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Instructions

Duration: 180 min.

Closed book examination: no notes, no books, no calculator, no mobile phones, etc. allowed.

Important:

� Please put your student card on the table.

� Only pen and paper are allowed on the table. Please do not write with a pencil or a red
or green pen. Moreover, please do not use whiteout.

� Start by reading all questions and answer the ones which you think are easier first, before
proceeding to the ones you expect to be more difficult. Don’t spend too much time on one
question, but try to solve as many questions as possible.

� Take a new sheet for each question.

� Except for Question 1, all results have to be explained/argued by indicating intermediate
steps in the respective calculations. You can use known formulas and results from the
lecture or from the exercise classes without derivation.

� Simplify your results as much as possible.

� Most of the subquestions can be solved independently of each other.

? ? ? Good luck! ? ? ?



Answer Sheet for Question 1

Please use this sheet to answer Question 1. Indicate the correct answer by 7. If there is no 7 or
more than one 7 in a line, this will be interpreted as “no answer”.
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(f)

(g)

(h)
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Question 1 (8 Points)

For each of the following eight subquestions, there is exactly one correct answer. For each
correct answer, you get 1 point; for each wrong answer, you get −0.5 point; and for no answer,
you get 0 points. You get at least 0 points overall for the question. Please use the printed
form on the previous page for your answers. It is enough to indicate your answer by 7;
you need not explain your choice.

Throughout subquestions (a) to (d), let (Ω,F ,F, P, S̃0, S̃1) or shortly (S̃0, S̃1) be an undis-
counted financial market in discrete time with a finite time horizon T ∈ N and with the
filtration F := (Fk)k=0,1,...,T generated by S̃1. Furthermore, S̃0

k := (1 + r)k for k = 0, 1, . . . , T

and constants r > −1 and S̃1
0 := s1

0 > 0. The prices discounted by S̃0 are denoted by S0 and
S1, respectively.

(a) Which of the following statements is correct?

(1) If the market (S0, S1) is complete, then it is arbitrage-free.

(2) If the market (S0, S1) is arbitrage-free and complete, then every contingent claim
H ∈ L0

+(FT ) admits a unique replicating strategy.

(3) If (S0, S1) is arbitrage-free but not complete, then there exists a contingent claim
H ∈ L0

+(FT ) that admits infinitely many arbitrage-free price processes.

(b) Suppose that S1 satisfies S1
0 = 1 and logS1

1 = Z, where Z is an exponentially distributed
random variable, i.e. the density fZ of Z is given by fZ(z) = exp(−z) for z ≥ 0. Then:

(1) The market (S0, S1) is arbitrage-free but not complete.

(2) The market (S0, S1) admits an arbitrage.

(3) The market (S0, S1) is arbitrage-free and complete.

(c) The market (S0, S1) is not arbitrage-free if:

(1) The set of all equivalent local martingale measures for S1 is non-empty.

(2) There exists a self-financing, admissible strategy ϕ =̂ (0, ϑ) with VT (ϕ) ≥ 0 P -a.s.
and P [VT (ϕ) > 0] > 0.

(3) S1 is a (P,F)-martingale.

(d) Let τ be an F-stopping time and X = (Xk)k=0,1,...,T a (P,F)-martingale. Then:

(1) Xτ = (Xτ
k )k=0,1,...,T is a (P,F)-martingale.

(2) Xτ = (Xτ
k )k=0,1,...,T is a (P,F)-supermartingale, but not a (P,F)-martingale.

(3) Xτ = (Xτ
k )k=0,1,...,T is a local (P,F)-martingale, but not a (P,F)-martingale.



Throughout subquestions (e) to (h), W denotes a Brownian motion and N a Poisson process
on a filtered probability space (Ω,F ,F, P ), where F = (Ft)t≥0 satisfies the usual conditions
of P -completeness and right-continuity.

(e) Define a process M = (Mt)t≥0 by Mt =
∑Nt

k=0(Wk+1 −Wk). Then we have P -a.s. for all
t ≥ 0 that:

(1) [M ]t =
∑Nt

k=0 (Wk+1 −Wk)
2.

(2) [M ]t = Nt.

