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Chapter 1

Introduction

Many important problems in geometry can be reduced to a partial differen-
tial equation of the form
pu(x) =0,

where x ranges over a complexifed group orbit in an infinite-dimensional
symplectic manifold X and p: X — g is an associated moment map (see
Calabi [0 [7, 8], Yau [79, 80, 81], Tian [75], Chen—Donaldson—Sun [I8] 19,
20], Atiyah-Bott [2], Uhlenbeck—Yau [76], Donaldson [27, 28| 29, 30, 32]).
Problems like this are extremely difficult. The purpose of this book is to
explain the analogous finite-dimensional situation, which is the subject of
Geometric Invariant Theory.

GIT was originally developed to study actions of a complex reductive
Lie group G on a projective algebraic variety X C P(V). Here G€ is the
complexification of a compact Lie group G and the Hermitian structure
on V can be chosen so that G acts by unitary automorphisms. In the smooth
case X inherits the structure of a K&hler manifold from the standard Kahler
structure on P(V'). The G-action is generated by the standard moment map

w:X—=g

(with values in the Lie algebra of G). In the original treatment of Mum-
ford [63] the symplectic form and the moment map were not used. Subse-
quently several authors discovered the connection between the theory of the
moment map and GIT (see Kirwan [53] and Ness [66]). In the article of Ler-
man [56] it is noted that both Guilleman—Sternberg [42] and Ness [66] credit
Mumford for the relation between the complex quotient and the Marsden—
Weinstein quotient

X/)G = p1(0)/G.
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2 CHAPTER 1. INTRODUCTION

In our exposition we assume that X is a closed Kéhler manifold but do
not assume that it is a projective variety. In the latter case the aforemen-
tioned standard moment map satisfies certain rationality conditions (Chap-
ter E[) which we do not use in our treatment. As a result the Mumford
numerical invariants

w#('rv f) = tliglo<u(exp(itf)$), §>

associated to a point z € X and an element { € g\ {0} (Chapter [5) need
not be integers as they are in traditional GIT. In the classical theory the
Lie algebra element belongs to the set

A:={¢eg\{0}]exp(§) =1}

and thus generates a one-parameter subgroup of G¢. In our treatment £ can
be a general nonzero element of g.
A central ingredient in our treatment is the moment-weight inequal-

ity

sup (@6 < inf |u(gz)|. (1.1)

ceavfoy 1€l geGe

We give two proofs of this inequality in Chapter @ one due to Mumford [63]
and Ness |66, Lemma 3.1] and one due to Xiuxiong Chen [15]. (For an
in depth discussion of this inequality see Atiyah-Bott [2], in the setting
of bundles over Riemann surfaces, and Donaldson [34], Székelyhidi [72],
Chen [15, [16], in the setting of Kéhler—Einstein geometry.) Following an
argument of Chen—Sun [23] we also prove that equality holds in when-
ever the right hand side is positive (Theorem . We also prove that
the supremum on the left is always attained (Theorem and that the
supremum over all £ € g\ {0} agrees with the supremum over all £ € A
(Theorem [12.1)). In the projective case the supremum is attained at an ele-
ment { € A by a theorem of Kempf [51], however, that need not be the case
in our more general setting. The Hilbert—-Mumford numerical crite-
rion for p-semistability is an immediate consequence of the aforementioned
results (Theorem . It asserts that

Ge(z) Nt (0) # 0 = wy(z,§) >0VE e A

Further consequences of the moment-weight inequality include the Kirwan—
Ness Inequality which asserts that if z is a critical point of the moment
map squared then |u(z)| = infgeqe|p(gaz)| (Corollary [6.2), the Moment
Limit Theorem which asserts that each negative gradient flow line of the



moment map squared converges to a minimum of the moment map squared
on the complexified group orbit (Theorem , and the Ness Uniqueness
Theorem which asserts that any two critical points of the moment map
squared in the same G®orbit in fact belong to the same G-orbit (Theo-
rem and, moreover, that the minimum of the moment map squared on
the closure of a G®orbit is taken on at a unique G-orbit (Theorem .

A central ingredient in the proofs of these theorems is the negative gra-
dient flow of the moment map squared [ := %| p? : X — R. The gradient
flow equation takes the form

&= —JLzpu(x) (1.2)

where L, : g — T, X denotes the infinitesimal action of the Lie algebra on X.
Each G¢-orbit G¢(z) C X is invariant under this flow, because every solu-
tion of has the form z(t) = g(t)~ 'z, where g: R — G satisfies the
differential equation

g9 =ip(g ). (1.3)
Equation is the negative gradient flow of the Kempf—Ness func-
tion ®, : G°/G — R. The homogeneous space G¢/G is simply connected
and complete with nonpositive sectional curvature, and the Kempf-Ness
function is Morse-Bott and is convex along geodesics (Theorem; its criti-
cal manifold may be empty. Moreover, the Kempf—Ness Theorem charac-
terizes the stability conditions in terms of the properties of the Kempf-Ness
function (Theorem ; for example a point z € X is p-semistable, i.e. the
closure of its G¢-orbit intersects the zero set of the moment map, if and only
if the Kempf—Ness function ®, is bounded below.

The moment map squared is in general far from being Morse-Bott and
may have very complicated critical points. However, the aforementioned
theorems (Kirwan—Ness Inequality, Ness Uniqueness, Moment Limit Theo-
rem) exhibit a structure of the gradient flow that resembles the stratification
by stable manifolds associated to a Morse-Bott function. More precisely, an
element z € X is a critical point of the moment map squared if it satisfies
the equation Lyp(z) = 0. Critical points come in G-orbits and the theorems
of Ness and Kirwan—Ness show that the stable manifold of such a critical
orbit G(z) is a union of G%orbits, i.e.

W*(Ga) = {y € X | @ € Go(y), |ux)| = dnf [ul}. (1.4)

This stratification was used by Kirwan [53] to prove that the canonical ring
homomorphism & : Hi(X) = H*(X//G) (called the Kirwan homomor-
phism) from the equivariant cohomology of X to the cohomology of the
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Marsden-Weinstein quotient X /G is surjective. Kirwan’s theorem is not
included in our treatment. The main motivation for the present book comes
from infinite-dimensional analogues of GIT in various areas of geometry.

One such infinite-dimensional analogue of geometric invariant theory is
the Donaldson—Uhlenbeck—Yau correspondence between stable holomorphic
vector bundles and Hermitian Yang—Mills connections over Kéhler mani-
folds. (This is a special case of the Kobayashi-Hitchin correspondence.) In
this theory the space of Hermitian connections on a Hermitian vector bun-
dle over a closed Kéhler manifold with curvature of type (1,1) is viewed
as an infinite-dimensional symplectic manifold, the group of unitary gauge
transformatons acts on it by Hamiltonian symplectomorphisms, the mo-
ment map assigns to a connection the component of the curvature parallel
to the symplectic form, and the zero set of the moment map is the space of
Hermitian Yang—Mills connections. For bundles over Riemann surfaces the
analogue of the Hilbert—-Mumford numerical criterion is the correspondence
between stable bundles and flat connections, established by Narasimhan—
Seshadri [64]. It can be viewed as an extension to higher rank bundles of the
identification of the Jacobian with a torus. The moment map picture in this
setting was exhibited by Atiyah-Bott [2] and they proved the analogue of
the moment-weight inequality. Another proof of the Narasimhan—Seshadri
theorem was given by Donaldson [27]. In dimension four the Hermitian
Yang—Mills conections are anti-self-dual instantons over Kahler surfaces. In
this setting the correspondence between stable bundles and ASD instantons
was established by Donaldson [28] and used to prove nontriviality of the Don-
aldson invariants for Kahler surfaces. Donaldson’s theorem was extended to
higher-dimensional K&hler manifolds by Uhlenbeck—Yau [76].

Another infinite-dimensional analogue of GIT is Donaldson’s program for
the study of constant scalar curvature Kéhler (cscK) metrics. It was noted
by Donaldson [30] and Fujiki [39] that the scalar curvature can be interpreted
as a moment map for the action of the group of Hamiltonian symplectomor-
phisms of a symplectic manifold (V,wp) on the space Jp of wp-compatible
integrable complex structures. It was also noted by Donaldson [30] that in
this setting the Futaki invariants [40] are analogues of the Mumford numer-
ical invariants, the space of Kahler potentials is the analogue of G¢/G, the
Mabuchi functional [58, [59] is the analogue of the the log-norm function in
Kempf-Ness [52], and that Tian’s notion of K-stability [75] can be under-
stood as an analogue of stability in GIT. This led to Donaldson’s conjecture
relating K-stability to the existence of cscK metrics [32, B3] and refining ear-
lier conjectures by Yau [81] and Tian [75]. The Yau-Tian—Donaldson con-
jecture is the analogue of the Hilbert—Mumford criterion for u-polystability



(Theorem , with the p-weights replaced by Donaldson’s generalized
Futaki invariants. The earlier conjecture of Yau applies to Fano manifolds,
relates K-stability to the existence of Kédhler—Einstein metrics, and has been
confirmed in 2013 by Chen—Donaldson—Sun [37, [I7, [I8], [19] 20]. The Yau—
Tian—Donaldson conjecture, in the case where the first Chern class is not a
multiple of the Kéhler class, is still open. The moment-weight inequality in
this setting was proved by Donaldson [34] and Chen [15] 16].

In this situation the duality between the positive curvature manifold G
and the negative curvature manifold G¢/G is particularly interesting. The
analogue of G is the group Gy of Hamiltonian symplectomorphisms of (V, wy)
with the L? inner product on the Lie algebra of Hamiltonian functions, and
the analogue of G¢/G is the space Hg of Kéhler potentials on (V, Jy, wp) with
an L? Riemannian metric. On the one hand the distance function associated
to the L? metric on Gy is trivial by a result of Eliashberg—Polterovich [38§].
On the other hand Chen [14] proved that in H( any two points are joined by
a unique geodesic of class C1'! (a solution of the Monge-Ampere equation),
that Ho is a genuine metric space, E| and that cscK metrics with negative
first Chern class are unique in their Kahler class. The latter result was
extended by Donaldson [31] to all cscK metrics with discrete automorphism
groups. Calabi-Chen [9] proved that H is negatively curved in the sense of
Alexandrov and, assuming all geodesics are smooth, that extremal metrics
are unique up to holomorphic diffeomorphism. (Extremal metrics are the
analogues of critical points of the moment map squared and their uniqueness
up to holomorphic diffeomorphism is the analogue of the Ness Uniqueness
Theorem [6.3]) Chen-Tian [25] removed the hypothesis on the geodesics.
They also proved that cscK metrics minimize the Mabuchi functional. This
was independently proved by Donaldson [35] in the projective case. As noted
by Chen [16] and Chen—Sun [22], several straight forward statements in GIT
have analogues in the cscK setting that are open questions. At the time one
of these was convexity of the Mabuchi functional along C'! geodesics. This
has now been settled by Berman-Berndtsson [4] and Chen-Li-Paun [21].
In [67] S.T. Paul introduced another notion of stability and in [68] he proved
that it is equivalent to a properness condition on certain finite-dimensional
approximations of the Mabuchi functional. For Fano manifolds with discrete
automorphism groups it has been shown that P-stability is equivalent to the
aforementioned K-stability condition of Yau—Tian—Donaldson, by combining
the work of Chen-Donaldson-Sun and S.T. Paul with a partial C° estimate
of Gébor Székelyhidi [73] (see Chen—-Sun-Wang [24]).

'The metric completion of the space Ho has been studied by Tamds Darvas [26].
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The emphasis in the present book is on self contained proofs in the finite-
dimensional setting. For other expositions of geometric invariant theory and
the moment map see the papers by Thomas [74] and Woodward [78].

Here is a brief description of the content of the book. Two preliminary
chapters introduce the basic setup and the moment map (Chapter |2)) and ex-
amine the negative gradient flow of the moment map squared (Chapter [3).
Chapter 4] introduces the Kempf-Ness function and establishes its basic
properties. The Mumford numerical invariants are defined in Chapter
and shown to be invariant under the G¢action and under the Mumford
equivalence relation on the set of toral generators. Chapter [6] establishes
the moment-weight inequality and derives several consequences such as the
Kirwan—Ness Inequality, the Moment Limit Theorem, and the Ness Unique-
ness Theorem. The p-stability notions are introduced in Chapter [7] which
also proves the Kempf—Ness Theorem. Chapter [8 deals with the classical
algebraic geometric setting of linear actions on projective varieties by reduc-
tive groups and shows how it fits into the symplectic setup. Chapter [0] deals
with the converse question and examines under which rationality conditions
on the symplectic form and the moment map the general symplectic set-
ting of the present book reduces to the classical algebro geometric setting.
Chapter is devoted to the Kempf Existence Theorem and shows that
in the p-unstable case the moment-weight inequality is actually an equal-
ity. It also shows that the supremum in is always attained. That the
supremum over g\ {0} in agrees with the supremum over A requires
continuous dependence of the weight w,(z,§) on & for torus actions and this
is the subject of Chapter The Hilbert—-Mumford criterion is proved in
Chapter Chapter [13|explains a criterion by Gabor Székelyhidi for points
in X whose G¢%orbits contain critical points of the moment map squared.
The criterion takes the form of polystability with respect to the action of a
suitable subgroup. Several examples are discussed in Chapter

Five appendices deal with relevant background material. Appendix [A]
establishes some properties of complete simply connected Riemannian man-
ifolds with nonpositive sectional curvature and contains a proof of Cartan’s
Fixed Point Theorem. Appendix [B| establishes the existence of a complexi-
fication G€ of a compact Lie group G and shows how it is characterized by a
universality property. Appendix shows that the homogeneous space G¢/G
is a complete simply connected Riemannian manifold with nonpositive sec-
tional curvature. Appendix[D]introduces parabolic subgroups and the Mum-
ford equivalence relation on the space of toral generators and Appendix [E]
is devoted to the proof that each element of G¢ factorizes as a product of an
element of a given parabolic subgroup and an element of G.



Chapter 2

The moment map

Throughout (X,w, J) denotes a closed Kéahler manifold, i.e. X is a compact
manifold without boundary, w is a symplectic form on X, and J is an inte-
grable complex structure on X, compatible with w so (-,-) = w(-,J-) is a
Riemannian metric. Denote by V the corresponding Levi-Civita connection.

The moment map. Let G C U(n) be a compact Lie group acting on X
by Kahler isometries so that the action of G preserves all three structures
(,+), w, J. Denote the group action by

GxX—X:(u,z)— ux
and the infinitesimal action of the Lie algebra g := Lie(G) C u(n) by
g — Vect(X) : £ — ve.

We assume that g is equipped with an invariant inner product and that the
group action is Hamiltonian. Let p : X — g be a moment map for the
action, i.e. v¢ is a Hamiltonian vector field with Hamiltonian function

He := (1, §)
so t(vg)w = dH¢ or, equivalently,
(dp(z)z,§) = w(ve(z), T) (2.1)

forx € X, 7 € T, X, and £ € g. We assume that the moment map is
equivariant, i.e.

pluz) = up(z)u™, (u(@), [€ 1)) = wlve(x), vy(x)) (2.2)

for x € X, u € G, and &, 1 € g. The two equations in (2.2) are equivalent
whenever G is connected.
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The complexified group. The map
U(n) x u(n) = GL(n,C) : (u,n) — exp(in)u

is a diffeomorphism, by polar decomposition, and the image of G x g under
this diffeomorphism is denoted by

G :={hu|u € G, h=exp(in), n € g}. (2.3)

This is a Lie subgroup of GL(n, C)H called the complexification of G (see
Theorem [B.4)). It contains G as a maximal compact subgroup, the quotient
G¢/G is connected, and the Lie algebra of G¢ is the complexification

g° :=Lie(G°) = gD ig

of the Lie algebra of G (see Theorem [B.2). We will consistently use the
notations

(=¢+in,  Re(Q):=¢  Im(Q):=n.
for the elements ¢ € g° and their real and imaginary parts &,n € g. The
reader is cautioned that the eigenvalues of £, n are imaginary and the eigen-
values of i€, in are real. A complex Lie group is called reductive iff it is the
complexification of a compact Lie group.

The action of the complexified group. Let G¢ C GL(n,C) be the
complexification of G and let g° = g + ig be its Lie algebra. Then every Lie
group homomorphism from G to a complex Lie group extends uniquely to
a homomorphism from G€¢ to that complex Lie group (see Theorem [B.2]).
Taking the target group to be the group of holomorphic automorphisms of
X one obtains a holomorphic group action of G¢ on X. Denote the group
action by G¢ x X — X : (g,x) — gz and the infinitesimal action of the Lie
algebra by

g — Vect(X) : ( = ve :=ve + Juy.

Here v¢ is the Hamiltonian vector field of the function H¢ and Jv, = VH,
is the gradient vector field of the function H,. Since v¢ is a holomorphic
vector field and VJ = 0, we have

[ve, Jw] = J[ve, w), Viwve = Ve (2.4)

for every ¢ € g¢ and every vector field w € Vect(X )E|

!By the Closed Subgroup Theorem, a subgroup of GL(n,C) is a Lie subgroup if and
only if it is closed as a subset of GL(n,C).

2We use the sign convention [v, w] := Vv — V,w for the Lie bracket of two vector fields
so that the infinitesimal action is a homomorphism g° — Vect(X) of Lie algebras (and
not an anti-homomorphism).



Alternative notation for the infinitesimal action. For each z € X
we use the alternative notation L, : g — 7, X and LS : g¢° = T, X for the
infinitesimal action of the Lie algebras g and g¢. Thus

Lo i=vg(x),  LgCi=wv¢(x) = L& + JLan (2.5)
for { = & + in € g°. Then equations and take the form
L =du(x)],  dp(e) = TLe,  dp(e)Let = —[u(2).€]  (26)
for x € X and & € g.

Lemma 2.1. Let zo,71 € p(0). If v1 € G(xg) then z1 € G(xg). In fact,
ifn € g and u € G satisfy exp(in)uxg = x1 then uxg = x1 and Ly,n = 0.

Proof. Choose gop € G such that x1 = gozo and define n € g and u € G by
go =: exp(in)u.

Define the curve z : [0,1] — X by z(t) := exp(itn)uxg. Then z(0) = uxo,
x(1) = x1, and & = JL,n. Hence, by equation ({2.1),

(), m) = (Al )
= W(Lm"?, x)
= w(Lyn, JL.n) (2.7)
= |Lx77’2
> 0.

Since (u(uwo),n) = (u(w1),m) = 0 it follows that L,yn = 0 for all t. Hence
x(t) is constant and hence z1 = uzg. This proves Lemma O

Lemma[2.T] asserts that two points in the zero set of the moment map are
equivalent under G¢ if and only if they are equivalent under G. In notation
commonly used in symplectic geometry it says that the Marsden—Weinstein
quotient is homeomorphic to the complex quotient, i.e.

X)G ~ XP/GE,
where X /G := ~1(0)/G and

X = {z e X|G(x)npu ' (0) #0}.
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These spaces can be highly singular. Lemma below asserts that an
element z € 1~1(0) is a regular point for the moment map if and only if its

isotropy subgroup
Gy :={u e Glur =z}

is discrete. Lemma below asserts that the complex isotropy subgroup
GS :={g€ G| gz =z}

is the complexification of G; whenever p(z) = 0. This means that there is
an isomorphism of orbifolds

X*)G = X*/G,

where X* C XP® is the open subset of all points x € XP°® with discrete
isotropy subgroup G§. In general, XP° is not an open subset of X. In
geometric invariant theory one studies the quotient X% /G where X is
the open subset of all points 2 € X such that G¢(z) N u~1(0) # 0, and two
such points z, 2" € X are equivalent iff 4 =1(0) N Ge(x) N Ge(z') # 0.

Lemma 2.2. Let x € X such that p(x) = 0. The following are equivalent.
(i) du(x) : T, X — g is onto.
(ii) Ly : g — T, X is injective.
(iii) LS : g¢ — T X is injective.
Proof. The equation du(z)J = L, in shows that (i) is equivalent
to (ii). That (iii) implies (ii) is obvious. Now assume (ii) and choose an
element ¢ = £ 4 in € ker LS. Then
0 = du(x)(Lo& + JLon)
= —[p(@), ] + La" Lan
= Ly"Lon

by (2.6). Hence L,n = 0, hence
Ly§ = LyC— JLyn =0,

and hence { = n = 0 by (ii). Thus (ii) implies (iii) and this proves
Lemma 2.2 O

The hypothesis p(z) = 0 in Lemma cannot be removed. For ex-
ample a pair of nonantipodal points on the 2-sphere has a trivial isotropy
subgroup in SO(3) but a nontrivial isotropy subgroup in the complexified
group PSL(2,C). (When the points are antipodal the moment map is zero.)
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Lemma 2.3. (i) Let © € X such that u(x) = 0. Then G is the complexi-
fication of G, i.e.

GS = {exp(in)u|u € G, n € ker L, }.

(ii) Let & € g. Then the isotropy subgroup of & in G¢ is the complexification
of the isotropy subgroup in G, i.e. if n € g, u € G, and g := exp(in)u, then

ggi=¢ =  utul=¢ and [&n)=0.

Proof. We prove (i). If u € G and 7 € g are such that g := exp(in)u € G,
then Lemma [2.1| asserts that ux = x and Lyn = 0. This proves (i).
We prove (ii). Assume g&g~! = &, abbreviate

h = eXP(_in)7

and let
(C”:[/l@...@vk

be the eigenspace decomposition of £. Since
heéh™t = ugu™!,
it follows that hV; L hV} for ¢ # j. Since h = h* > 0 this implies
W2V, C V;,
hence hV; C V;, and hence
uV; C Vi, nVi C Vi

for all 4. Thus u and n commute with £. This proves Lemma [2.3 O
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Chapter 3

The moment map squared

Throughout this chapter we denote by f : X — R the function defined by
f(x) = %|u(m)\2 for z € X. (3.1)
Lemma 3.1. The gradient of f is given by
Vf(z) = JLop(z)
forxz € X. Hence x € X is a critical point of f if and only if Lyu(x) = 0.

Proof. By equation (2.1)) we have (du(z)z,§) = w(Lz&,T). Take £ = u(x).
Then

df (x)7 = (du(x)z, p(x)) = w(Lep(x), ) = (JLaop(x), 7)
for z € T, X. This proves Lemma O

By Lemma the negative gradient flow line of f through zp € X is
the solution of the differential equation.

&= —JLypu(z), z(0) = xo. (3.2)
The complexified group orbits are invariant under the gradient flow.

Lemma 3.2. Let 9 € X, let x : R — X be the unique solution of the
differential equation (3.2)), and let g : R — G be the unique solution of the
differential equation

g(t)g(t) =ip(x(t)),  g(0) =1 (3.3)
Then

for allt € R.

13
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Proof. Define y : R — X by

y(t) := g(t) "o

1

Since %g* =g lgg!

and g~1g = iu(x), it follows that
j=—g 99 'm0 = —Lgﬂxo(g_lg) = —JLyu(x)

and y(0) = 9. Hence z(t) = y(t) = g(t)"‘xg for every t € R. This proves
Lemma O

Theorem 3.3 (Convergence Theorem).

There exist positive constants C,c,e and % < a < 1 with the following sig-
nificance. Let xo € X and let ©: R — X be the unique solution of .
Then the limit

Too = tliglo x(t)

exists and satisfies Ly (o) = 0. Moreover, there exists a constant T' € R
such that, for allt > T,

d(z(t), r0) < /toola'c(s)|ds
C(Fet) - fle)) (3.4)

1l -«
c

IN

IN

(t=T)

The proof of Theorem is based on the Lojasiewicz gradient inequal-
ity [57, 43], which holds for general analytic gradient flows. That it also
applies to the moment map squared was noted by Duistermaat (see Ler-
man [56] and also Chen—Sun [23] Corollary 3.2]). The result was carried over
to certain infinite-dimensional settings by Simon [71] and Morgan—-Mrowka—
Rubermann [62]. We include a proof for completeness of the exposition.

Proof of Theorem[3.3. Using the Marle-Guillemin—Sternberg local normal
form (see [56, Theorem 2.1]), one can show that the moment map is locally
real analytic in suitable coordinates. This implies that f = %| p|? satisfies
the Lojasiewicz gradient inequality: There exist constants § > 0, C' > 0,
and 1/2 < o < 1 such that, for every critical value a of f and every z € X,

[f(z) —al <0 = [f(z) = al* < CIVf(2)]. (3.5)

For a proof see Bierstone-Milman [5, Theorem 6.4].
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Let  : R — X be a nonconstant negative gradient flow line of f. Then

a:= lim f(z(t))

t—o0
is a critical value of f. Choose a constant 7" € R such that
a< f(z(t)) <a+9d
for t > T. Then, for t > T,

_4
dt

(0}

(f(z) =)' = (1 = a)(f(z) — ) V(@) >+ .

Integrate this inequality over the interval [¢, 00) to obtain

/too|¢(s)| ds < - fa (Fa(®) )™  fort>T.  (36)

This proves the existence of the limit

Too 1= tli)rglox(t)

This limit is a critical point of f and hence satisfies L, p(r) =0 by
Lemma 31
Now abbreviate

Then
) = 20 - D(FG0) - o) VO 2 2t frizT

This implies
20 — 1

p(t) > t—1T) fort >T

and hence

(o) ) =" = plty 5 < (2 e -m)
for t > T. Thus
C l1—o c 1—a« C 02 .

11—«
for t > T. By (3.6)), this proves Theorem O
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We close this section with three lemmas about the Hessian of the moment
map squared, culminating in Lijing Wang’s inequality in Lemma [3.6| They
do not play any role elsewhere in this book.

Lemma 3.4. Letx € X,z €T, X, and {,n € g. If L,§ =0 then
dp(z) Veve (z) = —[du(z)7, €] (3.7)
and

Proof. Differentiate the function

([, €1 m) = (s, [€,m]) = w(ve, v) = (Jvg, vy)

at = in the direction Z and use the equations ve¢(z) = 0 and VJ = 0 to
obtain

(l[du()z, &) = (JVave(w), vy(x))
—w(vy(w), Veve(x))
—dHy(z) Ve ()
= —(du(z)Vzve(x),m).

This proves .
It follows from equations , , and that
[§;La"Len] = —[dp(x)J Lan, ]
= du( )V, Ve ()
= du(z)[ve, Juy|()
= du(z)J[ve, vy]()
= dp(z)Jug ()
= x*L:c [5777]-
This proves and Lemma O

Lemma 3.5. The covariant Hessian of f = %|,u|2 at a point x € X is the
quadratic form d?f, : T,X — R given by

& fo(T) = |dp(@) T + (Vizoe(2), ), &= p(x), (3.9)
forz e T, X. If © is a critical point of f then
& f1(JLan) = |La* Lon)? — [[u(2), 7] (3.10)

for everyn € g.
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Proof. Since Vf(z) = JLypu(x) = Jvym)(z) and VJ = 0, we have
ViVf(z) = JLodp(x)Z + JVGve(), & := p(x).
Hence the covariant Hessian of f at x is given by
& fo(Z) == GV f(2),7) = |du(@)T] + (Vizve(2), T).
Here the last step uses the identity JL, = du(z)* in (2.6). Take Z := JL,n
and assume Ly u(x) = 0 to obtain
A fo(JLan) = |dp(@)J Lanf® = (Viunve(w), J Lan)
= |L:L"*L:v77|2 - <d/.L(£L')VLm77’U§(CL‘),77>
= |Lo*Lonf® + {[du(x) Lan, €], n)
= |Lo* Lonf® — |[u(@), n]f.
Here the third step follows from equation (3.7 in Lemma with = L,n
and the last step follows from equation (2.6)). This proves Lemma O

Lemma 3.6 (Lijing Wang’s Inequality). Let x € X be a critical point
of the moment map squared. Then, for everyn € g,

[[1(), )| < |Le™Lan). (3.11)

Proof. The proof is taken from Lijing Wang’s paper [77, Theorem 3.8]. De-
fine the linear maps A, B : g — g by

A& = L," L&, B¢ = [u(x),€&].

Thus A is self-adjoint and B is skew-adjoint. Moreover, A and B commute
by Lemma Identify g¢ with g ® g and define P* : g — g¢ by

A B A -B
+ . - .
P._<_B ) P._<B )

Then the operators P and P~ are self-adjoint, they commute, and
(¢, PC) = |Lo& % J Lan*.
Hence the operator
Q:=P"P~
is self-adjoint and nonnegative. Hence
0 < (&,Q8) = |Lo" Lot]” = |[n(2), €]
for € € g C g¢. This proves Lemma [3.6 O
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Chapter 4

The Kempf—Ness function

The present chapter introduces the Kempf-Ness function
o, :G/G—-R

on the Hadamard space G¢/G, associated to an element x € X. In par-
ticular, it shows that every gradient flow line of the moment map squared
in G(x) gives rise to a gradient flow line of the Kempf-Ness function. It
also shows that the Kempf-Ness function is convex along geodesics and that
it is a Morse—Bott function.

Equip G¢ with the unique left invariant Riemannian metric which agrees
with the inner product

(61 +1m1, &2 + ina)ge = (€1,&2)g + (M1, M2)g

on the tangent space g° to G¢ at the identity. This metric is invariant under
the right G-action. Let

m: G — M, M = G°/G, (4.1)

be the projection onto the right cosets of G. This is a principal G-bundle
over a contractible manifold. The (orthogonal) splitting

g°=gdig
extends to a left invariant principal connection on 7. The projection from
the horizontal bundle (i.e. the summand corresponding to ig) defines a G-
invariant Riemannian metric of nonpositive curvature on M (Appendix [C]).
The geodesic on M through p = m(g) in the direction v = dn(g)gi§ € T,M

has the form ~(t) = 7(gexp(itf)). Thus M is complete and, by Hadamard’s
theorem, diffeomorphic to ig (see also equation (2.3)).

19
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Theorem 4.1 (Conjugacy Theorem). Fiz an element x € X.
(i) There exists a unique smooth function ®, : G — R such that

d®,(9)§ = —(u(g =), Im(g™'9)),  Pu(u) =0, (4.2)
for all g € G¢, all g € T,G¢, and all u € G.
(ii) Define a map v, : G¢ — G(z) C X by ¥.(g) :== g 'x. Then 1),
intertwines the gradient vector field V®, € Vect(G€) and the gradient vector
field V f € Vect(X), i.e. for all g € G¢

d%(g)V‘Pz(Q) = Vf(@bx(g)) (4'3)

Assertion (ii) of Theorem {4.1]is a reformulation of Lemma 3.2 and shows
again that Vf is tangent to the G®orbits. Moreover, when the isotropy
subgroup of x is discrete, equations and are equivalent. So in this
case the function ®, is uniquely determined by and the normalization
condition ®,(u) = 0 for all w € G. (If G is connected it suffices to impose
the condition @, (1) = 0.) In the opposite case, when z is a fixed point of
the group action, equation carries no information about ®,.

Definition 4.2. The function ®, : G° — R in Theorem s called the
lifted Kempf-Ness function based at x. It is G-invariant and hence
descends to a function ®, : M — R denoted by the same symbol and called
the Kempf-Ness function.

Proof of Theorem [{.1. Define a vector field v, € Vect(G¢) and a 1-form o
on G¢ by
ve(g) = —giu(g'x),  ax(9)g = —(u(g " '2), Im(g71g)  (44)

for g € G¢ and g € T,G°. The vector field v, is horizontal since p(x) € g
and is right G-equivariant, i.e. v, (gu) = v,(g)u for g € G¢ and u € G. We
must prove the following.

Step 1. The map 1, intertwines the vector fields v, and Vf, i.e. for g € G€,

dwas(g)vx(g) = vf<¢ax(g)> (4'5)
Step 2. If &, : G — R satisfies d®, = «, then its gradient V&, is v,, i.e.
az(9)g = (v2(9): 9)g (4.6)

for g € G¢ and g € T;G®. The inner product on the right is the left-invariant
Riemannian metric on G€.

