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det (GLUE) Given twosmooth manifolds with dimN = dimN2 = n V.: $*x RU-
*
< &N
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V2 : $Kx RU-, gKY<Dr< D"xD"*= D"
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a rank (m-n) Gandle E-Y over a smooth m-manifold
,
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and neat tub .
nohds U: E<N of neat enomanifolds Vi(Y).

Examples.
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Neutra N2 : = Ni - W(Y) ~ N2 - E(Y)/Win = Valrewllull )
.

Free N o-handle
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01 is an oneutation revering diffeomorphism. k=1 ..
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2- handle

NOTE : For Vi : E &Ni can still define Ni*Ve N2 .

We can first glue the boundaries : ONic
.
Fr

,

&N2 K = 3 this is foundary connected even with D3 (so not possible for N= S <D2)
(But then we have to makeeure we can put N,

and N2 bakke in
"

NOTE : Wesimplify by thinking of handle attachment as just Nush" E NrDM
K n- K

and still have a mooth structure. We can do this using where I:= D'xD is the handle of index (k-handle
-

"half-tubular" neighbourhoods ·

i
_
/

T : = U: SkixMr- ON in the attaching region

THM .

This operation yields a well-definedsmooth manifold ,
which up to diffeomorphism core

(EID'

does not depend on new and depende only on 2: up to inotopy.
i ·cocore (ED")

...........↳L
Mattacking att , regist- 'll
- belt sphere BEgn--

Some special cases : spere (
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-

M A E
I10 connected even N

.
#N2 for Y = pt ,

E = R
.

WiiR"<o itNi
9 ! - felt region (ED"gn 3-dim' 2- handle hI

20 boundary connectedr N
. HN2 for Y = pt

,

E =R""vi : R*G &N:

3-dim 1 - handle h

NOTE : The usual def of Nv,h" as the gling of top, epcke
THM [Palais] is apris not a smooth manifold ,

but our defu Nr
,

D" is !

Any two DD"cN ,
either both orient. preserving or reversing ,

are ambiently isotopic.
Hence

,
connected afoundary connected even are well-defined and indep . of all choices. 4

murgery along a sphere : N = N
,

N2 = SP
.

Y = SKF U : SYRION
.

Ve : SKRKSHi



Exercise. Use the Handlebody DecompositionThm to prove the varrification of compact surface. Exercise. A twisted sphere S/A) = D"vAD" is diffeomorphic to $

it and only if A : $
"- S*extends to a differmorphism D"-> D"

.

Exercise. Relate curgery on a (K-1)-sphere and handle attachment of a k-hauble.

& HANDLE CALCULUS
NOTE : The Ummot Lemmaisnot trueiOD" insta ,DOD AEU

Whereas J CD" is equivalent to A being "elice".

For ofThm .

- Isotopy Lemma - If 4: : SKD"c ON are isotopic i = 1
.
2, For example : Imany A : S'< S3

it
.

A W but A is ice e .g. G-C
then Nuech" are hiffeomorphic i = 1

,
2

.

- Unknot Lemma- Tor
. If A : "LON bounds a disk U :DPON

,

3
n thenIt N : =Deh and A:=El skeisL&D" bounds an embedding till"-OC

↑ Nuch"N4En- K

then N is a D-bundle over a smooth manifold homeomorphic to $". 2
E

.

E

where E-SIA) is a D"*Gundle
.

proof .
Puch the interior of 8 into D. "2. W : D"< D", 00 = A .

ThenH can be viewed as a
en a N

K n - K

the nGLd Us: D"D""ED"
.

Then: N = Dunf E (D"D"") U (DXD)
SDn& For every handle decomposition of (W .

%W
.

GW) there isNow
,
the projections DD"-D" glue together

- Upside Down Lemma -

along (OCD") - D""to a well-defined map N-(D"UAD'
· · T ·

an "upside-down" decomposition of (W.

&W
,

%W) with
m

which is a fire bundle with file D"". ver Jenna below I handles of index n-K attached along the felt spheres of
k-handles of the original decomposition.

K

def .

