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Abstract

The Brunn-Minkowski inequality, applicable to bounded measurable sets A and B in R?, states that
|A 4 B|4 > |A]*? 4 |B|Y/?. Equality is achieved if and only if A and B are convex and homothetic sets
in R?. The concept of stability in this context concerns how, when approaching equality, sets A and B are
close to homothetic convex sets. In a recent breakthrough [FvHT23], the authors of this paper proved the
following folklore conjectures on the sharp stability for the Brunn-Minkowski inequality:
(1) A linear stability result concerning the distance from A and B to their respective convex hulls.
(2) A quadratic stability result concerning the distance from A and B to their common convex hull.
As announced in [FvHT23|, in the present paper, we leverage (1) in conjunction with a novel optimal
transportation approach to offer an alternative proof for (2).

1 Introduction

Given measurable sets X,Y C R™ with positive measure, the Brunn-Minkowski inequality says
X+ Y7 > [X[7 + Y]
More naturally, for equal sized measurable sets A, B C R™ and a parameter ¢ € (0,1) this is equivalent to
[tA+ (1 —1t)B| > |A],

with equality for equal convex sets A and B (less a measure zero set). Here, A+ B = {a+b|a € A, and b € B}
is the Minkowski sum, tA := {ta: a € A}, and |- | refers to the outer Lebesgue measure. The Brunn-Minkowski
inequality is a fundamental tool in analysis and geometry going back to the 19th century, the importance of
which is expertly documented in [Gar(02].

The Brunn-Minkowski inequality is part of a vast body of geometric inequalities, such as the isoperimetric
inequality, the Sobolev inequality, the Prékopa-Leindler inequality, and the Borell-Brascamb-Lieb inequality
(e.g. Figure 1 in [Gar(02]). The famous isoperimetric inequality states that, for a given volume, the body
minimizing its perimeter is the ball. The isoperimetric inequality follows from Brunn-Minkowski by taking A
a ball and letting ¢ tend to zero. The Prékopa-Leindler inequality asserts that for ¢ € (0,1) and functions
f.9.h: R" — Ry with the property that h(tz + (1 — t)y) > f(z)g' '(y) for all z,y € R® and [ f = [y,
we have [h > [ f with equality if and only if f(z) = ag(xz — x¢) is a log-concave function for some a € Rsq
and zg € R™. Prékopa-Leindler implies Brunn-Minkowski by taking f and g to be the indicator functions of A
and B. The Prékopa-Leindler inequality in turn is subsumed by the Borell-Brascamb-Lieb inequality. Studying
these inequalities and their stabilities has sparked a fruitful field of research in recent years.

The stability of Brunn-Minkowski asks for the structure of sets A and B which are close to attaining equality
in Brunn-Minkowski. This study goes back to the work of for instance Diskant [Dis73] and Ruzsa [Ruz97]. Two
folklore conjectures concern the stability of Brunn-Minkowski: if we are within a factor of 1 + § from equality,
then the distance from the sets A and B to a common convex set is Og4;(v/9), and furthermore, the distance
from to their individual convex hulls is Og,.(d). These conjectures have received a lot of attention becoming
central problems in analysis and convex geometry (see e.g. [FMPQ9, [FMP10, [Chri2bl, [Chri2al [EK14] [FJ15]
Figlh| [FJ17, BJ17, [CM17, [FJ21, vHST22, vHST23al vHK23al vHK23b, vHST23bl [FvHT23]). Recently, the
present authors resolved these conjectures in [FvHT23| (stated as Theorem and Theorem below).
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The stability of the isoperimetric inequality was first explored in 1921 by Bonnesen [Bon21] who settled the
planar case. The optimal result in higher dimensions was established only in 2008 by Fusco, Maggi, and Pratelli
[FMPOS]. In a cornerstone paper, Figalli, Maggi, and Pratelli [FMPQ09, [FMP10] used mass transportation
techniques to generalize this to a sharp stability of the anisotropic isoperimetric inequality while simultaneously
proving the following sharp stability for the Brunn-Minkowski inequality for convex sets.

Theorem 1.1 (Figalli, Maggi, and Pratelli [FMPQ9, [FMP10]). For all n € N and t € (0,1/2], there are
computable constants cﬂn:l > 0 such that the following holds. Assume that A, B C R", are convez sets with equal

volume so that
[tA+ (1 —t)B| < (1+9)|A]

Then, up to tmnslatiorﬂ
anp) < &[0

The aim of this paper is to develop a different mass transportation approach on the stability of the Brunn-
Minkowski problem in order to strengthen the above result to non-convex sets.

Theorem 1.2. For alln € N and t € (0,1/2], there are computable constants &2, d%,dl—'% > 0 such that the
following holds. Assume ¢ € [0, JE%), v € [O,gﬁ), and assume that A, B C R™, are measurable sets with equal
volume so that

[tA+ (1 —t)B| < (14 0)|A] and [co(A)\ Al + | co(B) \ Bl <v]A.
Then, up to translation,
AnB) < 822

In recent work of the current authors [FvHT23|, the following linear stability result to the convex hull of A
and B was established, solving one of the aforementioned conjectures.

Theorem 1.3 ([EvHT23]). Forn € N andt € (0,1/2], there are constants ci?é, w4 > 0 such that the following
holds. Assume § € |0, au,;?), and assume A, B C R™ are measurable sets of equal volume so that [tA+(1—t)B| <
(14 0)|Al, then

| co(A) \ A + | co(B) \ B| < &[4,
A notable application of Theorem [I.2]is that, in combination with Theorem [I.3] it gives the following result.
Corollary 1.4. For alln € N and t € (0,1/2], there are computable constants &3 &L > 0 such that the

n,tr“'n,t

following holds. Assume § € [0, c%) and assume that A, B C R", are measurable sets with equal volume so that
[tA+4 (1 —t)B| < (1+9)|A|. Then, up to translation,

|AAB| < Z4V5| Al
This corollary is a weaker instance of the following quadratic stability recently proved by the current authors.

Theorem 1.5 ([EFvHT23|). For alln € Nyn > 2 and t € (0,1/2], there are computable constants cﬂnztdﬁ >0
such that the following holds. Assume § € [O,C%) and let A, B C R™ be measurable sets with equal volume
satisfying

[tA+ (1—t)B| = (1+0)|Al.

Then, up to tmnslatz’orﬂ there is a convex set K O AU B such that

[K\Al=[K\ B| < cnnm\/ffll-

Note that % > 1/2, but a priori we don’t have any lower bound in terms of n. However, as a
consequence of [FvHT23| Theorem 1.7] these two measures are actually equivalent for near-convex sets A, B, i.e.,
with [ co(A) \ A +|co(B)\ B| = On,¢(0)|A|. Hence, the main difference between Theorem [1.5| and Corollary [1.4]
is in the ¢t dependence of the stability constant. Actually, even combining Theorem with the optimal version
of Theorem [1.3] (see Conjecture 14.1 in [EvHT23]) would still not obtain the optimal ¢ dependence provided by
Theorem [L.5l

1That is, there exists z € R™ so that |(A+ z)AB| < cun:u\/g|A|
2That is, there exist 2,y € R™ so that ¢ + A,y + B C K and |K \ (z + A)| + |K \ (y + B)| < t"m"86%|A|.



The first contribution to the study of sumset stability was made by Freiman [Fre59] in dimension n = 1.
Freiman’s celebrated 3k — 4 Theorem [Ere59] [LS95] [Stad6] from additive combinatorics, implies a strong version
of Theorem in dimension 1. If ¢ € (0,1/2] and A, B C R are measurable sets with equal volume such that
[tA+ (1 —t)B|] < (1+6)|A| with § < ¢, then |co(A) \ A| <t 15]A| and |co(B) \ B| < (1 — t)~15|B|, which is
optimal.

Stability in higher dimensions is considerably more difficult; in [Chr12bl [Chr12a] Christ showed a qualitative
result: if n € N, ¢, € (0,1/2] and A, B C R™ are measurable sets with equal volume such that [tA+ (1 —¢)B| <
(1+6)| A| with ¢ sufficiently small in terms of ¢, n, , then there exists a convex set K such that, up to translation,
K D> A/ Band |[K\ Al = |K\ B| <¢|A|. In a cornerstone result, Figalli and Jerison [F'J17] obtained the first
quantitative bounds: |K \ A| = |K \ B| < §®/11es®D™™ ™) 4] A gimilar result for the Prékopa-Leindler
inequality was recently established by Borocky, Figalli, and Ramos [BFRar].

Until recently, the only instance of Theorem for arbitrary sets was known in two dimensions due to
van Hintum, Spink, and Tiba [vHST23b|. In an independent direction, van Hintum and Keevash [vHHK23D]
determined the optimal value d,,;, = t" for all values n € N and t € (0,1/2] with the same bound on the
distance to a common convex set as in the result of Figalli and Jerison.

Even partial results towards Theorem for restricted classes of sets A and B have received much attention.
Recall that Figalli, Maggi, and Pratelli [FMP09, [FMP10] dealt with the case when A and B are convex. Figalli,
Maggi, and Mooney [FMM18] settled the case when A is a ball and B is arbitrary. Barchiesi and Julin [BJ17]
extended the previous results to A convex and B arbitrary. Despite all these results supporting Theorem
a conclusive proof remained wide open and outside the scope of the available techniques for a long time.

The particular case of equal sets A = B in Theorem has been thoroughly investigated. Indeed, after
establishing in [F.J15] some quantitative bounds for Theorem for A = B in all dimensions, Figalli and
Jerison [FJ21] proved Theorem for A = B in dimensions n = 1,2,3. Van Hintum, Spink, and Tiba
[vHST22| proved Theorem for A = B in all dimensions. Moreover, they determined the optimal dependency
on t. Furthermore, van Hintum, Spink, and Tiba [vHST23a, Theorem 1.1] established the optimal dependency
on d in dimensions d < 4 when A = B is a hypograph of a function over a convex domain. Another closely
related result by van Hintum and Keevash [VHK23a] is that if A C R" with [432| < (14 6)|A| with § < 1, then
there exists an A’ C A with |A’| > (1 — §)|A| and |co(4")| = On1-5(]4"]).

