Question 1

The correct answers are:
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Question 2

(a) 2 points
Let Y be a martingale deflator (note that in particular YpSp is P-integrable). We want to
construct an EMM Q. Therefore we define a new measure Q with Radon-Nikodym density

dQ — YpS)
AP Ep[YpS9)
Observe that

e () is a probability measure since Q[Q] = Eg[lq] = Ep [Z—Q} =1

e () is equivalent to P since % > 0 by the positiveness of the martingale deflator Y.

Remains to show that () is a martingale measure. By Bayes formula,
S
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Ep[S9.Yr|F]

Since Y is a martingale deflator, the numerator is equal to Ep[SkYy|F;] = S}Y; and the
denominator is equal to Ep[S3Yr|F] = SPY;. Simplifying by the non-negative Y; gives
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and hence @ is a martingale measure (adaptedness of the discounted price process does
1
not depend on the probability measure and integrability of g—g under Q follows easily from
- T
the integrability of Y7.S% under P).
Conversely, suppose that @ is an EMM. Let
dQ

Zy=Ep Llp\ft]

Note that by definition Z is a P-martingale. Moreover since @ is equivalent to P, the
process Z is positive. Define
Z,
Y=o
S

We now show that Y is a martingale deflator. First,note that Y is positive since Z and S0
are both positive. Moreover the process Y satisfies

Ep |$9Y1|F| = Ep (21| F]
— 7
= 5*?}@

Furthermore, S% / 5’% is @-integrable (by the definition of martingale) and hence S'%YT is
P-integrable. We can thus conclude using Bayes formula that

1

Ep [S’%YT]}}] = FEg g:g’]:t Ep [S%YTU'}}
T

= gﬁfw
St
= Sly;

so Y is a martingale deflator.



(b) 2 points

Since the market is complete, there is no problem with integrability because Y; is bounded
for all t > 0. Adaptedness is clear by assumption. Remains to prove the supermartingale
property.

Using our assumption that 5‘? > 5’? for all £ > 0, we have

Y, )

Y; < L5t

=750

and hence using that Y is a martingale deflator, we get

;.Y
EplVilF] < Ep | ~& fs]

1 N
= @EP[ESE\fS]
59

Hence Y is a P-supermartingale.
2 points
Jensen’s inequality and the martingale property of Y S together imply
Ep[(Y:S; — ViK)*|F > (Ep[Y;S; — ViK|F))*
= (YsS; — KEp[Yy|F))*
> (YaSs = Y. K)*
where the supermartingale property of Y has been used in the last line.
1 point

By no arbitrage, we know form lecture that the discounted initial price of the European
Call option is

. Sh—K)*
C(T,K) = Eg M
St
Using the one-to-one correspondence between EMMs and martingale deflators given by
aQ  YpSY

AP Ep[YrSY]

we conclude using Bayes formula that

Ep [Yr(8L - K)*]

Ep |¥rSF |

Ep [Yr(8L — K)*]
e

Ep [Yr(8L - K)*]
— _

The undiscounted initial price of the option is therefore

O(T,K) = 80C(T, K) = Ep [YT(S} — Kyt

1 point

That f{ — C:'(T, K) is decreasing and convex is immediate from the same properties of
K — (S% — K)*. That T — C(T, K) is increasing is a consequence of the submartingale
property of Y (S! — K)*.



Question 3

(a) 3 points
We use Q = {u,m,d}’, and define the random variables Y3 (w) = 1 + wy.

Begin by introducing the notation I = {u,m,d}* for the set of outcomes until time k and

Ji, = {u,m,d}"=* for the set of future outcomes. Then set S := S1/S°. By rewriting the
martingale condition S} = Eg[S}_ 1| Fk], we obtain

1471 =Eq [Yir1|Fel = D EQ[Ver1l{w"} x Julliuryus, s
wkEIk

for k =0,1,...,T—1. With the notation Q[Yz11 = 1+v[{wF} x Ji] = qw, for v € {u,m, d}
and w”* € I}, this condition reduces to

gutqhm+¢ld=r, Yo* € I,
because ¢ + ¢ + qzk = 1. In the case k£ = 0, we have

g ou+ q"m + qtod =,

where ¢"y = Q[Y1 = 1+ v]. The solution for all k& = 0,...,T are analogous to the one
period case handled below.