(3) [M ]t = NtW
2
Nt+1.

(f) Which of the following processes is not a (P,F)-martingale?

(1) X = (Xt)t≥0 defined by Xt := Nt − [N ]t.

(2) X = (Xt)t≥0 defined by Xt := W 2
t − t.

(3) X = (Xt)t≥0 defined by Xt := t2W 2
t − t3.

(g) Let Q
loc
≈ P on G = (Gt)t≥0, where G is a filtration such that Ft ⊆ Gt for all t ≥ 0. Which

of the following statements is true?

(1) If X is a (P,F)-semimartingale, then X is a (Q,G)-semimartingale.

(2) If X is a (P,F)-semimartingale, then X is a (Q,F)-semimartingale.

(3) If X is a (P,G)-semimartingale, then X is a (Q,F)-semimartingale.

(h) Let T > 0. There exists a measure Q ≈ P on FT such that:

(1) W −
∫
WsdNs is a (Q,F)-Brownian motion on [0, T ].

(2) W −
∫
Ns−ds is a (Q,F)-Brownian motion on [0, T ].

(3) W −
∫
Ns−dWs is a (Q,F)-Brownian motion on [0, T ].



Question 2 (8 Points)

Let (Ω,F ,F, P, S̃0, S̃1) be a single-period trinomial model on the canonical path space. More
specifically, Ω = {1, 2, 3}, F = 2Ω, F = (F0,F1) with F0 = {∅,Ω} and F1 = F , S̃0

k = (1 + r)k,
k = 0, 1, and S̃1

0 = 10, S̃1
1 = 10Y , where Y is a random variable on (Ω,F) with P [Y = 1+d] = p1,

P [Y = 1+m] = p2 and P [Y = 1+u] = p3 with p1, p2, p3 > 0 and p1 +p2 +p3 = 1. Let d = −0.2,
m = 0.1, u = 0.3 and r = 0.1. As in the lecture, we drop the tildes for quantities discounted
with S̃0.

(a) Find the set Pe(S1) of equivalent martingale measures for S1.

(b) Prove that Pe(S1) = Pe,loc(S1), where Pe,loc(S1) is the set of all equivalent local martingale
measures for S1.

(c) Find the set of all arbitrage-free prices for a European call option with (undiscounted)
payoff C̃(x) = (x− 11)+.

(d) Show that

sup
Q∈Pe(S1)

EQ

[
1

1 + r
C̃(S̃1

1)

]
= EQ∗

[
1

1 + r
C̃(S̃1

1)

]
for some probability measure Q∗ which is absolutely continuous with respect to P but not
equivalent to P . Prove or disprove whether S1 is a (Q∗,F)-martingale.



Question 3 (8 Points)

Let (Ω,F , P ) be a probability space with a filtration F = (Fk)k=0,1,...,T , T ∈ N, where we
set F0 = {∅,Ω}. Let D > 0 be a random variable on (Ω,F) with EP [D] = 1. Define a
probability measure Q on (Ω,F) by Q[A] = EP [D1A] for A ∈ F . Finally, define the process
Z = (Zk)k=0,1,...,T by Zk := EP [D |Fk].

(a) Show that we have for any random variable X ≥ 0 on (Ω,F) that EQ [X] = EP [DX].

(b) Using the result from (a), show that we have for any Fk-measurable random variable Y ≥ 0
that EQ [Y ] = EP [ZkY ].

(c) Let k ∈ {1, . . . , T}. Using the result from (b), show that we have for any Fk-measurable
random variable Y ≥ 0 that

EP [Y ] = EQ

[
1

Zk
Y

]
.

(d) Let k ∈ {1, . . . , T} and j ≤ k. Using the results from (b) and (c), show that we have for
any Fk-measurable random variable Uk ≥ 0 that

EQ [Uk |Fj ] =
1

Zj
EP [ZkUk |Fj ] Q-a.s.

(e) Show that a stochastic process N = (Nk)k=0,1,...,T is a nonnegative (Q,F)-martingale if
and only if the product ZN is a nonnegative (P,F)-martingale.



