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Abstract

The Borell-Brascamp-Lieb inequality is a classical extension of the Prékopa-Leindler inequality, which in
turn is a functional counterpart of the Brunn-Minkowski inequality. The stability of these inequalities has
received significant attention in recent years. Despite substantial progress in the geometric setting, a sharp
quantitative stability result for the Prékopa-Leindler inequality has remained elusive, even in the special
case of log-concave functions. In this work, we provide a unified and definitive stability framework for these
foundational inequalities. By establishing the optimal quantitative stability for the Borell-Brascamp-Lieb
inequality in full generality, we resolve the conjectured sharp stability for the Prékopa-Leindler inequality
as a particular case. Our approach builds on the recent sharp stability results for the Brunn-Minkowski

inequality obtained by the authors in [FvHT23| [FvHT24].
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1 Introduction

The stability of geometric inequalities has received a lot of attention over recent years. This study goes back
to the isoperimetric inequality stating that among all bodies of a given volume, the Euclidean ball minimizes
the surface, a classical result attributed to Queen Dido of Carthage. In the landmark result [FMPOS] (resp.
[FMP10a]), the authors settled the quantitative stability of that inequality (resp. its anisotropic version) by
showing that bodies with nearly minimal surface area must be close to a ball (resp. a Wulff shape) in a sharp
quantitative sense. However, the isoperimetric is merely the base of a hierarchy of geometric inequalities (see

e.g. [Gar02]).

1.1 The Brunn-Minkowski inequality

The Brunn-Minkowski inequality is a fundamental result on which much of convex geometry is built [Schi3]. It
asserts that for sets A, B C R™ of equal volume and a parameter A € (0,1), we have

[N+ (1= N)B| > |A],

with equality if and only if A and B are the same convex body less a measure zero set, up to translation. Note
that, up to exchanging the roles of A and B, one can always assume that A € (0,1/2].

The stability of the Brunn-Minkowski inequality has a rich history with a series of results obtained in the
last years [Ruz91} Ruz97, Ruz06, [FMP0J, [FMPI0D, [Chri2b, [Chri2al, [EK14, [FJ15, [Figlsl [FI17, BIIT, [CMI7,
121 VHST22, vHK23, vHST23al VHST23bl WHK24], see the introduction of [FvHT23] for a description of
these contributions. Recently, the current authors managed to conclude this line of inquiry [FvHT23] [EvHT24]

showing the following result [T]

Theorem 1.1. Let |A| = |B| and X € (0,1/2], and assume that |ANA + (1 — X\)B| < (1 + §)|A]| for some § > 0
sufficiently small in terms of n and \. Then there exists a convex set K so that, up to a translation,

KSAUB, K\ A+ |K\B|=0ux (V6) 4]

In other words, the theorem above states that A and B are v/d-close to the same convex set. Moreover, if
we do not insist on the same convex set, then a stronger linear stability holds (see [FvHT23]):

[co(A) \ Al + | co(B) \ B| = Onx(9)|4],

where co(A) is the convex hull of A, namely, the smallest convex set containing A. Both the square root and the
linear dependence are optimal, in the sense that the powers 1/2 and 1 cannot be replaced by anything bigger.

IHere and in the sequel, given m,a > 0 we shall write Oy, (a) (resp. Qm(a)) to denote a quantity that is bounded from above
(resp. from below) by Cy,a, where the constant Cy, > 0 may depend on m.



1.2 The Prékopa-Leindler inequality

The Brunn-Minkowski inequality has a functional extension called the Prékopa-Leindler inequality. Given
integrable functions f, g, h: R — R>( and a parameter A € (0,1/2], assume that [ fdz = [ gdx and that, for
all x,y € R”, we have

h(ha + (1= Ny) > f(x) g(y)'

(here f,g,h mirror A, B,AA + (1 — A\)B in the Brunn-Minkowski inequality). Then, the Prékopa-Leindler
inequality states that [hdx > [ fdx, with equality if and only if f and g are (up to a translation) the same
log-concave function almost everywhere

When restricted to indicator functions of sets, the Prékopa-Leindler inequality directly implies the Brunn-
Minkowski inequality. In the reverse direction, the Prékopa-Leindler inequality can be deduced from the Brunn-
Minkowski inequality, by associating to a function f :R™ — R the set Ay C R"™** defined by

Ap= | fa) x [o,f(x)l/k] XX [o,f(x)l/ﬂ,

TER™

k times

so that |[A¢| = [ f dz. Applying Brunn-Minkowski to the sets Ay and Ay, and noticing that |[AAf+ (1 —X)Ay| |
[ hdz as k — ooE| the Prékopa-Leindler inequality follows.

Despite the interest in the stability of Prékopa-Leindler [BE14] [BB10, [BB11l BD21) BFR23], sharp stability
results have been harder to obtain. Indeed, all previous results provide quantitative estimates but with non-
sharp exponents. Furthermore, except for the very special case where one considers one-dimensional log-concave
functions [FR24], even for special classes of functions (like log-concave functions in R™ or one-dimensional
arbitrary functions), no optimal quantitative results are known.

As for the Brunn-Minkowski inequality, it was believed that a sharp v/d-stability should persist in the
functional context. More precisely, let f,g,h, and A € (0,1/2] as before. If [hdx < (14 6) [ fdx for some
0 > 0, then there should exist a log-concave function £: R™ — Rx>( so that, up to a translation,

[ e=n1+1g ) e =01 (V) [ ran

Despite being a very natural statement, one major challenge here is to identify the “correct” log-concave function
¢. Indeed, even when f = g, ¢ cannot be chosen as the log-concave hull of f (see Remark below). In this
paper, we settle this line of investigation by proving the bound above as a special case of our main theorem.

1.3 The Borell-Brascamb-Lieb inequality

Although the Prékopa-Leindler condition h(Ax + (1 — \)y) > f(x)*g(y)'~> seems natural from the perspective
of the previously mentioned proof using limits of sets in R", it is, in fact, stronger than what is needed, as
noticed by Borell [Bor75] and independently by Brascamb and Lieb [BL76]. To state their result, consider the
following definition.

Definition 1.2. Given parameters X € [0,1] and p € R, and real numbers x,y > 0, let

0 ifxy =0
Myp(@,y) =S (Aa? + (1= Ny")? ifp#0 anday #0.
T ifp=0and zy #0

For p = 0, this definition corresponds to the Prékopa-Leindler condition, as h(Az+(1-\)y) > f(z)*g(y)! = =
My o(f(x),g9(y)). Also, by the monotonicity of means, we have M) ,(z,y) < M) q(x,y) for p < ¢, so the condi-
tion h(Ax + (1 — AN)y) > My ,(f(x), g(y)) gets weaker as p decreases.

The following definition is also important:

Definition 1.3. A function ¢ : R" — Rs( is p-concave if for all x,y € R™ and A\ € [0,1], we have that
Az + (1= Ny) = My a(U(z), £(y)).

2Recall that a function f is log-concave if for all z,y € R™ and for all A € [0, 1], we have f(\z + (1 — N)y) > f(z)* f(y)'—>.
3More precisely, assuming that f,g are bounded and with bounded support, then [AAf + (1 — A)Ag| | [hdz as k — oo by
dominated convergence. This implies the Prékopa-Leindler inequality in this case, and the general case follows by approximation.




In these terms, 0-concave is the same as log-concave. Perhaps more intuitively, a function f is p-concave for
p > 0 (resp. p < 0) if its support is convex and f? is concave (resp. convex) inside its support. The Borell-
Brascamb-Lieb inequality asserts that we can decrease the parameter p in the Prékopa-Leindler condition all
the way down to p = —1/n.

Theorem 1.4 (Borell-Brascamb-Lieb Inequality). Letn € N, A € (0,1/2], p € [-1/n,0), and f,g,h: R" —
Ry integrable functions. Assume that [ fdz = [ gdx and

h(Az + (1 = N)y) > My, (f(2),9(y))

/hd:cz/fdat.

In addition, if p > —1/n, then equality holds if and only if f and g are, up to a translation, the same p-concave
function a.e.

for all x,y € R™. Then

Remark 1.5. The family of equality cases for p = —1/n is richer than the one for p > —1/n, e.g., equality
holds for the triple

f= 1[071]71, qg= t_n,l[o’t]n, and h = M/\’,l/n(l,t_n)l[o’/\Jr(l,)\)t]n = ()\ + (1 — A)t)_TLI[O,)\Jr(l*)\)t]n'
Characterizing the equality cases for p = —1/n is a non-trivial task done by Dubuc [Dub77).

Although the equality case for the Borell-Brascamp-Lieb inequality is well understood (see [BKI§| for a
recent proof that works also on curved spaces), very little is known at the level of stability. In particular, the
papers [GS17, [RS17] deal with the case p > 0, which is weaker than Prékopa-Leindler.

1.4 Main results
The main result of this paper is a sharp stability result for the Borell-Brascamp-Lieb inequality for p > —1/n.

Theorem 1.6. Letn € N, A € (0,1/2], and p € (—1/n,00). Let f,g,h: R" — Rxq be integrable functions such
that

° fR" fdx = fan gdx,
o h(Az + (1= Ny) = My, (f(2),9(y)) for all z,y € R", and
o [pnhdr = (140) [, fdx for somed > 0.

Then there exists a p-concave function £: R™ — R>q such that, up to a tmnslatioﬂ

[ r=a+1g-de =005, (V5) [ san
R R*

n

In the special case p = 0, we obtain the optimal quantitative stability of the Prékopa-Leindler inequality,
resolving the main conjecture in this direction and improving the results from [BFI14l [BB10, BBI11l BD21
BFR23| [FR24].

Corollary 1.7. Letn € N and A € (0,1/2]. Let f,g,h: R™ — R>q be integrable functions such that
o fon fdz= [, gdz,
o h(dz + (1 —Ny) > f(x) g(y)* = for all z,y € R™, and
o [pnhdr = (140) [, fdx for some d > 0.

Then there exists a log-concave function £: R™ — R>q such that, up to a translation,

/Rn (1f =€+ |g — £]) dz = O, 5 (\/5)/ f da.

n

4That is, there exists a v € R”, so that [p,. (|f(z) — £(z)| + |g(x — v) — £(z)]) dz = Oy p (\/3) Jgn f(2)d.



The assumption that [ fdz = [ gdz in these theorems and all previous discussions is a matter of normal-
ization, and the general case can be obtained by rescaling (which simply changes the value of ).

While the sharp stability of the Brunn-Minkowski inequality (Theorem serves as a fundamental tool
throughout the proofs, the functional nature of these inequalities demands a highly refined analysis and the
introduction of several new ideas. More precisely, as detailed in Sections [3] and [§] below, our results rely
critically on the stability of the Brunn-Minkowski inequality, yet achieving these results requires a completely
novel approach.

Remark 1.8. As mentioned before, the square root dependence is optimal, as can be seen by considering the
one-dimensional example

T14+VE 5

1
f:mqo,uﬁ]’ g:(l—i_\/g)l[oé]’ and h:1[071+‘/§+1+1\/3]

Since the_family of equality cases for p = —1/n is richer than the class of (—1/n)-concave functions (see
Remark , Theorem does not hold for p = —1/n. In particular, the constant multiplying V8 must blow
up as p— —1/nt.

Regarding the dependence on X\, based on corresponding results for the Brunn-Minkowski inequality (see, in
particular, [FMPO9, [BJ17, [FMM18]), it is natural to expect that the expression On,A7p(\/(§) can be replaced by

Onp(\/6/X). However, proving this bound would require nontrivial work beyond the scope of the current paper,
which already introduces several intricate tools and ideas. Therefore, we leave this investigation for future work.

1.5 Proof of Theorem [1.6

We will prove Theorem in two steps. First, as stated in the following theorem, we prove that the two
functions are close to each other (this is the equivalent of finding an upper bound on |AAB| in the context of
the Brunn-Minkowski inequality).

Theorem 1.9. Letn € N, A € (0,1/2], and p € (—1/n,00). Let f,g,h: R™ — Rx( be integrable functions such
that

. fR" fdxr = fR” gdx,
o h(Az + (1= N)y) > My ,(f(2),9(y)) for all z,y € R", and
° fRn hdr = (1+419) f]R" fdx for some 6 > 0.

/Rn \f—g|dx:On,)\7p(\/5)/Rnfdx.

Second, we prove the following linear stability result in the case where f = g, showing that f must be
linearly close to a p-concave function.

Then, up to a translation,

Theorem 1.10. Let n € N, A € (0,1/2], and p € (=1/n,0). Let f,h: R™ — R be integrable functions such
that

o h(Az+ (1 = N)y) > My, (f(z), f(y)) for all z,y € R", and
o [onhdr = (140) [, fdx for some d > 0.

Then there exists a p-concave function £: R™ — R>q such that

/ 1f ~tldr = 0upy(6) [ Fdm.

R

Remark 1.11. This second result can be seen as a functional extension of the linear results in [Figld], |[FJ17,
vHST23d], which were proved in the run-up to the recently established stability of the Brunn-Minkowski inequal-
ity. More precisely, as shown in [uHST23d], given A C R™ with |[252 \ A| small, we have

oty a0, (|52



However, contrary to the case of sets (where co(A) contains A), in Theorem we cannot additionally demand
that £ > f everywhere. This can be seen by considering f = 1o 1 —|—§100/’\1[U7v+1] for some large number v € R.
One can note that, for any p-concave function ¢ with € > f a.e., [ £ — 0o asv — co. On the other hand, if we
let ho= 10,1 4 600N/ 211030 - nyor1) + 0 I pw nor1) + 00 M 1), then

h(Az + (1= Ny) = Mxo(f(x), f(y)) = Mxp(f(2), f(y))  Vp<0
and [hdx < (1+0) [ fdz, so our theorem applies.
We now show how Theorems [1.9] and directly imply our main result.

Proof of Theorem[I1.6, By Theorem we have that, up to a translation, [|f — g|dz < Opap (\/3) J fda.
Thus, if we define k := min{ f, g}, it follows that

/kdm > (1 — O (\/3) ) /fdx and Az + (1— Ny) > My, (k(z), k(y)).

Hence, applying Theorem|1.10/to k and h, we find a p-concave function £ such that [ [(—k|dz = Oy p (ﬁ) [ kdz.

Combining these two results yield

JUs=tslg—tyan< [ (15 =+ l=d+lo =K+ k) do = Ouny (V5) [ 7

as desired. 0

Because of this discussion, the main goal of this paper will be to prove Theorems and

1.6 Structure of the paper

After introducing some notation, Sections are devoted to the proof of Theorem More precisely, after
describing the structure of its proof, we first prove the result in one dimension, then in two dimensions, and
finally in the general case. The final Sections are devoted to the proof of Theorem [1.10} To better navigate
through the paper, we invite the reader to look at the table of contents on the first page.

2 Notation

Here and in the following, p € (—1/n,00) and A € (0,1/2].

Definition 2.1. For a function f: R” — Ry, we denote by cop(f): R™ — Ry the minimal p-concave function
such that cop(f) > f everywhere in R™.

Definition 2.2. Given functions f,g: R™ — Rxo define their (A, p) — sup-convolution M3 (f,g) by

M3, (f,9) : R*" = Rxo, 2z sup M p(f(2),9(y))-
zy: A+ (1-N)y==

Definition 2.3. A convex set C' C R™ is called a cone if there exists a hyperplane H not containing the origin
and a bounded convex set P C H such that
C=||tp.

t>0
Note that a cone always has its vertex at the origin, which we will denote by o.

Definition 2.4. Let S,, denote a regular simplex in R"™. Denote by F°,...,F" the faces of S,. Assume the
distance from o to FO,...,F" is 1. Denote HC, ... H" the supporting hyperplanes. Finally, construct the
half-spaces Ho~, HoF | where the former contains o.

We shall assume that the simplex S,, and the basis ey, ..., e, of R™ are such that e; 1 H}.
Definition 2.5. Construct the cones C!, = Uy>otF? and let €, = {C2,...,CI}.

Note that €, forms an essential partition of R™.



3

Theorem [1.9; structure of the proof

The proof of Theorem consists of three parts. More precisely, after collecting in the next section a series of
preliminary results, we first prove the 1-dimensional version. Then we use this result to prove the 2-dimensional
case, and finally we show that the 2-dimensional result implies the n-dimensional case.

3.1

Overview of the 1-dimensional proof

The initial reduction for this part of the proof is included in Section[d] The specific reduction is then in Section 5]

1.
2.

10.
11.

12.

3.2

We define level sets Fs := {x € R: f(x) > s} (and G, and H, analogously).
Then Fy is the support of f and [, f(x)dx = fooo |Fs| ds (analogously for g and h)
We use the inclusion A\Fs + (1 — \)G, C H,, for M) ,(s,t) = u with properly chosen s and ¢.

Using this lower bound on |H,|, we find that typically |Fs| ~ |G;| and A\|Fs| + (1 — X\)|G¢| = | H,| for these
s and t.

Combining this information with the stability of the 1-dimensional Brunn-Minkowski inequality, we deduce
that | co(Fy) \ Fy| and | co(Gy) \ G| are typically small.

Up to changing f and g little, we can assume that all the level sets are nearly intervals.
Considering the transport map 7' from f to g and using the bound h(Az + (1 — N)y) > M) ,(f(z), 9(y)),

f(x)
g(T'(x))

we find that typically 4% (z) = is close to 1.

In particular, changing f and g only little, we find new functions f; and g; so that ‘% is almost everywhere
close to one.

Since all of these steps may have caused gaps in the support of f; and g;, we next push the support of
these functions together to remove the gaps to create fo and gs.

Using that the level sets were near intervals, we show that f; and g; differ little from fo and go.

Next, we fill in the level sets so that they become intervals, to find function f3 and g3 changing little from
fg and go.

Finally we define the auxiliary function G(z) := g3(T>(x)), where T5 is the transport map pushing f> onto
g2, and we control the differences |f5 — G| and |g3 — G|.

Overview of the 2-dimensional proof

The initial reduction for this part of the proof is included in Section[d] The specific reduction is then in Section [6]
First we establish the result on well-behaved tubes. More precisely, assume first that f and g are defined on
parallel tubes that are infinite in one direction, and that f and g are large near the base. Then the result follows
as described in the next six steps.

1.

Let f:[0,7] x [0,00) — [0,1] and g : [0,7'] X [0,00) — [0, 1], and assume that for all z € [0,r] x [0, 1] we
have f(x) > 0.1, and similarly for « € [0,7'] x [0, 1] we have g(z) > 0.1.

. ) d
Consider the map 7' : [0,7] — [0,7'] so that T'(0) = 0 and 4L (z) = %

Using the 1-dimensional Borell-Brascamb-Lieb inequality, we find that

/h(/\w + (1 =NT(2),y)dy = Mxq (/f(x,y) dy7/g(T($)7y) dy) :

for some ¢ > —1 depending on p > —1/2. Integrating over z, this implies

/ h(w,y) dedy > / Fo,y) dzdy.



4.

Using the sharp stability in the one-dimensional case twice (in both of the two inequalities above), we find
that for all = € [0,r] there is some translation v, so that

/ F(@.y) - g(T(@),y — ve)| dy

is small. Moreover, % is typically close to 1, and thus T'(x) is close to z (recall that T(0) = 0).

Since the functions are “big” (say f,g > 0.1) close to the base = 0, we find that v, must be small for
all z.

Finally, we use that the level sets of f and g are nearly convex, so that shifting the functions by the small
translations T'(z) — z and v, doesn’t affect the symmetric difference much, so that indeed [ |f — g|dx is
small.

The next step is to use the previous result for suitable restrictions of f and g to tubes. To this aim, we
need to make sure that the corresponding tubes are close together. We can do this well enough to find small
symmetric difference in the region where f and g are not smaller than say 0.0001.

1.

After affinely transforming the domain, we find that in a disk D of constant radius around the origin both
f and g are mostly at least 0.1.

We can partition R? into 3 cones C' at the origin so that, inside each of them, [, fdx = [, gdx >
0.1/ fdx.

Consider a tube (i.e., an affine image of [0,1] x [0,00)) whose base (i.e., the image of [0,1] x {0}) is
contained in C'N 3D.

There is a corresponding parallel tube R’ so that [, fdr = [, gdz and f/\R+(1_)\)R,hdx < (1+
O(9)) [ [ dz. Moreover, R and R’ are close together, so that [\ » (f + g) dz is small.

Using the above result in tubes, we find that fR |f — gl dz is small.

As we can choose the width of the tube R on the scale of D, we can cover 100D with say 1000 different
tubes R, so that [, [f — g|dz is small.

Finally, we want to repeatedly trim the functions f and g so that the different instances of 100D cover
everything.

1.

Consider level set F; := {x € R? : f(x) > t} (and the analogous G; and H;). By a transport approach
leveraging the stability of the Brunn-Minkowski inequality [FvHT23] we find that these level sets are
nearly convex and of comparable size and shape.

We additionally find that they cannot change size to rapidly, so that Fy 1, C 100F;.

One consequence is that not too much mass can be in low level sets, i.e., fRQ\F oo f dx is small, so we can
8
restrict our attention to f-1p -

Consider the truncated functions f?:= min{f,27*} (and corresponding ¢%) for i = 1,...,log,(5'%°).

By the previous result controlling the symmetric difference for not too small f and g, we find that there

exist translates v; so that fF | fi(z) = gi(x 4+ v;)| dz is small for all i.
0.001-2—7

Since there is a serious overlap between these integrals for consecutive i’s, we find that the difference
between v; and v;41 must be small.

By a careful analysis of the interaction between the different i’s we find that, in fact, 3, [, N fi(z)—

0.001-2—7%
gi(x)| dx is small.

This sum provides an upper bound for [ |f — g|dz so that we can conclude.



3.3 Overview of the n-dimensional proof

The initial reduction for this part of the proof is included in Section[d] The specific reduction is then in Section 7]
For the reduction from n dimensions to 2 dimensions, we use the following steps.

4

1.

We first use a transport approach through the level sets, leveraging the sharp stability of the Brunn-
Minkowski inequality [FvHT23], to show that the level sets F} := {& € R™: f(z) > t} (and the analogous
G and H;) are nearly convex and of similar size.

. After affinely transforming the domain, we find that in a ball around the origin both f and ¢ are mostly

at least 0.1 (cf. Proposition [1.1)).

. We then partition R™ into n + 1 reasonable looking cones K at the origin, so that fK fdx = fK gdx >

Q, ([ fdz) (cf. Proposition |7.1)).

. Since f and g are > 0.1 on most of a ball around the origin, if we prove the result in each of these cones,

the translation in each of the cones can be taken to be zero.

. Using a technical result from [FvHT23|, we can further partition R™ into smaller (very very small) cones

(maintaining the previous properties) with the additional property that in all but one direction the cone
is so narrow that the function is nearly constant on fibers in those directions (cf. Proposition |7.2]).