When T' = 1, we omit the dependence of ¢ on k and therefore need to find ¢; for i € {u, m,d}

such that
L+r=1+u)gu+ (1+m)gm + (1 +d)qa, (Martingale property)
1=qu+qgm+4qq, (Q[Q] :1)
gi € (0,1), i€ {u,m,d}. (Q=~P)

We parametrize this set by choosing g, = A. Using the two equations then yields
_(r—d) = (m—d)A

u — u—d b

(u—71)— (u—m)A

qd = .
u—d

Now we just have to restrict A according to the third condition. This amounts to choosing
A such that

gm € (0,1) & X € (0,1),

r—u r—d
u 071 <:>)\ sy 1]
4u € (0.1) e(m—d 'm—d)

qde(o,l)@Ae<d_r “_T).

u—m u—m

Since u > m > d and u > r > d this reduces to

A€ <O,min{r_d, U_T}>.
m—d u—m

For the general case (T' > 1) the same argument can be used to write the set of solutions,
with the parameter A\ x, as

(r—d) = (m=dry , (w=r)=(u—m)y
( | )

u—d wh> u—d

e € (o,mm{r—d,u—f})
m—d u—m

where



For any sequence of A_x, w* € I for k = 0,...,T — 1 as above, we get an (equivalent)
martingale measure (), namely

T
QUw =TT k.
k=1

where w = (w1, ...,W,...,wr) € Land w1 = (wy,...,wp_1) € I1_1 and qu’,j_l, as defined
earlier, is the conditional probability under @) that Y takes the value 1+ wy, given that we
are in the node w*~! at time k — 1, for k=1,...,T.

2 points

Since S§ = 1 is deterministic, Fo must be trivial, i.e. Fo = {0, Q}. Therefore H € LY. (Fr)
can be replicated if and only if there exists an admissible self-financing trading strategy
¢ = (Vp, V1) € R? such that

Vo(l+7)+9151 =H

hold in every state of the world, which, using 5’3 =1, is equivalent to

Vol+7r)+ Y1 =H

Writing HY, H™ and H? for the outcomes of the random variable H on the different market
scenarios "up", "middle" and "down" respectively, the above vector equation leads to the
following system of equations

Vo(L+7) +91(1+u) = H

Vo(L+7) +91(1+m) =H™
Vo(l+7) +91(1 +d) = H?

This system admits non-trivial solutions if and only if

1+r 14w I?“
det |1+7 1+m H™| =0.
1+r 14d H?Y

2 points
Since 5& = 1 is deterministic, Fp must be trivial, i.e. Fo = {0}, Q} and thus our optimisation
for T'= 1 simplifies to an optimisation over ¢ € R:

win | (51~ £)° - (0o 5r)

which using 5’3 =1, is equivalent to

i B [(0 - )7 -0 - V)]

Using the given values for u, m, d, py, pm and pg, the problem becomes

2 1
min - (0.5 — 0.59)% + 0 + —(0.59)?

YER 3 6
whose solution is given by ¥* = % and the minimal mean squared hedging error is %.



Question 4

(a) 1 point
The parameter 7 is the mean of the limiting ivariant distribution of (7¢);>0 and can therefore
be interpreted as long term mean. This is the mean level to which the process (7):>0 reverts
as t — 00. The speed of the mean revesion is characterised by the parameter A > 0. Flnally
o describes the volatility of the stochastic interest rate.

(b) 2 points
Due to the similarity with the ordinary differential equation % =g <= log(y) =g,
whose solution is given by y(t) = C'exp ( i g(t)dt), one might try to apply Itd’s formula to
the function f(x) = log(z) and the positive continuous semimartingale S°. This yields

o0 o0 ! 1 o0 1 ¢ 1 a0
log(7) = tow(5§) + | S0 —5 | =S,

t 1 ~ t
:/ ~Sgrscls:/ rsds,
0o SY 0

S

where we have used that S is of finite variation and therefore

3= | [ 3oras| = ["E022a1. =0,

Taking the exponential on both sides, we get
_ ¢
SY = exp (/ rsds> .
0
(c) 2 points

Since @ is an EMM, the discounted price process of the zero coupon bond must be a
martingale under ) and therefore must satisfy

AR
efgv“sds Q erTrsds

Using that F’%T) =1 we get

Pt(T) — K, [e, T rsds‘ ]_—t}

(d) 3 points
Using [to’s lemma, we get that the undicsounted price dynamics satisfy

v % 10%V
t dt t d

8t( re)dt + —— ar (t,re)dry + = 2 87’?

