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Abstract

Let ¢ be a Drinfeld A-module of arbitrary rank and generic characteristic
over a finitely generated field K. If the endomorphism ring of ¢ over an
algebraic closure of K is equal to A, we prove that the image of the adelic
Galois representation associated to ¢ is open.
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0 Introduction

In [22] Serre proved that the image of the adelic representation associated to an
elliptic curve over a number field without potential complex multiplication is open.
The aim of this paper is to prove an analogue for Drinfeld modules of generic
characteristic.

Let F, be a finite field with g elements and of characteristic p. Let F' be a finitely
generated field of transcendence degree 1 over F,. Let A be the ring of elements of
F which are regular outside a fixed place co of F'. Let K be a finitely generated field
extension of F'. Denote by K?®°P the separable closure of K inside a fixed algebraic
closure K and by Gk = Gal(K*?/K) the absolute Galois group of K. Let

p:A— K{r}, ar— ¢,

be a Drinfeld A-module over K of rank r. Thus ¢ is of generic characteristic. (For
the general theory of Drinfeld modules see for example Drinfeld [6], Deligne and
Husemdller [5], Hayes [10] or Goss [9, Chapter 4].) For any nonzero ideal a of A,
the a-torsion

pla] :== m Ker(pq : Go.x — Go i)

aca

is a finite étale subgroup scheme of G, k. By Lang’s theorem, its geometric points
pla](K*P) = {x € K°P | Va € a: p,(x) =0}

form a free A/a-module of rank r. For any nonzero prime p of A, the p-adic Tate
module

Ty () := lim [p"| (K*)
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of ¢ is a free Ap-module of rank 7, where A, denotes the completion of A at p. It
carries a continuous Galois representation

pp : G — Auty, (Tp(p)) = GL(Ap).
Denote by Aé be the ring of finite adeles of F', and consider the adelic representation

pad 1 Gk — [ GL(4p) € GL,(AL).
p7F#oo

Our main result is the following

Theorem 0.1 (Adelic openness in generic characteristic) Let ¢ be a Drin-
feld A-module of rank r over a finitely generated field K of generic characteristic.
Assume that End g (@) = A. Then the image of the adelic representation

Pad : G — GLT(AQ)
1S open.

When ¢ cannot be defined over a finite extension of F', this has already been proven
in [4, Theorem 3] by different methods.

We also generalize the result to Drinfeld modules with arbitrary endomorphism
ring End (¢). To obtain a convenient result, we assume that all endomorphisms
of ¢ are defined over K. Since the endomorphisms act on the Tate module and
commute with the Galois representation, the image of Gx then lies in the centralizer
Centgr, (4,) (Endg(¢)). By exactly the same argument as in [15], Theorem 0.1
implies the following

Theorem 0.2 Let ¢ be a Drinfeld A-module of rank r over a finitely generated field
K of generic characteristic. Assume that Endg (p) = Endg (p). Then the image of
the homomorphism

pad : G — H Centgr, (4,) (Endg(¢))
p

1S open.

The methods used to establish these results are modeled to a great extent on the
methods developed by Serre [20], [22], [23], [24] to prove the corresponding results
for elliptic curves and certain abelian varieties.

The article has five parts and an appendix. In Section 1 we list some known results
on Drinfeld modules. Section 2 contains some preparatory results on matrix groups
and fibers of algebraic morphisms. In Section 3 we prove that the residual represen-
tation is surjective for almost all primes p of A in the case that Endz (¢) = A and
K is a finite extension of F'. In Section 4 we prove Theorem 0.1 in the case that
K is a finite extension of F'. Section 5 contains a specialization result and uses it
to prove the general case of Theorem 0.1. The Appendix contains two remarks on
the article by Gardeyn [8]. We point out two gaps in that paper and show how to
close them. The above notations and assumptions will remain in force throughout
the article.

The material in this article was part of the doctoral thesis of the second author [18].



1 Known results on Drinfeld modules
The first stated result was proved independently by Taguchi [25], [26] and Tamagawa
[27].
Theorem 1.1 (Tate conjecture for Drinfeld modules) Let ¢1 and ¢y be two
Drinfeld A-modules over K. Then for all primes p of A the natural map
Homg (o1, p2) @a Ap — HomAp [Gk] (Tp(ﬂol)va(%))
is an isomorphism.
The next result was proved by the first author ([15]).
Theorem 1.2 Assume that Endg (@) = A. Then for any finite set A of primes of
A the image of the homomorphism
Gk — [ GL.(4,)
peA
1S open.

Furthermore, the reduction modulo p of p, is the continuous Galois representation
on the module of p-torsion

:ap G — AUtnp (@[p](Ksep)) = GLT‘(K/)J)

over the residue field x, := A/p. We call it the residual representation at p. In [16]
we proved:

Theorem 1.3 (Absolute irreducibility of the residual representation)
Assume that Endg (@) = A. Then the residual representation

pp : G — GLr(rp)

is absolutely irreducible for almost all primes p of A.

2 Preparatory results on algebraic groups

Proposition 2.1 Let n be any natural number, let k be a field with at least 4
elements, and let H be an additive subgroup of the matrix ring M,, (k). Assume that
H is invariant under conjugation by GL, (k). Then either H is contained in the
group of scalar matrices or H contains the group of matrices of trace 0.

Proof. Let T := GJ}, denote the full diagonal torus. We identify its character group
with Z™ by means of the standard basis ey, ..., e,. The torus T acts on M, (k) by
conjugation, and its weights are e; — e; for all ¢ # j with multiplicity 1 and 0 with
multiplicity n. The weight space W of weight 0 is the group of diagonal matrices,
and the weight space W; ; of weight e; — e; is the group of matrices with all entries
zero except, possibly, in the position (i, 7). We thus can decompose M, (k) as

M,, (k) = Wo & @ Wi ;.
4,J
Since the multiplicative group £* has at least 3 elements, any two distinct weights

of the form e; — e; remain distinct and different from 0 upon restriction to T'(k).
Therefore H can be decomposed as

H=HnWo)e@HNW,,).
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Each W, ; is a k-vector space of dimension 1, and T'(k) acts on it through a surjective
homomorphism T'(k) — k*. Thus H N W, ; is either 0 or equal to W; ;. The
permutation matrices in GL,, (k) form a subgroup isomorphic to .S,, which permutes
the weights e; — e; transitively. Since H is invariant under conjugation by GL,,(k),
we find that either all H NW; ; =0 or all HNW,; ; = W, ;. In other words, either
H is contained in the group of diagonal matrices or H contains the sum of all W ;,
which is the group of matrices with diagonal 0.

If H is contained in the group of diagonal matrices, take any element h of H and
denote its diagonal entries by hi1,...,h,. Let ¢ # j and let u € GL, (k) be the
matrix with entry 1 on the diagonal and in the position (i,7) and O elsewhere.
Then whu™! has entry h; — h; in the position (i,7). But this entry has to be 0
because uhu~! € H, and hence h; = h;. This can be done for any pair (4, j), which
shows that H is contained in the group of scalar matrices.

If H contains the group of matrices with diagonal 0, we consider the trace form
M, (k)xM,, (k) — k, (A, B) — (A, B) := tr(AB), which is a perfect pairing invariant
under GL,, (k). The orthogonal complement H+ of H is again a GL, (k)-invariant
subgroup, and since the inclusion for orthogonal complements is reversed, it is
contained in the group of diagonal matrices. The arguments in the other case
show that H~ is contained in the group of scalar matrices. Taking orthogonal
complements again, we deduce that H contains the matrices of trace 0, as desired.

q.e.d.

Proposition 2.2 Let n be any natural number, let k be a finite field, and let H be
a normal subgroup of GL, (k) containing a non scalar matriz. Assume that (n, |k|)
is different from (2,2) and (2,3). Then we have

SL, (k) C H.