Step 3. There exists a unique function ®, : G¢ — R such that
d®,; = ay, ®,|lc=0. (4.7)
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We prove Step 1. If g € T;G¢ then
Az (9)g = —g g9 e = — L1, (97 '9)-
So taking § = v, (g) = —giu(g~'z) we get

dipe(9)ve(9) = L, (in(g ™ 2)) = JLy1,u(g~ ' 2) = V(g ).

Here the last equality follows from Lemma This proves (4.5)) and Step 1.
We prove Step 2. Let g € G and g € T;G°. Then

1

~

(v2(9),9)g = —(inlg " 2), 97 Ghge = —(ulg™'2),Im(g™'9))g = @2(9)7

Here the first and last equations follow from the definitions of v, and a
in . This proves and Step 2.

We prove Step 3. By definition « is basic, i.e. it vanishes on the tangent
vectors g = g€ (for £ € g) of the group orbit 7(g) = ¢gG and it is invariant
under the right action of G on G¢. Hence it descends to a 1-form on M.
Since M is connected and simply connected, it suffices to prove that «, is
closed, and for this it suffices to prove that the 1-form g*a, is closed for
every smooth map g : R? — G¢.

Let s and ¢ be the standard coordinates on R? and let g : R? — G¢ be a
smooth map. Define the maps z : R?> — X and (s, (; : R> — g° by

= g_lxv (s = 9_18397 G = g_l&gg.

They satisfy 0sz = —L$(s, Oyz = —L5(;, and 0y(s — 05¢¢ = [(s, (). Now de-
note & := Re((s), ns := Im((s), & = Re(¢t), m¢ := Im(¢;). Then

652 - _Lzés - JLz7757 atgs - asft = [gsvét] - [77377715]7
Oz =—L.& — JLzmy,  Oms — Osmy = (€55 me] + 115, &)
Thus the pullback of o, under g is the 1-form

(4.8)

g aw = —(u(2),ns) ds — (u(2), e} dt.
The 1-form g*a; is closed if and only if 0 (u(z),ns) = 0s((2), ). Indeed,

De(p(2),ms) — Os(p(2), 1)
= (u(2),0ms — Osmu) + (dp(2)0rz, ns) — (dp(2)0s2, )
= (u(2), [0s, &) — (dp(2) (L& + T Lane), ms)

+ (u(2), [€s,me]) + (dp(2) (L2E€s + T Lams),me) = 0.

Here the second step follows from (4.8) and the last step follows from ({2.6]).
Thus «, is closed, as claimed, and this proves Step 3 and Theorem O
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Theorem 4.3 (Properties of the Kempf-Ness Function).
(i) The Kempf-Ness function

P, : M —-R

1s Morse—Bott and is convex along geodesics.

(i) The critical set of @, is a (possibly empty) closed connected submanifold
of M. It is given by

Crit(®,) = {m(g9) € M |u(g~'z) =0}. (4.9)
(iii) If the critical manifold of ®, is nonempty, then it consists of the ab-

solute minima of ®, and every negative gradient flow line of ®, converges
exponentially to a critical point.

(iv) FEwven if the critical manifold of ®, is empty, every negative gradient
flow line v : R — M of ®, satisfies

tliglo O, (y(t)) = iJI\14f D, (4.10)
(The infimum may be minus infinity.)
(v) The covariant Hessian of ®, at a point w(g) € M is the quadratic form
TrgM — R: dm(g)g — |Lg_1x1m(971§)|2.
(vi) Let g : R — G€ be a smooth curve. Then
yi=mmog:R— M

is a negative gradient flow line of ®, if and only if g satisfies the differential
equation

Im(g~"9) = u(g~'x). (4.11)

(vii) The Kempf-Ness functions satisfy

©)1,(h71g) = @u(g) — u(h)

forx € X and g, h € G-.
(viii) Assume the critical manifold of ®, is nonempty. Let g; € G be a
sequence such that
sup @z (m(g:)) < oo.
(2

Then there exists a sequence h; in the identity component Gg o of Gg such
that h;g; has a convergent subsequence.
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Proof. 1t follows directly from the definition that

V@, (n(g)) = —dn(g)giu(g =) (4.12)

for every g € G°. Hence the negative gradient flow lines of ®,, lift to solutions
of equation and this proves part (vi). It also follows from that
the critical set of ®, is given by .

We compute the covariant Hessian of ®,. Choose a curve g : R — G°
and consider the composition v := wog : R — M. We compute the covariant
derivative of the vector field V&, along this curve, using the formula for the
Levi-Civita connection on M in Appendix [C] It is given by

ViV, (n(g)) = dr(g9)g¢, ¢ := %(—iu(gflw)) + [Re(g™'9), —ipu(g~'2)].

Thus ¢ = ((t) = in(t), where n(t) is given by

n ==y x) = [Re(g~'9), g™ 'o)]

1. d _

= —dp(g™'2) g w — [Re(g™'9), plg )]

= dp(g~'x)g™ gg’lfr —[Re(g™19), u(g~ ')

=du(g~ ' w) L5199 — [Re(g™'g), u(g ™" 2)]

= dulg~ m) ~1zRe(¢71g) + du(g™ w) T Ly1,Im(g ")

— [Re(g™'9), ulg "))

= Ly-1,"Ly-1,Im(g7"g).
Here the last equation follows from (2.6). Take the inner product of the
vector fields V,V®,(m(g)) and dr(g)g along the curve m(g) in M to obtain

. 1 .12
dzr(g)(bz(dw(g)g) = |Lg*1x1m(g 19)‘ .

This proves the formula for the Hessian of @, in part (v).
We prove that Crit(®,) is a submanifold of M with tangent spaces

Tre(g)Crit(®,) = {dm(g)gin|n € ker L,-1,}. (4.13)

To see this, choose an element g € G¢ such that

p(gtx) = 0.

By Hadamard’s theorem the map g — M : n+— 7w(gexp(in)) is a diffeomor-
phism. Moreover, for every n € g, the following are equivalent.
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(a) m(gexp(in)) € Crit(P,).
(b) p(exp(—in)g~'z) = 0.
(c) exp(—in)g~'z € G(g~').
(d) Ly-1,m=0.

The equivalence of (a) and (b) follows from the formula for the gra-
dient of the Kempf-Ness function. The equivalence of (b) and (c) follows
from Lemma The equivalence of (c¢) and (d) follows from the fact that
the isotropy subgroup G;,lx is the complexification of Gg-1, by Lemma
Thus we have proved that the set Crit(®,) is the image of the linear sub-
space ker L,-1, C g under the diffeomorphism g — M : n — 7(gexp(in)).
Hence Crit(®,) is a closed connected submanifold of M with the tangent
space at m(g). This proves part (ii) and, by part (v), that ®, is a
Morse-Bott function.

Part (v) also shows that the covariant Hessian of @, is everywhere non-
negative. Hence @, is convex along geodesics. Here is an alternative ar-
gument. Let gg € G° and £ € g and define g : R —- G and y : R — X
by

g(t) == goexp(—it€),  y(t) := g(t)" 'z = exp(it&)g, '=.
Then g~1¢g = —i¢ and § = JL,&. Moreover, the curve y :=mog: R — M is
a geodesic and
d

(@2 09) = —(ulg™'2), Tm(g™"9)) = (n(y), ). (4.14)
Hence, as in equation ,
2
o (@0m) = Lu(y).€) = (dnl)TLE€) = L >0, (415)

This shows again that the Kempf—Ness function is convex along geodesics.
Thus we have proved assertions (i), (ii), (v), (vi).

We prove parts (iii) and (iv). Let 79,71 : R = M be negative gradient
flow lines of ®,. Then there exist solutions gg, g1 : R — G¢ of the differential
equation gi_lgi = i,u(gi_lac) such that vy = mo gy and ;3 = mo g;. Define the
curves 7 : R — gand u : R — G by

g1(t) =: go(t) exp(in(t))u(t).

Then the curve £;(s) := m(go(t) exp(isn(t))) for 0 < s < 1 is the unique
geodesic connecting 7o(t) to v1(t). Hence

p(t) = du(0(t), (1) = [n(t)].
This function is nonincreasing by Lemma
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To prove part (iii) assume that p(go(0)~!z) = 0. Then 7 is constant and
it follows that ~1([0,00)) is contained in a compact subset of M. Since ®,
is a Morse—Bott function, this implies that «; converges exponentially to a
critical point of ®,. This proves part (iii).

To prove part (iv) we argue by contradiction and assume that

a:= tllglo @, (Y0(t)) > 1]r\1/[f D,.

Then a > —oco and we can choose 1 such that
0, (711(0)) < a. (4.16)

Since the function p = || : R — R is nonincreasing, there exists a constant
C > 0 such that |n(t)| < C for all ¢ > 0. This implies

G| BB = 2 0(0)(0)
~(p(go(t)~ ), (1))
> —|u(go(t) ") In(t)|
> —Clu(go(t)'z)|-
Since the function ®, o §; : [0,1] — R is convex it follows that
Dy (71(t)) = P2(Be(1))
> ©,(5(0)) — Clu(go(t) ')
— 2, (30(1)) — Clulgo(t) " 2).

Since @, o 7y is bounded below and

@, 070)(1) = ~lploo(t) el

there exists a sequence t; — oo such that lim; oo |p(go(t;) " 12)|> = 0. It
follows that
zliglo ®y(m(ti) = Zliglo P, (y(t:)) = a.
This contradicts the assumption . Thus we have proved part (iv).
We prove part (vii). The 1-forms «, and «aj,-1, on G in satisfy

ax(9)g = —(ulg™'2),Im(g™'9)) = ap-1,(h"'g)h™'g
for all g € G¢ and g € T,G. Thus the pullback of the 1-form -1, € Q1(G®)
under the diffeomorphism G¢ — G¢: g — h™lg agrees with «,. Hence the
pullback of the function ®,-1, : G° — R under the same diffeomorphism dif-
fers from @, by a constant on each connected component of G¢. Hence asser-
tion (vii) follows from the normalization condition ®-1,(u) = ®;-1,(1) = 0.
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We prove part (viii) in five steps.
Step 1. For all g € G the set N, := {m(hg) |h € Gg o} C M is closed.

Choose a sequence h; € Gg, and an element g € G such that the se-
quence 7(h;g) converges to m(g) in M. Then there exists a sequence u; € G
such that h;gu; converges to g in G°. Pass to a subsequence so that the
limit u := lim;_, o u; exists in G. Then h; converges to

h:=gutlgte G20
and hence 7(g) = m(hg) € N4. This proves Step 1.

Step 2. If p(x) = 0 then @, is constant on Ny for all g € G°.
It follows from (4.2)) that

L0, (hexp(t€)) = ~(u(x), In(C)) = 0

for h € Gf ; and ¢ € ker L. Hence ®,(h) = 0 for all h € G ; and hence,
by part (vii),

O (h™'g) = ®p-1,(h " g) = Du(g) — Pu(h) = Du(g)

for all g € G“ and all h € G ;. This proves Step 2.

Step 3. If u(x) = 0 then there is a constant 6 > 0 such that, for every
neg,

nLkerL,, |n>1 = . (exp(in)) > d|n|. (4.17)

If n € g satisfies L,n # 0, then ®,(exp(in)) > 0. This follows from the fact
that the function ¢, (t) := ®,(exp(itn)) is convex and satisfies

09(0) =0, &(0) =0,  6y(0) = |Len|* > 0.
Now define
§ :=min{®,(exp(in))|n € g, n L ker L, |n| = 1}.

Then 6 > 0 and ¢,(1) > § for every element 1 € (ker L;)* of norm one.
Hence the inequality (4.17) follows from the convexity of the functions ¢,,.
This proves Step 3.
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Step 4. If p(z) = 0 then part (viii) holds.

Choose a sequence g; € G such that ¢ := sup; ®,(g;) < co. Since Ny, is a
closed subset of M by Step 1, there exists a sequence h; € G such that

r; = dM(Tl'(higZ‘),ﬂ'(]l)) = henéi dM(W(hgi>,7T(]l)). (4.18)

x,0
Choose 7; € g and u; € G such that
higi = exp(in;)u;.
If § € ker L, then exp(—i§) € Gj 5, and hence 7(exp(—i§) exp(in;)) € Ny,.
Thus it follows from (4.18)) that, for £ € ker L,
ri = dy(m(exp(in;)), 7(1))
< du(m(exp(—ig) exp(in;)), 7(1))
= dy(m(exp(in)), m(exp(if)))-
In other words, for every & € ker L, the geodesic
Ye(t) := m(exp(it))
in M has minimal distance to the point mw(exp(in;)) = 7(h;g;) at t = 0, and
this implies (n;,&) = 0. Thus n; L ker L, and, if |n;| > 1, it follows from
Step 2 and Step 3 that
¢ > Du(gi) = Po(higi) = Po(exp(ing)) = 0|l

Hence the sequence 7; is bounded, and so the sequence h;g; = exp(in;)u; has
a convergent subsequence. This proves Step 4.

Step 5. We prove part (viii).

Let x € X such that the critical manifold of ®, is nonempty. Then there is
a g € G¢ such that u(g~'x) = 0. Choose a sequence g; € G¢ such that the
sequence ®,(g;) is bounded. Then by part (vii) so is the sequence

Dy12(97"9i) = Pul9i) — ®a(9)-
Hence, by Step 4, there exists a sequence
hi c fol z,0
such that h;g~'g; has a convergent subsequence. Thus
%i = ghig_l S G;,O

for all 7 and the sequence %igi = ghig~'g; has a convergent subsequence.
This proves Step 5 and Theorem O
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Chapter 5

- Weights

The purpose of the present chapter is to introduce Mumford’s numerical
invariants w,(x,() associated to an element z € X and a toral genera-
tor ¢ € .7°¢. The main result is Mumford’s Theorem which establishes
the invariance of the u-weights under the diagonal action of the complex-
ified Lie group G° on X x 7¢ and under Mumford’s equivalence relation
on .7¢. Toral generators and Mumford’s equivalence relation are explained
in Appendix [D]
Introduce the notations

T¢:={g¢g7" g € G, ¢ € g\ {0}}

and

A={gcg\ {0} exp(§) =1}, A%:={Ce g\ {0}]exp(¢) =1}.

Definition 5.1. The u-weight of a pair (x,() € X x .7 is the real number
wa(2,€) = Jim (u(exp(itC)a). Re(0)) (5.1)

For ¢ = ¢ € g\ {0} the existence of the limit follows from the fact that
the function t — (u(exp(ité)x),&) is nondecreasing by (2.7). For general
elements ¢ € T€ the existence of the limit follows from Lemma[5.4] below.

For { € A° the geometric significance of the p-weight in terms of a lift of
the G action to a line bundle over X, under a suitable rationality hypothesis,
is explained in Theorem[9.7|below. For & € g\{0} the next lemma shows that
the p-weight wy, (x, §) is the asymptotic slope of the Kempf-Ness function ®,
along the geodesic ray t — [exp(—it{)] as ¢ tends to co.

29
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Lemma 5.2. Fiz a point x € X and an element £ € g\ {0}. Then the
function t — t~1®, (exp(—it€)) is nondecreasing and

w,(w,€) = lim Do (exp(—itE))

t—o00 t

(5.2)
Proof. By equation (4.14)) we have

D, (exp(—itf)) = /0 (u(exp(isé)x),&) ds for all t > 0.

Hence it follows from the definition of the weight in (5.1]) that

wy(@,§) = lim ! (p(exp(is€)z), &) ds = lim M_

t—oo t fy t—00 t
That the function [0,00) — R : t +— t~1®,(exp(—itf)) is nondecreasing

follows from the fact that the function t — ®,(exp(—itf)) is convex and
vanishes at ¢ = 0. This proves Lemma [5.2 O

Theorem 5.3 (Mumford). (i) The function w, : X x 7¢ = R is G-
invariant, i.e. for allx € X, ( € 7€, and g € G°

wp(gr, 9Cg") = wu(x, C).

(ii) For every x € X the function ¢ — R : ( — wy(x,() is constant on
the equivalence classes in Theorem i.e. for all ¢ € ¢ and p € P(()

w,u(xapgp_l) = w#(x, C)
Proof. See page O

The proof of Theorem [5.3]is based on Lemma [5.4] and Lemma [5.8 below.
The next lemma establishes the existence of the limit in (5.1)).

Lemma 5.4. Let z9 € X and ( € T¢. Then the limits

4+ L . .
xt = tllinoo exp(it()xo (5.3)

exist, the convergence is exponential in t, and LS.¢ = 0.



31

Proof. Assume first that ( = £ € g\ {0} and define the curve z : R — X
by x(t) := exp(it§)xg. Then & = JL,& = VH¢(x) and so z is a gradient
flow line of the Hamiltonian function He = (u,§). Since Hg is a Morse—
Bott function the limits zF = limy_, 400 exp(it§)zo exist, the convergence is
exponential in ¢, and the limit points satisfy L, +£& = 0. This proves the
lemma for ( =& € g\ {0}.

Now let ( € 7¢. By Lemma there is a g € G such that gCg~! € g.
By what we have just proved the limits % := lim;_, 4o, exp(itgg™")gzo ex-
ist, the convergence is exponential in ¢, and L%, (g¢ g~ ') =0. Hence the
curve exp(it¢)zg = g~ exp(itgg~")gxro converges to 2 := g7'TF as t tends
to 00 and L, = g ' LS. (9¢g ") = 0. This proves Lemma O

Remark 5.5. Let g € X and € € g\ {0}. Define z(¢t) := exp(it)zo as in

the proof of Lemma and let 2% := limy_,+o exp(it€)zo. Then, as in (2.7)),

we have %(,u(x),{) = |L,&|? = |#|%. Integrate this equation to obtain the

energy identity

Bw)i= [Pt = (u(a*).€) — (a7 €) = w(20,8) + o, —€).

—o0
In particular, wy(zo,§) + wu(zo, —§) > 0.

Remark 5.6. Here is another proof of Lemma [5.4] for ¢ € A°. Let xp € X
and define the map z: S:=R/Z x R — X by

z(s,t) :=exp((s + it){)xo

We prove that z is a finite energy holomorphic curve and
) = [10:2F = w0, €) + il ~C). (5.4)
To see this, let € := Re(¢) and 7 := Im(¢). Then
8y = L6+ JL.y, Oz = JL.E — L., (5.5)
s0 05z + JOyz = 0 and z is holomorphic. It follows also from (5.5) that

<:U’<Z)7 > < ( (JLZ§ LG) > = ’Lz§|2 - <M(Z), [6777]>7
Os(pu(z),m) = (du(2)(L-£ + JL.n), n) = |Ln|* — (u(2), [€ n])-
) =
(

Since (u(z),[&,n]) = w(L:€, Lyn) = —(L.£, JL,n), this implies

O (p(2), ) + 0s(u(2),m) = |L2& + J Lo = |0sz].
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Integrate this identity over 0 < s <1 to obtain

d [t 1 1

i ), (u(z2),&)ds = /0 |L.&+ JL.n|*ds = /0 052|% ds.
Integrate this identity over —oo < t < oo to obtain
1

E(z) = /S|3sz|2 = lim [ (u(2),&)ds— lim (u(2),€) ds. (5.6)

1
t—o00 0 t——o0 0

The limits on the right exist because the function ¢ — fol (u(z(s,t)),&) ds
is nondecreasing and bounded. Hence z has finite energy. Hence it follows
from the removable singularity theorem for holomorphic curves in [61], Theo-
rem 4.1.2] that the limits 2% := lim;_,+o, exp((s 4 it)¢)zo exist and the con-
vergence is uniform in s and exponential in ¢. Since the limit is independent
of s it follows again that exp(s¢)z® = z* for all s € R and so L. =0.

Moreover, lim; oo f01<u(z),§> ds = (u(z%),€) = fwy(zo, £¢) and hence
equation ([5.4)) follows from ([5.6)).

Lemma 5.7. (i) For all( =& +in € g° and all g € G°
Re(g¢g™1)1? — [Tm(gCg™")1> = I€° — Inf?,
(Re(g¢g™ "), Im(g¢g™ 1)) = (& m)-
(ii) If (=& +in € T¢ then [€] > |n| and ({,n) = 0.

Proof. For g = u € G equation (5.7)) follows from the invariance of the inner
product on g. Hence it suffices to assume g = exp(in) for some element 77 € g.
Let (o € g° and define the curves g : R — G and ¢ : R — g¢ by

g(t) = exp(itn),  ((t) = g(t)Gog(t) ™.

Then gg~' = i) and C = [in, ¢]. Define £(t) := Re(((t)) and n(t) := Im({(t))
so that

(5.7)

é:_[ﬁan]ﬂ 77:[7775]
Then

d &

: 2
DL _tee)= .0 = (.elm = Gy = 41

and

L6 = Em + (&) = (b + (€ 7,€) =0.

Hence the functions ¢ + [£(¢)|? — |n(t)|? and t +— (£(t),n(t)) are constant.
This proves part (i).
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Now let ( = £+1in € 7¢. By Lemma there exists an element g € G¢
such that gg~' € g\ {0}. Hence Im(g¢g~!) = 0 and it follows from part (i)
that |¢)> — |n]? = |gCg™!|* > 0 and (£,n) = 0. This proves part (i) and
Lemma O

Lemma 5.8. (i) If x € X and ¢ € g° satisfy LSC = 0 then, for all g € G©,

((gw), Re(gCg™")) = (u(x), Re(Q)),

{u(gx), Im(g¢g™")) = (u(x), Im(())-
(ii) If x € X and ¢ € T¢ satisfy LS C— 0 then (u(x),Im(¢)) = 0.
Proof. For ¢ = u € G equation ) follows from the invariance of the

inner product on g and the G—equivariance of the moment map. Hence it
suffices to assume that g = exp(in) for sme 7 € g. Fix two elements xy € X
and (p € g° such that L7 (o = 0, define the curves g : R — G z: R — X,
and ¢ : R — g° by
g(t) =exp(itn),  @(t):=g(t)xo,  ((t) = g(t)Gog(t)™",
and denote £(t) := Re(((t)) and n(t) := Im(¢(¢)). Then L& + JLyn = 0
and, as in the proof of Lemma
E=—[n, =[m¢,  @=JLn

Hence, by equations and ,
(u(2),) = {du(a)i, ) + (n(a), )
= w(Lo, &) + (u(z), €)
= —w(JLen, &) + (u(z), )
= —w(J Ly, JL:7) — (u(x), [7, 1))

= w(Lxﬁ, an) - <M(£C), [ﬁv 77])
=0

(5.8)

and

(dp(2)2,n) + (u(x), )

= w(Lan, &) + (u(z), )

= w(J L&, &) + (u(x), 1)

:w(JLac§ JL;E”) (I‘),[ﬁ,fD
(L€, Lat) — (u(2), €, 7]

|
=
=
S5

!

—~

= w

|
o
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Hence the functions t — (u(x(t)),&(t)) and t — (u(z(t)),n(t)) are constant.
This proves (i). To prove (ii), let x € X and ( € 7€ such that L{¢ = 0.
Then it follows from Lemma that there exists an element g € G¢ such

that gCg~" € g. By (i) this implies (u(z),Im(¢)) = (u(gz), Im(g¢g~")) = 0.
This proves Lemma 5.8 O

Proof of Theorem[5.3 Let z € X, ( € 7¢, and g € G°. By Lemma/5.4] the
limit
T = lim exp(it¢)x
t—o0
exists and satisfies
I8¢ =0.
Moreover,
gz = lim exp(itgg~1)gz.
t—ro0
Hence, by Definition [5.1] and Lemma [5.8]

wu(2, Q) = (u(z*),Re()) = (u(gx™), Re(9¢g™")) = wulgr, gCg™").
This proves part (i) of Theorem
Now assume, in addition, that g € P({). Then the limit
g" = lim exp(it¢)g exp(—it¢)

exists in G€. It satisfies exp(is¢)g™ exp(—is¢) = g™ for s € R. Differentiate
this equation to obtain (g™ — g*¢ = 0 and hence

(=g"¢g")".

Moreover,

+ + _ . . _- . . .

gz = lim exp(it()g exp(—it() - lim exp(it()x
= tliglo exp(it¢)gz.

Hence it follows from Definition and part (i) of Theorem (already
proved) that

wu(z,97'Cg) = wulgz, ()
= (u(g™z™),Re(())
= (ulg*z™),Re(g™¢(g") ™)
= (u(z™),Re(Q))
= w#($7C)'

Here the fourth equality follows from Lemmal5.8/and the fact that L¢, { = 0.
Since P(() is a group (take p = g~ 1) this proves part (ii) of Theorem O



Chapter 6

The moment-weight
inequality

This chapter is devoted to the proof of the moment-weight inequality which
relates the Mumford numerical invariants w,(z,) to the norm of the mo-
ment map on the complexified group orbit of x. We begin by proving the
moment-weight inequality in a special case and hope that the proof might
be of some interest in its own right. The general moment-weight inequality
is proved in Theorem [6.7] below.

Theorem 6.1 (Restricted Moment-Weight Inequality). Let z € X
and fix a toral generator ( =& +in € T¢ such that

L,¢+ JL,n=0. (6.1)
Then (u(x),n) =0, [£] > |n|, and

T 2
M < |M(g$)’2 for all g € G°. (6.2)

€2 = Inf?

Proof. The equation (u(x),n) =0 was proved in Lemma and the in-
equality |¢| > |n| was proved in Lemma This shows that the quotient
on the left in is well defined. The estimate holds obviously
when p(xz) =0. So assume p(z) # 0. Under this assumption we prove the

inequality (6.2]) in three steps.
Step 1. The inequality (6.2]) holds when Ly = Lyn =10 and g = 1.

By assumption and equation ([2.6)),
(@), €] = —du(x) Lo =0,  [p(x),n] = —dp(z)Lzn = 0.

35
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Thus ¢ = £ + in commutes with p(z). Hence ( — Au(z) € 7€ for all A € R
(such that ¢ # Au(x)). By part (ii) of Lemma this implies

€ = (@) = [nf?
for all A € R. The term on the left is minimized at A = |u(z)|2(u(x),£).
Hence [£]? — |p(x)|72(u(z), €)% > |n|? and this is equivalent to (6.2)).
Step 2. The inequality (6.2)) holds when LS¢ =0 and g = 1.

Choose zp € X and (o = & + ing € 7€ such that Ly,§o + JLzmo = 0.
Let = : R — X be the solution of (3.2]) and let g : R — G¢ be the solution

of (3.3)) so that g(t)~1g(t) = ip(x(t)) and x(t) = g(t) txo for every t € R.
Define the curve ( : R — 7€ by

C(t) = &(t) +in(t) == g(t) " Cog(t).
Then

Lo+ JLen =0,  {(=[Cin@)],  &=—np@),  0=[nu@)
By equation , this implies

0 = dp(x)(Lal + J Lon) = —[p(x), €] + Lo Lo,
0 = dp(x)(=Lon + JLy€) = (), 1) + Ly L.

Thus [u(x),&] = Ly*Lyn and [p(z),n] = — L, L&, and hence Thus

KL - L
2
jt’nz, = (n,n) = ([ p(x)],n) = & [u(x),n]) = _‘Lx£|2-

This shows that the integral [;*(|Ls&|* + |Len|?) dt is finite. Hence there
exists a sequence t; — oo such that L, §(t;) and Ly, n(t;) converge to
zero. Passing to a subsequence, if necessary, we may assume that the limits

oo i= lm £(t), Moo := lim n(ts),  Too := lim z(t;)
1—00 1—00 71— 00

exist. These limits satisfy L, £sx = Lz Moo = 0. Since each set of toral
generators with given eigenvalues and multiplicities is a closed subset of g¢,
we also have &+ € 7¢. Hence it follows from Lemmal5.7, Lemma 5.8
and Step 1 that

((x0), £0)* _ (11(o0), €c0)?

= < (o) P < [uzo) -
|§0‘2 - |770|2 |§oo|2 - |7700‘2 =

This proves Step 2.
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Step 3. The inequality (6.2)) holds when LS = 0.

Let x € X, ( =¢+1in € ¢ and g € G be as in the hypotheses of the
theorem. Then, by Lemma Lemma and Step 2,

(u(2),6)* _ (u(gx),Re(g¢g")?
€17 = > [Re(g¢g~")[* — [Im(gCg

This proves Step 3 and Theorem O

e < u(gz)]>.

Corollary 6.2 (Kirwan—Ness Inequality). Let x € X be a critical point
of the moment map squared. Then

()| < |p(gz)] (6.3)
for all g € G°.

Proof. Assume pu(x) # 0. Then £ := p(z) € ¢ and Ly = 0. Hence it
follows from Theorem [6.1] that
(u(z), &)

2 _

for all g € G¢. This proves Corollary O

< |u(gz)?

The inequality (6.3)) is implicitly contained in the work of Kirwan [53].
For linear actions on projective space it is proved in Ness [66, Theorem 6.2].
The Kirwan—Ness inequality implies that the Hessian of

2
f=3lul
is nonnegative on the subspace
imJL, C T, X

for every critical point of f. This is equivalent to Lijing Wang’s inequality
in Lemma [3.6

Theorem 6.3 (First Ness Uniqueness Theorem). Let zg,z1 € X be
critical points of the moment map squared. Then

xr1 € Gc(l'o) - xr1 € G(%O)

For linear actions on projective space this is Theorem 7.1 in Ness [66].
Her proof carries over to the general case and is reproduced below as proof 1.
Proof 2 is due to Calabi—Chen [9, Corollary 4.1] who used this argument to
establish a uniqueness result for extremal Kéhler metrics. The first proof
uses the Kirwan—Ness inequality in Corollary the second proof does not.
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Proof 1. The proof has three steps. By Lemma we may assume that
wu(zp) and p(zq) are nonzero.

Step 1. We may assume without loss of generality that there exists an
element g € G° such that

T1 = qZTo, gi(zo)g ™" = pu(xo).
Choose an element g € G¢ such that
r1 = gxo.
By Theorem there exists an element p € P(—pu(xg)) such that
w:=pg teG

and hence g = v~ 'p. Assume without loss of generality that v = 1. (Replace
x1 by ux; if necessary.) Thus x1 = pzy and the limit

q = lim exp(—itp(zo))pexp(itu(zo))
t—o00
exists in G¢ and commutes with p(xp). Define the curve x : R — X by
z(t) := exp(—itu(zo))z1
Since L, p(zo) = 0, we have

lim z(t) = tliglo exp(—itu(xo))pexp(itu(xo))xo = qro

and hence
wplar, —p(e) = Jim (u(x(r)), —p(xo))
= —(u(gzo), p(x0))
= —(u(gwo), Re(gp(zo)g ™))
= —|p(@o).

The last equation uses Lemma [5.8 Since ¢ — (u(z(t)), —p(zo)) is nonde-
creasing and x(0) = x1, this implies —(u(z1), u(z0)) < —|p(xo)|* and thus

(u(xo), p(x1)) > |p(xo)* = |u(a1)]>.

(Here the last equation follows from Corollary [6.2]) Hence p(z) = p(z1).
Since Ly, pu(z1) = 0 it follows that the curve x(¢) is constant and hence

z1 =x(0) = tlggo x(t) = qzo.

This proves Step 1.



39

Step 2. We may assume without loss of generality that there exists an
element n € g such that z1 = exp(in)xo and [n, u(zo)] = 0.

Let ¢ € G be as in Step 1 and choose elements u € G and 7 € g such that
= exp(in)u.
Since qu(xo)g~' = p(xo) it follows from part (ii) of Lemma [2.3] that

up(wo)u™" = p(wo), [0, p(o)] = 0.

Replacing 21 by v~ '2; and n by u~'nu, if necessary, we may assume without

loss of generality that u = 1. This proves Step 2.

Step 3. We prove Theorem[6.3

Let n € g be as in Step 2. Define the curve z : R — X by
x(t) := exp(itn)xo.

Then @ = JL,n and, as in equation ,

d .
— (@), m) = {du(@)d,m) = [Lon|* > 0. (6.4)
Define the vector field Z(t) € T, ;)X along x by

/x\<t) = Up(xo) (l'(t)) = Lx(t)u($0)

Since [n, p(zo)] = 0 by Step 2, the Lie bracket [v;, v,,(5,)] vanishes, and hence
it follows from ([2.4)) that

ViZ = Vi (z) (7) = Jan(x)v#(xo)(:c) = JV5uy(x), z(0) = 0.
Hence L,u(zo) = 0 for all ¢ and hence

%W(w),u(:vo» = (du(x)J Lyn, pi(20)) = (Lan, Lop(xo)) = 0.