. Given a small cone C provided by the previous step, let C*™ be those (n — 2)-dimensional fibers so that

maxy yec=w | f(x) — f(y)| +|g(x) — g(y)| is small (here the smallness can be chosen as small as desired).

. If we let F(z,w) = |C*"| - mingec=w f(z) (and G(z,w), H(z,w) analogously), then

/ F(z,w)dzdw =~ / fdx and |F(z,w) — G(z,w)|dzdw =~ / |f —gldx
R? c R2 c

(cf. Proposition [7.11)).

. Since the cone is convex (so (z,w) — |C*™| is 1/(n — 2)-concave), we can use Holder’s inequality to find

the following: For every p > —1/n there is a ¢ > —1/2 so that if M) ,(f(z),9(y)) > h(Az + (1 — N)y)
for some z € C** and y € C**', then M) 4(F(z,w), G(z,w')) > H\z + (1 — Az, Aw + (1 — \w’) (cf.
Theorem [6.1]).

. We finally apply the two-dimensional theorem to the functions F, G, H to prove the result in each of the

cones, and thus in general.

Preliminary results for the proof of Theorem

In this section we show how Theorem [1.9]is implied by the following proposition. Most of the weight of that
reduction is in Lemma [4.6] and its more easily applicable Corollary [.7]

Proposition 4.1. Givenn € N, A € (0,1/2], p € (—1/n,00) and r € (0,00) there exists d = dp x pr such that
the following holds. Let f,g,h: R™ — [0,1] be continuous functions with bounded support such that

o fon fdz= [p,gdr=1,

e for every i € [0,n], fo; fdx = fC;‘Lngf

o {xerS,: f(x)<p org(x) <B} =O0nrpr(d) and

o for all x,y € R™ we have h(Azx + (1 — N)y) > M) ,(f(x),9(y))-

If [on hdz =146 for some 0 <0 < d, then [g, |f —gldz = Opxprps (\/3)

First, we show that we may assume that f, g, h are continuous.

Lemma 4.2. Given f,g,h: R" = R>( integrable functions with f]Rn fdx = fRn gdz and h(Ax + (1 — N)y) >
My ,(f(x),9(y)) for all z,y € R™, then for any n > 0 there exist functions f',¢',h': R™ — Rsq continuous

Junctions with ' (Ax 4+ (1 = N)y) > M, (f'(z),9'(y)) and [5, (

f=T1+1g =g+ [h=N]) de <n.



Next we show that f, g, h take values in [0, 1] and have bounded domains.
Lemma 4.3. Let f,g,h: R = R>( be continuous functions such that

o fon fdz= [, gdr=1,

o for all x,y € R™ we have h(Ax + (1 — N)y) > M) ,(f(x),9(y)), and

o [pnhdr=1+0 for some0<d<d.

Then there exist continuous functions f',g',h': R™ — [0,1] and an affine transformation A : R™ — R™ with the
following properties.

e the support of ', g', and h' is bounded,

o fon fldr =[5, ¢ de =1,

o for all x,y € R™ we have ' (Az + (1 — N)y) > My ,(f'(z), ' (v)),

o Jon (IF(x) = det(4) "1 f/(A)| + |g(x) — det(4)~'g'(Az)]) dw < 610,

We can find translates of the cones from Definition which evenly partion f and g.

Lemma 4.4. Let f,g: R" — [0,1] be continuous functions with bounded support.
Then, there exist a,b € R™ such that for every i € {0,...,n}

1
fd:c:/ gder = —— fdx.
/a+c;§ b+Ci n+1 Jgn

Using the stability results for the Brunn-Minkowski inequality from [FvHT23, [FvHT24], we derive in
Lemma [£.6] that the level sets of f and g must be almost convex and almost the same. Moreover, we find

that most of f and g is contained in a level set that is not too low. We use the following fact about the averages
My p.

Lemma 4.5. Forp e (—1,0),A € (0,1),t € R and differentiable map T: R>o — R>¢, we have

d 1
M T(0) > ——T
My (1.3)

dt
Lemma 4.6. Giwen n € N, A € (0,1/2], p € (—1/n,0), a,a/ > 0 there exists d = dpxpao > 0 and
B = Bapa > 0 such that the following holds. Let f,g,h: R™ — [0,1] be continuous functions with bounded
support such that
o [on fdr= [p,gdx =1,
o for all x,y € R™ we have h(Az + (1 — N)y) > M) ,(f(x),9(y)),
o [pn hdx = (146) for some d < d.

Let Fy :={x € R": f(z) > t}, Gy :=={x € R" : g(x) > t}, and Hy := {x € R" : h(x) > t}. Let T : [0,1] — [0, 1]
be the transport map with %(t) = \G‘if‘ﬂ , i.e., so that fg |Fs|ds = fOT(t) |Gs|ds. Define the following subsets of

[0,1] depending on parameter o > 0;

I := {te[(),l]:g(t)g[l—a,l—ka]}

I :={t €[0,1] : |co(Fy) \ Fy| > a|Fy| or [co(Grw)) \ Gre| > a|Grel}
I3 :={t € [0,1] : [NF; 4 (1 = NG| > (1 + )My 10 (|F2], [Gre ) }

I, :={te0,1]:Vz e R" |(xz + Ft)AHMM(t,T(t)ﬂ > alFi|}

Is :={t € [0,1] : Vo € R",[(x + co(F})) A co(Gr))| > alFi|}

and let I :=JI;. Then
[ 1Bldt= [ Gt =0upra(0),
I T(I)

10



-/[O 1IN\ (| CO(Ft) \Ft| + |CO(GT(t)) \ GT(t)D dt = On,p,)\(é)~

»/F'[-;

Corollary 4.7. Given f,g,h as in Lemma then for every a > 0 we can find f',¢': R™ — [0,1] so that

Moreover,
fda:,/ gdz>1-d.
G

sup f Bsupg

e ff<fandg <y,

o [f=[1d,

o [(If=F'I+1lg=71) < Onrpald), and
o [h<(1+0nrpal) [ f

Let F| == {x e R" : f'(z) > t}, G}, == {x € R" : ¢/(z) > t}, and H; := {x € R™ : h(z) > t}, the level
sets of f',g',h' respectively. Let T : [0,1] — [0,1] be the transport map with %T(t) = %, i.e., so that
T(t)

fot |F!|ds = fOT(t) |G| ds. Then for all t € [0,1] we have

e IT(t) e[l —a,1+ 0],

[ co(F}) \ F{| < a|F{| and [co(G}) \ Gi| < a|Gy,

AF] + (1= NG| < (14 )M ayn([FLL G ),

Jw, € R, |(2¢ + F)AH!

My a1yl < 0lFl; and

Jze € R™, [co(zy + FY)A co(Glpyy)| < o FY|.

Ik,

Bsup f

fdx,besupggdx >1—d.

One example of a quick consequence of Lemma that we will use in the proof in two dimensions is the
following result for functions which are rarely small. As in Lemma B can be thought of as Q, ,(1).

Lemma 4.8. Given f,g,h:R™ — {0} U[B,1] and § > 0 sufficiently small with respect to n, p, and \ with
o h=M;,(f9)
o [fdx= [gdr=1
o [hdx <1+

Then (up to tranlastion) |supp(f)Asupp(g)| < Onxp,p (\/S)

Moreover,if functions f,g,h : R™ — [0,1] don’t just take values in {0} U [B, 1], but we do have |{x : f(z) <
B or g(z) < B} <, then (up to tranlastion) |supp(f)Asupp(g)| < Onrp.s (VI + 7).

Finally, we record that for functions as in Corollary [£.7] slight translations don’t result in big symmetric
difference.

Lemma 4.9. Let f: R" — [0,1] with [ fdz =1 and level sets Fy := {x: f(x) > t}, so that fol | co(Fy)\ Fi|dt <
0. If for some to,n > 0, we have o,v € nco(Fy,) and | co(Fy,)| < 2|F,|, then

/ (F(z) = F( +0)) dz = O o (6 +1).

11



4.1 Proof of Lemmas
Proof of Lemma[].3 Without loss of generality, we may assume sup f > sup g. Let £ := (max{sup f, sup gy~
and let

fi iR = [0,1],2 = £7f(0 ), g1 : R® — [0,1], 2 — £"g(¢" ) and hy : R™ = [0,1],2 +— £"h(¢ x).

To reduce to sets with bounded support, note that for sufficiently large » = r¢ s in terms of f and J, we have
that f[ jn frde =1 - §1000, Similarly, we can find 7/ = 7] 5, so that f[fw gdr =1 — 99, Hence, let
fli=fr- [ ,7]™ and ¢’ := gy - 1[—r/,r']". Let ' = hy, so that

1
/h/dx—/hldx—/hdx< (1+9) /fdm< _glgoo/f dx < (1+ 290) /f dx.

Before we prove Lemma recall the Knaster-Kuratowski-Mazurkiewicz lemma [KKM29], which is a
consequence of Sperner’s lemma.

7,',,/]n

O

Lemma 4.10 (KKM Lemma). Consider a simplex co(xg,...x,) C R™ and closed sets Yy, ..., Y, so that for
all subsets I C {0,...,n} we have co(z; :i € I) C J,.; Yi- Then Ni_yYi #0.

Proof of Lemma[].]} We show that a translate a exists for f, the result for b follows analogously. Define the
closed sets Y; C R" as follows, let y € Y; if

1
/ gdr > —— fdx.
City n+1 /g

Note that for a given y € R™ we can’t have fCi ty fdx < %H f]R" fdx for alli=0,...,n as that would imply

fJR”er fdx < [, fdx. Hence, | J;_,Y; = R".
To apply the KKM lemma, we use the simplex £S,, for a sufficiently large ¢. Indeed, since g has bounded
support, we can choose £ so large that supp(f) C £S,. For that ¢ we find that if y € /F’, then fcj +y gdzr =0

el

as C! + y falls completely outside of the support of g. Hence, Y; N ¢F! = (), which can be seen to imply the
condition in the KKM lemma. We can thus find a point a € (;_,Y;, i.e., so that

1
fdx > fdx,
/C;?L-&-a n+1 R™

for all : = 0,...,n. This in fact implies

1
de = —— dx,
/C,ifkaf n+1 f

for all i = 0,...,n, which concludes the lemma. O

Proof of Lemma[].5 Simply expanding we find
%M,\,p(t,T(t)) = % (AP + (1= )T )PP = (AP + (1 — NT(t)P)/P~! <w1 +(1- )\)T(t)pl(g(t)> .
On the other hand, we have

My _, (117%51@)) = My, <1,C(Z(t)> = (AJF (1- ) <¢Z(t))z>)l/p.

Hence, it suffices to show that

()\tp‘1 (- A)T(t)p-l‘g(t)) </\ (=) (Z@))p) T o8+ (= T,

or, taking both sides to the power 1/(1 —1/p) =p/(p—1)
dT p/(p—1) dT py —1/(p—1)
(At”l +(1— A)T(t)pldt(t)> </\ +(1-=2N) (dt(t)> ) > (AP 4+ (1= NT(t)P).
This final inequality follows immediately by Holders inequality with exponents (p — 1)/p and 1 — p satisfying

1 1
oom T =L -

12



Proof of Lemma[{.6 For notational convenience assume supg < sup f = 1. Other cases follow analogously.
Consider the level sets

Fo:={x: f(z) >t}, Ge={z:g9(z) > t}, H = {z: h(x) > t},
so that e.g. Fy = supp(f). By the construction of h, we have inclusion

AFy + (1= NG5 C Hap, )

Consider the transport map T': [0,1] — [0,1] defined by the differential equation 9L (¢) = 1 ., so that

dt G|’
for all ¢ € [0, 1], we have
t T(t)
/ \Fy| ds = / G| ds.
0 0
With all of this machinery set up, we consider the following lower bound on f hdzx;
dt
_1

M= (1’ %(t))

1
dt—l—/ My 1/m (|1Fi], |Grl)
0

1 1 1
/ hdx = / |Hs| ds Z / |HM>\,p(t,T(t))| dM)\_’p(t,T(t)) Z / |>\Ft + (]. - /\)GT(t)|
n 0 0 0

S /1 IAF; + (1 = N)Gry | — My 1 (| Fl, |Gr )
“Jo

M (1 g5)

where in the second inequality we use Lemma [£.5] Note that by the Brunn-Minkowski inequality, we have
A, + (1 = N)Grayl — Mxa/n(|Fil, |Gry|) > 0. Using that p > —1/n (and thus —p < 1/n) combined with
1 IGr )l

TR = TR , we find that
dt

m\

A n1
/|t| Y i dt /\Ft|dt—1

)\,—p a dT() 7 dT(t

1
/ M/\,l/n(|Ft|v |GT(t)|)
0

In order to show that we typically have that %(t) is close to 1, note that for = € I;, we have

M)\,l/n(lvx)
M)\ —p (171‘)

3

Z 1 + Q/\7"71)70¢(1)7

so that we find

M, 1/ \GT(t)|)
/ |F,| ‘?' dt > 1+ Qypa ( |Ft|dt) :
Moy (1 ) "

and using the bound on fR,,L hdzx, this implies that little mass is in the levels in I, in particular,

’ |Fi| dt = Oxnp,al(9).

Outside of Iy, we have Cl‘?(l)l € [1 —a,1+ a], so that we can use the stability of Brunn-Minkowski [EvHT23]
to find
AP + (1= N)Grgy| = Mya/n(|F] |Grl) + Qo (mind] co(Fy) \ F, [F]}).

Hence, the previous lower bound on [, hdx combined with the note that My _, (1, LTl( t)> €l—a,l+q]
dt
implies

5> / INF; + (1 = NG| — My 1 (| F, |Gre )
~ JoanNn

M (1 7¢)

dt > Qpre / min{|co(F) \ Fy|, [Fy[}dt | .
[0,1\ I,

Hence, we find

/ min{| co(Fy) \ Fi|, |Fi|} dt < Oxpnp(9).
[0,1\I1
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The same bound for G; follows analogously. Hence, recalling the definition of I this implies

/ |Fy] dt < Ox p.a()

WU,

/ (100(F) \ Tl + |e0(Gr(0) \ G} dt < Ona0).
[0,1]\(11UI2)

Similarly for I3, we have

5> / |>\Ft + (1 = A)GT(t)| — M/\,l/n(‘FtL |GT(t)|) dt > a/ MA,I/n(|Ft|a |GT(t)|) dt
0.1 My (1 75) 1M (1)
M)\,l/n(la ﬂl(t))
>a | |F 4 dt > o | |Fy|dt.
I3 M)\ —p (1,%) I3
’ W(t)

For I4, note that Iy for a given « is contained in I; U I3 for a different smaller o/. Indeed if F; and
G are sufficiently similar in size (at most a factor (14-a’) away from each other) and [AF; + (1 — A\)Grg| <
(1+a" )My 1 /n (| Ftl, |Grs]), then by Theorem there exists a set convex set K tightly containing scaled copies

of F; and Gy and thus of AF; + (1 — X)GT(t). To be precise, consider o < o' so that |(1+a")F;| = ‘ iToif),

(assume that [F;| > |G|, the other case follows analogously). Then (up to translation) there exists a convex
set K so that (1+a/)F,, S0 K, and |K| < (1 + Op (\/&”)) |(1+ «"")Fy|. The former also implies that

1+a///
M+ (1 -G — A (4" E 4 (1= my G
t T(t) = (l—l-()/”)( ") Ey + ( )1+« )(1—|—O/”)
A
C K+ L= N+ K © (14K,

Hence,
|(AFy 4+ (1 — )\)GT(t))AFt| <1+ "K\M\F + (1 — )\)GT(t))| +|1+ "MK\ F| < On\ (\/a” + o/”) |FY,

so that the bound for I follows from the bound on I; U I3. The bound for I5 follows analogously.
For the final conclusion, we will show the result for g, the result for f follows analogously. We first consider
the following more modest claim.

Claim 4.11. There exists a tg = 0,1 (1) so that fR"\G g(z) dr <1—Q,,(1).
to

Proof of Claim.

M,y (1,
h > [ haydo > [ M (F00 (755) ) o> [ sty (20 a,
R" "\(1-2)Gy "\(1-2)Gy L=A ma-naG, 1—X

where in the last inequality, we use that M

My, (1, My, (1,
/ )"p(’>g< x )daz:“’(’)(l—)\)”/ g (z) dz.
E\(1-0)G,  t 1=A t B™\G,

Noting that as ¢ — 0, we have w — (1=X)YP = (1=X)""(1+Q,.2,(1)), so that for some tg = Q, » (1),
we have M > (1—=A)""(1+4 Q. (1)), so that
0

is decreasing in t. We can rewrite to

/n hz)dr > (1+ Qpap(1)) / g (z) dx.

R\ Gy,

Since [hdx <1+ 6, this implies
1+6
g (@) dr < —————5 < 1=Qn,(1),
/]R"\Gt0 1+ Qn)\,p(l) b

which concludes the claim. O
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To get from some to most of the mass, we iterate as follows until we find an appropriate function. Given the
to from the claim, consider functions ¢’ = min{g,to/2}, and f’ := min{f, T~ '(to/2)}, so that [ f'dz = [ ¢’ dx.
Also, let h' = min{h, My ,(T~"(to/2),t0/2)}, so that h' > M3 (f',¢'). If [ ¢’ dx <o’ [ gdz, then in particular
fR"\GtO/2 gdz < [¢'dx < o [ gdux, so we can set to/2 = 3 and the result follows.

If, on the other hand, we have [ ¢ dx > o [ gdx, then we will see that in fact [h'dx < §+ [ f'dz <
(14 6/a’) [ f'dz. Indeed, similar to the earlier computation, we find

1 1
/ (h— ) dz = / \H,|ds > / Haryor | dM (8 T(1)

M p (T~ (to/2),t0/2) M, p (T (t0/2),t0/2)

1 M\F] 1-\NG 1
> [ PRREENOl s [ Rja= [ = - gha @)
T—1(t0/2) M,\ﬁp( , dTl(t)) T=1(to/2)

Rearranging shows that

/h’dxg </hdm—/fdx)+/f’dx<5+/f’dx<(1+5/a')/f'dac.

Finally, we also have removed a significant amount from g¢; indeed
! / ]‘
(g—g)dz= | (9-g)de=5 [ gde=Qux,(1).
n G, G,

Hence, when we iterate, we find after at most log; ¢ | (1)(@’) = Op,xp,a’ (1) steps, we find a f = Oy 3 p,ar (1)
so that if we let ¢” = min{g, 8}, then [g¢”dzx < o/fgda: Hence, we find fR"\Gﬁ gde < [¢"dx < o [gdu.
This concludes the proposition. O

Proof of Lemma[].8 Consider the level sets
Fo={z: f(z) > t}, Go={z:g(z) > t}, H = {z : h(x) > t},
so that Fy = supp(f). As we have seen before, we have inclusion
AF; + (1= NGy C Hapy )

| F |

Consider the transport map T': [0,1] — [0, 1] defined by the differential equation T (¢) = Gl

dt
for all ¢ € [0, 1], we have
¢ T(t)
/ |Fs|ds:/ |Gs|ds.
0 0

With all of this machinery set up, we consider the following lower bound on [ hdz;

i.e., so that

! dt
/ hdx:/ |Hs\dsz/ |Har, ey | dMp(t,T(E)) > / IAF, + (1= A)Gry)| -
" 0 My (1,25 )

E0)

dt

M= (1’ i—f(t))

- /1 IAFy 4+ (1 = NG| — Ma1/n([F2], |G )
~Jo

1
1 dt+ [ MyalIFL |67
M (1 775) ’

where in the second inequality we use Lemma E Note that by Brunn-Minkowski, |)\Ft + (1 = XNGru| —

My 1/n(|Fy|,|Gry]) > 0. Using that p > —1/n (and thus —p < 1/n) combined with dT T lcf;i’i‘)l, we find
that
1 M)\ 1/n a | ‘Fﬁ)l)
/ My sn(IF 1G] / IF A = / Ryl dt = 1.
0 A,*p ) dT (t) M)\ p 7 dT (t))

Distinguish two cases; either T'(8) <  or T(8) > 8. We assume the former and the latter follows analogously
interchanging the roles of f and g. Under that assumption we find F; = supp(f), Gru = supp(g), and
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dT _ |supp(f)]
at (8) = Teupp(o)]

for all ¢t € [0, 8]. By the above computation, we find

IGrl
B AJAJ/n (1, ‘E{f )
RS
e R
Z/ |Ft|< upp 1)y dt > B [surp(D1) 1)
0

[supp(g)| [supp(g)|
My (1. 2 My (1 {55

Hence, using that p > —1/n, this implies that

dr . |supp(g)| _
& 0= fouppip] =1+ O ()

By the above, we also know that

(|AFo + (1 = XN)Go| — My 1/n(|Fol, |Gol)) < /ﬂ INF; + (1 = N)Grey | — My 1 (| F [Gre )
—Jo

0 14 Onrp (\/5) My, (1, %)

dt <6,

so that
[AFo + (1 — AN)Go| < (14 28/B8)Mx 1/n(Fol, |Gol)-
1/n
Hence, by Theorem [1.1| (the main result of [FvHT23]) we find that for a := (%) =1+0,)p3 (\/3), we
have
min |(z + Fy)AaGo| = Op a8 <\/S> .

rER™

Since « is so close to 0, we find that
,I‘IelliRI}z |(z+Fo) AGy| < Helﬁgi |(x+F0)AO‘G0|+,I.2]%}L [(z+Go) AaGo| = Ona g (\fé)—i—\l — a"||Go| = Onrp.s <\/S) .

This concludes the proof of the main part of the Lemma.

We now extend to functions which do take values below 3, but only rarely, i.e., with [{z : f(z) < 8 or g(z) <
B} = Onxpp(d). Simply consider the functions f' = f-1{z: f(z) > 8} and ¢’ = g- 1{z : g(x) > B}, so that
[ fldz, [¢'dx>1—~and thus [hdz <140 < (14 Opxps(0+7)) [ f'dz. Hence, applying the above result
for f and ¢’ gives (up to translation) |supp(f’)Asupp(g’)| = Onrp,a(v/d + 7). Combining with the obvious
observation that supp(f)Asupp(f') = {z: f(z) < B}, we find |supp(f)Asupp(g)| = Onrp.s(v/0 +7). O

Proof of Lemmal[{.9 We first note that it suffices to consider the level sets as follows

/(f(x)—f(a:+v))da::/0 |FtA(Ft+v)|dt§/0 | co(Fy)A(co(Fy) + v)]| dt + 26.

We split this final integral in ¢ > ¢y and ¢ < to. First note that for ¢y, we have |co(F,)A(co(Fy,) + v)| <
O, (n)| co(Fy,)|. For all t < tg, we have co(F}) D co(Fy,), so that again |co(Fy)A(co(Fy) +v)| < On(n)| co(Fy)l.
Integrating over those ¢, gives

to

/0 | co(Fy)A(co(Fy) +v)|dt < On(n)/o | co(Fy)|dt < On(n)/fdx.

