Question 1
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Question 2

(a)

Any probability measure Q =~ P can be specified by four parameters g, g+, ¢ty ¢y (with
the obvious interpretation), which must all be strictly between 0 and 1. Moreover, for this
probability measure to be an EMM for S and S? the following conditions must be satisfied

ot apr o+ =1,
(1+ut)grs + (L +d1)gpe = 1+,
(1+u2)qer + (1 +da)gey = 1+,

where gr = @1t + @1y Qe = @t + Q1) G = @t + @i and ¢ = ¢4y + )y The first and
the second equation let us solve explicitly

r—di up—T
w—di T w—d

Qs =

and similarly the first with the third give

_r—d _ug—r
q*T—u2_d2a Q*J,—u2_d2~

For these to be positive we already require uy > r > di,us > r > do. Using a parameter
gt = a, we get

T‘—dQ T‘—dl T—dg T‘—dl

= —a, = —a and =1- — a.
qiT u dg QN, q¢¢ ug — d2 uyp — dl +

9 — up —dy

Given the conditions we already have, it is clear that this leads to a well-defined equivalent
measure only if

r—dsy r—dy ) r—dy 1T —d
a € |max |0 — 1] ,min .
< <7UQ—d2+U1—d1 ) <U1—d17UQ—d2
So we have established that for no arbitrage to occur, uy > r > di, us > r > do must hold
and a must belong to the given interval, and moreover the entire measure is then specified
by the formulas above. Conversely, we can check that any such a generates an EMM. This

interval thus describes all EMMs for S and S?. Moreover, the interval is non-empty if and
only if the four inequalities hold

T*dg ’I“*dl

— >0, p— >0
r —dy r —do r—dp 1
upg —dy  up—dp  uyp —dp
r—dj r —do r—dp 1

up—dy up—dy  up—dy

These are all true as long as 0 < l;%d(; < 1, which in turn is implied by d; < r < u;.

Therefore these conditions are also sufficient for absence of arbitrage.

Since the market is arbitrage-free by assumption, there exists an EMM for (S°, St S?) by
the fundamental theorem of asset pricing. The same EMM is therefore an EMM for both
(89,81 and (S, S?), which means again by the fundamental theorem of asset pricing that
both of these markets are arbitrage-free. But both of these markets are simple binomial

markets so they are also complete. We can thus hedge f (gll) by trading only in St We
do this by finding an initial value ¢; and a trading strategy 6; such that

Cl+01(§11_§01) :f(gll) P—a.s.,
since we assume r = 0. This gives equations

c1+ 0ur = fF(1+uy),
a1+ 60idy = f(1+dy),



which can indeed be solved with

0. — f(L+w) — f(1+d)
1 — )
ul—dl
ur f(1+di) —dif(1+w)

up —dp

Ccl —

Analogously, we can hedge g(§12) by trading in 52 only, and then add up the hedging
strategies. In the specific case given, we have that

f(l+u)— f(1+dy) 1.22-0.8°

0 = _ _,
1 uy — di 0.4 )
0, — g(1+uz) —g(1+dz2) 0—(-0.3) 1
o uz — dp 09 3
Cl+C2:VO(H):u1f( +dy) 1f( +u1)+ugg( + ds) 29(1 + ug)
u —di ug — d
2x1.2240.2 x0.82 . _0. .
:0 X 0+40 x 0.8 +06><( 0032)+03X0:1-04—0.2=0.84.

(c¢) Using that r = 0, we obtain

EQ[H] = g (1.6) + ¢1(1.2) + 1,(0.8)

0.3 0.2 0.3 0.2
=P 164 (S ) x124 (1 o - 0.8
0.9 <0 <0.4 a) X2+ -Gg mga X
19 2
= — — —a.
5 5

One can see that the interval for a in this setting is given by (0, %) and so the expectations

under EMMs form the set 7 19
MH) = —,— ).
15° 15

In particular, this set is not a singleton, so according to Theorem 1.2 on page 49 in the
lecture notes, H is not attainable.



Question 3

(a)

()

(d)

Since ) ~ P, we know that Z > 0 P-a.s. by Radon—Nikodym theorem. Therefore also
% > 0 P-a.s. As a continuous transformation of an adapted process Z, % is adapted. We

also have by Lemma 3.1 in chapter 3 of the lecture notes and the adaptedness of % that
1

[ - 4] 5[] -

for all k € {0,1,...,T}. This gives the Q-integrability of % as well as the fact that

1
He [z} -t

Additionally, we have by the Bayes formula from Lemma 3.1 in chapter 3 of the lecture
notes and again by the adaptedness of % that

1 Z, 1
Fo | — 1|l =F —
9 [Zk ‘Fk 1] r |:Zk:—1 Zy,

for all k € {0,1,...,T}. So % is a strictly positive Q-martingale with Eq [Z%] = 1. Since

A € Fj and because % is adapted, the random variable Z%cﬂ A is Fr-measurable and we

have again by the Lemma 3.1 in chapter 3 of the lecture notes

1 1
Fi1| = Ep | =— | Fan| =

Eq |:Zlk]lA:| =FEp [Zkzzlk]lA:| = Ep[la] = P[A].