Since x(0) = g and z(1) = = this implies
(1), plxo)) = [p(xo)* = [pul1)[*. (6.5)
Here the last equation follows from Corollary It follows from (6.5]) that

p(w1) = p(wo)
and hence (u(z1),n) = (u(xo),n). By (6.4) this implies
Lypyn=0
for all ¢, hence L,,n = 0, and hence x1 = zg. This proves Theorem O
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Proof 2. Choose gy € G° such that
x1 = gy o (6.6)
Since xg and x1 are critical points of the moment map squared, they satisfy
Lyop(z0) =0, Ly p(z1) = 0. (6.7)
Define the curves g,g : R — G by
g(t) = exp(itu(zo)),  g(t) == goexp(itp(z1)).

Thus the curves vy ;== mog: R —- M and 5 := mog : R = M are both
geodesics. Moreover, g(t) 'zg = z¢ and g(t)"'zg = z; for all ¢ by
and . Thus g and g satisfy the differential equation g=¢ = iu(g~'zo).
Hence it follows from Theorem that v and 7 are negative gradient flow
lines of the Kempf-Ness function ®,,. Now define n(t) € g and u(t) € G

by g(t) exp(in(t))u(t) := 3(¢). Then
w1 = g(t) " g(t)zo = u(t) ™" exp(~in(t))zo (6.8)
and, by Theorem
p(t) = du (7(1),7(2)) = [n(t)

for all ¢. By Lemma this function is nonincreasing. If p = 0 then
x1 € G(z) by assumption. Hence assume p # 0 and, for each ¢, denote by
v(-,t) : [0,1] — M the unique geodesic from (0,t) = v(¢) to y(1,t) = 7(t).
Then

v(s,t) = m(g(t) exp(isn(t))) for 0 <s<1.

Hence equation (A.2) in Lemma asserts that

) 1 L g2 .
p(t)=—w ; @@xo(g(t)exp(lsn(t))ds

1 1
= _p(w/o |Lexp(7isn(t))xon(t)|2ds'

Choose a sequence t; — oo such that the limits

lim p(t;) =0, lim 7n(t;) =: Moo, lim wu(t;) =: uso

1—>00 1—>00 1—00
exist. Then L, 1. = 0 by . Hence it follows from that

x1 = lim u(ti)f1 exp(—in(t;))zo = u;} exp(—ineo)zo = ugolxo.
1— 00

Thus 1 € G(zg) and this completes the second proof of Theorem O
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Theorem 6.4 (Moment Limit Theorem). Letxg € X andletz: R — X
be the solution of (3.2). Define xo, := limy_yo0 (t). Then

)| = inf .
|1(2oo) glenGJu(gxo)l

Moreover, the G-orbit of x depends only on the G¢-orbit of .

Proof. The limit z, exists by Theorem [3.3] Moreover, by Lemma [3.2] the
solution z : R — X of equation (3.2)) is given by

x(t) = g(t) " ao,

where g : R — G¢ is the solution of (3.3). Fix an element gyp € G¢ and
let z: R — X and g : R — G€ be the solutions of the differential equations

T=—JLzu(®),  #(0) = gy w0,

and ‘
g 'g=1iu@),  3(0) = go.
Define n: R — g and v : R — G by

g(t) =: g(t) exp(in(t))u(t).
Then, by Lemma 3.2

Z(t) = g(t) " wo = u(t) " exp(~in(t))z(t)

for all ¢ € R. Denote by dy; : M x M — [0,00) the distance function
of the Riemannian metric on the homogeneous space M. By Theorem
the curves v:=mog and 7 := moyg are gradient flow lines of the Kempf-
Ness function ®,, : M — R. Theorem also asserts that ®,, is convex
along geodesics. Since M is simply connected with nonpositive sectional
curvature, the function R — R : ¢ — dps(y(t),7(t)) = |n(t)| is nonincreasing
(see Lemma . Hence there exists a sequence ¢, — oo such that the
limits
Moo 1= lim n(t,), Uso := lim u(ty)
V—r 00 V—r 00
exist. Hence
Too := lim Z(t) = lim u(t) ' exp(—in(t))z(t) = uy! exp(—inso)Too-
t—o00 t—o00

This shows that z., and T, are critical points of the moment map squared
belonging to the same G®orbit. Hence they belong to the same G-orbit
by Theorem and hence |u(2oo)| = [1(Too)| < |12(gg '20)|. This proves
Theorem [6.4] O
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Theorem 6.5 (Second Ness Uniqueness Theorem). Let g € X and
= inf :
m = inf |(geo)

Then
7,y € G(xo), |p(@)| = ply)l=m = y € G().
For linear actions on projective space (and for z,y € G°(x¢)) this is
Theorem 6.2 (ii) in Ness [66]. For m = 0 it is Theorem 4.1 in Chen—Sun [23].
Theorem [6.5( shows that every element x € G¢(zp) with

()] = m

is a critical point of the moment map squared and is the limit point of a
negative gradient flow line of the moment map squared in G¢(xp). In our
proof of Theorem we follow the argument of Chen—Sun.

Proof. Let zp € X, let  : R — X be the unique solution of (3.2]), and define
Too 1= tli)rgo x(t).

Then

too €G(x0),  |ules)| = m

by Theorem Now let € G¢(x¢) such that |u(x)| = m. We must prove
that € G(zs). To see this, choose a sequence g; € G such that

r = lim gi_lxo
71— 00
and define y; : R — X and x; € X by
gi=—JLyp(y),  vi0) =g; 'wo,  wio= lim (t).

Then it follows from the estimate (3.4) in Theorem that there exists a
constant ¢ > 0 such that, for ¢ sufficiently large,

o0
_ , B .
d(mhgz 1[17(]) < A ‘yz(t” dt <c (’/’L(gl 1‘%.0)‘2 o m2) a .
Since
m = |p(z)| = lim |u(g; zo)],
71— 00
this implies z = lim;_,+, ;. Moreover, we have
z; € G(Too)

for all ¢ by Theorem 6.4 Hence = € G(z) because the group orbit G(z)
is compact. This proves Theorem O
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In general, the moment map squared is far from a Morse—Bott function
and may have very complicated critical points. However, it follows from the
Kirwan—Ness Inequality, the Moment Limit Theorem, and the Ness Unique-
ness Theorem that the stable manifolds of this gradient flow exhibit a struc-
ture that resembles a stratification by stable manifolds of a Morse—Bott
function. More precisely, let € X be a critical point of the moment map
squared and define the stable manifold of the critical set G(z) by

the unique solution y : R — Xof
W3(G(z)) :==q v € X| y=—JLyu(y), y(0) = yo satisfies p. (6.10)
limy_,o0 y(t) = ux for some u € G

By Theorem (3.3) X is the union of these stable manifolds, and each stable
manifold is a union of G®orbits by Theorems [6.4] and

Corollary 6.6. For z € Crit(f), let W*(G(z)) C X be the stable manifold
in (6.10). Then the following holds.

(1) X = Ua:GCrit(f) WS(G(‘T))

(ii) Let z € Crit(f) and yo € X. Then yo € W*(G(x)) if and only if

zeGy),  |u=) = giencf}'clﬂ(gyo)l (6.11)

(iii) Let x € Crit(f). Then W*(G(z)) is a union of G¢-orbits.

Proof. Part (i) follows directly from the Convergence Theorem To prove
part (ii), let yo € X, let y : R — X be the unique solution of the initial

value problem ¢ = —J L, u(y) with y(0) = yo, and define yo := lim;_o y(%)
(Theorem [3.3). Then, by Lemma and Theorem we have

Yoo € G(y0), [11(yoo)| = inf [1(gyo)|. (6.12)
geGe

Moreover, it follows from the definition of W*(G(x)) that yo € W*(G(x)) if
and only if Yoo € G(z). Thus yo € W*(G(z)) implies (6.11)). Conversely, if yq
satisfies then it follows from and the Second Ness Uniqueness
Theorem that yoo € G(z) and hence yo € W*(G(x)). This proves (ii).
It follows from (ii) and the Moment Limit Theorem [6.4] that W*(G(x)) is a
(possibly infinite) union of G¢ orbits. This proves (iii) and Corollary[6.6 [

The stratification in Corollary [6.6| was used by Kirwan [53] to prove that
the canonical ring homomorphism (the Kirwan homomorphism)

K HL(X) — H*(X)G)

from the equivariant cohomology of X to the cohomology of the Marsden—
Weinstein quotient X /G with rational coefficients is surjective.
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Theorem 6.7 (General Moment-Weight Inequality). For every ele-
ment z € X, every £ € g\ {0}, and every g € G€,

—wu(x,f)
i

We give two proofs of Theorem The first proof is due to Mum-
ford [63] and Ness [66, Lemma 3.1] and is based on Theorem[D.4] The second
proof is due to Chen [I5] [16]. His methods were developed in the infinite-
dimensional setting of K-stability for Kahler—Einstein metrics (Tian [75],
Donaldson [32] [33, 34]). Chen’s infinite-dimensional argument carries over
to the finite-dimensional setting.

< |p(gz)l. (6.13)

Proof 1. We first prove (6.13]) for ¢ = 1. Choose 29 € X and £ € g\ {0}.
Define z : R — X by z(t) := exp(it)zo as in Lemma Then the func-
tion t — (u(x(t)), ) is nondecreasing. Hence

(1(0), &) = (u(x(0)), &) < lim (u(z(t)), &) = wp(xo,§).

T t—oo

Hence, by the Cauchy—Schwarz inequality,

—wu(0,€) < —(p(0), &) < |p(wo)|[¢]

and this implies (6.13) with g = 1.
Now let z € X, { € g\ {0}, and g € G°. Then
C:=gtgtege

Hence it follows from Theorem that there exists an element p € P(()
such that p{p~! € g\ {0}. Thus it follows from part (ii) of Theorem
that wu(gx,pg‘p_l) = wy(gz, ¢). Now apply the first step of the proof to the

pair (gz,p¢p~") € X x (g\ {0}). Then

_wll(gx)pgp_l)

[u(gz)| > pCp-1]
_ —w,(gz, C)
VIRe(Q)]? = [Im(¢)[?
_ —w#($,f)
[

Here the last step follows from part (i) of Theorem Lemma and the
fact that ¢ = gég~'. This completes the first proof of Theorem 6.7 O
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Proof 2. Let x € X, £ € g\ {0}, and g € G°. For ¢t > 0 choose 7(t) € g and
u(t) € G such that

exp(in(t))u(t) = exp(it¢)g . (6.14)
We prove that ®
m A0 _ €
A% Tl = i (0:19)

To see this, note that

exp(—in(t)) exp(it&)g " € G.

Hence it follows from Lemma that there exists a constant ¢ > 0 such
that [t& —n(t)] < c for all t > 0. Hence

€ | e ) 1
€ In(t)|’ ST *'”“)"ﬂa In(t)|’
_ el __ lltgl ~ o)
i il
2¢c
< —.
< 9e]

This proves (/6.15)). Now abbreviate u := u(t) and n := n(t). Then, by (6.14]),
exp(iv " nu)g = vt exp(ite).

Moreover, by (2.7)), the function s — (u(exp(isu™'nu)gz), v~ 'nu) is nonde-
creasing. Hence

—|p(gz)| < [nl~Hp(gz), v nu)

< |~ u(exp(iu~ nu) ga), u™nu)
= [l (u(u™" exp(ité)x), u™ nu)
= |~ (u(exp(ité)x), n)
(n(

= |¢]7 Nulexp(ité)z), &) + (u(exp(itd)z), [n| ' — |€]71€).
Take the limit ¢ — oo and use to obtain

e < Tim ExPt)). &) wy(,€)
(g2 < lim & q

This completes the second proof of Theorem O
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Here is the geometric picture behind Chen’s proof in [I5] of the moment-
weight inequality (proof 2 above). The homogeneous space M = G¢/G is a
complete, connected, simply connected Riemannian manifold with nonposi-
tive sectional curvature (Appendix . The curve

v(t) == m(exp(—itf))

is a geodesic through the point pg := 7(1). The formula (6.14) asserts that,
for each t, the curve

Be(s) == m(g™" exp(~isu(t) " n(t)u(t)))

is the unique geodesic connecting p; := m(g~%) = 3¢(0) to v(t) = Bi(1) (see
Figure . Equation asserts that the angle between the geodesics (¢
and v at the point v(t) where they meet tends to zero as t tends to infinity.
(This is closely related to the sphere at infinity discussed in Donaldson’s
paper [36].) Now the main point of Chen’s proof is a comparison between
the slope of the Kempf-Ness function &, : M — R along the geodesics vy
and f; at the point ().

(e

¥(0) = n(1)

Figure 6.1: Chen’s proof of the moment-weight inequality.



Chapter 7

Stability in symplectic
geometry

This chapter introduces the p-stability conditions for elements of X and
characterizes them in terms of the properties of the Kempf-Ness function ®,.
This is the content of the generalized Kempf-Ness Theorem [7.3]
Definition 7.1. An element x € X s called

p-unstable iff G¢(x) N p~1(0) = 0,

p-semistable iff Ge(x) N p=1(0) # 0,

p-polystable iff G¢(x) N pu=1(0) # 0,

p-stable iff GS(x) Np=1(0) # 0 and G = {g € G¢|gx = z} is discrete.
Denote the sets of u-semistable, u-polystable, and u-stable points by

X% :={z € X |z is p-semistable} ,
XP*:={x € X |x is u-polystable} (7.1)
X®:={zx € X|x is u-stable}.

With this terminology Theorem asserts for m = 0 that the closure
of each p-semistable G®orbit in X contains a unique p-polystable G¢-orbit.
This gives rise to a bijection XP*/G® = X%/~ where z, 2’ € X are equiv-
alent iff G¢(z) N Ge(z/) N X # (.

Theorem 7.2 (u-Stability Theorem). Let xg € X and let x : R — X be
the solution of (3.2)). Define xo = limy_ oo z(t). Then the following holds.
(1) xzo € X if and only if u(xs) = 0.

(ii) zo € XP® if and only if (xoo) = 0 and xo € G(x0).

(iii) xo € X°® if and only if the isotropy subgroup G, is discrete.
Moreover, X* and X* are open subsets of X.

47
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Proof. By definition zy € X® if and only if infgscqe|p(gzo)| = 0. Hence
assertion (i) follows from Theorem

We prove that X*° is open. By the Lojasiewicz gradient inequality
for f = 3|p|? there exists a constant § > 0 such that every = € X satisfies

flx)<d, Vf(x)=0 = f(x)=0.

Hence it follows from (i) that U = {z € X|i|u(z)]* < 6} C X*. Now
let xp € X*5. Then there is a go € G° such that goxo € U. Hence there
exists a neighborhood V' C X of xg such that goV C U, and thus V C X*.
This shows that X5° is an open subset of X.

We prove (ii). If u(2oo) = 0 and 2o, € G(x0) then G¢(z0) N =1 (0) #
and hence xg € XP°. Conversely, suppose that o € XP°. Then there
exists an element gy € G¢ such that p(gorg) = 0. In particular, goxg is a
critical point of f = %| 1|? and thus the negative gradient flow line of f with
the initial value goxg is constant. Hence it follows from Theorem that
9070 € G(Z). Hence zo € G(9) and p(rs) = 0. This proves (ii).

We prove that X*® is open. By Lemma the set

7% ={x e X|pu(x) =0, ker L, =0}

is a smooth submanifold of X with tangent spaces T, Z° = ker du(x). It fol-
lows also from Lemma [2.2] and the definition of p-stability that X® = G¢Z*.
Next we prove that there exists an open set U® C X such that

Z°CU® C X5
Define the map ¢ : Z° x g — X by

Y(x,m) := exp(in)z

for z € X and n € g. Its derivative at an element (x,0) € Z° x {0} is the
linear map di(z,0) : ker du(z) x g — T, X given by

dy(z,0)(Z,7) = T+ JLe0

for z € T, X and 1 € g. We prove that this map is bijective for every z € Z°.
If T € kerdu(x), n € gsatisfy  + JL,n =0, then 0 = du(x)J L0 = L,*L,n
by , hence 77 = 0, and so Z = 0. Moreover, the map du(x) is surjective
and so dim ker du(x) = dim X — dim g. This shows that di(z, 0) is bijective
for each x € Z°. Hence v restricts to a diffeomorphism from an open
neighborhood of Z° x {0} in Z*° X g to an open neighborhood U® C X of Z*.
Since Z° C U® C X3, it follows that X® = Ugch gU?® is an open subset of X.
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We prove (iii). Let zp € X, let 2 : R — X be the unique solution of ,
and define o, := limy_,o (). Assume first that xg € X®°. Then it follows
from (ii) and the definition of p-stability that pu(ze) = 0, T € G (z0),
and ker L7 = 0. Hence ker L7 = 0, thus ker L, = 0 by Lemma and
so G, is discrete. Conversely, assume G;_ is discrete and so ker L, = 0.
Since Ly (o) = 0 by Theorem this implies p(zs) = 0. Thus z
is p-stable. Since X® is open, z(t) is u-stable for ¢ sufficiently large and,
since z(t) € G%(xg) for all t by Lemma xo is p-stable. This proves (iii)
and Theorem [7.21 O

The generalized Kempf—Ness theorem characterizes the stability condi-
tion of = in terms of the properties of the Kempf-Ness function ®,. We will
derive the original Kempf-Ness theorem [52] as a corollary in Theorem

Theorem 7.3 (Generalized Kempf-Ness Theorem).
Let x € X and let @, be the Kempf-Ness function of x. Then

(i) z is p-unstable if and only if ®, is unbounded below,

(ii) = is p-semistable if and only if ®, is bounded below,

(iii) x is p-polystable if and only if ®, has a critical point,

(iv) x is p-stable if and only if @, is bounded below and proper.

Proof. Fix a point g € X and denote by ® : M — R the Kempf-Ness func-
tion of xg. Throughout the proof x : R — X denotes the solution of ,
g : R — G¢ denotes the solution of so that z(t) = g(t)~'ao for all t,
and v : R — M denotes the composition of g with the projection from G¢
to M. The limit 2, := lim;_,~ z(t) exists by Theorem and Theorem
asserts that (2 )| = infgeqe|p(gzo)|.

We prove necessity in (i). Assume xg is p-unstable. Then pu(zo) # 0.
By definition of the Kempf-Ness function

#(@ o) =—(ulg™ z0), Im(g™"9)) = —|u(2)* < ~|u(ze0)

Thus ®(y(t)) < —t[u(zs0)|? for all t > 0, and so ® is unbounded below.

We prove necessity in (ii). Assume zg is p-semistable. Then pu(z) = 0.
By the Lojasiewicz gradient inequality for f = %|/¢|2 in there exist
positive constants ¢y and ¢, and a constant 1/2 < a < 1, such that

u(@)|* = 2|f(2)] < 2/f(2)|* < | Vf(2)| = c|J Lap(@)] = cl2]

for t > tg. By Theorem the function t +— |&(t)| is integrable over the
positive real axis and hence, so is the function t — [u(2(t))|? = — L (Poy)(t).
Hence the limit a := limy_, o, ®(y(t)) exists in R, hence infy; & =a > —o0
by Theorem and so ® is bounded below.

i
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Thus we have proved that the conditions on the Kempf—Ness function
are necessary in (i) and (ii). Since necessity in (i) is equivalent to sufficiency
in (ii) and vice versa, this proves (i) and (ii). Assertion (iii) follows from the
fact that 7(g) is a critical point of ® if and only if pu(g~'zg) = 0.

We prove (iv). Assume first that ® is bounded below and proper. Then
xo is p-semistable by part (ii). Moreover, by definition of the Kempf-Ness
function ® and the negative gradient flow line v, we have

®(v(0)) =0, -0 < a:= i]r\l/[f@ <0,

and the function ® oy : R — R is nonincreasing. Since ® is proper the
set ®~!([a,0]) is compact and contains 7(t) for every ¢ > 0. Hence there
exists a sequence t; — oo such that 7(¢;) converges. Hence ® has a crit-
ical point. By (iii) this implies that xg is p-polystable. Hence there ex-
ists an element gy € G¢ such that p(gozg) = 0. Assume by contradiction
that z¢ is not p-stable. Then ker Lg # 0, hence ker Ly . -7 0, and hence
ker Lgyz, # 0 by Lemma Choose n € g\ {0} such that Lg,,,n = 0.
Then exp(isn)goxo = goro and hence p(exp(isn)gorp) = 0. Hence the
curve B(s) := (gt exp(—isn)) consists of critical points of ® and so, by
part (iii) of Theorem ®(B(s)) = a for all s. Thus ®~!(a) is not compact
in contradiction to the assumption that ® is proper. Thus x¢ is u-stable.

Conversely, assume x is u-stable. Then ® is bounded below by part (ii)
and we must prove that ® is proper. By part (vii) of Theorem it suffices
to assume that p(xo) =0. We prove first that py := n(1) € M is the
unique point at which ® attains its minimum miny; ® = 0. To see this,
let p=m(g) € M\ {po}. Choose n € g and u € G such that g = exp(in)u,
and define y(t) := exp(itn)zo and ¢(t) := ®(m(exp(—itn))). Then n # 0, the
function ¢ : R — R is convex, and

S(t) = (u(y(®),m), () = |Lyynl*.
Since y(0) = zo we obtain ¢(0) = 0, ¢(0) = 0, and ¢(0) = |Ly,n|?> > 0. This
implies ¢(t) > 0 for every ¢t € R\ 0 and, in particular, ®(p) = ¢(—1) > 0.
For every r > 0 denote by B, C M the ball of radius r centered at pq.
Define the number § := infyp, ® > 0. Then it follows from convexity that

d(po,p) > 1 = ®(p) > ddr(po, p)
for all p € M. Hence, for every ¢ > 0,
c>94 = d1([0,]) C Bs.

Hence, for every ¢ > 0, the set ®71(]0, ¢]) is closed and bounded, and hence
compact because M is complete. This proves (iv) and Theorem O
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A central result in geometric invariant theory is the Hilbert—Mumford
criterion, which characterizes the u-stability conditions in terms of the u-
weights introduced in Chapter [} The necessity of these conditions follows
directly from the general moment-weight inequality in Theorem

Theorem 7.4 (Stability and Weights). Let zg € X. Then the following
holds.

(i) If xo is p-semistable and ¢ € T¢ then w,(xo,() > 0.

(ii) If xo is p-polystable and ¢ € T then w,(xo,() >0 and

wy(z9,¢) =0 = tli)r&exp(it()xg € G(zo).

(iii) If o is p-stable and ( € T¢ then wy(xo,¢) > 0.
Proof. See page O

The Hilbert—-Mumford criterion asserts that the necessary conditions for
p-semistability, u-polystability, and p-stability in Theorem are in fact
necessary and sufficient. This is proved in Chapter (12| below.

Lemma 7.5. Let xg € X such that u(xg) =0 and let § € g\ {0}. Then the
following are equivalent.

(1) wu(2o0,€) = 0.

(11) onf =0.

(iii) limy oo exp(ité)zo € G(x0).

Proof. Assume (i) and define z(t) := exp(it€)xo. Then, by (i) and (2.7),
d

for all £. Hence Ly;& = 0 for all ¢ and this shows that (i) implies (ii).
That (ii) implies (iii) follows from the fact that exp(it§)zg = zo for t € R
and £ € ker L,,. Now assume (iii) and define z* := lim;_,, exp(it&)zo.
By (iii) there exists an element g € G¢ such that x+ = gxg. Since L,+& =0
by Lemma we have

wu(x()aé:) = <M(x+)7§> = wu(x+7§)
= wy(gz0,€) = wy(wo, g~ Eg)
= (u(x0), Re(g"¢g)) = 0.

Here we have used Theorem and the fact that exp(itg~'&g)zo = x¢ for
all ¢. Thus (iii) implies (i) and this proves Lemma [7.5] O
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Lemma 7.6. Let xg € X such that p(xog) =0 and let ( € T¢. Then

wy(z0,() =0 = = tliglo exp(it¢)zo € G(xo).

Proof. By Theorem there exists a p € P(¢) such that ¢ := p(p~! € g.
Then the limit p := lim;_, o, exp(it¢)p exp(—it¢) exists in G¢. It satisfies

7 = lim exp(it¢)zo
t—r00

RT . . . . 1

= Jim (exp(it¢)p exp(~it()) lim exp(it()p ™ xo

=pTp~! lim pexp(it¢)p 'z
t—o0

=ptp~! lim exp(it€)xo.
t—o00

This shows that 2T € G®(z¢) if and only if lim, exp(ité)zy € G(xo).
Moreover, we have w,, (9, ) = wy(zo, ¢) by part (ii) of Theorem 5.3} Hence
it follows from Lemma that wy(z0,¢) = 0 if and only if 2T € G%(xo),
and this proves Lemma O

Proof of Theorem[7.J]. We prove part (i) by an indirect argument. Suppose
that there exists a toral generator ( € J¢ such that w,(xo,() < 0. Then,
by Theorem and part (ii) of Theorem there exists a § € g\ {0} such
that wy(zo,£) < 0. Hence infgeqe |pu(gzo)| > 0 by Theorem [6.7] and so zg is
p-unstable. This proves part (i).

We prove part (ii). Suppose xq is p-polystable and fix an element { € J¢.
Then w,(zo,¢) > 0 by part (i). Now choose g € G® such that u(gzg) =0
and define x" := limy_,o, exp(it{)xg. Then

lim exp(itgCg~1)gzo = gz ™.
t—o0

Hence wy,(g9r0,9Cg™") =0 if and only if gz € G°(gxo), by Lemma [7.6
Moreover, we have wy,(gxo,9Cg™") = w,(xo,¢) by part (i) of Theorem [5.3
and this shows that w,(zo,¢) = 0 if and only if 27 € G(z¢). This proves
part (ii).

We prove part (iii). Assume that xg is p-stable. Then wy,(zg,¢) > 0 for
all ( € 7€ by part (i). Moreover, there exists an element g € G¢ such that

p(gxo) =0, ker L, = {0}. (7.2)

Suppose, by contradiction, that there is a ¢ € 7 such that w,(z,() = 0.
Then w,(g970,9(g~") =0 by part (i) of Theorem Hence it follows
from Theorem and part (i) of Theorem that there exists an ele-
ment £ € g\ {0} such that w,(gxo,&) = 0. Hence Ly, = 0 by Lemma
in contradiction to (7.2)). This proves part (iii) and Theorem O
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Remark 7.7. (i) In Lemmal7.5|the hypothesis p(z¢) = 0 cannot be replaced
by the hypothesis that xg is p-polystable. For example, consider the diagonal
action of G :=SO(3) on X := 5% x 2, where S? C R? is the unit sphere
with its standard symplectic form. Let

T = (‘&ﬁ) € 52 X 52
be a pair of distinct non-antipodal points on 52, so that

n# €.

Then x is p-polystable, u(z) # 0, and the isotropy subgroup of = in SO(3)
is trivial. Identify the Lie algebra g := so(3) with R3 so that ¢ € % C g.
Then

lim exp(itd)e = (~€,€) € G°(2),  wu(w,€) =0, L& #£0. (7.3)

(ii) In Lemmal7.5|the element £ € g\ {0} cannot be replaced by ¢ € .7¢. For
example, let (x,&) € X x (g\ {0}) be as in part (i) so that x is p-polystable
and ([7.3) holds. Choose an element g € G¢ such that p(gx) = 0 and define

zo =gz, (=glg ' €T
Then, by part (i) of Theorem we have
w(wo) =0,  wu(wo, () =0, L C#0. (7.4)
(iii) Let xp € X be p-polystable and fix an element ¢ € 7¢. Then
L;,¢=0 = wy(z0,¢) = 0. (7.5)

To see this, assume that L ¢ = 0 and choose g € G° such that w(gzo) = 0.
Then Lg, (9¢ g~1) =0 and hence it follows from part (i) of Theorem
that

wy(w0, () = wu(gzo, gCg ") = (u(gwo), Re(g¢g™ ")) = 0.
This proves (7.5). By part (ii) the converse does not hold, i.e. w,(zg,{) =0
does not imply Lg ¢ = 0, even in the case u(zo) = 0.

(iv) The hypothesis that zp is p-polystable cannot be removed in .
For example, consider the standard action of G = SO(3) on X = S?, fix
an element o € S?, and choose ¢ := g € S C g. Then g is p-unstable
and Ly,§ = 0, however, the Mumford weights are wy,(zo, £§) = £1.
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Chapter 8

Stability in algebraic
geometry

This chapter examines linear group actions on projective space, which is the
classical setting of geometric invariant theory [51], 52, [63] [65] 66].

Let V be a finite-dimensional complex vector space, let G C U(n) be
a compact Lie group equipped with a representation G — GL(V), and
let G¢ C GL(n,C) be its complexification and

G'xV = V:(g,v)— gv
be the complexified representation.

Definition 8.1. A nonzero vector v € V is called
unstable iff 0 € G¢(v),
semistable iff 0 ¢ G¢(v),
polystable iff G¢(v) = G¢(v),

stable iff G¢(v) = G¢(v) and the isotropy subgroup G is discrete.

The linear action of G on V induces an action on projective space
P(V). Fix a G-invariant Hermitian structure on V and denote by (-,-)
the associated real inner product on V. Choose a scaling factorll| 7 > 0 and
restrict the symplectic structure to the sphere of radius r := v/2h. It is S'-
invariant and descends to P(V'). (This is 2 times the Fubini-Study form.
Its integral over the positive generator of ma(P(V)) is 27h.)

!Think of & as Planck’s constant. If the symplectic form w is replaced by a positive
real multiple cw and £ is replaced by ch all the formulas which follow remain correct. Our
choice of h is consistent with the physics notation in that w, u, i have the units of action
and the Hamiltonian He = (i1, £) has the units of energy.

55
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Lemma 8.2. A moment map for the action of G on P(V) is given by

W@L@:h@@?ﬁ v = [o] € P(V). (.1)

Proof. Define the map p:P(V) — g* by (8.1). Fix an element z € P(V)
and a tangent vectors ¥ € T,IP(V'), and choose v,v € V such that

c:=[], Z:=[0], |Jo|=V2h  (v,7)=0.

The infinitesimal action L, : g — T,P(V) is given by L, = [£v] for £ € g
and the symplectic form at x is

we (La§, T) = (18w, D).
Now choose a smooth path R — V : ¢ — v(t) such that
v(0)=v, ®0)=71, |v(t)=V2h
for all ¢. Differentiate the curve ¢t — (u(x(t)),&) at t = 0 to obtain

4
dt
d

{u(x(t)), )

t=0

| 360,

= (i€v,v)
= W:p(mea /*73\)

This proves Lemma, (8.2 O

{dp(z)z, &) =

Lemma 8.3. Let p: P(V) — g* be the moment map in Lemma[8.4 Then
the Kempf-Ness function ®, : G¢ — R associated to x = [v] is given by

@,(g) = h(10glg 0| — logJo]). (8.2)

Proof. Define @, : G — R by (8.2)). Then ®,(u) =0 for all u € G and

g, —g7'gg )
A —h
x(g)g ’g_1U‘2
__plg7 v, ilm(g™'g)g " 0)
lg~1v|?

= —(u(g~"z), Im(g~'9))
for g € G and g € T,G°. Thus ®, is the Kempf-Ness function. O
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Lemma 8.4. Let p: P(V) — g* be the moment map in Lemma and fix
an element x = [v] € P(V). Then the following holds.

(i) Let ¢ € 7€, denote by
A< < A

the eigenvalues of i (understood as a linear operator on V'), and denote
by V; C V the corresponding eigenspaces. Write

k
v = E v, v; € Vi
i=1

1 hen
— FL )\1/. .

(ii) Assume v is semistable, i.e. 0 ¢ G¢(v). If ( € g° and v is an eigenvector
of ¢ then (v = 0.

