserve the relations between them,
and up to a rescaling in the variable x, one can always assume that

[fllo =1 and [[fllL =gl = 1. (3.1)
Then, it follows by [4, Lemma 2.4] that

lglloe € (1 = c(r)e?,1 + ¢(1)e'/?) (3.2)

whenever ¢ < 73.
Given the above reductions, we recall the following result, which first appeared in [4, Lemma 2.5].
We refer the reader to that manuscript for a proof of this result.

Lemma 3.1. Let h, f, g satisfy (1.1), (1.4), and (3.1), and assume that e < 13. Ife'/?2 <np < 1,
then

H{f>n) S 2 |logelr,  H'({g>n}) S % |logelr, (3.3)

/ FST% | logel7, / g<T
{f<n} {g<n}

Step 2. Reduction to the radial case. Let h, f, g satisfy (1.1), (1.4), and (3.1). Given § > 0
a small constant to be fixed later, define the truncated log-hypographs of f, g, h as

Sp={(z,T) eR*: z c {f >, &% <eT < f(a)},
Sy ={(x,T) eR?: z € {g >}, & <eT < g(a)},
Sp={(x,T)eR*: z e {h >, & <eT < h(x)}.

and

(Sl

4
-1 |loge[~

We will start by controlling the measure of Sy and S,.
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We have directly by the definitions that
1
5 < H(Sp) < 0lloge|H! (Aws) < ()] loge|7 2. (3.4)

The same argument can be used in order to prove entirely analogous bounds for HQ(Sg). Now,
the condition (1.1) implies that

ASr+ (1 =XN)Sy C Sh.
The goal is then to show that the triple (Sp,Sy,Sy) satisfies near-equality in the Brunn-
Minkowski inequality, with deficit given by an absolute power of €. We shall use the following

numerical lemma:
Lemma 3.2. Let z,y,z > 0 be such that © > ()\yl/2 +(1- )\)21/2)2. Then
0<z— ()\yl/Q +(1- )\)21/2>2 <o — My + (1= N)z2)| + 7lyt/? = 2122
Proof. Tt suffices to verify that
()\yl/z +(1- )\)21/2>2 >Ay+(1—=XN)z— 7'|:<:1/2 - y1/2\2.
This assertion is equivalent to
P22 — 22 > (1 )22 - 2P
which is true by the definition of 7. ([l
Using Lemma 3.2 with z = H2(Sy),y = H?(S¢), 2 = H*(S,), we readily obtain that
0 < H(S) — (WHAS)2 + (1 - NS,
2 dt 2
< / NG = AHNA) - (L= VB[ 47 \H?(wa? —HE(S,) M

<e? /2 (1 (C) — MM (Ay) — (1= NHM(By)| dt
0

2 2
T 1 1
TGRS L, 0~ H ) 8.5)

Now, by invoking [4, Lemma 3.2], we have that

2
/ [HY(Cr) — NHY(Ar) — (1 = NHY(By)| dt S 72V
0
Now, assume that we can bound
2
/ MY (Ar) — HY(By)|dt < e, (3.6)
0

for some absolute constant 6y > 0. Then, choosing 8 > 0 to be a small enough absolute constant
and recalling (3.4) (and its analogue for g), we conclude that

H2(S) < (1t e(r)e) (XHSPY? + (1= NH2(5,)?) (3.7)

for some «y > 0 universal.
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Notice now that the left-hand side of (3.6) equals

L 1@ =g @las,

where ¢* denotes the radially decreasing rearrangement of a given function ¢, as defined in
Section 2. Also, using Proposition 2.3, it follows that h*, f*, g* also satisfy (1.1) and (1.4).

In other words, we have reduced the validity of (3.7) to proving a uniform closeness rela-
tionship between functions f, g which are even and radially decreasing, in addition to satisfying

(1.1), (1.4), and (3.1)
Step 3. Uniform bound for the even case. Next, we show the following result, which

confirms the validity of a uniform estimate in the even case:

Proposition 3.1. Suppose h, f,g : R — Ry satisfy (1.1) and (1.4). Suppose, moreover, that f
and g are both even and radially decreasing, [ f = [z g =1, and max(|| f|loo [|9]loc) < 2. Then,
for any v > 0,7 € (0,1), we may find cy(7) > 0 such that

/ () = g(2)] da < e ()2, (3.8)

Proof. Let I} = {f > &'/?} and I, = {g > €'/?}. Since f and g are both even and decreasing,
either I1 D Iy or Iy D I;. Suppose without loss of generality that I; D Is so that {f < €1/2} C
{g <2}

Consider then transport map between f and ¢, as in Proposition 2.1. Since f and g are
origin-symmetric, we must have 7(0) = 0. We then split the integral on the left-hand side of
(3.8) into two parts:

J i@ =g@lde= [ i@ -g@ldet [ @) = gla)lde = D+
{r>e'/?} {r<et/2}
For I, we bound it by

I S/ f+/ g S/ f+/ 9,
{f<el/?} {f<el/?} {f<el/?} {g<el/2}

by the reductions made. By Lemma 3.1, both integrals above are bounded by 07(7')51/ 2=7 and
hence we focus on I. There, we divide into two further parts, using the transport map between
f and g. Indeed, let

So = {z € R: either T"(x) > 10 or T'(z) < 1/10}.

