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Mathematical Foundations For Finance

Exam

Question 1. Consider a market (S°,S1,.5?) on some probability space (Q, F,P) with filtration
F = (Fi)tefo,1,2y generated by the assets. Let 7 = 0 (S° = 1) and S and S? evolve as in the figure.
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Assume for subquestions (a), (b) and (¢), that a = 13 and b = 6.

(a) Show that the submarkets (S, S1) and (S°, S?) are free of arbitrage.

(b) Calculate the price at time ¢ = 0 of the claim with payoff (13 — S3)* and maturity 7' = 2 in
the market (S°,52).

(c) Show that the market (S°, S, S?) is not arbitrage-free by explicitly constructing an arbitrage
strategy.

(d) Let a and b be arbitrary in R. Let us fix a. Find all values of b such that the market
(89,81, 52) is free of arbitrage.

For these values of b, calculate the arbitrage free price of the claim with payoff (13 — S3)*
and maturity T = 2 for general a € R in the market (5%, S, S?).

Solution 1.  (a) By Theorem 2.2.1 the market (S°,S%) is arbitrage free if and only if there
exists an EMM Q. Let Q = {u,d} x {u,d} where u and d denote upward and downward
price movements, S; = S§II¢_ Y, and write an equivalent probability measure @' in terms
of transition probabilities Q((z1,22)) = qfalq;hm.

Now write the martingale condition

Eqi[Yi|Fr-1] =1, Vie {1,2}, Vk e {1,2}.

Inserting the values of Y,j and solving for the probabilities yields

1 2
qil = 57 q;hu = ga vxl S {U,d},
1 2 4
2 _ 1L 2 _ 2 2
qU, - 27 qU7u 37

We have, q;, 4z, u> 4o Qo w430 € (0,1), 50 @ is indeed equivalent to P.
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(b) We find the price at time 0 by calculating the expected value of the payoff under the EMM
Q2

1/1 .3
Eqe[(13 = 83)7] = 30305.4 + 703030 = 5 <33 + 77) =2.

(c) The market (S9,S*, S?) is arbitrage-free if and only if there exists an equivalent martingale
measure for S and S2. There exists only one EMM for S!, and we have qcllﬁu # qfl,u.

Computing the expected value of S5 conditioned on S? = 10 under Q!, we see that in the

second period, in case of a down move during the first period, S? is underpriced in comparison
to S'. We have indeed,

2 1 32
Eq:[S3]57 = 10] = 13§ + 6§ =35> 10.

We therefore want to buy S? and sell S! in this scenario. Therefore consider the self-financing
portfolio with 0 starting wealth given by

U1 =0, and 2 = (—1,5)1g1_50)-
The gains process at time 2 of this strategy is
Ga2(9) =5- 1{35:60}a
which is certainly non-negative and is strictly positive with positive probability.

(d) For the whole market to be free of arbitrage we need Q' and Q2 to coincide. It is therefore
sufficient that (by Corollary 2.1.4 in the lecture notes)

2 2 r—d —(&-1) 10 —b
e d,u = = a = .
3 u—d ﬁ—l(l—l’o—l) a—>b
Solving for b yields
b= 30— 2a.

For pricing we again have to calculate the expected value:

1 2 1
Eqi[(13 - 83T = = <3(13 — (30 — 2a))" + g(13 —a)t + 33)
29—2a a < 17
1 17 + 6 PR
<2<> ”<13a>*+3) 2 Y<a<u
’ ’ 2a—l4 13 < a.
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Question 2. We consider a multinomial model with two time periods (" = 2). The market

consists of a riskless asset SO that grows at a rate r = 0, and one risky asset whose evolution is
given by the tree below. The numbers on the branches give the probability of following a particular
branch. The tree shows the evolution of both the discounted and undiscounted price of the asset

since the value of one unit of the bank account stays constant (TS'VO =1).
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Let (2, F,F,P) be a filtered probability space with Q = {u} x {u,d} U{d} x {u,m,d}, F = 2.
The filtration is given by F = (Fy, F1, F) where Fo = {0, Q}, Fi = {0, {u} x {u,d},{d} x {u,m,d},Q}.
The probability P defined as follows :