For distinct sets A and B, showing Theorem has proved much more difficult. Van Hintum, Spink, and
Tiba in [vHST23al, Theorem 1.5], proved Theorem when A and B are hypograph of functions over the same
convex domain. The only instance of Theorem [I.3] for arbitrary sets was established by van Hintum, Spink and
Tiba [vHST23bl Section 12] in two dimensions. In spite of these determined efforts, for arbitrary sets in higher
dimensions a proof of Theorem was only recently found by the present authors in [FvHT23].

Acknowledgements. AF acknowledges the support of the ERC Grant No.721675 “Reqularity and Stability in
Partial Differential Equations (RSPDE)” and of the Lagrange Mathematics and Computation Research Center.

1.1 Notation and conventions.

Before starting our proofs, it is convenient to briefly explain the notation that we will use throughout the
paper. With ¢ > 0, we shall denote a universal constant independent of the dimension, while ¢, > 0 (and
analogous notations) denote dimensional constants. Saying that the quantity a is controlled by O, (b) means
that |a| < ¢,b, while notation a = Q,,(b) means that a > ¢,|b|]. When a constant also depends on ¢, we write
cnt. To distinguish the constants that appear in the different statements, c!™ means that the constant c is the
one of Theorem £.m.

Throughout the paper, we fix n € N and either ¢ € (0,1/2]. We use |-| to denote the outer Lebesgue measure
in R"™.

Given s € R and sets X and Y in R”, we define sX ={sz:z € X}and X +Y ={s+y:z € X,y Y} A
set X in R™ is convex if for all ¢ € [0,1] we have tX + (1 — )X C X. The convex hull co(X) of a set X in R"
is the intersection of all convex sets containing X. In particular, co(X) is a convex set. Two sets X and Y of
R"™ are homothetic if there exist a point z in R™ and a scalar s > 0 such that X = sY + z.

Given a bounded convex set X in R™, we define X as the closure of X, which is also a convex set. The
vertices of X, denoted by V(X), represent the set V(X) = {z € X: co(X \ {z}) # co(X)}. It follows that
X = co(V(X)).

Measureable sets Xi,..., X in R™ are said to form an essential partition of R™ if | N; Xf| = 0 and for
J1 # j2, we have |X;, N X;,| = 0. By a basis ej,...,e, in R", we mean an orthogonal set of vectors with unit
length. In light of Proposition we can assume that the sets A and B (as well as all parts into which we
subdivide A and B) are compact.



1.2 Overview of the proof

We now turn to Theorem The starting point is the optimal transport approach used in [FMPQ9] to prove
a sharp stability result for the Brunn-Minkowski inequality on convex sets. In our case, the sets A and B are
only L!-close to being convex, and we want to obtain a final estimate where the gap in volume (i.e., 7) appears
in the stability estimate with the same power as §. Because the optimal transport between arbitrary sets can
behave very badly in terms of regularity, we consider the optimal transport map sending co(A) to co(B). This
makes the first part of our argument (the first three steps in the outline below) very similar to the one in
[FEMP09], but then we immediately face a series of challenges. The key issue is that the optimal transport proof
of Brunn-Minkowski provides a control on the transport map only inside the set A (although this map is defined
in the whole convex hull), while for us it is crucial to obtain some bounds also in the remaining region co(A) \ A.
By a series of delicate arguments exploiting the monotonicity of the optimal map (we recall that the optimal
map is the gradient of a convex function) and some interior regularity estimates, we obtain a radial control on
the transport map along all rays emanating from the origin and contained inside co(A). This estimate by itself
would be too weak. Still, the key observation is that we can repeat our argument by replacing the origin with
an arbitrary point o’ inside (1 — €)C4, and replacing our sets A and B with new sets Q(A) and Q(B), where
Q varies among all affine transformations with [|Q|[op, [|@~"[|op < @ for some fixed large constant ¢. Averaging
our radial bound over o’ and @ allows us to find a sharp control on | co(A)A co(B)|, from which the final result
follows. We summarize the steps of the proof in the next subsection.

1.3 Outline of the proof of Theorem 1.2
The proof of Theorem follows the following steps.

0. Reduce to the case that A and B are sandwiched between two balls of comparable sizes, and look like
cones centered at the same vertex

1. Let C4 D A and Cp D B be convex sets of size |Ca| = |Cg| = (1 4+ 7)|A|, and let T : C4 — Cp be the
optimal transport map between them.

2. Note that if we let E := T~}(B) N A, then
(5+279)|A] > [tA+ (1 - 1)B| — |E| > / (detD (tld+ (1 —t)T) — l)d:c,
E

where D is the Jacobian.

3. Analysing the eigenvalues of D(T) (cf Lemma akin to the methods in [FMP09]), we find that this

implies
o+
1D = )l < 0, (\/t >|A.

4. By an elliptic regularity argument (cf Lemma [3.13) this implies ||D(T — Id)(z)||op < Op < ‘stv) for

points x € (1 —€)C4 and in particular in some small ball around the origin.

5. Next, we note that C'4 \ F is small, so when integrating a bounded function, we find

.’ET s
/C (D(1d = T)(@) e < 0,(0)|4] + /E ID(Id ~ T)(2)]opder < On< M) Al

o 1172 t
(Here, we crucially use that DT is nonnegative definite; in particular, we only control the integral on the

left-hand side from above.)

6. Combining the two previous steps, we find

wT

/ oz (P~ DR, o ( 5+’y> AL
Ca |=[]57" -




7. This allows us to integrate radially, giving

/acA <(a: —T(x)) = (0 = T(0)), ||;|2> dr < O, <W> A

8. Up to this point, we only used that B(o,§(n)) € (1 —€)C4. So, in fact, for all o’ € (1 — 2¢)C4 we get

[ (@16~ ~100). =g Y < 0, ( 5?”) 4l

9. Using the fact that A and B look like cones at the same vertex, we find that |o' — T'(o')| = O, (\ / ‘STY)

(see Lemma [3.6]).
A
/ <x—T(x)7m . >da:son VI 1y
aCa [z =o'l t

10. Hence, we find
This is the conclusion of Proposition

11. We find the same result (cf Corollary if we first apply an affine transformation

oot Q@ =W N\ ([
., {0001 Tol0 GG )4 <O”< t )'A%

12. Proposition [3.4] shows that, considering an appropriately distributed random affine transformation and
random point o’ € (1 — €)C4, then

Q) — Q(d)
Q) = QNI

Eq.o KQ(@ ~ To(Q()) ﬂ > Q. (d(z, Ci).

13. Proposition [3.5] shows that
|CaACE| < O, (/ d(x,CB)dx> .
aCa

14. Combining the last three steps gives the desired estimate

0
|AAB| < |CAACE| +29|A] < Oy, (ﬁ) Al

2 Initial reduction

We start with a simple reduction (Proposition to allow us to assume that A and B are sandwiched between
two balls of comparable sizes, and look like cones centered at the same vertex (cf Definition . Much of this
section follows the lines of section 2 in [EvHT?23].

2.1 Setup

Definition 2.1. A convex set C C R™ is called a cone if there exists a hyperplane H not containing the origin
and a bounded convex set P C H such that
C=||tp.

>0
Definition 2.2. We write SY0"~ for the simplex with vertices vy, ...,v, € R™. Assuming that SV U~
contains the origin in the interior, construct the family of cones €0V ;= {C; : 0 < i < n}, where

C; = |_| tco(Vg, - Vi1, Vit1y- -5 Un).
>0



Note that the cones in €Y= form an essential partition of R™.

Definition 2.3. Fix vectors e, ..., e, € R™ such that S is a regular unit volume simplex centered at the
origin. Denote S = §€0 % gnd € = €€0»n

Definition 2.4. A pair of sets X, Y C R™ is A-bounded if there exists an r > 0 so that
rSCX,Y C ArS.

Definition 2.5. Given a cone F C C' € €, a pair of sets X,Y C F is (A, F')-bounded if there exists an r > 0
so that
r(FNS)Cc X, Y C Ar(FNS).

Definition 2.6. A pair of sets X, Y C R™ is called a n-sandwich if there exists a convex set P such that
oePCcX,YC(1+n)P.

Note that given a cone F' and a A-bounded n-sandwich X,Y C R™, the pair X N F,Y N F is also a (A, F)-
bounded n-sandwich.

Definition 2.7. Say sets A, B C R™ are (v,¢,\, u) conelike if there exist convex sets C4 D A,Cp D B with
|Cal =|Cg|l = (1+%)|A| = (147)|B|, a convez set K, and a set S” obtained by intersecting a cone with a half
space with the following properties

1. B(o,1/¢) C C4,Cp C B(o,¥),
2.8 CA—-2Cy—2,B—2Cg—2CAS", for some z € R", and

3 KCA+2,Cs+2,B+y,Cp+yC (1+pK, for some z,y € R™.

2.2 Proposition

Proposition 2.8. Assume that for sets A, B C R™ satisfying the conditions of Theorem that are (v, 4, )\ﬁ

conelike (for p sufficiently small in terms of n,t,¢, and \), we have |AAB| < ¢y 421/ ‘S'FT"’|A|. Then Theorem
is true for all set A, B C R™.

2.3 Lemmas
We recall the following result by Michael Christ.

Theorem 2.9 (Christ 2012, [Chrl2a]). For alln € N, t € (0,1) and n > 0, there exist constants &3>0, so
that for all measurable X,Y C R™ of equal volume with the property that |[tX + (1 — )Y | < (1 + d&3)|X|, then

nel]g}l |C0(XU (U+Y))| < (1 +77)|X|-

We also use the following three lemmas from [EvHT23]

Lemma 2.10 (Proposition 5.4 in [EvHT23]). Let vy,...,v, C R™ be vectors not contained in a halfspace and
let A, B C R™ be measurable sets with equal volume. Then there exists a vector v € R™ such that for every cone
C € gVorUn e have

|[ANC|=|(B+v)NnC|.

