Question 1
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Question 2

(a)

By the fundamental theorem of asset pricing (Theorem II.2.1 in the lecture notes), the

market (59, 51) is arbitrage-free if and only if there exists an EMM Q for the discounted
stock price process S

Any probability measure @) equivalent to P on F3 can be described by

QU (x1,22)}] = G214z 205

where gy, ¢z, 2, € (0,1) satisfy that 30, < 1130 =1 and 35, (1) ay,e = 1 for all
r1 € {—1,1}. Next, since Fy is trivial, 71 = o(Y1) and Y] only takes two values, S! is a
(Q,F)-martingale if and only if ¢1,¢1,1,9-1,1 € (0,1) and
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This is equivalent to ¢1,¢1.1,¢-1,1 € (0,1) and

—d
a(l+uw)+(1-q)1+d)=1+r — qlzh,
—d
qa(1+2u) + (1= qi)(1+2d) =1+2r = g1 = h,
2r—d
g-11(1+u)+(1—qg-1,1)(1+d)=1+2r — G-11="—_
In conclusion, the market (§0, S 1) is arbitrage-free if and only if
—d 2r—d
- € (0,1) and ! €(0,1) = d<r<wu and d<2r<u.
u—d u—d

Since we indeed have that u > > d and u > 2r > d, the market (S, S!) is arbitrage-free.
We know from (a) that the EMM for S! is in fact unique, so all claims are attainable in

this model. The arbitrage-free price Voﬁ of an arbitrary payoff H e Lg_(]:g) in the above
model is therefore given by
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where the second equality follows from Fy being P-trivial.

Since one can notice that we have in fact that K = (1 +u)(1 4 d), we can conclude that

the payoff H is non-zero if and only if w = (1,1). Using this as well as the form of the
EMM from (a), we can reduce (1) to

Voﬁ = (1+T)(11+2T)Q1Q1,1 ((1 +u)(1+2u) — 3)
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Note that we have u = 2r, so the market is not free of arbitrage by (a). The idea is to sell
the stock in the case of an “down” movement in the first period, since that is the sub-market
which is not arbitrage-free. To this end, consider the strategy ¢ = (0,%), where

19% =0, 19%((17 1)) = 19%(“? _1)) =0, 79%((_17 1)) = ﬁ%((_la _1)) = =C



where ¢ > 0 is to be determined. Then ¥ is predictable and we have, using u = 2r,

Va(9)((1,1)) =040 x AS}((1,1)) + 0 x AS3((1,1)) =0,
Va(p)((1,-1)) =0+ 0 x AS{((1,-1)) +0 x ASI((1,-1)) =0,
Va(p)((=1,1)) =040 x AS}( )
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- (( +7)(1 4 2r) 1+r>_ 0=0,
Va(@)((=1,-1)) =0+ 0 x AS}((—=1,-1)) — ¢ x ASy((—1,-1))
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Choosing ¢ large enough, i.e. ¢ X % > 2 or ¢ > 7 gives the desired strategy because

Pl{(~1,1)}] =1/2 x 1/2 = 0.25.

(d) Intuitively, such a strategy does not exist because the sub-market corresponding to the
first period as well as the sub-market corresponding to the second period after an “up”

movement in the first period are free of arbitrage.

Formally, one can do this by contradiction. Suppose that there exists a trading strategy
¢ = (0,9) with Va(p) > 2 P-a.s. Since the sub-market corresponding to the second period
after an “up” movement in the first period is free of arbitrage, Vo(¢) > 2 P-a.s. implies
that V1(p)((1,1)) = Vi(e)(1,—1) > 2. Since AS3((—1,1)) = 0 (see the solution of (c)),
it also follows that Vi(p)((—1,1)) = Vi(p)((—1,—1)) > 2. Together, this gives Vi(¢) >

P-a.s. But since the first period market admits a unique EMM Q*, we have that
Vo(e) = Eq- [Vi(p)] > 2,

which is a contradiction to the requirement that Vy(¢) = 0.



Question 3

(a)

Let A, be the event that the gambler wins the n-th round. Then by definition
1 1 1 1
Xny1=Xp + 5(1 - Xn)]lAn+1 - §Xn]lf4%+1 = 5(1 + Xn)]lAn+1 + §X”]1A%+1‘

By definition X is adapted. Also, 0 < X,, < 1 for all n > 0, which directly implies the
integrability of X,,. Finally we compute
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E[Xpi1|Fn) = 5(1 + Xn)E [14
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n+1

Note that
Yoi1 = (1 + Xvn)]lAn+1 + Xn]lA%H - X, = ]lAn+1'