For ¢ > to, we find that as co(F}) C co(Fy,), we have
| co(F)A(co(Fy) + )| < [ co(Fy ) Alco(Fy,) 4 v)| < On(n)] co(Fy, )]

Recall that | co(Fy,)| < 2|F,| < 2 [ fdz < 2, so that
t0

= %9

t1 | co(Fy) A(co(Fy) +v)| dt < (1 —tg)| co(Fy,)A(co(Fy,) 4 v)| < 2(1t7;t0)

On(n).

Combining these upper bounds proves the lemma. O
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4.2 Proof of the reduction

Proof that Proposition implies Theorem[1.9 We may assume § is sufficiently small in terms of n, A, and p,
since otherwise the conclusion is trivially true by virtue of the trivial upper bound

[ rsiar< [ rroar=2] fi

We will repeatedly use this assumption throughout this proof.

Apply Lemma with n = 6199 to find continuous fi,g;,h;. Then apply Lemma to find f, go, ho
taking values in [0, 1]. Then apply Corollary with some o = o’ > 0 small in terms of n, A, p to make various
statements in the following true, and find f3, g3, hs and § = Qp » p(1) for which it suffices to prove the result
and renormalize so that sup f3 = 1. Consider level sets F®, G2, H? and transport map T : [0, 1] — [0,sup g3] as
in Corollary Note that supg € [1 — a,1 4 a] since £7(t) € [1 — o, 1+ o] for all t € [0,1] and T(0) = 0.
Assume sup g3 < sup f3, the other case follows analogously.

Claim 4.12. Up to translation, we have

3 co(F)\ F3| = Onrp(9)

Proof of claim. Find z € R™, so that g3(x) > 0.9. Then (up to translation) Hys, (,0.9) O AFp. Find the ¢o so
that My, (to, T(to)) = My p(3,0.9) and note that to — 8 > Q. ,(1). Since ’H AFE| < a|F?), and
‘co(Fg’) \ F3

3
M p(to,T(to))

< a\Flg’|, we find that (up to translation)

< O)\’n(a) ‘Fg

b

oD\ Ff| < |coNER) \ Ry, ay riaon| + [ B e OF)

so that ,
|co(/\F§’ NFE)| > (1= 0xn(a)) |co(/\F§’)| ,

so that (up to translation and for sufficiently small « in A and n)

%co (FE) C co ()\Fi;3 N Ft‘f)) C co(Ft?(’)).

Hence, we find that ‘%co(Fg) \ F§| is a lower bound on |co(F?) \ F?| for all ¢ € [8,t], so that

A 1 .
(0= 9) |3 oD\ FE| < [ 0ol \ £t < 0,06

The claim follows. 0

Claim 4.13. co(Fg’) \Fg’/z‘ < Opap(0)

Proof. For all t € (8/2,3), we have |co(F?) \ F?| > ‘co(Fg) \Fg/z" Hence, we have

1
(8= 3/2) [oolF)\ o] < [ () \ Fildt < 0,0,(0)
Since 8 = Q2 p(1), the claim follows. O

Analogously we have |co(G3 G? = Opap(6). Recalling from Corollary [4.7) we have that (up to
T(B) B/2 AP

translation) we have ’co(Fg)A CO(G%(B))‘ < O¢|F§’\. Hence, we can consider an affine transformation so that

R'S, C co(Fg),co(G?’T(B)) C RS,, and R/R’ < O,(1) using John’s Theorem.
Apply Lemma [£.4] to find translations a,b € R" so that

1
fdz:/ gdxzi/fdx.
/a+cy b+C7 n+1

We'll see that a and b are not too far from the origin. Recall that ng, fdx>1—a,so
Ji

1 1
/ fdxz(—a)/fdx>.
(a+CPINFS n+1 2n
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On the other hand, since sup f < 1, we have f(a+C?)ﬂFﬁg fdz <|(a+CM"nN co(Fg)\. Since 8 = Q2 p(1), we
find that 3] co(Fg)| < 28|Fj3| < [ fdx <1 implies | co(F3)| = On xp(1), and

[(a+C") N eo(FR)| = Quxp(| co(F3))),

for alli = 0,...,n. Combined with the above normalization that R’S,, C co(Fg) C RS, this implies that there

is some 7 = Q, x »(1) so that a + 7S, C co(F3). Analogously b+ 7S, C co(GE}(ﬂ)). Translating f and g so that
a = b = o, this implies

P8\ G ja| = Onrp (0).

We can now apply Proposition to find that [o, [fs — gs|dz = Opaprps (\/5) = Onp (\/5) as r, 8 =

Q5 p(1). Pulling this back, we find that for some translates v, v1, v € R™, we have

[ 1ot 0 —g@lde <t [ 1o +0) — (@) da
<00y + [ 1alva-+0) = gala)| da
< On,)\,p(é) + [R" |f3(U3 +.’E) - g3($)| dr = On,)\,p (\/5) .

Thus, Theorem follows. O

5 Proof of Theorem [5.1, i.e., Theorem [1.9]in R

We aim to prove the following theorem which is the one dimensional instance of Theorem

Theorem 5.1. Given A € (0,1/2] and p € (—1/2,00) there exists d = dixp, > 0 such that the following
holds. Let f,g,h: R — R>q be integrable functions such that fRfdx = ngdm =1 and for all z,y € R we
have h(Az + (1 — N)y) > M, (f(x),9(y)). If [phdx =1+ 6 for some 0 < & < d, then, up to translation,

Jua 1 = gldz = 05, (V5).
Given the information given by Lemma [4.6] it suffices to prove the following proposition.

Proposition 5.2. For all A € (0,1),p > —1, there exists a d = dx, > 0, so that the following holds. Let
f,9.h: R = Rxq so that for all z,y € R we have h(Az+(1—N)y) > M, ,(f(z),9(y)) and [hdx < (1+46) [ fdz
with 6 < d. Additionally assume that for level sets Fy := {x € R: f(x) >t} and G; we have

/ (lco(Fy) \ Fi| + |co(Gy) \ Gy|) dt < 6.
tGRzg
Then there exists some v € R so that

[ \#@) = gta+ vlde = 0 (V) [ fia)da

Proof of Proposition[5.4 Let T: Fy — Gg be the map pushing f into g, so that [*_ f(y)dy = ffé:) g(y) dy,
ie., L (z) = g(fT(?;))) almost everywhere. We use the bound h (Az + (1 — A\)T(z)) > My ,(f(z),9(T(x))), to find

— N4 (¢
[ 100+ (1= NT@) d0e+ (1= NT@) 2 [ M (@), 9T @) (” S >> e
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By definition 4L (z) = q(J;(éZ)) so that, we can rewrite
/ h(z)dx

> /M (A+(1—A)CCZ($)> da:+/ (Mx,p(f(x),g(T(x)))_ 1) < dr > s
/f d:v+/f My.p (\/; \/F) dT( (11_ T \/%4_(1_)\) dm(x)) .
/f da:+/f QAp<mm{ \/?' })

/f da:—&—Q)\p(/f mln{ C;Z() }daj)
Hence, as [hdx < (1+46) [ fdz, we find
/f mm{ if;(a:) } dx = O)\,p(é)/fdac,

so that dz( ) is close to 1 most of the time. To formalize that, consider the following set

I := (co(Fp) \ Fo) U {x e co(Fo) : L) ¢ (1/2,3/2)} .

dx
We find that
dT ’
/f(:r)dx < 4/f(m)min{1, 1—4/—(x) } dz = O, ,(9),
I I dx
and

/T(I)g(x)dx /If(x) dz = O, ,(9),

so little mass of f is in I. Hence, define

o flx) fzégl o glx) ifxgT()
fi(z) = {O frel and gi(x) == {

0 ifxeT(I),
so that

[ 1511+l = ail) ds = 01,6)
Defining F}! := {z : fi(z) >t} C F, and G} := {x : g1(x) >t} C Gy, we find

| (oo ED\EY + oGO\ GH) dt < [ (leolF) \ Ei + [eo(Go)\ G de
teR>o tER>
+ [ 15@) = A@+lota) =1 (a) da
=0),(0).

We next compress the functions to skip the points in I. To this end consider the increasing surjective map
S¢: R — (R\ I) with de = 1 almost everywhere and S¢(z) = « for some = with fi(x) = sup fi. Similarly

) = . Simi
define the increasing surjectlve map Sg: R — (R\T(I)) with S} = 1 almost everywhere and S, (y) = y for some
y with ¢1(y) = sup ¢i.

Using this map, define

fa(x) := f1(Sf(x)) and ga(2) := g1(S,()),
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so that

/f2d$=/92dx=/f1dx=/glda:.

As ever define level sets F? := {x : fo(z) >t} and G7 := {x : go(z) > t}. Note that |F}| = |F?| and |G}| = |G|,
while |co(FL)| > |co(F2)| and |co(G})| > | co(G?)], so that

/@R (Jco(F2) \ F2| + |co(G2) \ G2) dtg/@ (Jco(FL) \ E2| + |co(G) \ GY|) dt = Oy, (6).

Considering the corresponding transport map Tp: R — R;z — S (T'(Sf(x))), so that

@(x): T (Sf(x)) = fS(x)) —  falw)  falw)
dz dSy(a) 9(T(S;(@) ~ 9(Sy(T(x)))  go(Te(w))

Since Sy(x) ¢ I, we find that %(z) € [1/2,3/2] for all x € R and moreover

any
/f2 - dx—/f(Sf( ’ (st do
2
:/ f(2) 1—‘jTT(x) dx
R\J €L
< f(x)min{L 1- CClTT(a:) }dw—O,\,p(é)
R T

Finally, we evaluate

[ nl e - o do= [ (AR +|G2AGY)
R

RZO
Since Sy has a fixed point where f; attains its supremum, we have co(F?) C co(F}!). As moreover |F?| = |F}|,

we have |FZAF}| < 2|co(F) \ F}|, so that

/ [F2AF}| dt < / 2[co(F}) \ F}| dt = Oy ,(6).
RZO RZO

Analogously, we find
/ |GIAGE| dt = O, (6).
RZO

Hence,

/(\f2—f1|+|g2—g1|) dm=/ ([F2AF! +|G2AGY)) dt = Oy,().
R

RZ[}

Next, we consider the functions given by filling in the level sets:
f3:=sup{t:z € co(F?)} and g3 := sup{t : x € co(G?)},

so that letting (as always) F}? := {x : f3(x) >t} and G} := {z : g3(x) > t}, then F}? = co(F?) and G} = co(G?).
Hence, we immediately find

/(\fz — fal + 192 — g3]) dx = /R (IFPAF| + |GIAGH]) dt = /t (leo(F7) \ F2| + [eo(GY) \ GF|) dt = Ox(9).

>0

Recall that f]RfZ ’1_@ | dz = Oy p(9), so that f]RfQ ’1_@ |dx—0)\?(\[) Since %TQ(SU) €
[1/2,3/2], we in fact also have

/|f2 = g2(Tx () \dx—/fz
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Translating this to f3 and g3, we find

/\fz — g3(Ta(z))| dz < /R(\fz(l‘) — f3(@)[ + [f2(2) — g2(T2(2))| + |g2(T2(2)) — g3(T2(2))[) dx

< 0xp(0) + Oxp (\/5) + 2/ |92(7) — gs(x)| d
01, (%)

In other words, defining auxiliary function k(z) := g3(T2(z)), we have
/|f3 \dx—OAp(\/g>

Extending that [, fa() ’ de | dx = Oy, (\/3) in a slightly different way, we also find

[r@ |- R do < [k = a1 - Tt an s [ 1) - o) 1 )| ao
s [rw)- Lo
<2 [ o)~ ol do+ 2 [ 12(o) = ool o+ [ a1~ (o) a

=On, (f)

and since 42 () € [1/2,3/2] for almost all z, we also have

da
ATy ) _
/Rk(x) ’1 - S22 () do = O, (\/S) .
Our remaining aim is to show that
/|k (@) dz = 0, (V5)
To this end define a final collection of level sets K; := {x : k(x) > t}. Note that K; = T, *(G?). In terms of

the level sets, we find
/ |k (x z)|dr = / | K AGE] dt.
Rso

Write k~!(t) for max K; (a slight abuse of notation) and g5 (t) for max G%, so that To(k~"(t)) = g5 *(t). Note
that by translating f and g if necessary, we can guarantee that k= (sup g1) = g3 *(sup g1) = 0 = T5(0) and that
| K: AG?| is upper bounded by [k~1(t) — g5 ' ()| plus the equivalent on the other end of the interval. Hence, it

suffices to show fR>o |k=(t) — g5 (1) dt = O, (\/3) as the other end of the interval follows analogously. We

compute as follows

/ w*@—@%nm:/ k(1) — Tk (1))] dt
R>o R>o
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Hence, we find

/R |k(x) — gs(x)| dw = /R>O |K,AGE| dt = 0y, (\/5) .

Putting it all together, we find

/|f*9\d$§/(|f*f1|+\f1 — fol + | f2 = fal + |fs — k[ + |k — gs| + |gs — g2| + g2 — 911 + |91 — g]) d=
= 02p(8) + 0r,p(6) + 02 (8) + Or (VB) + Or (VB) + 02,(6) + 05,(8) + O,(0)
= 0x, (V3),

which concludes the proof of the proposition. O

6 Proof of Theorem [6.1], i.e., Theorem in R?

We will now prove the following theorem, which is the two-dimensional instance of Theorem [T.9]

Theorem 6.1. Given A € (0,1/2] and p € (—1/2,00) there exists d = daxp, > 0 such that the following
holds. Let f,g,h: R?> — [0,1] be integrable functions such that fw fdx = fRdi;U =1 and for all z,y € R?
we have h(Az + (1 — A)y) > My, (f(2),9(y)). If [gz hdx =1+ for some 0 < § < d, then, up to translation,

f]RZ |f —gldx =02, (\/5)

The first step is to leverage the 1-dimensional result to resolve the context of well behaved tubes as in the
following proposition.

Proposition 6.2. Given A € (0,1/2], p € (=1/2,00), 1,4, s0,51 € (0,00) there exists d = dx p.,s9,5, > 0 such
that the following holds. Let f: [0,1] x [0,00) — [0, s1], g: [0,7] X [0,00) — [0, s1], and f,g,h: [0, \+ (1 —\)r] x
[0,00) — [0, s1] be continuous functions with bounded support such that

o [fdx=[gdz,
o for every x € [0,1],[ f(x,y) dy < fs,
o for every x € 0,7], [ g(x,y)dy < sy,
o [{z€0,1): f(z) < so} + {z €[0,7] x [0,1] : g(z) < so}| <7
e for all x € 0,1] x [0,00),y € [0,7] x [0,00) we have that h(Az 4 (1 — N)y) > M ,(f(x),9(y)), and
o [hdx < (1+0) [ fdx for some 0 <4 <d.
Then [ |f — gldx = Oxpt.se.s, (VO +1) [ fda

Using the result for tubes we can find the result for all points where the functions are not too small by
showing that that region is not too big and hence can be covered effectively with tubes.

Proposition 6.3. Given A € (0,1/2], p € (—1/2,00), there exists d = dxp, such that the following holds. Let
f,9,h: R?2 = [0,1] be continuous functions with bounded support such that

o [fdx= [gdz,
e for all z,y € R? we have that h(Az + (1 — N)y) > My ,(f(z),9(y)), and
o [hdx < (1+4) [ fdx for some 0 <§ <d.

Let Fo.1 := {x € R?: f(z) > 0.1}, then there is some v € R? so that [, |f(z)—g(z+v)|dx = Oy, (\/5) J fdx
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6.1 Tubes: Proof of Proposition

We use the following quick consequence of the 1-dimensional result

Lemma 6.4. Given A € (0,1/2], p € (—=1/2,00), £,50,51 € (0,00) there exists d = d pr,s,,s, Such that the
following holds. Let f: [0,00) — [0,s1], g: [0,00) = [0, 1] and h: [0,00) — [0, s1] be continuous functions with
bounded support such that

o [fdx= [gdz,
o [f(z) m<€f01] x)dz,
o [g(x dx<£f[01 x)dz, and
o [{z € [0,1] : min{g(x), f(x)} < so}| < &
o for all x,y we have that h(Az + (1 — N)y) > My ,(f(z),9(y)), and
o [hdx < (1+4) [ fdx for some 0 <§ <d.
Then [ |f — gldw = Oxp,t,50,5: (0% +€) [ f da.
Proof of Lemmal[6.4 By Theorem we find that there exists some v € R so that

/|f g(z —v)|dz =0, \/5)/fdx.

We aim to show that not much changes replacing v by 0. Assuming v > 0 (the case v < 0 follows analogously),
we find that

/|f x—u)dx>/[0m]f(x)—g(x—v)mx: f(m)demin{féf,(v—E)-so},

[0,v]

where the last minimum depends on whether v > 1 or v < 1. We can exclude the former case by choosing
d = dy p.es,s sufficiently small and noting that it would imply

% < Oxp (\/5) < 0y ,(Vd),

v <€+ 0, (f)/fdx

so the translate is small. To show that g doesn’t change much when translated, consider level sets G; := {x €
R:g(z) > 0}. By Lemma we may assume that they’re mostly convex, viz

a contradiction. Hence, we find

/081 |co(Gy) \ G| dt = O,\,p(é)/fdz.

Hence, we find
/|g x—v)|dx—/081 |G A(Ge + )| dt
< / (1618 co(Gr) + [ c0(Go)Aeo(Ge) + )| + [(e0(Gr) + V) A(Ge + v)]) d
</051 (| co(Go) \ Gl + v + | co(Ge) \ Gi]) dt

<v-s1+ O,\J,((S)/fdx <&s1+Oxp <z(1)\/5> /fdx < Oxp.so,s: (\/3—1- f) /fdx

Combining these two results we find

J17@) = g@)lde < [ (1f@) gt~ o) +lgle ~ v) = g@)) do < On ey (VB +€) [ feo

which proves the lemma. O
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With this lemma in place, we can prove Proposition

Proof of Proposition using Lemma[6.f} Consider the maps T': [0, 1]
so that for all ¢ € [0, 1], we have

ar .\ — _[f@y)d
[0, 7] defined by F-(x) = fg(T(;)”y)Zy
[ sy [ gz y) dedy
[0,t] x[0,00) [0,T(t)] x[0,00)
For fixed x € [0,1] and y1,y2 € [0,00), we have

Ry

h(Az + (1 = NT'(x), Ay + (1 = Nyz) > My, (f (2, 91), 9(T(2), y2))
By Borell-Brascamp-Lieb inequality in dimension 1, we deduce

h(Az + (1 = \)T'(z) )dyZMA,p/(ler ( ’g )/ flz,y)d
Hence, we can find d, > 0 for every = € [0, 1] such that

Integrating over z, we get

/R Az + (1 = NT(x),y) dy = (1 +02) M p/(14p) ( T ) fz,y)d

(1+9) [z, y) dydx > / h(z,y) dydz
0,1 Jr, 0A+(1-\)r] TR,
dT
= / <)\ +(1- )\)(1’)) / h(Ax + (1 = NT(x),y) dy| dz
[0.1] dx R,
dT
— [ (A0 NE @) 448 (
[0,1] €L
My /(49 (1, 2
[0,1]
Hence,

1,dT1> [ f(@,y) dy] dz
@(l‘) Ry
T(“")) [ f(=, y)dy] dz
M)\7—1 ( ) TT Ry
1)

f(@,y) dydz > /
[071] Ry

My p/(14p) ( . T
—14+(1+46,)

[0,1]
we may conclude

I (@)
My (1 1
Recall p > —1/2 and hence p/(1 +p) > —1 and therefore My p,/(14p) ( ,

)

5

) l f(z,y) dy] dx (6.1)
Ry

TT( )
f(z,y) dyd 2/
[0,1] JR
With this we can “clean up” the interval [0,1] to find that <

Oz [ [z y)dy
(0,1] Ry
significant part of the mass of f (and g) lies inside the box [0, 1
following subset of [0, 1] which we’ll show contain little mass of f;

) > My _1< ,%(m)) Hence,

dx.

_ 1

(6.2)
%:c is mostly well-behaved and in most fibres a
]? (and [0,7] x
Indeed, by assumption, we find that

[0,1] respectively). Consider the
I'={ze(0,1]:[{y€[0,1]: f(z,y) < so}| <1/2 and |{y € [0,1]

(T(2).9) < 0} <1/2}
0\ 1]-5 < l{z € 0,1

x [0,1] : g(x) < so}| <.

f(x) < so}| + Kz €[0,r]
Note that since for all z € [0, 1], we have [ f(z,y)dy < £s1, we find that

/ f(a,y) dedy < 2nts,
([0,1]\I)><]RJr
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which is negligible for us, so we’ll focus on what happens in I. One thing we know about = € I, is that

[ @y, [ ot @.0)dy = 50

and by assumption [ f(z,y)dy, [ 9(T(x),y) dy < €sy, so maX{Zf (2), r } < L = O4g,6,,6(1)

My p/+p) (1 l1(1)>
Hence, for x € I, we have
MA —1< 7dT(1)>

= 14 Oxprsess (|%(z) - 1|2), so that Equation (6.1

2
) [ f(z,y) dy] de.
Ry

additionally implies

dT
d f(z,y) dydx > /9/\,;0,4750,51 (‘d(i) -1
I T

[0,1] /R4
Given that for « € I, we have fR+ f(z,y)dy = Oy .5,,0(1), we deduce

2

dT
®>‘»p7507517e(5) Z/[ %(I) — 1| d=z.
By the Cauchy-Schwarz inequality we get
dT
O p,so,s1.¢ (\/5) > ﬁ %@J) - 1‘ dx. (6.4)

Given T'(0) = 0, by integrating, we get that for x € [0,1], [T(z) — 2| < Ox p.so,s1,¢ (/2 + 7).
For fixed x € I, the functions h(Az + (1 — N\)T'(x),y), f(x,y) and g(T(x),y) satisfy the hypothesis of
Lemma [6.4] for some £, > 1/2 with the property that f fz dx < n, so that

dr
[ | = @@ dr =01z (22 4€) [ £ty =0 (22 46) [ stm)an
R € R Ry
(6.5)
where the last inequality follows from the fact that %(x) = Osy,5,,¢(1). Combining Equation (6.2) with

Equation (6.5, and using Cauchy-Schwarz inequality, we get

/I/R+f(

dT
z,y) — ——(

”f)g(T(x%y)’ dyds < / Orptsuss (032 +&0)

Ry

fz,y) dy] dx
< O)\,p,l 80,81 (51/2 + n / f x, y) dyd.T
<O}\P£sosl (5 /2+77 / f(x,y)dyd:c,

[0,1]

where in the last inequality we used that almost no mass of f lies outside of I.
Combining the last inequality with Equation (6.4) and the fact that [p ¢(T'(z),y)dy = Orsgs (1), Wwe
conclude

// (z.9) —g(T(x) ldydm<//R+ (|fy >g<T<x>,y>]+g<T<x>,y> g<x>_1\) dydz

<O)\P£sos1 (5 /2+77 /01] f(l’,y)dyd’l)

To translate this information to get control over [|f — g|, we consider the auxiliary function k: [0,1] x
[0,00) = Rxo, (z,y) — g(T'(x),y), so that (recalling Equation (6.3)))

/ / |f—k|dydx§/ / (f—i—k)dydx—i—// |f — k| dydx
0,1 Jr+ 0,1\ JR+ 1 Jrt

< dnts, + / / F(@.y) - g(T(x),y)| dyda

= Oxp.t,50,51 (51/2 + n f(x,y) dydz.
e [0,1]
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We shall show that also [|g — k| dx is small. To that end, consider the level sets G; := {z € R? : g(x) > t} and

K;:={z € R?: k(x) > t}, so that
s1
0

/ " co(@) \ Gyl dt < 05,(6) [ tao
0

Additionally, consider the map 7 : [0,1] x [0,00) — [0, 7] X [0,00), (z,y) — (T'(x),y) so that T(K;) = G;. Since

9T (2) = Oy4,5,,0(1) for x € I and |[0,1] \ I| < 27, we have that

By Lemma [1.6, we may assume

/ITﬂm@mAMMﬁi/ITﬂm@JMMMHﬂMMMM®+m/fm.
0 0

Hence, it suffices to prove that

/ T (0(G) A oG] dt < Ox s (812 4 1) /fd:c (6.6)
0

is small. We shall approach this fibre by fibre as follows. For a given ¢, we can express |7 (co(G:))A co(Gt)| by
considering the line segments co(Gy), = {z : (z,y) € co(Gy)}, so that

[T (co(Gr)) A co(Gr)| = /OOO | co(Ge)y AT (co(Gr)y)| dy
< /OOO (| min co(Gy), — T(min co(Gy),)| 4 | max co(Gy), — T(max co(Gy)y,)|) dy.
Recall that (Equation (6.4)) for all = € [0, 1] we have |T(z) — 2| < Ox p.sg.s1.¢ (072 + 1), s0 that
T (co(G) 2 co(Go)l < Onpsnssr e (82 +1) [y : co(Ge)y # 0}
and, integrating over ¢, that
|17 oG08 eofGalldt < Oy (572 4 1) {(8:0) € B2 s oG, 01,

Hence it suffices to show that |{(¢,y): co(G¢)y # 0}| is not too big. Consider the function m: [0,00) —
[0, 51], ¥ = max,e[o,,) g(x,y). Per the following claim it suffices to control fooo mdy.