Moreover, for every n,A > 0, there is a computable constant nm > 0 such that the following holds. If
{vo,...,vn} ={eo,...,en} (as in Definition and if A, B C R" is a A-bounded n2I0-sandwich, then A, B+v
s a 2X\-bounded n-sandwich.

We won’t use Theorem [2.9] directly, but only through Lemma [2.1T

Lemma 2.11 (Lemma 2.11 in [EvHT23]). Forn € N, t € (0,1/2] and n > 0, there exist constants &I and
EI(n) > 0 so that the following holds. If X,Y C R" are measurable sets with | X| = |Y| and |tX +(1—1)Y| =

n,t

(14 6)|X| with 6 € [0, dnmt:ﬂ(n)), then, up to translation, there exist measurable sets X', Y’ C R™ so that
1. X', Y’ is an n-sandwich,
2. X' =Y =X,



3. co(X') = co(X) and co(Y') = co(Y),
4. | X'AX| +|Y'AY | < EI-15| X,
5. X'+ (1-0)Y'|<(1+0)|X].
Moreover, if X CY, we additionally find X' CY’.

Lemma 2.12 (Lemma 2.12 in [FvHT23]). For n € N, and n > 0 the following holds. If X, Y C R™ is
an n-sandwich, then there exists v € R™ and there exists a linear transformation 6: R™ — R"™ such that
O(v+ X),0(v +7Y) is a (n? + n3n)-bounded nn-sandwich.

2.4 Proof of Proposition

Proof of Proposition [2.8. First note that we may assume |A| = |B| = 1. Let A = \,, := 16n5. Let ¢/, be minimal,
so that a translate of B(0,1/¢,,) is contained in ;55 N Cy, where S and Cj are defined in Definition Let
¢ be minimal, so that 4n3S N Cy is contained in some translate of B(o, ). Let ¢, := 2max{f,,¢"}. Find
= [int = finte, N, Sufficiently small as required by the assumption. Let n = n,; := p for notational
consistency. Choose 1’ to be sufficiently small in terms of 1 and n, so that the second part of Lemma [2.10
applies with parameters (ng)m =17, 7}%:'3' = 7 and /\??ﬂ = 2n3. Choose d,; smaller than the constant
dn,¢ (1), +) in Lemma Let ¢, := (n + 1)cpp, a,/Wn + & where w, = (n 4 1)(4n%)", cpy, 2, is the
constant from the assumption and &I is the constant from Lemma [2.11}
First, use Lemma [2.11] with parameter i’ to find A', B® which form an 7/-sandwich. Note that

|AAB| < |AAAY| +|BAB'| + |A'ABY| < |[A'ABY| + Z161 4],

|A'AB §cm/6+%|A1|.

Now apply Lemma, to A, B!, to find A2, B2 an n? + n3n’-bounded 1’ sandwich. A2, B? are just a linear
transformation and a translation away from A', B!. Note that n? 4+ n3n’ < 2n3, so, in particular, A%, B? is a
2n3-bounded 7’ sandwich.

We then apply Lemma [2.10] with vectors ep, ..., e, and cones € from Definition[2.3} Let A% = A% and B® be
the translation of B2 given by the lemma. Note that by definition of 7/, we find that A3, B3 is a 4n3-bounded
n-sandwich with the property that |43 N C| = |B3NC| for all C € €.

Fix a C € €, and let

so it suffices to show

A :=A3NC and B := B3N C.

We will show that A’ and B’ are of the correct form to bound their symmetric difference.
Note that t(A3NC")+(1—t)(B3NC") C (A% +(1—1)B3)NC’ so that these are disjoint for different C’ € €.
Hence, by Brunn-Minkowski we find that

(L+0)|A] > [tA® + (1= 1)B%| = Y [HA*NC) + (1 - t)(B*NC)| = tA' + (1 -t)B'|+ > [ANC|.
C’ec C#C'eC

In particular, we find [tA’ + (1 — ¢)B’| < |A’| + J]A|. Since A3, B? is 4n3-bounded, there exists some r > 0
so that 7S C A%, B3 C 4n3rS. Given that |A3| = |A| = 1 and |S| = 1, this implies 1/4n3 < r < 1, and thus
1258 C A3, B3 C 4n®S. Since A%, B® is a n-sandwich, there exists a convex set K C A3, B% C (1+n)K.
Thus, we find that |A'| > |2S5NC| = WM\ for all C € €. For notational convenience, let
wy = (n+1)(4n)", so that
[tA"+ (1 —t)B'| < (1 +wyp0)|A'].

With this bound on |A’| and | B’| in hand, we are ready to define C'4 and C'z/. Note that co(A’)\ A’ C co(A3)\ A3
and |co(A®) \ 43| = [co(A) \ A, so that |co(A")| < |A'| + |co (A3) \ A3 = |A'| + ~]A43| < (1 + w,7)|A'], and
analogously |co(B’)| < (1 + wy,v)|B’|. Find convex sets Cas D co(A’) and Cpr D co(B’) so that

Ca,Cp CCN4n*SN(1+n)K and |Ca| = |Cp/| < (1 +wey)|A| = (1 +w,y)|B|.

With these in place we check that these sets are conelike (cf Definition . Recall that ;155 N C C
A B ,Ca,Cp C 4n3S N C. It’s easy to see that 1S N C contains a translate of B(o,1/¢,) and 4n®S N
C' is contained in a translate of B(o,?!). Hence, we find that A’, B’ Cy4s,,Cp/ satisfy the first condition in

Definition 2.7



For the second condition note that S := ﬁS N C' is indeed a set obtained by intersecting a cone with a
halfspace. Hence, if we recall that \,, = (4n®)?, and let y = o, we find that A’, B’,C/, Cp: satisfy the second
condition in Definition

For the third condition, note that KNC C A’ C Car C (14 n)(K NC), and analogously for B’, Cp-. Hence,
if we let 7,, sufficiently small in terms of n,t, ¢, and \,, set x = y = o, we find that A’, B, C4,,Cp satisfy the
third condition in Definition 2.7

Hence, A’, B" are (w7, ¢n, An, ftn) conelike, with p, sufficiently small in terms of n,t, £,, and A, so that by
the assumption in the proposition, we have

3 3 Y, / Wyl +wpy, o, Cn_cm 0+
|(A°nC)A (B ﬁC’)‘_\AAB|§cn,gm,\M/7t |4 < o - |A|,

where we recall that ¢, := (n + 1)¢nr, x, /Wn + &I We conclude by adding up the contributions from the
different cones C € €.

|A'ABY| = |A3AB%| = Y [(A*AB?) N O < (e — &) ‘”TW
Cee

A

We conclude with the previous note that

o+

AAB| < |A'ABY| + E 1514 < ¢4/ ——L| Al
t

3 Intermediate propositions

The proof of Theorem relies on optimal transport. For the purpose of this paper, we only need to know the
following classical result: given two bounded sets A, B C R™ of positive volume, there exists a convex function
@ : R® — R whose gradient sends the normalized indicator function of A onto that of B. More precisely,
if we define T' := V, then T} (IT}‘lA) = ﬁlg, where T} denotes the push-forward through the map 7'
Furthermore, this map is unique: If ¢; and @9 are two convex functions such that T; := Vi, sends ﬁl A to
ﬁ137 then 77 = T5 a.e. inside A.

From now on, whenever we say that T is the optimal transport from A to B, we mean the (unique) gradient
of a convex function that sends fix\l 4 to 15, We refer to [Figl7, Chapter 4.6] for a quick introduction to

|B]
this beautiful theory and more references.

3.1 Propositions

Proposition 3.1. For everyn € N and allt,e, X\, {,0,v > 0 with 6+~ < t2"71/2, there exists CI%,:EA/’FEEE,M >0
such that the following holds. Assume that A, B C R™ are (’77£»>\’#E:,1t],5,z) conelike. Moreover, assume that
[tA4+ (1 —-t)B| < (1+9)|A|. If T : Ca — Cg is the optimal transport map from C4 to Cp, then

/
_ 1)
/ max{<a:T(:r),x (j >,0}d$§c|%:§>\g 7+’Y|A|7
£€8C A |z —o'|]2 T t

for any o' € (1 —¢)Cy.

Corollary 3.2. In addition, for all @ > 0 there exists c, ¢ x.0,0 Such that the following holds. Let @ : R™ — R™
be an an affine transformation with ||Q||op, [|Qlop < 0. If T : Q(Ca) — Q(CE) is the optimal transport map
from Q(Ca) to Q(Cp), then

oy Q@ -QE@) N\ i
[, mc{ (@) - To@). [ HE=ZE Y 0 o < e/ ),

forallo' € (1 —¢)C4u. O

Definition 3.3. Given a parameter 0, let a random scaling be the random affine transformation Q@ ~ Qg
generated as follows. Sample a uniformly random orthonormal basis e1,...,e, € R™ and sample 01,...,0, €
[071,0] i.i.d. uniformly. Then, in this basis, let Q be the random transformation given by the diagonal matriz
with entries 0;.



Proposition 3.4. For every n € N, £ > 1, there exists constants 6 = 0,, 4, cp 0 > 0 such that if
e B(o,1/) C £Ca, 1Cp C B(o,{) where C4 and Cp are convez,
o for every affine tranformation Q: R™ — R™, T is a map with To(Q(Ca)) C Q(Cg),
e ) ~ Qy is a random scaling, and
e 0 is chosen uniformly random from B(o,1/{),

then, for all x € 0C4,

Eq.o [max{<Q(x) Ty (Q(a)), - 2@ = Q) >0H > cped(z,Cp).