Let n:=7 Ao = min{r,0}. Then we have for all k € {0,1,...,T}

{n <k} ={min{r,0} <k} = {w € Q such that 7(w) < k or o(w) < k}
={r <k}U{o <k} e F,

since 7 and ¢ are F-stopping times by assumption and o-algebras are closed under countable
unions.

We know from (b) that if o, is an F-stopping time for all n € N then 7, A 0, is an F-
stopping time as well. Since 7, 11" P-a.s. by assumption, it is first enough to show that
op is an F-stopping time for all n € N and that o, 1T T P-a.s. The latter is clear from the
very definition of ¢,. In order to show that o, is an F-stopping time, we have

{on <k} ={w € Q such that || > n for some | € {0,1,...,k+1}}
k+1
= [J{9| > n} € Fi
I=1
by the fact that 1 is F-predictable and that o-algebras are closed under countable unions.

In order to show that X™"\?" is a (P,F)-martingale for all n € N we use the fact that a
stopped martingale is a martingale (which has been proved in one of the exercise sheets)

and that X™ is a (P, F)-martingale since (7, )nen is a localizing sequence for X. Denoting
Y = X™ we indeed we have for k € {0,1,...,T} that

Tn/\O T o
an "= Xm/\an/\k = XO'Z/\]C = Yan/\k = Yk "

Let us denote p,, := 7, A 0p,. Then we have for all n € N and k € {0,1,...,T} that

pn Nk k

(0 X)pork = > 05(X5 = Xj1) = D 05(Xpunj — Xpong-1) = (9 X" ).
j=1 j=1



But X7 is a (P, F)-martingale for all n € N and |9, < n for all j < p,, and
Xpuni — Xpan(i—1) = 0 for all j > py,

so we have for all k € {0,1,...,T} that

k

Z pn/\] pn/\(j_l))

El(0«X) punl] =

K
] <D B9l Xpuns — Xpuni-nl]

E (19,1 Xp.nj = XpunG-lLi<pn}]

<
I
—

I

k
E [‘Xpn/\] - Xpn/\(j_l)’]l{jgpn}] S ZTLE [’Xpn/\J - Xpn/\(j_l)’]
j=1

<
Il
—

INA
3

< ) E(IXpunsll + E [[Xpa-1]) < o0,

-

<
I
—_

which is the integrability of (J«X)?". We also have for all n € N and k € {1,...,T} that

E [(19°X)Pan - (ﬁ'X)pnA(k—l) |]:k—1] =F [ﬁk—l(Xpn/\k - Xpn/\(k—l)) }.7:1@_1]
= E [k 1(Xpunk = Xpnte—1)) Lik<pn} | Fo1]
= Lipepy V1B [Xpork = Xpungeo1) | Fi-1] =0,

where the third equality follows from the fact that |J;1,<,,}| < n is bounded and
{on >k} ={pn>k—1}={pn <k -1} € F.
Adaptedness is clear since (1« X )zn is a sum of products of Fi-measurable random variables

so we conclude that (9« X )P is a (P, F)-martingale for all n € N, which shows that (py,)nen
is a localizing sequence for (9« X).



Question 4

(a) BW is adapted since B and W are. By independence, E[|B;W;|| = E[|B|]E[|[W}]] < o0
since B, W are integrable. Finally,
E[BtWt ‘fs] ZE[(Bt—B + B )(Wt_W + Ws) ‘Fs]
= E[(By — Bs)(Wi — W) + BsW;
= BsWs>
where the last equality follows from the independence of the increments of W and B. Thus
BW is a (P,F)-martingale. Alternatively, this can also be shown using the product rule
and arguing that the stochastic integrals that show up are indeed martingales.
(b) M3 is the space of martingales M null at 0 with sup,sq E[M?] < co.
Note that we clearly have for all ¢ > 0 that

t T
X/ = (/ des> + B/
0

Since every deterministic time is also an F-stopping time, we can apply the behavior under
stopping property of stochastic integrals from page 89 in the lecture notes to obtain that

t
XtT:/ sdwl + B}
0

For each T > 0, BT € M3 since E[(Bf)?] = t AT < T < oo. On the other hand, by
the properties of stochastic integrals (fo desT) € M2 since the process H = (Hs)s>0

defined by H, := s is in L?>(W7), because it is clearly predictable since it is F-adapted and
continuous and

E[/Ooos2d[WT]s] :E|:/Ooos2d(s/\T):| :E[AT82d5:| :j:<oo.