Claim 6.5. [“mdy > ; [{(t,y) € R, : co(Gy)y # 0}

Proof of Claim. By definition [“mdy = |{(t,y) € R%,: (Gi)y # 0}|. Recall that |G¢| > 5|co(Gy)| for all
t € Rsg. For fixed ¢, {y € Rxq : (Gt)y # 0} is the projection of (fairly convex) Gy C R? onto one of the
coordinate axis. The projection preserves the approximate convexity as follows, so that for fixed ¢, we have

fyeRoo: (G, #0 . [ 1GI .
[y € Roo : co(Ga)y 20} =+~ \/ Teo(Gr)] = V1/2>1/4.

Integrating over t proves the claim. O

If for a given y, we have m(y) > «, then there exists an z, so that g(z,,y) > «. By definition of h, we find
that for at least 3 <1 —n of the z € [0,1]?, we have f(z) > so. Hence, for all (2/,y) € [0, A+ (1 = A)r] x [(1 —
Ay, A+ (1 — N)y], we have some z € [0, 1]? so that

h(@', ") 2 WAz + (1= N)(xy,9)) = My, (f(2), 9(2y,y)) = My p(s0, ).

Hence, we find

. A2 A2sg
h(z',y") dy'dx’ > ?M&p(so,a) > > min{sg, m(y)} > 5 m(y).
[0A+(1=X)r] J[(1=X)y,A+(1-N)y] 51
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Integrating this inequality over y, we find that

2 (oo} (o]
5o [ mwars [ ] / W' o) dy'da’ | dy = — / [ ey
251 Jo 0 0A+(1=N)7] J[(1=N)y,A+(1-\)y) L=XJoa+1-2)r J0,00)

Since [po hdx <2 [, fdx, this implies that

/ mdy = O sy.5, (/ fdx) .
0 R2

| 1T oG oG] dt < Oy (VB) (k) s colGo), £ 0)
< Orpisossi t (51/2 + n) /mdy

< O p,so,s1,t (51/2 + 77) /fde

Combining the last few steps, we find

Putting everything together, we now find
15 =alda< [(5 =K+l g) da
< O ptosniss (51/2 +n) /fdx+/051 G ALK, dt
< Orptnos (8% 41) / fdo+ /0 " (1G A oG] + | co( G AT eo(Go)| + [T~ (colG) AT (G)]) dt

< Oxptys0,51 (51/2 + 77) /fdx,

which concludes the proof of the proposition. O

6.2 Large level sets: Proof of Proposition [6.3

In order to proof this proposition, we will show that there exists a large ball in Fp; in which co(Fp1) \ Fo1 is
very small. Within this ball we can properly position the tubes needed to cover all of Fy; using the following
lemma.

Lemma 6.6. Given A € (0,1/2], p € (—1/2,00), £ € (0,00), where r is sufficiently small, there exists d =
dxpre > 0 such that for 0 < § < d the following holds. Let w = (r/100,0). Let C := {(z,y) : x > 0,|y| < z}.
Let B’ be the ball of radius v centred at the origin intersected with C. Let f,g,h: C — [0,1] be continuous
functions with bounded support such that

o [, fdz= [, gds,
o [ofdx <t [y fdx,
o forallz,y € C we have K\ + (1 - \)y) > My, (/(x), 9(3),
o [ohdx=(1+9) [, fdzx,
o |B'\ Fsl+|B'\ Gyl <6
Then for every unit vectors f1, fa € R? with span{fi, f2} = span{e1,ea}, | < fi,e1 > | < 1/100 and | < f1, fo >

| > 1/200, there exists v € B(0,0xpre,8 (\/3)) and v’ € [0,2r]so that

* fw+Rf}‘1{J20 fdz= fw+v+Rf}/’{§O gdz, and

® uruppinngs | hde<(149) [, pnn fde

To then cover the Fj o1 we use the following observation.
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Observation 6.7. For every m € (0,00) there exists j = O,(m) such that the following holds. There exists a
collection of pairs of unit vectors {f%, fa}/_, C R? such that | < fi,er > | < 1/100 and | < fi, fi > | > 1/200

and |J; RV 5 B(0,m).
We first prove Lemma [6.6]

Proof of Lemma[6.6. We construct the appropriate 7’ and v by cutting with consecutive hyperplanes which
we show to be close together. First consider the halfspace G| containing the origin with defining hyperplane
G :=w+R x {0}, where R x {0} is considered in the basis fi, f2, i.e., this is the hyperplane w + R f; in either
base. Let G’ be the parallel hyperplane with the property that

/ fdz = / gdz.
CNGy CNG~

We shall show that the distance between these two planes is at most Oy ¢ (\/5) First note that we have

/ hda:—/ fdmgé/fdngg(é)/ fdzx,
CN(AGT +(1-N)G) felalery e} lelalery

where in the last step we used that CN Gy € CN B’ and |[C NG| = Q(|C N B’|). Hence, by Lemma we
find that

(CNGTIAC NG| = [(supp(f |ong: A (supp(9 |ongi- ) = Opre (V3)
which of course implies the planes are distance at most O, x ¢ (\/5) apart.

We proceed similarly for the two other hyperplanes defining w + Rf }’1];20. Consider the hyperplane G5 :=

w+ {0} x R in the basis fi, fa, i.e., the hyperplane w + R f; in the basis e, e5. As before Let G, be the parallel
hyperplane so that for the parallel halfspaces G and (G%)T, we have

/ fdx= / gdz.
cnGENGY CcN(GNFTN(GY)*

In order to show that these hyperplanes are (again) close together, we would like to use (again) Lemma SO
we restrict our attention further to the bit of the domain where f(z) > 0.1 as follows. Consider the hyperplane
G35 parallel to G; containing 2w, i.e., w + Rf; and G% parallel to these hyperplanes so that

/ fdx = / gdzx.
onGinGinGs CN(GDFTN(GY)TN(GY)~

Since C NG5 and C'N(G%)~ are subsets of C'N B, we still have that the functions f and g take values in [0.1, 1]
on most of these domains. Since |C' N GT NG NG5 | = Q.(|C N B|), we have

/ raez o 0cns e ([ gac)zan ([ i),
CcNGInGInGy CNB c

so that

/ hdx—/ fdxﬁé/deZQr,e / fdx ).
ACNGT NG NGE ) +(1-A)(CN(GY)FN(G)TN(GE) ™) CNGyNGINGy c CNGYNGI NGy

Analogous to the previous application, by Lemma [4.8] we find that up to translation

(CNGENGENGE)ACN (G NG N (GE) )] = Opone (V5).

In particular, that implies that indeed G2 and G4 are at most a distance O » ¢ (\fé) apart. Finally, let G4 be
the remaining hyperplane defining w + R{}i{)zov i.e., the plane parallel to G2 so that w+ Rf}’f;zo =GINGING;.

Analogously to G2 and G4, we find that G4 and G are at distance at most Op x ¢ (\/5) from one another,

which allows us to conclude.
Let ve B (07 Oxp,ri (\/5)) so that v+ Gy = G} and v + G2 = GY. Let 1’ be so that w + v + Rfl’ﬁ

/100 —
(G N (G4 N (G})~, which thus implies 7’ =74 Oy . (\/3)
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Proof of Proposition[6.3 For notational convenience normalise so that [ fdx = [gdz = 1 by rescaling the
domain. We may assume sup f(z) = 1.

Analogously to Section[f.2] where we show that Theorem[I.9]follows from Proposition[4.1} we may additionally
assume that for i = 1,2,3 we have (for C; = C?, as defined in Definition

/fd:r:/ gdz,

and for some r, 8 = Q) ,(1), we have that if we let B’ = B(o,r) the ball of radius r centred at the origin, then
|B'\ Fs| + |B'\ Gg| = Ox,(6) and | co(F)| < 2|Fp| <267 = 0x,(1).

Note that by Borell-Brascamb-Lieb, we have that fCi hdx > | o, [ dz and thus

/c‘hda:—/c fdxgé/fdxgom((g)/afdx’

where in the last inequality we used that each of the cones contains a 2y ,(1) proportion of | fdx (even when
restricted to C; N B’.

We consider each of the cones separately; in particular, we consider C; = {(z,y) : = > 0, |y| < z} and the
others will follow analogously. Let w = (r/100,0). Since |B’'NCy N Fg| > Oy ,(1) and |co(Fg)| = Oxp(1), we
find that there is an m = O, ,(1) so that Fg C B(w,m). Apply Observation with parameters r/100 and

m to find j = Oy ,(1) a collection {f/, fi})_, so that B' N Cy C w + J, Rf}i’lﬁ). By Lemma we can find
v; €B (o7 Oxp (\/5)) so that

° i fdo = i ;i gdx, and
Jurmti fw+vi+Ri%;fﬁo ’
. i ri hdx<(1+5)f i g fdx.
f1.f — f1:7
w+vi/2+R(rl+r2’)/2oo w+Rr}1020
1,15

Since w + Rf intersects B’ in a big part, at least a 1/¢ = Q) ,(1) proportion of f and g is concentrated

/100 - a
near the base of the tube w + Rf}i”;zo. Hence, we can apply Proposition with s1 =1, so = 8> Qy (1), and
1 = O p(0), we find that

/w_i_Rf{:fﬁ

r/100

f(x) —g(x —v;)|dx = Oy, (\/3) /fdm

Using that v; € B (0, Oxp (\/5)) we find by Lemma that;

/w+Rf“5

/100

(@) - g(a)] do = Ox,, (V5) [ fio

Summing this over all ¢ gives that

fogldes [ qpegldes [ ifeglae< [ Ir-glds
/F,j B(m,w) wtU; RIS Z wtR[E
< j-Oxp (V5) /fdx = Ox, (V) /fd:c.
Since Fy.1 C Fpg, this concludes the proof of the proposition. O

6.3 Gluing together level sets: Proof of Theorem

In this section, we’ll see that applying Propositionto the cut off functions min{ f, 2°} shows that all level sets
of f have small symmetric difference to level sets of g up to translation. Careful analysis allows us to conclude
that those translations may all be assumed to be the same. The main idea is that Proposition [6.3| implies that
level sets are close together

29



Proof of Theorem[6.1] As ever, consider the level sets Fy, Gy, Hy and transport map 7': [0,1] — [0,1] so that

fot |Fs|ds = OT(t) |Gs| ds. Recall that by Lemma@7 we have that

[ eolE)\ Eil + [00(G)\ Gel) it = 01,(9) [ £
A particular consequence of Proposition [6.3] is that for some translate vy, we have
1
/ |FtA(U0 + Gt)l dt =0, ) (\/g) .
0.1

In order to extend this to all level sets, consider the functions

fi == min{f,27}, g; := min{g, T(27")}, h; := min{h, M ,(27°, T(27"))},

so that h; < M;f’p(fi, gi). Let 0; := 5};22 (so that d; is non-decreasing in ¢) and note tha

/hidx§/hdm—/(h—hi)dx§/hdx—/(f—fi)dacS/fidx—i—é/fdxg(1+(5¢)/fidm.

In the end we will only consider f; so that [ fidz > /& [ fdx (which we'll see has i = O, ,(—log(d));
beyond that it’s trivial to control the symmetric difference. Hence, we may continue to assume J; is uniformly
sufficiently small in terms of A and p whenever we need it.

Since the level sets of f; are just the level sets of f up to 27, we can again apply Proposition to find a
translate v;

27i

/ (v + Gl dt = Ox (V/31) /fi dz.
0.1.2—

To get control over v; we note that consecutive integrals overlap significantly. Indeed, we have that

05277
| A+ GOl + R + G di < 0, (Vo) [ fide,
0

1.2—7

so that by the triangle inequality, we have

0.5-27¢
/ |FiA(v; — vigr) + Fy)|dt < Oz p (\/ 5z‘+1) /fi dzx,
0

121

and recalling that [ |co(F})\ Fy|dt < Oxp(0) [ f dz, this implies

‘/00.5'2i | co(Fy) A(v; — vig1) + co(Fy))| dt < Oxp (\/E> /fz dx + O/\,p(é) /fd.%‘ < Oxp (\/E) /fZ da-

1.2—0

This implies that v; — v;41 is small from the perspective of Fj .0i. Indeed, if some vector v is not in nk
for some (centered) convex set K C R?, then for any subset X C K, we have [XA(v + X)| > Q(n)|X].

co(Fy)|dt = Qx, ([ fidx) and co(F;) C co(Fyq.0-i) for

Hence, combining the above inequality with f001522:
all t € [0.1-27%0.5-27%, we derive that

vy — Vigy1 € Oxp (\/@) co(Fy.1.2-1).

By induction, we can derive that (aiming to have the same translate throughout)

j—1 j-1
vj — vy = Z’Ui+1 —v; € ZOM’ (\/&) co(Fp1.0-i) Cj-Oxp ( §j> co(Fp.1.0-4),
i=0 i=0

where in the last containment we use that d; is increasing in ¢ and co(Fp 1.0-+) form a nested sequence of sets.
Returning to the symmetric difference, this implies

0.5-27% 0.5-27¢
/ FoA(vo + Gy dt < / (FA(0; — o) + Fi| + [FuLs (v + Gy dt,
2

2—1i

—i

5For more elaboration on the second inequality see Equation 1}
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where the latter is easily bounded and the former is controlled since (again) |co(F}) \ Fi| is small. Indeed, we
have
|FyA(v; — vo) + Fi| < |co(Fy)A(v; —vo) + co(Fy)| + 2| co(Fy) \ Fyl,

and for all ¢ > 0.1-27¢, since v; —vg € i- Oy (\/E) co(Fpy.1.0-1) we have
|co(F) (i = o) + co(F)| < i+ Oxy (V5 [co(Fy1a-)l < i+ Ony (V8 IFoaamil.

Hence, we find

0.5-27%
/ |F (v = v0) + Bl dt <2772 Ox (V&) [Forami| i Ony (x/é?)/fidx,
2

—i

and thus

/20.52" A0+ Go)ldt < (i +1)- Ox, (\/E) /fi dz + Oy ,(0) /fdx <i-Ox, (\/5) /fi dx.

—1

Recalling the definition of §; and summing over all i < g, where we pick iy minimal so that [ f; < Ve [ fdx,
we find

—i

1 0 2
/ ‘FtA(Gt +’U0)|dt = /fio d.’l?-i-Z/ ‘FtA(’UO"FGtth
0 = )2

(i+1)
</fi0dx+§:i-OA’p (\/E)/fidx
1=0
2 [ fid
< Oxp (ﬁ)/fdx LZ_%Z. {ffd;f]

As we've used several times before, as long as [ h;dz < (1+n) [ f; dz for some n <, 1 (which is the case for

i < g, we find that
g—i
/fidl‘—/fi+1dl‘:/ |Ft|dtZQ,\)p (/fzdx)
2—(i+1)

Hence, the [ f;dz form a geometric sequence (as long as i < ip) and thus Zi”zoz . ff];’;: = O, p(1). This

allows us to conclude

/xg]l@ f(z) — gz — vo)| dar = /01 |F,A(Gy + vo)| dt = On,p (\/3) /fd;v.

7 Proof of Theorem [1.9 in R"

7.1 Reduction from Theorem to Proposition

Thanks to the arguments in Section 4l to show the validity of Theorem in R™ it suffices to prove Proposi-
tion We first show that the latter is implies by the following resut.

Proposition 7.1. Givenn € N, ¢ € [0,n], A € (0,1/2], p € (—1/n,00) and r,3 € (0,00) there exists d =
dnrprp > 0 such that the following holds. Let f,g,h: Ci — [0,1] be continuous functions with bounded
support such that

o Jou fdr= o gdr=1,

. fczhdx:1+5forsom60§§§d,

o {ze€rS,NCL: f(x) < B orgz) <pB} <6, and

o for all x,y € R™ we have h(Az + (1 — N)y) > M) ,(f(x),9(y))-
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Then foL If —gldx = Opxprp (\/S)

Proof that Proposition [7.] implies Proposition[/.1]. Consider f and g as in Proposition and let f; (resp.
gi) be the function f (resp g) restricted to C? renormalized, i.e.,
f(@)1c ()

fl(w) . foL fdy ’

so that [, fi(z)de = [, gi(x)dz =1.
Let h; := M j\"p( fis9:). We'll show that h has integral not much larger than 1. Note that the support of h;
falls in C?, so that by Borell-Brascamb-Lieb /. ¢ hidz > 1. Moreover, since the supports of the h; are essentially

disctinct, we have that Y . (fo f dy) hi(z) < h(z) for almost all z. Hence, integrating over z € R™, we find

> (/C fdy> o hi(x) dz < . h(x)dx <144

n
=0

Isolating h;, for some fixed ip and using fci h;dx > 1, we find

' (1 =+ 5) - Zi;éio (fc; fdll> fc,g hz(fﬂ) dx < (f]Rn fdy+ 5) - Zi;éio (fc; fdy) 1t )
cio - fCi,,O fdy a foP fdy B fC;O fdy

Finally, we use that f is big on 75, to find that

) fdyZ/, fdy2§|C£UﬂrSn|:Qnrﬁ(l),
cio cioArs, 2 v

Hence, we can choose d,, »,p.r s in Proposition (4.1 sufficiently small so that Wﬁwrs\ is smaller than the d in
Proposition
Now that we’ve found that the f;, g;, h; satisfy the conditions of Proposition [7.1} we can apply that propo-

1/2
sition in each of the cones and conclude that fCiL |fi — gildz = Oppr <ﬁco2f7rsﬂ|> = Onprp (\/5)

Summing over the cones, we find

[r=glas=3"[ fay [ 15i-alae <Y [ 1fi=alde < Onnpes (V5).
Rn i=0 cl cl 1=0 (&3
so that Proposition follows. N

7.2 Reduction from Proposition to Proposition

For the next sections we shall assume that the simplex S,, and the basis e1, ..., e, of R"™ are such that e; 1 H}
where we recall H} is the supporting hyperplane of the face F} of the simplex S,,.

Proposition 7.2. Givenn € N, A € (0,1/2], p € (—1/n,00), 7,5,¢,5 € (0,00), there exists d = dnm,f\,p,r,z,ﬁ >0
so that for all 6 € (0,d), there exists e = ep xprse86 > 0 so that for all € € (0,e) the following holds. Let
C C C} be a cone. Let f,g,h: C — [0,1] be continuous functions such that

o |[o(f—9)dz| <e [ fdx,

o [ hdx=(1+0) [, fdz,

o Jofdr< Efcm-sn fda,

o {zerS,NC: f(x) < B org(x) <B} <H[CNrS,,

o for every = & 58, we have f(z) = g(z) =0,

e for all z,y € C we have h(Azx + (1 — N)y) > My ,(f(2),9(y)), and
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o for all z,w € R and z,y € C*" we have |f(z) — f(y)| < € and |g(z) — g(y)| < e.

Then fC Ilf —gldz = Onpxprpe (\/5 + ’y) fc fdz.

Lemma 7.3. Letn € N, A € (0,1/2], p € (=1/n,00) and r,8 € (0,00), then there exist { = éﬁ,p,r,ﬁ and
d = (@\,p,r,ﬁ > 0 so that the following hold. Let f,g,h: R™ — [0,1] be continuous functions with bounded

n
support and a cone C' such that

o fon fdz= [y gdr=1,
o [onhdr <1+d,
o [ofdr= [, gdzx,
e [hde<(1+d) [, fdz,
o [{xerS,: f(z) < B org(x) < B} <0.1|rS,|,
o Jco(fz €R™ : f(z) > 1) < 2{z € R": f(a) > t}| for ali t € [0,1], and
o for all z,y € R we have h(Ax + (1 — Ny) = My, (f(2), g(y))-
Then we have [, f dz < (]C 7Sy,

Definition 7.4. Given a subcone C C C! and a basis fi,...,fn with eg = f1, define the slice C*% :=
CN(z,w) x R"2,

Lemma 7.5. Let n € N and let f,g: C} — [0,1] be continuous functions with bounded support such that
fCi fdx = fCi gdxz. Then for every e > 0 there exists a family F = Fy U Fa of cones partitioning the cone C}
such that

. ZCE]—H fcfd$<&‘.
e For every C € Fo, |fc(f*g) dx| <e o fda

e For every C € Fu, there exists a basis fi1,... fn depending on C' with fi = ey, such that for all z,w € R
we have diam(C*") < g|z|.

