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Mathematical Foundations For Finance

Exam

Question 1. Let (2, F,IP) be a finite probability space. We consider the following one period
market model with stochastic interest rate for the bank account. The price processes for the bank

account SO and the risky asset ST are given by the following tree:

(1i0)

2l

[N

—~
—
N—
v
—~
—
SN—

(%) :

100 120
1
3
1
(s0)
(a) Find all equivalent martingale measures for the discounted price process S! = 52 Is the
SO

market arbitrage-free 7 Complete 7

(b) (i) Consider a put option on the stock, with maturity 7 = 1 and strike K = 100. Its payoff
~ =\t
is P= (K - S%) . Is it attainable ?

(i) Compute a super-replicating strategy for the put defined in (i), with price
JUE
98 = suer]PE(S]) IEQ |:(K — Sll) :|

(c) (i) We assume that the put is sold for 12 at time t=0. Show that the market (56, :S'Vl, P) is
complete, where P is as in b).

(ii) We now consider a call on the stock with maturity 7' = 1 and strike K = 100. Write
dPL’VT{Vthe put-call parity and find a super-replicating strategy for the call in the market

(89,51, P).

Solution 1. (a) First let us consider the discounted price tree:
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The process is adapted for the filtration it generates, and the probability space is finite. The
martingale measures for S! that are equivalent to IP are given by triple (qu, ¢m,qa) € (0, 1)3
such that :

Eq [} | Fo] = S5
That is to say, Q is an EMM for S'if and only if

200q,, + 120¢,, + 80qqy = 100 8qu — 4qq = -2
Qu + Gm + 4d =1 S Qutgmta =1
(qanm7qd) S (07 1)3 (qm(Ierd) S (071)3
And we finally get:
Qu € Q07 )
(QEIPE(SI)<:>> qm :g_SQu
qd =3 + 2Qu

and

1 1 1
P.(SY) =< (Az=3\z+2\) [ A -
)= {(r3-05+2) 12 (05)}

(L5 2 e (o

= 6 3% s 6 3N K )

1 15 3 15

=qlzv—=,-—zvv] |rvel= =

W@ -ai-2) 1ve(29)]
It is a non-empty, open set. The market is therefore arbitrage-free and incomplete.

(b) (i) Let us compute the set of arbitrage-free prices for this claim:

Eq (g_f;)* | QeP, () :{EQ{(K—E)T |(QEIP8(51)}

| foen) 1e o)
formine o))

The function that maps an equivalent martingale measure to the expectation under this
measure of the claim payoff is not constant. By the criteria of attainability (LN p 49)
the put is not attainable.



(i)

—~ ~ ~ ~—\+
We want to find (69,601) such that 6959 + 6151 > (K — S%) P-a.s., that is to say:

0.769 4+ 1400; >0
09 + 12001 >0
09 + 8061 > 20,

—~ —~ ~ e\t
and such that (69 — 63) SO + 615} = 0, with 63 = supgep, (s1) Eq {(K - Sll) } =50

the optimal super-replication price (notice that for claim having non-zero values in the

two lower states only, discounted and undiscounted prices are the same). We have then
09 = %O — 10061. Substituting in the system gives:
0.7 (% —1006) + 14067 >0
? — 10007 + 12060; >0
21006} + 8061 > 20,
35 17007 >0
50 1
+200; >0

5t

2 —2007 > 20,
We get finally 6} = —%. The super-replicating strategy with price ) = 53—07 holds
69 = 139 units of the bank account and #] = —% units of stocks at time 1.

Let us compute the set of martingale measures for the market (S L S%) The equivalent

martingale for this market are to be taken from P, (Sl). We compute for Q € P, (Sl):

P 1
Eq ~|]-'0] :12<:>(+2>\>20:12
S0 2
1
A= —.
AT

Therefore there exists a unique equivalent martingale measure for the new market. It
is then complete.

Method 1, Super-replication in (:973, :S'v1> : We have

~ o\t~ e\t =~
(Sll - K) - (K - S%) = S} — K, so to super-replicate the call we just have to

super-replicate a put (we just computed how to do that), hold a stock, and super-

replicate -K , selling ——=% = K units of the bank account. A possible
max{S?(w) | weN}

superreplicating strategy starts with a wealth 69 = %, and holds 69 = —% units of

the bank account and 6] = 2 units of stocks in the first period.