oV oV 1 0%V ov
( 5 (t,re) + A(F —re)o— o, + 3 a7 (, rt)> dt + — ar, (t,r1)odW;

d‘?(t, T’t) (t,’l”t)d <r >t

Applying Ito once more with the semimartingale (V, 570) and the C? function f(z,y) =2

V.

we get the dynamics of the discounted price process V = SE

-V
dV(t,Tt) == Tth - E?"tdt
t

[dv - rtth}

! !
o:ﬁ-"_‘ OCQ"_'OCO =

ov oV 1 ,9*V - oV
( o (t,re) + AN(F— 1) =— + 702—(15,7}) —rV(t, rt)> dt + —

o T 27 a2 o ”)ath]



The LHS is a Q-martingale by definition and the stochastic integral on the RHS defines a
local @-martingale. Therefore the finite variational part on the RHS is a local martingale
starting at 0 and of finite variation and hence it must vanish. This gives

LoV OV 1 0%V .
r— a. a A 9 - = >
/0 ( En (5,75) + A(T Tt)@rt +50 o7 (s,75) TSV(S,’I“S)> ds—=0 forallt>0

which is equivalent to

ov vV 1 ,0%V
——(t,7) + MNF — 78)—=—(t, 1) + =0>

o ar 27 gz b =V

on (0,00) x (—o0,00) since the integral up to time ¢ can vanish for all ¢ > 0 if and only if
the integrand vanishes on it’s support.

Finally the undiscounted value process must satisfy the boundary condition

V(T,rp)=P0) =1

3 BONUS points

The idea is to take the partial derivatives of the ansatz and plug them back into the PDE
obtained in the last question. To simplify the notations, we will write R := % and Q := %
for the derivatives of the functions R and ) with respect to t. An easy computation gives:

W =V(-nk-Q)

f-vn
2w

Plugging back the above expressions into the pricing PDE yields
V (-rk = Q) + A - r) VR+ 50" VR = 1
which is equivalent to
eV (R - AR) +V (—Q + AR + 202R2> =7V (1)

Equation (1) has to hold on the full support of the function V, which is only possible if
the coefficients of the terms in 7 on the LHS equals the coefficients in 7; on the RHS and
similarly for the coefficients for the terms without r;. This leads to the following system of
ODEs:

~R—AR=1

Q = MR+ 1o?R?

The initial conditions are R(0) = Q(0) = 0so that V(T,rr) = exp (rrR(T — T) + Q(T — T)) =

1.

The equation for R can easily be solved via variation of constants method. Finally @) can
be simply obtained by integrating the solution for R.

(a) Solving homogeneous equation for R Consider the homogeneous equation
~R—AR=0

which is clearly equivalent to

Integrating on both sides gives
InR(t) = A+
for some constant ¢; Taking the exponential, we find
R(t) = K exp(—At)

for some constant K.



(b) Solving inhomogeneous equation for R (variation of constants) Suppose that
K is actually a function of time t to solve the inhomegeneous case. Using the solution
for the homogeneous case, the inhomogeneous equation

~R—AR=1
leads to the following ODE for K:
Kexp(—At) = —1
whose solution is

—exp(At)
A

for some constant cs. The solution to the inhomogeneous equation —R— AR =11is
therefore N
t
R(t) = <02 - exp)(\ )> exp(—At)

Using the initial condition R(0) = 0 we found ¢, = ; and therefore

K(t) = C9

exp(—At) — 1

R(t) = 2

which is equivalent to
exp(—NT —t)) —1

R(T —t) = <

(¢) Solving ODE for Q The solution of Q = AR + %O‘QRQ is obtained by integrating the
RHS:

T—t
Q(T —t) = Q(0) + /0 (AFR(S) + ;UQ(R(S)F) ds

_ /0 o ()\FR(S) v ;UQ(R@))?) ds

1—e M0 _\T —t) 02 (4e M) — e=2XT=1) L 2\(T — t) - 3)
A * 4N3

=7

where in the second equality we have used the initial condition @Q(0) = 0 and in the
last equality we have used the expression for R(z) found previously and have evaluated
the integral explicitly.