7.2.1 Proof of Reduction

Proof that Proposition implies Proposition[7.1 We consider the cone C}, the other C! follow analogously
by rotation.
Given that f and g have bounded support, there exists an s so that for = ¢ sS,, we have f(z) = g(x) = 0.
Apply Lemma with parameter n > 0 sufficiently small in terms of all of f,g,n,\,p,r, s,¢, 5, ¢, to find
essential partition F = Fj U Fo of C’}L. Further subdivide F3 into two sets as follows. For every cone C' € F;
define

o Jo hdx
¢ = fcfdfli 1,
so that
S [ tars Y [(h-pae< [ (- pasezm<s
CEeF, c cer,’C R

where in the penultimate inequality we used that [ (h—f)dx > —n [ fdx for C € Fand Yo7 [(h—f)dz >

ZCE]‘H f(if) dx > Uk
Analogously define

_ HrerSynC: f(x) < B org(x) < B}
ve= 7S, N C]| ’

so that

Z ~vo|rS,NC| = Z Hz € rS,NC: f(x) < Borg(x) <P} ={zerS,: flz)<Borgx)<B} <Onprpr(d).

CeF CeF

Partition Fo = }"j u]-‘j LUJF~ as follows. If 6 > %min {dm dz2 oo } let C € Fr. If yo > Vo

n,Apm 87 T A pyr, 8023

(and C & Fy), let C € Ff. Finally, let F~ := F, \ (Ff UF])
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It’s easy to address the cones in F; U }"j U ]-'; as they contain little mass. First for C' € F; by definition

Z/C\f—gldxﬁ Z/C(f+g)dx§77.

CeF CeFy

For the C € F;, first note that for all C’ € F,, we have by the Borell-Brascamb-Lieb inequality that
5

/ hdm>min{/ fdam/ gdm}> fdx — / (f—g)dx| > (1—n) fdx,
Cl ! ’ C/ C/ Cl
Hence, we can find a bound on
/hdxz Z/hdm—i— > /hdas
! cerr ¢ crernFr” Y
1 .
> (1+2mm{d%wp%ﬂ,a%%]\’p’rﬁ’g?&yw}) Z /Cfdx—l— Z (1-mn) ledx
CeFy C'eF\FS
1 .
2[ fdz— Z/fd:v +§m1n{dﬁ,p,r,g,ﬁ’pmg, MW} Z /fdmfn Z / fdx
e cer ’¢ T ceFr ¢ crer\Fr ¢
1 .
Z[1—77]+5mln{ﬁ\’p,r,g’ﬁpmg,dnﬂa,p,r} Z /Cfda?—n

CeFy

Recalling that [y, hdz < 1+ § and noting that 3 min {dm &2 e } = Qurpra(l), we can

nAp,8 T\ pr B R
rearrange this inequality to find

Z /C|f - g| dx < 3 Z /Cfdx < On,)\,p,r,b’(5 + 277) = On,)\,p,'r,ﬂ((s)~

CeFyS cerf

For C' € F, we find that

Vo Y rSanCl< Y elrSaNCl < O prs(9),
CeFy cery

so that > cezs [rSn N C| < Onxprp(V38). By Lemma we find that for these C, that [, fdzr <
Onprs(|CN1rS,|). Hence,

3 /|f—g|dm§3 3 /fdxgge S (OO < Onrpr5.0(V0).

CeFt CeFf CceFf

Finally, we turn our attention to cones C' € F~ to which we first apply Lemma ﬁ to find that
fcfdx < @nz’g@mﬁ meSn fdx. Since f and g are bounded continuous functions with bounded supports,
they are uniformly continuous, i.e., for any ¢ > 0 we can choose 7 sufficiently small in f, g, and €, so that
we have |z — y| < n implies |f(x) — f(y)|,|g(x) — g(y)| < e. Moreover, the parameter s in Proposition
depends only on f and g, so we can pick € < ey x p,rs,0,8,6 and still find an appropriate n. Hence, we can apply
Proposition with parameters n,A,p,r, s = sy 4, { = énzj\mﬂ.ﬁ, and 6 = dg < dnm,)l\,p,r,,e,e and v = vy¢ to the

cones C' € F~, to find that

/ |f —gldz = O, i3 (\/ dc + ’Yc) / fdr=Opxprp (\/ dc + 70) / fdz.
c c c

n,\,p,7m,B

Recall that Y- 7, dc [ fde < 26, and by Lemma

Z ’70/ fd(E < On,/\,p,r,ﬂ < Z 70'007"871) < On,)\,p,r,ﬂ((s)-
C

CeF— CeF—

6Note that though f and g don’t have the same integral in C, we can switch to f/ < f and ¢’ < g removing at most efc fdx
to equalize the integral and apply Lemma
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Hence, we conclude by convexity of the square root that

/Rn|f*g|dx: 3 /C|ffg|dx+ 3 /C|f,g|dm

CeFUFt CeF-

< On,)x,pﬂ‘,ﬁ(d) + Z On,)\,pm,ﬁ (\/ (50 + ’YC) / fdl‘

ceF- ¢

< Onporp (\/5) :
This finishes the proof of the reduction. O

7.2.2 Proof of Lemmas

Proof of Lemma[7.3 For a contradiction let ¢, » , g sufficiently large in its parameters to be determined later
and C' a cone so that

/ fdx > cnxprslCOrSy|
C

Consider the level sets FC, G, HE for the restrictions of the f,g,h to C, i.e., FC := {x € C: f(x) > t}. By
Lemma we find some o = 2, x (1) so that

fdx > 0.9/ fdx >09c, xprplCNOTrSyl.
C

c
Fﬁc

On the other hand, we have ch fdx < ‘FBCC‘ Since Fﬁcc is so large, in particular it is not contained in
Bc

CN(0.9¢n A p.r5) " "7Sn, 0 we can find a point v & (0.9¢, x p.r5)"/"rS,, with f(v) > Bc. Consider the level set
Fg. D Fﬁcc, which by assumption has |Fg.| > %| co(Fp.)|. We may assume that Sc < 3, so that we also have
|Fge N1rSy| > 0.9|rS,|. This implies that that | co(F.)| > |co((Fae N1Sy) U {v})] = 00 as cuaprp — 0.
On the other hand, we have the trivial bound that |co(Fs.)| < 2|Fs.| < 85" [ fdx = Opxp(1), which for
sufficiently large ¢, x pr g yields a contradiction. O

For the proof of Lemma we use one of the technical results from [EvHT23]. First we need the following
definitions from that paper.

Definition 7.6. Let C" be the family of cones in R™ and let T,* be the set of codimension k subspaces of R™.

Definition 7.7. Say a function k: C™ x T3* — T is a respectful function if L C k(C,L). A respectful function
f induces functions k=, kT: C" x T3* — C", where k—(C, L), k*(C, L) are the cones the hyperplane k(C, L)
partitions C' into.

Definition 7.8. Given a respectful function k: C™ x 73" — T{* and a cone C, we say F is a valid partition of
C into cones if there exists a sequence of families {C'} = Gy, ...,G; = F such that if G; = {C1,Cs,...,Cy}, then
there exists codimension-two subspaces Lu, ..., Ly, such that Giy1 = UjZ, R;, where Ry = {k*(Cy, L;), k™ (Cj, L)}
or R; = {C;}.

Now recall the following slightly weakened version of theorem 4.11 from [FvHT23].

Theorem 7.9 (Theorem 4.11 from [FvHT23| reformulated). For every n > 0 the following holds. Given a
respectful f: C™ x T3* — T, there exists a valid partition F of C} that can be written as F' = F) U F| U F}
such that

1. ZCEF(; [CNS, <n.
2. For every cone C € Fi, we find that C N IS, has diameter at most e.

3. For every cone C € F} there exists a sub-cone C' of C with |C'NS,| > (1 —n)|C'NS,| and there exists a
basis f1,... fn depending on C with f1 = ey, such that for all z,w € R we have diam((C")**) < n||z||.

With these in place, let us prove the lemma.
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Proof of Lemma[7.5, To apply Theorem we need to define a respectful function k: C" x 73* — 77". To this
end consider a cone C' € C™ and a subspace L € 75" First, if fc fdx # fc gdx, let k(C, L) be any hyperplane
containing L; this case will not occur for us.

Hence, assume |, cfdr= /. ¢ 9dz. Fix a hyperplane Hq € 77" so that L C Hy. Note that all such hyperplanes
can be obtained from Hj by a rotation in the two dimensional subspace orthogonal to L. Hence, let Hy be the
hyperplane obtained by rotating by # angle in that orhthogonal plane, so that e.g. H, = Hy. Consider the
induced H and Hj; and their rotated counterparts, e.g. HI = H, .

Claim 7.10. There exists a 0 € [0, 7] so that meH; fdx = meH; gdz and anHg fdx = fcer; gdz

Proof of claim. This follows easily by continuity of each of these integrals in €. Indeed, consider the discrepancy
function D: R — R defined by D(0) := [+ fdx — [+ g de, which is periodic and continuous. Note that
4 6

D(?T)Z/ fdm—/ gdz
CNH;F CNH;F

:‘/CnHofdx—/CnHogdx
= </Cfdm—/cmH;fdm>—(/(Jgdw—/cmHJgdx)

:/ gdm—/ fdx =—D(0).
CNHF CnHF

Hence, by continuity there exists some 6 € [0, 7] with D(6) = 0, i.e., meH+ fdx = anH+ gdz. This immedi-
0 6
ately implies that also [, 1 fdr= [, He gdx. O

For every pair (C, L), let k(C, L) be the hyperplane Hy given by this claim.

With this respectful function defined, we can apply Theorem @ with 77 = 7 4, chosen sufficiently small
depending on f, g and €, to find valid partition F/' = F) U Fj U F5 and for every C € Fj let C’ C C be the
subcone as specified by the theorem. From this partition, we create partition F = F; U Fy as follows. Let
Fo:=FU{C":C e Fy} and let Fp := FyU{C\C": C € F4}.

To check the first condition, consider the contribution from F{. Since f and g have bounded support, there
exists an R = Ry 4, so that supp(f), supp(g) C RS,, i.e., fRSn f+gde = [, f+ gdz. Hence, we find

> /fdxg > ICNRS,| <nR" <¢/2,
C

CeF; CeF;

for n sufficiently small in R, n, and € For the contribution from {C'\ C’': C' € F}}, we use

> [(C\C)NSu < ) 0N Sa| <nlSal < €/2,
(C\C")e{C\C":CeF}} CeF}

as long as 7 is small in terms of n and e. Hence, the first condition is satisfied.

The second condition is the most tricky one. For C' € F] we have fc fdz = | ¢ 9dx so the condition is
immediately satisfied. For the other cones we need the following crude observations. Since f,g < 1, for any
cone C € Fj, we have

/ fdx <|(C\C")NRS,| = <R> (C\C)NrS,| < —1— (R) IC" N rS,| < 01|10 NSl < < | fda,
c\c’ T 1—77 T 2 2 c’

where in the penultimate inequality we used that 7 is sufficiently small in terms of R (i.e., f,g) and €. To
conclude, we find that as [, fdz = [, gdz, we have

/,(f—g)dﬂc /C\C/(f—g)dx S/C‘\C’fdz+/C‘\C’gde€ led:c.

The third condition is immediate for the C' € {C’ : C € Fj} and also easy to verify for C € Fj, since
C*" C CN(|z|08,) = |z]/(CNIS,), so diam(C*") < |z|diam(C N AS,) < €|z|. Hence, the lemma follows. O
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7.3 Reduction from Proposition to Proposition [7.17]

Proposition 7.11. Givenn € N, XA € (0,1/2], p € (—=1/n,0), r,3,£ € (0,00), there exists d = dy xp.r.p.0 > 0
such that the following holds. Let C C C} be a cone. Let f,g,h: C — [0,1] be continuous functions with bounded
support such that

° fcfdx: fcgdx,
o Jofdx< ngr‘]rSn fdz,
o {zerS,NC: f(x)< B org(x) < BY <H|CNrS,,
o for all 2,y € C we have Az + (1 — A)y) = My p(f(2), 9(s),
o forall z,w € R and x,y € C** we have f(z) = f(y) and g(z) = g(y), and
. fchdx: (1+(5)fcfdm for some 0 <6 <d
Then [, |f — gldz = Onrprse (VEF7) [ f da.

Proof that Proposition implies Proposition[7.9. We construct f’, ¢’ to which we can apply Proposition
by shrinking these functions a tiny bit (proportional to €). First, construct f; < f and g; < g by taking the
infimum of f in every slice C*"

filz) :=inf{f(y): Jz,w eR: 2,y € C*"}

and g; analogously. Since f(z) — fi(x) < ¢, we find that,

/C frde > /C f do — elsupp(f)| > /C fdz — lsSa| = /C fdz — Ops(e),

and analogously for g;. Combining these, we find

‘/C(flgl)dx S’/C(fg)dx +‘/C(ggl)dz

Thus we can decrease one of the two functions while keeping the other the same to create ' < f1,¢" < g1 with
Jo f'dx = [ g'dx while maintaining all the properties required to apply Proposition (e.g. only reduce all
points in a C*" simultaneously and only reduce outside of rS,,/2), we can do this with

= On,ﬁ,r(e) +2- On,s(e) = On,e,r,s(e)-

+’/C(ff1)dx

[-rae+ [ -g)as- \ [ =01 = Ot

Since, f' < f and ¢’ < g, we still have for all z,y € C that h(Az + (1 — N)y) > My, (f'(x),¢'(y)). We can

evaluate
1+9

/Chdx§(1+6)/cfdx§wm/cf’dxg(l—s—%)/cf’dm,

where the last inequality follows from choosing e, xprse¢s sufficiently small. Since ey ap,rse,6 is definitely
smaller than 3, we find that |[{z € rS,, : f'(z) < 8/2 or ¢'(z) < B/2} < |[{z € rSpn: f(z) < B or g(x) < B} < 7.
Now we can apply Proposition to functions f/,¢’, h, and parameters n, A, p, £ as in Proposition and
B/2,71/2 to give
/ " = g'ldx = O p.g/2:/20 ((25)1/2 + 7) / fldz = Oppirpe (\/5+ ’7) / fdz.
c c c
Bringing this back to f and g, we find

[1r=sde [ 15 =glaes [ 17 =7ldes [ lo=gldo=Ourprns (Vi+7) [ fdo.
C C C C C

which concludes the proof of the reduction. O
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7.4 Reduction from Proposition [7.11] to Theorem [6.1
Definition 7.12. Consider the three cones K1, Ko, K3 partitioning R?;
Ky o=A{(z,y) 1 2 <0, |yl < |z}, K2 = {(2,9) : y = max{0, —a}}, K3 = {(z,y) : y < min{0, z}},
and corresponding cones K7, K3', K5 partitioning R™:
KI' = K; x R"72,

The following lemma shows that if partition f inside cone C' somewhat evenly into parallel to K*, then the
corresponding partition of g almost coincides. The proof is very similar to the proof of Lemma

Lemma 7.13. Givenn € N, A € (0,1/2], p € (—1/n,00), r, 8,£ € (0,00) where r is sufficiently small in terms
of n, there exists d = dp xprpe > 0 such that for 0 < 6 < d the following holds. Let w = (r/2,0,...,0),. Let
C be a cone such that B(e;,1)NH} C CNH}) C Bler,n)NHL. Let f,g,h: C — [0,1] be continuous functions
with bounded support such that

o [, fdr=[,gdx,
o Jofdx < EfC'ﬂr(H}L)* fdz,
o l[{z e (H)"NC: f(z) < B or g(x) < B} <AIC N (HL)],
o for allz,y € C we have h(Ax + (1 - \)y) = My, (f(2), 9(1)),
o Johde=(1+43) [, fds

there exists v € B(0,On x p.rpe (VO +7)) so that for alli=1,2,3
 Juirr fdr= fw+v+K? gdz, and

. fw+(17>\)v+K{L hdr < (14 On,)\,p,r,ﬂ,f(d)) warKi” fdz.

Recall e; I H} and actually e; € H} where H} is the supporting hyperplane of the face F} of S,,.
Lemma 7.14. Given n € N and a cone C C C}, there exists a bijective linear map o : R™ — R™ such that
o afe)) =eq,
o afey) = &eq for some £ € R*, and
e Bley,1)NH! Ca(C)NH! C Bler,n) N H_.
Note that for all z,w € R, (aC)*¢" = a(C*").

Lemma 7.15. Givenn € N and r,8 € (0,1), there exist s1,s0 € (0,00) such that the following holds. Let C
be a cone such that B(e;,1)NH! C CNH} C B(ey,n)NHL. Let f,g: C — [0,1] be continuous functions with
bounded support such that

o [{zeCnr(HL))™: f(z) < B org(z) < B <~ylICNr(HL)"|, and
o for all (z,w) € R?, and all x,y € C*™ we have f(x) = f(y) and g(z) = g(y).
Let C' =11 5(C) = {(z,w) € R?: C*¥ #£ 0} and f',g',h': C' — Rxq be defined by
f'(z,w) = f(2)|C*"], and ¢'(z,w) = g(z)|C*"|,
for some x = x,.,, € C** Then for every (z,w) € B((r/2,0),r/10n) C R? we have
{(z,w) € B((r/2,0),r/10n) : f'(z,w), g'(z,w) € [s0,$1]} = (1 = Onr,5(7))[B((r/2,0),r/10n)].

Lemma 7.16. Givenn € N, XA € (0,1/2], p € (—1/n,00) and q = 1 the following holds. Let C' C R" be a

cone. Let f,g,h: C — [0,1] be continuous functions with bounded support such that

o for all xz,y € C, we have h(Ax + (1 — N)y) > My ,(f(x),9(y)), and
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o forall z,w € R and xz,y € C** we have f(z) = f(y) and g(z) = g(y).
Let C' = 11 2(C) = {(z,w) € RZ: C*¥ £ ()} be a cone in R2. Let f',g',h': C' — Rxq be defined by
f'(zw) = f(@)|C*"], g'(z,w) = g(x)|C*"], and h'(z,w) = h'(x)|C*"|
for some x = x, ., € C**. Then, for z,y € C’
o WAz + (1= Ny) = My q(f'(2),9'(y),
¢ foofdz = fq .
o [ogdr= [, gdz,
o [ohdr= [ hdx, and
o ol —g'lde = [ |f —glda.

Furthermore, for any vector w' € R? and corresponding vector w = (w,w},0,...,0) € R" and any i = 1,2, 3,
we have

* Juwir, [dr = fw+K,? fdx,
* j;"/"!‘Kq‘, g/ d.fL' = fw-‘r]({Z gdm7 and

* Juwik, h dx = fw-&-K." hdzx.

Lemma 7.17. Givenn € N*, A € (0,1/2], p € (=1/(n+2),0) and ¢ = 15 € (=1/2,0) the following holds.
If a,b,c,u,v € (0,00) satisfy b/™ > Xa'/™ 4+ (1 — \)c'/™, then

i.e., DM p(u,v) > My 4(au, cv).

7.4.1 Proof of reduction

Proof that Theorem [6.1] implies Proposition[7.11. By Lemma there exists a bijective linear map o : R" —
R™ such that if we denote C7 = a(C) the cone in R™ | then

1. ale;) = e,

2. afeq) = ey for some & € R*, and

3. Ble;,1)NH} cCiNnH} C B(ey,n) N H}.
4. for all z,w € R, (C1)*% = a(C=E 'w),

Let and let f1, g1, h1: R™ — [0, 1] be continuous functions with bounded support defined by f; = foa, g1 = goa
and hy; = hoa. As we shall explain below, it is easy to check that the following properties hold:

L fo frde = [, g1dz,
2. fcl f1 dx < nglﬁr(H},y)* f1 d.T,

. for every {z € Cinr(HY)™ : fi(z) < Bor gi(z) < B} <~lCinr(HL),

= W

. for all z,y € C1 we have hi(Az + (1 — N)y) > My, (f1(z), 1(y)),

5. for all z,w € R and =,y € C7"" we have f1(x) = fi(y) and ¢g1(x) = g1(y), and

=]

. fclhldx:(1+6)fclf1d:1cforsomeogégd,

. fc'f_g‘dx/fcfdx = fcl ‘fl _91|dx/fcl fidzx.

EN |
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Indeed, the first point follows from the fact fc fidx = |det(a)]| [ fdx and fc g1 dx = |det(a)| [ g dx.

Recall H} is the supporting hyperplane of the face F! of the simplex S,, and e; is orthogonal to H!. Because
a(er) = ey, it follows that r(H}) = a(r(H})) and a(C NrS,) =a(CnNr(H)™) = CyNnr(HL)~. Thus, the
second point follows from the fact that |det(a)| [, g fdz = fcmr(H%), f1daz.

The third point follows from the fact that all «(C'N7S,) = CyNr(HL)~.

The forth point follows from the fact that all z,y € C satisfy z = «a(z) and y = a(w) for some z,w € C.
Note hi(Az + (1 = A)y) = h(Az + (1 = Mw) = Mxp(f(2), 9(w)) = Mxp(f1(), 91(y))-

The fifth point follows from the fact that for all z,w € R and all z,y € C7"" there exist a,b € C*¢ ' guch
that x = a(a) and y = a(b). Note f1(z) = f(a(a)) = f(a(b)) = fi(y).

Finally, the last two points follow in a similar way to the first point.

Now, let Cy = 11 2(C1) = {(2,w) € R? : C7"™ # (0} be a cone in R%. Let fa,ga, ha: Ca — R>q be defined by

Ja(z,w) = f1($)|0f’w|7 g2(z,w) = gl(x)\cf’wl and ha(z,w) = h1($)|0127w

for some x =z, ,, € C*". Note that

J1fo—golde  [|fi —aqilde f|f—g|d$.

[ fodz [ fida J fdx

By Lemma combined with the third and fifth point, there exist sog = so(n,r, 5) > 0and s; = sy(n,r, 8) >
0 such that

{(z,w) € B((r/2,0),7/10n) : fa(z,w),g2(2,w) € [s0, 511} = (1 = Onr (7)) B((r/2,0),7/10n)|.

Let wg = (r/2,0,...,0) as in Lemma By Lemma combined with Lemma there exists
veEB (o, Onaprpit (\/5 + ’y)) N (RQ X {0}”*2) so that for all i = 1,2, 3, we have

° g1 dz, and

wo+ KT frde = fw0+v+K?
. fonH)HK? hide < (14 Opprp.e(0)) fwﬁKi" f1dzx.