Question 4 (8 Points)

Let (Ω,F , P ) be a probability space and F = (Ft)t∈[0,T ] a filtration on (Ω,F). LetN = (Nt)t∈[0,T ]

be a (P,F)-Poisson process with parameter λ > 0. Recall that this means N0 = 0 P -a.s. and

(PP1) For 0 ≤ s < t ≤ T , the increment Nt − Ns is independent of Fs under P and Poisson-
distributed with parameter λ(t− s) under P , i.e.

P [Nt −Ns = k] =
(λ(t− s))k

k!
e−λ(t−s), k ∈ N0.

(PP2) N is a counting process with jumps of size 1, i.e. for P -almost all ω ∈ Ω, the function
t 7→ Nt(ω) is right-continuous with left limits (RCLL), piecewise constant, N0-valued and
increases by jumps of size 1.

Recall also that the moment generating function φ : R→ R+ of M ∼ Poi(η), η > 0, is given by

φ(u) = E
[
euM

]
= eη(eu−1).

Finally, let us fix σ > −1 and define Zσ = (Zσt )t∈[0,T ] by Z
σ
t := eNt log(1+σ)−λσt.

(a) Show that Zσ is a positive (P,F)-martingale with EP [Zσt ] = 1 for all t ∈ [0, T ], meaning
that it is a density process with respect to P of some probability measure Qσ ≈ P on FT .

(b) Let Qσ be the probability measure whose density process with respect to P is given by Zσ.
Show that N is a (Qσ,F)-Poisson process. What is the parameter of N under Qσ?

(c) Let Ñ = (Ñ)t∈[0,T ] be the compensated (P,F)-Poisson process defined by Ñt := Nt − λt.
Using the isometry property of the stochastic integral, show that

EP

[(∫ T

0
XtdÑt

)(∫ T

0
YtdÑt

)]
= EP

[∫ T

0
XtYtdNt

]
for any predictable X = (Xt)t∈[0,T ] and Y = (Yt)t∈[0,T ] with

EP

[∫ T

0
X2
t d[Ñ ]t

]
<∞ and EP

[∫ T

0
Y 2
t d[Ñ ]t

]
<∞.



Question 5 (8 Points)

Let T > 0 denote a fixed time horizon andW = (Wt)t∈[0,T ] be a Brownian motion on some proba-
bility space (Ω,F , P ). Let F = (Ft)t∈[0,T ] be the filtration generated byW and augmented by the
P -nullsets in σ(Ws, 0 ≤ s ≤ T ). Consider the Black–Scholes model with time-dependent interest
rate r, i.e., the undiscounted bank account price process S̃0 = (S̃0

t )t∈[0,T ] and the undiscounted
stock price process S̃1 = (S̃1

t )t∈[0,T ] satisfy the SDEs

dS̃1
t

S̃1
t

= µ1dt+ σ1dWt, S̃1
0 = 1,

dS̃0
t

S̃0
t

= r(t)dt, S̃0
0 = 1,

where r : [0, T ] → R is of the form r(t) =
∑n−1

i=0 di1(ti,ti+1](t), for some constants di ∈ R and a
partition 0 = t0 < · · · < tn = T , µ1 ∈ R and σ1 > 0.

(a) Show that every (P,F)-supermartingale M = (Mt)t∈[0,T ] with E [Mt] = C for all t ∈ [0, T ]

and some C ∈ R is a true (P,F)-martingale.

(b) Let λ : [0, T ]→ R be in L2
loc(W ). Show that the process Z = (Zt)t∈[0,T ] defined by

Zt := E
(∫

λ(s)dWs

)
t

is a true (P,F)-martingale.
Hint: You can use that P -almost all sample paths of

(∫ t
0 λ(s)dWs

)
t∈[0,T ]

are continuous.

(c) Find the density process Z of a probability measure Q ≈ P on FT such that the discounted
price process S1 := S̃1/S̃0 is a (Q,F)-martingale, and compute the dynamics of S1 under
the measure Q.

(d) Hedge the discounted power option for p > 0, i.e., find (V0, ϑ) such that

H :=

(
S̃1
T

)p
S̃0
T

= V0 +

∫ T

0
ϑtdS

1
t .