Proof. For any non-scalar element h € GL,,(k), there exists an element g € GL,, (k)
such that the commutator ghg~'h~! is again non-scalar. Thus H contains a non-
scalar element of SL, (k). In particular, we have n > 2. Let Z denote the center
of SL,, (k). Under the given assumptions SL,(k)/Z is simple by [12], and SL, (k)
is perfect by [3, Corollary 4.3] or [19]. Since H N SL, (k) is a normal subgroup of
SL, (k) that is not contained in Z, it follows that H N SL,, (k) = SL,(k).  q.e.d.

Proposition 2.3 Let k be a finite field, let n be any natural number, and let H be
a subgroup of GL, (k) of index c. Assume that (n,|k|) is different from (2,2) and
(2,3) and that ¢! < |PGLy,(k)|. Then we have

SL, (k) C H.

Proof. Abbreviate G := GL,, (k). Then the action of G on the set of right cosets
{gH| g € G} corresponds to a homomorphism from G to the symmetric group
S. on ¢ elements. Thus its kernel IV is a normal subgroup of G of index at most
c! and contained in H. The assumption implies that N has non-trivial image in
PGL,(k), and thus N contains a non scalar element. By Proposition 2.2, we find
that SL, (k) C N C H, as desired. q.e.d.

Proposition 2.4 Let X be an irreducible algebraic variety over a field L, let G be
an irreducible algebraic group over L, and let f : X — G be a dominant morphism.
Set d := dim(G) and e := dim(X). Then for all n > d the fibers of the morphism

" X" —— G, (21,0, 1) = f@r) - f(2n)

have dimension at most ne — d.



Proof. Since f is dominant, there exists an open dense subset U of X such that
all fibers of f|y have dimension e — d. We first consider the restriction of f” to
X1 xUx X" for any 1 <7 < n. We can write this restriction as the composite
of morphisms

XilxUx X" -5 Xt @x xn 2 xirlxgx xni 2L G
where
oz(zl,...,xn) = (:Ch"'7Ii—17f('ri)axi+la"'7xn)7
ﬁ(xla'~-7xi—l7gaxi+1a"'axn) =
(@15 s mimn, fl1) o f@im)gf (@iv1) - f(@n), Tigr,. @),
’Y(xla"'7xi—1ygaxi+la"'7xn) = g

Here « has fiber dimension e — d, the morphism [ is an isomorphism, and -~
has fiber dimension (n — 1)e. Thus all fibers of f"|xixyxxn—i—1 have dimension
<e—d+(n—1)e =ne—d. Varying i, we find that all fibers of f"|xn_(x ) have
dimension < ne — d. On the other hand, all fibers of f"|x. )~ have dimension
< dim ((X \U)") < n(e —1). Since n > d, this is also < ne — d, and the result
follows. q.e.d.

Proposition 2.5 Let X and Y be schemes of finite type over SpecZ, and let f :
X — Y be a morphism of finite type. Then there exists a constant c, depending
only on X, Y and f, such that for any finite field k and any y € Y (k), we have

N im(f 1
1~ () ()] < clfe] im0 ),

Proof. We use noetherian induction on Y, the case Y = @ being vacuous. Other-
wise, since X and Y have only finitely many irreducible components, we can assume
that both are irreducible. After replacing them by open charts we may also assume
that they are affine. For points y ¢ f(X), there is nothing to prove; hence after
replacing Y by the Zariski closure of f(X) we can assume that f is dominant. Set
d :=dim(X) and e := dim(Y). Then after replacing X and Y by open subschemes
we may assume that all fibers of f have dimension d — e.

Let n denote the generic point of Y. By Noether normalization, there exists a finite
surjective morphism f~1(n) — A?¢ x 5, say of degree n. This morphism extends
to a morphism f~1(V) — A?=¢ x V for an open neighborhood V of 1 in Y, which is
still finite of degree n if V is sufficiently small. Then for all y € V' (k), we find that

[F ) (k)] < - |ATE (k)| = nlk|",

and the proposition follows. q.e.d.

3 Surjectivity of the residual representation

Throughout this section, we assume that K is a finite extension of F' and that
Endgz(¢) = A. For any prime p of A, we let I'; denote the image of the residual
representation

Pp : Gk — GL;(kp).

We prove the following result.

Proposition 3.1 In the above situation, we have I'y = GL,(kp) for almost all
primes p of A.



Sketch of the proof. The main ingredients are the absolute irreducibility of
the residual representation and the image of inertia at places above p. By standard
methods we can identify the image of the tame inertia group with the multiplicative
group of some finite extension k,, of k. This image is the group of xp-valued points
of a certain connected algebraic group, called the torus of inertia. The algebraic
subgroup of GL; ., that is generated by I', and the tori of inertia at all places
above p constitutes an algebraic group enveloping I'y in a natural way. It plays a
role analogous to that of the Zariski closure of the image of Galois in the whole
p-adic representation over F, (compare [15]). The main intermediate step is to
establish that this subgroup is equal to GL; ,. The rest is algebraic group theory.

Reduction steps. It is enough to prove Proposition 3.1 for any open subgroup
of Gg. This allows us to replace K by any finite extension. In particular we may
assume that

(a) ¢ has semistable reduction everywhere.

Next, recall that at any place co’ of K above oo, the Drinfeld module is uniformized
by a lattice on which the decomposition group D acts through a finite quotient.
Similarly, for any place Q of K where ¢ has bad reduction, the Tate uniformiza-
tion involves a lattice on which the decomposition group D¢ acts through a finite
quotient. Thus, after replacing K by a finite extension, we may assume that

(b) for any place 0o’ above oo, the decomposition group D acts trivially on the
associated lattice, and

(c) for any place  of bad reduction, the decomposition group Dgq acts trivially
on the associated lattice.

We can also disregard any finite set of primes p. Thus by Theorem 1.3 we can
restrict ourselves to primes p for which

(d) the residual representation at p is absolutely irreducible.
Furthermore, we can assume that
(e) all places B of K above p are unramified over p,

(f) ¢ has good reduction at all places above p, and
(2) qp ‘= ‘Hp| > 4.

Torus of inertia. Consider any place 8 of K above p and a place  of K above
B, with the respective residue fields kg C kg. Then the inertia group Iy sits in an
exact sequence

1—>I%—>Iq3—>lg§3—>1
where I% and Itm denote the wild inertia group and tame inertia group, respectively.

Fix a section pr — Ig. By (f) above, the Drinfeld module ¢ has good reduction
at PB. The connected-étale decomposition of the finite flat group scheme ¢[p] over
the discrete valuation ring Ok, yields an exact sequence

0 — @[p]"(K*P) — [p] (K*F) — o[p]* (K*") — 0,

where Iy acts trivially on ¢[p]®(K*°?). Denote by hg the height of the reduced

Drinfeld module, and set n := qgm. Let k, denote the subfield of kg with n
elements. By [16, Proposition 2.7] and (e) above we have up to conjugation

(3.2) pyp(lp) = < k():; ﬁp(llp) > c Iy,



and
_ k* |0
(33) i) = (Z3) € T

written in block matrices of size hgq, 7 — hy. Since k) # {1}, the centralizer of

pp(Ly) in GL,. ., is
< Ty | 0 )
0 | GL(r— ) i,

for a torus Ty over s, with Tipg(kp) = k. The torus Ty is the Weil restriction
Resﬁ’; Gm,k, and thus of dimension hg. Its T'y-conjugacy class in GL, ,, is inde-

pendent of 3.

Algebraic group envelope of T'y. Let Hy denote the connected algebraic sub-
group of GL,. ,, generated by all I'y-conjugates of Ty for all B | p (see [11, Proposi-
tion 7.5]). By construction it is normalized by the finite group I'y; hence Hy and Ty
together generate an algebraic subgroup Hy of GL; ,, with identity component Hy.

Eventually we want to show that H; = Hy, = GL; ,,. To begin with, we note that
Hy acts absolutely irreducibly on rj because I', does so. Fix a place p of F above

p with residue field 5. Then Hy ,; acts irreducibly on K-

Lemma 3.4 There exist a natural number s, and a decomposition
Kjﬁ :Wl@...®ng
into irreducible Hy ... -subrepresentations which are conjugate under Hy .