In a slight abuse of notation, since wy and v are both in R? x {0}"~2, we also use wy for (r/2,0) and v for the
projection of v onto its first two coordinates. Hence, let f3, g5, h% be defined by

f% = f2 . 1w0+Ki7g% =g2- 1w0+v+Ki>hé = h2 . 1w0+(17)\)v+Ki-

By Theorem we find that there exist translations v; (for i = 1,2,3) so that

[ 15@) = gita+ 0l de = Onnna (VGH7)

We'll show that the same is true without the translation v;, by showing that v; is not much different from —uv.
For simplicity, consider K7 and v; the others will follow analogously. Consider the translation v; + v. Since the
defining lines e — e; and —es — e7 of the cone K; are at a right angle, one of the two makes a big angle with
v1 + v, so that

[(wo + K1A(wo + v1 + v+ K1) N B(wg, r/10n)| > Q,, ,([|Jv1 + v]]).

Since in this region the functions are large (except for in the small set |{(z,w) € B((r/2,0),r/10n) : fa(z,w), g2(z,w) <
50} < Opoap.rp(7y)), this gives a lower bound on the previously established symmetric difference;

so- (10 + K1 (w + v1 + v+ K1) N Blwg, 7/100)| = On s (7))

</ ’fQ() (x+v1|d:v
(wo+ K1 A (wo+v1+v+K1))NB(wo,r/10n)

/ |f2 92 x+v1|d:1:

so that recalling that sop = Q,,(1), we have

llor]] < o] +[lvy + ]| = Onaprp.e (ﬁ) :
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Since this translate is small, we find by Lemma that shifting the function by this amount doesn’t change
the symmetric difference much, i.e.

[ 155@) = @) do = Onrnne (V557).
5

Combining these, we conclude

Jon lf —glde  [oo|fo—galde S0 [oo | f5— g5 da

The conclusion follows. O

7.4.2 Proof of Lemmas
Proof of Lemma[7.13. By Lemma[4.4] there exists a v so that for i = 1,2, 3, we have

/ fdz = / gdz.
w+Ki" ervJJrKZ?l

Our task will be to show that v € B(0, Op x p,r8¢ (\/5 + fy))
First note that we have

/ hdx—/ fdxgé/ fdeOn,g((S)/ fdzx,
CN(w+(1—A)vK;) Cn(w+Ky) c CNEK;

where in the last step we used that C N (w+ K1) C CN(H}Y)™ and |CN (w + K1) = Q,(|C N (H})~]). Hence,
by Lemma we find that

(CNw+ EDAC Nw+ v+ )| = [(supp(f lent ) Dsup(g longwror )l = Onpase (VI+7)

which immediately implies that v € B(o, Op x p.r.8. (\/5 + fy)) O

Proof of Lemma[7.14 Consider the convex set K := H} N C and let K’ := K —e; C {0} x R"~!. By John’s
theorem there exists an ellipsoid E C {0} x R"~! so that E C K’ C (n — 1)E. There exists a bijective linear
map (: {0} x R"~1 — {0} x R"~! so that ((E) = {0} x B""!(0,1), and thus ((K’) C (((n—1)E) = B(o,n—1).
Now consider ((ez) and let v: {0} x R*~! — {0} x R"~! be the rotation (a bijective linear map) bringing ((es)
parallel to e5. Let o/ : {0} x R"~! — {0} x R"~! be the bijective linear map a = v o ¢. Finally let

a: R =5 R (21,...,2,) = (21,0 (22, ..., 1)),

be the bijective linear map applying o’ to the last n — 1 coordinates. This map clearly satisfies the conditions
in the lemma. O

Proof of Lemma[7.15, First note that B((r/2,0),r/10n) C C Nr(H})™ and conversely |B((r/2,0),r/10n)| >
Q. (IC N (Hy)™))

Consider (z,w) € B((r/2,0),r/10n) so that f(x),g(x) > B for all z € C*™, so all we need to do is control
|C*%|. For the upper bound, simply use that since (z,w) € B((r/2,0),7/10n) is on the same side of the
hyperplane H! as the origin, we have C** C co((B(e1,n) N H!) U {0}). Since this last set only depends on n,
we immediately get |C*"| = O,(1).

For the lower bound, we similarly use that co((B(e1,1) N H) U {o}) C C. By convexity, this implies for
z €r/2+ [—r/10n,r/10n], we have

B(ze1,z) NzH) C CNnd{z} x R" 1,

so that we have

n—2

|C**| > |B(ze1,z) N (z,w) x R"_2| > (\/ 22 — wQ)n_Z bp_g > (\/(r/2 —r/10n)2 — (r/lOn)2> bp—2 = Q. r(1),

where b,,_ is the volume of the n — 2 dimensional ball of radius 1. Hence, choices sg = Q, (1) and s; =
On,rp(1) as in the lemma exist. O
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Proof of Lemma[7.16 The equalities for the integrals follow from the simple observation that if we fix for every
z,w € R, some point z, ,, in C**, then

le(zw z,w) /fxzw )C*Y | d(z,w) = ///zw x) dzd(z,w) /f

Indeed the equalities for g and h follow analogously. By the definitions, we have that |f'(z,w) — ¢'(z,w)| =
|f(22.0) — 9(22.)| - |C*%], so that integral follows analogously as well. As do the integrals involving R/ with
the note that Rf1/2 = m »(R/*/2), where the former is a subset of R? and the latter of R™.

Finally, we turn our attention to the lower bound on h’. Consider two  points (z,w), (#,w") € C’. The cone
C is a convex set, so that CA=@)+1-NEw) 5 \Gl=w) 4 (1 — X\)C'»") and thus by the Brunn-Minkowski
inequality, we have

1/n 1/n

C)\(z,w)+(17/\)(z',w')

> A= 4 (1= 3 o

Hence, we can apply Lemma [7.17| with b = ‘C/\(z’w)+(1_A)(Z/7wl)’, a=|C*", ¢c=|C""| u= f(z20), and
v = g(y), to find that

W (A(zw) + (1= ) (2, w) =

> |
> Mg (I07]- f(@20),
= M)\»q (f’(z,w),g’(z’,w’)) .

This concludes the proof of the lemma. O

“h(Mz,w) + (1= X) (2, w"))
- My p (f(xz,w)v g(zz’,w/))

’ '9(332’7711’))

Proof of Lemma[7.17. We need to show that

()\al/" +(1- )\)cl/") ' ()\up +(1- A)v”) v > ()\(au)q +(1- )\)(cv)q)

After rearranging, this is equivalent to

(/\al/" +(1— A)cl/")" ()\(au)q +(1— )\)(cv)q> o > ()\u” +(1— A)v”) _1/,).

After more rearranging, this is equivalent to

1/q

p/q

()\al/” +(1— A)c”") o <)\(au)q +(1— )\)(cv)q) > AP + (1 — AP

also to

p/q

(M = ey ) (M) + (= o) (1 A

Note that p/q and —pn are positive numbers with —pn 4+ p/q = —pn + 1 + pn = 1. By Hoélder’s inequality
we get

r/q

<>\(a”)1/p" +(1— /\)(c”)l/””> ) <A((au)z>)q/p +(1— A)((cv)p)q/p) > Aa"P(au)? + (1 — N P(cv)P.

The conclusion now follows. O
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8 Theorem [1.10; structure of the proof

To prove Theorem the main difficulty is finding the correct p-concave function. To that end consider a
maximizer f': R™ — R>¢ of the following quantity:

/ (M3 (f, 1) — M{(f ) de — (1 +¢) / (f - f)dr, (8.1)

where ¢ = ¢,,»p > 0 is some small constant and with the constraint that f’ < f pointwise. Intuitively, this can
be seen as removing any parts of f whose removal decreases M /’\"’p( f, f) more than f.

The bulk of the work is to show that if we let £ be the minimal p-concave function with ¢ > f’ pointwise
(ie., the p-concave hull of f’), then [(¢ — f')dx = Oy x,(0) [ f dz. Indeed, note that we can rewrite the above
expression as

JI08,5.0) = 1) = Qa3 (7o) = ] da—c [ = Prdo < [Q3,00.0) = Dz —c [ (7= 1) do
Sé/fdx—c/(f—f’)dm.

Since we maximize the left-hand side and we can always choose f’ = f as a competitor, it follows that the
right-hand side is at least zero. In particular

/(f—f’)d:cgc—la/fdx.

Hence, it suffice to show that [(¢ — f")dz = Op () [ f da.

To use that f is a maximizer of[8.1] we use that f’ is of the form f’ = min{f, }. For any p-concave function
¢ (in particular small alterations of £), the induced function f” = min{f, ¢’} is in some sense worse than f”. To
create an interesting ¢/ to compare to, we take the following approach to “shaving off” near the faces (slightly
moving one of the faces of ¢).

1. Consider a non-degenerate (i.e., full-dimensional) face F' of ¢, i.e., a subset of the support of ¢ on which
¢P is linear. Then, ¢ |p= L | for some linear function LP on R™.

2. The fact that f’ is a maximizer of Equation (8.1)) implies the minimality of ¢ in the following sense: If
we consider f” := min{f’, L — e} (or equivalently ¢/ = min{¢, L — €} and f” = min{f,¢'}) for some very
small € > 0 (i.e., f is obtained from f’ by “shaving off” the points near the face), then

[ 08,7 £ = 23,47, 4) do < (4 0) [ = ) do
3. Let X :={z € F: f'(x) = £(z)} C R" and note that (assuming that f is well-behaved)

/ (f' = ") d = e(1 + 0,(1)) X],

as € = 0 (where o.(1) — 0 as € — 0).

4. On the other hand, a closer look shows that
/ (M3, (f' ) = M, (f7, f7) da = e(1 + o(1)) AX + (1 = X)X

5. Combining these, we find that
AX +(1-M)X]| < (1+20)|X],

with ¢ sufficiently small in terms of n, A, p, so we can apply the stability of the Brunn-Minkowski inequality
to deducd’]
[co(X)\ X| <noap [X].

In addition, one can note that co(X) = F.

"Here and in the sequel, given positive constants a and b, by a <pn,x,p b we mean that a < cb for some constant ¢ > 0 that
depends on n, A, p and that can be made arbitrary small.
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Given the steps above, we fist establish the result in the case when L varies by at most a constant factor (say
100) in the face F. To this end, we use the stability of the Brunn-Minkowski inequality in each of the level sets
combined with the information that | co(X)\ X| <y, x,p | X|. We will use a refined version of the above proof to
reduce to this case. Indeed we find a triangulation of the support of f’ into simplices in which ¢? is essentially
linear, ¢ varies by at most a factor 100, and with vertices v on which f’(v) = £(v). We achieve this as follows.

1. Consider a one-dimensional face F' = [0,1] (i.e., an edge) of ¢, so that by an argument akin to the one
above we have | co(X) \ X| < p |X|, where co(X) is the entire interval [0, 1].

2. Consider a one-dimensional face F' = [0,1] x {0}"~! (an edge) of ¢, i.e. so that there exists a function
L > { so that LP is linear on R", L = { on F, L > { outside F, and L = £ = f’ on {0,1} x {0}"~! the
endpoints of F.

3. By an argument akin to the one above, we have | co(X) \ X| < xp |X]| (in the 1-dimensional Hausdorff
measure), where co(X) = F.

4. Our analysis will look at arbitrarily small shavings so that we may restrict our attention to what happens
in this (one-dimensional!) face.

5. For a contradiction, assume there is some big gap in X, i.e., there are a,b € [0, 1] so that f'(a x {0}"71) >
100 /(b x {0}"~1) and X N ([a,b] x {0}~ 1) = {a,b} x {0}"~L.

6. Rather than pushing down L everywhere, we shave by rotating L around a as per the following definition:
Consider the function L. so that

e L.=L=/{on (—o00,a] x R~
e L7 is linear on [a,00) x R"~1,
o L.(b)={l—c¢.

Note that L. — L pointwise as ¢ — 0.

7. Similarly to before, consider the function f” = min{f’, L.} (or equivalently ¢’ = min{¢, L.} and f" =
min{ f, ¢'}), and use the minimality of f’ to find that we cannot remove much of M3 (f', ') compared
to f'.

8. Note that the removed mass [(f' — f”)dz all lies in [b, 1] x R"~!, where ¢ — L is small, while the mass of
/ (M;\k,p(f/a fl) - M;:,p(fﬂa f")) dx

also lies in [a, b] x R~ where £ — L is (relatively) large. A careful inspection of this discrepancy leads to
a contradiction.

Hence, for every edge F of ¢ we find that the set (X N F') does not leave big gaps in ¢(F'). We can thus find a
triangulation of the domain using elements of X on the edges so that in each of the simplices, the ¢ varies by
at most a factor 100. Using the previously described approach, this allows us to conclude.

9 Proof of Theorem [1.10

9.1 Reduction from Theorem to Proposition (9.1

Proposition 9.1. Givenn € N, A € (0,1/2], p € (—1/n,00) there exists d = dp »,p > 0 such that the following
holds. Let f: R™ — R, be a continuous function with bounded support such that

o fou M3 (f, f)dz < (1+0) [ fdx for some 0 < 4§ <d.

Then there ezists a p-concave function £: R™ — Ry such that

o [on If =l dx = O0pxp(0) [pn fdu.
Proof Proposition[9.1] implies Theorem[1.10, We can find a continuous functions with bounded support f": R™ —
R>q such that [o, [f — f'|dz <0 [, fdx and [p, (Mj{’p(f’,f’) - M5 (f, f)) dx <6 [5, fdx. It follows that
Jon M5, (' f") de < (1 4 50) [, f'dz. By Proposition we get that there exists a p-concave function
£:R™ — Ry such that [, |f/ — €| dz = Op xp(56) [, [ dz. We conclude [g, |f — €| dz = Onxp (0) [zn fde.
O]
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9.2 Reduction from Proposition to Proposition [9.9] [9.10], [9.11

Before we can state our results we collect some definitions in the subsection below.

9.2.1 Definitions

For the rest of this section we use the following definitions.

Definition 9.2. Given a compact convex set (possibly degenerate) K C R™ we denote by int(K) the relative
interior of K i.e. letting H be the affine subspace spanned by K, we define int(K) ={x € K: 3r > 0,B(z,r)N
HC K}.

Definition 9.3. Given a compact convex set (possibly degenerate) K C R™, we say that v € K is a vertex of
K if whenever v =tz + (1 —t)y for somet € (0,1) and x,y € K, we have v =z = y.

Definition 9.4. Given two points a,b € R™, we denote by [a,b] := {ta+ (1 —t)b:t € [0,1]} the line segment
from a to b.

Definition 9.5. Given a compact convex set (possibly degenerate) K C R™, we say that [a,b] C K is an edge
of K if whenever ¢ € [a,b], t € (0,1) and d,e € K are such that ¢ = td + (1 — t)e, we have d,e € [a,b].

Definition 9.6. Given n € N, p € (=1/n,0), y € R", and d € R, a p-plane with parameters y and d is a
function hy q: R® — Ry U{oo} defined by

0 ifp>0and <z,y>+d<0
00 ifp<0and <z,y>+d<0
(<z,y>4+d)Y?  ifp#0and <z,y>+d>0"
exp(< z,y>+d) ifp=0

hy.a(z) =

Remark 9.7. A p-plane hyq4: R" — Ry U {oo} is a continuous p-concave function. Moreover, if we denote
by W the (n — 1)-dimensional subspace that is the orthogonal complement of y, then for any x € R™, we have
hy.a(x) = hy a(x + W) i.e. hyq is constant on x + W.

Definition 9.8. Let n € N and p € (=1/n,00). Let g: R™ — Ry be a continuous p-concave function with
bounded support. We say that a compact conver set F' C R™ with int(F) C supp(g) is a p-face of g if there
exists a p-plane h: R™ — Ry such that h(x) = g(z) for all x € F and h(z) > g(x) for all x € supp(g) \ F. In
this case, we say h is a tangent p-plane.

9.2.2 Main results

We are now ready to state the main results in this subsection.

Proposition 9.9. Givenn € N, A € (0,1/2], p € (—1/n,00) and m € (1,00) there exists d = dp x p.m > 0 such
that the following holds. Let f: R™ — R, be a continuous function with bounded support such that

o [ou M3 (f, f)de < (149) [ fdx for some0<d<d

o for any x € co(supp(f)), there exists a p-face F' C co(supp(f)) of cop(f) and a simplex T C F (not
necessarily full dimensional) such that x € int(T) and for any y € V(T') we have f(y) = cop(f)(y) and

cop(f)(x)/ cop(f)(y) € [1/m, m].
Then

i fR" (COp(f) - f) dr = On,)\,p,m((s) f]R" fd(E

Proposition 9.10. Givenn € N, A € (0,1/2], p € (—1/n,00), c € (0,1) there ezists d = dp xp,c > 0 such that
the following holds. Let f: R™ — Ry be continuous functions with bounded support such that

o Jou M3 (f, f)dz = (1+9) [y, fdx for some 0 < 4§ <d.

There exists a p-concave function £': R™ — R such that f': R™ — Ry, f/ = min(f,?') satisfies

¢ Jar Hf =) ML) = ) = (M3 ) = f')] dz > 0.
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Moreover,
o [If = f'ldz <O) [ fdx
o Jon M3 (f, ) d2 = (14 36) [p. [/ da.
Furthermore, for any p-concave function £ : R™ — Ry, the function f”: R™ — Ry, f” = min(f’,£") satisfies

e cither f"" = f’
o or fou [—elf' = £+ (5 ) = ) = (M (7 ") = )] da < 0.

Proposition 9.11. Given n € N, A € (0,1/2], p € (—1/n,0), there exists ¢ = cyrp > 0 and m =mpyrp >0
such that the following holds. Let f: R™ — Ry be a continuous functions with bounded support such that for
any p-concave function ¢': R™ — Ry, the function f': R™ — Ry, f/ = min(f,¢') satisfies

o cither f' = f,
 or [ [—c(f = [+ (M3, (f, ) = ) = (M3, f) = f/)} dz < 0.

Then for any p-face F' of cop(f) and any edge [p,q] C F, with co,(f)(p) > cop(f)(q) there exists a partition of
the segment [p, q) = [x1,%2) U [z, x3)U... such that f(x;) = cop(f)(z:) and f(x;)/f(xiy1) € [1/m,m] for alli.

Proof Proposition imply Proposition[9.1l Let f be a function satisfying the hypothesis of Propo-
sition Fix ¢,m as in Proposition By Proposition there exists a p-concave function ¢': R™ — R
such that f': R™ — R, f' = min(f,¢') satisfies

o [|f—[fldz <O.) [ fdx
o Jou M3 (f', f))de = (1430) [y, f' da.
Furthermore, for any p-concave function ¢”: R™ — R, the function f”: R™ — Ry, f” = min(f’, ¢") satisfies

o cither f = f’
o or [y, [—c(f’ — ")+ (M3 () = ) — (MG, (7, f7) = f")} da < 0.

By Proposition for any p-face F of co,(f’) and any edge [p,q] C F, with co,(f')(p) > co,(f')(q)
there exists a partition of the segment [p,q) = [r1,22) U [z2,23) U ... such that f'(x;) = cop(f')(z;) and
f(x:)/f (xig1) € [1/m,m] for all i.

This immediately implies for any = € co(supp(f’)), there exists a face F C co(supp(f’)) of co,(f’) and
a simplex T C F (not necessarily full dimensional) such that = € int(T) and for any y € V(T) we have

f'(y) = cop(f)(y) and cop(f')(x)/ cop(f')(y) € [1/m, m].
By Proposition [0.9] combined with the second bullet point, we deduce that

[ {eonlf) = £) do = Onrn(®) [ 7o

By the first bullet point, we conclude that

/ (cop(f') — f1) de = Oprpm(®) | 1 da
R" Rn

9.3 Reduction from Proposition to Proposition [9.12

Proposition 9.12. Given n € N, A € (0,1/2], p € (—=1/n,00), m € (1,00) and k € (1,00) there exist
d=dprpmpr >0 and s = sy pmk > 2k such that the following holds. Let f: R™ — Ry be a function with
bounded support such that

e f is continuous on co(supp(f))

e there exists a compact set Y C R™ such that cop(f) = cop(ly x f)and for y € Y we have f(y) € [1/m,m]
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o fou fdz >k [o, cop(f)da

o letting S = {x: f(x) > 1/ms}, we have [p, M5 ,(f X 1s, f x 15)dx < (1+6) [, (f X Ixs4-r)s) dz for
some 0 < § < d.

Then
L4 fR" (Cop(f) - f) dx = On,)\,p,k,m((g) f]Rn fdl‘ S fR" fdl‘

We need the following lemma.

Lemma 9.13. Letn € N, p € (=1/n,00). Let g: R® — Ry be a p-concave function. Assume without loss
of generality that g(o) = 1 and g(x) < 1 for every x € R". Let S = {x: g(z) > 1/2}. Then [4gdr =
Onp(1) [pn gdu.

Proof of Lemma[9.13 Note that S is convex and contains o. Because g is p-concave, it follows that for A > 1
and z € O(AS) (so that A~z € 9(5)), we have g(A™*z) > My-1 ,(g9(z), g(0)). Assume g(z) # 0.

First assume p € (—1/n,0). We get g(z) < A/P(1/2P — 1+ A~1)1/P < \V/P. Therefore, [, gdz <
Jrog AP S| dX = O 5 ,(19]).

“Second assume p = 0. We get g(z) < 1/2*. Hence, Joe gdz < [, 270" S| dA = ©,5,(15]).

Third assume p > 0. We get g(z) < AM/P(1/2P — 14+ A"1)/P so A < (1 —1/2P)~'. Hence, [q. gdx|(1 -
1/2°)71S| = (1 —1/2¢)~"|S].

We have [ gdz > 271S]. We conclude [ gdz =0, ,(1) [5. g dz.

O

Proof Proposition implies Proposition[9.9 Let f: R™ — R, be a function that satisfies the hypothesis in
Proposition Assume without loss of generality that f(o) = 1 and f(x) < 1 for every x € R". As f is
continuous with bounded support, it follows that co,(f) is continuous with bounded support. Construct the
level sets K; = {x: co,(f) > m~'}. Because co,(f) is continuous with bounded support, we deduce that K
are compact. Note that the level sets K; of co,(f) are convex and nested K; C K;+1. Note that for ¢ > 1,
int(K;) = {x: cop(f) >m~'} is an open set and K;_; C int(K;).

Define the compact subset Y; C K;yq \ int(K;_2), ¥; = {y € K;11 \ int(K;_2): f(y) = cop(f)(y)}. By the
second hypothesis, it follows that for x € K; \ int(K;_1), co,(f)(x) = cop(f x 1y,)(z).

Define f; = min(f, cop(ly, x f)). Note that for y € Y; we have fi(y) = f(y) = cop(f)(y) € [m~1=F, m?~7].
Moreover co,(f;) = cop(ly, x f;). Indeed, on the one hand we trivially have co,(f;) > cop(ly; x f;). On the
other hand we have co,(f;) < cop(ly; X f) = cop(ly; x f;). Furthermore, as f is continuous and as co,(1ly; X f)
is continuous on its support which is convex and compact, we deduce that f; is continuous on co(supp(f;)).
Additionally, for € K; \ int(K;_1), cop(fi)(z) = cop(f)(x). Indeed, cop(fi)(x) = cop(ly; X fi)(z) = cop(ly, x
H(x) = cop(f) ().