Finally plugging back the solutions for R(T' —t) and Q(T" — t) into our initial ansatz, we
get the the solution to the pricing PDE is

Vt,ry) =exp (rR(T —t) + Q(T — t))

By tr py + I5E

( e MT=t 1 1 XTI _ \(T —t) o2 (4e™2TD — e72MT=8) L oN(T — t) - 3)
=exp | T

)



Question 5

To price the contingent claims, we first need to find an EMM Q. To get find this measure, we
first need to derive the dynamics of the discounted price process S' under P and then try to
find a candidate @ under which S can be expressed as a stochastic integral with respect to a
Q-Brownian Motion and therefore is a Q-local martingale. To show that S is actually a true
(Q-martingale, we solve the SDE for S' under @ and show explicitly that the solution defines
a @-martingale and therefore our candidate @ is indeed an EMM. Uniqueness of the EMM @
follows from Ito’s representation theorem

Using Ito’s formula with the semimartingale (S*, S°) and the C? function f(z,y) = 3 we get the
P-dynamics of the discounted price process S':

dSt = S} ((pp — r)dt + odWy) (2)
To get a candidate EMM @ we rewrite (2) as
dst = S} ((p — r)dt + cdWy)

= Slo <“ — Tt + th)

g

with W* = (Wt)OgtST defined by

_ t
Wt*:Wt+wt:Wt+/>\ds for0<t<T
g 0

where A = is the instantaneous market price of risk of S'. Girsanov theorem tells us that
W* is a Brownian motion under the probability measure QQ* given by

aQ* . B B Y
P _5< /AdW)T—exp( AW 2>\ T)

H=r
g

By a general result on stochastic integration, the stochastic integral process
t
S} =S5+ / SlodWwr
0

is then a continuous @Q-local martingale. It is even a QQ-martingale since we get using a log
transformation that the solution of dS} = S{odW; is given by

1
Sl = Stexp (UWt* — 202t>
which indeed defines a ()-martingale as W* is a ()-Brownian motion.

Remark: the proof of existence and uniqueness of the EMM () is not required, students are
allowed to state the results from the lecture.

Let H = % denote the discounted payoff. The no arbitrage discounted price of H is given by
the Q-martingale V* = (V;")o<¢<7 defined as

Vif=Eqg[H|F] for 0<t<T (3)

To find the initial replication price and the hedging strategy, we need to compute the above
conditional expectation (3) for the particular value of H and express it as a function of current
time ¢ and current underlying price S}, i.e. find a function v such that V;* = v(t,S}) for all
0 <t <T. If the function v is smooth enough (which is the case for the given payoffs), we can
apply Ito’s formula to get

t
v(t, S}) = v(0,88) + /0 aaxv(t, S})dS} + continuous FV process.



Since the left-hand side and the stochastic integral on the right-hand side are local Q-martingales,
the "continuous FV process” is a local @-martingale as well and since it apparently is null at 0,
it must be identically equal to 0. We thus immediately obtain that the hedging strategy as

0
Uy = %U(ta St1>

i.e. as the spatial derivative of v, evaluated along the trajectories of S1. Note that 9 represents
the holdings in the risky asset S'. To find the holding ¢; in the numeraire S°, one simply solves
the budget equation

by +9:S) =V =v(t,S})

which gives
by = v(t, S}) — 9,5}

Finally, the initial discounted replication cost is given by v(0, S&).

It thus remains to find the function v for the four different payoffs of the exercise. For all
subquestions, we will use that the undiscounted terminal price 5’:}, can be expressed as

§h=eTsh
o2
=TSl exp (0(W1*« - W) — ?(T - t))
in terms of the ()-Brownian motion W*.

(a) 4 points

| oF
[ (eTTStl exp (U(Wfi —Wy) — %Q(T - t)))
= EQ S'% ‘]:t
i po?(T —t) .
= " TP=1 (5P exp (_ 5 ) Eo [GPJ(WT*Wt )}

=Cﬁ?@m<@—iﬂr+ﬁﬂXT—ﬂ>@pr—Dﬂ
2

= (S})" exp ((p -1 (V’T “’022(T - t)>>

= (S})Pe " exp <(p —1) (rT + pU;(T — t)>>
= v(t, S})

with

v(t,x) = 2P exp ((p —1) <'rT + pU;(T - t)>>

By the above arguments, the hedging strategy is fully characterised by
9 — D0 51y = p(shypt _ o
t = 5ov(t50) = p(S ) exp { (p— 1) (1T +po (T — 1)

and Vg = v(0,5}) = (S3)P exp ((p -1) (rT —l—p%QT)).