We start with the following proof of the Prékopa-Leindler inequality: suppose [ f(z)dz =
Jz 9(z) dz = 1. Then

1—/f dx—/f )N () da
< /Rh()\er (1= NT(x)) (T'(x)" A dz

< /Rh (e + (1 NT(@) A+ (1 - NT'(2)) de = /Rh(x) dz.
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If, however, we know that [h <1+ ¢, then a thorough analysis of the proof above yields

e > / h(/\x + (1 — A)T(gj‘)) <()\ + (1 _ )\)T/(.’E)) . (T’(l‘))l_)\) dz

/f (AJF 1_)?1)2,( ) 4 > :1:>T/f 1( 2)2 da. (3.9)

Consider then the splitting

n:/ If—g|+/ F—gl= i+ T
{f>e1/2}nS, {f>e'/2}nS§

We bound J; by using the optimal transport approach for Prékopa—Leindler above: indeed,

< (1 flloo + llglloo) {f > €'/} 11 So.
On the other hand, by (3.9), we have

(1—T'(@))?
= T/{f>sl/2}ﬁso YT

which implies that

dz > ()" - e2){f > 72} n Sy, (3.10)

Jy < c(r)e'?.

Thus, we can focus on Jy. There, we need to use the transport map approach. Write, for
shortness, Ry = {f > '/2} N S5. Then we have

/ (@) — g(o)] dz = / (T@)T (@) — g(x)| da
Ro Ro
< /R T @) 1]+ / 19(2) — 9(T(@))| da

Ry

< /T(RO) Ig(y)IIS'(y)—lldy+/ lg(z) — g(T'(v))|dx

Ry

=: Kj + K.

Let us first look at what T'(Rp) looks like. Since Ry C S§, we have T(Ry) C T(S§) =
{T(x): 1/10 < T'(z) < 10} = {y € R:1/10 < S'(y) < 10}. We then notice that the esti-
mate (3.9) can be done in the exact same fashion with f and T replaced by g and S, where one
obtains instead that

(1-/S"(y)?
€> T/Rg(y)W dy. (3.11)

Let us use this in order to estimate Ki: we have, by Cauchy-Schwarz and the inclusions above,
1/2
[ swlsw - 1lay < ( / 9(u)IS'(y) — 11 dy>
T(Ro) {1/10<S’<10}

Y PRIEN: 0] M
= S TN A

and, since the right-hand side above is bounded by ¢(7)e!/2, this bounds K.
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It remains to bound K5. We shall use the fundamental theorem of calculus in order to do
that: indeed, first we analyse it inside the set for which 7'(z) > x. There, we have

Lo 80 =@l < [ ([ xirn - xnle)ds) aato)

-/ ( [ ‘;) r (@) dx) dg(s).

Let then ®(s) = [p X{s>2>5(s)} - XRo dz. This is a locally Lipschitz function satisfying ®(0) = 0.
Hence, we can apply Proposition 2.2. Inequality (2.3) implies that the right-hand side above is
bounded by

/ 19() X () — 8'(8) o (S(5)) s
R
< [ (SN 18'6) = 1lds + [ la(o)llxn(s) = xSl ds

<

/ lg(s)]157(s) — 1| ds +/ 19(s)[xRo — XT(Rp)| ds.
{1/10<S5’<10} R

Since the first term in the last line is already bounded by ¢(7)e!/2, we focus on the second one.
This second term is clearly bounded by

/ g(s)ds §/ g(s) ds+/ g(s)ds.
RoAT(Ro) Ro\T(Ro) T(Ro)\Ro

Note that T(Ro) \ Ry C R C {f < €'/2} U Sp, which we write as the disjoint union {f <
e23 U (So N {f > €'/2}). Hence,

[ aass [ g+ | o(s)ds
T(Ro)\Ro {f<et/2} Son{f>e1/2}
<[ s lalllSn (s > Y S e (e
{g<et/2}
where the last inequality follows from Lemma 3.1 and (3.10). Similarly, we have
Ro\T(Ro) < T(R§) < (T({f < ") UT(S0))

= (T(f <) U(TE) NTUS > 1))

Note that T'(Sp) = {y = T'(z): either 1/10 > T'(z) or T"(x) > 10} = {y € R: either S’'(y) <
1/10 or S’(y) > 10}. From restricting the integral on the right-hand side of (3.11) to T'(Sp), we
get that

c(r)e > /T(So)g(s) ds.