Clearly, both summands are null at 0, thus X7 € M2 Finally, applying 1t6’s formula to
the C2-function f(z) = 22 with f'(z ) =2z, f'(x) = 2 and the (P,F)-semimartingale X,
together with the fact that

(X), = </0 sdW, + B>t _ </0 des>t +2 </0 sdW,, B>t + (B,

t t t3
= [ aomyve [ sdon ) By = e
0 0
since (W), = (B), =t, (W, B), = 0 (by the independence of W and B), gives that

3
/XdX+ >—2/3XdW+2 XdB+t3+t

(c) Since XT € M2, (XT)2—[X]" is a (P,F)-martingale. Since X is continuous, we have that
[X]t = (X): so by (b) we get that
T3 _ t3
3
T3 t t
:T+3—I—2/ sXsdWs+2 | X dBs.
0 0

E((X7)* | F) = X{ + Bl[X]p — [X], | Fi] = X + +(T—1)

(d) The measure @ with % = Zr is a probability measure equivalent to P on JFr since

aQ
P

2 2
=E(aB+ W) = exp (QBT+BWT _@ ;—B T)



is finite and strictly positive P-a.s., and Ep[Zp] = Ep[Zy] = 1 since Z is a (P,F)-
martingale. By Girsanov’s theorem, since W and B are two independent (P, F)-Brownian
motions and noting that

[B,aB + W], = o|B, Bl; + [B, W]; = a|B]: = at,

[(W,aB + W], = [W, Bl + B[W, W] = W], = jt,
we get that B and W are (Q,F)-Brownian motions.
Finally, we can rewrite X? as
t t t3
X? :2/ sXSdWS+2/ XsdBs + = +1
0 0
t N t ~ t +3
= 2/ sXsdWs + 2/ XdBs + 2/ (Bs + o) Xqds + 3 + t.
0 0 0

No. Notice that X3 = 0 P-a.s., while X? > 0 P-a.s. and P[X? > 0] > 0 for all t > 0.
These conditions must hold under any equivalent measure QQ*, and if we additionally want
X2 to be a (Q*,F)-martingale, then we also need to have that Eg«[X?] = Eg+[X3] = 0.
These two conditions are, however, not compatible, since if Fg- [X?] = 0, then X? = 0

Q*-a.s.



Question 5

(a) By Fubini’s theorem,

E[/OtWSds] :/OtE[W ds =

o[ )] - [ [

//E dsdu-//s/\udsdu

u IREE
= — t— du = ——ttu)du=——+ — = —
/0<2+( u))u/0<2+u>u 6+2 3

where the fourth equality follows from the fact that for s > u, we have

E [WsWu] =F [(Ws - Wy + Wu)Wu] =F [(Ws - Wu)Wu] +E [Wg]
— E[W, — Wo E[W.] +u=u

and

2
E

(/Ot Wsds>

and similarly for s < u, E[W,W,] = s

For the conditional distribution we can rewrite

T t T
/ Wsds = / Wsds + (T — t)W; + / (Wy — Wh)ds.
0 0 t

The first two summands are F;-measurable, while (Ws — W;) e[, 7] is by the Markov prop-

erty a new (P,F)-Brownian motion independent of F;. Therefore we can use the earlier
calculations to compute the distribution as

T t _ £\3
/ Wsdswf\/'(/ Wsds+(T—t)Wt,<T3t)>
0 0

conditionally on F;.
(b) We compute
Vi=E[H | Fi] = P[A; > K | Fi]

e [T log(z) + /OT (aWS - ";5> ds > T'log(K) ‘Ft]

T 2
[ [ Thitsle) T
0 g 4

7.
By (a) we know the conditional distribution of fg Wsds, and we can write

@ (T—1):
/ Wsds /Wd + (T —t)Wt—i—TZ,

for Z ~ N(0,1) and independent of F;. Therefore we can write the above as

{/ W.ds > Tlog((TK/x) } _

(T —t)s Tlog(K/z) N T

4

=P Wd T — )W, A F
/0 5+ ( YW + 73 > S 1 t]
3 Tlog(K T2 t
_plzs V3 3< o8lK/z) | U—/Wsds—(T—t)Wt> Fi
(T —t)2 o 4 0

=1- ‘I’(Xt),



as we wanted, using the aforementioned independence.
If instead we use that the conditional distribution of fOT Wids given F; is N (my,v?) we
still get V; =1 — ®(X;) with X given in the generic form by

1 (Tlog(K T2
Xt:< o5(/a) "_mt).
V¢ o 4

We can find the dynamics of ®(X) using [td’s formula. Note that X; is a smooth function

of ¢, fg Wsds and W;. We know that V; must be a (P,F)-martingale (by the tower law),
and because all the terms are continuous, any continuous finite variation part must vanish.

Note that ¢t and fg Wsds are finite variation processes, and so we only need to think about
the derivative with respect to W; (i.e., we know a priori that all the other terms must
cancel out). Therefore that simply yields

t t
Vt:Vo+/dVS=Vo+/—<I>'(XS> V3 N\,
0 0 (T —s)2

_x2

t s
:vo+/ Vie 2 dS,
0 \ 0Ss\/2m(T — s)

giving
_x2
b — V3e 2
' oS/ 2m(T —t)
and

Vo=1-®(Xg)=1— (\/5 <loi(%x) + \/4%)) .