Proof. Abbreviate V' := ki, and let W be a nontrivial Hy ,._-invariant subspace
of V' of minimal dimension. Since Hy ry 1S normalized by I'y, the subspace YW is
also Hy . _-invariant for all v € T'y. The subspace > YW is I'y-invariant and
therefore by the irreducibility of V', equal to V. Since each ~W is irreducible over

Hy rpo @ suitable subcollection will do. q.e.d.

We fix a decomposition of kg as in Lemma 3.4. Then the algebraic subgroup of
GL; x; which normalizes each summand is isomorphic to GLt K where t,, is the
common dimension of the W;. The algebraic subgroup of GL;. ,; which maps each

summand to some, possibly other, summand is isomorphic to GLt K XSs, -

Lemma 3.5 We have

Hyy C GL} . %S,

Kp p-

Proof. By Lemma 3.4 we have Hy = C GLt ;- Take any place B above p. By
the construction of Ti there exists a basis of K Wlth respect to which

*

~ hq}
Tfp,mﬁ = 1 == Gm,nw

1

where the upper left block consists of diagonal hq X hgp-matrices. Consider the

cocharacter
t

M1 - Gm,n,a — T‘B,nga t— . )



which on sy has weight 1 with multiplicity 1 and weight 0 with multiplicity r — 1.
Without loss of generality we can assume that p; has its nontrivial weight on W3
and weight zero on all other W;. Since Tip ., C Hy ., it follows that, as an HY -
representation, the space W7 is not isomorphic to W; for any ¢ # 1. By conjugation,
we deduce that any two of the W; are non-isomorphic Hy . -representations. This
shows that the decomposition in Lemma 3.4 is in fact the isotypical decomposition
of kg under H;”Kﬁ. It is thus normalized by Hy ., and the result follows. q.e.d.
Using Lemma 3.5, we define a; as the composite of the following homomorphisms

GK — Hp’ﬁ"] C GLSp

ty iy X0s, = S,

Lemma 3.6 The homomorphism «y is unramified at all places of K lying above p.

Proof. Consider any place P of K above p. By (3.3) we have p, (133) = T (Kp)
C Hy(kp); hence oy (pr) = 1. This implies that oy (Ig) is a quotient of the group
of coinvariants of py(Iy) under py (I)- The description (3.2) shows that p, (1)
is a kp-vector space on which p, (153) acts through multiplication by k. Since
k% # {1}, that group of coinvariants is zero. This implies that a;,(Ip) = 1, and so
oy, is unramified at P. q.e.d.

Lemma 3.7 For almost all primes p of A the homomorphism «, is unramified at
all places of K where ¢ has bad reduction.

Proof. Since there are only finitely many places Q of K where ¢ has bad reduction,
it suffices to prove the lemma for one of them. By (a) above, the Drinfeld module
¢ has semistable reduction at Q. Let (1, Aq) be its Tate uniformization Q. Then
1 is a Drinfeld A-module over K of some rank r’ < r with good reduction at £,
and Ag is, via 9, an A-lattice in ngp of rank r — r’. For any prime p of A with
p1Q, we have an exact sequence

0 — Yp](K*?P) — @[p](K*?) — Aq/pAq — 0

of representations of the decomposition group Dg. By good reduction the inertia
group Iq acts trivially on the first term, and by (c) it acts trivially on the third
term. Therefore its image under p, lies in a subgroup of the form

(55 = Hom (Aa/pra, ulpl(e™)).

On the other hand, since s, < r, every element of Sy, has order dividing r!. In

particular, we have ay (Frobg) = 1. Therefore the restriction of o} to Iy factors
through the group of coinvariants

Hom (AQ /pAq, Y[p] (Ksep)) Froby "

It suffices to prove that this group is zero for almost all p. Since Frobg acts trivially
on Aq/pAq by (c), it suffices to prove that the group of coinvariants ¥[p] (K Sep)Frobg
vanishes.

Denote by fq the characteristic polynomial of Frobg on the Tate module of ¥ at p,
which has coefficients in A and is independent of p. By purity, every eigenvalue of
Frobg has valuation < 0 at oo. Thus 1 is not an eigenvalue of Frobf, and so fq(1)
is a nonzero element of A. For all p t fq(1) no eigenvalue of Frobg is congruent to
1 modulo a place lying above p; hence for these p we have [p](K Sep)Fmbg =0, as
desired. q.e.d.



Lemma 3.8 For almost all primes p of A the homomorphism o, is unramified
everywhere and totally split at all places above .

Proof. For all places Q t poo where ¢ has good reduction, the inertia group at
Q acts trivially on @[p](K*°P). Therefore the homomorphism «, is unramified at
these places. By Lemma 3.6 it is unramified at all places 9Q | p. For places Q 1 oo
where ¢ has bad reduction, the assertion is Lemma 3.7. Finally, for places above
00, the assertion follows from (b) above. q.e.d.

Lemma 3.9 For almost all primes p of A we have s, = 1.

Proof. Let p be any prime as in Lemma 3.8, and let K®) the field fixed by the
kernel of a,. By Lemma 3.8 it is unramified over K. Moreover, its degree [K ®) /K] <
sp! < rlis bounded independently of p. By Goss [9, Theorem 8.23.5], a function field
analogue of the Hermite-Minkowski Theorem about unramified extensions, there are
only finitely many possibilities for K (P). Therefore their compositum K’ is a finite
extension of K such that ay|q,, : Gk — S, is trivial for almost all p. For these
p we find that

pp(Grer) © GLY?

tp,kp
If s, > 1, this shows that ¢[p](K°“P) is not absolutely irreducible as a representation
of Gg. By Theorem 1.3, applied to ¢ considered as a Drinfeld A-module over K,
this can only happen for finitely many p. Therefore s, = 1 for almost all p. q.e.d.

Proposition 3.10 For almost all primes p of A we have
H, = H, = GL; 4, -

Proof. Lemmas 3.4 and 3.9 imply that H;’_’Kﬁ acts irreducibly on rg for almost
all p. Moreover, as explained in the proof of Lemma 3.5, it possesses a cocharacter
of weight 1 with multiplicity 1 and weight 0 with multiplicity » — 1. By [15, Propo-
sition A.3], these properties imply that Hg,na = GL; 4;- Therefore both inclusions
Hy .. C Hpx, CGL; ., are equalities. q.e.d.

p,Kkp
Returning to the finite group I',.

Lemma 3.11 There exist a scheme Z of finite type over Spec(Z) and a closed
subscheme 7 C GL, XZ over Z, such that for almost all primes p of A, any place
B | pof K, and any element v € T, there exists a point z € Z(ky) such that

T, =Ty "

Proof. Define

Z := GL,x(A")"' and

7 = {(t,g,v1,...,v—1)| tg = gt and Vi : tv; = v;} C GL, xZ.
Then Z is a scheme of finite type over Spec(Z), and 7 is a closed subscheme of
GL, xZ. Let p satisfy (e), (f) and (g), and take any P | p and v € T'y. Let ¢t be a

generator of Tiy(ky) = kj;, and let wy, ..., w,—1 € k; be generators of the space of
invariants of Tiyz. Then

Centar,.,, (t) = < 7;;'3 0 )

*

and

Ty | O
StabGme (wl) Nn...N StabGLMv (wr—l) = ( f 1 > s

and their intersection is Tis. Conjugating by v we deduce that the fiber 7, of 7

above z = (vty ™, qywy,. .., ywy_1) is yTpy L. q.e.d.



Lemma 3.12 There exists a constant ¢ depending only on r such that for almost
all primes p of A
[GL,(kp) : Tp] <ec.