Thus, using again Lemma 3.1, we have

[ atds< [ s dst [ gls)ds
Ro\T(Ro) T({f<e/?}) T(So)

< / f(s)ds+c(r)e < 07(7')51/2_7.
{f<e/?}
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By repeating the exact same analysis as above in the set {T'(z) < x}, this allows us to conclude
the desired estimate on the distance between f and g, concluding our proof. O

Step 4. Conclusion. We are now ready to prove the n = 1 case of Theorem 1.
Indeed, applying Proposition 3.1 to f*, g*, h*, we get

/|f ()] dz < ) (r)e/2,

Then, combining this bound with (3.5), for 6 sufficientyl small we obtain
2
H2(SH) = (WS + (L= VHA(S,) ) < oy (1) (570 4 £720%0) =2

Since H%(Sy), H*(Sy) > 3, we conclude that (Sp,,Sy,Sy) form a triple of near-extremals for

the Brunn-Minkowski inequality in dimension 2. We then conclude, from either [16] or [12],
that, denoting the closure of the convex hull of Sf, Sy, Sy, by S, Sy, Sh, respectively, there are
W = (w, 0) € R?, and a convex set S, D S}, with

Sh D (S — @) U (S, + ),
H2(Sp \ Sh) + H2(S,\ Sp) + H2(S,\ S,) < e(r)|logel| 76, (3.12)
HA(Sn\ Sn) + HA(Sh \ (S — 1)) + H2(Sy \ (S, + 1)) < c(r)|loge|75"/2.
We now employ the analysis of [3, Lemma 6.1]. Suppose first w = (w, g), 0 > 0. We let
S7=A{
By the fact that H?(S f (
H*(SpA(Sy +(0,0) =

T) € Sy: 0loge <T < floge + o}.

(,
) = H2(S§) = H2(SF N (Sy+(0,0))) + HQ(S]‘QC), it follows that
). Since Sp C S¢\ (Sp + w), we also have

,0)
HA(s}
H?(S%) < (7)) log &| 7 6%/2.
Thus, by triangle inequality,
H?(SpA(Sh + (w,0))) < 2H?(SF) + H*(SFA(Sh + ) < ¢(7)|log el 812,

A similar argument works in case ¢ < 0, if one considers Sl‘f‘ instead of Sjﬁ. In the end, this
allows one to conclude that

H2(SRA(Sy — w)) + HA(SHA(S, + w)) < c(7)|loge| 7 61/2. (3.13)
We now note that, as {f > &’} x {T' = floge} C Sy, then

St D co({f > %)) x {T = loge}.

We associate to each = € co({f > £°}) the function
T¢(x) =sup{T € R: (x,T) € S¢}.

This function satisfies T(z) > 0loge for every x € co({f > €}). Also, it is this function is
concave. Hence, we let

T eTr@ if € co({f > %});
-

, otherwise .
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Now notice that (z,r) belongs to the interior of Sy if and only if T¢(xz) > r > floge and x
belongs to the interior of co({f > £’}). This shows that

1 /2 .
HAS\S)) 2 5 [ HAT > s}ALT > s)) ds.
et
Moreover, we see that, by Chebyshev’s inequality and (3.12), there is
so € (2,6 + ¢(7)| loge|¥/761/?)

such that
Hl({f > so}A{f > s0}) S ¢y(7)|log 5|2/T<€1/2*7. (3.14)

Define then the function fl to be zero whenever f < sp, and equal to f otherwise. This new
function is again log-concave. We claim that it is sufficiently close to f.
Effectively, we have by the previous considerations that

~ 2 ~
1Fim fl = /0 HU({R > A > 1)) dt

50 _ 2 -
<[ (edR s e =) as [ Wdh0auma

2
< c(7)|loge|* s +/ HY{f > tIA{f > t})dt
S0
< o(1)|loge|Tso + 2H™MH(S, \ Sy) < o(7)|loge|%/ el /4,

where we chose 0 = i. By employing the same argument for g and h, we are able to construct
functions g1, i1, both of which are log-concave, which satisfy

g1 = gl + 121 = 2l + Lo = fll < ()| loge|*/7e' /4.
We have, furthermore, that
c(Oogelt </ = [ (Jfs(a) = filw+w) + a@) = o —w)]) da. (310)
therefore
7y = Rlly+ 1Ba (- = w) = flla+ o (- +w) = gl < e(7)]loge|*/Te/.

This concludes the result in the n = 1 case, with exponent %

3.2. Part II: the higher-dimensional case. In this part, we highlight the changes needed in
order to prove Theorem 1 in its full generality. Again up to scaling and multiplication, we can
assume that

[flloo = min(|[fllco; lglloc) =1 and  [[flx = llglly = 1. (3.17)

Step 1. Estimates for the distribution functions. We first need to recall the following
estimate from [4, Lemma 5.2]:
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Proposition 3.2 (Lemma 5.2 from [4]). Let h, f, g : R™ — R be functions satisfying (1.1), (1.4),
and (3.17). Let H,F,G : Ry — Ry be their distribution functions. Then there is an absolute,
dimensional constant c,(7) > 0 such that

/OO |F(t) — H(t)|dt + /00 |G(t) — H(t)|dt < ¢, (1),
0 0
for some ag > 0.

Proof. Indeed, Lemma 5.2 from [4] does not yield the result in the exact current formulation,
but rather it is an automatic difference estimate: if for any h, f,g : R — Ry with [ f= [g=1
which satisfy (1.1), (1.4), and (3.1) stability holds with some power Q(7), then the conclusion
of Proposition 3.2 holds in the following form:

/OO |F(t) — H(t)|dt + /oo |G(t) — H(t)| dt < cn ()92,
0 0

Since we have proved in Part I that we may take Q() = £ for each A € (0, 1), we conclude the
validity of our claim with ag = 1—10. O

Step 2. Estimates on the measure of level sets. Before moving on to the main part of our
argument, we need to prove that we can cut a fixed proportion of the functions at hand, where
the height of the cut is independent in the dimension — at least in terms of the power of € at
which one cuts.