1Q(z) — Qo) |2
Proposition 3.5. For alln € N,{ > 1, there exists constants c, ¢, so that given two conver sets X,Y C R" of

equal volume with B(o,1/¢) C X,Y C B(o,¥) we have

|IXAY| < Cn,z/ d(z,Y)dx.
X

3.2 Auxiliary Lemmas

Lemma 3.6. For everyn € N and A\, ¢ > 0, there exists 5%,@7m,4,7ﬁ,€,0%,5 > 0 such that the following
holds. Say sets A, B C R™ are (7,4, \, ) conelike. Then for every non-zero ys € R™, there exists s € {£1} such
that for every map M: 0C4 N OCp — 9C 4 U OCE the following holds. There exist faces Fa of Ca and Fp of
Cp with the same supporting hyperplane H, and there exists wg € H, such that

B"(wo, 1/ )N H ¢ Fsn Fp.

Moreover, for every w € B™(wy, 1/7%\’4) N H there exists a ball X, C R™ such that with y1 = M(w) —w we
have

1. X, C (1 —6%\72)(0,4 NCpg)
2. | Xw| > m’g

3. d(w, X,,) > 1/(4B8,)

4o Prex, ({222 2 0) > 1/2

ly1lle—w] =
(sy2,2—w) ~ 3G _
5. ]PCCGXw (\yrj\mfud 2 n,A,Z) =1

Lemma 3.7. For every n € N and A\, ¢ > 0, there exists 75%\’5 > { such that the following holds. Say sets
A, B C R™ are (7,4, \, u) conelike. Construct simplex S = S + z with a vertex at z. Let Fy, Fy,...F, be the
faces of S" where Fy is the face opposite vertex z. Then

1. 8cCanCp
2. FfU---UF, C9CsNICp.
3. B(u,1//83) ¢ 8" ¢ B(u, D) for some u € R™.

Lemma 3.8. For every n € N and r,o > 0, there exists K58 > 0 such that the following holds. Let H be a

n,r,o

hyperplane and let HT and H~ be the two half-spaces determined by H. Let w € H with |w| <r. Let f be the

normal vector of H pointing to H™. Let y1,y2 be two vectors such that |<;’11|’|]}>| >0 and |(;’22|’|§>| > 0. Then the ball

X = B"(w + f/(2r), ),
has the following properties:

10X c (1—1/(8:2)(B"(w,1/r) N HY)

2 Poex ({24 2 0) > 1/2

[y1[[z—w]



3. For all z € X we have {¥2:2=%) > o/4

[y2lz—w|

4. For all x € X we have |z —w| > 1/4r.

Lemma 3.9. For everyn € N and r > 1, the following holds. Let S" be a simplex such that B™(u,1/r) C S’ C
B"(u,r) for some u € R™. Let F be a facet of S’ and let H be the supporting hyperplane of F. Finally, let HT
and H™ be the two half spaces determined by H, such that H contains S’ and H™~ is disjoint from the interior
of S’. Then there exists v € F such that

B™"(v,1/r)NnHt C &

and
B"(v,1/ryNH CF C B"(v,2r)NH

Lemma 3.10. For every n € N and r > 0, there exists 0510 = ot > 0 such that the following holds. Let S’
be a simplex such that B™(u,1/r) C 8" C B"(u,r) for some u € R™. Let fo, f1,..., fn be the inward normal
vectors to the faces of S’. Then for every unit vector v € R™ there exists 1 < i < n such that

[(fi0)| > 0BT

Lemma 3.11. For every n € N, there exists a constant c%:m > 0 such that the following holds. If 0 <t < 1/2
and Ai,...,A\p >0 and Xy --- X\, =1, then

di-1)2< &Iﬂt"(]‘[(w (1—1)X\) — 1) + cﬂ,?mt%\/]‘[(t+ (1—1)X) — 1.

K3 K2

Lemma 3.12. For everyn € N and for all t,e,¢ > 0, there exists p = fin 10 > 0 such that the following holds.
Assume that A, B C R™ are (7,4, \, ) conelike. Then

tA+(1—-t)BDt(l —e/4)Ca + (1 —t)Cp.
Lemma 3.13. Let Cu,Cp be two convex sets in R™ with equal volume 1 and satisfying
B"(0,1/R) C C4,Cp C B"(0, R) for some constant R > 1. (3.1)
Let T = Vi denote the optimal transport map from Ca to Cg. Then, for every e € (0,1),

|D(T —1d)| o ((1-e)ca) < Cn,relD(T —1d) || L1 ((1—c/2)00) -

3.3 Proofs of propositions
3.3.1 Proof of Proposition (3.1

Proof of Proposition [3.1 We first observe that, by Caffarelli’s regularity theory [Caf92bl [Caf92a], we can write
T = Vi, where the function ¢: C4 — R™ is a smooth strictly convex solution of det D%y = 1.

Therefore, for z € Ca, DT (x) = D?*p(z) is a positive definite symmetric matrix with determinant 1 and its
eigenvalues A1 (), A2(x), ..., A, (x) satisfy

M), Aa(x), ..., Ap(x) > 0 and Aq(z)A2(x) - Ay (z) = 1. (3.2)
Note that we can write tId + (1 —¢)T = V(§]|z||3 + (1 —t)p) and that the function ||z||3 + (1 —t)¢ is also

strictly convex.
Therefore, for x € Cjy,

t
D(1d-+ (1= 7)) = 0* (Gllal + (1 ¢ ) (@)
is a positive definite symmetric matrix with eigenvalues
t+ (1=t (z), t+ (1 =t)A2(x),...,t+ (1 —t) A ().

In particular, the function tId + (1 —t)T: C4 — R™ is injective.

10



The above discussion shows that for every compact subset £ C C'4 we have

:/EdetD(tId—i—(l—t)T)dx:/]3<Ht+(l—t))\i>d:c

U te+ 1 -)7(2)

z€E

Construct the set £ := (T-1(B)N A) U (1 — ¢/4)C4. By Lemma [3.12] it follows that tA + (1 — t)B D
Useptr + (1 — )T (x). By hypothesis, we have [tA + (1 —t)B| < (1 +0)|A].
Combining the last three lines, we get

/E<Ht+ (1 —t))\i)dm < (1+0)4

By hypothesis, we also have
|Ca\ Al = |Cp \ B| =1|4|, (3.3)
and because T is bijective and measure preserving, we get
|E| > [T (B)n Al = [A\TH(Cp\ B)| = |A] = [C5 \ B| = (1 —7)|4|. (3-4)

Combining the last two inequalities, we get

/E {H(t (=N — 1} dz < (6 +7)|4] (3.5)

%

Also, Lemma together with (3.2) imply that

N i-1)2< c%mt_"(H(t +(1—t)N) — 1) + é??mt—%\/]_[(t +(1—t)N) — 1. (3.6)

Therefore, we get

LI~ 1l < [ \/ﬁdx

S/E c%mt"(ﬂ(t—f—(l—t))\i)—l)vLc%mti‘\/l?[(t—k(l—t))\i)—l dz

K2

< & (5 + B [ W(t* Hoon &

g%mt”<6+v>|A|+£mt%m\/[E(H<t+<1w1)dx

< BT (54 )| Al + B2 /5 + 4 /[E[V]A]
1 )
< BT (§ 4 )| A] + 23 /5 4| A) < 38T [T 4

Here, the first inequality follows from the fact that the operator norm is upper bounded by the Hilbert-Schmidt
norm. The second inequality follows from (3.6). The third inequality follows from (3.5). The fourth inequality
follows from the concavity of the function zz. The fifth inequality follows again from (3.5). The sixth inequality
follows from the hypothesis |E| < |Ca] < 2|A] and the final inequality follows from the hypothesis § + v <
t2n71/2'

Thus, Lemma together with (3.7) and the fact that £ D (1 —¢/4)C4, implies that for z € (1 —¢/2)Cy

I+
t

|1 D(T — Id)(2)||op < EL, (3.8)

11



Now, fix o' € (1—¢)C4 and set P = B(0’,£/2¢). Note that as C4 D B(o,¢~1), it follows that P C (1—¢/2)Ca C
E. Combining (3.7) and (3.8)), we deduce that

D(T — Id)||, D(T — Id)||, D(T — Id)||,
ID(T — d)lo [ 1D >||pdm+/ DT~ 1)y
5 llo— oI r lle— 0 YR

o7 [ ios [ NPT 10y,

= e, |W—ﬂ| e llo—ol™

< nsl\/m/ ———dx + (2" 1/ DT — 1)y (3.9)
B(o,e/2£) ||l‘|| E\P

< & 2T S g ,1>|+<2€e-1>”-1/ ID(T — 1d)||,pde
E

7’)’LE

1) 1) 1)
<&,/ *’”w” o, 1)+ (2= 3BT 2T ) < A\ ST g,

Here, the first inequality is immediate. The second inequality follows from and the fact that P C (1 —
£/2)C 4. The third inequality follows from the trivial bound that for x ¢ P we have ||z — o'||;* < 2¢e~!. The
fourth inequality follows from a simple change of variables. The fifth inequality follows from . The final
inequality follows from the hypothesis |A| > 271 B(o0,¢1)|.

In particular, by definition of the operator norm,

—o)¥ z—o0
L/‘ (DA = T)(2)) o
max
E

ll = o'f57 E\w—dH

= “ned

,0 3 dr <

Note now that, for x € C4, as the eigenvalues of D(T)(z) are all positive by (3.2)), it follows that the eigenvalues
of D(Id — T)(x) are at most 1, which implies that

(x —o)T x—0

(D(Id —T)(x))

|lz = o] llz = ofl2 ~
As P C (1 —¢/2)Ca C E, it follows that for x € C4 \ E we have ||z — 0||2 > €/2¢, which implies that
1 < < (20~ 1)1

n—1 = .

