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Question 1 (10 Pts)

a) Let X be a random variable with cdf

F (x) =

(
1� e

��
p
x if x � 0

0 if x < 0

for a parameter � > 0. Calculate VaR↵ (X) and AVaR↵ (X) for ↵ 2 (0, 1). (4 Pts)

b) Let X be a random variable with a continuous cdf. Show that

ES↵(X) =
E [X] + ↵ES(1�↵)(�X)

1� ↵

for all ↵ 2 (0, 1). (2 Pts)

c) Denote by L the set of all random variablesX on a probability space (⌦,F ,P) satisfying
E
⇥
e
�X

⇤
< 1 for every � 2 R+. Define the risk measure ⇢ : L ! R by

⇢(X) = logE
⇥
e
X
⇤
.

Which properties of a coherent risk measure does ⇢ have? Explain your answers.

(4 Pts)
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Question 2 (10 Pts)

a) Consider a d-dimensional random vector X = (X1, . . . , Xd) ⇠ Sd( ) for some d � 1.
Show that the components X1, . . . , Xd of X are symmetrically distributed. (2 Pts)

b) Consider a d-dimensional random vector X = (X1, . . . , Xd) ⇠ Md(µ,⌃, F̂W ) for some
d � 1 and a positive definite d⇥ d-matrix ⌃. Let a 2 Rd and suppose that E|Xi| < 1,
for all i = 1, . . . , d. Can you derive a formula for ES↵

�
a
T
X
�
in terms of ES↵ (X1)?

(5 Pts)

c) Consider a d-dimensional random vector X = (X1, . . . , Xd) ⇠ Ed(µ,⌃, ) for some
d � 1 and a positive semidefinite d ⇥ d-matrix ⌃. Show that for every bounded
measurable function f : R ! R there exists a function F : R⇥ R+ ! R such that

E
⇥
f(m+ �

T
X)

⇤
= F (m+ �

T
µ,�

T⌃�)

for all m 2 R and � 2 Rd. (3 Pts)
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Question 3 (9 Pts)
Let X be a random variable with cdf

F (x) = 1� 1

(x+ 2)5
, x � �1.

a) Does X have a density? If yes, can you derive it? (1 Pts)

b) Find all k 2 N = {1, 2, . . . } such that E[|X|k] < 1. (1 Pts)

c) Does F belong to MDA(H⇠) for a standard generalized extreme value distribution H⇠?
If yes, what is ⇠ and what are the normalizing sequences? (3 Pts)

d) Calculate the excess distribution function Fu(x) = P[X � u  x | X > u], x � 0.

(2 Pts)

e) Does there exist a parameter ⇠ 2 R and a function � such that

lim
u!1

sup
x>0

|Fu(x)�G⇠,�(u)(x)| = 0,

where G⇠,� denotes the cdf of a generalized Pareto distribution? If yes, for which ⇠

and � does this hold? (2 Pts)
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Question 4 (11 Pts)

a) Compute the lower tail dependence coe�cient �l of the two-dimensional copula

C(u, v) =
1

✓
log

✓
1 +

(e✓u � 1)(e✓v � 1)

e✓ � 1

◆
, u, v 2 (0, 1),

for ✓ 2 R\{0}. (2 Pts)

b) Is C(u, v) given in a) still a copula for ✓ ! �1 and ✓ ! 1? Justify your answers.

(4 Pts)

c) Let (X,Y ) be a two dimensional random vector with cdf

F (x, y) =
1

1 + e�x + e�y

defined on R2. Compute the marginal distributions and the copula of (X,Y ). (5 Pts)
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Question 5 (10 Pts)

a) How can one test multivariate normality? (2 Pts)

b) Describe how one can estimate risk measures with a GARCH(1,1) model. (2 Pts)

c) Name advantages and disadvantages of Archimedean copulas. (3 Pts)

d) Name di↵erent operational risk categories. (3 Pts)
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