In order to do that, we first show the following uniform bound on the L*° norm of g, given
that || f|le is controlled.

Lemma 3.3. Let h, f,g: R" — Ry satisfy (1.1), (1.4), and (3.17). Then
19lloe < cn(T). (3.18)
Proof. Indeed, if yo € R" is fixed, we have
CiD(1—=MNA 1 A+ Ayo.

In particular,

t 1 1" 2g(yo)* P1/(1=2) s\ M)
F(s)ds = —— F dr
/0 %) 1-XJo 9(yo) (=Y (9@0))
A g (yo)) 1/(1-X)
< 1 ( t > / P r )
1=X\g(o)/ Jo 9(yo)M =Y
t1—>\

< o <9(Zo))/\/0 )

Therefore, choosing ¢t = 1 and using that [[H <1+ ¢ and fol F(s)ds =1, we get

2-(1+¢)V/A
Q(ZUO) < m < Cn(T)v

as desired. 0
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We now formulate an important result on the size of level sets for the higher-dimensional case,
which allows us to cut away the tails of log-concave functions at an uniform height.

Proposition 3.3. Let h, f,g : R" — Ry be as in Proposition 3.2. Then, for each 3 > £“°, we
have
[log 7]

F(B) + G(B) < cn(7)|loge[™ 7, (3.19)

where ¢, > 0 is a dimensional constant.

Proof. Thanks to [4, Equation (5.21)], the conclusion of the Proposition holds as long as 8 >
eQ(/2 where Q(7) is the stability exponent obtained in dimension 1. Again, since we have
already proved that we may take Q(t) = % for all 7 € (0,1/2], Proposition 3.3 follows at

once. |

Step 2. Conclusion. We are now ready to prove Theorem 1. In what follows, we let ¢, (1) > 0
be an absolute, computable constant depending only on n and 7, which may change from line
to line.

Let 6 > 0 be small, to be chosen later. Define again the truncated log-hypographs of f,g,h
as

Sp={(2,T) eR" e {f>c, f <el < fa)},
S, ={(z,T) e R : z e {g>e%, e <el < g(a)},
Sh={(x,T) eR"™: z e {h>e, e <el < h(z)}.

It follows again, the same method employed in the n = 1 case, that the measure of S, S, is
well-controlled: indeed,

og T 1
en(T)0]log el E > 0]loge| - HU({f > ) > HOHH(S,) > 5 (3.20)
The same estimates together with (3.18) show that
og T ].
cn(v')HHogdC”‘lf ‘ > H(S,) > (3.21)

cn(T)

holds as well. Employing Proposition 3.3, we obtain that

[H"HH(Sp) = HHSR)| + [H T (Sy) — HFH(Sw)]
S/ (IF(e*) = H(e®)| +|G(e”) — H(e”)]) ds
Glogeoo (3.22)
< 6_9/ (IF@) = H(t)| +|G(t) — H(#)]) ds
0
< cn(r)e®? =1 6.
By (1.1), it still follows that
ASy + (I=XS; CSp. (3.23)
In particular, (3.22), (3.23), and the fact that H""1(Sy) > 1/2, imply

[log 7|

cn(7)0) loge| 7 > H"H(Sh) > (7). (3.24)
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Now, we use the main result in [12]. Indeed, that result states that, under the conditions satisfied
by the sets S, Sy, and Sy, in (3.20), (3.21), (3.22), and (3.23), then for § < d,, the sets S¢, S,
are both close (in sharp quantitative terms of J) to their convex hulls.
In more effective terms, [12, Theorem 1.5] implies that there exist an absolute constant ¢, (1) >
0 such that the following holds. Denote again the closure of the convex hull of §¢, Sy, Sy by
St,Sg, Sp respectively. There are w = (w, 0) € R™*1. and a convex set S;, O S}, with
Sk D (Sf —w) U (S + W),

| log 7|

HY (S \ Sn) +H" TS\ Sp) +HTH(Sy \ Sg) < en(7)|loge| 76, (3.25)

H (S \ Sn) + HTHSK N\ (Sp — ) + HTH(SK\ (Sy + 1)) < c(7)|loge| s 172,

An analysis entirely analogous to the one in Step 3 in Part I shows that

HHL(SLA(S) — w)) + H L (SRA(S, + w)) < en(r)] logeon "5 51/2, (3.26)

The same method of constructing log-concave functions as before shows that, by choosing 6§ =
ap/8, there exists hy log-concave such that

|log 7|
-

(- = w) = fll+ [ha (- + w) = gl + by = k1 < en(r)|loge| 7 e/® < &, (r)e/16.

This concludes the proof of the claim for n > 2, as desired.

Remark 3.1. Instead of using Proposition 3.2 in order to propagate the result from dimension
1 to higher dimensions with the aid of the sharp Brunn—Minkowski stability estimate, one could
use a version of Proposition 3.1 for radial functions in higher dimensions.