Proof. Write ( =& +in € .7¢ with €,n € g. Then
wu(2, ) := lim (p(exp(it()z, &)
(exp(it)v, i€ exp(it()v)

=hl
tlmo ‘eXp(itC)’U’Q
_ 4 1im (RO, I exp(it)o)
t=00 |exp(it¢)v]?
k ; k .
ol i € S e )
t—o0 ’exp(itC)UP
k Iy
b gy D=t A (i)
t—o0 Zij:l 6<Ai+)‘j)t<vi, Uj>
= hmax \;
;70

This proves (i). Now assume 0 ¢ G¢(v) and let ¢ € g¢ and A € C such that
Cv = M.

Then the curves

At

ev = exp(t()v, e

v = exp(it¢)v

in G¢(v) cannot contain 0 in their closure, and hence A = 0. This proves (ii)
and Lemma [8.4 O
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The next result is the original Kempf-Ness theorem in [52].

Theorem 8.5 (Kempf-Ness). Let p: P(V) — g* be the moment map in
Lemma[8.9 and fix an element x = [v] € P(V). Then the following holds.

(1) v is unstable if and only if x is p-unstable.

(ii) v is semistable if and only if x is p-semistable.
(iii) v is polystable if and only if x is p-polystable.
(iv) v is stable if and only if x is p-stable.

Proof. The Kempf-Ness function ®,(7(g)) = A(loglg~'v| — log|v|) is un-
bounded below if and only if 0 € G¢(v). By Theorem &, is unbounded
below if and only if x is p-unstable. This proves (i) and (ii).

To prove (iii) assume first that v is polystable. Thus G¢(v) is a closed
subset of V' and hence ¢ := infgege|g 'v| > 0. Choose a sequence g; € G
such that the sequence |g; 1v| converges to c. Then the sequence g; weVvis
bounded and hence has a convergent subsequence. Since G¢(v) is closed, the
limit of this subsequence has the form g~!v for some g € G¢. Thus |[g~v| = ¢
and so w(g) € G¢/G is a critical point of ®,. Hence x is p-polystable by
part (iii) of Theorem

Conversely, assume x is p-polystable. Choose a sequence g; € G° such
that the limit w := lim; o g; Ly exists. Since @, has a critical point, there
is a sequence h; € G¢ such that h;g; has a convergent subsequence (see
part (viii) of Theorem . Pass to a subsequence so that the limit

g = ‘lim higi
71— 00
exists. Since h; ‘v = v for all 4, by part (ii) of Lemma we have

w = lim g;lv = lim g;lh;lv =g v e G¢(v).
1—00 1—00
Thus G¢(v) is closed and so v is polystable. This proves (iii).
Since the identity componenets of the isotropy subgroups of x and v
agree in the semistable case, by part (ii) of Lemma part (iv) follows
from (iii). This proves Theorem O

Remark 8.6. In Definition the space P(V) can be replaced by any
GC-invariant closed complex submanifold X C P(V). Theorem then
continues to hold for the complex and symplectic structures and moment
map on X obtained by restriction.



Chapter 9

Rationality

The definition of stability extends to actions of G¢ by holomorphic automor-
phisms on a holomorphic line bundle F over a closed complex manifold X. In
Definition replace the complement of the origin in V' by the complement
of the zero section in E and replace the relation z = [v] by v € E; \ {0}. In
the relevant applications the dual bundle E~! = Hom(E, C) is ample.

Definition 9.1. A linearization of a holomorphic action of G¢ on a com-
plex manifold X consists of a holomorphic line bundle

EF— X

and o lift of the action of G¢ on X to an action on E by holomorphic line
bundle automorphisms.

A linearization of the G®action is required for the definition of stability
in the intrinsic algebraic geometric setting. From the symplectic viewpoint
the choice of the line bundle E is closely related to the symplectic form w
and the choice of the lift of the G®action on X to a G®action on E is
closely related to the choice of the moment map p. To obtain a linearization
as in Definition [9.1] we will need to impose some additional conditions on
the triple (X, w, u). Throughout we denote by

D:={zeC||z] <1}
the closed unit disc in the complex plane and by
Z(g) ={{€gll§;n=0Vneg}

the center of g.
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Let zp € X and let v : R/Z — G be a smooth loop. Then the loop
uwlzg:R/Z —» X

is contractible. (It is homotopic to a loop of the form t — exp(—t£)zy with
& € A. This is a periodic orbit of a time independent periodic Hamiltonian
system and the corresponding Hamiltonian function has a critical point.
Connect z( to that critical point by a curve to obtain a homotopy to a
constant loop.) If Z: D — X is a smooth map satisfying

(¥ = u(t) Ly, (9.1)

define the equivariant symplectic action of the triple (zg, u,Z) by

1
Ao, u,T) == —/D:U*w—}—/o (u(u=rxo), ™ a) dt. (9.2)

The equivariant symplectic action depends only on the homotopy class of
the loop u : R/Z — G (see part (i) of Theorem [9.6| below).

Definition 9.2. Fix a constant h > 0. The triple (X, w, u) is called rational
(with factor h) iff the following holds.

(A) The cohomology class of w lifts to H*(X;2whZ).
(B) Au(xo,u,T) € 2whZ for all triples (xo,u,T) satisfying (9.1]).

Theorem 9.3. Let (X,w,J) be a closed Kihler manifold equipped with a
Hamiltonian group action by a compact Lie group G which is generated by
an equivariant moment p: X — g. Then the following holds.

(i) Condition (A) holds if and only if there exists a Hermitian line bundle
FE — X and a Hermitian connection V on E such that the curvature of V
18

FY = %w. (9.3)
(ii) Assume condition (A) and let (E, V) be as in (i). Assume further that G
is connected. Then condition (B) holds if and only if there is a lift of the
G-action on X to a G-action on E such that, for all xo € X, vo € Ey,, and

u:R = G, the section v :=u vy € E, along the path & = v 'xzg satisfies

Vv = %(u(x),u*1u>v. (9.4)

Proof. See page O
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Remark 9.4. The complex line bundle £ — X in Theorem [9.3| has the real

first Chern class
v

c(B) = [ 2mh

Since the curvature of V is a (1, 1)-form, the Cauchy—Riemann operator

| e 2(x:m).

oV Q"X E) - Q"Y(X, E)

defines a holomorphic structure on E. Conversely, for every holomorphic
structure on F there exists a complex gauge transformation g : X — C* and
a Hermitian connection V on E such that 0¥ = godog ! and FY = %w.
In other words, the map V +— 9V descends to an isomorphism from the
moduli space of unitary gauge equivalence classes of Hermitian connections
satisfying ([9.3), which is isomorphic to the torus H'(X;iR)/H' (X;27iZ), to
the Jacobian of holomorphic structures on E. This isomorphism is analogous
to the correspondence between symplectic and complex quotients in GIT.

Corollary 9.5. Assume P(V) is equipped with a G¢-action, Fubini-Study
form w, and moment map p as in Chapter [§] and let X be a G-invariant
complex submanifold of P(V). Then (X,w, ut) is rational.

Proof. Condition (A) holds as was noted in the text immediately after Def-
inition That condition (B) holds follows by inserting the formula
for the moment map in equation and choosing u : R/Z — G C U(V)
to be a loop of the form u(t) = exp(t§) with £ € A. O

Proof of Theorem[9.3 Part (i) follows directly from Chern-Weil theory and
the classification of complex line bundles by their first Chern class. The proof
of part (ii) has two steps.

Step 1. Letzg € X, u:R/Z — G, T : D — X with T(e*) = u(t)'ay.
Define x(t) := u(t) " 'zo and let v(t) € E,) be a horizontal section. Then

o(1) = exp <—;L/wa> 2(0).

Assume without loss of generality that vy := v(0) # 0, that Z(s) = z¢ for
0 < s <1, and that T is constant near the origin. Define z(s,t) := Z(se?™¥)
for 0 < s,t <1 and let v(s,t) € E, () be the solution of

Vv = 0, v(s,0) = vo.
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Since v # 0, there is a unique function A : [0,1]?> — C such that Vv = \v.
It satisfies A(s,0) = 0 and

(OA)v = V(M) = Vv = ViVio — Fv(ﬁsz, Opz)v = —%w(@sz, Oz)v.

Hence

1
A(s, 1) = —/ w(0sz, Oyz) dt
0

and hence
i

Voo(s,1) = (—h/olw(asz,atz) dt) o(s, 1).

Thus v(1,1) = e*v(0,1) = el®vy, where

it i
i = —— Os2,0iz) dt ds = —— *w.
i /0 /0 w(0sz, O0pz) dt ds /;13 w

This proves Step 1.

Step 2. Let g € X and u : R/Z — G, and define the loop x : R/Z — X
by x(t) == u(t) txg. Ifv(t) € E.«) is a section of E along = satisfying (9.4)
then

o(1) = exp (;AH(:EO,u,m)) 2(0).

Let vo(t) € Ey () be the horizontal lift satisfying vo(0) = v(0) =: vo. Then
we have Vivg = 0 and there exists a function A : [0, 1] — C such that v = Avy.
It satisfies

i 1 1

Mg = Vi(Avg) = Vo = %W(x),u u)v = ﬁ<u(fv),u_1fl>/\vo~
Hence
AT = (@)t A0) = 1,
and hence

A1) = exp (711 /0 N ), dt) .

By Step 1 and (B) this implies v(1) = A(1)vo(1) = exp(+.A,(zo, u,T))v(0).
This proves Step 2.

Since G is connected it follows from Step 2 that the G-action on X
lifts to a G-action on E via if and only if A, (xo,u,T) € 2whZ for all
triples (x¢,u,T). This proves Theorem O
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The following theorem shows that the equivariant symplectic action (9.2))
is a homotopy invariant and gives conditions on w under which the moment
map g can be chosen so that the triple (X, w, u) is rational.

Theorem 9.6. Assume G is connected. Then the following holds.
(1) The action integral (9.2)) is invariant under homotopy.

(ii) There exists an integer N € N such that each torsion class a« € Hi(G;Z)
satisfies Nao = 0.

(iii) Let N € N be as in (ii). If (w,m(X)) C 2rhNZ then there exists a
central element T € Z(g) such that the moment map p + 7 satisfies (B).

(iv) Assume (X,w, p) is rational with factor h and let T € Z(g) so p+ T is
an equivariant moment map. Then (X,w, p+ 7) is rational with factor h if
and only if (1,&) € 2whZ for every £ € A.

Proof. Choose maps g : R - X, u: RxR/Z - G, T : RxD — X
such that @(s,e?™) = wu(s,t) twg(s) =: x(s,t) and define & := v~ dsu
and & := u 10u. Then 05& — 0i€s + [£5,&] = 0 and Opr = — L& Differ-
entiate the function

1
a(s) := Apu(x(s),uls, ), z(s,)) = —/Dﬂﬁ(sv')*u%/o (u(x), &) dt.

Then
(o (0, 02) + (diu(@)sa, &) + (), Oste) )
(w(@tx, Bs) + w(Loby, ) + (u(x), asgt>) dt

<M($>, 8s§t> dt

/N

(n(@), 06s) = {dpu(w) Laer &) )

/N

(1(@), 06s) + {dp()Oha &) )

J
J
J
- /01<u(w)v Or8s — [§5,&]) dt
J
J
J

ASY

(u(x),&s) dt = 0.

This proves (i).
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Assertion (ii) follows from the fact that the fundamental group of G
is abelian and finitely generated. We prove (iii). Let H'(G) denote the
space of harmonic 1-forms on G with respect to the Riemannian metric
induced by the invariant inner product on g. Then there is a vector space
isomorphism Z(g) — H'(G) : 7 — a, which assigns to each element 7 € Z(g)
the harmonic 1-form o, € Q'(G), given by a;(u,u) := (7,u~17%). That the
map 7 — «, is surjective follows from the fact that the Ricci tensor of G is
nonnegative, so every harmonic 1-form « is parallel.

Now let & € A and define the loop ug : R/Z — G by ug(t) := exp(t§).
An iterate of u¢ is contractible if and only if

/ ugar; = (1,€) =0 for all 7 € Z(g),
R/Z

or equivalently ¢ € Z(g)* = [g,g]. Thus the torsion classes in 71(G) corre-
spond to A N Z(g)* and the free part corresponds to A N Z(g).

Choose an integral basis &1, ..., & € Z(g) N A of Z(g) and a point xp € X.
Then each loop R/Z — X : t — exp(—t;)zo is contractible (see page .
Hence there are smooth maps 7, : D — X such that Z;(e?™) = exp(—t¢;)zo
fort e Rand j =1,...,k. Define 7 € Z(g) by

(1,&5) = /ID)$;w — (u(20),&5) = —Apu(wo, ug;, Tj), j=1,...,k. (9.5)
We claim that p + 7 satisfies (B). By the definition of 7,
AM_A,_T(IL’(),ZLS].,E]‘) =0, j=1,...,k.

Since (w,m2(X)) C 2rANZ this implies that A, (7o, ug;,T) € 2rhNZ for
every j and every smooth map  : D — X such that Z(e?™it) = exp(—t¢;)o.
Now let £ € AN Z(g)t. Then the loop R/Z — X : t + exp(—t&)xg is
contractible and hence there is a smooth map = : D — X such that

T(e2™) = ug(t) " Lao = exp(—t€)xo

for all t. Define Ty (2) := Z(2"V). Since the action integral is invariant under
homotopy, the loop uyg¢ is contractible, and (w, m2(X)) C 2rhANZ, it follows
that A, (zo, une, Tn) € 2nhNZ. Thus

1
AM_A,_T(CEO,US,E) = AM(:UQ,U{,E) = NAM(xoquﬁ’fN) € 2rhZ.

Since the action integral is invariant under homotopy and additive under
catenation it follows that A, (zo,u,T) € 2whZ for every triple (zo,u,T).
This proves (iii). Assertion (iv) follows directly from the definitions and this
proves Theorem O
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Theorem 9.7. Assume (X,w, p) is rational with factor h and G is con-
nected. Let (E,V) be as in part (i) of Theorem [9.3 Then the following
holds.

(i) The G-action on E in part (ii) of Theorem extends uniquely to a
GE¢-action on E by holomorphic vector bundle automorphisms. Moreover,

Vo= lp@) o - 2 lp@) e, C=Etin=g7g (90
for all zg € X, vg € Eyy, g: R = G¢ with x := g o and v := g vy € E,.
(ii) Let x € X and v € E, \ {0}. The Kempf-Ness function of x is
®,(g) = h(loglg™'v| — loglv]).
(iii) Let z € X and ¢ € A° and define v := lim;_, o exp(it¢)z. Then

wu(z,¢) = (u(z™),Re(¢)) € 2mhZ (9.7)

1

and the action of ( on E_+ is given by
exp(—t{)vT = en @yt (9.8)

Proof. The Hermitian connection determines a G-invariant integrable com-
plex structure on E via the splitting of the tangent bundle into horizontal
and vertical subbundles. Hence the G-action on E extends to a G®action
and this proves (i). Part (ii) follows by computing the derivative of the
function

®,(g) := h(loglg~'v| — log|v]).

Equation in (iii) follows from (9.6), and (9.7) follows from (9.8)). This
proves Theorem [0.7} O

Theorem 9.8 (Kempf-Ness). Assume that (X,w, p) is rational with fac-
tor h and that G is connected. Let (E, V) be as in part (i) of Theorem[9.
and let the G¢-action on E be as in Theorem [9.7 Let Z C E denote the
zero section and let x € X and

v € E, \ {0}.
Then
(1) x is p-unstable if and only if G¢(v) N Z # 0,
(ii) x is p-semistable if and only if G¢(v) N Z = (),
(iii) x is p-polystable if and only if G¢(v) is a closed subset of E,

(iv) x is p-stable if and only if G¢(v) is closed and G is discrete.
Proof. The proof is verbatim the same as that of Theorem [8.5 O
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Definition 9.9. Fiz a constant h > 0. An invariant inner product on the
Lie algebra g is called rational (with factor h) iff

&Emed, [En=0 = (&,n) € 2whZ. (9.9)

If G is a Lie subgroup of U(n) then an example of such an inner product is
given by
trace(&n)

<£777> = —2mh )

for&,mnegCu(n).

Theorem 9.10. Assume that the triple (X,w, ) and the inner product on g
are rational with factor h. Then, for every critical point x € X of the square
of the moment map, there exists an integer k such that ku(x) € A, i.e.

Lon() =0 = p(z) € QA
Proof. First observe that
reX, £€A, L,=0 = (u(z), &) € 2whl. (9.10)

To see this fix an element z € X and an element £ € A such that L, = 0.
Then exp(it§)xz = x for all ¢ and hence (u(x),&) = wu(x,&) € 2whZ by
part (iii) of Theorem [0.7] This proves (9.10).

Now let £ € X be a critical point of the square of the moment map, so

Lyp(z) =0.
Let

T := {exp(tp(z)) |t e R} C G

be the torus generated by p(z). Then the Lie algebra t := Lie(T) is contained
in the kernel of L,. Choose an integral basis &1, ..., & of tNA. Since u(z) € t
there exist real numbers Ay, ..., A such that

k
pla) = Nii.
=1

Since L;&; = 0, it then follows from (9.10]) that

k
(&, &) (u(@),§5)
Z_;/\Z 271'7; 27rﬁj €z

for all j. Since the integer matrix ((27h) (&, 53))5 j—1 s invertible, it follows
that A\; € Q for all i. Hence u(x) € QA and this proves Theorem O
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The dominant u-weight

The moment-weight inequality in Theorem can be stated in the form

_wﬂ(xvg) .
sup ———>* < inf x)|. 10.1
S e Jof |u(gz)l (10.1)

The main results of the present chapter assert that the supremum on the
left in is always attained (Theorem [10.1]), that it is attained at a
unique element &y up to scaling whenever z is p-unstable (Theorem ,
that the inequality is strict in the p-stable case (Theorem , and that
equality holds in in the y-unstable case (Theorem. That equality
also holds when z is p-semistable, but not u-stable, will follow from the
Hilbert-Mumford criterion (Corollary [12.7)). In [51] Kempf proved that the
supremum in is attained at a unique element & € A up to scaling,
whenever x is p-unstable and the triple (X, w, 1) and the inner product on g
are rational (Corollary [10.6). In general, the ray in g\ {0} along which the
supremum is attained need not intersect A.

Theorem 10.1. Let xg € X. Then there exists an element &y € g such that

10| = 1, —wy(x0,&) = sup —wu(@0,8)

10.2
0#£E€g ’5‘ ( )

Proof. See page 0

Theorem 10.2 (Generalized Kempf Uniqueness Theorem). Assume
that zo € X is p-unstable. Then & € g is uniquely determined by (10.2]).

Proof. See page O

67
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Theorem 10.3. Assume xg is pu-stable. Then

0 < A(zmg) := inf wulTo,€) < inf ()|, (10.3)

0Zécs €] T weGomo)\Ce(xo)

the set G¢(x) \ G(xo) is compact, every x € G¢(xo) \ G¢(xo) is p-unstable,
and infgeqe [p(ga™)| > M) for ¢ € T¢ and a7 := limy_,o0 exp(it¢)xo.

Proof. See page [78 O
It follows from Theorem [£.3] and Lemma that
Mao) = inf 2808 _ CACHY) (10.4)
o7¢es €] ¢e7¢ \/IRe(¢)? — [Tm(C)[?

for all xp € X. Thus the function A : X — R is G®invariant. By The-
orem the number \(xg) is positive whenever zp € X is p-stable. In
the work of Székelyhidi [72] the number A(zg) is called the modulus of
stability in the p-stable case.

Another proof of Kempf Uniqueness for torus actions is contained in
Lemma [11.2]in the next section. In the py-unstable case an alternative proof
of Theorem [10.1] is given in the following theorem, which also establishes
equality in and is the main result of this chapter.

Theorem 10.4 (Generalized Kempf Existence Theorem). Assume
that xg € X s p-unstable so that

;= inf > 0. 10.5
mi= int lu(gzo) (105)
Let x : R — X be the unique solution of (3.2) and define xoo 1= limy_yo0 (t).

Let g : R — G€ be the solution of (3.3) so that z(t) = g(t)"‘zo for all t.
Define the curves R — g:t+— £(t) and R — G : t — u(t) by

g(t) = exp(—i€(1))u(d). (10.6)
Then the limit £
Soo 1= lim == (10.7)
erists and satisfies
wy (20, €00) = —m?, |€o| = m. (10.8)
Moreover, there exists an element us € G such that
oo = —UL (Lo ) Uso- (10.9)

Proof. See page O
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The proof of Theorem is essentially due to Chen—Sun [23, Theo-
rems 4.4 and 4.5]. They use the same argument to establish the existence
of negative weights for linear actions on projective space under the assump-
tion . Their x is our £~ and their « is the negative gradient flow line
of the Kempf-Ness function going by the same name in the proof below.

v(0)

0) You

Y(t)

Figure 10.1: A negative gradient flow line and geodesics.

Proof of Theorem[10.4. Let v denote the image of g in M = G¢/G, i.e.
V(t) :=m(g(t)) = m(exp(—i&(t)))
for t € R. Let V be the Levi-Civita connection on M. For 0 < s < ¢t let
Vo 1[5, t] = M
be the geodesic connecting the points
Vsi(s) =v(s),  vse(t) = ().

It is given by

You(r) = <g(s) exp <—i7t" Sg(s,t)>> fors<r<t  (10.10)

where £(s,t) € g and u(s,t) € G are chosen such that
g(s) exp(—i&(s, t))u(s, t) = g(t). (10.11)
(See Figure [10.1}) For 0 < s < t define the function p, : [s,¢] — [0,00) by
Pst (1) = dar(ys,t (1), (1)) for s <r <t (10.12)

With this notation in place, we prove the assertions in nine steps.
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Step 1. For every t > 0 we have
V(O] = L) Loy (t))]-

By (3.3), we have g(t)~1g(t) = iu(z(t)) € ig for all t. Hence Theoremas—
serts that Vi = dn(g)gidu(x)t = —dm(g)giLly* Lyp(z). This proves Step 1.

Step 2. There exist constants ¢ > 0 and 0 < & < 1 such that, for allt > 0,
o0 . c
| ey Lamtatr)l dr < £

This follows from Theorem [3.3|with 2/3 < a < 1land e = (1 —a)/(2c — 1).
Step 3. Let ¢ and € be as in Step 2 and fix three real numbers ro, s,t. Then

0<s<rg<t, pst(ro)#0 = psit(ro) < —. (10.13)

c?m‘ﬁ

Assume s < 19 < t and ps¢(rg) # 0. Let r; be the smallest real number
bigger than r¢ such that ps;(r1) = 0. Thus

ro <rp <t, pst(r1) =0,

and
pst(r) #0 for ro <r <.

Hence by Lemma
—pst(r) < IVA(r)| = [Ly) Loy ul(a(r))]

for ro < r < r1. Here the equality follows from Step 1. Integrate this
inequality over the interval ro < r < r; and use Lemma to obtain

: dps "
poalro) = L) = [ sty

0

T1

= () — At (1) — / Bue(r) dr
70

r1

<

‘Lx(r)*Lx(r)u(x(r)) | dr

\Q;\

< —.

-
M

Here the last inequality follows from Step 2. This proves Step 3.
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Step 4. Let € > 0 be as in Step 2. Then there exists a constant C > 0 such
that
pst(r) < C (7’1*6 — 3175)

for all real numbers r, s, t such that 0 < s < r < t.

Fix a real number r; such that s < r; < t. Suppose without loss of gener-
ality that ps¢(r1) # 0 and choose rg such that s < rg < 71, ps(ro) =0, and
pst(r) # 0 for ro < r < r;. Now integrate the inequality

£

psi(r) <er”

in Step 3 over the interval rg < r < 71 to obtain

" " cdr c . .
Psﬁt(rl):/ Ps,t(r)dTS/ — = (1“11 — st )

&€ —
T0 s T 1 g

This proves Step 4 with C :=¢/(1 — ¢).
Step 5. Let s > 0. Then

!
E(s,1)  E(s:1) gg forallt' >t>s+1
t—s t—s te
Thus the limit "
(o) e i 0520

t—oo t— 8
exists in g.

The geodesics vs; and v, ¢ intersect at y(s) = vs+(s) = vs¢(s) (see Fig-

ure [10.1)). Hence it follows from equation (10.10)), Lemma and Step 4
that

st E(s.t)

t'—s t—s

= "73,t(3) - ;Ys,t/(s)l

< dar (Vs,t(t), Vs, (1))

- t—s
:ps,t’(t)
t—s
11— _ 1—¢
SCt S
t—s
C
=t

for ¥ >t > s+ 1. This proves Step 5.
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Step 6. wy(2(s),&0(s)) = —m? for all s > 0.

By Theorem [6.4] we have |p(z)| = m. Fix a real number s > 0 and define
the geodesic vs,00 : [5,00) = M by

Ys,00(r) 7= m(g(s) exp(—i(r — 5)€eo(s))) = lim s (r)
for r > s. By Step 4, we have
dy (Y(1),7s,6(r)) = pse(r) < C(TkE - 8178)
for s < r < t. Take the limit ¢t — oo to obtain
dar (Y(r), Ys00(r)) < C(r' % — 517°) (10.14)

forr > s > 0. Now the Kempf-Ness function is globally Lipschitz continuous
with Lipschitz constant L := sup cqe|u(gro)|- Hence it follows from ([10.14)
that

|(I>xo (V(t)) - q)a:o (’Vs,oo(t))‘ < LC(tl_‘S - 51_6) fort > s> 0. (10.15)

Integrate the equation

L, (5r)) = ~Iu(a(r)?

to obtain
Py, (V(2)) =<I>xo(7(8))—/ |u((r))[* dr. (10.16)

By Lemma 5.2 and (10.15)) and (10.16]) we have

wy(2(s), £xo(s)) = lim Dy (Vs,00(5 + 1))

t—00 t

i Zeo(sioo(t) = P (3(5))
t—o00 t—s

= lim Dy (7(1)) = Py (7(5))
t—o0 t—s

= Jim = [ Jutalr)P ar

t—socot— 8

= _’M(xoo)P

== —m2.

This proves Step 6.
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Step 7. |{xo(s)| =m for all s > 0.
By definition of £(s,t) in (10.11]) we have
€0, ) dar(7(s),7(1))

t—s t—s

< 1/tw<r>rdr

r))| dr.

Take the limit ¢ — oco. Then

()] < /m Dldr = n(a)| = m.
Moreover, it follows from the moment—welght inequality in Theorem [6.7] that

m?* = —w(a(s), & (5)) < [éo(s)] 10 [1(gao)] = mléoc(s)]
ge

and hence [ (s)| > m. This proves Step 7.
Step 8. For every s > 0 there exists an element us(s) € G such that

£o(0) = UOO(S)_1€OO(5)UOO(5)-

The geodesics 75+ and g intersect at the point v(¢) = 7s+(t) = v0,() (see
Figure [10.1]). Hence it follows from (10.10)), (10.11)) and Lemma that

(s D6, — 0,515 00,0 = () — 0,00)
- dr(me(s). 704(5))

- t—s
_ pou(s)

Cs'—¢

<

~ t—s
for t > s+ 1 > 0. Here the last inequality follows from Step 4. Now choose
a sequence t; — oo such that the limit e (s) 1= lim; o0 u(s, t;)u(0, ;)71
exists. Then, by Step 5, we have £ (0) = lim; 0 t;lf((), t;) and hence

t.
£ (0) = Tim (0, t:)u(s, £) S5 s 10, 8) !

1—00 i — S
= thoo(5) o (5)too (5).
This proves Step 8.
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Step 9. limg 00 {oo(s) = — (o).
By Step 5 the inequality
st)  €lst)

t'—s t—s

¢

<g<
Tttt T s

holds for t/ >t > s+ 1. Take the limit ¢ — oo to obtain
C
l€oo(s) = &(s,s +1)] < — for all s > 0.
s

Now suppose &(s,s + 1) + pu(z(s)) # 0. Then (s) # Ys.s+1(s), so there is
a real number ¢ such that s <t <s+1, pss+1(t) =0, and pss1(r) #0
for s <r <t. By Step 3 this implies ps1(r) < er™® for s <r <t and
hence, by Lemma
. . . . c
ln(z(s)) +&(s,s + 1) = [7(s) = s,s1(5)[ = lim pssr1(r) < -
Hence [€x0(s) + p(z(s))] < <€ for all s > 0 and this proves Step 9.
The existence of the limit in (10.7) follows from Step 5, that it satis-
fies ([10.8)) follows from Steps 6 and 7, and that it satisfies (10.9)) follows
from Steps 8 and 9. This proves Theorem [10.4 O

In preparation for the proofs of the remaining theorems in this chapter
we establish a convergence result for the Kempf-Ness function.

Lemma 10.5. Let x¢p € X, define
o wy(xo,€)
Mzg) := inf 227
)= B e
denote by @, : G = R the lifted Kempf-Ness function, and define

Sp = {exp(~ité) [€ € g, [¢] = 1}
fort > 0. Then A(zg) > —oo and the following holds.
(i) 1infs, ®uy < (o) for all t > 0.

(ii) There exists a sequence t; > 0 of positive real numbers and a convergent
sequence & € g such that

(10.17)

& =1, D, (exp(—iti&;)) = glf D, lim ¢; = oc.

1—00

The limit & := lim; o0 & of any such sequence satisfies (|10.2]).

(iii) limy_oo t~Linfg, @y, = A(20).
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Proof. We prove part (i). The number A(zp) in (10.17)) is finite by the
moment-weight inequality (6.13)) in Theorem[6.7 Fix two real numbers ¢ > 0
and € > 0, and choose £ € g such that

|£| = 15 wu(x07§) < )‘(:CO) + €.

Since the function s — (u(exp(is€)zo), &) is nondecreasing and converges to
the weight wy,(z0,§) as s tends to infinity, we have

T (exp(—it€)) = 1 [ (ulexp(ist)z0).) ds < w,(20,8) < Mao) +.
0

Here the first equality follows from and the fact that ®,,(1) =0.
Since € > 0 was chosen arbitrary, this proves (i).

We prove part (ii). Choose any sequence t; > 0 that tends to infinity.
Since @, is continuous and S;; is compact, the axiom of countable choice
asserts that there exists a sequence &; € g such that

G1=1 @ufexp(-iti) = inf @y,

for all i. Passing to a subsequence, we may assume that the sequence (§;);en
converges. Denote the limit by &y := lim; o0 &. Then

o] = lim [&;] = 1.
71— 00

Moreover, by Lemma the function t + t~1®, (exp(—it&;)) is nonde-
creasing and hence by part (i) we have

1 1
?I)gco (exp(—it;)) < - iSnf D, < A(xo) for 0 <t <t
G

7 %

Take the limit 7 — oo to obtain
1 .
E‘I)xo(exp(—ltio)) < A(=o)
for all ¢ > 0. By Lemma this implies
.1 .
wu(x()aé()) = tllz}’)lo ;(pxo(exp(_lté())) S )\(-TO)

and hence
wy (0, 80) = Axo)

by definition of A\(x) in (10.17)). This proves (ii).
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We prove part (iii). Choose t;, &;, and & = lim;_,o & as in (ii). Then
A(zo) = wy(wo, &) = Jim %(I)xo (exp(—it&p))
by Lemma [5.2] Fix a constant € > 0 and choose ¢y > 0 such that
tloq):vo (exp(—ito&o)) > Azo) — €.
Then there exists a constant ig > 0 such that, for all i € N,
1> 149 = t; >ty and tlo(bxo (exp(—itp&;)) > A(xo) — €.
Hence, for every ¢ € N with ¢ > iy, we have
AGw0) = & < -y exp(-itaty)

S %(bCCO (exp(_itl{i) )

L.

Here the second inequality holds because t +— t~1®, (exp(—it¢;)) is non-
decreasing by Lemma the equality follows from the choice of the se-
quence &; in part (ii), and the last inequality follows from part (i). Thus

1
lim —inf ®,, = A(zo). (10.18)

i—oo T; St
Now Lemma [5.2] asserts that

Oy, (exp(—its))

~+ | =

Ly, (exp( i) <

(3

for all i € N, all t > ¢;, and all £ € g with |{| = 1. Take the infimum over
all £ € g with [{] = 1 and use part (i) to obtain

1 1
—inf &, < : iégf O, < A(xo) for all i € N and all ¢ > ;.
3 t

7 Sii

By (10.18) this proves (iii) and Lemma [10.5]
Proof of Theorem[10.1] This follows from part (ii) of Lemma O
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Figure 10.2: Proof of Kempf uniqueness.