[lz—o'|l3

Combining the last three inequalities with (3.3) and (3.4)), we deduce

5—1—7

/ . (=D (D(Id — T)()) 2
Ca

= lle=olh T ,0 pda < (2071 VO \ E| + &2,
|z — o3

—— 4]

< (20724 + BT, 5+7|A\gém 5+7|A|.

n,e,l ¢

(3.10)

Now, for a unit vector y € S"~ (0, 1) define s, := max{s: o' + Y € C4}. Define the function f,(s): [0,s,] = R,
by fy(s) = ((0' + sy) — T(o + sy),y). It is easy to check that <L (f,)(s) =y D(Id—T)(0' + sy) y. Thus, by

12



performing the change of variable z(s,y): R x S""!(0,1) — R", x(s,y) = o’ + sy, we get

=) (D(Id — T)(2) s
t/']nax [lz=o'lTo V=T o\ g,
Ca

|z = o3~

— / / max {y” D(Id—T)(o' + sy) y,0} dsdy
Sn=1(o,1 <s<sy

2/ max{/ y' D(Id —T) (o' + sy) yds70} dy
Sn—1(o0,1) 0<5<sy (311)
— [ et [ S )(s)ds 0 dy
Sn—1(0,1) 0<s<sy ds
= [ max{gy ()~ £,(0).0)dy
Sn—1(0,1)
= [ max ({0 )~ T+ s,0),0) — (0~ T, ). O} dy
57-1(0,1)
Combining (3.10) and (3.11)), it follows that
/ / / 0 +’Y
[l 50) = T+ ) = (=T, by < BT
n 0,1

Integrating (3.8]) between o and o', and using that o’ € B(o,2¢) we find
lo—o’| o —o o —o
/ PXT—I@<0+t )] ——
0 0" — ol J] |0 — ol
o —ol
<),
0

EI3 ) ET3 é
< |0_ 0/| n,e,l % < 20 n,e,l %

[(T'(0) = 0) = (T () — )| =

dt (3.13)

op

o —o
D(T — Id $ O 70
( )<‘” |o'—o|)

Integrating this further over the unit sphere, we find

= “n.el

[ max{((T(0) ~ o)~ (T(0) — o).y O} dy < 5" (o, V]2t B[220 < T 2T ) (314
Sn—1(o,1)
Hence, we can adjust (3.12)) to give
/S s+ 900) =T+ 530),) — (o= T(0), )0} dy
n—1 o.1

<[ max{{(0 4 sy) - T+ syp)w) — (O~ T(0)). 0} dy
5n-1(0,1)
(3.15)
# [ max{((T0) - o) ~ (T() ~ o).5) 0} dy
Sn—1(0,1)

< Em 5+v inc: 5+7 £ 5+v
|A| n,e,l ‘A| n,e,l |A|

—TLE

We aim to evaluate this as an integral over the boundary dC 4 rather than the unit sphere S~ 1(0,1). Recall
that o' € (1 —¢€)Ca so that (1 —¢)o’ +eCy C Cya. In particular, as B(o,1/¢) C Ca C B(o, E) we have
B(o',e/t) C C4 C B(d,20). Considering the map z: S !(0,1) = dCa;y + o' + s,y, so that y = W’ then
we find that the Jacobian of this map has determinant bounded by some constant, say k%?g, depending only

13



on g, ¢, and n. Hence, changing variables, we find

— 0 o
max{<z —T(z),iz 0/ > — <0—T(0), 79 0/ >,0} dz
aC |z — o] |z — o]

< K219 / max {((0" + s,y) — T(0 + 5yy),y) — (0 — T(0),y),0} dy (3.16)
Sn=1(o,1)

[T G1H ) m 1)
< n,e,Ln,e,l +’Y|A| = +r)/|A|

Note that T—!: Cp — Cj, is also an optimal transport map. By repeating the entire argument above, we get
that for o* € (1 —¢)Cp

o max{<w—T_1(w),M> — <o—T—1(o),|Zj:O:> }dw < &I 5+7|A|

w —o%|

We now observe that T-!(0) belongs to (1 — &)C4. Indeed, Lemma applied to T—! implies that 7!
uniformly close to the affine map = + T~!(0) inside (1 — &)Cp. Since T~1((1 —€)Cp) C C4, this implies that
T~(0) remains at some uniform positive distance from 9Cj.

Now, integrating between o and T~1(0) (both of which are in (1 —¢)Ca), we get

(T(0) — 0) — (0~ T (0))| = |(T(0) — 0) — (T(T~(0)) — T~ (o))
lo=T"" (o) B ot s T_l(o) —0 T_l(o) -0 .
/o [M Id)( * |T—1<o>—o>} 7o) — o
lo=T"" (o) T-(0) — o
S/o ‘D(T‘M) <0+S|T—1<o>—o> ,

<lo— T (o)| B3, ‘”7 < 20 BT, 5+7

n,e,l

ds

Combining the last two equations and using the fact that |0Cg| < [S"~1(0, /)|, we get that

gm0 =5 = (0 o ) o

< &3 5+7|A|+|sn 1o, ) 208 ‘”7 < &1 ‘5+7|A|

—ns —ns

(3.17)

We apply Lemma to the (7,4, A, u) conelike sets A, B, together with the vector yo» = 0o — T(0) and the
map M = T in the case s = 1 and the map M = T~! in the case s = —1 (restricted to dC4 N ACp). Thus,
we find faces F'y of C'4 and Fp of Cg with the same supporting hyperplane H, and we find wy € H such that
B (wy, 1/7%%'\75) N H C F4 N Fp. Moreover, for every w € B™(wo, 1/7%13'\75) N H there exists a ball X,, C R"
such that with y; = M(w) — w we have

L X, ¢ (1-&8 )(CanCp)
2. [Xy| > mEg,

3. d(w, Xy) > 1/(47%%4)

4. Poex,, (<y1,m7w> > 0) >1/2

[yr[|z—w]

5. Bux, (e > ) =1

ly2|lz—w]|

Consider the case s = 1 and M =T (the other case is analogous). By averaging (3.16) over o’ € (1 —¢)Cy, we

get
— o A
EO’G(lfs)CA/ maX{<z—T(z)720/> _ <O—T(O),Z> }dZ < Cm 6+’Y|A|
0Ca |Z_O| ‘Z—Ol

14



which, by interchanging the integration and the average, is equivalent to

z—0 z—0 5+
/ ]EO/E(l—E)CA max{<z — T(Z), _/> - <O - 7_‘(0)7 _/> ,O} dz S (% 7|A|
dC 4 |z — 0| |z — o]

z

By restricting our attention to a certain part of the boundary, namely B"(wy, 1/7%3)!’2) NH C 9C4, we
deduce

z—0 z—0 EEEI 5+’y
Eoe(1-e)oa max{<z —T(2), —0’|> - <0 —T(o), z—o’|> 70} S Chey |Al.

|z

/B”(wo 1/ oA, Z)OH

For each z € B™(wq, 1/ 7%3&74) N H, by conditioning on the event o’ € X, and using the first two properties
of X, namely that X, C (1 — 5%\,4)6',4 C (1 —¢)Cy, and that | X,| > m%:g\’g we get

/ /
— - )
/ EO'EXZ max{<z —T(z)’ ZO/> — <O— ]"(0)7 ZO/> 7O} dz < (Wlﬁ Z)_lc%\/ﬁlA|
B (wo,1/1E8 ynH |z — o |z — o] A, £,

Now for each z € B™(wy, 1/7%3&76) N H, by conditioning on the event o’ € E,, where

/o /o
Ez = {OI c XZ <y17 > > 0 and <y270/ Z> Z Oﬁz}
lyallo” — 2| ly2llo" — 2| ”
and using the last two properties of X, which imply |E.| > 1|X.|, we get

z—0 z—0 _ §+
Eqcp, max {<z ~T(2), ,|> - <0 —T(o), |0|> ,o} d> < 2(mEg )1 B0 7|A\

|z — o z—

/B"(wo,l/ﬂnzﬂ’[)ﬂH

For each z € B™(wy, 1/7Bzzl )JNH and each o’ € E,, by the definition of E,, y; and ys, we have <z —T(2), é:—g;l> >
0 and 7<07T(0) —o! >>omz|of T(0)].

Jz—o[
By combining the last three inequalities, we obtain

., _ 5+
|B" (wo, 1158 ) 1 H| o] ylo — T(0)] < 2(nE8 )~ 8, [ == |,

I}

hence
(o, 1/ ) 1 H| MR ) 2B ) B [P Y 4 < B3 PEY )
[T(0) — ol < [B™(wo, 1/rex.e) VHI™ (0w xe)™ 20 x0) ™ G\ = 1Al < GiXeo) —— :
By combining (3.18) with (3.16]), we conclude

_ A

max{<z—T(z)7Z 0/ >,O}dz

8C 4 |z =0
z—0 0+ EIS d+7
< max Z*T(Z),il *Weg 770 + n,\,e,l dz
0C 4 |Z—O‘ Y t o t
§+7 z-o0 z=0
< -T -T d
_|3CA‘ z\/i LcAmaX{< (2), |z—0’> <0 (0), |Z_0/|>’O} &

5 5 5
< 90| &R, +7+c'333J +7|A|<cnxge +7|A|

3.3.2 Proof of Proposition

Proof of Proposition[3.4} First note that if z € Cp, then d(x, Cp) = 0, so the inequality trivially holds. Hence-
forth assume = ¢ Cg. Define

1

1 1 1
=0.1 Y = i A -1 =2 =242 = — —2p-2
77[} 0 ’ (]S 4[’ E mln{12¢€ a2w£ }7 0 E 14 ) C 24'(/)9 V4 N

) S I U a0 Lo 6,6 1 ) N P
a.:m1n{4£9 73 (n—-1) ,@wrﬁ 14 '3 , and 7 := min gwe 14 ’E(b
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Write eg,...,e, € R" and 6y,...,0, € [#~1,0] for the random parameters corresponding to transformation

Q ~ Q.