Proof. Consider any prime p as in Proposition 3.10. Then GL, ., is generated
by the connected algebraic subgroups YIiygy~! for all B | p and v € [,. By [11,
Proposition 7.5] it follows that the morphism

m

for Xpi= X 7iTp,7 " — GLy,, (tyeeestm) ot ot
=1

is dominant for a suitable choice of m and B; | p and v; € T'y,. In fact, since
dim(GLy,x,) = r2, we can achieve this with m = r2; in particular, we can assume
that m is independent of p. Next, by Proposition 2.4 the fibers of

X0 = QL (@1, 202) o fo(w1) - fol@,2)

have dimension at most dim(X, ;2) —dim(GL; ,). We replace X, by Xl';'z and m by

mr?, which is still independent of p. Then with e, := dim(X,) all fibers of f, have

dimension at most e, — 2.

Let Z and 9 C GL, xZ be as in Lemma 3.11. Then for every 1 < i < m we can
choose a point z; € Z(k,) such that 7., = %Tcpivfl. Denote the two projections
bye: 9 — GL, and 7 : 9 — Z and consider the morphism

fo TM— GL, xZ™, (t1,.. . tm) = (e(t1) ... eltm), 7(t1), ..., 7(tm))-

By construction it induces the morphism f, in the fiber above the point (21, ..., 2m)
€ Z™(ky). Recall that g, = |kp|. Since f is independent of p, Proposition 2.5 yields
a constant ¢; independent of p such that for all g € GL,.(k,) we have

_ dim(f; 1 ( ) _p2
1 @) < ergy P <y

On the other hand, we have [Ty, (kp)| = qgmi — 1, and hence

T R, ‘T by,
| Xp(kp)| = H(Qp% -1) > H%q;%,

Since fy (Xp(kp)) C Ty, we deduce that

X 9—m €p
|Fp| 2 |fp(Xp(Hp))| > | P("{P)J > qu _ qp

€p -
C14p C14yp
Finally, it follows that

1 .
H:=0 (Q;: - ‘Ié)

H:=0 (‘I; - Qé)
T .

Tp
Thus the lemma holds with ¢ := 2™¢;. q.e.d.

[GL,(ky) : Typ] = < 2™y < 2™M¢.

Proof of Proposition 3.1. Let ¢ be the constant in Lemma 3.12. Then we
have [GL,(ky) : T'p] < ¢ As |kp| > 3 and |PGL,(kp)| > ¢! for almost all p,
Proposition 2.3 implies that SL,(x,) C I', for almost all p. Since Tip(k,) C I'y and
det : Tip(kp) = k;, — ky is the norm map, which is surjective, the determinant
map det : I'y — &y is surjective. Therefore I'y = GL; (k) for almost all primes p
of A, as desired. q.e.d.

10



4 Adelic openness in the case [K/F]| < 0o

Throughout this section we assume that K is a finite extension of F' and that
Endjz () = A. For the most part we still consider the representation p, at a single
prime p of A. As before we abbreviate g, := |k,].

Congruence filtration. Let 7 be a uniformizer of A at p. The congruence filtra-
tion of GL,(Ay) is defined by

Gg = GL.(4p), and
G; = 1+7riMT(Ap) for all ¢ > 1.

Its successive subquotients possess natural isomorphisms

Vg : GLO] = GS/G}J — GL,(ky), and
vi: GE = GLJGEY T M, (kp), [L+7y] e [y] fori > 1.

For any subgroup H of GL,(4;), we define H' := H N G}, and HU .= gV /H™
Via v; we identify the latter with a subgroup of GL,(kp) or M, (ky), respectively.

Proposition 4.1 Let H be a closed subgroup of GL,(A,). Assume that ¢, > 4,
that det(H) = GL1(Ay), that H® = GL,(ky), and that HY contains a non scalar
matriz. Then we have

H = GL,(4;).

Proof. First, consider the conjugation action
H% s B — HY, ([g], [1]) = [ghg™"].
Under vy and vy it corresponds to the conjugation action
GL;(kp) X My (rp) — M (kyp), (9, X) = gXg ™"

Since HI% = GL,(ky), it follows that H' C M,.(k,) is closed under conjugation
by GL,(xp). Since it also contains a non-scalar matrix, by Proposition 2.1 it there-
fore contains the subgroup sl,(x,) of all matrices of trace 0. Consider the commu-
tative diagram with exact rows

0——> H'/H> — > H/H? — GL,(ry) —> 0

ldet ldet \Ldet

0—— (1 +7Ap/(m)?)" —— (Ap/p?)* Rp 0.

The right vertical map is surjective with kernel SL, (k). By assumption, the middle
vertical map is surjective as well. By the snake lemma, we thus obtain a surjective
homomorphism from SL,(k,) onto the cokernel of the left vertical map. This coker-
nel is an abelian p-group, but since |k,| > 4, the group SL,(k,) has no nontrivial
abelian p-group as a quotient. Therefore the left vertical map is surjective. This
means that the composite trace map HM < M,.(r,) A, Ky is surjective. Together
it follows that H = M, (k).

Next consider the commutator subgroup H' of H. Since det(H) = GL;(A;), the
proposition follows once we have shown that H' = SL,(A,). This in turn is equiv-
alent to H') = SL,.(A,)l for all i > 0.
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For i = 0 this results from H'I)) = (H[?l)" = GL,(k,)" = SL,(y). For i = 1 consider
the map
H s B — H'M, ([g], [h]) — [ghg™'h "]

induced by commutator map H x H — H’. Under vy and v1, it corresponds to the
map
GLT(K’F‘) X MT(K’P) I 5[T(I€P)7 (gaX) = ng_l - X

It is an elementary fact that the image of this latter map generates sl.(k,) as
an additive group. Since HI” = GL,(xp) and H = M, (,), it follows that
H'W = sl,(kp). Assume now that H'l) = sl,(k,) for some i > 1. In this case
consider the map

HY o o' — {1 ((g], [B) = [ghg ™R

induced by the commutator map Hx H’ — H’. Under vy, v;, and v;11 it corresponds
to the Lie bracket

[, ]: My(kp) x sl(kp) — sl-(kp), (X,Y)— XY -YX.

By [14, Proposition 1.2] the image of this latter map generates sl (k,) as an additive
group. Since HM = M, (x,) and H') = sl,.(k,), it follows that H'+Y = sl (),
as desired. g.e.d.

Wild ramification. Consider a prime p of A and a place P of K above p. Assume
that B is unramified over p and that ¢ has good reduction at 3 of height hg.
The image of the inertia group on the p-torsion ¢[p](K*°P) was described in (3.2).
Similarly, the connected-étale decomposition of the finite flat group scheme [p?]
over the discrete valuation ring O, yields an exact sequence

0 — @[pQ}O(K‘%p) N (p[pQ](Ksep) _ @[pQ}et(Ksep) N O7

where the inertia group Iy acts trivially on ©[p?]¢*(K*°P). Thus up to conjugation
the image of Iy in GL,(A/p?) lies in the subgroup

() = oLt

of block matrices of size hg, r — hg. Choose a lift k, — A/p?; it induces a lift
ky, < GLpg, (A/p?). Then (3.2) implies that up to conjugation the image of the
tame inertia group Ifn is the subgroup

J = ( S ) C GL.(A/p?).

Let P C GL,(A/p?) denote the image of the wild inertia group Ipm. In view of (3.2)
it is contained in the subgroup

N o= { ({%} € GL,(A/p?)

Consider the subgroups

o (Gf8): m ()e mon (if) e

Then the image of P under the homomorphism

. alb (a—1)/7 |0
W.N—>L1,<Ol)»—>( 0 ‘0 mod p

a= 1m0dp}.

describes the action on [p?]°(K%P).
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Lemma 4.2 The group w(P) has order at least qg“’”.