This would imply that one can take virtually the same constant as in the one-dimensional
proof in higher dimensions as well. The proof of such a radial version would work in the same
fashion, but with additional notational and technical obstacles. In order to keep the exposition
short, we decided not to include it in this manuscript.

However, it should be noted that even by doing so the stability exponent obtained and op-
timizing the methods above, we do not expect to be able to obtain the conjectured optimal
exponent %

Remark 3.2. We have not attempted to compute the functions ¢, (7), although this is certainly
achievable through a thorough inspection of the proof above.

On the other hand, we would expect that such an attempt would yield a poor dependency
on 7. This stems mainly from the fact the estimates in Lemma 3.1 for measures of level sets, in
spite of having a seemingly harmless log(1/ 5)0"(7) factor, introduce exponential dependencies on
1/7, since the power of the logarithm is of order ¢, /7. It is possible to replace the conclusions
of Lemma 3.1 and Proposition 3.3 by an absolute power of | loge|, but at least with the method
from [4] it seems that one still has to pay the price of a constant of the form CY7.C > 1,in
front.

4. PROOF OF THEOREMS 2 AND 3

4.1. Proof of Theorem 2 for A = 1/2. We may suppose [ f = [ g = 1. Let T be the transport
map taking g to f, in the sense of Proposition 2.1. By translating f, we may assume that f has
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a global maximum at 0, and by translating g if needed, we may assume that 7'(0) = 0. After
those reductions, we wish to prove that there is a common log-concave function A such that

/R]f(x)—ﬁ(a:)|dx+/R|g(x) |dx+/|h (2)] dz < £1/2.

We then make the following basic observation, already present in [2, 1] and in the proof of
Proposition 3.1 above: since h satisfies that h (L;y) >/ f(x)g(y) for every z,y € R, we may

write
1= [ f@de = [ V@@ ) dr
S/}Rh(aH—T >\/T’7d$

S/Rh<x+2T(w)> Hg/(‘”) dx:/Rh(y)dy. (4.1)

Since we know that fR h <1+ ¢, from the chain of inequalities above we get

e> /Rh <“2T(‘T)) (H?(“%) - T/(@) dz
— /T'(x))?

\/T’(:c))2 dz > /Rf(m)(lQT’(:n) dz.

flx
2Je VTa)
The inequality we obtain, that is,
e > / f(x)(l_— 'T/de, (4.2)
R 2/T"(x)
will be the main tool in our proof of sharp stability.

Before proving Theorem 2, in the following lemma we use an argument from [1] to show that
it suffices to prove that f and g are close.

Lemma 4.1. Suppose that, for f,g,h as in the statement of Theorem 2, normalized so that
[ f=[g=1, we have that

/|f (z)|dz < Ce'/?,

for some absolute constant C > 0. Then there is an absolute constant C > 0 such that

/ \h(z z)|dz < Cel/2, (4.3)
Proof. We suppose first that f, g are both log-concave. Let then Af := supp(f), Aq := supp(g).
We start by defining the auxiliary function h: R — Ry by h(z) =0if x ¢ 3 (Ay + Ay), and by

(25 = Vi)

otherwise. It then follows at once from the definitions that h > h pointwise. Furthermore, note
that (4.1) applies verbatim by replacing h by h. Hence,

/|h z)|de = /R(h(:c) —h(z))dz <e.
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In order to prove (4.3), we only have to prove that h is e—close to f- In order to do that, note

/R (fz(ac) — g(x)) dr <e.

Thus, let A = {z € R: h(z) > g(z)}, and B its counter-image under %@) Note that
Acl 1 (Aj + Ay) . Moreover, we have

sy (o282 (2272 271,
g/g(v@twgu%x»——v@@mgaXx»)'1+Z?“”dx

T 1+T’
séum o) Vf@ ) 4z

:Lum—mm( 2= VTe) )m

2,/T'(z)

s/um \m+/f “QTéj da

/|f x)| dx + €.

:t+T(

that we instantly have

Here, we used the change of variables x — 2) , taking A to its image under the inverse
of that change-of-variables map in the first passage, then we used the definition of » and the
log-concavity of ¢ in the second line, and from that point on we simply used the previous
considerations and the hypothesis of the lemma.

Now, for the case where h is log-concave, we consider f , g the log-concave hulls of f, g, re-

spectively. Then it follows that, since h is log concave,

0(5Y) 2 Viwaw,  veyer

Since fR h <1+ ¢, and since, by definition, we have f > f,§ > ¢ pointwise, then

[ 1@ = F@lda+ [ lote) = gl do <

Upon normalizing (f,§) — (f,g) :== <f]1§f fﬂgé) we have that h,f, g satisfy (1.1) and (1.4). It

[ li@) = ata)ldo = [ 17(a) = gla)lds| 5

Hence, the conclusion in this case follows from the first case we treated, finishing thus the

follows that

(4.4)

proof. O

We can now start with the proof of Theorem 2. We shall first consider the case when f, g are
log-concave, and then the case when h is log-concave.

e Case 1: f,g are log-concave. We begin with the following result.
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Lemma 4.2. Let x1,x2,y1,y2 be defined such that y; = T(x;), i = 1,2, and

/_Zf—/xoof—85<1/6.