We first restrict our attention to a controlled set of transformations (). We condition on the event that
67 < 0~'min;~1{6;} and the event that e; points roughly in the direction x, viz <|£—‘, el> > 1— a. As these

events are independent, there exists a constant &I so that
P (91 < gt min{@i} and <|x|,€1> >1- a) > CEIQ (3.19)
> x

Henceforth, we condition on these events. We will show that, for these @, the stated inequality holds. For
notational convenience rescale by a factor #71/6;, so that we may asbume that 6, = 0~! and 6s,...,0, € [1,0)].
First, note that as (z,e;) > (1 — a)|z|, we have (z,¢;) < /1 — (1 — a)?|z| < v2a¥l, which nnphes that

x)| = \/Z ),ei)? < \/9_1<.’L‘,€1>2 + 292<x,ei)2 < V02 4 (n—1)200202 < ¢, (3.20)

i>1

1Q(x)] > (Q(x),e1) = 07w, e1) > 09071071 (3.21)

Let u := M. We show that (u,e1) is not very negative.

Claim 3.14. (u,e;) > —.

Proof of claim. Assume for a contradiction (u,e;) < —t. Let p be the point where the line through Q(z) and
To(Q(z)) intersects the plane spanned by es,...,e,. Write p — Q(z) = su for some s € R. Note s > 0 as
(Q(z),e1) > 0 and (u,e1) < 0. Since (Q(z),e1) < |Q(x)] < & and (u,e1) < —1), we find that s < /1. By the
triangle inequality, this implies |p| < [p — Q(z)| + |Q(x)| < £+ &/ < 1/L. Since, §; > 1 for all i > 1, we have
B"™(0,1/£) Nspan(ea,...,e,) C Q(B™(0,1/£)) Nspan(eg,...,e,), so that |p| < 1/¢ implies p € Q(B"(0,1/¥¢)).
Moreover, Q(B™(0,1/£)) C Q(Cg), so p € Q(Cp). However, this implies Q(x) lies on the line segment between
p and To(Q(z)), both of which are in Q(Cp). Since affine transformations preserve convexity, this implies
Q(z) € Q(Cp), ie., x € Cp, a contradiction. O

Let us return to the inner product <Q(x) — T (Q(x)), m> |Q(z) —To(Q(z))| (u < , %> ,
for some o' € Q(B(0,1/¢)). Write

Qz) — o
O := {OIEQB(O,l L :<u, >ne.
(B 1ot o
We shall argue |O] > c%m@(B(o, 1/0))|. Write 7 for the projection onto the plane spanned by es, ..., e,, thus

e =om) = (0 (i =om)) + (o (et =am )

and distinguish two cases; either (u,e1) > ¢ or (u,e1) € [—¢, ).
In the former case, consider the set
0" = {0 € Q(B(0,1/0)) : (¢, e1) < 0,]o']| < C}.
Note that as ¢ < §71¢~1, we have that {0’ € Q(B(o, l/f)) ||0’H < ¢} = B(o0,(), so that using symmetry in the
plane spanned by eg, ..., e, we have |(9’| = 2\B(o Q)| > 29” 5721 |Q(B(0,1/0))].
For points o' € O’, using Equation (3 and a version of Equation (3.20), we get

‘<ﬁ<u>,ﬂ<m»‘g W( Qz) — o )'g”( @)+ |7 ()] _ 2/ D2adt 2%

1Q(z) — o/||2 0.9]|Q(x)]] 7y i

On the other hand, because (0, e1) < 0 we have

(e =am ) 2 ()=o) 2 (i w1 )

-1 -1
Z}H ?H(l -

>

<£L’, 61> 2
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Combining these two bounds we find

=) = (e (er=am ) * (o= (Rer=om)
S vo! (1 o)t — zmae 2

- £_|_C 1£ 1 971671
=9t (g’ — 4vnab3e3 — 2(92122) v > .

360

Hence, we find O’ C O, so that [O] > |O'| > 1|B(0,¢)| > 45+ |Q(B(0,1/£)).
Now consider the other case, ie., (u,e;) € [—,%]. This implies that |r(u)] > /1—¢2 > . Write
uw' = m(u)/|m(u)|. We consider the set

0" :={0 € Q(B(0,1/£)) : {d',e1) > 0,||n()|| € (1/2¢,1/8),{m(0"),u’) < —¢}.

By symmetry in the plane spanned by es,...,e,, we have that

0" = % {o € Q(B(o,1/0)) « [[m (Il € (1/2¢,1/¢), (m(0'), v} < —¢}]

Consider the transformation Q' ~ Qg with parameters ej,...,e, € R" (same as Q) and also =%, 1,...,1.

As 0; = 071, 0y,...,0, € [1,0], we get Q' (B(0,1/£)) C Q(B(0,1/¢)) and % > §="*+1. From this

containment and the rotational symmetry of Q'(B(0,1/¢)) around the e; axis, we deduce

07| > % [{o" € Q'(B(0,1/0)) : [|m(d)]| € (1/2€,1/€), (m(d'),u) < =}
m(o’)

> 5 (0 € QB0 1/0): ) € (1/261/0), (T30 ) < =200}
z%wu € Q(Bo.1/0) : Ix(o)l| € (1/26.1/0)}
éuo € Q' (Blo.1/0) : Ir(o)]| € (1/26,1/0)}]

> o o' € Q'(Blo,1/0)}] > 15 10! € QUB(o, 1/}

Assume that o' € 0. We have
G ECAN B C N 1
et (=t )| < ¥ oot < ol o = %€

where the first inequality follows from (o', e;) > 0, the second inequality follows from the triangle inequality
and |e;| = 1 and the final inequality follows from |Q(z)| < £ and ||o'|| — |Q(x)] > 1/20 — &£ > 1/3¢.
For the other term, we use |Q(z)| < ¢ and |0/| < /|7 (0))[2 + (0/,e1)2 < \/1/¢2 + 1/¢2 < 2/( to find that

W Qz) — o |7 (w)] (=0 — (O ' 1/2 (=) — _
(7 (=) ) 2 T (G rl=) = Q) ) 2 o (G n(=o) =) 2 6 - &

Combining these two inequalities, we find

o) = (o (i =ame)) + (o (a—am ) 2 -z o2

This proves that O” C O, hence |O0”| < 0.
Returning to the two cases (u,e1) > ¢ and (u,e;) € [, 1], we now find that in both cases

0] > min{|0'|, |0"|} > EZQ(B(0,1/0))], (3.22)
where c@?z > 0 can be found in terms of (,#, ¢, and n. Note that if o’ € O, then
_ Q<x>0’> _ _ . <u Q<x>0’> _
(@) = To(QUo). 35— 5 ) = 10@) ~ Ta(Qa)] (. 3 =50 ) = 1Qe) = To@(w))

> 007 o — Q7 (To(Q(x)))| =m0~ d(x, Cp),
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where the first inequality follows from the definition of O, the second inequality follows from |Q~|,, < 6 and
the last inequality follows from the fact that Q=1 (To(Q(z))) € Cp.
Now we are ready to conclude using the following Markov bound on the expectation we are trying to control:

Eq.o {max { <Q(m) - To(Q(x)), |§(%)__§((OOI;)|2> OH

>P (01 <ot m>1{1{91} and <i|,el> >1- a) P(Q(o') € O|Q)no~d(z,Cp)
> ETEZ )91 4(z, Op) > EXd(x, Op).

Here we used that if o’ is chosen uniformly from B(o,1/¢), then Q(0') is chosen uniformly from Q(B(o,1/Y)).
This concludes the lemma. O

3.3.3 Proof of Proposition [3.5

Proof of Proposition[3.5 First note that |[XAY|=2|X \ Y], so it suffices to bound |X \ Y.
Given z € (0X)\Y, let y, be the intersection between the line segment oz and 9Y. We'll show that
| — yz| = Or(d(x,Y)) and integrate |x — y,| over x to find the lemma.

Claim 3.15. |z —y,| < (2d(z,Y).

Proof of claim. Let p, be the projection of x onto Y, so that d(z,Y) = |z — p,|. Note that as x,y,, and o are
colinear, x,y,,p, and o are coplanar. Restrict attention to this plane, and let L be the ray (line) through p,
tangent to B(o,1/¢) so that L intersects the line segment ox. Write g/, for that intersection. Note that because
pr € Y and B(o,1/f) CY, we have |z — y,| > |x — y|, so it suffices to upper bound |z — y,|. We show that the
angle ZL, oz is lower bounded away from 0 in terms of £.

Let t be the tangent point of L to B(0,1/¢), so that ZL,ox = Zty. 0. Using the sin rule in the triangle ty/, o,
we find Sm‘(t{tgl“o) = Slr‘l;,égflo) = |U,170‘, so that using |y, — o] < £ and |t — o| = 1/¢, we find sin(Lty,0) > £72.
Considering the triangle y/ p,x, we find Zp,y.,x = Zty. 0, so that applying the sin rule again, we find |y, — z| =
sin(ézpzy;)
sin(ZLpzy’ )

|z — po| < £2|x — p,|. We conclude

|z = yo| < lyp — @] < Clo = po| = £d(2,Y).

Using this claim, we find

/ |z — yg|dz < 62/ d(xz,Y)dx.
ox X

Note that |, cqx[#,%z] = X \ Y. Let z: S"7'(0,£) — X be the map taking a direction v € S"1(0, /) to the
intersection between R*tv and 6X. Note that

U =9

zedX

< U b-Go-mwd= [ 5o U - G0 - )| ds

vEDS™—1(0,0) O<s<t vEBST—1(0,0)

Sn—l 0,8 .
= /0< <p||S”1Eo€;| [{v € 8" (0,0): |2(v) = Yoy = € — s}| ds

g/ wwswmwymm—wmzwwﬂwz/ 12(0) — g |do
0<s</ veDS™—1(0,£)

The first inequality is immediate from the fact that we compress segments inside B™(o,¢) radially outwards
onto the sphere S"~1(o, /).