Claim 9.14. If [, fidx > 271 [L, cop(fi) dx, then [, fixide > k™1 [g, cop(fizr) dx for some 2 < k =
Onp.m(1).

Proof of Claim. First, by construction, for z € K;_1, co,(f;)(x) € [m'~", m?>~%], for x € K; \ K;_1, cop(f;) =

cop(f)(x) € [m™",m'~"], for @ € K;y1 \ Ki, cop(fi)(z) < m™" and for x € K, cop(fi)(z) = 0. Hence,
cop(fit1) = Qm (1) cop(fi) and for x € K, cop(fit1)(x) = Opm(1) cop(f:). In particular,

[ confisnyde <0,1) [ cop(s)d.

Kt Ki

By construction, for z € R™, f;(z) = min(f(z), co,(f;)(z)). By the first paragraph, we get

R’VL ]R’VL

Second, pr cop(fit1) dz = On p.m fK@ cop(fi) dz. To see this, consider the function g;: R™ — R, defined as
follows: for & € K;, gi(z) = cop(fi)(z) and for z € Kf, g; = cop(fit1)(z). As observed above, for x € K;\ K;_1,
we have g;(x) = cop(f;)(z) = cop(f)(x) and for x € K11 \ K;, we have g;(z) = cop(fi+1)(x) = cop(f)(x). As
cop(fi), cop(fi+1) and cop(f) are p-concave, and as being p-concave is a local property and g; is obtained by
gluing together these functions, we deduce that g; is also p-concave. By the first paragraph, for x € K;_1, we
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have g;(z) € [m'~", m?>~!] and for z € K¢, we have g;(x) < m~’. By Lemma (assuming wlog m > 2), we
deduce [i gi(v)dx =y pm(1) [ 9i(x) dv. In other words,

/ Cop(fi-‘rl) dx = On,p,m/ Cop(fi) dx.
Kg

i

Putting everything together, we conclude

/ Firrde > Qu(1) [ fide > (1) / cop(fi) de = (1) / cop(fis1) da.
Rn

n R

Rn
O

Let d = d,, » pm2,kx > 0and s = s, 5 p m2 > 0 be the output of Proposition with input n, A, p and m?
(instead of m) and k. _
For i € N, define the set S; = {x: f;(z) > m~ 257!} and define §; > 0 such that

[ M x 15 g x L) do = (148) [ (X sisaons.) da
RTL n
Finally, let igp = inf{é: 6; > d}.
Claim 9.15. For 1 < i < ig, we have fR” cop(fi)dx < (14 Opxpk.m(0i)) fR” fidx < 2fRn fidx.

Proof of Claim. We first consider the case i = 1. By a weak stability result (see e.g. Lemma Corollary,
we have fR” fide >271 fR" cop(f1) dz. Recalling the properties of fi, we see that mf; satisfies the hypothesis
of Propositionwith parameters n, A\, p and m? (instead of m) and k and thus we can apply Proposition
to conclude the case ¢ = 1.

Now assume that the claim holds for 4 — 1. Then m'f; satisfies the hypothesis of Proposition with
parameters n, A, p and m? (instead of m) and k. Indeed, the first two hypotheses hold by the discussion preceding
the first claim. The third hypothesis holds by combining the first claim with the inductive hypothesis. The fourth
hypothesis holds by the definition of §; and the assumption that d; < d. Thus we can apply Proposition to
conclude. O

Claim 9.16. Zi<io fKi\KF1 (cop(f)(@) = f(2)) dz < Onxpm(0) fgn f(2) da.

Proof of Claim. Recall that for z € K; \ K;_1, we have co,(f)(z) = co,(f;)(z). Also, f; = min(f,co,(fi)).
Hence,

cop z)— f(x)) doe = cop(fi)(x) — fi(z)) do < cop(fi)(x) — fi(x)) da.
[ @ s d= [ o) - o) do< [ oo, o)

R™

By the second claim, we have

Z /[(v\Kv (cop(f)(z) = f(=)) do < Z Onxp.m(0i) filz) da

i<io i<io R
By the second claim, we also have
/ cop(fi)de <2 fidx.
n R"

Recall that for = € supp(co,(fi)), we have co,(fi) € [m~ "1, m*~"] and s > 2k > 4 and S; = {z: fi(z) >
1/m}. Hence, S; D {z: fi(z) > 47  co,(fi)}. It follows that

fi x Lag,r(1—nys; de > 27" [ f;da.
R’!L R’!L

Combining the last equation and the third last equation, we deduce

> /KAK” (cop(f) () = f(x)) do < on,x,p,m(ai)/w Fi X Ixgit(1—n)s, da.

1<ig 1<ip
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By the definition of §;, we further get
Z/ (cop(f)(z) — f(x)) dv = On,)\,p,m(l)/ (M5, (fi X 1g,, fi x 15,) = fi X Lxs,1(1-x)s;) de.
i<ip V Ki\Ki-1 R
Given that
| o, n-na<s [ fan

it is enough to argue that

Z/ (M3, (fi x 1s,, fi X 1s,) = fi X Lxg,4(1—n)s,) do < Om/\,p,m(l)/ (M5, (f. f) = f) dx.

R

As f; = min(f, cop(fi)) is the restriction of f to a p-concave function, we have

/ (M5, (fi X 1s,, fi x 1g,) = fi X Lxg, 4 (1-n)s;) dz < / max (U,Mf,p(fﬂsmfﬂs)f><1xsi+(1—x)si> dx.
R'VL n

Therefore, it is enough to argue that
Z/ max <0,M;jp(f x1g,f x1g)— f % 1A5i+(1_k)5i> da < on,k,,,,m(n/ (M3, (f. f) — f) da.
% " R
Fix any x € R™. It is enough to show that

S max (0,03, % 15, ¥ 15)(0) = £ % st 0)) < Onrn (M, £.1)0) = £(0))

7

Let I ={i: x € AS; + (1 — \)S;}. Tt is enough to show that

S max (0,03, % 15, % 15)(0) = £0) ) < O (1) (M3, (1. Do) — 1(0)).

iel

Note that for z € S;, we have f(z) € [m=27's~!, m?~%]. Indeed, on the one hand, we have S; C supp(f;) C
Kit1\ Ki—2 and for z € S; C K¢ ,, we have f(z) < co,(f)(x) < m?~%. Additionally, for x € S;, we have
fi(x) >m™27's7 As fi = min(f,co,(f;)) < f, for z € S;, we have f(z) >m™27's7L.

Therefore, if 1,19 € I satisfy

M;:’p (f X 1Si1’f X 157‘,1) (I)
M, (f x1s,, f x 1g,,) (z)

€[1/2,2],

then
i1 — 2] = Onap.m(1).

Moreover,

sup mas <o, M (F % 1s,, f x 15,)(x) - f(fv)) < Mi(/, P)(@) - I(@).

Combining the last two equations, we conclude that

S (0,003, % 15, ¥ 15)(0) = £0) ) < Onn (1) (M3, (1. $)o) = 1(0)).

iel
This finishes the proof of the claim O
Claim 9.17. If ig < 0o, then [g, cop(fiy) dx = On xpm(0) [gn fda.

Proof of Claim. By construction,

Mip (fio X 157:vaio X 157:0) dz > (1 —+ d) fio X 1)\Si0+(1—>\)5i0 dz > (1 —+ d) fio X 157:0 dx.
R‘Hr RTL RTL
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Hence,
/ (M;,p(fio X 1Sioafi0 X 1Si0) - fio X 151‘0) de > d fio X 1Si0 de.
R R

We have
/ (M;,p(fiovfio) - fio) dx > /]R (M:,p(fio X 1Si0?fi0 X 1Si0) - fio X 151‘0) dx

As f;, = min(f,cop(fi,)) is f capped by a p-concave function, we get

/ (M3, (f.f) — ) da > / (M3 (fio: fio) — fio) .
R" R~

By hypothesis, we have
5[ fdu> / (M5, (. f) — ) de.
Rn

R‘Il
Putting everything together, we get that

fio X 1g,, da < d*la/ fdx
Rn n

By combining the first and second claims, we also have

Jigdx > kfl/ cop( fiy) da.

n

R

Recall that for = € supp(co(fi,)), we have co(f;,)(z) € [m~17% m2~i]. Recall that S;, = {z: f;,(z) >
m~%~2s71} and s > 2k. We deduce that S;, D {z: f;,(z) > (2k) " co,(fi,)}. It follows that

[ x5, o= (D) / cop(fin) de.

n

Therefore, recalling k = O, pm (1) and d = Oy, p.m.2.kx(1), We get

[ coutfin)de =Onnyn@) [ fio
n R

Claim 9.18. If iy < oo, then [. €0p(f) dw = On 5 p.m(9) Jan fda.
fo—

Proof of Claim. By the previous claim, we have

/ cop(fiy) dz = O x pm(6) fdx.
n R’n

Recall that for z € K;, \ K;,—1, we have co,(fi,)(z) = co,(f)(x); hence, we also have
/ cop(f) dz = Oy p,m(9) fdx
Kig\Kig—1 R™

Now construct the function g: R™ — R as follows. For o € K, let g(z) = cop(fi)(x) and for z € K¢ , let
g(x) = cop(f)(x). Both cop(f;) and co,(f) are p-concave. Since being p-concave is a local property and g is
obtained by gluing together these functions, we also get that g is p-concave.

Recall that for z € K{,, we have g(x) = cop(f)(z) < m~" and for x € K;,_1, we have g(x) > m~"*!. By
Lemma (assuming wlog m > 2) together with the previous claim, we deduce

[ conar= [ g@)dr = OnrnnV) [ gle) s = Onspntt)

cop(fip) (@) dz = Oy x p,m(9) fdx.
K K K Rn

c c ) )
ig i i 0

Putting everything together, the conclusion of the claim follows. O

Combining the third and the last claims we conclude that

[ conlha) = £(a)) de < Onnpn(®) [ fla)da.

R

This finishes the proof of the proposition. O
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9.4 Reduction from Proposition 9.12| to Proposition [9.19

Proposition 9.19. Given n € N, A € (0,1/2], p € (—=1/n,00) and m € (1,00) there exists d = dy xpm > 0
such that the following holds. Let f: R™ — Ry be a function with compact support such that

o supp(f) is compact and f is continuous on supp(f),
o there exists a compact set Y such that co,(f) = cop(ly x f) and fory € Y we have f(y) € [1/m,m],
o [on fdx >0, and
. fR" M (f, f)dz < (1+6) fRn fdx for some 0 <4 <d.
Then
. fR" (cop(f) — f) dx = Op x pm(9) fR" fdx.

Proof Proposition implies Proposition[9.13 Pick s > 2k large enough. As f is continuous on co(supp(f)),
it follows that supp(f x 1g) is compact and f x 1g is continuous on supp(f x lg). Moreover, f]R" fx1lgdx >

3 Jgn fdx > (2k)71 [5, cop(f) da. Furthermore, f x 1g(z) € [1/ms,m] for € supp(f X 1s).
As co,(f)(z) > m~! for x € supp(f) and f(z) < 1/ms for z ¢ S, we get

/ fx 1)\S+(1—/\)S drx < / fx1lgdx+ 571/ (cop(f) — f) dz.
R™ Rn n

As cop(f) = cop(ly x f) and for y € Y we have f(y) = f x 1s(y) € [1/m,m], we have that co,(f) =

cop(f x 1g) = cop(f x 1g x 1y).
We deduce that

/n (M3, (f x 1s, f x1g) = fx1g) dz <& | fx 1de+2s*1/n (cop(f) — f) da.

]Rn
In particular,
/ (Mi’p(f x 1lg, f % 15) —fx 15) dr < (5—1—4]{58_1)/ fx1lgdzx.

By taking 6 > 0 and s > 0 sufficiently small, we can make § + 4ks~! arbitrary small. By Proposition
we deduce that

/n (cop(f x 1g) — f x 1g) dv = OnA,p,k,m(l)(é fx1lgdr+2s7! / (cop(f) = f) d:c).

Rn

As co,(f x 1g) = cop(f) and f x 1g < f, this implies

[ (o) 1) dr = 0nn a0 (0 [ faoast [ (eoytr) - g o)

]R'n.
By taking s larger than Oy, x p.k,m (1), we conclude

[ (onlh) = 1) do = Ot [ s

9.5 Reduction from Proposition [9.19| to Proposition [9.20

Proposition 9.20. Givenn € N, A € (0,1/2], p € (—=1/n,00) and m € (1,00) there exists d = dp xpm > 0
such that the following holds. Let f: R™ — Ry be a function with compact support such that

o supp(f) is compact and f is continuous on supp(f),
o f(z) € [m™",m] for x € supp(f),

o [en fdz >0, and
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o Jou M3 (f, f)dx < (1490) [p. fdx for some 0 <d <d.
Then

b fRn (Cop(f) —f) dx = On,/\,p,mw) fRn fdz.

Proof Proposition [9.24 implies Proposition[9.19. Let A;: = {x: f(z) >t} and By: = {x: M5 (f, f)(x) > t}
and Cy: = {z: co,(f)(t) > t}. The sets Ay, By, Cy are nested. For ¢t > 0, we have

C; D By D)\At—‘r(l—A)At D A;.

Moreover, for t > m, we have C; = () and for t < m~!, we have Cy = co(Y) by the second hypothesis.

The third and fourth hypotheses imply [, fdz > 27" [o, cop(f) dz. We have [p, cop(f)de > m™ co(Y)].
We also have [, fdz < m|Aj-1,—1| + 47 'm ™ co(Y)]. We deduce [Ay-1,,-1] > 47 m™2[co(Y)]. So for
t <47'm~1 we have |A;| > 47 1m~2| co(Y)|. Moreover, by the second hypothesis, co(A;) = co(Y).

By the fourth hypothesis, we get [.. (M5 _(f,f)—f) dx <6 [, fdx < dm|co(Y)|. Therefore,
R Ap R

/(|)\At + (1= NAy| — |Ay]) dt < dm|co(Y)].

In particular, [,_,_. i (|]AA; + (1 = XN)As| — |A¢|) dt < dm|co(Y)].

As for t < 47 'm~1, we have |A;| > 47 'm 2| co(Y)| and co(A;) = co(Y), by Theorem we deduce that
[AA: + (1 — XN)A| — |A¢] = Onam (1) co(Ay) \ Ayl

Combining the last two inequalities, we get

/ 0(A) \ Ar| dt = Opxom(6)] (V)| = Onrm(d) [ fda.
t<4—-1m-—1 Rn

Let S = {z: f(z) > 47 'm™!'} and let g: R® — R, be defined by g(z) = f(x) x 1. By the last inequality,
we get

[ g=ado= [ oot \ it =0uan) [ fda.

R

As g < f, by the fourth hypothesis, we further deduce that

/ M3 (g9, 9) dz < (146) fdx§(1+0n,,\,m(5))/ gdz.
-

n

R

By the first hypothesis, we deduce that S = supp(g) is compact and g is continuous on S.

By the second hypothesis and the definition of S, we also get that g(x) € [47 m™1, m] for x € S = supp(g)
and additionally, co,(g) = cop(f).

Finally, as [A4-1,,-1| > 0, we infer that [, gdz > 0.

By Proposition we get that [;,(cop(g) — 9) dz = On xpm(0) [gn gdr. As cop(f) = cop(g) and addi-
tionally [;, fdz < (14 Opam(0)) [zn gdx, we conclude [p, (cop(f) — f) dz = On xpm(9) [pa fda. O

9.6 Proof of Proposition [9.20

Proof of Proposition[9.20. By the first hypothesis, f, M;;p(ﬁ f), and co,(f) are integrable. After scaling and
replacing m by m!'/? we can assume f(z) € [2,m] for z € supp(f). Moreover, M} _(f, f)(z) € [2,m] for

x € supp(M; ,(f, f)) and co,(f) € [2,m] for z € supp(co,(f)).
Define the function g: R® — R as follows.

0 if ¢ supp(f)
g(z) = { sign(p)f?(z) +1 if p# 0 and x € supp(f)
log(f(x))+1 if p=0 and z € supp(f)

Note that the function M (g, g): R™ — R, satisfies

0 if z & supp(M3 ,(f, f))
M3 (g, 9)(@) = { sign(p) (M5 ,(f, f)(@))? + 1 if p# 0 and x € supp(M3 ,(f. f))
log(M5 ,(f, f)(x)) +1 if p=0and x € supp(M ,(f, f))
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Also note that the function co;(g): R™ — R satisfies

0 if x & supp(co,(f))
co1(g)(x) = { sign(p) cob(f) +1 if p # 0 and = € supp(co,(f))
log(cop(f)) +1 if p=0 and x € supp(co,(f))

By the above, supp(g) = supp(f), supp(M} (g, 9)) = supp(M5 ,(f, f)), and supp(coi1(g)) = supp(cop(f))-
Moreover, for every x € R™, we have

9(2) = On pm()f (), M3 1(9,9)(2) = Onpm()MS,(f, /)(2),  co1(g)(2) = Onpm(1) cop(f) ().

Furthermore,

M:\k,l(gvg)(m) —g(z) = @n,p,m(l)(M;,p(fa (@) — f(x)) and coy(g)(x) — g(x) = Gn,p,m(l)(cop<f)(x) — f(z)).

As f, M5 ,(f, f), and co,(f) are integrable, so are g, M5 (g, g), and co1(g). Additionally, as [ fdx >0, we
also get [gdx > 0.
Putting everything together, we see that

/ (M1 (9, 9)(2) — 9(2)) d = Oy (1) / (M3, (f, (@) — f(x)) da
< O p(6) / f@) do
< Oy () / o(x) da.

By Theorem we deduce that

[ (cor(9)(@) ~ 9(2) di < 0 n(®) [ g(a) d,
from which we conclude that

/ (cop()(&) — F(2)) d < Oprpm(6) / f(z) dz.

9.7 Proof of Proposition [9.10
The purpose of this section is to prove Proposition [9.10] We will make use of the following remarks.

Remark 9.21. Letn € N, p € (—1/n,00) and let f: R" — Ry be a p-concave function. Then f has convex
support and convex level sets and is continuous on the interior of its support.

Remark 9.22. Letn € N, p € (—1/n,00) and let f: R™ — Ry be a p-concave function. Then f is a measurable
function.

Remark 9.23. Let n € N and let p € (=1/n,00). Let I be a set of indices. Fori € I, let £;: R" — R, be a
p-concave function. Then, the function g: R™ — Ry, g(x) = inf; £;(x) is p-concave.

Proof of Proposition[9.10 Let L be the collection of p-concave functions ¢': R™ — R, such that the function
JURY S Ry, [ = min(f, ¢) satisfies [y, [—e(f = )+ (M5, (f, ) = ) = (M3, (', f) = 1")] dz > 0.

Put on L the partial order ¢; < £y if ¢1(x) < ¢5(x) for all z € R™. To show that £ has a minimal element,
by Zorn’s lemma it is enough to show that any chain C' C £ has a lower bound in L.

Let C be a chain L. Let ¢5: R™ — R, be defined by ¢o(x) = infscc ¢(z). By Remark it follow that ¢
is also a p-concave function. Clearly, ¢y is a lower bound for C. It remains to show that ¢y € L.

By Remark[9.22] ¢, is measurable and any ¢ € C' is measurable. We will first show that there exist a sequence
(1 >0y > ... in C such that [p, li(z)dz = [;, lo(z) dz as i — oc.

For a function g: R® — Ry and ¢ > 0, let ¢° = {x € R": g(z) > ¢}. By Remark[9.21] for ¢ > 0, the family
{¢¢: £ € C} is a chain of convex sets under the subset order. Moreover, £§ is a convex set. Furthermore, for
every ¢ € C, £5 C £°. Finally, for any p & £, there exists £ € C' such that p ¢ £°.
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It follows that for a fixed ¢ > 0, there exist 1 > ¢ > ... in C such that ¢§ D ¢5 D ... and |€5| — |£5] as
i — oo. It further follows that there exist £; > £ > ... in C such that for every c € Q, ¢ D ¢5 D ... and
[05] — |£5] as —> 0.

Note [p. li(z)dx = [, €|dc. Therefore to show [, £i(x)dz — [g, lo(z)dz as i — oo, it is enough to
show [ _, |6¢]de — [ ., |65]de as i — oo.

For each i, the function |[¢¢| is left continuous and decreasing in ¢. Moreover, the sequence of functions | is
pointwise decreasing and it is lower bounded by |¢5]. Furthermore, for any ¢ € Q, we have (5| — |£§] as i — 0.
By a triangle inequality, it follows that for any ¢ € R, we have |[¢5| — |€§| as i@ — oo. Finally, by pointwise
convergence, we get [ _ |05 dec — [ o, [€§] de as i — oc.

We infer that there exist a sequence £1 > f5 > ... in C such that fRn i(x) de — fRn lo(z) dx as i — oo. Let
fi: R® — R, be defined by f; = min(4;, f). Then it follows that [o, fi(x dm = Jgn Jo(z dx as i — co. We
also have M3 (fi, fi) > M5 ,(fo, fo). Recalling the definition of £, from the fact that ¢; € L for all ¢, by taking
the limit, we conclude the first bullet point £y € L.

By the previous bullet point, My (f’, f’) > f’, and the hypothesis, we conclude that

[ u=mar<e [ (08,00 = D=5, =) de < [ O, (nn-pde<es [ fan
By the previous bullet point, we also get that [, (M3 (f', f') — f)dz < [o. (M3 (f, f) — f)dz. By
hypothesis, we deduce that fRn,(M;p(f’, f')—=f")dx < [, fdx. By the previous assertion, provided d < ¢/10,
we conclude that [p, (M3 (f', f') = f') dz < 30 [, f' du.
For the last bullet point, assume f” # f’. Let £ = min(¢,¢”). Then £ < ¢ and ¢ # ¢. Moreover,
f” =min(f,¢). By the minimality of ¢, we deduce that

[ [etr =1+ Q3,05 = 1) = 083,77 ") = 1) do <0

[ eld = 19+ (03,5 = ) = OB, ()~ 1] de 20,

we reach our desired conclusion that

[ el = 1+ QB (7 £) = 1) = (5,7 ) = 1] de <0,

9.8 Proof of Proposition [9.11

The purpose of this subsection is to prove the Proposition Before we begin the proof, we need the following
lemma.

Lemma 9.24. Letn € N, p € (=1/n,00), y € R® and d € R. Let g: R® — Ry be a conlinuous p-concave
function with bounded support. Let F C R™ be a compact convex set such that F is a p-face of g with tangent
p-plane hy q: R" — Ry U {oo}. Let [o,v] be an edge of F and assume hy q(0) > hya(v). Then sign(p) <
y,v >< 0 and there exists a sequence of vectors z; — 0 as i — 0o with < z;,v >= 0 such that the p-planes
hytz.a: R" — Ry have the following property. For x € [0,v], we have hyy,, a(x) = hy q(x) = g(z). Moreover,

the set S; = {:c € supp(g): g(x) > hy+zi7d(x)} satisfies S; C [o,v] + B(o,1/7).