2 1
Pl{u} x{u,d}] =pu =5, P[d}x{u,md}] =pa= 3

P{(i,j)} = pi x pi; for i€ {u,d},j € {u,m,d}
with Puu = %7 Pu,d = %7 Pdu = %, Pdm = %, Pd,d = %

a) Assume a = 80, is the market arbitrage-free 7 Find the equivalent martingale measures for
S1 or construct an arbitrage opportunity and prove in details that it is one. If the market is
arbitrage-free, is it complete 7

b) Assume a = 50, is the market arbitrage free ? Find the equivalent martingale measures for
S1 or construct an arbitrage opportunity and prove in details that it is one. If the market is
arbitrage-free, is it complete 7

¢) Assume a = 50.

(i) A second asset S? can be traded on the market. The dynamics of (S, S?) are given by
the tree below. Show that the market (Sl, 52) is complete.
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(ii) We consider an asian option on the stock S'. On this two periods model for the market
(S1,8?), the payoff of the asian option with strike K is given by

1< "
cp = 525}-}(
j=1

What is the non-arbitrage price at time ¢ = 0 of Cg} in the market (S°, S!,52)?

Solution 2. a) The interest rate is equal to 0, so the value of the riskless asset is constant,
equal to 1. We see that the risky asset in case of a down movement in the price during the
first period does not lose value with probability 1. An arbitrage strategy would be to wait for
the first period, and if the price went down, to invest in the stock and borrow from the bank.
The self-financing strategy that we use is ¢ = (49, 61, 02), with ¢3 = 0, §; = 0, 62((u, x)) = 0,
02((d,y)) =1 for z € {u,d}, y € {u,m,d}. The terminal value of the portfolio is :

0 ifw=(u,u)
0 ifw=(u,d)
Va(9) = ¢y + 1 AST + 02A55 = ¢ 30 if w = (d,u)
10 if w=(d,m)
0 ifw=(dd)

So Va(¢) > 0 P-as and since P [Va(¢) > 0] = P[{(d,u),(d,m)}] = £ > 0, the strategy is
indeed an arbitrage.

b) Now a = 50, so there is an actual possibility for losses in the second period. An equivalent
martingale measure is such that the discounted price process is a martingale. We need to find
Qu» Gds Quus Qu,d> 9d,us 9d.m- 4d,d € (0,1), defined similarly as the parameters of P. We have the
following equations :

Eg [St|Fo] =S¢ and Eg[S3|F] =5]

Eq [93]51 = 120] = 120
E 11 _ gl d Q [P2]°1
“Bo[s] =% an {E@ [S3] 51 = 80] =80

We obtain the second line with Fy = {0,Q} and F; = o(S}). This gives the following
equations.

120q,, + 80gq = 100 150¢y, o + 100g,.q4 = 120 110q4,4 + 90G4,m + 5044 = 80
Gu+qa=1 Guu + Qua =1 Qdu + 9dm + qaa =1

This gives the solutions : ¢, = q¢ = %, Quu = %, Qu,d = %, and
(Qd,u> 9d,ms 9d,d) € {()\, % — %)\, i + %)\) | \E (O, %)} The set of EMM is non-empty, but

contains more than one element, so the market is arbitrage free but incomplete.

c) (i) We are looking for an equivalent martingale measure for (51,52). We have seen in
question b) how an equivalent martingale measure for (S 1) needs to be. So we need to
find one among these such that the price process of S? is a martingale as well.

Ega [Sf|]-"o]:%~30+%~6:18:53
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2 3
Egr [S3 | S1 = 120] = = .60+3.10:30:Sf-11{511:120}

Egx [S5 | ST = 80] = 20X

For A = %, we have Eqx [S3 | S} = 80] = S7 - Ig1_g0}. There exists a unique martin-

gale measure for (Sl, 52), Q* =Q* for A = 1—3’0. This market is complete.

(ii) The payoff of the asian option with payoff Cgj is the following :
CEI)% ((u’u)) =45, Cé% ((u,d)) = 20, CéAO ((d7 u)) =5, CEI)% ((d7 m)) = Cé% ((da d)) = 0.

The price of this option in the complete market, is the expectation of its payoff under
the equivalent martingale measure Q*.