Method 2, Super-replication in (:97), :S’vl, ﬁ) : We  have

~ o\t ~ Nt~ -
(Sll - K) — (K - S%) = S} — K, so to super-replicate the call we just have to buy

a put and a stock at time 0 and short sell K units of the bank account (which optimally
super-replicate the payoff —K at time 1). Initial cost is 63 = 12.
Method 3, exact replication in the complete market (:S'VO,:S'T,IS> : We have

si_g)"
0 =FE (1“6)] = ?. The replicating strategy ¢= (98, (01, 0%)) satisfies :

1
Q20 50

8 41000} — 1207 =32
4200} — 1262 =20
— 200} +803 =0,

~[@B



which yields : 0] = % and 62 = —%.



Question 2. Consider a probability space (2, F,P) with Q = {u,m,d} x {u,d}, F =29 and P
defined by P({(z1,22)}) = Pu, Pz, 2, fOr

pu =02 pn =03, pg=0.5,
Puu = Pu,d = 0.5, Pmau = 0.4, Pm,d = 0.6,
Pdu = 0.75, and Pd,d = 0.25.

Now define the random variables Y7 and Y5 by
Vi((u,22)) = 14wy, Yi((m,22)) =14y, Yi((d,x2)) = 1+yy,
Yo((z1,u)) =1+y; and Ya((z1,d)) =1+ y3.

for z1 € {u,m,d}, x2 € {u,d}, (yL, vk, yb) = (0.4,0.2,-0.2) and (y2,y32) = (0.1, -0.2).
Let (S°,S!) be a financial market consisting of a bank account and one stock defined as

59 =80=59=1,
Sh=1, Sl=v; and S} =%V,

Define the discounted price processes: S° =1, and S! = %

(a) Draw a tree showing the evolution of the asset S?.

(b) Find the set of equivalent martingale measures for (S°, S1).

(c) Define the claim with payoff Hx = 1(g1>x) for K € R at maturity 7' = 2. For which values
of K > 1 is Hg attainable?

(d) Calculate the super-replication price mg(Hp) of the claim defined above in ¢) as a function

of K for K > 1.
Solution 2.  (a) The evolution tree of the risky asset is:

0.5 1.54

1.4 o5
1.12
0.4 1.32

Sl : > 1'2 0.6
0.96

Q.5

0.75 0.88

0.8 0.25
0.64

(b) Write Q({(z1,22)}) = @x,Gz, 2,- The size of the increments in the second period do not
depend on the outcome of the first, and, since they are binomial with parameters y2, yfi for



the movements up and down respectively, Corollary 2.1.4 then states that the probabilities
G 0, are uniquely determined by

2

r—y; —(-0.2) 2
1w = = = — v = s 7d .
Gz, Py 01-(=02) 3 x1 € {u,m,d}

For the first period, write down the martingale property:

1=E[S{] = (1+04)q, + (1 +0.2)gy + (1 — 0.2)gqa.
Using the fact that the probabilities sum to 1 and parametrizing ¢, = A yields
1
3
Equivalence to P means ¢, ¢m, ga € (0,1), which is equivalent to A € (0,1/2).

The equivalent martingale measures also have two other parametrizations. The first one is
obtained by setting g, = A;. This yields

1-3X 14+ A 1
Gm = 5 1, and ¢q = 5 1,f0r)\1€(0,3>.

Finally, g4 = A2 gives

1
qu:§(1—2)\) and gqg=-(2-M\).

12
gm =2—3X2 and q, =2y — 1, for)\2€<2,3).

(¢) Parametrize the set of EMMs by A and calculate the expected value of H:

0, 1.54 < K,
. 1.32 < K < 1.54,
Egp[Hg] = { T
Guqu,u + Gmm,u 1.12 < K <1.32,
Gu + Gmm,u 1<K<1.12
0, 1.54 < K,
JEa -2, 1.32 < K < 1.54,
) 2+, 112 < K <1.32,
b 1<K <1.12.

By the characterization of attainable payoffs we know that Hy is attainable if and only if
A+ Eg[H] is constant, which is true only for K € [1,1.12] and K > 1.54..

For the other parametrizations, similar calculations yield the expressions

0, 154 < K,
2\ 1.32 < K <1.54
EQAl[HK] _ i’ 1 < >~ )
(1= A1), 1.12 < K < 1.32,
% 1<K <1.12,
and
0, 1.54 < K,
2(2x0— 1 1.32 < K <1.54
EQ>\2 [HK] = 3( 2 )7 = P ’
2(1—x2), 1.12 < K <1.32,
3, 1< K <1.12,

but the conclusion is the same.