Proof of Lemma[9.2] Given z,x € R", if < z,z >> 0, then sign(p)hy+» q(z) > sign(p)hy qa(z) and if < z,2 ><
0, then sign(p)hy+..qa(x) < sign(p)hy q(z) and if < z,z >= 0, then hyy, q(x) = hyq(x). Moreover, as z — 0,
hy+z,d = hy.q locally uniformly.

Recall that supp(g) is a bounded open convex set and F' C supp(g). We claim that for = € supp(g) \ F,
we have hy 4(z) > g(x). Indeed, assume for a contradiction that h, 4(z) < g(z). We have o,z € supp(g) so
[0,2] € supp(g). Moreover, o € supp(g) so [0,z) € supp(g). We also have o € F and = ¢ F so there exists
A € [0,1) such that for ¢ € [0,A], we have tz € F and for ¢ € (A, 1), we have tx ¢ F. By hypothesis, for

€ (A1), we have tx € supp(g) \ F, so hyq(tz) > g(z). Additionally, h, 4(Ax) = g(Az). Given that for
t € [\, 1] we have that g(tx) is p-concave and continuous and h, ¢(tz) is p-convex and continuous, we conclude
that hy q(z) > g(z).

54



Fix 7 € N sufficiently small and consider the compact set (F' + B(o,1/%))¢. There exists €; > 0 such that for
x € supp(g) \ (F + B(o,1/i)) we have g(z) < hy q(z) — ;. Therefore, there exists §; > 0 sufficiently small such
that for |z| < §; and = € supp(g) \ (F' + B(o,1/i)), we have hyy, q(x) > g(z).

To conclude, it is enough to show that for any j we can find ¢ and z; with |z;| < ; such that the half spaces
H = {z € R": sign(p) < z, 2 >> 0} satisfy (H;")°N (F + B(o,1/i)) C [0,v] + B(o,1/7).

Indeed, fix € supp(g) such that g(z) > hyys, a(x). Then z € (F + B(o,1/i)) Nsupp(g). Clearly = €
supp(hy.q). If additionally # € H;", then g(z) < hya(x) < hyts,.a(x), a contradiction. Hence, z € (F +
B(o0,1/i)) N (H;")¢ and we are done provided (H;")¢ N (F + B(o,1/i)) C [0,v] + B(o,1/7).

For a fixed j and a fixed closed half-space H~, if ¢ is sufficiently large, then H~ N (F + B(o,1/i)) C
(H~NF)+ B(o,1/2j).

Therefore, it is enough to show that for any fixed j, there exists z # o, such that the closed half-space
H~ ={x € R": sign(p) < x,z >< 0} satisfies H- N F C [0,v] + B(o,1/2j).

In other words, it is enough to show that for any fixed j, there exists a half-space H~ with the hyperplane
H containing [0, v] such that H~ N F C [0,v] + B(o,1/2j).

Assuming for a contradiction this is not the case, we deduce that there exists co(F \ ([0, v] + B(0,1/25))) N
span(v) # 0. As [0,v] is an edge of F' we obtain the desired contradiction.

This concludes the proof of the lemma. O

Proof of Proposition[9.11 Fix m = my,_x, > 0 large and ¢ = ¢, , > 0 small.

As f is continuous with bounded support, so is co,(f). Let F' be a p-face of co,(f) and let [o,v] be an edge
of F' (after translation) such that co,(0) > co,(v). Let hy 4: R™ — Ry be the tangent p-plane corresponding to
F.

Assume for a contradiction that there exist 0 < a < b < 1 such that f(av) > mf(bv), f(av) = cop(f)(av)
and f(bv) = cop(f)(bv) and for every t € (a,b) we have f(tv) < co,(f)(tv).

By Lemma sign(p) < y,v >< 0 and there exists a sequence of vectors z; — o0 as { — oo with
< zj,v >= 0 such that the p-planes hy., 4: R® — R have the following property. For = € [o,v], we have
hy+z;,a(x) = hya(xz) = cop(z). Moreover, the set S; = {x € supp(co,(f)): cop(f)(x) > hyts, a(x)} satisfies
S; C [0,v] + B(o, 1/1).

Recall that f and co,(f) are continuous and f(tv) < co,(f)(tv) fort € (a,b). Hence, there exists a sequence of
vectors z; — o as i — 00 with < z;, v >= 0 such that the p-planes hyy., ¢: R — R, have the following property.
For x € [0,v], we have hy ., a(x) = hy qa(x) = cop(x). Moreover, the set S; = {x € supp(f): f(z) > hy42,.a(x)}
satisfies S; C ([o,av] + B(o,1/7)) U ([bv,v] + B(o,1/i)). Furthermore, f(av) = co,(f)(av) = hyqlav) =
hyte, alav).

There exists ¢ € (a,b) sufficiently close to b such that co,(f)(av) > 27 mco,(f)(cv).

Partition the space in three regions R® = H U HT UH~. Here H = {x: < z,y >= ¢ < v,y >}.
H* = {z:sign(p) < z,y >> sign(p)c < v,y >} and H~ = {x: sign(p) < x,y >< sign(p)c < v,y >}. Recalling
sign(p) < v,y >< 0, we note cv € H, [o,av] € HT and [bv,v] € H~. Moreover, for i sufficiently large,
[0,av] + B(o,1/i) € H' and [bv,v] + B(o,1/i) C H™.

For s € Ry, construct the p-plane hy = Ay, 15y d—sc<v,y>- Note that for z € H, we have hy(x) = hyt, a(2);
forx € HY, we have hy(z) > hyy, a(x) and for x € H~, we have hs(x) < hyt ., a(x) (actually hg(z) < hyys, a(x)
provided Ay, 4 > 0). Moreover, for x € H*, we have hy(x) — oo increasing as s — oc.

Let s; € Ry and p; € [o,av] + B(o,1/i) be such that hs,(p;) = f(p;) and for every p € [o,av] + B(o,1/1) ,
hs;(p) = f(p).

Remark 9.25. f/ = min(f, hs,) is continuous and f' # f

Proof of Remark. This follows from the fact that

b+c b+c b+c
Ccop 5 V) =hytzd Tv > hs, 5 v

by e H™ and hyy, a(2E40) = cop(f)(55¢) > 0. O

as

Claim 9.26. For i large enough, the p-concave continuous functions hs,: R™ — R U {oco} have the following
properties

L4 h’si (pZ) = .f(pi) > 271]0(0‘1}) > O: and
o if f(q) > hs,(a), then f(pi) =87 mcop(f)(a) = 87 mf(q).
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Proof of Claim. The first part follows from the fact that f is continuous, f(av) > 0 and p; € [o, av] + B(o,1/1).

The second part follows in several steps. First, note that ¢ € H~. Indeed, by construction, if ¢ €
[0,av] + B(o,1/i), then f(q) < hs,(q), which is a contradiction. If ¢ € [bv,v] + B(o,1/i), then ¢ € H™ as
noted above. If ¢ € (HUH™')N ([0, av]+ B(o,1/i))*N([bv,v]+ B(o,1/7))¢, we have Hy,(q) > Hy+-, a(q) > f(q),
which is a contradiction.

Second note that hg, (cv) > hs,(q) by the definition of h,, and the fact that sign(p) < v,y >< 0.

Third, note that hs,(p;) > 271 f(av) = 27 cop(f)(av) > 47 'mco,(f)(cv) = 47 hyts, a(cv) = 47 h, (cv).
Here, the first relation holds by the first part, the second and third relations hold by hypothesis. The last two
relations hold by construction.

Combining the second and third observations, we get hg, (p;) > 4~ mhg, (q).

To conclude the second part, it would be enough to argue that hs, (p;) > 4~ m(co,(f)(q) — hs,(q)). Actually,
by the first part, it is enough to show f(av) > 27 m(co,(f)(q) — hs,(q))

The last part follows from the fact that as i — oo, we have z; — 0 and [0, av] + B(0,1/i) — [0, av]. These
force s; — 0. Thus hs, — hy 4 and co,(f) < hy 4. This concludes the claim. O

Claim 9.27. Ifp € (=1/n,1] and i is sufficiently large, then

[ OB, 0.0 = 23,17 50) do = () [ (7= 1) do.
n Rn
Proof of Claim. After translating, we can assume wlog p; = o. Let A; = {z: f(z) > hs,(2)} be an open set.

We have
/ (f*f{)dx:/(f—hsi)dx.
n A

As hs, is a p— plane, we also have

[ OB, 00 = 23, (1. 20) do= [ (3,60 = M3 (h b)) do = [ (O, (7.0) = h) d

R n

By the previous claim we have hg, (0) = f(0), so we further get

[ 5,0 =) de = (10" [ (Ml (0), £() = by (L= M) da
(1-2)A

A

It is enough to argue that for 4 sufficiently large and for every x € A we have
My p(hs, (0), f(x)) = hs, (1 = XN)z) = (1+¢)(1 = X)7"(f(2) — hs, (1))

By the previous claim, when i is sufficiently large, we have hy, (0) > 8 'mf(z). Denoting a = hy,(0),
b= hs,(z) and p = f(z) — h,(z), we have a > 8 'm(u + b) > 0 and the above inequality can be rewritten as

I+ =N)""u < My p(a,b+ p) — My p(a,b).
Consider now the case p € (—1/n,0). In this case both a,b > 0. If we let r(x) = M) p(a,x), then
L

D

() = (1=X) (x\(a/x)p +(1- )\)) " Hence, there exist 0 < v < p such that

1-p
P

My p(a,b+ pu) — My p(a,b) = pr' (b+v) = p(l —X) (A(a/(b +v)P+(1- A))

By the conditions on a, b, i1, we have

1=p

My pla,04 1) = M pfa,8) 2 (1= 3) (/107 +(1=0)) T = (141 = )"

This concludes the proof in the case p € (—1/n,0). Consider now the case p = 0. In this case both a,b > 0.
If we let r(z) = My p(a, ), then 7/(x) = (1 — A)a*z~*. Hence, there exist 0 < v < u such that

My p(a,b+ p) — My p(a,b) = pr' (b+v) = u(1 — Nar(b+v)~ .

By the conditions on a, b, u, we have
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Mp(a,b+ ) = Map(a,b) > p(1 = N)(m/10)* > (1+0)(1 - X) "

This concludes the case p = 0. Consider now the case p € (0,1]. The important observation is that
AN(1—=XNA=0.

Indeed, assume for a contradiction there exists z € AN (1 —A)A. By the previous claim we have co,(f)(0) >
8 tmco,(f)(x) > 0 and co,(f)(0) > 8 mco,(f)((1 — N)z) > 0. However, as cop,(f) is p-concave, we deduce

that
cop (f)((1 = N)x) > (Mcop(£)(0))” + (1 = A)(cop(£)(@))P)/P > N co, (f)(0).

This gives the desired contradiction. We conclude the observation.
As M3 (f, f) = f, we have

/ (M;,p(faf) _hsz') dx Z/ (f_hsi) dx.
A A

Combining this last inequality with the first three centered inequalities and the fact that AN (1 — \)A = 0,
it is enough to show that for ¢ sufficiently large and for every = € A, we have

M)\,;D(hsi (0)7 f(i[:)) - hsi((l - )\).’L‘) > C(l - )‘)_n(f(‘r) — hs, (LL'))
By the previous claim, when i is sufficiently large, we have hy, (o) > 8 'mf(x). Denoting a = hs,(0),

b=hs,(z) and u = f(z) — hs,(x), we have a > 8 'm(u + b) > 0 and the above inequality can be rewritten as

i

c(1—=X)""u < My ,(a,b+ p) — My ,(a,b).

1-p

We can assume wlog both a,b > 0. If we let 7(x) = M) ,(a, z), then ' (z) = (1 - X) <)\(a/x)p +(1- )\)> ’

Hence, there exist 0 < v < u such that

1-p
My p(a,b+ pu) — My ,(a,b) = pr' (b+v) = p(l —N) (x\(a/(b +v)P+(1 - /\)>
By the conditions on a, b, u, we have
Myp(a,b+ 1) = Myp(a,b) > (1 = N > e(1 = 2) "
This concludes the proof in the case p € (0, 1]. O]

Now redefine ¢ € (a,b) such that co,(cv) > 27'mco,(bv). For s € R_ construct the p-plane hy =
Ry, +sy,d—sc<vy>- Redefine s; € R_ and p; € [bv,v] + B(o,1/i) such that hg,(p;) = f(p;) and for every
p € [bv,v] + B(o,1/i), we have hs,(p) > f(p).

By an argument identical to the one in the case p € (0,1), the following holds.

Remark 9.28. f/ = min(f, hs,) is continuous and f' # f
Claim 9.29. If p > 1, i is sufficiently large, then [p, (Mi"p(f, f) = M3 ( Z’,f{)) de > (1+c¢) [gu (f = f]) da

The last remark and the last claim combine to give the desired contradiction in the case p > 1. The
previous remark and the previous claim combine to give the desired contradiction in the case p € (—=1/n,1].

The conclusion of the proposition now follows.
O

Acknowledgments: AF is grateful to the Marvin V. and Beverly J. Mielke Fund for supporting his stay at TAS
Princeton, where part of this work has been done. AF is partially supported by the Lagrange Mathematics
and Computation Research Center. PvH is grateful to the Institute for Advanced Study in Princeton and, in
particular, the Director’s Discretionary Fund for supporting his stay during the 2024-2025 academic year.

57



References

[BB10]

[BB11]

[BD21]

[BF14]

[BFR23]

[BJ17]

[BK18]

[BL76]

[Bor75]

[Chri12a]

[Chr12b]

[CM17]

[Dub77]

[EK14]

[Figl5]

[FJ15]

[FJ17]

[FJ21]

[FMM]18]

[FMPOS]

[FMP09]

Keith M Ball and Kéroly J Boroczky. Stability of the prékopa—leindler inequality. Mathematika,
56(2):339-356, 2010.

Keith M Ball and Kéroly J Boroczky. Stability of some versions of the Prékopa—Leindler inequality.
Monatshefte fir Mathematik, 163(1):1-14, 2011.

Kéroly J Boroczky and Apratim De. Stability of the Prékopa-Leindler inequality for log-concave
functions. Advances in Mathematics, 386:107810, 2021.

Dorin Bucur and Ilaria Fragala. Lower bounds for the Prékopa-Leindler deficit by some distances
modulo translations. J. Convex Anal, 21(1):289-305, 2014.

Kéroly J Boroczky, Alessio Figalli, and Jodo PG Ramos. A quantitative stability result for the
Prékopa—Leindler inequality for arbitrary measurable functions. Annales de I’Institut Henri Poincaré
C, 41(3):565-614, 2023.

Marco Barchiesi and Vesa Julin. Robustness of the Gaussian concentration inequality and the
Brunn-Minkowski inequality. Calc. Var. Partial Differential Equations, 56, 05 2017.

Zoltan M. Balogh and Alexandru Kristaly. Equality in Borell-Brascamp—Lieb inequalities on curved
spaces. Advances in Mathematics, 339:453-494, 2018.

Jan Brascamp and Elliott Lieb. On extensions of the Brunn-Minkowski and Prékopa-Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion
equation. Journal of Functional Analysis, 22:366-389, 1976.

C. Borell. Convex set functions in d-space. Period Math Hung., 6:111-136, 1975.

Michael Christ. Near equality in the Brunn—Minkowski inequality. arXiv preprint arXiv:1207.5062,
2012.

Michael Christ. Near equality in the two-dimensional Brunn—Minkowski inequality. arXiv preprint
arXiw:1206.1965, 2012.

Eric Carlen and Francesco Maggi. Stability for the Brunn-Minkowski and Riesz rearrangement
inequalities, with applications to Gaussian concentration and finite range non-local isoperimetry.
Canad. J. Math., 69(5):1036-1063, 2017.

Serge Dubuc. Critéres de convexité et inégalités intégrales. In Annales de linstitut Fourier, vol-
ume 27, pages 135—-165, 1977.

Ronen Eldan and Bo’az Klartag. Dimensionality and the stability of the Brunn—Minkowski inequal-
ity. Annali della Scuola Normale Superiore di Pisa. Classe di scienze, 13(4):975-1007, 2014.

Alessio Figalli. Stability results for the Brunn—Minkowski inequality. In Colloquium De Giorgi 2013
and 201/, pages 119-127. Springer, 2015.

Alessio Figalli and David Jerison. Quantitative stability for sumsets in R™. J. Eur. Math. Soc.
(JEMS), 17(5):1079-1106, 2015.

Alessio Figalli and David Jerison. Quantitative stability for the Brunn—Minkowski inequality. Aduv.
Math., 314:1-47, 2017.

Alessio Figalli and David Jerison. A sharp Freiman type estimate for semisums in two and three
dimensional Euclidean spaces. Ann. Sci. Ec. Norm. Supér., 54(4):235-257, 2021.

Alessio Figalli, Francesco Maggi, and Connor Mooney. The sharp quantitative Euclidean concen-
tration inequality. Camb. J. Math., 6:59-87, 3 2018.

Nicolo Fusco, Francesco Maggi, and Aldo Pratelli. The sharp quantitative isoperimetric inequality.
Ann. of Math. (2), 168(3):941-980, 2008.

Alessio Figalli, Francesco Maggi, and Aldo Pratelli. A refined Brunn-Minkowski inequality for
convex sets. Ann. Inst. H. Poincaré Anal. Non Linéaire,, 26:2511-2519, 11 2009.

58



[FMP10a]

[FMP10b)

[FR24]

[FvHT?23]

[FvHT24]

[Gar02]

[GS17]

[VHK23]
[VHK24]

[VHST22]

[VHST23a]

[VHST23b]

[KKM29]

[RS17]

[Ruz91]

[Ruz97)

[Ruz06)

[Sch13]

Alessio Figalli, Francesco Maggi, and Aldo Pratelli. A mass transportation approach to quantitative
isoperimetric inequalities. Invent. Math, pages 167-211, 2010.

Alessio Figalli, Francesco Maggi, and Aldo Pratelli. A mass transportation approach to quantitative
isoperimetric inequalities. Invent. Math., 182(1):167-211, 2010.

Alessio Figalli and Joao P. G. Ramos. Improved stability versions of the Prékopa—Leindler inequality.
arXiv preprint arXiv:2410.01122, to appear on Journal of Convexr Analysis, 2024.

Alessio Figalli, Peter van Hintum, and Marius Tiba. Sharp quantitative stability of the Brunn-
Minkowski inequality. arXiv preprint arXiv:2310.20643, 2023.

Alessio Figalli, Peter van Hintum, and Marius Tiba. Sharp stability of the Brunn-Minkowski in-
equality via optimal mass transportation. arXiv preprint arXiww:2407.10932, 2024.

Richard Gardner. The Brunn-Minkowski inequality. Bulletin of the American mathematical society,
39(3):355-405, 2002.

Daria Ghilli and Paolo Salani. Quantitative Borell-Brascamp-Lieb inequalities for power concave
functions. Journal of Convex Analysis, 24(3):857-888, 2017.

Peter van Hintum and Peter Keevash. Locality in sumsets. arXiv preprint arXiv:2304.01189, 2023.

Peter van Hintum and Peter Keevash. The sharp doubling threshold for approximate convexity.
Bulletin of the London Mathematical Society, 56(10):3229-3239, 2024.

Peter van Hintum, Hunter Spink, and Marius Tiba. Sharp stability of Brunn—Minkowski for homo-
thetic regions. J. Eur. Math. Soc. (JEMS), 24(12):4207-4223, 2022.

Peter van Hintum, Hunter Spink, and Marius Tiba. Sharp L' Inequalities for Sup-Convolution.
Discrete Anal., 7:16pp, 2023.

Peter van Hintum, Hunter Spink, and Marius Tiba. Sharp quantitative stability of the planar
Brunn-Minkowski inequality. J. Eur. Math. Soc. (JEMS), 26(2):695-730, 2023.

Bronistaw Knaster, Kazimierz Kuratowski, and Stefan Mazurkiewicz. Ein beweis des fixpunktsatzes
fiir n-dimensionale simplexe (in German). Fund. Math., 14(1):132-137, 1929.

Andrea Rossi and Paolo Salani. Stability for Borell-Brascamp-Lieb inequalities. In Geometric
Aspects of Functional Analysis: Israel Seminar (GAFA) 20142016, pages 339-363. Springer, 2017.

Imre Z Ruzsa. Diameter of sets and measure of sumsets. Monatshefte fiir Mathematik, 112(4):323—
328, 1991.

Imre Z Ruzsa. The Brunn—Minkowski inequality and nonconvex sets. Geometriae Dedicata, 67:337—
348, 1997.

Imre Z Ruzsa. Additive combinatorics and geometry of numbers. In Proceedings of the International
Congress of Mathematicians, volume 3, pages 911-930. Citeseer, 2006.

Rolf Schneider. Convex bodies: the Brunn—Minkowski theory, volume 151. Cambridge university
press, 2013.

59



	Introduction
	The Brunn-Minkowski inequality
	The Prékopa-Leindler inequality
	The Borell-Brascamb-Lieb inequality
	Main results
	Proof of main
	Structure of the paper

	Notation
	symmetricdiff: structure of the proof
	Overview of the 1-dimensional proof
	Overview of the 2-dimensional proof
	Overview of the n-dimensional proof

	Preliminary results for the proof of symmetricdiff
	Proof of Lemmas
	Proof of the reduction

	Proof of symmetricdiff1D, i.e., symmetricdiff in R
	Proof of symmetricdiff2D, i.e., symmetricdiff in R2
	Tubes: Proof of symmetricdiff2tube
	Large level sets: Proof of SymDiffBigLevelSets
	Gluing together level sets: Proof of symmetricdiff2D

	Proof of symmetricdiff in Rn
	Reduction from symmetricdiff to symmetricdiffreformulationtechnical
	Reduction from symmetricdiffreformulationtechnical to symmetricdiffnarrownconealt
	Reduction from symmetricdiffnarrownconealt to symmetricdiffconstantonfibersncone
	Reduction from symmetricdiffconstantonfibersncone to symmetricdiff2D

	linear: structure of the proof
	Proof of linear
	Reduction from linear to linearcontinuous
	Reduction from linearcontinuous to linearcontinuouslevelweak, 9.10, 9.11
	Reduction from linearcontinuouslevelweak to linearcontinuouslevelmedium
	Reduction from linearcontinuouslevelmedium to linearcontinuousleveladvanced
	Reduction from linearcontinuousleveladvanced to linearcontinuouslevelstrong
	Proof of linearcontinuouslevelstrong
	Proof of linearshavingprocess
	Proof of linearalreadyshaved