Eg- [Cé) = 45+ 20 + .1%6

o] W
DO | =

o] N
DN | =

N |
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Question 3. Let (2, F, P) be a probability space with an augmented filtration F = (F%)i>0
generated by a Brownian motion (W) Consider a discounted Bachelier market (S°, S1) on
this space, i.e.,

t>0"
SY=1, and S} =S5+cW;, t>0

for some S}, o > 0.
Let T > 0 and K € R. Compute the replicating (self-financing) strategy for h(S1.) by computing
the value process and using [t6’s formula, where h is defined as

(a) h(y) =y> — 6y® + 11y — 6.
(b) hy) = Ls>ky-
(c) h(y) = max{K,y}.

Solution 3. Since S! is a IP-martingale, the value process is calculated as
Vi = E[h(S7)|F)-
Using independence of Brownian motion increments, this simplifies to

Ve = E[i(y +o(Wr = W))ll, sy = Elbly + oWr-o)ll,_s; = Elh(y +ovVT —t2)]| = f(t,9)l,—s;

Y=o4

where Z ~ N(0,1). If f € C12, by Ito’s formula and [S']; = 0%t we see that f solves the heat
equation

or (0 _
ot 2 0y2
then the replicating strategy is given by (Vj, ) for
of
Ve = ——(t,5}).
t ay( ’ t)

(a) Plug in to the above:
Vi =E[(y + oWr_,)* —6(y + oWrp_)? + 11(y + o Wr_;) — 6] |y:sz
= (813 +3S8}0*(T —t) — 6(S})? — 60*(T —t) + 11S} — 6 = f(t,S})
f is C*? and its derivatives are given by

of .\ _ 2, 2 Pf
ot (t,y) = —3yo“ + 60~ and R (t,y) = +6y — 12,

which means that f solves the above equation. Hence (Vp,?) is given by
Vo = (S3)® +3S50°T — 6(S3)? — 65°T + 1155 — 6

and
¥y = 3(S})* 4+ 30%(T — t) — 125} + 11.

(b) We proceed similarly.

S} - K
Vi = Ellpyrowr 26l sy = Bllgw, <oyl sy =Ellze wony]], o =@ <U\t/ﬁ> = f(t.50),

Please see next sheet!



where @ is the cumulative distribution function for a standard normal variable and Z is
a standard normal random variable. Let ¢ be the density function of a standard normal
distribution. Again f € C1'? and we can calculate the derivatives of f to obtain

O (1) = LK ¢(y_K>
ot Y T 2 — 03’ \GyT =1

and
62ft )= — y— K gb(y_K)
6y2(’y 3T —-t)32 " \oyT —t)

We conclude that the replicating portfolio is (Vp, ) with

St — K 1 S— K
Vo=0 (=2 d v, = t )
0 <cr\/T> an i ox/T—tQS(U\/T—t

(c) Observe first that max{K,y} = (y — K)* + K. If we can price a European call option with
strike K, we are done. First calculate the value process:

‘/t =
=E[(y+oWr_e — K)"[_s: + K
=E[(y+oVT —tZ - K)|—sr + K

1 22
™ JR

Z\/;—W/:O%(Sl K+ovT —t2)e Tdz + K
:(Stl_K)q’(f\tl/%)+U\/\/?exp(—m>+K
(Sl—K)¢><f\'}/%)+U\/T7¢< \/é)+K

= f(ta St)v

where Z is a standard normal random variable.

Calculate the derivatives:

of B o y— K
oy =g <a\/ﬁ>

of B y— K N
gy hY =2 (wT*—t) and

0% f 1 y— K
a5 (ty) = ¢ < ) ,
Oy ovT —t" \ovT —t
which means f solves the heat equation and the replicating portfolio is given by (Vp, ) with

VozK—i—(Sé—K)(I)(Si\;TK)—i—afqb( J\FK>

St —
0y =0 ‘t—.
! <0\/T—t>

Please see next page!



Question 4. Let T' > 0 be a fixed time horizon and W = (W}),co,r] @ Brownian motion on
some probability space (€2, F,P) with the augmented filtration F = (F})¢cjo,7] generated by W.
Consider the Black-Scholes model with bank account price process S0 and stock price process S St
satisfying the SDEs

[
Cﬁi = pdt + odWy,
S
d~0
i = rdt,
Sp

for some fixed 7, yi,0 > 0 and with S = S} = 1. Denote by Vi ™"* and V"X respectively the
undiscounted prices at time zero of European call and put options with undiscounted strike K > 0.