Assume that f and g are log-concave. Then, for x € (x1,23) we have T'(x) < 16, and for
y € (y1,y2) we have S'(y) < 16.

Proof of Lemma 4.2. We suppose, for the sake of a contradiction, that there is z € (x1,x2)
with 7"(z) > 16. Suppose without loss of generality that fzoo f=v < % This implies, by
Proposition 2.1, that fl—g) > g(T(x)). From Proposition 2.5, part (i), we have that f(t) > @
for t € (z,z+log(2)v/f(x)). On the other hand, Proposition 2.5, part (ii) implies that g(T'(t)) <

29(T(x)) for t € (z,z +log(2)v/f(z)). Hence, we obtain that
fa)  J@) _ g(Ta)NT'()
8

9(T(t)) < 29(T(x)) < <= 1

Hence, T'(t) > 4 for such ¢, and thus

(- /T L) log@y  loa(2)
> [ Sy S0 T =

V.

Since = € (x1,22), we must have v > 8¢, a contradiction. Thus, T"(x) < 16, as desired.
The estimate for S’ is analogous. O

Consider then f1 = 113, 45)f, 91 = 1(y, 4,)9- We notice that the transport map 77 between g
and f; coincides with T' on (z1, x2). Moreover, we have that 7" is bounded from above and from
below by absolute constants in the interval (z1, z2).

We now have all the ingredients needed for our proof: by Lemma 4.1, we only need to show
that [ |f — g| < /. To do that, we only need to prove, in turn, that

/m—msﬁ,

since f1, g1 are defined by cutting off a tail of size at most Ce of f, g, respectively. In order to do
it, we shall resort to the same overall strategy of proof of Proposition 3.1, but now made even
more precise, thanks to Lemma 4.2.

Let then S be the inverse map of T. Thus, we may write

/ (@) — g1 ()| da = / fu(@) — A1(S(2)) - §'(x)] da
< / ful@) — fi o S(x)|da + / (SIS @) — 1] da
- / fi(@) — fi o S(x)|dz + / AT () - 1] dy.

We now claim that

/!f1(ﬂf)—f105(fv)|dfv§Q/RIfl(S)IIT’(S)—lldS-
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Indeed, we may write

[ 15 - fros@lac = [ @) = f1 0 S(@)|do

{z: S(x)>z}

+/ \fl(x)—floS(x)]da: =11 + I5. (4.5)
{z: S(z)<a}

The desired bound will follow by bounding both I; and I by the asserted quantity. Since the
treatment of both terms is the same, we will only deal with the first. We have then that

S(zx)
— f108(x)|dx = d d
/{I:S(x)>x}|f1(w) fro8iz)lde /{w:s<x>>x} / fils)| de
S/R(/Rl{mzs(z)>s>m}dx) ‘df1|(5)
_/ (/ d:):> Idf1](s)
{z: s>x>T(s)}
/|T ) — s||df1](s /|f1 (s)[|T"(s) — 1| ds.

Here, we have used the fundamental theorem of calculus for f; in the first equality, Fubini’s

theorem in the passage from the first line to the second, and Proposition 2.2 in the last inequality.
Thus, we obtain that

/\fl — g rdx<3/|fl (5)IIT"(s) — 1] ds.

Since Lemma 4.2 implies that 77 < 16 in the support of f1, we have from (4.2) and the Cauchy-
Schwarz inequality that

/fl (8)[1 —=T"(s) |ds<</f1 ()|1 = T'(s |2ds)1/2(/f1 )1/2

(1-/T'(x))? 1
<15- dx < 1be2.
([0 "
Thus, we have from the previous considerations that
/\f ]dx<32€+/|f1 g1(x)| da < 32e + 45172,

This, together with Lemma 4.1, concludes our proof of Theorem 2 when f and g are log-concave.

e Case 2: h is log-concave. Consider the log-concave functions f and g defined in the proof
of Lemma 4.1. Applying Case 1 to these functions, we deduce that

[ 1)~ at@) @w < 22
R

Combining this bound with (4.4) and Lemma 4.1, we conclude the proof.
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4.2. Proof of Theorem 3 for A = 1/2. Let now h, f, g : R” — R be radial functions satisfying
h(%52) > /f(x)g(y) for all z,y € R™. Suppose, moreover, that

/n h(z)dz < (1 +¢) < . f(z) dx) v </n g(z) dfc)m,

and let 7' : R™ — R"™ denote the transport map between the probability measures f(x)dz and
g(z)dzx. Since f and g are radial, T" has the form

x
T(w) = T(lal) - .
|z
Thus, since we have that f(x) = g(T'(x)) - det(DT(z)), a straightforward computation shows
that

"(z x|)* 1
e =o(T(ely - VTR = vo e re

Note that 7 is then nothing but the transport map between the measures f(r)r"~!dr and
g(r)r™~1dr. As those densities are log-concave as long as f and g are log-concave, it follows
that, for xg,yo € Ry, yo = T (x0), such that

[o¢] o0
/ f(r)r"_l dr = / g(r)r”_l dr = ¢,e < 1/6,
T Yo

we have that 7'(r) € (1/16,16). Hence, we may suppose this in the upcoming steps of our proof.
Our next step is, once more, to redo the optimal transport proof of the Prékopa—Leindler
inequality: indeed, if we suppose that [ f = [ g =1, we have that

1= [ J@ae=c [ VTOATOTOTCr T dr
Rn 0
< (T [TOTEO
< Cn/o h < ) r dr

2 rn—1

S/Oooh<r+’r(r)) (T(r)+r>n_lHmr”_ldr:/oooh(x)dx.