Proof. (Compare Gardeyn [8, Proposition 4.5]) We will show this by determining
the valuation at 93 of torsion points in [p?]°(K*°P). Let a € A be any function
with a simple zero at p. Then (a) = pa for an ideal a of A which is prime to p. This
implies that ¢[a] = ¢[p] ® [a], where p[a] is étale, and therefore

as group schemes over Spec O, . Write ¢, = > aiTt With @, ; € Ok, Let vgp
denote the normalized valuation of Kg. Then

vy (a,0) = v (L(a)) =1,

because ord,(a) = 1 and P|p is unramified. Moreover, since ¢ has good reduction
at P, there exists a unique integer ig > 0 such that

vp(@ai) > 1 for 0<i<ip,
vp(Pai,) = 0and
vp(pa,i) > 0 fori> .
Thus
0| 0| _ hg

q° = |glal°] = [e[p]°] = ¢,

and so the Newton polygon of the polynomial ¢, (z) = > @a,ixqi has the vertices

(1,1) and (q:}m ,0) and possibly (u,0) for some other (irrelevant) value u > qgm. It
follows that every non-zero element s € ¢[p]°(K*??) has the valuation

vp(s) = a = 1/(g" —1).

Fix any such s. Repeating the above arguments, we find that

and that the zeroes of valuation > 0 of the polynomial ¢, (z) — s are precisely the
elements s’ € ¢[p?]°(K*?) with as’ = s. The Newton polygon of this polynomial

has the vertices (0, ) and (ng3 ,0) and (u,0); hence any such s’ has the valuation

h
vp(s) = a/g,*.

We deduce that the wild ramification index of the field extension Kg(s')/Ky is
equal to qgm. As this index divides the order of 7(P), the lemma follows. q.e.d.

Lemma 4.3 If g, > 3, then any additive subgroup H C Ly ® Lo that is normalized
by J is the direct sum of its subgroups H N Ly and H N Ls.

Proof. It suffices to prove that L; and Lo possess no non-trivial isomorphic
subquotients as representations of J over [F,. For this recall that J = £} for a
field extension ky of s, of degree hgp. We let it act by multiplication on &, and
endow k,/ := Hom,, (ky, kp) with the contragredient representation. Then there are
natural J-equivariant isomorphisms L; & k,, ®y, k, and Ly %_kz_h“p. Let k,, denote
an algebraic closure of k,. Then the representation Lo ®F,, kn over k, consists of
the irreducible characters
kS — k5w u?”
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for all integers m > 0. On the other hand we can identify k, ®,, k,, with EM® such

that the action of u € £k on the i-th summand is given by multiplication by uds 1.

Thus the representation L; Qp, k,, over k,, consists of the irreducible characters

_ PN
Ef— EkE u ul P

for all integers ¢, j > 0. We must show that no two such characters of the respective
kinds are equal. They are equal if and only if u(%~DP" = 2™ for all u € kY. Since
k} is cyclic of order q{; * — 1, this is equivalent to

7 i m h
(g —1)p’ =p™ mod (g,* —1).

As gy — 1 divides both q; — 1 and q,}; * — 1, this congruence relation implies that
gp — 1 divides p™. But g, is a power of p, and thus g, — 1 is relatively prime to p™;
hence this is possible only if ¢, —1 = 1. But that was excluded by the assumption
gp > 3; hence the characters cannot be equal. q.e.d.

Proposition 4.4 In the above situation, if g, > 3, the subgroup
{g€P|g=1modp}
has order at least qgm.

Proof. Consider the homomorphism

PN alb (a—1)/m | b
m: N Ly & Lo, <0 1)’—>( 0 0 mod p,

which is clearly equivariant under J. Thus we can apply Lemma 4.3 to the subgroup
7' (P) C L1 ® Ly. Since the composite of 7/ with the projection pry : L1 ® Ly — Ly
is the homomorphism 7 above, we deduce that

m(P) = pri(«(P)) = pr(«(P)N L)

= m(Pna""Y(L1)) = 7({g € P|g=1lmodp}).
Thus the lower bound from Lemma 4.2 implies the result. q.e.d.

Subgroup generated by inertia.

Proposition 4.5 In the above situation, for almost all primes p of A and any
(single) place P of K above p, the images under p, of all Gg-conjugates of the
inertia group Iy generate GL,(A,).

Proof. We may assume that 3 is unramified over p, that ¢ has good reduction at
B, and that g, > 4. By Proposition 3.1 we may also assume that the residual repre-
sentation p, : Gx — GL,(ky) is surjective. Let H C GL,(A,) denote the subgroup
in question. We will show that the stated conditions imply that H = GL,(A,).

We use the notations from the beginning of this section. The first condition in
Proposition 4.1 holds by assumption. For the second recall that the determinant of
pp coincides with the Galois representation on the Tate module of a Drinfeld module
¥ of rank 1 over K (see Anderson [2]). As ¢ has good reduction at P, the Tate
module of ¢ at any prime not below P is unramified at 3; hence the same holds
for the Tate module of 1. By the criterion of Néron-Ogg-Shafarevich (see Goss [9,
Theorem 4.10.5]) it follows that ¢ has good reduction at B. Since moreover B is
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unramified over p, it follows that the representation Iy — GL;(A,) associated to
1 is surjective (see Hayes [10, Proposition 9.1] or Gardeyn [8, Theorem 4.1]). Thus
det(H) = GL1(A,), proving the second condition in Proposition 4.1. In particular
this shows the desired assertion in the case r = 1. For the rest of the proof we
therefore assume that r > 2.

For the third condition consider the subgroup H®) ¢ GL,(k,). By (3.3) it contains

the subgroup
k10
— t n
Pp(Im) = < 011 )

written in block matrices of size hsgs, 7 — hgp, where ky, is an extension of k, of degree
hs. If hgg > 1, any generator of this subgroup is non-scalar. If hgy = 1, we have
|ky,| = |ry] > 4; hence this subgroup contains a non-trivial element. Since r > 2,
this element is again non-scalar. Thus in both cases it follows that H®) contains a
non-scalar element.

By construction H is a normal subgroup of p, (Gk). As the residual representation
is surjective by assumption, it follows that H is a normal subgroup of GL,(kp).
Since g, > 4, Proposition 2.2 implies that SL,(k,) C HUL. Since the determinant
induces on p, (Ltp) the norm map k;, — ry, which is surjective, the determinant map
H — k2 is surjective. Together it follows that H®) = GL,(k,), proving the third
condition in Proposition 4.1.

Next Proposition 4.4 implies that H[! contains a subgroup of the group of block
matrices of the form
x| x
< 010 ) C MT(KP)

of order at least qg ¥. If hegg > 1, it thus contains a non-scalar element, and if
hg < r, every non-trivial element is non-scalar. Thus H (I contains a non-scalar

matrix, proving the fourth and last condition in Proposition 4.1. Altogether it now
follows that H = GL,(A,), as desired. q.e.d.

Adelic representation. We can now prove the following special case of Theorem
0.1.

Theorem 4.6 If K is a finite extension of F' and End g (p) = A, the image of the
adelic representation

paa : G — [ [ GLn(4p)
p

1S open.

Proof. Let I' denote this image. Fix a finite set A of primes p of A, such that
Proposition 4.5 holds for all p ¢ A and that ¢ has good reduction at all places
B above p ¢ A. For any such P|p, the inertia group Iy acts trivially on the Tate
modules T} () for all p” # p. Thus its image under p,q is contained in the subgroup

GL.(4,) x [ {1}
p'#p

The same follows for the subgroup Agq generated by all T'-conjugates of paq(Igp).
But Proposition 4.5 implies that the projection to the factor at p induces a surjective
homomorphism Ag — GL,(A,). Therefore

Agp = GL.(4,) x ] {1}
p'#p
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By varying p and B we deduce that

[IGL.(4,) cT.
PEA
Therefore T' is the inverse image of its image under the projection
mat [ GLr(A4p) — [ GLn(4p).
p

peEA

But w5 (T') is an open subgroup by Theorem 1.2; hence I' is an open subgroup, as
desired. g.e.d.

5 The general case

Throughout this section, we assume that End g (¢) = A, but now the transcendence
degree of K is arbitrary. We prove the general case of Theorem 0.1 by reducing
it to the case of a finite extension of F', using a specialization argument similar to
[15]. We begin with some group theory.

Let p be any prime of A, and let @ be a uniformizer at p. For any n > 1 we define

Gy = 1+7"M,(4), and
Gy = Gy NSL.(4,).

