Question 1

The correct answers are:
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Question 2

(a) Any probability measure Q equivalent to IP on F» can be described by

Q[{((L’l,l‘g)}] = 41 9z1,m2s (1)

where ¢y, ,qq, 2, are in (0,1) and satisfy lee{m} 0z, = 1, zx26{1,2,3} Q2. = 1 and
> wsef1,2} 4222 = 1. Next, since Fo is trivial, 7 = o(S1) and S} only takes two values, S*
is a Q-martingale if and only if

Eq[Si] = 100, Eq[S3|Si =200] =200 and Eg[S;|Si = 50] = 50.

Thus, ¢1,¢2,91,1,q1,2,91,3,92.1, 42,2 € (0,1) define an equivalent martingale measure for S1
if and only if they satisfy the three systems of equations

q1 + g2 = 17 (I)
504, + 200g, = 100:

721+ G2,2 =1, (In)
100g2.1 + 300g22 = 200;
Q1+ q2tas =1, (111)
30q1,1 +50g12 + 70q13 = 50.
It is straightforward to check that the solution to (I) and (II) is given by
2 1 1 1
a1 3’ a2 3 and gz 9 az,2 B (2)
Moreover, (III) is equivalent to
aitaztas =1 (IIT)
11+ q13 =0.
Recalling that 1,1, 41,2,¢1,3 € (0,1) shows that the solution to (III') is given by
aa=p q2=1-2p, qiz=p, p€(0,1/2). (3)
Thus, ]Pe(Sl) ={Q":p€(0,1/2)}, where Q°[{(z1,72)}] = qglqglwa with
2 1 1 1
N=3 B=g @a=p Gp=1-2, diz=p and ¢, =, =5 ()

Because P.(S') # (), we conclude that the market is free of arbitrage.

Since the strike price K is greater than or equal to 70 and less than 300, the payoff from
the call option is not zero if and only if the price of S' has increased in the first step, i.e.,
on the set {S] = 200}.

Working backwards through the tree, i.e. starting from k& = 2, we obtain the values of the
call option for k =1 and £ =0 as

_ 300 - K
(300 — K) + (100 — K)*
a— T (100 — K)*
Ve 1(300 — K + (100 — K)T)

\0/
\

0
0
0



To calculate the replication strategy ¥, k = 1,2, we use A-hedging AVkCK = ﬁkAS,i,
which gives

K K
9 = Vi = Vi
511 - 511—1
Hence, we get that the initial capital is vo = (300 — K + (100 — K)*), ¥ = 0,
8 — (5 — ) (300 — K + (100 — K)™)
200 — 100
300 — K + (100 — K)*
B 300
_200-K, B0 -K
= T g0 {70<K<100} T a5 LK > 100}
and
300 — K — (100 — K)*
Vg = 200 1{5%:200}
300 - K

= 1{5%:200, 70<K <100} + 200 1{5%:200, K>100}»

and the holdings on the bank account are determined by the relation cpg = VkCK — 054,
k=1,2.

(c) The call option is not attainable for 50 < K < 70. Indeed, fix 0 < p < 1/2 in the
parametrization of the EMM Q7 in (3). Then, similarly as in (b), we solve

200—K<300_K
100 — K
CcK | 200—K 140—2K
Ve T T /70—K
\
p(70 — K) 0

and obtain

200 - K 140 - 2K

K
Eor[CK) =V ¥ = =o—+p—7

, K € [50,70). (5)

The mapping p — Eqe[CX], 0 < p < 1/2, is non-constant. This implies that the payoff
C¥ is not attainable for the strike price 50 < K < 70 (Theorem 1.2.3 on p. 49 in the
lecture notes).

(d) By put-call parity,
Sy — K = (8, - K)* — (K - S3)*,

the put option PX is attainable precisely for those values of the strike price 50 < K < 300
for which the call C¥ is attainable. So, the put option is attainable for 70 < K < 300 and
not attainable for 50 < K < 70.