For any two constants 0 < K; < Ks, set K; = e"T K; and consider the following two strategies:
First the (long) butterfly option giving the payoff

= (51— ) 2 (51 K;K) (5 R)*

at time 7. Consider also the (short) straddle position yielding the payoff
Ki+k\ (Ki+EK ’
FStraddle _ _ (g1 _ A1 2 _ 1 2_ g1
at time 7T

Finally, define H = fStraddle _ f7BF

(a) Find the value of H at time 0 in terms of the difference AK = (K5 — K1) as well as V" K.
and vOPUt’Kj for i,5 € {1,2}.

(b) Sketch how the payoff H depends on the final value of the stock price §:1p (draw the curve
St +— H(SL)). Qualitative and quantitative details should be clear from the figure or
explained in text (slopes, intercepts,...).

Hint: Sketching HSt2ddle and HBF separately could help visualizing, but is not necessary.

(c¢) Let K > 0. Compute a replicating strategy for a European put option with strike K and

maturity 7. Derive and prove your result. (Don’t forget to compute %Put’K as well.)

Solution 4. (a) The simplest way to solve this is to use the following simplification

~ ~ +
~ ~ K K. ~ ~ ~
[fStraddle _ fyBF _ _ ( 1+ Ko _ S:1r> _ (S% _ K1)+

2
~ ~ \ +
al Ky + Ky al - \+
(S -2 -G -Ry)
~ K+ K ~ ~ ~ ~
= Sp - T Sk K0T (- Kt
~ ~ Ko — K ~ ~
:*(Klfsql")Jr*%*(S:lr*KQ)Jr
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Then we can just price two of the terms directly with VOPM’KZ and Vocau’K1 and the constant
term is simply discounted. We get
AK Call, Ks

Ky — K, Call, K Put,K
G O N

Vol(H) =~V

Another way is to start out with the expression for H given before simplification, value
everything in terms of put and call option prices and finally use the put-call parity

1,K Put, K ~ e (T—
‘/tcav 7‘/tu7 :StlfKe r(T—t)

to obtain the value in terms of the sought put and call options. This is mathematically the
same procedure as above and is accomplished as follows: Write the value of the terms of H
before simplification to obtain

Vo(fl) _ _%Put,(K1+K2)/2 B VOCan,K1 n ‘/()Call’(Kl+K2)/2 B VOCall,Kg.
Now simplify using the put-call parity twice to obtain

~ K|+ K. ~ ~
Vo(H) = S& — % _ Vbcall,fﬁ o VOCall,K2

K1+ K % %
st 1 ! 2 | g, Sl rOPut,Kl . rOCall,KQ
K AK K
_ ‘fOPUM 1 : 1 rOCall, P
i AK %
‘rOPut,Kg 5 ‘7OCa11,K1.

(b) Using the simplification from the previous question, the payoff can be drawn using three

lines as below. The function H(S}) is constant on [K;, K»] and has value —@ on this
interval.

The slope is =1 where the line is not constant. The payoff for SL=0is 7@'

(¢) Denote by (VtPHt’K) 011 the discounted price process of the put option. We have seen in
tefo,T

the lecture that the unique equivalent martingale measure @ for the market is given by the

following probability change
p—r (p—r)*
=exp | — Wr — T].
o 202

Please see next page!



Under @, the process W* defined by Wy = W, 4+ £-"¢ is a Brownian motion. To get \/}PM’K

g

we compute the conditional expectation given F; of the discounted payoff (K — S})Jr under

Q. Using that the process S! satisfies S} = S} exp (JWt +(p—r— %az)t) we obtain

VPR = Eq (K- h)" | A

— Eq (K — Stexp <J(WT W)+ (p—r— %#)(T = t)>)+ | ft]

i _ _ +
:EQ (K-Sgexp(U(WT‘F’uUTT_Wt—Mo_rt)—;Oj(T—t))) ’ft‘|

— Eq (K — Slexp <0(W;: W) — %ﬁ(T . t)))+ \ ft]