For any two integers n > ¢ > 1 we have a natural group isomorphism
(5.1) log,, o : Gy /G0 = M, (p" /p"™), [1+ X] — [X].

As explained in [13], this can be considered as a logarithm map truncated after the
first order term. In the same way, the inverse isomorphism is an exponential map
truncated after the first order term. We denote it by exp,, ,.

Lemma 5.2 For any natural numbers n,m > £ > 1, the following properties hold.

(i) The commutator Gy x Gy — Gy, (g,h) — ghg™'h™" induces a bimultiplica-
tive map

{,} :Gp/Gptt x Gy /Gt — Gyt Gt
([g),[h]) — [ghg™'n7"].
(11) The Lie bracket M, (p™Ap) x M, (p™Ay) — M, (p" Ay) induces a bilinear map
[ , ]— . Mr(pn/pn—kl) % Mr(pm/pm-i-Z) _ 1\/[7‘(pn—',-m/pn—',-m—',-é)7
(XLI¥)) — [XY-YX]
(iii) We have
108, 4 m.1 ({l9], [1]} ™) = [log,, 1([g]), log,, , ([1])]

Proof. Consider elements g =1+ X € G, and h =1+Y € G'. Their inverses
are given by the geometric series

g ! = 1-X+X?2—+..., and
Rt = 1-Y4+Y2—+....
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Therefore

ghg™ = gg ' +gYg ' = 14+Y)+ (XY -YX)+T(X,Y),

where T is a power series of degree > 2 in X and degree > 1 in Y. This implies
that

ghg~*h™! A+YV)A+Y) '+ (XY - Y X)1+Y) ' 4+ T(X, V)1 +Y) !

= 1+(XY -YX)+T'(X,V)+T(X,Y)1+Y)",

where T is a power series of degree > 2 in Y and degree at least > 1 in X. Since
n, m > £, both T(X,Y) and T'(X,Y) vanish modulo p"+™**; hence

ghg™'h ' =14+ (XY —YX) mod p"tm+e,

Everything follows from this. q.e.d.
Next consider a closed subgroup H of GL,(A;), and set

H" = HNGy, and
oY = HﬂGg’.

Lemma 5.3 Consider any natural numbers n,m > ¢ > 1. Assume that H" /H"T* =
G’;/GQH and that G{J"'/Gg“re' C H™/H™*. Then we have

‘ ‘
Hn+m//Hn+m+ I Gg+m//Gg+m+ /.
Proof. By Lemma 5.2, we have the following commutative diagram

GQ/GQ” % G;n//G;nJrl/ 3 G;L+77L//Gg+m+€/

lIOgn,l X lOgWL,Z Texpnﬁ»vn,é

[,]
M, (p™ /p" ) x M. (p™ /p" ) ——— sl,.(p" ™ /p T+,

By (5.1) the vertical arrows are isomorphisms. By [14, Proposition 1.2], the set of
commutators [M,, sl,.] generates the group sl,.. Thus the subset

expn+m,€ ([logn,K(GQ/GQ—M)a 1ogm,€(G;m/G;n+Z/)])
generates the group G;,H'm’ / Gg+m+e’. By assumption this subset is
{H"/H7l+é7 1;[771/]_[771—}-@}_7

and therefore contained in H"+™ /H"+m+¢ The lemma follows. q.e.d.

Proposition 5.4 Assume that there exists a natural number n > 1 such that
H"/H?" = G} /Gy™. Then we have

/
G;} Cc H".

Proof. We must show that G} = H™. Since H is a closed subgroup of GL,.(Ay), it

is enough to show that A /H+n = Gé"’/G'(fH)m for all ¢ > 1. The assumption
implies this already for ¢ = 1. If it holds for some 7 > 1, the assumption and Lemma
5.3 show that it also holds for ¢ + 1. By induction the assertion follows for all i, as
desired. q.e.d.
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Specialization with prescribed absolute endomorphism ring. Now we choose
an integral scheme X of finite type over F,, with function field K such that ¢ extends
to a family of Drinfeld A-modules of rank r over X. For any point z € X, we get a
Drinfeld A-module ¢, of rank r over the residue field k, at x. Its characteristic is
the image A, of x under the morphism X — Spec(A). For any prime p # A\, of A,
the specialization map induces an isomorphism

(5.5) Ty (9) — Ty (pz)-

Proposition 5.6 In the above situation, if Endg () = A, there exists a point
x € X such that k,, is a finite extension of F' and

Endy, (¢2) = A.

Proof. Denote by fp the image of G in the representation on T, (). By Theorem
1.2 it is an open subgroup of GL,(A,); hence there exists an integer n > 1 such

that G} C T,. Let K’ be the finite Galois extension of K such that Gal(K'/K) =

fp/Gan, and let 7 : X’ — X be the normalization of X in K'. By [15, Lemma 1.6],
there exists a point # € X such that k, is a finite extension of F' and n~!(z) C X’
is irreducible.

Denote by A, the image of G, in the representation on T}, (¢,). This is a closed
subgroup of GL,(A,). Since p # A, the specialization isomorphism (5.5) turns A,
into a subgroup of fp. The irreducibility of #~*(z) means that Gal(ky-1(y)/ks) =
Gal(K'/K). We find that A,G2" =T}, and thus AG2" = G7. In other words we
have

Ap /AT =Gy Gy

By Proposition 5.4 this implies that G;” C Ag'. In particular A, contains an open
subgroup of SL,(A,). By Goss [9, Theorem 7.7.1], the image of A, under the
determinant is an open subgroup of GL;(A,). Together this implies that A, is an
open subgroup of GL,(A4,).

Finally, all endomorphisms of ¢, are defined over some finite separable extension &,
of k,. This extension corresponds to an open subgroup of A,, which by the above
is again open in GL,(A;). By the easy direction of the Tate conjecture, it follows
that Endy_(¢.) = Endy, () = A, as desired. q.e.d.

Proof of Theorem 0.1. If K is a finite extension of F, the result is Theorem
4.6. In the general case choose x as in Proposition 5.6. Then Theorem 4.6 for the
Drinfeld module ¢, shows that the image of the adelic representation associated
to . is open in GLT(A{,). By the specialization isomorphism (5.5) this image is a
subgroup of the image of the adelic representation associated to . Thus the latter
is open in GL,,(A{,) as well. q.e.d.

A Appendix: Two remarks on Gardeyn [8]

In [8] Gardeyn generalized Theorem 1.2 to simple 7-modules of dimension 1. In this
appendix we show how to close two gaps in his proof.

Specialization. The first gap is in the proof of [8, Proposition 2.4] at the bot-
tom of page 318, where he addresses a specialization problem analogous to that in
Proposition 5.6. He considers an integral scheme of finite type X with function
field K and a family of 7-modules .# over X whose generic fiber M has abso-
lute endomorphism ring Endz (M) = A. He finds a point 2 of X whose residue
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field k, is a finite extension of F', such that the commutant of the image of Galois
associated to the reduction .#, is thi same as for M. He then deduces that the
absolute endomorphism ring Endy_(.#,) is equal to A, although this follows only

for the endomorphism ring Endy, (4 ;) over k,. This gap can be closed by exactly
the same group theoretical argument as in the proof of Proposition 5.6 above.

Action of inertia on torsion points. The second gap is in the proof of [8,
Proposition 4.5]. There, Gardeyn studies the action of the inertia group Iy on the
Tate module of a one-dimensional formal 7-module over K. A typical example for
this is the submodule of the Tate module of a Drinfeld module T}, (¢) on which the
tame inertia group acts non-trivially. On page 327, line 6, Gardeyn considers the
field Ef But this field exists only if Gal(Ls/L;) is normalized by the group .J. If
it were normalized for all i, we could deduce that L; = L; for all i, which is not
true in general. Several other problems within the proof of that proposition arise.
We therefore give a reasonably complete independent proof of the proposition. It
will be instructive to work in a slightly more general setting that includes the case
of Lubin-Tate formal groups in mixed characteristic (see Abrashkin [1] or Fontaine

[7])-

Let E be a nonarchimedean local field with discrete valuation ring ¢ and maximal
ideal p = (7). Let k = 0 /p denote the residue field of, say, order ¢ and characteris-
tic p. Let L be a maximal unramified extension of F, and L**P a maximal separable
extension of L. Let 1 be a formal Lubin-Tate group of &-modules of height s over
the ring of integers &',. For every integer n > 1, the 7w"-torsion points t[x™](L5P)
form a free module of rank s over &'/p™. Thus the Tate module

T = lim [r"](L*7)

is a free module of rank s over & together with a continuous representation

p: Gal(L**/L) — Aute(T) = GL,(O).
All this applies to the modules ¥[n"|(L*?) = @[n"]°(L*?) over 6 = A, for a
Drinfeld A-module over &', with good reduction of height s.