2 2r 2

Arguing exactly as in the proof of Theorem 2, we obtain that

cza [0 () ((T (r) +> LET() Tf(r)T(r)ﬂl) ety

2 2r 2 rn—1
[e’s) n—1 U 7 n—1
s [Tl (T T TETCRTY
0 [T 2r 2 rnt

In order to move on with the proof, we need to use the following claim:

Lemma 4.3. Let a,b € (1/16,16). There ezists an absolute, dimensional constant ¢, > 0 such
that

(a+1)"_11—|—b Vi T > e, <\/baT1,1)2. (4.6)

2 2
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Proof. First, note that, if either a or b is not within, say, dg of 1 — where dg will be a small number,
to be specified later —, then the left-hand side of (4.6) is larger than a fixed constant. Indeed, this

follows directly by the fact that we have (“—gl)nfl—a%—l > cp(a—1)% and 174571_\/5 > cn(VB—1)2.

Hence, we may concentrate on the case in which the pair (a,b) belongs to a dy—neighborhood
of (1,1), viewed as elements of R2.
In that case, rewrite the left-hand side of (4.6) as

n—1
() (45

Since 1 ~ va"1b for the asserted range, we need only to deal with the expression within the

- n—1 _
brackets. Let then F(s,t) = (%) sl% Then 0,F(1,1) = 0;F(1,1) = 0. On the other

hand, a direct computation shows that, for dg sufficiently small, we have that
OFF(s,t),0°F(s,t) > cp,
whenever (s,t) belongs to a C'dgp—neighborhood of (1,1). Since we have that
|0s0:F (s, 1)] < do

for (s,t) in the same neighborhood, we conclude, by Taylor’s theorem with integral remainder,
that for such (s,t), we have

F(s,t) = F(1,1) > ¢, ((t — 1)% + (s — 1)?).
On the other hand, it also holds for such pairs (s,¢) that
(" s —1)° < (t—1)2+ (s — 1)
The lemma then follows directly by applying these observations to s = /a,t = Vb. O

We use Lemma 4.3 with a = @ and b = T'(r). We conclude that there exists ¢, > 0 absolute
dimensional constant such that

(Ziger) ™ e [TOTEY ’WT<>_1>
o 2 rn-1 - et

we have that

Since w >

n—1

1
16°
2
Cn€ > / f(r) ( %_(:)H - 1) " Ldr, (4.7)
0 r

We then proceed to estimate the L' distance between f and ¢. For S := 7!, we have:

[ 1= staas = [~ |r - rsen S

0
< [ 1f(r) = foS(r)r T dr+ / LFONT ()T (s)" ! = "7 ds.

r"ldr
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We then bound the first term again in analogy to the previous section: in the set where S(r) > r,
we have

/ 1f(r) = foS(r)|r" tdr < / |f ()| T (r)" =™ dr
{S(r)>r} 0

< /OO |F ()T ()T (r) — "L dr. (4.8)
0

In the last inequality, we simply used an integration by parts, as f radial and log-concave implies
that f’ is decreasing when viewed as a function in R, . Moreover, it is evident from the definition
of T that 7(0) = 0. The treatment for the set {S(r) < r} is entirely analogous.
We conclude that it suffices to bound the term on the right-hand side of (4.8). On the other
hand, since 7' € (1/16,16), T (r)/r € (1/16, 16), we have
9 1/2
dr)

2
< A JTOT N,
sl f(?")( 1) d

< 81/2.

~n

)" T'(r)

Tn—l -1

/OO FEOITE" T () ="M dr < e </OO )
0 0

1/2

By using the same methods as in the one-dimensional case, we conclude the proof of Theorem

3.

4.3. Proof of Theorems 2 and 3 for general X € (0,1). We now use an argument, originally
by K. Boroczky and A. De, in order to pass from the case A = 1/2 to general A € (0,1) in
Theorems 2 and 3.

First we note that, by an argument similar to that of Lemma 4.1, we may suppose without
loss of generality that all functions involved are log-concave, by possibly passing to log-concave
hulls. Furthermore, by scaling, we may assume that

/Rf(a:)dx = /ng(a:) do = 1.

Consider then, for each ¢ € (0,1), the log-concave function

h(z) = sup  f(z)g(y) " (4.9)
z=tz+(1—-t)y

As we see from the result below, this new function also has an additional log-concavity property
in terms of integrals. We refer to [3, Lemma 7.3] for a proof.

Lemma 4.4 (Lemma 7.3 in [3]). Under the hypotheses above, the function t — [, hi(z)dz is
log-concave in t € [0, 1].