As B(o,1/¢) ¢ X C B(o,¢), we find that the Jacobian of the map z has determinant bounded by some
constant, say k, ¢, depending only on /¢, and n. Hence, we find

[X\Y| < / |2(V) = Yz (uyldv < kmg/ | — y|dz < kmMQ/ d(z,Y)dx,
vedSn—1(0,4) 0X X

which concludes the proof. O
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3.4 Proofs of Lemmas

3.4.1 Proof of Lemma [3.6]

Proof of Lemma[3.0. Fix 7%:52 = 27%[, U?,i,e = o%e/ll, m%\l = ( nQ@W% ) (0,1)], &me =

1/(32(5%3,)%).
Recall Definition and construct simplex S’ = S” + z with a vertex at z. Let Fy, Fi,...F, be the faces
of S” where Fy is the face opposite vertex z. Then, by Lemma

1. 8 cCsnCp
2. HU---UF, C0C4NICp.
3. B(u,l/r%:;\z’lz) csSc B(u,r%:;\z’lz) for some u € R™.

Let fo, f1,. .., [n be the inward normal vectors to the faces Fy, ..., F,, respectively. By Lemma[3.10] together

. I(fz:UZ |
with (3), there exists 1 <4 < n such that Thlwal 2 o%[ Hence there exists s € {1} such that

(fi st2) s (3.23)

| fillsyz| e

Write ' = F; and f = f;. Let H be the supporting hyperplane of ' and let H' and H~ be the partition
into half-spaces determined by H with H containing S’ and H~ disjoint from the interior of S’.

By Lemma L together with (3), we deduce there exists wy € F such that B™(wy, 1/7%75) NH* C S and
B (un, /A2 T C F.

By (1), S € Ca,Cp. By (2), there exists faces F4 of C4 and Fp of Cp such that F C F4NFp. Clearly faces

F, F4 and Fp share the supporting hyperplane H; in particular, F', F)4 and Fp share the same inward normal
vector f. Therefore, we get wy € H and B™(wy, 1/7‘735;\?[) NH* c CaNCpg. and B™(w, 1/7%4) NH C FANFg.
It immediately follows that for every w € B™(wo, 1/ 27%:;\2515) N H, we also have

B"(w,1/2/52 )" H* ¢ C4NCp. (3.24)
Fix w € B™(wo, 1/27%%0 NHCFsNFp. As C4UCp C B™(0,{), it follows that
lwl < L. (3.25)

Recall that faces F, Fy and Fp share the same inward normal vector f. Because w € F4 N Fp and M(w) €
0C 4 U OCp, by convexity we deduce that y; = M (w) — w satisfies

<Z/1> f>
rll7] > (3.26)

By Lemma together with (3.23)) m 3.25)) and (3.26)), applied with parameters n, 271:;?)\2[, a%[ (recall 7%\12 >
¢), the ball X,, = B" (w + £/ (48D, 5. 2 % ) has the following properties:

L X, C (1—1/(32(82,)2)(B(w, 1/25E2,) n HY).

2. Pacx,, (<y1’””‘w> > 0) >1/2

[y1[|lz—w]

3. For all 7 € X,,, we have {&¥2:2=w) a% /4

[sy2[[z—w] =

4. For all z € X,,, we have |x —w| > 1/87%:)\35.

By construction, |X,,| = (km ) |B™(0,1)] = mn 3¢ By the first property of X,,, together with

)\ 00
(13-24]), we get X, C (1 — 1/(32(7%'\234) ))(CA NCp) =(1- 5@5'\,@)(621 N Cp). The second and third property
of X, exactly give P,ex,, <<y1’xfw> > O) >1/2 and Pyex,, (M > olﬁ:'&’é) = 1. The last property of X,

ly1llz—w] = lyz|le—w| =
is exactly d(w,X,) > 1/(4%8,). Finally, note that all of these hold for all w € B"(wo,1/r33,) N H, which
concludes the proof. O
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3.4.2 Proof of Lemma 3.7

Proof of Lemma[3.7 Set 180 = 2/)\. The first two parts follow immediately from Definition 2.7] (2). For the
third part, note that by Definition (1) and (2) we have B(o,1/¢) C Cy C AS" +2z = AS" + (1 — N)=.
After rearranging, we conclude B (/\%z, 7x) € 8. In addition, z € S C Ca C B(o,{). After rearranging, we
conclude

A—1 A-1 A—1
!/
S CB(O,E)CB( 5y z, 0+ y |z|)CB( y z,%).

3.4.3 Proof of Lemma [3.§

Proof of Lemma[3.8 Set k = (4r)~'o and € = 1/(8r)?. As everything is normalized, without loss of generality
we can assume |yi| = |yo| = 1.

For the second part, consider the half-space Y = {z: (y1,2 —w) > 0}. We need to show that [ X NY|/|X]| >
1/2. Because X is a ball and Y is a half-space, it is enough to show that the center of the ball belongs to the half
space. In other words, we need to check (y1,w+ f/(2r) —w) > 0, which follows from the hypothesis (y;, f) > 0.

For the rest of the proof fix x € X = B™(w + f/(2r),k). For the third part, note that we can write
x =w+ f/(2r) + ag where g is a unit vector and k > a > 0. Thus we have

(Y2, 2 —w) _ (ya2, f/2r) +ag) _ (2r) "y, f) + alya,g)  (2r) "o+ alys,9)
yallz —wl |y2llf/(2r) + ag] wallf/(2r) +agl = lw2llf/(2r) + ag]
(2r)~to —a (4r)~1o (4r)~lo
T wellf/2r) +agl T 2l f/(2r) +agl Tyl (1F/(2r)] + lagl)
(4r)~Lo S (4r)~Lo
—1/@2r)+a ~ 3/(4r)
Here the first inequality follows from the hypothesis (y2, f) > 0. The second inequality follows from the simple
fact that for unit vectors y2,g (y2,g) > —1. The third inequality follows from the fact that o < k < (47)"1o.
The forth inequality is the triangle inequality. The fifth inequality follows from the fact that ys, f, g have norm
1. The sixth inequality follows from the fact that o < k < (47)~1L.
For the forth and first parts, we recall that | — (w+(f/2r))| <k, |w| <rand |f| = 1 and apply the triangle
inequality.

> o /4.

[z —w| = Jw+ f/(2r) —w| = |z = (w+ f/2r)] = 1/2r) = k > 1/(4r).
Here we used the hypothesis k& < 1/(4r).

o (1= eul < Jw+ F/(2r) — w| + |ew| + | — (w+ £/(2)] < 1/(2r) +er+k 2 7/(8) < (1 —)r.

Here we used the hypothesis k < 1/(4r) and ¢ < 1/(8r?) < 1/8. Finally, we can again write x = w+ f/(2r) +ag
with ¢ a unit vector and 0 < a < k, so that we have

(frx) = (fiw) +(f, f/(2r)) + (f,ag) =0+ 1/(2r) + a(f, g) = 0.
Here we used that 0 < « < k < 1/(2r) and (f,g) > —1. Hence, we find that X Cc H™. O

3.4.4 Proof of Lemma [3.9

Proof of Lemma[3.9. Let = be the vertex of S opposite to F. Let v = zu N F be the intersection of the ray
zu with the face F. Set A = |zu|/|zv| < 1. Then it is easy to see that (1 — X\)z + AB™(v,1/r) = B"(u, A\/r) C
B™(u,1/r).

Let F, Fy,..., F, be the faces of F' and let H, Hy,..., H, be the supporting hyperplanes, respectively. For
each 1 <i<nlet Hf and H; be the two half spaces determined by H;, such that Hf contains S and H, is
disjoint from the interior of S’. Then S’ = HT N?_; H;.

For the first part, as B™(v,1/r)NHT C HT, it is enough to show that for 1 < i < n, we have B"(v,1/r) C
H;". Assume for the sake of contradiction that there exists y € B"(v,1/r) N H; °. As vertex z belongs to all
faces except F', we have z € F; C H; C H; . Hence, as H; is convex, we have (1 — X\)z + Ay C H,; °. However,
by the above discussion, we have (1 — A\)z + Ay C B"(u,1/r) C S’ C H;. As H; and H, ° are disjoint, this
gives the desired contradiction. Thus, we conclude the first part.

For the second part, on the one hand we have B"(v,1/r)NH = B™(v,1/r)NHTYNH C S’NH = F. On the
other hand, F C H by definition and F C S’ C B™(u,r) C B™(v,2r) by hypothesis. For the last inclusion we
just used the fact that v € F C S’ C B™(u,r). Thus, we conclude the second part. O
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3.4.5 Proof of Lemma [3.10]

Proof of Lemma[3.10. For a contradiction assume there is a sequence of simplices S and unit vectors v* so that
maxi<;<n |( ;,v’>| < 0y, where o; — 0 as ¢ — oco. By compactness there exists a converging subsequence so
that v* — v and S* — S’ (each of the vertices of S; converging to the corresponding vertices of S’). S’ has the
property that B(u,1/r) C S’ C B(u,r) and letting f; be the inward normal vectors to the faces of S’, we have
(fi,v) =0forall 1 <i<n.

Consider the line u+ Rv through u. As B(u,1/r) C S’, this line goes through the interior of S’, so intersects
the boundary 95’ exactly twice, in two distinct faces. In particular, this line intersects some face 7 with normal
fi with 1 < i < n. However, as (f;,v) = 0 it follows that this line is contained inside face i. However, this line
goes through the interior of S’, contradiction. O

3.4.6 Proof of Lemma [3.11]

Proof of Lemma[3.11] The statement is equivalent to the following statement. There exists 0 < a,, < 1 such
that the following holds. If 0 < ¢ <1/2 and A1,..., A, >0 and A;...\, =1, then

2
(A —1)2 <! <H(t+ (1—t)\;) — 1> + (H(t + (1 =N) - 1) :

It is easy to check that for fixed A\; > 0, and conditioned on A; ...\, = 1, the right hand side is minimised
1

when \y = --- = A\, = A\ ". This is because for a,b > 0 we have (t+ (1 —t)a)(t + (1 —t)b) > (t+ (1 —t)Vab)?.
Write Ay = A7 and Ay = --- = \,, = A for some A > 0. Then the inequality becomes

an (AN —1)2 <! ((t + (1 =N+ A -t = 1> +t72n <(t + (1 =N+ (1 -t = 1)2

We first assume that 0 < A < 1 and note that

t+1 =N ™)+ 1 =N =1 > AEDO G @A) T =X (=) -1
> AT 4 (1= A =1 = texp(—log(A\)(1 — 1)) + (1 — t) exp(tlog(\)) — 1

> t(1 —log(\) (1 —t) + %logQ()\)(l —1)2) + (1 —t)(1 +tlog(\) — 1 = %logz()\)(l —1)2 > —log®(\).