(d) We find the super-replication price by using the identity

0, 1.54 < K,
2 1.32 < K < 1.54
7T5(HK) sup EQA[HK} = ?7 32 < - 5 ’
Ae(0,1/2) 3 1.12 < K <1.32,
1
3

1<K <1.12



Question 3. Consider the market (S, S!) on some probability space with filtration generated
by the assets. Let SP = (1 +7)! and

3 225
L 150 1
75
ST: 100 A
S 3 75
50 1
25

for r = 0.25. Let H; = (f( — §tl)+ with K = 150. Do not forget to explain how you found your
solution in the following problems!

(a) Draw a tree of the discounted value process corresponding to the European option VE" with
(undiscounted) payoff Hs at time ¢t = 2.

(b) Draw a tree of the discounted value process corresponding to the American option VA™ with
maturity 2 and (undiscounted) payoff process H.

Hint : Recall that the discounted value process of an American option with maturity T and
with  discounted payoff process (Hk)ke{o,...T} is given by the recursive scheme
VA™ = max{Hy, Eq [VAT | 7]} for t € {0,..T — 1}, Q an equivalent martingale mea-
sure for the market, and VA™ = Hyp.

(c) Determine whether there exist self-financing portfolios ™ and ¢®" such that V;(p*™) =
VA™ and Vi (") = VEU for all ¢ € {0,1,2}. Find them if they exist.

Solution 3. The market can be written as a binomial model with v = 0.5, d = —0.5 and
r = 0.25. According to Corollary 2.1.4, the unique EMM (@ will therefore assign the corresponding
probabilities

r—d 025-(-0.5) 3 1

u—d _ 05— (-05) 4 "¢ =7

We will also need the discounted values for all problems. The discounted process is then

qu =

g 144
R 120 1
. 48
St: 100 N
- i _»48
40 1
16

with probabilities given under ). Discounting H gives H; = (150 - 0.8 — St)+, ie.,



(a)

(b)

oo
e}

’ :
48
H: 50 )
S § w48
80 1
80

We calculate the values backwards from Hs in every node by computing the (conditional)
expectation of the following two nodes, e.g., the value in the first node below is calculated
as 124 ;56 = 23.

i 0
s 12 1
48
VEw. 23 .
2 i 48
56 1
80

To calculate the American option we proceed similarly, but in each step we compare the
expectation of the following two nodes with the current value of H and choose the largest.
This is the case since we can at any point stop and get H, but only do so if it gives more
profit than is expected from continuing. For example, the value in the first node below is
calculated as max{312 + 180,50} = 50.

1 0
g 12 1
48
vAm 50 s
S 1 48
80 1
80

Start with the European option and let ¥4 and 19% be the strategies in the second period
given that the stock price increased respectively decreased in the first period. Furthermore,
let ¥; be the strategy for the first period. Using the relation V; = V + G¢(¥) we have 6
equations in the variables Vy, 91, 9% and 94 (2 for the first time step and 4 for the second).



More precisely, we have

120 12
1 —60 Vo 56
1 20 24 91| |0
1 20 -72 vy | T 48]
1 —60 8 94 48
1 —60 —24 80

which is solved by (Vp, 94, ’2‘,195) = (23, _%7_%’ —1).

Note that the four last equations are enough to find the solution, but the first two have to
be satisfied since the equality is required for all time points, not only the last.

For the American option the idea is similar, but even at the first timestep the equations
cannot be fulfilled since it would require

50 + 2009 = 12,
50 — 609, = 80,

which has no solution. We conclude that there cannot exist such a self-financing portfolio.



Question 4. Let (2, F,IP) be a probability space on which exists a Brownian motion (Wt)t>0'
Let F = (.7-'t)t>0 be the P-augmented filtration generated by W.
We consider a market model with two assets whose price processes are the following:

SO _e'rt
:S’\tI :SO exp((u—%oz)t—i—aWt),
for t >0, with p € R, 0 > 0 and S§ >0, r > 0.

(a) What is the probablhty under the historical probability measure IP that a call on the risky
asset S1, ST, with strike K and maturity T is exercised ?

(b) There exists a unique probability measure @ that is equivalent to IP such that the process
Sl = % is a Q-martingale on [0,T]. Give the Radon-Nikodym derivative 3—%' Fp

(¢) We now consider two calls with same maturity T and strike I/(: and I/(v2, with I?l < I?; Let
C (K1) and C(K>3) be the undiscounted price processes of these claims.

(i) Show the following relations:

Ci(K3) < Cy(Ky), for t €[0,T]

~ ~ ~ — Ko —
Ci(K) = CilKa) € iy

for t € [0, T
(i) Let K3 = AK; + (1—\)Ks for A € [0,1]. Show that Cy(K3) < ACy (K1) + (1= \)Ci(Ky).

—~—\P
et us a consider a power option that pays at maturity T, for p = 3. Compute the
d) Let id tion that Si)  at maturity T, f 3. C te th
discounted price process and the replicating strategy for this option.