So by definition

PV =0|F]=E [nA;H

Fa] = P45 | F] =1 X,

and

PlY,t1=1|F]|=FE []lAn+1 ‘]:n} = P[Any1|Fn] = X
Clearly Y;, are {0, 1}-valued random variables with P[Y,, = 1] = F[X,,] = p for all n > 0.
We directly compute
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1
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E[Xg+1}fn]=E[
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Using the hint, we obtain that E [XZ] — F [Z?] and E[X,] — E[Z]. Because X is a
martingale, we have that E'[X,] = F[Xy] = p, which implies that E'[Z] = p. From the
above expression for [Xﬁ 11 |fn], we obtain after taking expectations, letting n — oo

and using E [X?2] — E [Z?] that

E[Zz]:E[SZZZ_Z] = E[Z:}:E[i} — E[Z*|=E[Z].

The fact that Y,, — Z P-a.s. follows immediately from the fact that X,, - Z P-a.s. Now
since Y, is {0, 1}-valued for all n, Z is also {0, 1}-valued. Observe that

{G,, occurs only finitely many times} = {Z = 0},
{L,, occurs only finitely many times} = {Z = 1}.

Moreover, P [Z = 1] = E[Z] = p and P[Z = 0] = 1 — p. The result thus follows.



Question 4

(a)

We know from the lecture that
t
W2 =2 / WedWs + t.
0

This can also be calculated by applying It6’s formula to the function f : x — 2 and the
(semi)martingale .

By applying Ito’s formula to the function f(z) = exp (ax) and the (semi)martingale W,
we also get that

¢ ¢
W W 1
et = 1+a/ e” SdW5+2a2/ eV ds.
0 0

By the bilinearity of quadratic covariation and the fact that the processes Y = (¥;)¢>0 and
Z = (Zt)+>0 given respectively by

1 t
Y;:=t and Z;:= 2a2/ e®Ws ds
0

are continuous and of finite variation, we obtain that

(W2, eV, = [2 / WdW, o / eaWdW} =20 [ / waw, / eaWdW]
t t
t t
= 2a/ WseaWSd[VV, Wls = 2a/ Wee“Wsds.
0 0

Since both W?2 and exp (aW) are clearly continuous, we also have for all ¢ > 0 that

<W27exp(aW)>t = [WQ,exp(on)]t P-as.

The process (Wi, t);>0 is a continuous semimartingale and since f € C%! and (t)¢>q is
additionally a finite variation process, [t6’s lemma gives us that
10%f

t /9 to
Yt:f(O’OH/o <£(WS7S>+2W(WS,3)> ds—i—/o o (W s)aw,

t af
_/O L (w,, ),

where the second equality holds by our assumptions on f. We know from the exercise
sheets that since %(WS, s) is continuous and adapted, it is also predictable and locally

bounded, and thus in L2 (W). So Y is at least a local (P, F)-martingale.

loc

But f is bounded by assumption, so Y is clearly square-integrable. Moreover, we know
that every bounded local martingale is a true martingale. More specifically, if (7,)nen is
a localizing sequence for Y, then, since |Y;| < a for all ¢ > 0 and some a > 0, dominated
convergence theorem gives for all 0 < s <t that

E[Yi| 7] = E [ lim Y| F] = lim EYenl F] = lim Yione =Y.
n—00 n—00 n—oo
Since Y is a (square-integrable) (P, [F)-martingale and null at 0, we have that
EY:] = E[E[Y;|Fo]] = Yo =0,

which means that Var [V;] = E [Y;?]. We compute
t af 2
/0 <%(Ws, s)) ds

2
( taf(Ws,s)dWs> =F

08$
t
:/E
0

(gﬂws,s)ﬂ ds,

where the second equality uses the isometry property of stochastic integrals and the third
uses Fubini’s theorem.

Var [V;] = E




()

Showing that M is a (P,F)-martingale is straightforward. Define X := Tg,<p;.<p and
note that M; = E[X|F]. Then M, is Fi-measurable by the definition of conditional
expectation, and so M is adapted on [0,7]. Because X is bounded by 1, so is M, and so
M is integrable on [0,7]. To show the martingale property, we compute

E[Mt’]:S]:E[E[X|ft”fs]:E[X’fs]:M&

and hence conclude that M is a (P, F)-martingale.
Furthermore, by the definition of M, we have that
Mt:P[GSWT§b|ft] :P[Q—WtSWT—WtSb—Wt’ft]
_ a—Wt7WT—Wt§b—Wt ]__t]zp[a—m SWT_WtS b—$:|
VT —t VT —t T—t VT —t VT —t VT —t
= g(th t),

=W,

where the second to last equality uses that Wy — W} is independent of F; and that W; is

Fi-measurable. Since we have that WTT__‘Z/’& ~ N(0,1), we can compute, for t < T,

g(Wt,t):q)(b;Ij/tt) —<1><a;?/;>.