The aim is to characterize the image of p under the stated general conditions.
One basic ingredient is the following fact. Let v denote the valuation on L*°P for
which v(mr) = 1.

Lemma A.1 For anyn > 1 and any primitive element t € ¥[n"|(L*P) we have

B 1
qs(n—l)(qs _ 1) !

Proof. In the case of a Drinfeld module this was proved in Lemma 4.2 for n < 2.
The same argument works for all n and all formal Lubin-Tate groups. q.e.d.

v(t)

Choose primitive elements t,, € 1[n™](L*P) such that ¢ (7)(t,41) = ¢, for alln > 1.
For every n > 1 let L,, denote the finite extension of L generated by [n"](L%),
and let L/ C L,, denote the subfield generated by ¢,.

Recall (e.g. from Serre [21, ch.IV §2-3]) that the Galois group G of any finite local
field extension possesses a natural decreasing lower numbering filtration G, indexed
by p > 0. Via the Herbrand function ¢ (see [21, p. 80]) this filtration is translated
into the upper number filtration G* such that G, = G*) . We will say that the
extension or G has break « for the lower numbering filtration if G, g G, for all
© > a, and that it has break « for the upper numbering filtration if G* ; G for
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all u > «. Since p(u) = p whenever p is less than or equal to the smallest break for
the lower numbering filtration, we find that the lowest breaks for the two numberings
coincide. In particular G has the unique break « for the lower numbering filtration
if and only if it has the unique break « for the upper numbering filtration.

Lemma A.2 For every n > 1, the element t,, is a uniformizer of L],. Moreover,
(a) we have Ly = Ly and it is Galois over L of degree ¢° — 1, and

(b) for every n > 1, the eatension L, /L) is Galois of degree q° with unique
break ¢*™ — 1 (for either filtration).

Proof. We work out the argument in the case of equal characteristic p, where
addition and subtraction in the formal group coincide with the usual ones. In
the mixed characteristic case they still coincide in first order approximation, which
suffices to adapt the argument.

For any non-zero element ¢t € ¢[r](L*?P) and any element o in the wild ramification
group of L we have v(o(t) —t) > v(t). Since o(t) — ¢ is again an element of
Y[r](L*P), Lemma A.1 shows that it must be zero. Thus the wild ramification
group acts trivially on L;. In particular the extension L}/L is tame and hence
Galois. The number of distinct conjugates of ¢; in L} /L is therefore equal to the
ramification degree, and so by Lemma A.1 it is > ¢® — 1. All these conjugates are
non-zero elements of the group [x](L*P) of order ¢°. It follows that the number
of conjugates is equal to ¢° — 1 and that they generate L;. This proves (a). Since
the ramification degree is ¢° — 1, it also follows that ¢; is a uniformizer of L].

Fix any n > 1 and assume that ¢,, is a uniformizer of L!,. Then Lemma A.1 implies
that L;, ,,/L;, has ramification degree > ¢°. For any o € Gal(L**?/L;,) we calculate

(o (tnt1) — tny1) = 0(Ttpi1) — Ttpe1 = o(tn) — tn = 0,

which shows that all conjugates of ¢,1 over L/, lie in t,41 + ¥[r|(L5°P). It follows
that the number of conjugates is equal to ¢° and that L _, is Galois of degree
¢® over L! and has uniformizer ¢,,1. Furthermore, to any non-trivial element o
of Gal(L;,,,/L;,) is associated the non-zero element o (t,41) — tny1 € Y[n](L5P),
and by comparing its valuation with that of ¢,,; using Lemma A.1 we find that
0(tn+1) — tns1 is a unit times tf:l. Now the definition of the higher ramification
groups implies that Gal(L;,,,/L},) has the unique break ¢*" — 1 for the lower num-
bering filtration. By induction on n the lemma follows. q.e.d.

By Lemma A.2 (a) the Galois group Gal(L;/L) has order prime to p, while H :=
p( Gal(Lsep/Ll)) is a pro-p group. Thus we can write the image of p as a semidirect

product
p(Gal(L*? /L)) = J x H.

The tameness implies that the group J is cyclic of order ¢®*—1. Under the embedding
J — Auty(T/pT) = GL,(k) it is therefore identified with the multiplicative group of
a field extension ks C Endy(T/pT) of k of degree s. It follows that €J C Endg(T)
is an unramified extension of & of degree s, turning 7T into a free module of rank 1
over ¢'J. Using this one finds a natural decomposition of the matrix ring

(A.3) M :=Endo(T) = € M(i),

1€EL/SL

where M (i) = ¢'J with the action of J by the character u — ud 1.,
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Theorem A.4 In the above situation, there exists a function m : Z/SL — Z>1 U
{0} satisfying m(0) =1 and m(i) + m(i") > m(i + ') for all i, i, such that

p(Gal(L*? /L)) = J x (1 + P pm“)M(z‘)),

i€Z/sZ
where we use the convention p™ = (0).
The rest of the appendix is devoted to proving Theorem A.4.

Lemma A.5 For every i € Z/sZ we set M (i) := M(i)/pM (i), which is a ks-vector

space of dimension 1 on which J =2 k¥ acts through the character u — wd 1

(a) If i # 0mod(s), then M(i) is a simple Fp[J]-module.
(b) If i # i’ mod(s), then M(i) % M(i') as F,[J]-modules.

Proof. (Compare Gardeyn [8] or Fontaine [7].) The kernel of the character is the

multiplicative group of the fixed field of the automorphism k, — ks, u — u9 . For
i # 0mod(s) this is a proper subfield of k; hence the kernel has order < ¢%/2 — 1.
Thus the image of the character has order > (¢* —1)/(¢*/?> —1) = ¢*/?> + 1, and so
it does not lie in a proper subfield of k. This implies (a). It also shows that J acts
non-trivially on M (i), and hence M (i) 2 M(0). By symmetry it remains to prove
(b) in the case s > i > ¢’ > 0. Then the modules are isomorphic if and only if there
exists j such that
I VR R

for all w € k. As k} is cyclic of order ¢° — 1, this amounts to the congruence
(¢ —1p =¢ -1 mod (¢"—1).

Since (¢" — 1)p? > ¢* — 1, it follows that (¢" — 1)p/ > ¢* — 1. Therefore ¢'p/ is a
multiple of ¢5. A direct calculation shows that the remainder of (¢° — 1)p’ under
division by ¢° — 1 is ‘ .

¢ —p+qdpqgt -1
Thus this number is equal to qi/ — 1, and so

¢ +Hapg =q +p.
From this it is straightforward to deduce a contradiction. q.e.d.

For every n > 1 we can view the Galois group Gal(L,+1/L,) as a subgroup of
Ker(Autﬁ(T/p”HT) - Autg(T/p"T)) &~ 14 7"(M/pM)

and thus of the additive group M/pM. As this identification is J-equivariant, we
obtain in fact an F,[J]-submodule of M/pM. The decomposition (A.3) yields a
decomposition

M:=M/pM = @ M(i)
1€L/SL

and thus a J-invariant decreasing filtration of M/pM with subquotients M (i) for
1 < i < s. From this we deduce a J-invariant filtration

L, = Ln’() C Ln,l c...C Ln75,1 C Ln,s = Ln+1

such that Gal(L, ;/L, ;,—1) embeds into M (i) for every 1 <i < s.
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Lemma A.6 For everyn > 1 and every 1 <1 < s—1 the extension Ly, ;/Ly ;1 is
either trivial or Galois of degree ¢° with a unique break that is Z 0 modulo (¢° —1).