Proof of Theorem[10.2 Assume ¢ is p-unstable. Then

w”(ﬂfo, 5) < wll«(x(]a EOO)
0#E€g €] N €0l

by Theorem Define m := —\(x9), let &, & € g such that
[Sol =€l =1, wpu(wo, &) = wu(xo,&1) = A(zo) = —m,  (10.19)
and consider the geodesics
Yo(t) := m(exp(—it)),  mi(t) := m(exp(—it&1)).
(See Figure [10.2]) For ¢ > 0 choose n(t) € g and u(t) € G such that

exp(—it&p) exp(in(t)) = exp(—it&y)u(t)

<0

and define
p(t) := w(exp(—it&) exp(izn(t))) € M = G/G.

Then p(t) is the midpoint of the geodesic joining vo(t) and 7, (¢). Hence it
follows from Lemma [AG] that

d(ﬂ(]])7p(t))2 < d(ﬂ(]l)a'YO(t))z ; d(ﬂ(ﬂ),%(t))z B Cl(’yo(t);l"yl(t))2

d(y0(t), 1 (t))*
4

9 &0 — &1

= _
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The last inequality holds for ¢ > 1, by Lemma[A.4] Thus

rit) = W’ r(t) == d(m(1),p(t)), (10.20)

for ¢ > 1. Moreover,

Do (0(1) < —tm,  Dy(n(t)) < —tm

for all ¢ > 0 by equation ((10.19) and Lemma Since ®,, is convex along
geodesics, this implies

D, (p(t)) < —tm (10.21)
for all ¢ > 0. In particular, the function r(¢t) = d(w(1),p(t)) diverges to

infinity as ¢ tends to infinity. Hence

. 1.
ALy dnf P = —m

by part (iii) of Lemma and, for ¢ > 1, we have
mo_tm_ 0,00

1
< — < —— inf ®@,..
1 leo—&12 — 7(t) T Sy
A/ — odb

r(t) T r(E) Sk
Here the first inequality follows from ((10.20f), the second from (|10.21]), and
the last from the fact that p(t) € S, ;). Take the limit ¢ — co to obtain

m
<m

lgo—&112
V-t

and hence & = £;. This proves Theorem [10.2 O

Proof of Theorem[10.5 Assume x is p-stable and define A(x¢) by (10.17).
Then A(zg) > 0 by Theorem and Theorem Now let

x € G¢(x0) \ G(z0).
Then there exist sequences & € g, t; > 0, and u; € G such that ¢; — oo,
|&] =1 for all 4, and @ = lim;_,o u; exp(it;&;)xo. Hence
1, 1 ) 1 [t )
Lt < (exp(-it) = - | (u(exp(itgm). ¢ dr
(p(exp(iti&i)xo), &)
|11(wi exp(iti&i)wo)|

for all i € N. Take the limit ¢ — oo and use part (iii) of Lemma to
obtain A(zg) < |u(z)|. This proves ([10.3]).

<
<
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It follows from (|10.3) that every element x € G¢(x¢) \ G¢(x0) satisfies
inf > A >0
glenGclu(gw)! > Ao)

and hence is p-unstable. Since the set X"* C X of p-unstable points is
closed by Theorem so is the set

G¢(o) \ G“(z0) = G(z0) N X,
and hence this set is compact. Now let ¢ € 7¢. Then the limit point
T = lim exp(it¢)zo
t—00

satisfies L, ¢ = 0 by Lemma and hence cannot belong to G¢(xg). Thus

o™ € Ge(xo) \ G(x0)
and so infgege|pu(gz™)| > A(xo). This proves Theorem O
Corollary 10.6. Let xg € X be p-unstable. Then there exists a unique
element &y € g such that |§y| = 1 and

— o, €0) = inf [ulgeo) = sup —rE) (10.22)

0£E€g €]

If the triple (X,w, u) and the inner product on g are rational with factor h
then there exists a positive integer £ such that v 2mwhe&y € A.

Proof. Let £ be as in Theorem Then the element

satisfies the first equation in . The second equation in @ follows
from the first (<) and the moment-weight inequality in Theorem (>).
Uniqueness follows from Theorem[10.2] To prove the last assertion, let £ € N
such that ku(zrs) € A (Theorem and take

_ Pluteo)l
orh

l:
Then ¢ € N and
Varhtey = k(e |6 = koo = —u kp(2ac s € A.
This proves Corollary [10.6] O
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Chapter 11

Torus actions

Throughout this chapter we assume that the Lie group G =T is a torus
with Lie algebra t := Lie(T) and complexification T¢. The first main result
is Theorem which asserts that in the case of a torus action the function

t\ {0} = R: &= wy(x,§) (11.1)

is continuous for every x € X. The second main result (Theorem is
not used elsewhere in this book. It asserts that the closure of the image of
a complexified group orbit under the moment map is convex in the case of
a torus action.

Theorem 11.1 (Continuity). Let x € X. Then

wp(x,§) = ;élgu(gw),@ (11.2)

for every & € t\ {0} and the function (11.1)) is continuous.
Proof. Let g € X and € € t\ {0}. Then

wu(20,&) = lim (u(exp(ité)zo), €) < sup (u(gzo), &)
—00 geTe

Now let g € T¢. Then the function ¢ — (u(exp(it§)gzo), &) is nondecreasing
by (2.7) and converges to w,(gzo,§) as t tends to infinity. This implies

<M(g$0), g) < wu(9$0> g) = wu(9$0> gé.g_l) = ’UJH(QZ‘(), 5)
by Theorem Hence

sup (1(g9zo), &) < wy(zo, &)
geTe

and this proves (11.2)) for x = x.
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Now assume, by contradiction, that the function with x = x¢ is
not continuous. Then there exists a sequence & € t\ {0} converging to
an element £ € t\ {0} such that the sequence w,(zo,&;) does not converge
to wy(xo,§). Since wy(xo,&;) is a bounded sequence, there is a subsequence,
still denoted by &;, such that the limit

Coo = lim wy (20, &;) (11.3)
1—>00

exists and is not equal to wy,(xo, ). Choose x € T¢(zg) such that

wy (o, &) = gsgqgwgwo),@ = (u(x),§).

Then, for every ¢ € N, we have

wu(@o, &) + (u(x), & = €)

(u(), &)

< sup (u(gzo), &)
geTe

= w,u(JUOafz’)-

Take the limit ¢ — oo to obtain wy,(zo, &) < lim; e wy(z0,&) = coo and so

wy(20,€) < Coo- (11.4)

Choose a sequence x; € T¢(xg) such that

wu(:co,&) = <,U(xz)7§z> for all 7 € N. (11.5)

Passing to a subsequence we may assume that the limit xo := lim;_ o x;

exists. Then o € T¢(z¢) and, by (11.3)), (11.4), and (11.5)), we have

’U}'u(.f(), g) < Coo

= lim wy(zo,&)
1— 00

= (1(Zoo), €)-

This contradicts equation (11.2)) and thus completes the proof of Theo-
rem Q1.1 O

The next lemma makes use of the Generalized Kempf Existence Theo-
rem Denote the unit sphere in t by S(t) := {{ € t||{| = 1}.
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Lemma 11.2. Let xg € X such that

inf
Jnf [u(gzo)| >0,

and let n € p(T<(x)), Then the following are equivalent:

— inf 11.6
il glenTc!u(ga:o)l, (11.6)

Inl* = nf (0. p(gao)). (11.7)

Moreover, there is a unique n € pu(T¢(xg)) satisfying these conditions, the
function S(t) = R : & — wy(z0,£) takes on its minimum at & := —|n|~'n
and only at that point, and

inf w,(zg,&) =—|n|=— inf .
cuty u(o, &) = —|n| Tc(xo)\u\

Proof. Existence is obvious for equation (|11.6) and uniqueness is obvious for
equation (11.7)). We prove that there exists an element n € u(T¢(zg)) that
satisfies ((11.7)). Let = : R — X be the solution of (3.2)) and define

Too 1= tlim x(t), N := (o).

—00

Then 7 € u(T¢(xg)) and, by Theorem we have
Il = ln(@oo)l = Inf |1(go)]-

Since T¢ is abelian, it follows from and in Theorem that
wy (0, =) = —|n|*.
Hence, by part (i) of Theorem [5.3] we have
wy(gzo, —n) = wu(xo, —n) = —|77|2 for all g € T.

Since the function ¢ — (u(exp(—itn)gxo), —n) is nondecreasing by (2.7)),
and converges to w,(gzo, —1) = —|n|* as ¢ tends to infinity, it follows (by
evaluating at ¢t = 0) that (u(gzg), —n) < —|n|? and hence |n|> < (u(g9x0),n)

for all g € T¢. This proves the existence of an element n € pu(T¢(zp)) that

satisfies (11.7)).
If 7 € p(T(xo)) satisfies (L1.7) then |n|* < [n||u(gzo)| for all g € T by
the Cauchy—Schwarz inequality. Since 7 # 0 this implies |n| < |p(gzo)| for

all g € T¢. Hence 7 satisfies ({11.6]).
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Conversely, assume that n € u(T¢(zo)) satisfies (11.6). By what we
have proved above there is an 1y € pu(T¢(xg)) that satisfies (11.7]) and hence
also (L1.6). This implies |n|* = |no|? < (no,n) and hence n = ny. Thus 7
satisfies (]-Mj[) and is uniquely determined by either condition.

Now define

:= inf
m glerchlu(g:Uo)l >0

and observe that (u(gxo),&) > —|u(gzo)| for all g € T and all £ € S(t). Take
the supremum over all g € T to obtain

wy (w0, &) = sup (u(gwo), &) > — inf |u(gro)| = —m
geTc gGTC

for all £ € S(t) by (11.2). Now take the infimum over all £ € S(t) to obtain

inf > _m. 11.8
gég(t)wu(xo,ﬁ)_ m (11.8)

To prove equality, recall from (11.6) and (11.7) that

inf (u(gzo),n) = |nf* = m”. (11.9)
geTe

Thus n # 0 and, by equation (|11.2)), we have

wy (w0, —=Inl~'n) = = inf (ulgzo). Inl~'n) = ~n = —m.

By (11.8]) this shows that the function S(t) = R : £ — w,(x0,&) attains its

minimum at the point & = —|n|~1n € S(t), i.e.
inf w,(z0, &) = w, (xo, —|n|"'n) = —m.
£es(y u( 0,§) u( 0, — |7l 77)

Now let & € S(t) such that & # —|n|~'n. Then (|n|~'n,&) > —1 and hence

wu(wo,§) = sup (g0, §) = (0,€) > —[n| = —m.
gele
Here the first step follows from ((11.2)), the second step follows from the fact
that 1 € u(T<(x0)), the third step uses the inequality (|n|~1n, &) > —1, and
the last step follows from (11.9)). This proves Lemmam O

The following theorem asserts that the image of every complexified group
orbit under the moment map has a convex closure. This is a variant of
Atiyah—Guillemin—Sternberg convexity (see [1] and [66, §5 & Appendix]).
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Theorem 11.3 (Convexity). For every x € X the set pu(T¢(z)) is convex.

Proof. For every 7 € t and every r > 0 denote the closed ball of radius r
about 7 by B,(7) C t. Fix an element z € X and define

A= p(To(2)).

For 7 € t\ A define
d(t,A) := inf |7 — &|.
(1,4) gleA|T €l

Then Lemma with p replaced by p — 7, asserts that

T €t\ A and - o
1 € Byiray(T) N A } = d(n,A)" = inf (n -7 — 7). (11.10)

This implies that A is convex. To see this, suppose by contradiction that
there exist elements 75,7 € A and a constant 0 < A < 1 such that

T:=(1-N1o+ A1 ¢ A.

Then
ro=d(r,A) > 0.

Fix an element n € B,(7) N A. Then by (11.10) we have
(n—m1,7 —7) > 12 for i =0, 1.
However, since 79 — 7 = A(19 — 71) and 71 — 7 = (1 — X\)(71 — 70), the inner

products (n — 7,79 — 7) and (n — 7,7 — 7) have opposite signs. This is a
contradiction and proves Theorem [11.3 ]
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Chapter 12

The Hilbert—Mumford
criterion

In this chapter we return to the general case where G is any compact Lie
group acting on a closed Kéhler manifold X by Kahler isometries, and the
action is generated by an equivariant moment map p : X — g = Lie(G).
Theorem 12.1 (The Mumford Numerical Function).

(i) For every x € X we have

L wu(az,g) . wu(xac)
MO T T RO mQOF
= inf wu(T,§) = inf Wul@, ) . |
ST A Rer - moP

The function m, : X — R defined by equation (12.1)) for x € X is called the
Mumford numerical function.

(ii) The Mumford numerical function m, : X — R is G®-invariant.

(iii) Bvery x € X satisfies my(z) + infge(y)|pu| > 0.

(iv) If x € X is p-unstable then 0 > m,,(v) = —infge(y)|p|-

(v) If z € X is p-stable then 0 < m,(x) < infGCi(m)\GC(w)"u"

(vi) For each x € X thereis a § € g such that |§| =1 and wy(x,§) = mu(z).

Proof. By Theorem [D.4 every ¢ € 7€ is equivalent to an element £ € g, we

have w,(x,() = wy(z,§) by Theorem and |Re(¢)|> — [Im(¢)|? = €] by
Lemma This proves the second and last equalities in (12.1]).
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It remains to prove that the infimum over g\ {0} in (12.1)) agrees with
the infimum over A. Let xg € X and & € g such that

1ol =1, wy (0, 0) = myu(zo)

(Theorem [10.3). Consider the torus

T := {exp(t&o) |t € R} C G, t := Lie(T).
Denote the unit sphere in t by

S(t) :={¢ e t][¢] =1}.

Then the function S(t) — R : & = wy(xo,§) is continuous by Theorem [11.1]
the set {|n|~1n|n € tN A} is dense in S(t), and infee g wu(zo,£) = my(ao).
Hence, for each € > 0, there exists an element n € tN A such that

N~ w0, n) = wp(xo, 0] 7Mn) < mu(wo) +e.

This implies
inf (1| w0, 1)) < (o) = it (€] w0, €)).

The converse inequality is obvious and this proves (i).

Part (ii) follows from (i), Theorem and Lemma part (iii) is
equivalent to the moment-weight inequality in Theorem 6.7} part (iv) follows
from Corollary part (v) follows from Theorem [10.3] and part (vi) from
Theorem [10.1} This proves Theorem [12.1] O

The main results of the present chapter are the Hilbert—Mumford numer-
ical criteria for p-semistability, u-polystability, and p-stability. We begin
with the p-semistable case, where the Hilbert—-Mumford criterion is a direct
consequence of Theorem (necessity) and Theorem [12.1] (sufficiency).

Theorem 12.2 (Hilbert—Mumford Criterion: Semistable Case).
For every x¢g € X the following are equivalent.

(1) zo is p-semistable.

(ii) Every & € A satisfies wy(xo,&) > 0.

(iii) Fvery & € g\ {0} satisfies w,(xo,&) > 0.
(iv) BEvery ¢ € A® satisfies wy,(zo,¢) > 0.

(v) Every ¢ € T°¢ satisfies wy,(zo,¢) > 0.
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Proof. The equivalence of the assertions (ii), (iii), (iv) and (v) follows from
equation in Theorem that each of these conditions implies (i)
follows from part (iv) of Theorem and that (i) implies (v) was proved
in part (i) of Theorem

More precisely, Mumford’s Theorems [D.4]and [5.3|show that (ii) <= (iv)
and (iii) <= (v). The equivalence (ii) <= (iii) follows from the continu-
ity of the weights for torus actions in Theorem [11.1] with the argument
spelled out in the proof of Theorem [12.1] That (i) = (iii) follows from
the moment-weight inequality in Theorem [6.7], which shows that the exis-
tence of a negative weight implies that z( is p-unstable. That (iii) = (i)
follows from the Kempf Existence Theorem which produces an ele-
ment § € g\ {0} with w,,(z0,£) < 0 whenever z is p-unstable. This proves
Theorem [12.2 O

Theorem 12.3 (Hilbert—Mumford Criterion: Unstable Case).
For every xg € X the following are equivalent.

(1) zo is p-unstable.

(ii) There exists a & € A such that w,(zo,§) < 0.

(iii) There exists a & € g\ {0} such that w,(xo,&) < 0.

(iv) There exists a ¢ € A° such that wy(xo, () < 0.

(v) There exists a ¢ € T¢ such that w,(zo,¢) < 0.

Proof. This follows directly from the definitions and Theorem [12.2 O

The next theorem is the Hilbert—Mumford numerical criterion in
its classical form. We derive it as a corollary of Theorem [12.3

Theorem 12.4 (Hilbert—Mumford Criterion: Classical Case).

Let G C U(n) be a compact Lie group, let G¢ C GL(n,C) be its complez-
ification, and let V be a finite-dimensional complex vector space equipped
with a holomorphic representation of G¢. If v € V' is a nonzero vector such

that 0 € G¢(v), then there exists a & € A such that lim;_,o exp(it€)v = 0.

Proof. By assumption G induces a Hamiltonian group action on the pro-
jective space X = P(V) with the moment map of Lemma Let v eV
be a nonzero vector such that 0 € G¢(v). Then v is unstable and thus the
point z := [v] € P(V) is p-unstable by Theorem [8.5l Hence Theorem [12.3
asserts that there exists a £ € A such that w,(x,£) < 0. By Lemma this
means that v is contained in the direct sum of the negative eigenspaces of
the Hermitian operator on V' determined by i€. Hence lim;_,~ exp(it)v = 0
and this proves Theorem [12.4 ]
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Theorem 12.5 (Hilbert—Mumford Criterion: Polystable Case).
For every xog € X the following are equivalent.

(1) xo is p-polystable.
(ii) Bvery & € A satisfies wy,(x0,£) > 0 and

wy(z0,§) =0 = t]i)rgo exp(it€)xo € G(xo).

(iii) Fvery & € g\ {0} satisfies wy,(x0,§) > 0 and

wy(xo,&) =0 = tlgélo exp(ité)xo € G(xp).

(iv) Every ¢ € A® satisfies wy(xo,¢) > 0 and

wy,(w0,¢) =0 = Jim exp(itQ)zo € G*(x0)-

(v) Every ( € T°¢ satisfies w,(zo,¢) > 0 and
wy(z9,¢) =0 = tli)m exp(it¢)zo € G(xp).

Proof. That (i) = (v) was proved in part (ii) of Theorem and the
implications (v) = (iv) = (ii) and (v) = (iii) = (ii) follow directly
from the definitions. Thus it remains to prove that (ii) implies (i).

The proof of sufficiency of the p-weight condition for p-polystability
is due to Chen—Sun [23, Theorem 4.7]. Here is their argument. Fix an
element zop € X that is y-semistable but not p-polystable, let z: R — X be
the solution of the differential equation

&= —JLypu(x), z(0) = o,
and define zo, := lim;_,oc (). Then, by Theorem

Too 1= tlim x(t) ¢ G(xo), (o) =0, ker L, # 0. (12.2)

—00

We prove in seven steps that there exists an element £ € A such that
wy(z0,€) =0, tlim exp(ité)xo ¢ G(xo). (12.3)
—00

Step 1. The complex isotropy subgroup G _ is the complezification of Gy, .
Moreover, there exists a Gy -equivariant local holomorphic coordinate chart
Y U = X on a Gy -invariant open neighborhood Us, C T, X of the
origin such that ¥(0) = zo and di(0) = id.
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Since p(xo) = 0, it follows from Lemmathat G is the complexification
of G;.. Now let ¢ : (T, X,0) = (X, 2z+) be any holomorphic coordinate
chart, defined in a neighborhood of the origin in 7,; _ X, such that ¢(0) = z«
and d¢(0) =id. Let dvoly denote the Haar measure on G, and define a
map Y from an open neighborhood of z,, in X to an open neighborhood of
the origin in T, X by
x(z) = 1/ u o (uz)dvoly (u)
VOI(GIOO) Guroo

for z € X sufficiently close to xs. Then x(zs) = 0, dx(zo) = id, and x
is holomorphic and G, -equivariant. Hence, by the inverse function the-
orem, it restricts to a G,_ -equivariant holomorphic diffeomorphism from
a Gy -invariant open neighborhood of z in X to a G,_ -invariant open
neighborhood U, C T, X of the origin. The inverse ¢ := x~! of this
restriction satisfies the requirements of Step 1.

Step 2. Recall the notation ve(x) = L& for the infinitesimal action of £ € g
on X, and let ¢ : Uss — X be the holomorphic coordinate chart in Step 1.
Then there exists a § > 0 such that Bs(zso) = {T € Tp, X | 7] < 6} C Uss
and, for all T € Bs(xoo) N im(Lgm)L and allye T, X, (=E+in € ¢,

dy(z)y = L,CZ,@)C — Y= V@Ug(xoo) + Jngn(xoo)

12.4
and y L im(L§_ ) and Ly ¢ = 0. (12.4)

The action of G, on X by Kihler isometries gives rise to a unitary action
of G,_, on the tangent space T, X at the fixed point . The infinitesimal
action takes the form of a Lie algebra homomorphism

Ooo = Lie(Gy ) = ker(Ly ) = w(Tp X) 1 &= A = Vig(20).

Thus A¢Z = %’t:o exp(t&)T = Vave(roo) for 7 € T, X and & € ker(Lg., ).
Differentiate the identity 1 (uZ) = uy) () for & € Uy and u € G,__, to obtain
for all T € Uy and all € € g,

Since uL,_ 1 = Ly (unu=!) foru € G, and n € g, we also have for &, 7 € g,
Ly =0 = A¢Lyoon = Lo €] (12.6)

By (12.6) the subspaces im(L$_) and im(LS_)* are invariant under the
endomorphism A¢ for every ¢ € ker(L,_ ). Hence the implication “<="

in (12:4) for all Z € Uy Nim(LE_ )"+ follows from (I2.5)), because di)(Z) is
complex linear and Lg_ ¢ = 0 if and only if L, § = Ly, n = 0.
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For T € Uy, define the linear operator .% : g° x (imLS_ )+ — Ty X by
Z5(C,Y) i= Ly ¢ — d(@)y.

for ¢ € g° and § € im(LS__)*. The index of this operator (the dimension of
the source minus the dimension of the target) is 2k, where k := dim(Gy_, ).
Moreover, if T € Uy Nim(LE )+, then it follows from the implication “<="
in (already proved) that the 2k-dimensional subspace

%= {(E+in, AT + JAT) [ & € ker(Ly )} C g° x im(LE_ )+t

is contained in the kernel of the operator .Z%. Since %% is surjective for 7 = 0,
there exists a constant § > 0 such that Bs(zs) C U and %% is surjective
for every T € Bs(xo). Hence dim(ker(.%;)) = 2k and so ker(.%%) = %5 for
every T € Bs(zo0) Nim(LS_)*. This proves Step 2.

Step 3. Let d > 0 be as inStep 2. Then there exists a tg > 0 and smooth
curves &, : [to,00) — (ker Ly )", T : [to, 00) — (imLS_ )+ such that

z(t) = exp(in(t)) exp(§(4))y(z (1),  [2(t)] <4,
for every t > ty.

Define the map f : ker(Lg, )" x ker(Ly.)* X (Bs(zoo) Nim(LE_)4) = X
by f(&,m,%) := exp(in) exp(§)1(Z). Then the derivative of f at the origin
is bijective. Hence f restricts to a diffeomorphism from an open neigh-
borhood of the origin in ker(L,_ ) x ker(L, ) x im(L¢_)* onto an open
neighborhood of x+, in X. This proves Step 3.

Step 4. Let tg,&,m,T be as in Step 8 and let g : R — G be the unique
solution of the equation g~'¢ = iu(x) with g(0) = 1. Fort >ty define

h(t) == exp(in(t)) exp(€(t),  goo(t) := h(to) ' g(to) " g(t)h(t).
Then, for all t > tq,
goo(to) =1, goo(t) € G;_, 2(1) = Goo ()1 Z(t0),  x(t) = h()Y(Z(1)).
By Lemma [3.2] and Step 3, we have
g(t) " wo = x(t) = h(t)P(T(t))
for t > tg. Hence, for all t > tg,
G(T(t)) = h(t) " g(t) a0
= h(t)~"g(t) " g(to)h(to)d(Z(to))
= goo(t) ' (E(t0))-
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Differentiate this equation to obtain
(BT = Li1Co0r oo = oo iMoo 1= 0 I
Since |Z(t)| < 0 and 0;@(t) L im(L§_ ), it follows from Step 2 that
Coo(t) € ker(Lg__ ), O (t) = Vi) Ve (1) (Too) + I Va(1)Vnac (1) (Too)
for all ¢t > tg. Since goo(to) = 1, we obtain
9o(t) €GL ., Z(t) = goo(t) ' (t0)

for all ¢t > to. This proves Step 4.
Step 5. There exists an element & € A such that Ly & =0 and

lim exp(it€)h(to) 'a(to) = woo,  wu(hlto) ' (t0), &) = 0.

By Step 4, 2(t) € G5__(Z(to)) for every ¢t > to and limg oo Z(t) = 0. More-
over, the compact Lie group G, acts on ilrn(Lf,:oo)l by unitary automor-
phisms. Hence, by Theorem [I12.4] there exists an element £ € A such that

Jim exp(it)Z(to) =0, Ly & =0.

Since i€ acts on the tangent space T, X by a Hermitian endomorphism, it
follows that the function ¢ — |exp(it€)Z(to)| is decreasing. Hence the vector

exp(it&)z(to) € im(LgOO)L

is contained in the domain U, of the holomorphic coordinate chart v for
all t > 0. Hence

W (exp(it)(to)) = exp(it€)y (F(to)) = exp(it&)h(to) "z (to)
for t > 0, hence
Jim exp(it€)h(to) ™ a(to) = 1(0) = 2o

and hence
wu(h(to) ' (to), &) = (1(r0), &) = 0.
This proves Step 5.
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Step 6. There exists an element ¢ € A such that
wu(r0,¢) =0, lim exp(itQ)zo ¢ G(o)-
Let g, h,& be as in Steps 4 and 5 and define
¢ := g(to)h(to)&h(to) " g(to) "
Then, by part (i) of Theorem
wy(0,¢) = wy(h(to) ' g(to) " wo, h(to) " g(to) "' Cg(to)h(to))

= w#(h(to)_1$(t0)7 £)
=0

and
Jim exp(itC)o = lim exp (itg(to)h(to)¢h(to) " g(to) " )zo
= g(to)h(to) lim exp(it€)h(to) "z (to)
= g(to)h(to)l’oo.

Hence lim;_, o exp(it¢)zo ¢ G(xo) by (12.2) and this proves Step 6.
Step 7. There exists an element & € A that satisfies (12.3)), i.e.

wy,(xo,§) = 0, Jim exp(ité)zo ¢ G(xo).

Let ¢ € A€ be as in Step 6. By Theorem there exist elements
p.p" €P(Q)
such that
¢:=p (peA,  p' = lim exp(it¢)p exp(—it().
t—00
Hence, by part (ii) of Theorem
wu(xﬂvé) = 'LUM(LI?O, C) =0

and

texp(itQ)p exp(—it¢) exp(it¢)ao

lim exp(it§)xg = lim p~
t—o00 t—o00
= p~pT lim exp(it¢)zo
t—o0
¢ G%(z0).

The last assertion follows from Step 6. This proves (|12.3)), Step 7, and
Theorem [12.5 O
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Theorem 12.6 (Hilbert—Mumford Criterion: Stable Case).
For every xy € X the following are equivalent.

(1) xo is p-stable.

(ii) Fvery & € A satisfies wy(xo,&) > 0.

(iii) Every £ € g\ {0} satisfies wy(xo,&) > 0.

(iv) Bvery ¢ € A® satisfies wy,(zo,¢) > 0.

(v) BEvery ¢ € T°¢ satisfies wy,(x0,¢) > 0.

Proof. That (i) = (v) was proved in part (iii) of Theorem and the
implications (v) = (iv) = (ii) and (v) = (iii) = (ii) follow directly
from the definitions. Thus it remains to prove that (ii) implies (i).

Assume wy,(z9,§) > 0 for all £ € A. Then xg is p-polystable by The-
orem Hence there exists an element g € G¢ such that u(gzg) = 0.
Assume, by contradiction, that ker Lg,, # {0}. Then the isotropy sub-
group Ggg, is not discrete and hence A Nker Ly, # 0. Let & € A Nker Lgy,.
Then w,(gxo, &) = 0 by Lemma and so wy, (o, g &0g) = 0 by part (i) of
Theorem Since ¢~ '¢pg € A, it follows from Theorem and part (ii)
of Theorem that there exists an element £ € A such that w,(zo,&) =0,
in contradiction to our assumption. This shows that ker Ly, = {0}, hence
we have ker Lj, = {0} by Lemma %d therefore ker Lg = {0}. Thus zg
is pu-stable and this proves Theorem [12.6 O

Corollary 12.7. For every xg € X the following holds.

(i) o is p-unstable if and only if m,(xo) < 0.

(ii) zo is p-semistable if and only if m,(zo) > 0.

(iii) zo is p-stable if and only if my(xo) > 0.

(iv) =g is p-stable if and only if the moment-weight inequality 18
strict, i.e. my(wo) +infge(zq)lul > 0.

Proof. Part (i) follows directly from Theorem and the definition of
the Mumford numerical function m,, in (12.1). Part (ii) follows from (i).
Part (iii) follows from Theorem and Theorem m To prove part (iv),
observe that my(zo) > 0 = infge(yy)|1| whenever zq is p-stable (by (iii)),
that —m, (7o) = infge(yy)|i2| whenever xg is p-unstable (by Corollary ,
and that my(zo) = 0 = infge(yy)|[p| whenever zg is p-semistable, but not
p-stable (by parts (ii) and (iii)). This proves Corollary [12.7] O
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Chapter 13

Critical orbits

The results of this chapter are based on the work of Gdbor Székelyhidi [72].
We assume throughout that G is a compact Lie group whose Lie alge-
bra g = Lie(G) is equipped with an invariant inner product, that it acts
on a closed Kahler manifold X by Ké&hler isometries, and that the action
is generated by an equivariant moment map p: X — g. The goal of this
section is to examine complexified group orbits that contain critical points
of the moment map squared. In the notation of Chapter [2| the problem
can be rephrased as that of finding a solution of the equation L,u(x) =0
as x ranges over a G%orbit in X. This is the finite-dimensional analogue
of finding an extremal metric in the cscK setting described in Chapter
The main result is the generalized Székelyhidi criterion in Theorem for
the existence of a critical point in the complexified group orbit, in terms of
polystability with respect to the action of a suitable quotient group. As a
warmup we begin with the following criterion in terms of the gradient flow
of the square of the moment map, which is analogous to Theorem

Theorem 13.1 (Critical Orbits). Let 29 € X, let = : R — X be the
unique solution of (3.2)), and define o := limy_,oc x(t). Then the following
are equivalent.

(1) G¢(x0) contains a critical point of the square of the moment map.
(ii) 200 € G%(20).
Proof. We prove that (i) implies (ii). Assume that there exists an x € G¢(x)

such that Lyu(z) =0. Then |u(x)| = infoeqe plgzo) = |u(z)| by Corol-

lary and Theorem Hence o € G(z) C G°(z9) by Theorem
This shows that (i) implies (ii). The converse implication follows from the

fact that L, _pu(xe) = 0 by Theorem This proves Theorem [13.1] O
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In his PhD thesis [72] Gébor Székelyhidi found a criterion for the ex-
istence of a critical point of the moment map squared in the complexified
group orbit in terms of polystability with respect to the action of a suitable
subgroup. To describe his criterion we recall the the notations

Gy i ={ueGlur ==z}, G ={geG|gx =z}

for the compact and complex stabilizer subgroups. Recall also that G§ is
the complexification of G, whenever p(z) =0 (Lemma [2.3). However, in
general, the complezified stabilizer subgroup (G,)¢ is a proper subgroup of
the complez stabilizer subgroup GS. The latter may not even be reductive.