[ 1
=Eq _(K — yexp (J\/ﬁX — 502(T - t))) 1{X<WW}] ‘y:StI
log(K/S{)+ 5o (T—t)
BV, a— 1
=) T (ke stew (VT gt - 0) o) ds
K& (log(K/Sg) + 30%(T — t))
oT —t

log(K/S{)+ o2 (T—1)

_Stl/ VTt 1 exp (_1 (xz —2m0\/T—t+J2(T—t))> dz

oo V2r 2
_ log(K/S}) + 0%(T —t)
B K‘I’( T )

log(K/Stl/)7%U2(T7t)

— v 1 1
—Stl/ o exp (—2u2> du

oo Ver
_ log(K/S}) + 30*(T —t) 1 (log(K/SE) — 30%(T — 1)
_K(I’( oVT —t )_Stq)< oVl —t )
= f(t75t1)7

where X ~ N(0,1) and we have set w = x — oy/T — t. We have therefore

Voputf( Ko (log(K/S’%— §02T) B Sé@ (log(K/S(\%/)T— §02T> .
o o

The process thut’K is a martingale, f is twice differentiable in space and differentiable in
time. Computations give

0 1 0?

—f(t,x) + fUZxQ—f =0,

ot 2 0x?

and so the position in the risky asset of the replicating portfolio is given by a direct differen-
tiation

__of B log(K/S}) — La*(T —t)
6, = %(t,sb__@( L )

Please see next sheet!



Question 5. Let (2, F,IP) be a finite probability space. We consider a trinomial market model,
with two assets and T' > 2 periods. The riskless asset (bank account) has the following price
process

SO =1+, for ke {0,1,...,T},
and the risky asset price process is defined as

k
St =S¢V for ke {0,1,..,T},
i=1
where the Y; are i.i.d. and taking values in {1 4+ u, 1+ m, 1+ d}, each one with strictly positive
probability under P, and where m =7 >0, u >m >d > —1 and S} > 0.
We denote the discounted price process by S* = 2. Let F = (fk)ke{o,l

o be the filtration
S0 }
generated by (Yi)yero1, . 7y-

.

a) Assume for this subquestion that 7' = 2. Is the market arbitrage-free ? Is it complete ?
Compute the set P, (Sl) of equivalent martingale measures for the discounted price process.

b) Assume for this subquestion that 7' = 1, §g =1, :é'vé =100, u =01, m=r=0,d=—0.1.
Find a super-replication strategy with the lowest possible initial wealth Vj for the claim with
maturity 7 = 1 and payoff C = ‘Sll - 95‘.

We are back in the general case, for any T > 2, any S} > 0, and any u,m,r,d such that
m=r2>0and u>m >d>—1. Let f be a convex function. Define recursively the function ©

o(T,z) = f(x), forx € RT,

Ok, ) = ULl Qoo Lot d)) - for € R and 0 < k< T — 1,

where p* = Z:‘;. Define now the function & as follows
0] 1,z(1 -0 1,z(1
§(k+1,m)=v(k+ 2L+ w) ok +1, 2 +d)), forre R and 0< k< T —1.

z(u—d)

c) (i) Show that for all k € {0,1,...,T}, the function o(k,.) is convex.
(i) Show that for z € R™,

ok +1,2(1 4+ y))
1+r

<olk,z) + €k + 1,2) (W—x)

fory € {u,m,d} and 0 < k< T —1.
(i) Let ¢=(v(0,Sp),0) be the self-financing strategy that starts with ¢(0, Sp) initial capital
and use the strategy 0p41 = £(k + 1,5%) for 0 < k < T — 1 on the stock. Show that ¢

is a super-replicating strategy for the contingent claim with payoff f(S%) at time 7.

Hint: Show by induction that Vie > ﬁ(k,gg) for all k € {0,1,.. T}, where V is the
undiscounted value process of the portfolio with strategy ¢.