Solution 4.  (a) A call with strike K and maturity T is exercised if and only if :9; > K. The
probability of this event is:

— 1

P[S%>K]P{Sgexp<(u2 )T+UWT) K
1
27

1 K
WT>J<IOg<Sé>_ B 2
1
T
1 1, K
R

(b) Let us define the process Z = (Z;)¢(o 7y by:

p—r (p—r)°
Zt:exp — pu Wt* t

202

which is a true P-martingale. By the theorem of Girsanov, the process
. — p=r ‘q ) : : .
(Wt)te[O,T] = (Wt + & t)te[O,T] is a Q-Brownian motion. We have:

~ 1
S} = Sj exp (aWt — 20275) ,



which is a martingale under Q on [0,T].

i > (x—f?/g)—i_, for x € [Epo),

(¢) (i) For z € [O,E], (m—lz>+ =0, so (x—E)
(x—[?é)Jr =z — I?;, and (x—lz)+ =z — Iﬂ(/l and since E > I?/l, it holds that
(-R) > ()

Conditional expectations are monotonous, so we have for all ¢ € [0, T7:

~ ~ —~ —~\ t+ —~ —~\ T ~ o~
Ci(Ks) = Eq [e_T(T_t) (st-K2) | ]-"t} <Eq [e_’"(T_t) (st-K) | ]-'t] — Cy(K))

N\t —~\+
Furthermore if we notice that (m — K1> — (x — Kg) < Ky — K, taking conditional
expectation given Fy:
—r(T—t) S AN AN N
e Eq |(Sh-Ki) - (Sh-Ka) |7|<e (K2 - &)
CulK1) = Ci(Kz) < e 0 (K - K

(ii) Method 1 : Let A € (0,1) and K3 = AK; + (1 — A\)K. Studying the different cases
we get:

(-
(-
(-

and then m—]?to,)Jr < )\(:c—fz)Jr + (1= (.’E—E)+ for all x € R. Taking

conditional expectation given F; with respect to Q gives:

+
K.

—~\\ + —~
) 0 <)\(ac—K1) +(1—/\)(:p—K2) for = € [0, K3

/-\;)

—~ —~ — —~\\ + —~\ + ~ —~
Iig)+ A(x—K1)+(1:A)(x—K2) <A(m—1i1) +(1—A)(x—[§)+ forxe(ﬁg,Kz)
Kg) (w — Kg) = (ac — Kl) (x - Kg) for z € [K2,0)

— N+ —~ 1\t —~ —~\ t
e " TDE [(S} ~Ks) | .Ft] < e TR, [)\ (Sh-Ki) +0-N(Sh-K) | Ft}
Ci(K3) < ACH(K7) + (1= \)Cy(K).

The price of the call at time ¢ is a convex function of the strike.
Method 2 : The function K — (z— K)™T is convex, conditional expectations are linear,
so the functions K Eq [(:c — K)* | ]-'t] are convex for all ¢ € [0, T, and we have the

result.

(d) Let (Vi),e(0,7) Pe the discounted price process of the claim. We compute:

1 3
(Sé exp ((u - 202> T+ UWT>) | Fi
—r 1 3
(Sé exp (0 (WT + K T) — 502T + rT)) | }"t]
o

_ 627"T (S})3EQ |:e3d(ﬁ/vT*ﬁ;t)*%02(T7t)]

V;f — e—rTIEQ

= e_TTIEQ

_ (53)3 6302(T7t)+2rT



We define u(y, s) = y3¢3*°°+2'T_Then V, = u(S},T — t). u is infinitely differentiable on R2,
so we can apply Ito to V:

t
Vi=Vo+ / 3(S1)° ¥ (T-0+2T gl
0
t
+/ <—302 (52)3 o307 (T—t)+2rT + %02 (55)26 (Stl) 6302(T—t)+2rT> dt
0
t
—V +/ 3 (St1)2 6302(T7t)+2rT dStl.
0

We get the initial wealth necessary to replicate the portfolio Vy = (Sé)3 e37°T+2rT and the

amounts of stock to hold over time: 6, = 3 (Stl)2 g30* (T-t)+2rT



Question 5. Let (2, F,P) be a probability space, on which we have a Brownian motion (Wt)t>0'
Let IF be the P-augmented filtration generated by W. We consider a Bachelier market model with

two assets. The riskless asset is such that S9 = 1 (no interest rate), and the risky asset has the
following price process:

g}:Stl:Sé—l-aWt, for t > 0, with ¢ >0, and Sj > 0,

so the discounted price process is already a martingale under the historical measure IP which is
here the only equivalent martingale measure. The market is therefore complete and arbitrage-free.