(b)

4 points
Similarly we get
2
[ (108(53)
vV =Eq 7@
T
- , 2
(log <e’"TStl exp (J(Wj”i -W) - % (T - t))))
=Eq ) p:t
St
i (?"T + log S} — %Z(T — t))2 +2 (rT—i— log S} — %Q(T — t)) o (Wi —Wi) + o (Wi — Wi)?
= ]EQ erT |JT..t

=e T <<log S} 4T — %Q(T - t)> +0(T — t))

o? 2
v(t,z) =e " <<logx +rT — ?(T - t)) + 03T - t))

By the above arguments, the hedging strategy is fully characterised by

2¢~"T (1og St4 9T — (T - t))
St

0

ﬂt:%

u(t, S}) =

2
and V§ =v(0,5}) = e "7 <<log S§ 4T — %ZT) + 02T>.

4 points
+
We start by showing the hint. Let F((¢,m) :=F [(e‘c/2+\/EX - m) ] where X ~ N(0,1)

is a standard normal random variable, and ¢ and m are positive constants. A simple
computation using the density of X yields

[ + o—22/2
F(e,m) = / (6_6/2+\/E$ - m) e\/% dx
—00
o e—x2/2
:/ ( —c/24\/cx ) dx
108 f vV 2T
/ 70/2+\/E$ x2/2 e-efrvev 2 00 eme/Qd
= xr —m i
log i 27—[- lo\g/zm_,’_Tc 1/27[-
% e~ 52/2 7%7§ 6_82/2
= / ds — m/ ds
7T PN V2T

o (Y ()



The discounted time t value of the European call option is

G
i +
<e7"TSt1 exp (U(W} - W) — %2(T - t)) - K)
=Eq ) ’Ft
St
_ o’ £\
= 5/Eq !(exp <U(W1*“ - W) - 2(T_t)> - =T 1) ‘Ft]
e S;
= S} F(c,m)
=v(t,S})
with ¢ = 03(T — t) and m = % = g where we defined the discounted strike K = e{(T
t t

and the function v by

v(t, S}) =S¢ F(c,m)

log (S%) N ovT —t K log (5%1) ovVT —t

=5|o| - - —d |- —
! oT —t 2 S} oVT —t 2
log (%) + 30%(T — t) log (%) — 30%(T —t)
=Sio ~ Ko

ov1l —t oVl —t

By the above arguments, the hedging strategy is fully characterised by

Sftl) + 20%(T - t)
oVl —1t

o log
= 5v(t, SH=2 (

and o @
log (—‘)) + 1527 log (—0) — Llg2p
K 2 _K® K 2

Vi =v(0,8)) = Sy @
o = v(0,5p) 0 o/ T o /T

We have used the hint to compute the partial derivative a%v(t, SH.

(d) 4 points
As suggested by the hint, we derive the dynamics of (S})? and relate the bonus question to
pricing of a standard European call option (part ¢)). Note that under P, the undiscounted

price process is given by
~ ~ 0'2
S; = Spexp <<M - 2) t +0Wt>

Therefore the squared undiscounted price satisfies

(SH?% = (8})% exp ((2u — o?) t +20W,)

= (S3)%exp ((ﬁ - U;) t+6Wt)

where i = 2u — 0% and & = 20. Therefore (S})? is again a geometric Brownian motion but
with new drift i = 2u + 02 and new diffusion @ = 20. This is very helpful as it guarantees
that we can use a similar argument to question c).



Using the relation between W and W*, we directly get that the undiscounted squared asset
price statisfies

(53)? = ($5)2exp ((2r = o) T + 20W)
_ 62TT(St1)2 exp (702(T —t)+ 20(Wrp — Wt*))

The discounted time ¢ value of the European call option is

B ~ ~\ T
g, |02 K)
Vi =Eq g—%if t
r .\ +
(eZTT(Stl)2 exp (—o*(T —t) + 20(Wi — Wy)) — K)
=Eq 50 ‘]:t
T
= T TS F (e, m)
=(t,S})
with ¢ = 40%(T — t) and m = 2rT(Sl)I§ ol rT+o2(fft>(51)2 where we defined the
e t € e t

discounted strike K = £~ and the function v by

67"

o(t, S}) = T+ T=D(SH2 F(c, m)

20 _ (5)* 2 (51)*
_ e’”T+U2(T*t)(St1)2q) T+ 30%(T — t) + log ( e ) o rT —o(T —t) + log ( L )
doT —t do/T —t

We therefore have that the hedging strategy is fully characterized by

0
1915 = %’U(t, Stl)

and

V5 =(0,5p)

Due to time constraints, the students are not required to explicitly evaluate the delta hedge.