Throughout a torus is a compact connected abelian Lie group. The
Székelyhidi criterion requires the choice of a maximal torus

T C G,

and it may not be possible to choose this torus such that it is contained
in G. However, if T C G® is any torus and t := Lie(T) is its Lie algebra,
then t\ {0} C .7¢ and so the G®invariant pairing

(€1, G2)e := (Re(G1), Re(G2)) — (Im(G1), Im(¢2)) (13.1)

on g¢ is positive definite on t by Lemma This implies that there exists
a unique linear projection Ilt : g¢ — t such that

((—M7(¢),7)e=0  forall ( € g®andall T €t. (13.2)

With this understood, we introduce the following notation.
Let z € X and let T C G§ be a torus with the Lie algebra

t:= Lie(T) C g¢“.

Let G% C G be the identity component of the centralizer of T (the subgroup
of all elements of G¢ that commute with each element of T), i.e.

g7 :={Ceg|[¢. 7] =0 for all T € t},

g:[0,1] — G is a smooth path (13.3)
GT := ¢ ¢g(1)| such that g(0) = 1 and .
g(t)gt)~! € g5 for all t € [0,1]

By the Closed Subgroup Theorem Gf is a Lie subgroup of G¢ with the Lie
algebra Lie(G%) = g5. For x € X and ( € 7N g5 \ t the (p, T)-weight of
the pair (x,() is defined by

wur(@.0) = Jim (u(exp(itC)a), Re(C ~TIr(0). (134

With this terminology in place we are in a position to formulate the main
results of this section.
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Theorem 13.2 (Generalized Székelyhidi Criterion).
Let x € X, let T C GS be a mazimal torus with the Lie algebra t := Lie(T),
and let g € G¢ such that gTg~' C G. Then the following are equivalent.

(i) G¢(z) contains a critical point of the square of the moment map.

(ii) There exists an element h € G% such that g~ 'p(gha)g € t.

Proof. Let h € G such that g~ 'pu(ghx)g € t C ker LS. Then hth™! = 7 and
hence L}, 7 = hLiT =0 for all 7 € t. Thus

Lyhap(gha) = gL, (9~ p(gha)g) = 0.
This shows that (ii) implies (i). The converse is proved on page [111] O

Theorem 13.3 (Székelyhidi Moment-Weight Inequality). Let z € X,
let T C GE be a torus with the Lie algebra t := Lie(T), and let g € G¢ such
that gTg~! C G. Then infrcqe|pu(hx)| > [TIt(g~ u(gz)g)|e and

—Wwy T(mv () .
sup ’ < inf /|u(ha)|? — Mr(g~ u(gz)g)[2. (13.5)
cezengi\t V/ICIZ — M (Q)[2 — heGe

Moreover, the supremum on the left is attained, it remains unchanged when
taken over all ¢ € 7°N g5 \ t with exp(¢) € T, gCg~! € g, II1(¢) =0, and
equality holds in (13.5)) if and only if the left hand side is nonnegative.

Proof. See page [115 O

Theorem 13.4 (Hilbert—Mumford Criterion: Critical Orbits).

Let x € X and firx a mazimal torus T C GS with the Lie algebra t := Lie(T).
Choose an element g € G¢ such that gTg~' € G. Then the following are
equivalent.

(1) G°(z) contains a critical point of the square of the moment map.

(ii) If ¢ € 7¢ satisfies [(,1] =0, exp(¢) €T, g¢g~ ' € g, and IIT(¢) =0,
then wy(z,¢) >0 and

wy(z,() =0 = tlingo exp(it¢)r € GT(x).
(iii) If ¢ € 7°\ t satisfies [(,t] =0, then w,r(x,{) >0 and
wy,(2,() =0 = tllglo exp(itQ)z € GT(x).

Proof. That (iii) implies (ii) follows from the fact that w, r(z,() = wu(z, ()
whenever ¢ € .7¢ satisfies [(,t] =0 and IIT(¢) =0 (see equation ((13.4))).
That (ii) implies (i) and (i) implies (iii) will be proved on page O
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We will see below that the Székelyhidi criterion in Theorem [13.2] is a
restatement of the polystability condition on x with respect to the action of
a suitable quotient group on a suitable submanifold of X. In the case

g=1,
where T is a subgroup of G, the Lie group in question is the quotient
Gr/T

of the identity component Gt C G of the centralizer of T by the torus T,
and the submanifold X, on which it acts, consists of all elements of X that
contain the torus T in their stabilizer subgroup. Then the moment map
descends to an equivariant moment map

T - XT —>gT/t

for this action and, in the case g = 1, condition (ii) in Theorem says
that x € X7 is pp-polystable (see Lemma . Theorem states the
corresponding moment-weight inequality for pur and Theorem adapts
the Hilbert—-Mumford criterion for polystability to this setting. The proofs
of all three theorems reduce to the case g = 1, either by replacing (z,T)
with
(92,9Tg™")
or, equivalently, by leaving the pair (x,T) unchanged while replacing the
triple (G, w, p) with (¢*G, g*w, g* 1), where
g*G =g Gy, (g"w)z(T1,T2) 1= wye (971, g72),
and
(") (z) == g~ p(g)g.
This is the first ingredient in the proof of the Székelyhidi criterion and is
explained in Lemma below. The second ingredient in the proof is the
study of the action of the quotient group Gr/T on the submanifold Xp
and its moment map ur : X1 — g/t in the case T C G. This is the
content of the Lemma The third ingredient, required for the proof of
the generalized Székelyhidi moment-weight inequality and of the Hilbert—
Mumford criterion for critical orbits, is the study of the toral generators for
the quotient group (Lemma and the corresponding Mumford numer-
ical invariants. These are shown in Lemma to be the (u, T)-weights
in . After these preparations we are ready to prove the main theorems
of this section. The proof for g = 1 will again use the gradient flow of the
moment map squared and the Kempf-Ness function as the central technical
ingredients.
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Conjugation and the balancing condition

The purpose of the present subsection is to explain why it suffices to prove
Theorems [13.2] [13.3], and [13.4] in the case g = 1.

Lemma 13.5. Fixz an element g € G¢, define

G:=g'Gy, §:=g 'gg, (13.6)
and define the map i : X — g by
fi(z) = g ' u(gx)g forx e X. (13.7)
Let
w:=g'w

be the pullback of w under the diffeomorphism induced by g. Then the fol-
lowing holds.

(i) The bilinear form defines an invariant inner product on g.
(ii) The 2-form W is a Kdhler form on the complex manifold (X, J).
(iii) The Lie group G acts on (X,&,J) by Kihler isometries.

(iv) The map Ji : X — § is G-equivariant.

(v) The map fi : X — § is a moment map for the G-action on (X,&).
(vi) Let z € X and let T C GS be a torus with Lie algebra t. Then

wyr(z,¢) = wur(z, () (13.8)
for every ¢ € T°Ngs\ t

Proof. We prove part (i). The bilinear form on g°¢ is symmetric by
definition and, since g\ {0} C 7€, its restriction to g is positive definite by
Lemma This proves (i).

Part (ii) follows from the fact that w is a Kéhler form on (X, .J) and that
the diffeomorphism induced by g preserves the complex structure.

We prove part (iii). Fix an element % € G and define

u = gug L.

Then u € G by (13.6)) and hence

~g ~

ww=1u"g"w = (gu)*'w = (ug)*'w = g'u'w = g*'w = w.

Moreover, the G-action preserves the complex structure because G c G-
This proves (iii).
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We prove part (iv). Let z € X and u € (N}, and define u := gug~' € G
as above. Then, by ((13.7)),

and this proves (iv). N
We prove part (v). Fix elements z € X, T € T, X, and £ € g, and define

€= gég!
Then £ € g by (13.6]) and
@w(Lig ) = Wgz\g 5’953\)

(9L
= wga(Lga(9€g™ "), 97)
= wyz (Lgz§, 9T)
= (du(gr)gz, §)
= (g7 (du(gr)gT)g, 9~ "g)e
= (dii(), ).

Here the penultimate equality follows from Lemma and the last equality

follows from (|13.7)). This proves (v).
We prove part (vi). Let x € X, let T C GC be a torus with Lie algebra

t, let ¢ € 7°\ t with [(, t] = 0, and define 2" := lim;_, o exp(it¢)z. Then
= lim exp(it(¢ —TIr(¢)))z

because LgIlt(¢) = 0 and ¢ commutes with ITT(¢). Hence LS, (¢TIt (¢)) =
0 by Lemma [5.4] and so
wy,r(,¢) = (u(@™), ¢ = ().
= (u(gx™), 9(¢ =T (¢))g™H))e
= (g7 u(gx™)g, ¢ — T1(¢))e
= wyr(z, ().

Here the second equality follows from Lemma the third equality follows
from Lemma and the first and last equalities follow from the definition
of the relative weights in (13.4). This proves (vi) and Lemma [13.5] O
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Definition 13.6. An element x € X is called p-balanced iff there exists a
mazimal torus T C G such that T C G.

Here we slightly abuse notation because the balancing condition depends
only on the maximal compact subgroup of G¢ but not on the choice of the
moment map. Lemma [13.5] shows that it suffices to prove Theorems
and under the assumption that = is p-balanced and g = 1.

Example 13.7. (i) If g € G belongs to the center of G¢, then the maximal
compact subgroup G= ¢ 'Gg in Lemma m is equal to G, however, the
resulting symplectic form @ := ¢g*w and the moment map g = g*u may well
be different from w and u, respectively.

(ii) Every fixed point of the G®-action is p-balanced and so is every point
with discrete isotropy in G€.

(iii) If G is abelian then every torus in G¢ is necessarily contained in G and
so every element of X is p-balanced.

(iv) Every G¢orbit contains a p-balanced element. Let 2 € X and suppose
that T C G§ is a maximal torus. By Lemma there is a g € G° such
that gTg~! € G. Then gTg~! is a maximal torus in gG¢g~! = Gy, and
hence gx is p-balanced.

(v) Consider the diagonal action of G = SO(3) on (S?)". Then G¢ is
the group of Mobius transformations, the moment map u : (S%)* — R3 is
given by p(z) = 31 | x; for & = (21,...,2,) € (S*)", and its critical points
are the n-tuples z € (S?)" that satisfy x; = £, for all i and j. Now
let € (8?)" such that x3 = --- =z, # £x1. Then G, = {1} and G¢ = C*.
Thus G contains a unique maximal torus T ¢ G and so z is not p-balanced.

Corollary 13.8 (Generalized Székelyhidi Criterion). Let x € X be a
p-balanced element and let T C G, be a mazximal torus with the Lie alge-
bra t:= Lie(T). Then infgyeqe|p(gx)| > [Hr(u(x))| and

swp 2B e P - e u@)E. (13.9)
ceg\{0}, [.0=0,61t €] geGe

Moreover, the following are equivalent.

(1) G°(z) contains a critical point of the square of the moment map.
(ii) There exists an element h € GS such that p(hx) € t.

(iii) If € € g\ {0} satisfies [§,t] =0 and & L t then wy(x,£) >0 and

wy(z,£) =0 = tlg})lo exp(it)zr € G (z).

Proof. Theorem Theorem and Theorem [13.4 O
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Centralizer and quotient group

For a torus T C G with the Lie algebra t := Lie(T) C g denote by Gp C G
the identity component of the centralizer of T (the subgroup of all elements
of G that commute with each element of T), i.e.

gr = {569‘[5,7’] =0 for allTEt},
u: [0,1] — G is a smooth path (13.10)
Gt := < u(1)]| such that u(0) = 1 and
a(t)u(t)~t € gr for all t € [0, 1]
By the Closed Subgroup Theorem, Gt is a Lie subgroup of G with the
Lie algebra Lie(Gt) = gr. Moreover, T is a subgroup of the center of Gr.

Thus T is a normal subgroup of Gt and Gr/T is a compact Lie group with
the Lie algebra Lie(Gp/T) = gr/t. For £ € g denote by

[ElT:=&§+t€gr/t
the equivalence class of £. The quotient group acts on the space
Xp:={reX|TCG,} (13.11)

of all elements of X that contain the torus T in their stabilizer subgroup.
The next lemma shows that XT is a complex submanifold of X and that
the Gp/T-action on X7 is Hamiltonian.

Lemma 13.9. Let T C G be a torus with the Lie algebra t, let G, gT be as

in (13.10), and let G, g7 be as in (13.3)). Then the following holds.
(i) The formula

<[§]T ’ [n]T>9T/t = <§7 n— HT(T/» (1312)

for & m € gr defines an invariant inner product on gr/t.
(i) If e T°ngi\tthen (+7€ T°Ngs \t for all T € t and

Im(¢) Lt

(iii) The set X1 in s a closed Gr-invariant complexr submanifold
of X and pu(Xt) C gr.

(iv) The quotient group Gr/T acts on Xt by Kdihler isometries, and the
action is generated by the G /T-equivariant moment map

prs X o grft po(@) = [u@)]r = ple) + b (13.13)
Proof. See page [105] O
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In preparation for the proof of Lemma [13.9] we establish some basic
properties of the projections Ilp.

Lemma 13.10. Let T C G be a torus and let It : g¢ — t be the projection
defined by (13.2)). Fiz two elements g € G¢ and ¢ € g¢. Then

Myrg-1(9¢g™") = gl (g~ (13.14)
Moreover, if v € X satisfies T C G then
(1(gz), Re(Tyrg-1(9¢g™"))) = (u(z), Re(Ir(())) (13.15)

Proof. Let t:= Lie(T) C g¢ and define 7 :=IIp(¢) € t. Then (( — 7,t). =0
by (13.2)) and hence, by Lemma

(997" =979 gtg™H)e = 0.
Thus grg~' = I,1,-1(9¢g~") and this proves (13.14).

Now let z € X such that T C G%. Then L{7 = 0 and hence it fol-
lows from Lemma that (u(x),Re(7)) = (u(gx), Re(grg™!)). Thus equa-

tion (13.15)) follows from ([13.14]) and this proves Lemma [13.10 O

Proof of Lemma[13.9. We prove part (i). Let £,n € gr and u € Gp. Then
we have Ilt(unu~!) = IIt(n) by Lemma and so
(fugu™ e, funu™" 1) g, e = (ugu™  unu™" — v (n))
= <€7 n— HT(”))
= (&), nlT)gr /e
This proves (i).

We prove part (ii). Fix an element ( € 7°N g5\ tand let 7 € t. Then ¢
and 7 are two commuting toral generators and ( + 7 # 0. Hence ( + 7
is again a toral generator, commutes with t, and is not an element of t.
Thus ¢ +7 € T°N g5 \ t. This implies (Re(¢) + 7,Im(¢)) = 0 for all 7 € t
by Lemma Hence Im(¢) L t and this proves (ii).

We prove part (iii). That X7 is a closed subset of X follows directly
from the definitions, and that it is a submanifold of X with the tangent
spaces T, X1 = {T € T, X |aZ =7 for all a € T} for z € Xr is a general
fact about smooth group actions. That Xt is a complex submanifold follows
from the fact that the T-action preserves the complex structure. If z € X
and g € G, then ax = z for all a € T, hence agr = gax = gx for all a € T
because a and g commute, and hence gx € Xp. Thus X7 is Gp-invariant.
Moreover, the group T acts trivially on X1 by definition, and hence the ac-
tion of Gt on Xt by Kéhler isometries descends to an action of the quotient
group G /T.
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If z € Xp, then t C ker Ly, hence [u(z),7] = —du(x)Lym = 0 for all
7 € t by (2.6)), and so p(z) € gr. This shows that u(Xt) C gr and so the
map pr : X7 — gr/tin is well defined. That it is Gt /T-equivariant
follows directly from the G-equivariance of map p : X — g. This proves (iii).
We prove part (iv). Fix elements x € X1, ¥ € T, X1, and £ € gp. Then

(dpr (), [€] 1) gr e = (dp(@)T, § — Tn(S))
= (dp(z)z, §)
= w(La, 7).
Here the second equality follows from the equation du(x)* = JL, in (2.6)
and the fact that t C ker L,. This proves (iv) and Lemma [13.9] O

By definition, an element x € X is pr-polystable if and only if there ex-
ists an element h € G5 such that p(hz) € t. Thus the generalized Székelyhidi
criterion in Theorem [13.2] asserts that, when T C G¢ is a maximal torus
and T C G, the complexified group orbit G¢(x) contains a critical point of
the square of the moment map if and only if x € X7 is up-polystable. If G
is a torus, this follows directly definitions.

The (u, T)-weights

This subsection establishes the basic properties of the relative (u, T)-weights,
in preparation for the proof of the Székelyhidi moment-weight inequality
and of the Hilbert—Mumford criterion for critical orbits. The first step is to
characterize the toral generators in the quotient Lie algebra g/t

Lemma 13.11. Let T C G be a torus and let G and g be as in (13.3).
Then G%/T¢ is a reductive Lie group with the Lie algebra

g/ = Lio(G/T°).
Moreover, the set of toral generators in g5 /t¢ is given by

CeTngs\th.

95%/Tc = {[C]TC
Here [(]e := ( 4+ t° denotes the equivalence class of ¢ € g7 in g5/t¢.

Proof. Assume first that T C G. Then G%/T¢ is a connected complex Lie
group which contains G /T as a maximal compact subgroup, and whose Lie
algebra is the complexification of g/t = Lie(Gt/T). Thus G5/T¢ is the
complexification of G /T and this proves (i).
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Now let ( € 7°N g5 \ t. Then the set

T := {exp(t¢) |t € R}

is a compact subgroup of G, and so projects to a compact subgroup
of G$/T¢ which is generated by [(]re. Since Im(IIt(¢)) L t by part (ii)
of Lemma we have [(]re # 0 and so [(]c is a toral generator.

Conversely, choose an element ¢ € g such that [¢]re is a toral generator.
Then ¢ ¢ t¢ and we may assume without loss of generality that Im({) L t.
(If necessary, replace ¢ by ¢ — ilm(II7(¢)) without changing the equivalence
class [(]Te.) Since [¢]Te is a toral generator, there exists an h € G such
that Im(h¢h™!) € t. Since Im(¢) L t, we have Im(h¢h™1) L t by Lemmal 5.7
and so Im(h¢h™1) = 0. Thus ¢ € 7N gs \ t and this proves Lemma [13.11
under the assumption that T C G.

To prove the result in general, choose g € G¢ such that

T:= gTg~ ! cG.

Then G/T€ is isomorphic to G% / T¢ and hence is reductive. Now let ¢ €97
Then the equivalence class [(]re € g7/t is a toral generator if and only if
[gC g_l]j:c is a toral generator, and

CeTNgi\t — 9Cg~t e TNgi\t
This proves Lemma, [13.11 O

Lemma 13.12. Let x € X and let T C G be a torus with the Lie algebra t.
Then the following holds.

(i) If ¢ e T°Ng5 \ ¢, then

wp,t(2,¢) = wu(z, ¢) — (u(x), Re(Ilr(¢))) (13.16)
(i) Ifce T°ngi\tand T €t, then(+7€ T°Ngs \t and
w,u,T(-rv C + 7_) = w,LL,T('r7 C) (1317)

(iii) If ( € T°Ngs \ t and g € G°, then

Wyt (2, ) = Wy, grg-1 (92, 9Cg ™) (13.18)
(iv) If T C G and G, g7 are as in (13.10) and ¢ € TN g7 \ t, then
UJ“’T(ZE, C) = Wy (:Ea K]TC) (1319)

Here the term on the right hand side is the weight associated to the moment

map (13.13)) for the action of Gr/T on the manifold Xt in Lemma .
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Proof. We prove (i). Let ( € 7°N g5 \ t. Then the group element
g = exp(it¢) € GT

satisfies
gCg ' =¢  gTg'=T.

Hence it follows from equation ((13.15)) in Lemma that
{u(exp(itC)x), Re(Ilr(C))) = (p(x), Re(Ilr(C)))
for all ¢t € R. Thus, by (13.4]), we have

W, ¢) = lim (u(exp(it¢)e), Re( — Tx(0)))
= lim (u(exp(itC)w), Re(C)) — (u(x), Re(TTx(0)))
= wu(w,¢) — (u(@), Re(Tlx(())).

This proves ([13.16]) and (i).
We prove (ii). Let (€ 7°Ngi\tand 7€t Then (+7€ 7°Ng7\t
by part (ii) of Lemma Moreover, since [¢, 7] = 0, we have
exp(it(¢ + 7))z = exp(it() exp(itT)x = exp(it()z
for all £ € R, hence

+ o . . o . .
x" = tlgélo exp(it¢)r = tlgglo exp(it(¢ + 7))z,

and so
w,u,T(xa C + 7_) = <H(SU+), RG(C + 7 - HT(C + T))>
= (u(z™),Re(¢ — I (C)))
= wu,T(l‘u C)
by (13.4). This proves and (ii).
We prove (iii). Let ( € 7N g5 \ t and g € G°. Then, by Lemma
and Theorem we have
wy, (7, C) = wu(z, () — (u(x), Re(Ilr(¢)))
= wy(gz,9Cg~") — (u(g), Re(ymy-1(9¢g™ "))
= wu,ng—l(gx’gCgil)'

This proves ((13.18) and (iii).
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We prove (iv). Assume T C G, and let ¢ € 7°N g7 \ t. Then it follows
from part (ii) of Lemma that IIT(Im(¢)) = 0. Now define

T = lim exp(it¢)z.
t—00

Then, by ((13.4), we have

wy,r (@, ¢) = (u(@™), Re(¢ — 1(¢)))
= (u(z"), Re(¢) — TIr(Re(¢)))
= (pr(2™), [Re(¢)] 1)

Here the second equality follows from the fact that t C g and IIt(Im(¢)) = 0,
and the third equality follows from the definition of the inner product on
gr/t in (13.12) and the definition of the moment map pr : X1t — g/t

in (13.13]). This proves ([13.19)), part (iv), and Lemma [13.12 O

Proof of the generalized Székelyhidi criterion
The proof of Theorem [13.2]is based on the following three lemmas.

Lemma 13.13. Let zo € X, let T C Gy, be a torus with the Lie algebra t,

and let Gt and gt be as in (13.10). Then the following holds for every
element g € G.

(i) T C Gggo and t C ker Lgy, .

(ii) p(gzo) € ot

(iii) p(gwo) — plzo) L t.

Proof. Parts (i) and (ii) follow from Lemma because G (xg) C X1. To

prove part (iii), choose a smooth path g : [0,1] = Gf with ¢(0) = 1 and
define the paths z : [0,1] — X and n,& : [0,1] — g by

z(t) == g(t)'wo,  &(t) +in(t) == g(t) " g(t)
for 0 <t <1. Then & = —L ¢ — JL;n and hence

d

pH(@) = —du(@) L€ — dp(w)J Lan = [p(2), €] — Ly Lan.

Thus the inner product of % p(x) with any element 7 € t vanishes by part (i)
and so the path ¢+ (u(z(t)),7) is constant. This proves part (iii) and

Lemma [I3.13] O
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Lemma 13.14. Let g € X, let © : R — X be the unique solution of (3.2),
and define xoo := limy_,oo 2:(t). Then the following holds for every t € R.

(l) Gz(t) = Gxo and GJ;O C Gxoo'
(ii) ker L,y = ker Ly, and ker Ly, C ker L, .

(iii) [u(z(?)),&] =0 = [u(z0), &] for all § € ker Ly, .
(iv) p(z(t)) — p(zo) L ker Ly, and (o) — p(zo) L ker Ly, .

Proof. Let u € G and s € R. Then the unique solution y : R — X of the
differential equation § = —JLyu(y) with y(s) = uxz(s) is y(t) = ua(t). This
implies G (5) C Gy for all s,¢ € R. Interchange s and ¢ to obtain

Gas) = Ga)
for all s,¢ € R. This proves (i) and (ii). To prove (iii), let £ € ker L,,. Then
L,n§=0
for all t € R by part (i), and hence
[1(z(2)), ] = —dp(x(t)) Lyr§ = 0

for all ¢ by (2.6]). This proves (iii). To prove (iv), we use (2.6) to compute

(1)) = dp(a())i(0) = ~du(e() Lyu(e(t)) = ~ L Loy la().

Now fix an element { € ker Ly,. Then L& =0 for all ¢ by part (ii) and
this implies

d
This proves part (iv) and Lemma O

Lemma 13.15. Let g € X, let x : R — X be the unique solution of ,
and define Too := limy_,o0 2(t). Let T C Gy, be a torus with the Lie algebra t,
and let Gt and gt be as in . Then the following holds.

(1) w(x(t)) € gr for allt € R and p(rs) € gr-

(ii) p(x(t)) — p(zo) Lt for allt € R and p(re) — p(zo) L t.

(iii) z(t) € GE(zo) for allt € R and v € GE(20).
(iv) [u(gzo)| = [(xo0)| = [Mr(p(w0))| for all g € G and

|1(o0) — Tr(p(0))| = gie%f% VIu(go)? — M (u(z0))|?

= inf, Vp(gzo) 2 — [T (p(x0)) 2
g€

(13.20)
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Proof. Since t C ker L,,, parts (i) and (ii) follow directly from parts (iii)
and (iv) in Lemma [13.14] To prove part (iii) denote by g : R — G¢ the
unique solution of (3.3)), so that

g 'g=ip(x), ¢(0)=1
Since p(z(t)) € gr for all ¢ by (i), this implies g(t) € G5, hence
z(t) = g(t)"'wo € G (o)

for all ¢ by Lemma [3.2] and so

Too = tli>r£o z(t) € GS(o).

This proves (iii). To prove part (iv) observe that

I (p(00)) = T (pe(0))

by (ii) and hence, by Theorem

[T (p(wo))| = [Tr (i(@oo))| < [(woo)| = nf |1go)]

Since oo € G5 (o) by (iii), this implies
Vi) P = [T (u(0)) 2 = Jud, Vn(gao)? — [ (o))

< inf \/|,u(gxo)\2— [T (pe(0)) |?

9€GT
< Vlilweo) [ = M (o)) 2
This proves (|13.20) and Lemma |13.15 O

Proof of Theorem (i) = (ii). Let xy € X such that G°(x) contains a
critical point of the square of the moment map and let T C G7 be a max-
imal torus. By Lemma it suffices to assume that z( is p-balanced
and T C G. We must prove that there exists an element h € G} such
that p(hzo) € t:= Lie(T). Let z : R — X be the unique solution of
and define xoo 1= limy_o0 2(¢). Then L, _pu(xo) =0 by Theorem (3.3 We
prove in five steps that

ZToo € G (20), wrso) € L (13.21)

The p-balanced condition is used in Step 2.
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Step 1. Let g : R — G° be the unique solution of (3.3). Then g(t) € GF
and we have x(t) = g(t)~'zg for all t € R.

Part (i) of Lemma [13.15| asserts that p(xz(t)) € gr for all t. Hence it follows
from (3.3) that g(t)~1g(t) = iu(z(t)) € g% and this implies g(t) € GS for
all t. The formula z(¢) = g(t)"1z¢ follows from Lemma 3.2 and this proves
Step 1.

Step 2. T is a mazwimal torus in Gi_ and there exists an element go, € G°
such that Too = gtxo and T = g Tgoo.

By assumption, the complexified group orbit G¢(z() contains a critical point
of the square of the moment map. Hence zo € G(x¢) by Theorem
Choose an element gy € G¢ such that gorg = T. Since T is a maximal
torus in G it follows that goTg, 1is a maximal torus in

90GS g5 = GE Ly = GE

T goxo

Moreover, since xg is p-balanced and T C G, it follows from part (i) of
Lemmathat T C Gzy C Gy, € GS__. Since T has the same dimension
as goTgy ~, this shows that T is another maximal torus in Gf_ . Now it
follows from the Cartan-Iwasawa—Malcev Theorem in [50, Thm 14.1.3] that
any two maximal tori in any connected Lie group are conjugate. Apply this
result to the identity component of GZ__ to obtain an element g; € Gj__ such
that glgngO_lgl_1 = T. Then we also have g1gozro) = g1T = Too and so the
element go := (g190) "' € G€ satisfies the requirements of Step 2.

Step 3. u(zs) € t.

Note that
Ly i(2o0) =0, [1(zec), ] =0

by part (iii) of Lemma [13.14] Hence
t = t+ Ru(rs) C ker L

Too

is an abelian Lie subalgebra and therefore the set
T = exp(t) C Gu,
is a torus. It contains T and so must be equal to T by Step 2. Hence

w(Too) €Y C Lie(T') =t

and this proves Step 3.
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Step 4. Let g : R — G be as in Step 1 and let goo € G be as in Step 2.
Define
7o == I (p(z0))

and choose u: R — G and n: R — g such that
g(t) exp(in(t))u(t) = goo exp(itty) for allt € R. (13.22)

Then the function R — R : t — |n(t)| is nonincreasing.
Recall that 7 : G¢ — M := G°/G denotes the canonical projection and
define the curves v: R - M and vo, : R — M by

~(t) := w(g(t)), Yoo (t) := W(goo exp(itm))

for t € R. We prove that these are both negative gradient flow lines of the
Kempf-Ness function ®,, : M — R. For ~ this follows directly from the def-
inition and part (vi) of Theorem {4.3| For v, we use the fact that p(rs) €t
by Step 3, thus p(2eo) = Hr(p(z0)) = 7o by part (ii) of Lemma[13.15 and so

(o) =10 €t C ker Ly, C ker Ly

by part (ii) of Lemma [13.14] This implies

. —1d . .
(900 exp(itTo)) l@goo exp(itro) = ito
= iu(Too)
= ip(exp(—itmp)rso)
= i,u((goO exp(itro))*lzcg).

Thus v and 7 are negative gradient flow lines of the Kempf—Ness func-
tion ¥, as claimed.

By equation (13.22)) and part (ii) of Theorem the curve
[0,1] = M : s — w(g(t) exp(isn(t)))

is a geodesic joining Y(t) to Yoo(t). Since M has nonpositive sectional cur-
vature by part (iv) of Theorem |C.1] geodesics are unique, and hence

()] = d(v(t), 7 (t))  forallt € R.

Since the Kempf-Ness function is convex along geodesics by part (i) of The-
orem it follows from Lemma that the function ¢ — |n(t)| is nonin-
creasing. This proves Step 4.
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Step 5. zo € G (z0)-
Let g : R — G5 be as in Step 1, let go be as in Step 2, and let

T0 = HT(M(.%())) et

and u: R — G and 5 : R — g be as in Step 4. Then

1 i= JooT00m € L. (13.23)
By (13.22)) and (|13.23]), we have
g(t) exp(in(t))u(t) = goo exp(ito) = exp(itT1)gso (13.24)

for all ¢ € R. Since the function ¢ — |n(t)| is nonincreasing by Step 4, there
exists a sequence t; — oo such that the limits

Moo := lim n(t;), Uso = lim u(t;) (13.25)
1— 00

1—00

exist. Define
(oo = eXP(in)oo ) Uso- (13.26)

Since 71 € t C ker Ly, it follows from ((13.24]), (13.25), and (13.26) that

Too = lim g(t;) ™ xg
71— 00
= lim g(t; -1 exp(it;T1)xo

= lim exp in(ti))u(ti)g;olﬁUO

Thus a € GS_ and hence
(o)
— _ —1
Lo = Aooloo = Acofso L0-

Moreover,
exp(in(t))u(t)gs' = g(t) " exp(itr) € Gf

for all t € R by (|13.24) and Step 1. Hence, by (13.25)) and (13.26)), we have
Gocgoe = €XP(iMoc)Usofog = lim exp(in(t:))u(ti)ga, € GF.