We have seen in the lecture what European call and put options are. Gap call and put options
are small modifications of these options.

eFor z > K > 0 a gap call option with maturity 7 has terminal payoff:

Clcé,z(s%) = (S% - K) ]1{5'}22}'
For K > 2z > 0 a gap put option with maturity 7 has terminal payoff:
PIC{:,Z(S’JL) = (K - Sil“) 1{5’%<z}

Let a > b > c > 0 with a —b = b — ¢, we consider the claim h(S}) with payoff at time T
given by the function h:

[ a—z forx e (—o0,b
h(m)—{ x—c forxzelboo).

Express this payoff as a linear combination of a gap call and a gap put.

Compute the price process VEC of a gap call with strike K; and threshold z; > K; > 0 and
VP of a gap put with strike Ko and threshold 0 < z5 < K5 . What is the price process Ve
of the contingent claim with payoff h(S%) ?

The price process V° can be written as:
VS =wu(SL, T —t),for t € [0,T),

for some continuous function u. We assume that u satisfies the following partial differential
equation:

Ju 1 ,0%u
a(y,s) = 50 Tyg(yvs)'

Find a replicating strategy for h(S%.).

Hint : You can use that the density function ¢ of a standard normal distribution (i.e.~ N(0,1))
is symmetric : ¢(x) = ¢(—x) for x € R, and that the cumulative distribution function of a
standard normal random variable ® satisfies : ®(—x) = 1 — ®(x) for x € R. Furthermore

¢ () = —zd(x).

Solution 5.  (a) One can rewrite the payoff h as follows:

h(x) — )l pepy + (7 — ) Lznpy

= (a
= Pgy(x) + Coy(x).

The payoff of the option at time T is then : Pacfb(S:lp) + C’gb(S}).



(b) The price process of the contingent claim is obtained by taking conditional expectation of
the terminal value of the contingent claim under the pricing measure. We get for the gap
call:

VEC _ Ep [(S; — K1) Lggise | ft}
— Ep [(a (Wr = W) + St = K1) Liwy wis 2 (s | ft}
—Bp [(oVT— X +y— K1) Lixs

:/°°1

\/7(21 y)}:| ’y:S}

(om:v + 8 — K1> ¢(z)dx

= (z1-5})

T 50 -0 (- 9)
zo—m/;(Zl_S) wé(x) dz + (S§ — )¢<JW (S = ))

Y <W% (21— sg)) (S - K)) @ (U\/% (s} - zl)> ,

where X ~ N(0,1) is a standard normal random variable, ¢ is the density function of a
standard normal distribution, and ® is its cumulative distribution function. We get similarly
for the gap put:

P {(K2 = 51) List <z | ft}
=By [(K> — 5} — 0 (Wr = W) Ly —wic 2 asiy | ]
=Ep {(K2— —J\/TiX> IL{X<

s (22— y)}] ‘y:sg

= /W(ZQSt) (K2 - 8! - a\/’ZTtx) ¢(x) dzx

— (2= 810 (g (a8 ) —ovT i [ :( ro(r) dr
= (Ky— S} @ (m/% (22 — S,})) +oVT —té (
where X ~ N(0,1).

The price process of our contingent claim is the sum of these two prices processes for K1 = ¢,
Ks =a, 21 = 29 = b. We get:

—= (a1,

Vf:(a—sg)cb( (b— Sg)>+m/T7¢><

1 1
T = 0= h)
1

+GW¢<W(51 ))+(Stlc)<b(m/f(8tlb)>

:(sg_c)+(a+c_zsé)¢>< 1 (b‘Stl)) ““W‘b(

T =1 VT —1 (S - b)>
u(S}HT —t).

(¢) The function u defined above is infinitely differentiable on R x [0,7T), we apply Itd’s formula,



and with our assumption:

2
;azg;;(stlj—t)) dt

T ou T ou
S _y/S et 1 o 1 = 1 o
Vi =Vs +/0 8y(St,T t) dst+/0 ( B (54, T—t)+

T
ou
:VS+/ — (S}, T —1t) ds}
0 0 ay( t ) t

:VOS+/OT(1—“;\;%?0;(0\/%(1)—53))—2@(0\/%(1)—53))
2 (5 -0 0 (s (51 -1)) ) asi

_vos+/0T (1—2@ (0\/% (b—S}))) ds;.

The trading strategy is given by

VE= (S - )+ (ate—2sh)® (sz (b- s;)) T 20vTo <UlT (S0 b)> 7

o-51).

1
oV —

~

0t12<1><