We now assume that A > 1 and note that

A=A E+ (L= =12 (E4 (1= )AT)AGDO=D 1 = A000=D g (1 - A=H=D
= texp(log(A\)(1 —1t)(n —1)) + (1 —t) exp(—tlog(A)(n —1)) — 1

> (14 log(W)(1 — ) — 1) + %mg?(x)a —1P2(n = 1) + (1= 1) (1~ tlog(W)(n — 1)) ~ 1
_ glogQ()\)(l 2 —1)? > élogQ(A).

In both cases (0 < A < 1 and A\ > 1), the first inequality follows from the AM-GM inequality: px + (1 —
p)y > 2Py!P for 0 < p < 1 and 0 < z,y. Also, the penultimate inequality follows from the inequalities

exp(z) > 1+z+ x—; and exp(—z) > 1 — z, for x > 0. Combining the two cases, for A > 0 we get that

t+1—ON™E+ A - -1 > élogQ()\).

|>\;1|, we deduce that

Therefore, for |A — 1| < 0.25, using the simple inequality |log(\)| >
—n n— t
t+1 =N "™+ 1 -t -1 > ¥|/\—1|2. (3.27)

Moreover, for | — 1| > 0.25, using the inequality |log(\)| > 1/8, we deduce that (¢t 4+ (1 — t)A"") (¢t + (1 —
HA) -1 > 2% The last inequality implies that for ¢t/2 < A < 0.75, we have

71L2—2n /\2—2n ()\1_” _ 1)2

2
r?n((t F =AY+ (1= A - 1) > >

218 = 916+2n = 216+2n (3.28)
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It also implies that for 1.25 < A, we have

t272n 1 ()\1777. _ 1)2
Zogw T gw

S 2 g1 (3.29)

2
(4 (- N+ (=N =) >
For 0 < A < t/2, we have the simple bound
t+A =A™+ =Nt =1 > 1 =)t -1 > 3 A
where the last inequality follows from A!="¢"=1 > 27=1 and 0 < t < 1/2. Therefore, for 0 < A < t/2 we infer
2
4—2n ((t F (L= AT (4 (1= At — 1) > (m2n372)\2-2n20=2 5 3-2)2-2n 5 3-2(31-n _1)2 (3.30)

where the last inequality follows from A\ < 1.
Combining (3.27)), (3.28), (3.29) and (3.30), we conclude

(A;Zﬁ”z <t ((t F (L= DA (4 (1 - A" - 1) +t ((t (L= )AT)(E+ 1 =" - 1>2'

O

3.4.7 Proof of Lemma [3.12]

Proof of Lemma[3.13. Choose maximal 1 > p > 0 such that (672 + 1)71(1 + u) < (te/4) 7 (1 + p)e/4 — ).
By hypothesis, we have K —e CACCaC(1+pu)K—zand K—yCBCCpC(1+u)K —y.

Therefore, it is enough to show that ¢(K —x)+(1—¢)(K—y) D t(1—¢/4)(1+p) K —2)+(1—t)((1+p) K —y).
After rearranging, this is equivalent to K —tz — (1 —t)y D (1 —te/4)(1 + p) K — t(1 — e/4)x — (1 — t)y. After
further rearranging, this is equivalent to K O (1+ u —t(1+ u)e/4) K + (te/4) x. Therefore, it is enough to show

x € (te/4) (1 + p)e/d — K

By hypothesis, we know K C (1 + pu)K which implies that o € K (assuming wlog K is compact). By
hypothesis, we also know K —x C B(o,{). Combining the last two inclusions, we get —x € B(o,¢) i.e., x €
B(o, /). Finally, by hypothesis we have (1 + p)K —x D B(o,{™1).

Combining the last two inclusions and rearranging, we get

re(+ D)1+ pK.

By the choice of parameters, we have ({72 + 1)71(1 + p) < (te/4)"*(t(1 + p)e/4 — p), from which the
conclusion follows. O

3.4.8 Proof of Lemma [3.13

Proof of Lemma[3.13 We first observe that, by Caffarelli’s regularity theory [Caf92Dl [Caf92a], the function ¢
is a strictly convex Alexandrov solution of det D?p = 1. Also, thanks to , the modulus of strict convexity
depends only on R and the dimension. Hence, we can apply the interior regularity theory for Alexandrov
solutions (see for instance [Figl7, Theorem 4.42]) to deduce that, for every 6,a € (0,1), D%y is uniformly
a-Hoélder continuous inside (1 — 8)C4. More precisely, there exists a constant C’n R,0,a > 0 such that

D*p(z) — D*p(y
ID%0lcon(aonyen = 1D%¢lim@nen + sup 22D = D0W)
z,y€(1-0)Ca |$ - y|

S én,R,O,oc (331)

(here the choice of the norm for D?p(x) is irrelevant, since all norms are equivalent up to dimensional constants).
Now, given any affine function £(z) :== b-x + ¢ (b € R", ¢ € R), consider the second-order polynomial

e

pe(x) := 5= 4 £(x). Since det D?*p; = 1, applying [Figl7, Lemma A.1] we write

1
d
0 = det D?p — det D?p, = / o det (tD*p + (1 — t)D?p,) dt
0

ij=1 ij

- zn: (/01 cof (tD?*p + (1 — t)Id) dt) 9ij (¢ — pe),
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where, given a symmetric matrix A, cof(A) denotes its cofactor matrix. In other words, if we define the functions

a;j(z) = (/01 cof (tD?*p(z) + (1 — t)Id) dt) i,j €{l,...,n}

tj

and Yy := ¢ — py, then 9, solves the equation

Z aijaing =0.

i,j=1
Note that, thanks to (3.31), the matrices (a;;())}';—; are uniformly positive definite and Hélder continuous.
Hence, recalling (3.1), it follows from classical elliptic regularity (see for instance [GT98, Corollary 6.3 and
Theorem 9.20]) and a covering argument that

1Dl Lo (1-20)ca) < Co roollVell Lr(1—0)ca) (3.32)

where C;L,R,o depends on n, R, and 6 only.
Now, set ¢(z) := ¢(z) — @ and fix £(z) = b- x + ¢ with

_ 1 1 _

ST AP TR P
Then, by applying twice the 1-Poincaré inequality (see [GT98|, Equation (7.45)] with p = 1) and recalling ,
we have

[Yellra-ycay < 2R HIVYgllia-0yca) < 4"R" 2Dl 11 (1-0)c0)- (3.33)

Noticing that D?1; = D%, combining (with £ = ¢) and we conclude that

ID*]| o ((1-20)ca) < 4"R™2Ch g oID* Y| L1 ((1-6)C)-

Choosing 0 = /2, this proves the desired estimate with C), r . = 4”R4"’2C'7’z Re/2

4 Putting it all together: Proof of Theorem (1.2

Proof of Theorem[1.3 Consider any n,t,¢, and A\. Choose g, = d,; = t*"~'/4. Choose 0 = 97%/2 as
given by Proposition Choose ¢ = % Choose u := ;E’?iel as given by Propositio Choose ¢y e 5 =

L8R 00 =" + 2, where &3 22 .and &2 are the constants from Proposition [3.5, Corollary [3.2 and
T ) .09 Crie, \ 0,0 .l

Propgéition respectively.

By Proposition we may assume that A, B are (7,4, A\, u) conelike with p sufficiently small in terms of
n,t, ¢ and A.

By Corollary we find that for any affine transformation @ : R™ — R™, if ||Q||op, [|Q|op < 6 and if
Tg : Q(Ca) = Q(Cp) is the optimal transport map from Q(C4) to Q(Cg), then

_ " Qz) — Qo) . S+
/ar:€3CA max{<Q($) TQ(Q< ))7 HQ(m) o Q(O’)|2> 70} d S C%:,zg],,\,z,e t |Q(A)|7

for all o’ € (1 —¢)Ca.
Let @ ~ Qp be random scaling, choose o’ uniformly random from B(o,1/2¢). Note that To(Q(Ca)) C Q(Cg)
and B(o,1/2¢) C 3C4,3Cp C B(o,2(). Hence, by Proposition we have

Ea [ { {000 - To@e). 1B =G5 ) 0} > Bt

Since we have ||Q||op, ||Q||op < 8 for every random scaling @ ~ Qg, and B(0,1/2¢) C (1—¢£)Cy,(1—¢)Cp,
we can combine these two to find:

B dwonies [ Eow {90~ Ta(@). 5 =t ) -0

~Bou | [ o, mox{ (20 - Tot@o. 5 =g ) o ]

E2 o[ Q)| < 825, 0\ | B lQ(A)] < E2 5 0| 67141,

" t
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where the final inequality follows as every @ ~ Qp has determinant at most 0™. Applying Proposition [3.5| we

find

ICANCp| < &3 d(z, Cp)dx < St [0+ Y gu g
o o, ;
z€dCa n,20

We conclude recalling the definition of Cy,Cp:

n,L-n,e 6"’ 5+
|JAAB| < |C4ACg| + |Ca \ Al + |C5 \ B| < : ’fcmiww’,/ t79"|A|+27|A\ gcn,w/T 714
n,20

This concludes the proof of the theorem. O
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