For a diffeomorphism A : "E define the smooth manifold S/AI := C" UCD
.A

proof. FACT : Every handle decomposition corresponds to a Morse function ,
call it h.

Lemma
.
S/A) is always homeomorphic to". Then-h yields a decomposition of the upside-down cobordin.

K

We but observe that turning a handle upside-down turns its

I - - ·I I
proof. Define a humeomorphin D"U D" s

Vidskt self region into the attaching region.A x

where A : D"-D"
.
Flriv) = (r

.Al) is a homeomorphism extending A radially B

To ,
is YgK

&W= W.......... e i
NOTE : S/A) is not diffeomorphic to

"

in general .

It in called a "twisted sphere".

·N-W...
wa ..... . ...We will see :

Smale's h-cobordiem Thm => Every exotic sphere ofdim-5 is a tuieted sphere. & I

:

... ....

:



- Reordering Lemma - It kee then (Nue
,

hil venlis (Nueihl we h Example. n= 3
,

k= f= 1
2 1

1 Br Br Br
:for some inotic attaching map YIETe

,

with imY2 = ON, : ....
.....
·

;
;

.

andt, has the same image as e. l
:

l
:

ke l l
.

& g g
..... -..........
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proof. Denote Az :" the attacking sphere of he
,

B,= the self sphere of he
· ON i

ON

i
Ai

Thm(Thom] If A : M-N a smooth map and BEN a compact rusmanifold - Cancellation Lemma - It Ach B
,

=< p3 then (Nue
,

hit ve
,
h""EN

.

then there is an ambient isotopy ofN, taking A to Al We say that h, and hyare
such that A'hB

.

Moreover
,
the isotopy can be assumed in a geometrically cancelling position.

to be the identity outside of any open ribld of B.
Or ha goes over h. geometrically once

.

n-K- 1

Arming this ,
we have As h B i

.

e. dAj(TSP+ dBITigh") TolNuh)
, proof. Since As and B

, intersect transversely ,
and UB<Nuh,

can be identified
n- K

for every a
,
b e .

t. Asla) = B16). However
,

ence with thebelt region D"= OD = Oh .
we can assume ..

dimBn + dimAz = n - f 1 + k- 1 = (n - 1) + (k- 2) - < n - 1 = dmd(Nuhn) Acn0h" = D"xEpb (the file of UBNu
,h ,

at PEB.) Be

away from
we must have As n B = 0. We can isotope further ,

so that As" <ON li .
e

-

The lest region Then by Tor. of Uninot Lemma for SA2By the Ambient Isotopy Extension then we have elighD"- < &N. N : = Nueh" and A: = An and := AcMON

Thus
,

the two handles can be attached in any order (or simultaneously). is we have differs :

k+ 1(Nuhiluke(NGE) vehze NG (Eu
,
hal NGD"EN .

is 72 ↑

since imtzdE since D""-E- S/A)
and he gened onto Az = &E

thetch proof ofThem'sThen :
which is a section of E

. T

T find a tubular rold UB of B contained in the given open set U= B.
-

-

irstly,
Then apply to E = UB-B the following : Example. n = 3

Leve
. If fi M-E issooth and EEIN a smooth vector bandle

,

.. De .. Ech, EID
then there exciet a section 1 :N-E rum that fus.

ha g O O
l ...

E
....

EThus
,

there is an obvious isotopy from B to (B) < Up =W and we can
·...

StandE
z- ON ON ONextend it byId on N-U . = Age&N N N N

To prove the Lemma
,

me Morse-SardThr to get the result for trivial bundles
,

N

and extend to all bundles using that all vector bandles have stable inverses. is. Nort : We can reverse the argument to know that a cancelling pair can be added.



Example. D" = D" xD"
A : SK--> OD" as 4 (ck

,

Pn-) : P(k) = 1
,
(n-k = 03

then the half-tus. Uond of A is 4((c
, <n ) : K<RK3]

can take W = (
,
Pn1) : ((kn- ) = 1

,

(xn-)c- 03

can tave ( = (
,
(n-) : 6(4 = 03

Thell

D" = D"xD" is a tab
. old of N = D"< 104.
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·
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