Question 3

(a) It clearly suffices to show that for all k =1, ..., T'— 1, we have

~Eu éEu
Eo | =L > By | =& (6)
G 91 50

k+1 k

Fix k € {1,...,T — 1}. Using the tower property of conditional expectations, Jensen’s
inequality for conditional expectations (for the convex function z + z 1), the fact that S*
is a -martingale and r > 0, we get

§2+1 = fQ k+1 (1 +T)k+1
_ % n
_ 1
= EQ EQ (Sk-‘rl - (1—}—7")k+1> ]:k]]
. - +
K
1
= s (5o st~ e ) |
= E el
>FE R
e (Sk (1+r)k) ]
_6Eu
=Eq | =%
| Sk
(b) Since the function x +— x is convex, we have for k=1, ..., T that
+ . +
- 1A~ = 1
As 1 _ 1
CGir=|12.8 K| = Zk(S]—K>
j=1 j=1
LN
< - 1 _ — _ FEu
—;k<sﬂ K) k;CJ (7)
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(d) We have

(f)

~ ~\ +
éllflzi-l F (Hlangk+1 Sjl B K) F
E —_ k|l — E k
‘LS | aEE

<EQ [rnaxjgkﬂ 5]1’]:4 - I?>+
2 (1 + T)k+1
S (manSkgjl» —I?)+
= (T4 kA

xSt —K
> <maxj(?k+ Z“)k )

where the first inequality is Jensen’s inequality for the conditional expectation, the second
follows from the fact that max;j<j41 Sj1 = Sli+1 Vmax;<g S} and the last from the fact that

r > 0. So, (5,?/52) . is a Q-submartingale.

goooy

Let us denote the process 5’5“ = (;S’v,i — I~()+, k=1,....,T, by X = (Xp)g=1,..7 and the
process C’if’ = (max;<y Sjl» - K)t = maxjgk(S]l — K)" = maxj<; Xy, k = 1,...,T, by
X* = (X{)k=1,..7- Repeating the argument for (a) with conditional expectations given
Fi. shows that X is a non-negative Q-submartingale, and repeating the argument in (d)
with 7 = 0 shows that X™ is a non-negative -submartingale. The stopping time 7 can

now be written as
r=inf{ke{l,...., T} : X >M}AT.

Moreover, we have
X >M

on A:={X} > M} and
T=T

on Q\ A ={X7} < M}. Since 7 < T, by the (optional) stopping/sampling theorem, we get
Eq [XT | ]:7-] > X, = X1y —i—XTlQ\A > M1y4.

Taking Q-expectations on both sides, we get

QU] < - EalXr),
ie.,
Q[ > M| < - EqlCR
as claimed.
We have

if and only if
H(w)(1—-H(w)) =0 Yw e Q.



So, H takes only the values 0 and 1 and is Fp-measurable, so
H=1p = H"

for some F € Fr. There are exactly 2%V such options and since r = 0, their price under Q
is equal to the QQ-expectation
Eq [H] = Q[F).



Question 4

(a)

By It6’s formula,

h(Wt) = h(WO) + /t hl(Ws)dWs + 1 /Ot h”(WS)dS,

0 2
ie.,
t 1 t
/hﬂmw%=hmw—mww—2/wmmMs
0 0

for any C2-function h : R — R. We want to find a function h whose derivative h'(z) is ze®,
so we pick a candidate h(z) = ze® —e” + ¢, where c is a constant. For this particular choice
of h, we have h(Wp) = h(0) = —1 + ¢, h'(z) = ze” and h"’(z) = e* + ze® = e*(1 + z), so
we pick f(z) = h(z) — h(0) = ze” —e® +1 and g(z) = —3h"(z) = —3e(1 + ). We return
to Itd’s formula to verify that

t 1 t
/ WeeVsdW, = WieVt — e 41 — 2/ Vs (14 W) ds
0 0
t
=fmw+/gmwm
0

We have S = (oW + ut), so S > 0 and |S|*> = S3. Since z — 23 is in C?, we may
compute, by Itd’s formula,

1
dY; = dS} = 352dS; + 565:d(S),
where
d(S); = 0?2 SEA(W); = oSt
so that
dY; = 3uSPdt 4+ 30 SEdW; + 302 S dt
= 30Y:dW; + 3(p 4 02)Y;dt
=Y; (30dW, + 3(p + 0)dt) ,
e, Y =EBaW +3(n+ o?)t).