Following the approach from the example on page 103 in the lecture notes, applying It6’s
formula to the C?! function

oo t) = @ (f)T—_t) o (T—_t)

and the continuous semimartingale (W, t):>0 gives

t t 1
M; = ¢(0,0) +/ 9z (W, 8)dWs +/ <gt + ng> (Ws,s)ds for 0 <t <T.
0 0

Since M is a (P,F)-martingale, the “ds” integral must vanish as we know that every con-
tinuous local martingale of finite variation is constant. We therefore do not even have to
calculate g; and g, and we obtain that

t
M, = g(0,0) +/ Gu (W, 5)dIWV,.
0

Denoting by ¢ the density of the standard normal distribution N (0,1), we obtain for M
and ¥ = (¥t).e(o,) that

o= () -0 () vm e (o () o ()




Question 5

(a) Define f(x,y) = log(x + y). We have

1 1 1

fx:x+y7 fy:x+yu fyy:_m‘

Applying 1t6’s formula to f and the continuous semimartingale (§0, S 1), we obtain

~ 1 1 ~
Z:~ ~dSO+~ =~ 1_7ﬁ<1>.
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Since

dS} = pSldt + oStdw,
it follows that _ _
d(S}) = o?(S})2dt.
Subsequently, we get

Q0 Q1 2/Q1\2 a1
dZt _ ( T'St + MStN _1 g (St/v) )dt—f—O-St,vth

S+ St SP+ S 2(SP+ S5} SY+ S}

Moreover, we know that §? = ¢ and §tl = eZt — e 50 after plugging these into the above

equation, we obtain

rert ,u(eZt _ 6Tt) 1 Uz(ezt _ ert)2 O'(eZt _ 6”)
dZt = (ezt + eZt - 5 62Zt dt + 7€Zt th

(b) (i) First, recall that
Sl Sl oW; +(r7 02)75

9

and that .
Wy =w,+ 2"

is a Brownian motion under the unique EMM @. Then we compute

TN N S I - e s\
Vi = SV, r__\F (SHY"Eq | [ =L F
7 S S}
§? S1\1/n o " ¥ 1 o2
:gfo(st) Eq |exp E(WT*Wt)+E Y (T —=1) )|
T

8 (3 o (o (L

- 5 <§0> o (g -0 (L 1))
= (SHY™ exp (<r+ 20;) (T —t) <71L - 1>>

— SO(SH7 exp <<rT+ ;;(T - t)) (:L - 1))

where in the fourth equality we compute the expectation by evaluating the moment
generating function of A'(0,7 —t) at the point ¢ as seen during the exercise sessions,
ie.,

Eq [exn (207~ w0))] = eww (5 - ).



(ii) By writing V,* = %(t, S}) and using 97" = g—g(t, SH), we get

i 1 (% o2 nl 1/ 4 o? nl
9, :n<8t exp<(r—|—2n> (T—t))) :n<St exp <T‘T+ 2n(T—t)>> ,
i ‘Zﬁn - ﬁflngtl L z1yi/m o? 1 1
n - =— = - - i 1 —_—
i 5 5 (Se)Mexp ((r+ o ) (T =1~ —1 -

— (SHY" exp <<7~T+ ;Z(T _ t)) <i _ 1>> (1 - i) .

(c) By Girsanov’s theorem, the process W= (Wt)tz(] given by

t
Wt:Wt—<mX>t:Wt—</dV[/,/WdW> :Wt—/ Wst
0

t

is a Brownian motion with respect to @ and F. In the differential form, the above can be
expressed as

AW, = dW; — Widt.

We can therefore write

dS} = S} (udt + cdWy) = S}Hudt + odWy, — oWydt + oWydt)
= gtl ((/.L + O'Wt)dt + O'(th — Wtdt)) = gtl ((,u + O'Wt)dt + O'd/Wt)
= S}y + oWy)dt + StodW,.

In order to show that E@ (W] = 0, we write Wy = Wt + fg Wsds and compute
- t t
Eg Wil = Eg [Wt} + /0 Eg Wi ds = /O Eg Wi ds.
Now, it is clear that Epy [Wi] = f(t) for some deterministic function f : Ry — R. Also,

since @ ~ P on Fr and Wy = 0 P-a.s., we must also have that Wy = 0 @—a.s., which
means that for ¢ € [0, 77,

£(t) = /0 fs)ds, fO)=0 < f)=F). f0)=0.

But this is just a simple ODE, whoso unique solution can easily be seen to given by f(t) = 0,
and we can therefore conclude that Eg (W] = 0.