This proves Step 5 and Theorem [13.2 ]
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Proof of the generalized Székelyhidi moment-weight inequality

The next goal is to establish the generalized Székelyhidi moment-weight
inequality in Theorem In the rational case it is due to Székelyhidi [72],
Theorem 1.3.6]. We derive it as a corollary of the standard moment-weight
inequality in Theorem for the Gp/T-action on X7 in Lemma m

Proof of Theorem[13.3 Let x € X, let T C G, be a torus with the Lie
algebra t, and let G and g7 be as in (13.10)). Then, by ([13.12]), we have

1€)713, ) = 1617 = [Tr(€)]* = [€ - T(§)? (13.27)
for all £ € gr. Moreover, if ( =& +in€ TN g5\ t, then by part (ii) of
Lemma we have IIt(Im(¢)) = 0, which implies

el 0 = bl
and hence
1Sl = 1€l e — Il
= " = Inf* = |Tr(¢)*
= [l = mr(Q)°
= ¢ - Tx(Q) 2.
Combine (13.27) and (13.28) with Lemma[13.12)and Theorem [12.1]to obtain

(13.28)

—w,, (7, () _ — Wy (2, [C]re)
cerergni VICE —TIQP  cezerapye el

—Wurp (% [‘S]T)

= sup

T
eigégéfr |[€] ‘gT/t
- _w%T(w’&) (13.29)
cear\t € — I (§)]
exp(§)eT
— sup _wll($’ f) ]
ecgpntlL\{o} |§|
exp(§)eT

Here the first step follows from ((13.28) and part (iv) of Lemma [13.12] the
second from Theorem for the Gp/T-action on X7 with the moment
map pr : Xt — gr/t in Lemma the third from (13.27) and part (iv)

of Lemma [13.12] and the last from part (ii) of Lemma [13.12| by replacing &
with € — I (€).
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Since Iy (p(he)) = p(u(x)) for all h € GS by Lemma [13.13] we have

e (ha)lg, o = Vn(ha) 2 — T (u(ha))]?
= /| u(ha)? — [z (u(2)) (13.30)
= |pu(ha) — T (u(x)

for all h € GS by (13.13) and (13.27). Hence

—Wy, T (.’E, C) — —Wprp (.I, [C]TC)
cezengi\ VICZ — Mo(QF  cezengsye |[Cel,
< inf |ur(hz
i g (13.31)
— inf 2 _ 1 2
wod, Vp(ha)? — M (p(z))]

= inf Iu(ho)P? — [Hr(u(@))P

Here the first step follows from , the second step follows from Theo-
rem the third step follows from , and the last step follows from
part (iv) of Lemma[13.15] That the supremum on the left is attained follows
from Theorem and that equality holds in if and only if the left
hand side is nonnegative follows from Corollary for the G /T-action
on X7 with the moment map pr : X7 — gr/t in Lemma m This proves
the Székelyhidi moment-weight inequality ~in the case g = 1.

To prove the result in general, replace G by G := g~ 'Gg, with the inner
product on its Lie algebra 9 := ¢ 'gg, and use the moment map
n:X —gin for the G-action on (X, g*w). Then Lemma shows
that the estimate is equivalent to the same estimate with p replaced
by z. This proves Theorem [13.3 O

In the rational case the inequality (13.5) in Theorem is due to
Székelyhidi. In |72, Thm 1.3.6] he stated the estimate in the following form.

Corollary 13.16 (Székelyhidi). Let x € X, let T C G, be a torus with
the Lie algebra t, and let Gp and gr be as in (13.10). Let £ € g\ t such
that [£,¢] =0 and w,r(z,&) < 0. Then

2
W@ O Lha) (13.32)

2 NS
[T (p())]” + |€]2 — |TIp(€)]2 — heGe

Proof. This follows by taking ( = £ and g = 1 in Theorem and squaring
the inequality (13.5]). O
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Proof of the Hilbert—Mumford criterion for critical orbits

By Theorem we can use the Hilbert—Mumford criterion for polystability
in Theorem to characterize the complexified group orbits that contain
critical points of the square of the moment map.

Proof of Theorem[13.4, Assume first that z € X is p-balanced, that T C G
is a maximal torus, and that ¢ = 1. Then x € X7. Consider the Hamiltonian
Gr/T-action on X7 in Lemma with the moment ut : X1 — gr/t.

Claim 1. Condition (i) in Theorem holds if and only if x is pr-
polystable.

Claim 2. Condition (ii) in Theorem is equivalent to condition (ii) in
Theorem [12.5 for the quadruple (Xt, Gt /T, pr, ).

Claim 3. Condition (iii) in Theorem is equivalent to condition (v) in
Theoremfor the quadruple (X1, G/ T, ur, x).

Theorem with g = 1 asserts that G°(z) contains a critical point of
the square of the moment map if and only if there exists an h € GF such
that p(hz) € t. By Lemma this holds if and only if x is up-poystable.
This proves Claim 1. Claim 3 follows directly from part (iv) of Lemma
and the characterization of toral generators in Lemma

We prove Claim 2. Every equivalence class in g1/t has a unique represen-
tative £ € g Nt+. The equivalence class [¢]T € gr/t is nonzero if and only
if £ # 0, and it satisfies exp([¢{]T) = [1]1 € G/T if and only if exp(§) € T.
Thus our lattice vector in g/t can be represented by a unique element
£ € 7€ that satisfies the conditions

(€4 =0, exp(§)eT, ¢Eeg, () =0

Since wyp (z, []T) = wu,r(x,§) = wy(z,§) for any such &, by part (iv) of
Lemma this proves Claim 2.

Under the assumption T C G, the assertions of Theorem follow
directly from Claim 1, Claim 2, Claim 3, and Theorem

Now let T be a maximal torus in GJ and let g € G® such that gTg~t CG.
Consider the subgroup G := ¢~ 'Gg C G¢ and the moment map ji: X — g
in (I3.7). Then G°(z) contains a critical point of %|u|? if and only if
it contains a critical point of £|a[?>. Moreover, wg r(z,¢) = wyr(z, () for
all ¢ € 7°N g5 \ t by Lemmal[l3.5] Thus each of the conditions (i), (ii), (iii)
in Theorem for (X,w,G,pu,g,T,z) with T C G is equivalent to the
corresponding condition for (X, w, G, w, 1, T, x) with T C G, for which the
equivalence has already been established. This proves Theorem [13.4 O
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The rational case

If the inner product on g is rational with some factor 2 > 0 (Definition ,
then for every torus 7' C G with the Lie algebra t = Lie(T) there exists
a unique connected Lie subgroup H ¢ G with the Lie algebra h = gp N t-
(Lemma . In this situation the action of the quotient group Grp/T
on X7 can be replaced by the action of the subgroup H on all of X and
the Székelyhidi criterion in Theorem [13.2] can be restated in terms of pp-

polystability (Corollary [13.18]).

Lemma 13.17 (Székelyhidi [72, Lemma 1.3.2]). Assume the inner
product on g is rational with factor h. Let T C G be a torus with the Lie

algebra t := Lie(T), let Gt and gr be as in (13.10), and define

h:= {ngHf,T] =0 and <§,T>:0f0rall7'€’c},
u: [0,1] = G is a smooth path (13.33)
H:=< u(l)| such that u(0) =1 and '
w(t)u(t)™t € b for all t € [0,1]

Then H is a Lie subgroup of G with the Lie algebra Lie(H) = . Moreover,
GT::TH:{av|aET,v€H}, gr =tdh, (13.34)
and the complexifications are related by GT = T°H® and g7 = t© @ h°.

Proof. The linear subspace h C g in is a Lie subalgebra and hence H
is a subgroup of G (called the integral subgroup of h). We must prove that it
is closed. By a theorem of Malcev [60] the subgroup H is closed if and only
if {exp(tn) |t € R} C H for all n € b (see also Hilgert—Neeb [50, Cor 14.5.6]).
Fix an element 7 € h. Then exp(tn) commutes with every element of t
and hence the linear subspace t + Rn is an abelian subalgebra of g. Hence

T, =exp(t+Rn) C G
is a torus. Denote
t, := Lie(T,) C g.
Then the lattice tN A spans t, and the lattice t, N A spans t,,. Consider the
orthogonal decomposition
_ / ! 1
t=tot, t=tnt

We claim that the intersection t;] N A spans t%. To see this, let m := dim(t)
and n := dim(t,), choose an integral basis e1, ..., ey, of tN A, and extend it
to an integral basis eg, ..., e, of t; NA.
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Use Gram—-Schmidt to obtain an orthogonal basis €], ..., e}, of t, defined
recursively by €] := e; and

— /
e%:zek—z@k/’ez’)e; fork=2,...,n.
o el

It follows by induction that €] is a rational linear combination of e1, ..., ey
for each k and thus satisfies

‘eHQ € 2rhQ, (ej,e) € 2ThQ
for all j. Since
span(e],...,e;) = span(ey, ..., ex)

for all k, the vectors ), 4, ..., e, form a rational basis of t; N QA, so t;, N A
spans t; as claimed. Thus
T;, := exp(ty)

is a closed subgroup of G such that

exp(Rp) C T, CH

and so exp(Rn) C T}, C H. This shows that

exp(Rn) C H for all n € h.

Hence it follows from Malcev’s theorem [60] that H is a closed subgroup of G
and so is a Lie subgroup of G.

To prove (|13.34)), observe that
gr=ta®bh, TH c Gr.

To prove the converse inclusion, choose a smooth path u : [0,1] — G such
that w(0) = T and &(t) := u(t)"tu(t) € gr for 0 <t < 1. Then &£(t) €tD b
for all ¢t and we write

) =7@)+n(t), T)et,  nlt)ebh.
Define the curves a : [0,1] — T and v : [0,1] — H by

ata=r, v o =1, a(0) =v(0) = 1.

Then u(t) = a(t)v(t) for all ¢, because T and H commute. Thus Gp ¢ TH
and so Gr = TH. The same argument shows that G = T°H® and this

proves Lemma [13.17] O
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The following corollary is the Székelyhidi criterion in its original form,
as stated in [72, Theorem 1.3.4].

Corollary 13.18 (Székelyhidi Criterion). Assume that the inner product
on g is rational with factor h and that xo € X is p-balanced. Let T C Gy, be
a maximal torus with the Lie algebra t, let H and § be as in Lemma[15.17]
and let Iy : g — b be the orthogonal projection. Then ug :=gou: X — b
1s a moment map for the action of H on X and the following are equivalent.

(i) G%(zo) contains a critical point of the square of the moment map.
(ii) xo is pm-polystable.
(iii) Every ¢ € T°NY° satisfies w,(zo,¢) > 0 and

wy(x0,() =0 = tli)m exp(it¢)zo € H(xp). (13.35)
(iv) BEvery ¢ € A°Nh° satisfies wy(xo,() > 0 and (13.35).

(v) Every ¢ = ¢ € h\ {0} satisfies wy(zo,€) > 0 and (13.35).
(vi) Bvery ¢ =& € AN satisfies wy,(zo,€) > 0 and (13.3F).

Proof. Assertion (ii) is equivalent to condition (ii) in Theorem because
as = HOT*

by Lemma Hence the equivalence of (i) and (ii) follows from Theo-
rem That (ii) is also equivalent to the remaining assertions was proved

in Theorem This proves Corollary [13.18 O
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Examples

Example 14.1 (Circle actions). Let (X,w) be a closed symplectic man-
ifold and let H : X — R be a smooth function whose Hamiltonian flow is
2m-periodic. Denote by vy € Vect(X) the Hamiltonian vector field of H and
by {¢% }ser the flow of vy. Thus

L(U) — dH is: s Oz'd s+2m s

H)W ) s PH = VH°¥H> Y =1d, PH YH

for all s € R. Then the map S'x X — X : (el*, x) — % () is a Hamiltonian
circle action on X and p:=iH : X — iR = Lie(S!) is an equivariant mo-
ment map for this action. Choose an S'-invariant and w-compatible almost
complex structure J on X. Then (-,-) := w(:,J-) is a Riemannian metric
on X, the gradient of H with respect to this Riemannian metric is given
by VH = Jvg, and the equation £,,,J = 0 implies

[ver, VH] = 0.

Hence the flows induced by the vector fields vy and VH commute and so
the circle action extends to a C*-action C* x X — X : (g,x) — g - x via
HD i 3 0 oy (2) (14.1)

for s,t € Rand z € X, where R — Diff(X) : ¢t — oL, denotes the (positive)
gradient flow of H. Thus, for each x¢p € X, the curve z : R — X, defined by

2(t) = e " - 20 = Py (o)
for t € R, is the positive gradient flow line of H through xg, i.e.

#(t) = VH (z(t)), z(0) = xo. (14.2)

121
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Denote the limit points of this gradient flow line by
= lim 2(t), x” = lm x(¢). (14.3)

t—o00 t——o0

In spite of the fact that J need not be integrable, and so (X,w, J) need not
be a Kéhler manifold, all the definitions and results in this book carry over
to the present situation. For example, the weights of xg are

wy(z0,1) = H(z™), wy(zo, —1) = —H(z"). (14.4)
Thus the weights are all nonnegative if and only if
H(z7) <0< H(x™),
and this holds if and only if the closure
C* zo=C*-zoU{z,2"}

of the complexified group orbit intersects the zero set H~1(0) of the moment
map, i.e. zg is p-semistable. If xg is p-polystable, but not u-stable, then the
criterion of Theorem translates into the condition z~ = zop = 2z, in
which case the gradient flow line is constant and so

H(z7)=0=H(z").

The point xg is p-stable if and only if its complexified group orbit C* - xq
intersects H'(0) and the gradient flow line is nonconstant. This
holds if and only if

H(z™) <0< H(z™),
confirming the criterion of Theorem In this situation the Kempf-Ness
function ®,, : (0,00) = C*/S! — R is given by

log(p)

"H

o, (r) = / Hloi_(x0)) dp for r > 0. (14.5)
1 p

The metric on the space M = C*/S! = (0,00) is given by r~!dr and the

geodesics have the form (t) = rpe. Convexity of ®,, along geodesics

translates into the equation %<Dx0(et) = |VH(<ptVH(:B0))‘2 > 0. However,

og(r log(r
20! (1) = |VH(po%" (20))2 — H(p28" (x0))

and thus the function ®,, : (0,00) — R need not be convex. The General-
ized Székelyhidi Criterion for critical orbits in Theorem [13.2] asserts, in the
present case, that the complexified group orbit C* - g contains a critical
point of the function %H 2. X — R if and only if 2 is either p-stable (the
case T = {1}) or is a fixed point of the circle action (the case T = S!).
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Example 14.2 (A circle action on S$?). Consider the unit sphere

3
52 .= {x = (w1, x2,23) € R ‘ |22 = Zx? = 1} (14.6)
i=1

equipped with the standard symplectic and complex structures given by

A~ ~
. 9

0(Z,y) := (x X T,7) J(@X)Z =z xZ

for x € S%? and z,j € T,S? = 2. The standard circle action is given
by rotation in the (x1,x2)-plane and is generated by the Hamiltonian func-
tion H.(z) := x3 + ¢ for € S?. The complexified group action is given by

. 2(Re(g)z1 — Tm(g)s)

0= Ut ) + 921 — a3) (21(1—T_€ig;$_2 Ij;II;(nl(g—)g;?) (14.7)

for g € C* and = € S2. This corresponds to the standard C*-action on the
Riemann sphere C = C U {oco} under the stereographic projection

1 + iz

S? 5C:xr—
1+$3

, (14.8)

which sends the north pole N :=(0,0,1) to z=0 and sends the south
pole S :=(0,0,—1) to z = co. The Kempf-Ness function &, : (0,00) = R
of an element z € S? is given by the explicit formula

o+ T2> == (Y

O, (r) = (c—1)log(r) + log <]z\2+1 [

The slopes are

walw 1) = im === 21 o,

t—00 t
®e?) [ —(c—1), ifz#N,
| —(e+1), ifz=N.

(el) { c+1, ifx#S,

e = i 7
This is consistent with , Lemma and the Hilbert—-Mumford crite-
rion. Namely, when —1 < ¢ < 1 then the elements of S\ {S, N} are stable
while S and N are unstable, and when |¢| > 1 all elements of S? are un-
stable. If ¢ = 1 then S is polystable, the elements of S\ {S, N} are all
semistable, and IV is unstable. If ¢ = —1 then N is polystable, the elements
of 52\ {S, N} are all semistable, and S is unstable.
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Example 14.3 (The SO(3)-action on $?). The group G := SO(3) acts
on the unit sphere S? C R3 and the action preserves the standard Kéahler
structure in Example Throughout we identify the Lie algebra so(3)
with R? via the isomorphism

0 =& &
R = 50(3): € = (61,60,83) — A= | & 0 —& |.  (14.10)
—&2 &1 0

This isomorphism identifies the cross product with the Lie bracket, satisfies
the equation Ay = udeu™! for v € SO(3) and ¢ € R?, and the stan-
dard inner product on R? is invariant and coincides with half the trace,
Le. (€,n) = —itrace(A¢A,) for all £,n € R3. The SO(3)-action on S? is
Hamiltonian and, under the above identification of the Lie algebra with R3,
the moment map s : S? — R? is the canonical inclusion, i.e. u(x) = z.
Throughout we identify SO(3) with SU(2)/{£1} via the isomorphism
induced by the Lie group homomorphism SU(2) — SO(3) given by

b Re(a? — %) —Im(a® —b%) Re(2ab)
( % - ) = | Im(a® —v%) Re(a®?+0b%) Im(2ab) |. (14.11)
o ~Re(2ab)  —Im(2ab)  |af? — |b?

The homomorphism (14.11) has been chosen such that, under the stereo-
graphic projection S? — C in (14.8)), the SO(3)-action on S? corresponds to
the standard SU(2)-action on the Riemann sphere C via

( ¢ b)-z: az+b (14.12)
—b a —bz+a
(see [41], Proposition 4.2.2]). Thus
G®=PSL(2,C)
is the group of Mobius transformations, it acts on the Riemann sphere by
(‘é 2)’2_2512’ (14.13)

and the corresponding action on S? via the stereographic projection (14.8))
is given by

2Re((az + b)(cz + d))

a b 1
< = 2Im ((az + b)(cz + d)) (14.14)
d > z 2 2
c laz 4+ 0% + |cz + d| laz + b? — [cz + d|?

for x € S? and 2z := (1 + z3) ! (21 + ix).
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To obtain an explicit formula for the Kempf-Ness function, it is conve-
nient to identify the symmetric space G¢/G with the hyperbolic 3-space

H3 = {y = (y07y17y27y3) € R4 | Yo > 07 Q(y)y) = _1} ) (1415)

where @ : R* x R* — R is the quadratic form

Qy,y') == —youh + y1vy + y2uh + Y3y

for y,y’ € R* and the Riemannian metric on H? is given by the restriction
of Q to the tangent spaces. The isometry F : G¢/G — H3 sends the equiv-
alence class of g € SL(2,C) to the vector (vo,y1,%2,y3) € H® given by

yo = (a+d)?/2—1

z; - 22135552 ( ; Z > = (997)'/*. (14.16)

Yys = (d2 - a2)/27
With this identification the lifted Kempf-Ness function ®, : PSL(2,C) — R
associated to an element = € S? is given by
®4(g) = log (yo — z1y1 — T2y2 — T3Y3) (14.17)

for g € PSL(2,C), where y € H? is given by (14.16) (see [41, Thms 4.2.5
and 4.2.6]). In this example the p-weight of a pair (z,¢) € S? x R3 is

, if —|€|x,
wu(, &) = { _E{ ifg i —E{x (14.18)
The vector & € R3\ {0} corresponds to the skew-Hermitian matrix
~ 1 ig3 L —i& )
=5 . . € su(2 14.19
YTy ( & —iG g u(2) ( )

via the deriviative of of the homomorphism ((14.11)) and so the geodesic ray ¢
in H? is given by 7¢(t) = F(exp(itug)) = (Cosh(t|£|),sinh(t|£])%) for t >0
(see 41, Lemma 4.2.8]). The Kempf-Ness function along this ray is

P (7¢)(t) = log (cosh(t]f\) — sinh(#/¢]) <5|’§9|3>>

and the asymptotic slope of this function is the weight w,(z,&) in (14.18).
The explicit computation shows that the weight function £ — w,(x,€) is
discontinuous. Geometrically, the asymptotic slope of the the Kempf-Ness
function is —1 along precisely one geodesic ray of unit speed, and
is +1 along all others. This corresponds to the fact that all elements z € S?
are p-unstable because |u| = 1.
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Example 14.4 (The SO(3)-action on (S?)"). Fix a positive integer n
and real numbers \; >0 for i = 1,...,n. Let o € Q?(S?) be the standard
symplectic form in Example and consider the symplectic form

W =ANMOB Ao DD Ao € 92((52)n)

on X := (S?)". This is a Kéhler form for the standard complex structure J.
The diagonal action of G = SO(3) on (S?)" preserves the Kihler struc-
ture (wy, J) and is generated by the moment map gy : (S?)" — R3? = 50(3),
which assigns to each n-tuple z = (21,...,2,) € (S?)" its center of mass

NA(xla o ,xn) =Mzl + Aoxo + -+ ApTn

(Example [14.3). The negative gradient flow of the moment map squared is
given by the solutions of the differential equation & = —J L,y (x) which in
the present situation takes the form

n n
i=1 j=1

An element = = (z1,...,2,) € (S?)" is a critical point of the moment map
squared (i.e. satisfies Lyuy(x) =0) if and only if either py(z) =0 or the
vectors x1,...,x, are parallel. By the computations in Example the

Kempf-Ness function of an element = = (z1,...,z,) € (S?)" is given by
n
.(g) = Z Ailog (yo — xi1y1 — Tiye — 3Y3) (14.21)
i=1

for g € PSL(2,C), where y € H? is given by (14.16). The uy-weight of a
pair (x,&) with x = (z1,...,2,) € (S?)" and £ € R\ {0} is given by

“’“*';'56 ZA“’“'Z’ Yo Y (14.22)

zi#E—E/I€] zi=—¢/¢]

Fix an element x = (21,...,%,) € (S?)". Then the weighted sum of the
Dirac measures at the points z; defines a function v, : S? — [0, ] given by

V= Z)‘i’ vy (p) == Z i for p € S2. (14.23)
i T;=p
Define
KT (z) = max vy (i), K (x) = -,Hllin Vg (). (14.24)

With these formulas at hand the stability properties of an element z € (S2)"
are determined by the Hilbert—Mumford criterion as follows.
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When ¢ € R? has norm |¢| = 1, it follows from (14.22)) and (14.23)) that
Wy (2, €) = ¥ — 20 (=€), (14.25)

By Theorem an element z € (S2)" is py-unstable if and only if it admits
a negative weight, and according to (14.25)) this means that more than half
the mass is concentrated at a single element of S2. Thus, by (14.24)),

x is py-unstable = kT (z) > g (14.26)

Among the py-unstable points are those where the mass is concentrated
at precisely two elements of S? with greater mass at one of these points.
Those are the elements whose G®-orbits contain higher critical points of the
moment map squared. It follows directly from that

x is py-semistable — kT (x) < g (14.27)

If kT (x) = v/2 then precisely half the mass is located at one element of S2.
The other half of the mass is also located at a single point if and only if
the element is py-polystable but not uy-stable, because any pair of points
is equivalent to an antipodal pair via a M&bius transformation. Thus

x is py-polystable and not py-stable = kE(z) = g (14.28)

Using the fact that for & z; € S? we have lim; o exp(ité)z; = & when-
ever z; # —& and limy_, o, exp(it)x; = —€ whenever z; = —&, one can verify
that this is consistent with the Hilbert—Mumford criterion in Theorem
Finally, it follows from Theorem [12.6| and ((14.25) that

x is py-stable — kT (z) < g (14.29)

In this case at least three points on S? have positive mass and so the isotropy
subgroup is trivial. The Hilbert—Mumford criterion asserts in this case that
there exists a Mobius transformation g € PSL(2, C) such that the weighted
center of mass of the points gx1,..., gz, is zero.

This example does not satisfy the rationality conditions of Chapter [J]
whenever the ); are rationally independent. The three notions of p)-semi-
stability, p-polystability, and py-stability are equivalent whenever n is odd
and )\; = 1, and then the quotient space M,, := X°/G¢ = u~1(0)/G = X/G
is a smooth manifold, called the Mumford quotient. It can be viewed as
a compactification of the configuration space C,, := ((S?)" \ A,,)/PSL(2,C),
where A,, C (S2)" is the fat diagonal. A finer compactification is the Deligne—
Mumford space ﬂom; the projection 7 : ﬂom — M, sends a stable curve
of genus zero with n marked points to its Mumford component [61, p 650].
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Example 14.5 (Normal matrices). This example is taken from a lecture
by Peter Kronheimer [54]. Consider the vector space V := C™*™ with the
Hermitian inner product

(A, B) := Re(trace(A™B))

for A, B € C™*" and the projective space X := P(V') with the Fubini-Study
form

- (141, A5)  (iAy, A)(Ay, A) N (A1, A)(iA,, A)

wA<A1,A2) = ‘A|2 - ‘A|4 ‘A|4 (1430)

for A€V \ {0} and A; € V. The special unitary group G := SU(n) acts
on V by
w-A:=uAut

for u € SU(n) and A € V. The induced action on the projective space P(V)
is Hamiltonian and generated by the moment map u : P(V) — su(n) whose

lift to V' \ {0} is given by
[4, A%
A2

u(A) = — (14.31)

DO =e

for A € V'\ {0}. Here the Lie algebra g := su(n) is equipped with the stan-
dard inner product

(€§,m) := Re(trace(£™n))

for &, € su(n) and the infinitesimal covariant action of g on P(V) is given
by
trace([ﬁ,A]A*)A

|A”

for £ € su(n) and A € V' \ {0}. The right hand side in (14.32) is the pro-
jection of the commutator [, A] onto the complex orthogonal complement

of A. Equation (|14.32)) implies (14.31)). The complexified group action is
given by

Lt = [¢, A — (14.32)

g-A=gAg™!

for g € SL(n,C) and A € C™*". A matrix A € C"*™\ {0} belongs to the
zero set of the moment map if and only if it is normal. It is p-unstable if
and only if it has a trivial spectrum o(A) = {0}, is p-semistable if and only
if o(A) # {0}, and is p-polystable if and only if it is diagonalizable (and
hence has at least one nonzero eigenvalue). In the case n > 2 there are no
p-stable points because the isotropy subgroup is always nontrivial.
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The stability conditions in this example are characterized by the Mum-
ford p-weights as in Lemma(8.4] If £ € su(n) and A\; < Ay < --+ < \; are the
eigenvalues of the matrix i§ with the associated eigenspace decomposition
C'"=FE® Ey® - ® Ej, then A is a block matrix with A;; : E; — E; and

0 (A1 —A2)A12 - (M1 — ) Ak

) (A2 — A1) A 0 (A2 — Ap) Az
i[¢, A] = : . :
(A=A Ak (A —A2)Ape - 0

Thus it follows from part (i) of Lemma (with A = 1) that
1
wa(4,§) = 3 max(di = A)).

ij
If this number is negative for some £ then the block matrix (Agj); =1,k
is strictly upper triangular and so o(A) = {0}. The converse follows by
considering the Jordan normal form and using the invariance of the weights
under the action of the complexified group (Theorem |5.3). The moment-
weight (in)equality in this example takes the form

. . )\_)\l -1 * pAx o x—1
. mina, 20N —A) Lo [lg ' Ag, 9" A%y I (14.33)

cemm\(0) | /5 N2 dime(Ey)  9SSHne) g AgP

where the \; and E; are determined by £ as above. By Corollary[12.7]equality
holds in (14.33)) because there are no stable points.
The square of the moment map is the function f : P(V) — R given by

(4, A*]]?

A) = Lua))? = 14.34
f(A) = 3lu(A)] SA[ (14.34)
for A € V'\ {0} and its negative gradient flow lines are the solutions of the

differential equation

[A AT, 4] | [[A A

A=—
21 A2 L

A. (14.35)

Each solution of (14.37) satisfies trace(A*A) = 0. By Lemma it can
be written in the form A(t) = g(t)"'Ag(t), where A := A(0) and the
curve g : R — SL(n, C) satisfies the differential equation

21, _ Lo Ag, gt A% (g") N
99 2lg~ 1 Ag|? ’

g(0) = 1. (14.36)
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The curve g : R — SL(n,C) in ([14.36) is a negative gradient flow line of the
lifted Kempf-Ness function ® 4 : SL(n,C) — R given by

-1
®4(g) = Llog <|9 |A719’> (14.37)

for g € SL(n,C) (see Lemma [8.3). The quotient G°/G = SL(n,C)/SU(n)
is isometrically isomorphic to the space P, of positive definite Hermitian
matrices with determinant one, equipped with the Riemannian metric

<ﬁ1,ﬁ2>p = %trace(P_lﬁlP_lﬁg) (1438)

for P € P, and P, € TPy, (so P, is Hermitian and trace(P_lﬁi) =0). The
isometry is given by

SL(n,C)/SU(n) = Pp : g — P :=gg".
Under this isometry the Kempf-Ness function (14.37)) is given by

trace(APA*P~1)
Py(P) =11 14.
a(P) 1798 ( trace(A*A) (14.39)
for P € P,, and the differential equation (|[14.36)) translates into
. APA* — PA*P~'AP
= P(0) = 1. (14.40)

trace(PA*P-1A4)
If A is diagonalizable and has nonzero spectrum (the polystable case) then
the solution of (14.40)) converges to a matrix P € P, as t tends to infinity
by Theorem This limit defines a Hermitian inner product
(z,2)p :=Re(z* P17 (14.41)
on C" with respect to which the matrix A is normal, i.e.
[A,PA*P71] = 0.
It is also interesting to examine the higher critical points of the moment
map squared. These are the solutions of the equation
|[A, AP
A AT, Al = )MA A=— .
4,47, 4] = A4, it

The Kirwan—Ness inequality in Corollary [6.2) asserts that every solution A
of equation ([14.42)) satisfies the inequality
14, A7) _ [lgAg™, (9Ag~ D)
AL~ lgAg—H*

(14.42)

(14.43)

for all g € SL(n,C).
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In this example every unstable G®-orbit contains a critical point of the
square of the moment map. Examples of solutions of (14.42) are matrices
of the form

Ay, 0 - 0
0o ..
A=A 4, = (14.44)
N
0 - 0 Ag,
with } . d; = n, max;d; > 2, Ay =0, and
0O a@ 0 - 0
0 0 a ; a7
i(d—1
Ad = 0 5 a; ‘= T, (1445)
Lag
0 0 0
for d > 2. This matrix satisfies
d—1
<o o o0
o i '
[Aa, Ad] =
3—d
. T O
0 -+ - 0 %
Hence [[A4, A}], Ag] = Ag and
N d—1)d(d+1
Adf? = |[Ag A7) = LAY,
Thus (14.42)) holds with A = 1 and
F(Aar, ) :
di,..., dm) = m .
! 2370 (dj — 1)d;(dj + 1)
The matrix A = Ag, . 4, Withm=n—-1,dy =2,anddy =---=d,—1 =1

satisfies f(A) = 1/4 and is an absolute maximum of f.
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We examine the Szekelyhidi criterion in Corollary for the matrix

Jo 0 o 0 0 1 0
A () T ’ e U e RIxd,

N (| : o1

0 - 0 Jg, 0 -~ - 0

in Jordan normal form (Wlth >_;dj =n and max; d; > 2). This matrix is u-
balanced (Deﬁmtlon . Its isotropy subgroup contains a maximal torus T
of dimension m con51st1ng of diagonal matrices. The Lie algebra t = Lie(T)
is the space of all diagonal matrices with trace zero whose diagonal en-
tries &11,--+,81dyy - -5 &mls - - - Ema, are purely imaginary and satisfy the
condition i¢;; —i§;;4+1 = A for j=1,...,mand i=1,...,d; — 1 and some
real number A. Every matrix commuting with t is necessarily diagonal.
So gr Nt generates a torus of dimension n —m — 1. Let n € gr N t+\ {0}

and denote its diagonal entries by 711,...,Mdy, - Omls -« Mmd,,- Lhen
dj m dj
ani:()forjzl,...,m, Zinﬂ:O.
i=1 Jj=11i=1

The weight w,,(A,n) is the maximal entry of the matrix [in, A] by Lemma
The nonzero entries are in;; —in; ;41 with 1 <7 <mand 1 <14 < dj, and at
least one them is positive. Thus A is conjugate to a solution of by
Corollary This also follows directly from the above discussion.