Note then that the function

o(t) = / () da
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satisfies (0) = ¢(1) = 1 by the normalization we adopted for f and g, and, by the conditions
on f,g,h, we conclude that

1§/ h,\(a:)darg/ h(z)de <1+e.

Hence, Proposition 2.6 together with Lemma 4.4 yield that

¢<;> —/Rn hyjs(a)de < 1+ = (4.10)

We then divide into two cases:

e Case 1: the case A € (0,1) of Theorem 2. From the A = 1/2 case of Theorem 2, we
conclude from (4.10) that, for some w € R,

1/2
/|f h1/2 $+?,U)|dx<c<7_) s

eN1/2
/ l9(z) = hyja(x —w )|dm§0<;) . (4.11)

Continuing arguing in a way similar to that in Lemma 4.1, we may also conclude that

/|h — By )|d:c<C( )1/2,

as desired, concluding the proof of Theorem 2.

e Case 2: the case \ € (0,1) case of Theorem 3. We use again (4.10). This, together with
the A = 1/2 case of Theorem 3 already proved, shows that

[ 1@ - hp@lar < (2)7)
N
[ 1o) = mp@las < e (2)". (412)

We then argue one final time as in Lemma 4.1, which allows us to conclude that

1/2
[ @) = mp@lde < €, (£)
Rn T
finishing the proof of Theorem 3 and concluding this part.

4.4. Counterexample construction. We now adapt the construction from [4, Example 1.8]
in order to show that the assertion of (1.6) is sharp:

Proposition 4.1. There is an absolute constant ¢ € (0,1) such that the following holds. For
any € sufficiently small, and any t € (0,1), there exist log-concave probability densities f,g on
R such that

/ sup f(:r:)tg(y)l_t dz <1+e¢,
R z=tz+(1-t)y

while

1
/\g x+x0)|dx>c<€>2 for any zo € R.
T
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Proof. We suppose, without loss of generality, that 7 = ¢ € (0,1/2). We fix f(z) = =™ and
let ¢ be an odd C? on R satisfying supp ¢ C [~1,1] and max ¢ = 1. Note that, since ¢ is odd,

fR fo=0.
For ¢ sufficiently small, to be fixed later, we consider g = (1 + d¢)f, so that fR g=1 We
note that there exists an absolute constant ¢ > 0 such that

L liog(1 + 56))(a) id

=19 - < cd
‘dx[ “5 11o0| =
2 1 "2
¢"(1+3d¢) —6(¢)
log(1 44§ =|0- <co 4.13
fyalont1 + 000 OO s (113)
for any § € (O, %) In particular, Since (log f)” = —2m, it follows that g is log-concave for small

enough J.
Note now that, since g(z) = f(z) = e~™" for |z| > 1, there exists a constant ¢o > 0 such that

/ lg(z) — f(z +w)|dz > / ‘e_m”Q — e_“(”w)Q) dz > ¢o min{|w|, 1}. (4.14)
1
On the other hand, we have

/m mﬂqu>/m @) - £ () - <x+MMx>§/f Yo(@)| da — .

Hence, combining this last estimate with (4.14), we deduce the existence of a constant ¢; > 0
such that

/|g flx+w)|dz > 10 YweR. (4.15)

Finally, we estimate [ph for h(z) = sup,_, 14, f(@)'g(y)'~". To this aim, consider the
auxiliary function h(z) = f(z)'g(z)'~*. Thanks to Holder’s inequality, this satisfies Jz h <1
Since f and g are log-concave and g(x) = f(x) for |x| > 1, for any z € R, there exists a point

¢
y. € R such that h(z) = z _ (=hys g(y:)' 7t Also, y, = zif [2| > 1, and |y.| < 1if 2| < 1.
¢ ¢

We now observe that, for any z € R, the function

vely) = log (f (j - W) g (y)l‘t)

satisfies 1,(z) = logh(z),¥. (y) = logh(z), and v, has a maximum at y,. Then, recalling
(4.13), we have

0=l (y) =27 (2 =) + (1 Ollog(1 4 30)] (42) = |z—y:l <c-t-6.
On the other hand, we have that
W) < e+,
which implies, through a Taylor expansion argument, that
ot

for some constant ¢ > 0. We then conclude that

= (y) ~x(2) S oy - (16) =157 V2R,
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/ h < ett? / h < 9" < 1+ 2¢t5? for § sufficiently small. (4.16)
R R

Choosing § ~ 8%, we have that (4.15) and (4.16) imply the claim of the Proposition, as desired.
(I

Remark 4.1. It can be proved, just like in the one-dimensional case, that the results in Theorem
3 are optimal: indeed, instead of picking ¢ in the construction of the one-dimensional example
to be odd, take ¢ to be any even function supported in [1/2,2] for which [, f¢ = 0, and let
g(r) = (14+0¢(r)) f(r). Extend then f and g radially to R™, denoting by F), and G,,, respectively,
these extensions. Since f and g are log-concave, it follows by a simple computation that F,, and
G, are also log-concave. By redoing the same computations as in the one-dimensional case, we
may conclude the desired analogue of Proposition 4.1. We omit the details.
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