Solution 5. (a) The set  is finite, so :S’E is integrable under any probability measure. Fur-

thermore since the filtration is generated by the Y;’s, the process S! is adapted to IF. For Q

Please see next page!



to be a martingale measure for S!, equivalent to IP, @ needs to satisfy:

Q =P
Q =P

5 — 5
Eq [sg ‘]:1} 50 e EqglYs] =147

Eq[Yi] =1+r

st s
Eq {Al ‘ fo} = —5;6’
Writing

Q[lelJru]:qu, (Q[Y1:1+m]:qm, Q[Ylilﬁ’d}:qd
QYo=14u|YVi=14y=qu, QYo=14m|Yi=1+yl=qym, QYo=1+d|Yi=14y]=qyaq,

for y € {u,m,d}, we get that the previous system is equivalent to :

3 3
(qu7 dm, qd) € (07 1) (qy,ua Qy,m; Qy,d) S (07 1)
Qutt + gmm +qqd =71 and Qyut + Qymm+gyad =T for y € {u,m,d}
Qu + qm +q¢ = 1 Qy,u + dy,m + Qyd = 1

Solving the system gives :

qu € (Oa ﬁ) Qyu € (07 Ziﬁ)
qm =1- %qu and dym =1-— %‘qu)u
qa = %QU Qy,d = %Qy,u

The set of EMM for S! is

u—d u-—r u—d u—r
]Pe Sl = u;l_iqmiu 3 uual_iuuaiuu 5
(%) {(q r—d’ rdq> <q7 —_ rdq’)
1 u—d u—r 1 u—d u—r
dm,uy r— de,m r— d(Jm,u » |\ dd,us r— de,u7 r— de,u

r—d
wy Yu,uy Ym,u, u) € Oai .
(Qus Qusus Gmous Qd,u) (U_d)}

This set is non empty, and it is not a singleton, so by the FTAP (LN p34, p52) the market
is arbitrage-free and incomplete.

b) Notice first that r = 0. Method 1, direct computation: We are looking for a #; such
that the following system is satisfied:

VWw+106; >15

Vo =5
Vo—100, =5
Vo =10
Vo—100, =5
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c)

Taking Vo = 10 and 6; = 3, gives a super replicating strategy ¢= (Vp,6). Adding the first
and third equation of the first system shows that the claim cannot be replicated with a lower
initial wealth.

Method 2, using the question c)’s result: We can compute the super-replication price
as

Vo = sup {EQ H§% - 95 } ‘ QeP. (S }

By question 1la) and using the values given:

1
Vozsup{l())\+5 A€ (0,2>}

=10

We have v(1,z) = |z — 95], so

¢(1,2) = u(1, 1.1963);;(1,0.9:13)7

and 6; = £(1,5)) = % = % A super-replication strategy with lowest possible starting
wealth is then ¢=(V},61).

(i) We prove this by backward induction: o(T,.) = f(.) is convex. Let us assume that
0(k+1,.) is convex for k € {0,1,...,T—1}. Wehave 0 < 14+d<1l+r=14m<1+4u
so the functions = +— w and z — w are convex, and p* € (0,1) so
9(k,.) as a convex combination of convex functions is convex. We conclude that v(k, .)
is convex for k € {0,1,...,T}.

(i) Let z € RT, and k € {0,1,...,T — 1}.

We have :
Bk, x) + E(k + 1,2) (W _ x) - ﬁra(m 1 2(1 +u)) + (ll_jf)@(m 1,21+ d)
LUkt La( ) — ot L4 d)
(u—d)(1+7)

. r—d u—r

ok 4+ 1,2(1 4+ u)),

:1—1—7”

Same computations give: v(k,z) + &(k + 1, ) (m(llj'rd) — x) =0(k+1,2(1 +d)).

To prove the last inequality, remark that m can be written as the following convex
combination m = “=d + Z‘:ju = (1 —p*)d+ p*u, since m = r. By convexity of 0(k,.)
for all k € {0,1,..., T} we have:

o0k, 2) + E( + 1,2) (‘"’“’(llj) - x) — (k)
_ 1]j:rﬂ(k:+1,x(1—|—u))+ (111i*)5(k+1,x(1+d))

Please see next page!



=

ok La(1 +m))

which yields the desired result.

(iii) If we denote by V;; the undiscounted price at time & of our portfolio with strategy ¢, we

have Vo = 5(0, So) by construction. Assume Vi, > 9(k, /SE) for some k € {0,1,...,T —1}.
By definition of the price process, and by b) (ii),

Vi ~ - (S =
k1 :Vk+g(k+1,5,§) (1’3; —S,i)

1+
> o(k+1,5}).

We conclude that Vi > 6(T, SL) = f(SL) and ¢ is a super-replicating strategy.