Proof. If the extension is non-trivial, Lemma A.5 (a) implies that its Galois group
is isomorphic to M (i) and that its ramification filtration has a unique break, say «.
Let 7 be a uniformizer of L,, ;. Then the definition of the higher ramification groups
yields a natural and hence J-equivariant embedding

M(i) 2 Gal(Lni/Lni—1) — (7)*/(7)°*, 0 — 72 — 1 mod (7)*.
The tame ramification group J acts through a faithful character on (7)/(7)?; hence
it acts on (7)*/(7)**! through the a-th power of that character. Since it acts
non-trivially on M (i), we find that o cannot be a multiple of |J| = |kX| = ¢° — 1.
This finishes the proof. q.e.d.

Lemma A.7 Let F be a non-archimedean local field. Let Fy and Fy be two finite
Galois extensions of degree d over F' with unique breaks ay # ao. Then the exten-
sions are linearly disjoint, and F1Fy/Fy is Galois of degree d with a unique break
= ay modulo (d — 1), and F1Fy/Fy is Galois of degree d with a unique break = g
modulo (d —1).

Proof. Since the breaks are different, the functoriality of the upper numbering
filtration (see [21, ch. IV §3 Prop. 14]) implies that the upper numbering of the com-
posite extension FjFy/F has the breaks o and as with index d each. It follows
that the extensions are linearly disjoint and that Fy Fy/Fs and Fy F»/F; are Galois
of degree d. By symmetry, we may without loss of generality assume that a; > ao,
so that Fy is the fixed field of Gal(FyF>/F)*. Using the yoga of the Herbrand
function ¢ (see [loc. cit., §3]) one calculates that the lower numbering of the exten-
sion Fy F5/F then has the breaks as and ay + (¢° — 1)(ay — a2) with index d each.
It follows that Fy F»/F» has the unique break a; + (¢° — 1)(a; — a2) = a3 modulo
(d — 1) and that F} F5/F; has the unique break as. q.e.d.

Lemma A.8 For alln > 1 we have [Ly, /Ly s—1]=q".
Proof. Consider the following assertions:
A(n) : Ln,s:Ln7s—lL;l+1 and [Lms/Lms—l]:qs-

B(m,i,n): The extension L, ;L /Ly L, is Galois of degree ¢*
with a unique break = 0 modulo (¢° — 1).

C(m,i,n): The extension Ly, ;L /Ly, ;—1L}, is either trivial or Galois
of degree ¢° with a unique break # 0 modulo (¢® — 1).

We will prove
A(n) for alln > 1,
B(m,i,n) foralll<m <nand 0<i<s—1,and
C(myi,n) foralll<m<nand1<i<s—1.

Note first that L), C L,, ;—1 C Ly, ;; hence the assertion C'(n, 4, n) is precisely Lemma
A.6. In particular C'(m,4,n) holds whenever n = 1. For all other assertions we use
induction on n. We fix an integer n > 1 and assume A(n’) for all n’ < n and
C(m,i,n) for all m and i. We will then show A(n) and B(m,i,n) and C(m,i,n+1)
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for all m and ¢. This proves the lemma, because the desired assertion is contained

in A(n).

Keeping n fixed we perform another induction over m and an innermost induction
over i. We may thus fix 1 < m < mnand 0 < i < s—1 and assume B(m/,i',n)
whenever m’ < m and B(m, i, n) whenever ¢’ < 4. If i = 0 and m = 1, we note that
Lip=1L =Ly CL, CLj,, by Lemma A.2 (a); hence Lemma A.2 (b) implies
B(1,0,n). If i = 0 and m > 1 we have L, 0 = Lyy—1,s = Lim—1,s—1L}, by A(m—1);
since Ly, C L), C L}, the assertion B(m — 1,5 — 1,n) then implies B(m,0,n). If
i > 0 we consider the field extensions

/
Lm,iLn+1

T

/ /
LnL,iLn Lm,i—an+1

T~

/
Lpi1Ls,.

By B(m,i — 1,n) the right vertical extension is Galois of degree ¢° with a unique
break = 0 modulo (¢° — 1), and by C(m,,n) the lower oblique extension is either
trivial or Galois of degree ¢° with a unique break # 0 modulo (¢° — 1). If the lower
extension is trivial, we can trivially deduce B(m,i,n) and C(m,i,n+1). Otherwise
the two breaks are different; hence we can apply Lemma A.7 and again deduce
B(m,i,n) and C(m,i,n+1).

By induction on m and ¢, we have thus proved B(m,i,n) and C(m,i,n+ 1) for all
possible m and i except for C(n+1,4,n+1). But that case was already covered at
the beginning of the proof. Finally, consider the field extensions

Ln,s—l = Ln7s—1L;l - Ln7s—1L;l+1 - Ln+l = Ln,5~

By construction the total extension has a subgroup of M (0) as Galois group; hence
it has degree < ¢°. But since the middle extension already has degree ¢° by
B(n,s —1,n), it follows that the extension on the right is an equality and the
total degree is ¢°. This is just the assertion A(n), finishing the proof. q.e.d.

Proof of Theorem A.4. Recall that for every n > 1 we have an F,, [J]-equivariant
embedding

Gal(Lyy1/Ln) — M= @5 M().
VEL)SL

Lemma A.5 implies that its image decomposes accordingly and that all its sum-
mands for ¢ # 0 mod s are trivial or equal to M (7). Moreover, Lemma A.8 implies
that the image contains the summand M (0). Together we deduce that

i€S(n)
for some subset S(n) C Z/sZ with 0 € S(n).

Next, the Lie bracket induces a map M (i) x M (i') — M (i+1') for all i and i’, which
is non-zero except for ¢ = i = 0 mod s. Using commutators as in Fontaine [7] or
Gardeyn [8] or in Proposition 4.1 above, one finds that i € S(n) and ¢/ € S(n’)
imply ¢ +1i € S(n+n’). Applying this with n’ =1 and ¢’ = 0 € S(1) one deduces
that S(n) C S(n+ 1) for every n > 1. Thus with

m(i) :=inf{n >1:ie€ S(n)} € Z>1 U {oo}
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we have m(0) = 1 and i € S(n) < n > m(i). The above implication then implies
that m(¢) + m(i") > m(i +¢') for arbitrary ¢, i’. Thus the function m satisfies the
first two conditions in Theorem A.4.

These conditions imply that
Ue=1+ @ M)
i1€L)SL

is a J-invariant closed subgroup of GL(&) which possesses the same subquotients
in the congruence filtration as H. It remains to show that H = U. For any n > 1
define

G" = 14 a"M,(0),
Gl = Gr /Gt = @ieZ/sZM(i)a
H" = (HNG™MG™ /G, and
= (UnGgmerttgrtt.

By construction of the m(i) the subgroup H™ of GI"} consists of those summands
M (i) with m(i) < n. Moreover, the subgroup HG"/G"™ of G1/G™ is a succes-
sive extension of n — m(i) copies of M (i) for all i with m(i) < n. In particular,
Lemma A.5 implies that HG"/G™ and GI"/H" possess no non-trivial isomor-
phic subquotient as F,,[J]-module. It also implies that H (" — U, Suppose that
HG"/G™ = UG™/G™ as subgroups of G!/G™. Then we have an exact sequence

1 —GM/gM —— HG"/(H N G")G"T! —= HG"/G" ——1

alnl jyinl UG /Gn

and each of H and U induces a J-equivariant splitting. As the extension is central,
these splittings differ by a J-equivariant homomorphism HG"/G™ — GI™/HM,
But since these groups possess no non-trivial isomorphic subquotients, this ho-
momorphism must be zero. This implies that HG"™1/G"H = UG /G as
subgroups of G*/G™1. By induction we deduce that H = U, as desired.  q.e.d.
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