Let us try to find a measure ) which admits a continuous density process Z = (Zt)te[o,T]

of the form
Zy =€ (—/l/des>
t

for v in L? (W). Then, by Girsanov’s theorem (lecture notes Theorem 6.2.3), given a

loc
P-Brownian motion W, the process W given as

N t
Wt = Wt — </l/des,W> = Wt —/ l/st, t e [O,T},
t 0
is a Q-Brownian motion. We want s
Xy =Wy
for all t € [0,7], and this we have for v for which

t
/ veds =13 —t, t €[0,T],
0



ie.,
vy =3t2—1, t€[0,T],

which is apparently in L2 (W). We may now explicitly compute the density process
Z = (Zt)te[o,T} as

Zy =& (—/yde$>
t
t 1 t
= exp <—/ vsdWy — / V52d3>
0 2 Jo
t 1 t
= exp (-/ (352 — 1)dW, — / (352 — 1)2ds>
0 2 Jo

t
95 5 1

= exp —3/ S2AWs + Wy — —t° + ¢ —t)
< 0 10 2

and we see that the process Z is indeed continuous. The Radon—Nikodym derivative % is

then obtained as

dQ T 9 15 3 1
&z = - AW, - L e AP
P T exp( 3/0 s7dWs + W 10 + 5

which uniquely characterizes the measure @) as

Q[F] = /FZTdP, F € Fp.



Question 5

(a)

Let W@ denote the Q-Brownian motion given by
we=w,+ 2"t teo,1)
o

For the discounted stock price process
1 2 Q I,
St = Spexp | oWy + M—T—§U t| =Soexp | oW, —5075 ,

we obtain by Itd’s formula the dynamics under measure P as
dS; = Sy (u — r)dt + odWy) = oS, (’“Hdt + th) .
o

So, under the measure (), we have
dSy = oS, dW S,
ie.,
S; = Spexp <0’WtQ — ;0‘275) )
So,
1/8; = ;0 exp <—0WtQ + ;a2t>
1

1
= 5 exp <—0WtQ - 50225 + 02t>

so that 1/S = SLOE (—oW@ + o%t) satisfies

d <;t> - Slt (o2t~ athQ> .

We have log g—é ~N((p—r-— %a)t,azt), so by the fact that log g—é = —log g—‘t), we have
log %(t) ~N ((%O‘ — p+r)t, 0225). In particular, we conclude that the adapted process 1/S

is integrable. It is apparent that 1/S > 0, and because the function 1/z is convex for
x > 0, we get by Jensen’s inequality that

EQ[l/St|]'—S]21/EQ[St|fs}:1/SSa

where the equality on the right follows by the @-martingale property of S. Indeed, the
process S is a @-martingale (see Proposition 4.2.2. in the lecture notes). Thus, we have
shown that 1/S is a Q-submartingale.

We note that g(St) = O'chg. Indeed,
Sr 1
IOgFO + §U2T = UWYQ

We have . .
WS = oWl +/ adW2 =0 +/ S;ldS,,
0 0
so that the self-financing strategy whose initial capital is Vg = 0 and which at 0 < ¢ < T

holds ¥; = S, I shares of stock and @? = V; — 9:S; = V; — 1 units of cash on the bank
account replicates the payoff g(S7). Here,

t t S 1
V,=Vp +/ 0, dS, = / StdS, = oWE =log 2F + o2t
0 0 So 2