One can think of a matrix A € C"*™ as a translation invariant Cauchy—
Riemann operator 94 = 0 + A on C, associated to the Hermitian connection

V=d+®dz+V¥dy, &:=3(A-A%), V:i=z5(A+4"),

so A=® +i¥. Then SU(n) is the group of translation invariant unitary
gauge transformations and it acts on V by conjugation u*V =u"" oV ou.
The complexified action of SL(n, C) is given by ¢*V = d + ddr+ U dy with

O = %(g_1<1>g +9" (") +igT g - ig*‘I’(g*)_l),
U= 3 (g7 g+ g (g") T —ig By +ig (") ")
for g € SL(n,C) and ®,¥ € su(n). The curvature of V is the 2-form
FY = [®,U]dx A dy = —1[A, A*]dx A dy

and hence agrees with the moment map. Thus A is diagonalizable if and
only if V is gauge equivalent to a flat connection by a translation invariant
complex gauge transformation.
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Example 14.6 (Control systems). Consider the action of G := GL(n,C)
on the complex vector space V := C™"*" x C"*™ x CP*™ by

9-(A,B,C):= (gAg~",gB,Cg™")

for g € G and (A, B,C) € V. The action of the compact group G := U(n)
preserves the standard Hermitian inner product on V' and the induced action
on P(V) is Hamiltonian and generated by the standard moment map

., [AA+ BB —CC
A B.C) == trace(A*A + B*B + CC*)

for (A, B,C) € V' \ {0}. The control system (A, B, C) is u-stable if and only

if it is controllable and observable i.e.

(14.46)

n—1 n—1
> imA'B =C", () ker CA" = {0} (14.47)
=0 =0

(see [49]). Assume pu(A, B,C) = 0 and the isotropy subgroup is discrete, i.e.
AA* £ BB* = A*A + C*C, (14.48)

[£,A]=0, ¢B=0, C¢&=0 = £E=0 (14.49)
for € € g. Let z € C™ and A € C such that Az = Az and Cz = 0. Then

(A= N)(A* =Nz + BBz = (A" = N)(A— Nz +C*"Cz =0

by and hence A*z = Az and B*z = 0. Thus the matrix £ := izz* € g
commutes with A and satisfies £B = 0 and C¢ = 0, and so £ = 0 by .
Hence ker(A — A) Nker C' = {0} and im(A — \) +imB = C" for all A € C
and so (A4, B, C) satisfies (14.47).

Conversely, suppose that (A, B,C) is controllable and observable but
not pu-stable. Then, by the Hilbert—-Mumford criterion in Theorem
there exists a £ € g\ {0} such that w,((A4,B,C),£) <0. Let \y <--- < A
be the eigenvalues of i€, let C" = E7 @ - - - @ E}, be the corresponding eigen-
space decomposition, and let A;; : E; — E;, B; : C" — E;, C; : E; — CP be
the corresponding components of the matrices A, B, C'. Then it follows from
Lemma that A;; =0 for ¢ > j (so A is upper triangular), that B; =0
whenever \; > 0, and that C; = 0 whenever A\; < 0. Moreover, by control-
lability and observability we have C7 # 0 and By # 0. In the case k > 2 we
obtain 0 < A\; < A\ <0, and in the case k = 1 we obtain Ay = 0 and so { = 0,
a contradiction in both cases. This shows that the control system (A, B, C)
is p-stable if and only if it is controllable and observable.
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In control theory the solutions of are known as balanced control
systems [49]. The relation between balanced control systems and geomet-
ric invariant theory was noted by Helmke and Moore. They also showed
that the gradient flow of the Kempf-Ness function in this setting converges
to a balanced control system. More precisely, the lifted Kempf—Ness func-
tion @4 g c : G — R is given by

“'Agl® + 97! BI* 4 |Cg/?
o _Lygg (19 A9 14.50
A,B,C(g) 7 108 < ’A|2 ¥+ |B’2 ¥ ‘C|2 ( )
and its gradient flow takes the form
—1A * A*(g* -1 _1BB* *\—1 *O*C
gl = %[g 9.9"A"(g") "I +g ()" —9"C"Cy (14 5)

lg~ Ag> + g7 BI? + [Cgl|?
Under the isometry G¢/G — P, : [g] — P := g¢g* in Example the
Kempf—Ness function is given by
trace(APA*P~! + BB*P~! + PC*(C) (14.52)
trace(A*A + BB* + C*C) '
for P € P, and its negative gradient flow equation has the form
. APA* — PA*P™'AP + BB* — PC*CP
~ trace(APA*P~1 4+ BB*P + P-1C*C)
If (A, B,C) is controllable and observable, this flow converges to a positive

definite Hermitian matrix P € P, by Theorem[4.3] and (4, B, C) is balanced
with respect to the Hermitian structure (14.41)) determined by P, i.e.

APA*P™' + BB*P~! = PA*P"'A + PC*C. (14.54)

D4 p,0(P) = 1log (

(14.53)

The isotropy subgroup of a controllable and observable system (A, B, C') is
trivial and thus the moduli space of conjugacy classes of such systems is
a Kahler manifold. The moduli space of controllable pairs (A, B) fits into
the GIT framework with G¢ = SL(n, C) and the balancing equation ([14.48))
replaced by
trace(BB*)
n

The topology of these and related moduli spaces was studied by Uwe Helmke
and his collaborators in the 1980s (see e.g. [45] [46], 47, 48] [49]).

In [3] Atiyah-Drinfeld-Hitchin—Manin used the solutions of the equations

[Al, Aﬂ + [AQ,A;] + BB* - (C*C =0, [Al,AQ] + BC =0, (1456)

with B,C* € C™™ and A, Ay € C"*" to construct anti-self-dual SU(m)-
instantons of charge n on the four-sphere. This is the ADHM construcion.

[A, A*] + BB* — 1=0. (14.55)
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Example 14.7 (Partial flag manifolds). Fix a finite sequence of pos-
itive integers ni,...,n, and define n:=ny+---+n,. A partial flag of
type (ni1,...,n,) is a sequence of subspaces {0} = Fp C Fy C --- C F, =C"
such that dim®(F;/F;—1) =n; for i =1,...,r. The space F(ni,...,n,) of
all partial flags of type (n1,...,n,) can be identified with the quotient space

Flnn-om) 2 Um)/(U(m) x - x Uny).
If A1 > Xy >---> A1 > A\ =0, then the centralizer of the matrix

iMI,, 0 - 0

g | 0 ol € u(n) (14.57)
: . 0
0 0 iNI,

is the subgroup C(§) = U(ny) x -+ x U(n,) and so the map

U(n)/(U(ny) x -+ x U(n,)) = O(&) : [u] — ulu*
gives rise to a diffeomorphism from the partial flag manifold F(ni,...,n,)
to the (co)adjoint orbit O(¢) = {uéu*|u € U(n)} C u(n). This orbit has
the tangent spaces T,,0(§) = im(ad(n)) and is equipped with a symplectic

form wy (71,72) = $Retrace(n[¢r, (2]) for n € O(&) and 7; = [1, G, & € u(n).

The partial flag manifold F(nq,...,n,) can be described as a symplectic
quotient as follows. For i =1,...,r define k; :=ny + --- + n; and consider
the action of the group G¢ := GL(k1,C) x -+ x GL(k,—1,C) on the complex
vector space V = CF2XF1 x ... x Chkrxkr—1 1y

g-A:= (9214191_17 9329y, gr 1 A2, Ar—lgr__ll)

forg=1(g1,...,9r—1) € G¢ with ¢g; € GL(k;,C) and A = (Ay,..., A1) €V
with A; € CFi+1¥ki The space V is equipped with the symplectic form

r—1

w(A, B) = Imtrace(A] B;)

i=1
for A = (Ay,...,A,_1), B = (By,...,B,_1) € V with A;, B; € Ckit1xki,
and the action of G := U(k;) X --- x U(k,_1) preserves this symplectic form.
If we identify the Lie algebra g := Lie(G) = u(k1) x -+ x u(k,_1) with its
dual space g* via the inner product (£,n) = Z::_ll Retrace(§n;), then the
action of G on V is generated by the moment map p: V — g, given by

p(A) = (AT A, Ajds — LAY, AT Ay — A o A7)
for A= (Ay,...,4,1)€V.
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Now fix a central element 7 := %(7'1 Bgyyooosmr—1lly, ) €g with 7, >0
fori=1,...,r — 1. Then, with Ag := 0, we have
p N (r)={AeV|AjA — A1 A]_ =7l fori=1,....,r —1}.
The group G = U(ky) x - - x U(k,_1) acts freely on u~1(7) and the quotient
V)G(r) = pn~H(1)/G
is diffeomorphic to the partial flag manifold F(nq,...,n,). The diffeomor-

phism sends the equivalence class of an element A € p~1(7) to the partial
flag F' = (F})i=1,..r given by F, = C" and

F, ::im(AT_loAT_go---oAi:(Cki — C"), i=1,...,r—1.

Moreover, if £ € u(n) is chosen as in with A\, = 0 and

A (=T Tip1 4+ Tro1, i=1,...,r—1,
then the map

VJG(r) = 5 (7)/G — OE) : [4] > 14, 147, (14.58)

is a diffeomorphism. Indeed, if A € p~1(7), then i); is an eigenvalue of the
skew-adjoint matrix iA,_;A;_; with the n;-dimensional eigenspace

E; = {Ar,lAr,g Az ‘ z e Ch, 12 = 0}.

Thus the image of the map ([14.58) is contained in O(¢). (Exercise: Prove
that the map (14.58]) is bijective and that it is a symplectomorphism.)
The lifted Kempf-Ness function ® 4 : G¢ — R is given by

Z(\gmAzgz —|Ai]2)—iZTilog(det(gigf)) (14.59)
=1

for A€V and g € G°. Here we define g, := 1,,. The quotient space G¢/G
can be identified with the space P of (r — 1)-tuples P = (P1,...,P._1) of
positive definite Hermitian matrices P; = P; € C**%i via [g;] = P; := gig}.
In this formulation the Kempf-Ness function ®4 : P — R is given by
r—1
du(P) =1 Z(trace(A P AP H1) — trace(A;A;) — 7 log(det(B)))
i=1

and its negative gradien flow with respect to the metric (14.38)) has the form

Py = A 1Py Al — BAP_ AP + i P, (14.60)
fori=1,...,r — 1. Here we use the convention P, := 1,,, Py := 0, Ag := 0.

An element A € V' is (u — 7)-stable if and only A; has rank k; for each i.



137

Example 14.8 (Lie algebras). This example is due to Lauret [55]. Con-
sider the standard action of the group G¢ = SL(n,C) on the complex vector
space V := A%(C")* ® C" of all complex bilinear 2-forms 7 : C* x C"* — C™.
The group action is given by

(9-7)(2.2) = gr(g7"2,97")

for g € SL(n,C), 7 € V, and 2,2’ € C". The action of the compact sub-
group G = SU(n) preserves the standard inner product on V', given by

n

(o,7) = Z (o(eise5),7(eir €5))

ij=1
for o,7 € V. Here (z,2') = Re) " | Z;iz, denotes the the standard Hermi-
tian inner product on C™ and ey,...,e, is the standard basis of C". By

Lemma the action of SU(n) on the projective space P(V) with the
symplectic form induced by the Hermitian structure on the sphere of ra-
dius r = V2h is generated by the moment map p : P(V)) — su(n)* given by

h .
(u(1),&) = =5 (r,i - 7)
7]
h— (14.61)
e D (res eg), i (e, ¢5) — 27 (e, ie;))
ij=1
for 7 € V and £ € su(n). Now suppose that 7 : C" x C" — C™ is a complex

Lie bracket and denote its adjoint representation by ad, : C* — Der(C", 1),
so that ad,(z) = 7(z,-) for z € C". Then, for all £ € su(n),

(1(r).€) = —gtrace(M1€),
. (14.62)
M, = 3 (20 (i) ad (er) — ad (ei)ad (e0))
=1

Thus p(7) = 0 if and only if M, € RI1. It was shown by Lauret in [55
Theorem 4.3] that the complexified group orbit G¢([7]) C P(V') intersects
the zero set of the moment map (i.e. 7 is polystable) if and only if the
Lie algebra (C™, 1) is semisimple. His proof uses Cartan’s theorem about
the compact real form of a semisimple Lie algebra [10, [IT], 12]. This the-
orem implies that in the semisimple case there exists a Hermitian inner
product (-,-) on C" and a Hermitian orthonormal basis €},..., e} of C"
such that ad,(e})* = —ad,(€}) and Y 7, ad,(€})> = —c1 for some ¢ > 0 and
so M. = cll. After rescaling the two inner products are related by the action
of SL(n,C) and so every semisimple complex Lie bracket 7 is polystable.
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One can modify this approach following the work of Donaldson in [36]
so that Cartan’s theorem does not need to be used but instead a proof of
Cartan’s theorem as well as various other standard results in Lie algebra
theory emerge as byproducts of the proof. The key idea is to show directly
that every simple Lie algebra is polystable by finding a critical point of the
lifted Kempf-Ness function @, : SL(n,C) — R, given by

h -1.7?
. (g) = h(log lg7! - 7| —log |7'|> = §1og <‘g|7\;‘> (14.63)

for g € SL(n, C) (see Lemma8.3). The Kempf-Ness function can be replaced
by the function f; on the Hadamard manifold P, = SL(n,C)/SU(n) of all
positive definite Hermitian matrices of determinant one, defined by

frlgg*) =gt 7 (14.64)
for g € SL(n,C). The Hadamard manifold P,, can be identified with the
space H,, of Hermitian inner products on C" with a fixed determinant. Thus
the task is to find a Hermitian inner product on C" which minimizes the
norm of the Lie bracket 7. This approach was suggested by Cartan [I1]
and carried out by Richardson [69] under the assumption that the Killing
form is nondegenerate. In [36] Donaldson proved that every convex func-
tion f:H, — R that is invariant under a subgroup of SL(n,C) that acts
irreducibly on C™ has a critical point. In the case at hand the relevant
subgroup is the group Auty(C",7) N SL(n,C) of all Lie algebra automor-
phisms of (C", 7) in the identity component with determinant one. It acts
irreducibly on C™ whenever (C",7) is a simple Lie algebra. Every criti-
cal point of f; is then a Hermitian inner product h on C™ for which the
space of derivations is invariant under the involution A +— A*. For Lie
algebras with a trivial center the existence of such an inner product im-
plies that the Killing form of (C", 1) is nondegenerate, the adjoint repre-
sentation ad; : C" — Der(C™, 1) is bijective, and Auto(C", 1) is actually
contained in SL(n,C). Another byproduct of Donaldson’s proof is that

K := Auto(C",7) N SU(C", h)

is a maximal compact subgroup of Autg(C"™,7), that every compact sub-
group of Autg(C", 7) is conjugate to a subgroup of K, and that Aute(C",7)
is the complexification of K. Moreover, K is connected and the Lie algebra
of K is Cartan’s compact real form of (C", 7). Once these results have been
established for simple Lie algebras, it is a straight forward matter to deduce
that the polystable points in the present setting are precisely the semisimple
Lie algebras. For more details see [30, [55] and also [70} §7.6].
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Nonpositive sectional
curvature

Assume throughout that M is a nonempty, complete, connected, simply
connected Riemannian manifold of nonpositive sectional curvature. Then
Hadamard’s theorem asserts that the exponential map exp,, : T,M — M is
a diffeomorphism for every p € M (see e.g. [70, Theorem 6.5.2]). The Levi-
Civita connection on M is denoted by V and the distance function associated
to the Riemannian metric by d : M x M — [0, c0).

Lemma A.1. Let I C R be an interval, let vo,v1 : I — M be smooth curves,

and, for each t € I, denote by [0,1] — M : s+ ~(s,t) the unique geodesic
with the endpoints

7(0,8) = (),  y(1,t) =n().

Define the function p: 1 — R by

1
p(t) = d(yo(t), . (8) = /O 19:v(s, 1) ds. (A1)

Ift € I such that p(t) # 0 then p is differentiable at t and

1
. <as’77 Vﬁﬂ)

t) = ~——2 21 d
A) /0 1057 °

— <837(17 t)v at'Y(l’ t)) — <85’Y(07 t)a at'y(oa t))
p(t) '
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Proof. If p(t) # 0 then 0sy(s,t) # 0 for all s so p is differentiable at ¢ and

1
o) = [ ool s
0

— /1 <8S’77Vt68’}/> dS
0 |as'7|

1 /1
— | 8,057, 87) ds.

The last equation follows from the fact that V;0,y = 0 and |0s7(s, t)| = p(t).
Now Lemma [A-T] follows from the fundamental theorem of calculus. O

Lemma A.2. Let ® : M — R be a smooth function that is convex along
geodesics, let vo,v1 : R = M be negative gradient flow lines of ®, and let
and p be as in Lemma[Ad Then p is nonincreasing and, if

p(t) # 0,
then . 1 g
p(t) = o0 s @(CD o) (s,t)ds. (A.2)

Proof. Assume p(t) # 0. Then, by Lemma p is differentiable at ¢ and

1) = 2 (09010, =T((1.1)) = (B9(0.6). ~T((0.1)))
1
= (@@L~ a2 om)(0.0).
This proves (A.2). If p(t) = 0 for some ¢ then p(t) = 0 for all ¢. If p(t) # 0
for all ¢ then p is nonincreasing by . This proves Lemma O

Lemma A.3. Let I C R be an interval and vo,v1 : I — M be smooth curves
such that ~yp is a geodesic. Define the function p: I — [0,00) by (A.1).

(1) If vo(t) = v1(t) then

d . p(tth)
=Pt = m ==
h>0

= =£[fo(t) — 1 (t)]-

(i) If v0(t) # 7(t) then

pt) = =V ()]
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Proof. A theorem in differential geometry (e.g. [70, Lemma 4.7.1]) asserts
that for every positive constant o < 1 there exists a § > 0 such that, for
all vo,v1 € T, M,

lvol, [v1] <0 = alvg — v1] < d(exp,(vo), exp,(v1)) < o Hug — vy

Now assume p(tg) = 0, denote po := Yo(to) = Y1(to), and choose a pair of
smooth curves vg,v1 : R — T,y M such that

Yo(to + 1) = exp,, (vo(t)), Y1(to +t) = exp,, (v1(t))
for all ¢. Then

. p(to+h)
dtip(to) = H% L

h>0
d t h t h
~ fim (yo(to + h),v1(to + h))

h—0 h

iy XDy, (v0(R)), expyy (v (1))
h—0 h

h>0
o o) —ui ()

h—0 h
h>0

d
= g7 |_ @~ )
= [50(0) = 01 0)

= |[Y0(to) — Y1 (t0)|-

An analogous argument shows that dti,p(to) = —|40(to) — A1(to)]. This
proves the first assertion of Lemma

To prove the second assertion, define v : [0,1] x I — M and p: I — R as
in Lemma If p(t) # 0 then Lemma asserts that p is differentiable
at ¢t and

1
plt) = /st
0

1057
1

In particular, by the Cauchy—Schwarz inequality, we have

1
p@?s/ﬁwaw%w (A.3)
0
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Moreover, %(pp) = pp + p? and hence

p(050) + (1) = (01,1, 93(L, 1)) — (0.7(0,0), 00, 0))) = 1+ 11,

where
I'=(0s7(1,1), Vi0y(1,t)) = —p(t)[Vi (t)]
and
IT = (Vs (1,1),0y(1,1)) — (Vi057(0, 1), 9y(0, 1))
_ 0oLt 9 [9y(0,1)]?
O0s 2 0s 2
_ ! 872’8{)/‘2

= d
0 682 2 5

= [ (100 + 0. %0 s

1
0
1
= / (’Vlf887’2 + <8t'77 sttas"Y - Vtvsas’ﬁ) ds
0
1
=/ (!Vtas'ﬂ? + <<9t%R(<93%8w)657>) ds
0

> p(t)*.

Here the last inequality follows from ({A.3)) and the fact that M has nonpos-
itive sectional curvature. This proves Lemma O

Lemma A.4. For allp € M, all vo,v1 € TpM, and all t > 1,

d(exp,(tvo), exp,,(tv1))
; .

Proof. Define the curves 7g, 71 : [0,00) — M and p : [0,00) — [0,00) by

lvo — v1| < d(exp,(vo), expp(v1)) <

Y0(t) == expy(tvo),  n(l) =expy(tvr),  p(t) == du(y0(t), 11 (1))

By Lemma the function p is convex and p(0) = 0 and p(0) = |vg — v1].
Hence

dpr(exp,(tvo), exp,(tv1)) = p(t) > tp(1) = tdpr(exp,(vo), exp,(v1))
fort > 1 and
das (exp, (v0), expy (1)) = p(1) = H(0) = [vp — vy
This proves Lemma O
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Theorem A.5 (Cartan Fixed Point Theorem). Let M be a nonempty,
complete, connected, simply connected Riemannian manifold with nonpos-
itive sectional curvature. Let G be a compact topological group that acts
on M by isometries. Then there exists an element p € M such that gp = p
for every g € G.

Proof. See page O

The proof follows the argument given by Bill Casselmann in [13] and
requires the following two lemmas. The first lemma asserts that every man-
ifold of nonpositive sectional curvature is a semi-hyperbolic space in the
sense of Alexandrov.

Lemma A.6. Let M be a complete connected simply connected Riemannian
manifold with nonpositive sectional curvature. Let m € M and v € T, M
and define

po i=exp,,(—v),  p1:=exp,,(v).
Then

d<p07p1)2

5 < dlpo, q)* +d(p1.q)*

2d(m, q)° +
for every g € M.

Proof. By Hadamard’s theorem the exponential map exp,, : T,, M — M is a
diffeomorphism (see e.g. [70, Theorem 6.5.2]). Hence d(po,p1) = 2|v|. Now
let ¢ € M. Then there exists a unique tangent vector w € T,,M such that

q=expp(w),  d(m,q) = |wl.

Since the exponential map is expanding, by Lemma we have

d(po,q) > |w + v, d(p1,q) > |w—|.
Hence
d(m,q)*> = |w]?
_ |w—|—v|2+|w—v|2 | ‘2
- 2
< Apo.9)? +dlp1.9)*  d(po,p1)?
= 2 4

This proves Lemma, O
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The next lemma is Serre’s Uniqueness Theorem for the circumcentre
of a bounded set in a semi-hyperbolic space.

Lemma A.7 (Serre). Let M be a nonempty, complete, connected, sim-
ply connected Riemannian manifold with nonpositive sectional curvature.
For pe M and r > 0 denote by B(p,r) C M the closed ball of radius r
centered at p. Let Q0 C M be a nonempty bounded set and define

rqo :=inf {r > 0| there ezists a p € M such that Q C B(p,r)}.
Then there exists a unique point po € M such that Q C B(pq,rq).
Proof. We prove existence. Choose sequences r; > rq and p; € M such that
QCB(]DZ‘,TZ'), hm r; =TQ.
1— 00
Choose ¢q € Q. Then d(q,p;) <r; for every i. Since the sequence r; is
bounded and M is complete, it follows that p; has a convergent subsequence,

still denoted by p;. Its limit po := lim;_, p; satisfies  C B(pq, rq).
We prove uniqueness. Let pg, py € M such that

Q C B(po, ) N B(p1,rq).
Since the exponential map exp, : T,M — M is a diffeomorphism there
exists a unique tangent vector vy € Ty, M such that p = exp,, (vp). Denote
the midpoint between py and p; by
m = expy, (%vo) .

Then it follows from Lemma [A.6] that

d 2 d 2 d 2 d 2
d(m, g)? < (po,9)” +d(p1,@)° _ dlpo.p1)” _ " — (po; 1)
2 4 4
for every ¢ € Q. Since sup,ecq d(m,q) > rq by definition of rq, it follows
that d(pg,p1) = 0 and hence py = p;. This proves Lemma O

Proof of Theorem[A.5, Fix an element ¢ € M and consider the group orbit

={gqlg € G}.
Since G is compact, this set is bounded. Let rqo > 0 and po € M be as in

Lemma Then
QC B(pQ, T’Q).

Since G acts on M by isometries, this implies
Q = ¢Q C B(gpa,ra)

for all g € G. Hence it follows from the uniqueness statement in Lemma[A.7]
that gpo = pq for every g € G. This proves Theorem O
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The complexified group

Definition B.1. A complex Lie group is a Lie group G equipped with
the structure of a complex manifold such that the structure maps

GxG—G:(g,h)— gh, G—>G:g—g!t
are holomorphic.

The Lie algebra g := Lie(G) of a complex Lie group G is equipped with
a linear complex structure g — g : ( — i¢ that is preserved by the adjoint
action of G, so the Lie bracket is complex bilinear. Conversely, if the Lie
algebra is equipped with a linear complex structure i that is preserved by
the adjoint action, then the formula g=1J(g)g :=i(¢~'9) for g € T,G de-
fines an integrable almost complex structure on G with respect to which the
structure maps are holomorphic. Here integrability follows from the fact
that the almost complex structure is preserved by the torsion-free connec-
tion g7'Vig = (9719 + 99,979,
Theorem B.2. Let G be a compact Lie group and let G¢ be a complex Lie
group with Lie algebras g := Lie(G) and g¢ = Lie(G®). Let 1 : G — G° be a
Lie group homomorphism. Then the following are equivalent.
(i) For every complex Lie group H and every Lie group homomorphism
p: G — H there exists a unique holomorphic homomorphism p¢: G — H
such that p = p€o ..
(ii) The homomorphism v is injective, its image 1(G) is a mazimal com-
pact subgroup of G¢, the quotient G°/.(G) is connected, and the differen-
tial dv(1) : g — g maps g onto a totally real subspace of g°.

Proof. See pages and O
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A Lie group homomorphism ¢ : G — G¢ that satisfies the equivalent con-
ditions of Theorem is called a complexification of G. By the univer-
sality property in part (i) of Theorem the complexification (G¢¢) of a
compact Lie group G is unique up to canonical isomorphism. A complex
Lie group is called reductive iff it is the complexification of a compact Lie

group.

Theorem B.3. Fvery compact Lie group admits a complexification, unique
up to canonical isomorphism.

Proof. See page 0

The archetypal example of a complexification is the inclusion of the uni-
tary group U(n) into GL(n,C). Polar decomposition gives rise to a diffeo-
morphism

¢ :U(n) x u(n) — GL(n, C), é(u,n) = exp(in)u. (B.1)
This example extends to every Lie subgroup of U(n).

Theorem B.4. Let G C U(n) be a Lie subgroup with Lie algebra g C u(n).
Then the set

G :={exp(in)u|u € G, n € g} C GL(n,C)

is a complex Lie subgroup of GL(n,C) and the inclusion of G into G satisfies
condition (ii) in Theorem[B.2 Moreover, G¢/G is diffeomorphic to g.

Proof. The proof has ten steps.

Step 1. G€ is a closed submanifold of GL(n,C).

This follows from the fact that is a diffeomorphism.
Step 2. 1 € G¢ and T1G = g P ig =: ¢°.

For £,m € g and t € R define

v(t) := exp(itn) exp(t§) € G°.

Then 4(0) = £ + in. Hence
gc c TG

and both spaces have the same dimension.
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Step 3. T,G° = gg° for every g € G°.

Both spaces have the same dimension, so it suffices to prove that T,G* C gg°.
Let ¢ be the diffeomorphism (B.1]). Let (u,n) € G x g and

g9 := ¢(u,n) = exp(in)u € G".

Then, for every u € T,G, we have d¢(u,n)(u,0) = exp(in)u(u=1a) € gg°.
Now let n € g. We must prove that do(u,n)(0,7) € gg¢. To see this,
define

(s, t) := ¢(u, t(n + s7)) = exp(it(n + s7))u
and
E(s,0) =(s,0) 1 0uy(s, 1), n(s,t) = (s,1) " Oy(s, 1)
for s,t € R. Then n(s,t) = v ti(n + s7)u and

8tf(8,t) = 5s77(57t) + [f(svt)>n(87t)]v 5(870) =0

for all s,¢t € R. Thus n(s,t) € g° and hence (s, t) € g¢ for all s,¢. In partic-
ular, we have d¢(u,n)(0,7) = 7(0,1)£(0,1) € gg© and this proves Step 3.

Step 4. Let g € GL(n,C). Then g € G if and only if there exists a smooth
curve 7y : [0,1] = GL(n, C) with v(0) € G, v(1) = g, and (t)"14(t) € g¢ for
all t.

If g = exp(in)u € G¢, then the curve ~(t) := exp(itn)u satisfies the re-
quirements of Step 4. Conversely, let v :[0,1] — GL(n,C) be a smooth
curve with v(0) € G, v(1) = g, and ~v(t)~14(¢) € g¢ for all ¢ € [0,1]. Then
the set I :={t € [0,1]|~v(t) € G} is nonempty because 0 € I and is closed
because G€ is a closed subset of GL(n,C) by Step 1. To prove that it is
open, let n(t) := v(t)~'4(t) € g¢ and define the vector field v; on C"*"
by vi(A) := An(t). By Step 3, v is tangent to G°. Hence every solution
of the differential equation A(t) = A(t)n(t) that starts in G¢ remains in G¢
on a sufficiently small time interval. Hence I is open. Thus I = [0, 1] and
so g =~(1) € G-

Step 5. If g € G¢ and ¢ € g° then g~ (g € g°.

Choose 7 : [0,1] — G° as in Step 4 with 7(0) € G and (1) = g and define
() =) 1(), () =) (D),
Then ¢'(t) € g° for all ¢ by Step 3 and
(O +[C®), ¢ =0, ¢(0) =7(0)¢7(0)~" € g
Hence ((t) € g¢ for all ¢, and so g~ (g = ((1) € g°.
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Step 6. If g € G¢ and ¢ € g° then g(g~" € gC.

The linear map ¢ — ¢~ '(g maps g° to itself, by Step 5, and it is injective.
Hence the map g¢ — g¢: ¢ — g~ '(g is bijective and this proves Step 6.
Step 7. If go, g1 € G° then gog1 € G°.

Choose two curves 79,71 : [0,1] — G€ as in Step 4 with v;(0) € G and
7i(1) = gi. Then the curve v := 4971 : [0, 1] — GL(n, C) satisfies

T = (e o), 2(0) € G
By Step 5, v(t)"14(t) € g¢ for all t and hence, by Step 4, gog1 = v(1) € G°.
Step 8. If g € G¢ then g~' € G°.

Let v : [0,1] — G€ be as in Step 4 with (0) € G and (1) = g, and define
the curve f: [0,1] — GL(n,C) by

Bt) =)~
for 0 <t <1. Then 5(0) € G and

1 1 1

1 d _ . 1
ﬁlﬁzvav = -4yt =y(—y 1)L

Hence B(t)~13(t) € g€ for all t by Step 6, and so g~ = (1) € G¢ by Step 4.

Step 9. G€ is a complex Lie subgroup of GL(n,C).

By Step 3 G€ is a complex submanifold of GL(n,C), and by Steps 7 and 8
it is a subgroup of GL(n,C) .

Step 10. G is a mazimal compact subgroup of G and G¢/G s diffeomorphic
to g.

That G¢/G is diffeomorphic to g follows directly from the definition. Now
let H C G¢ be a subgroup such that G C H. Choose an element h € H '\
G. Since H C G€, there is a pair (u,n) € G x g such that h = exp(in)u.
Since G C H and H is a subgroup of G¢ we have P :=exp(in) € H. The
matrix P is Hermitian and positive definite. Since h ¢ G we also have P ¢ G.
But this implies 77 # 0 and so at least one eigenvalue of P is not equal to 1.
Hence the sequence

P* = exp(ikn) € H, =1,2,3,...

has no subsequence that converges to an element of GL(n,C). Thus H is
not compact and this proves Theorem O
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Remark B.5. Here is a sketch of a proof of Theorem in the intrinsic
setting. (See also [44].) If G is a Lie group, then the formula

Al9)g =979 (B.2)

for g € G and g € T,G defines a flat connection A € Q1(G, g) such that
(a) for every g € G the linear map A(g) : T,G — g is bijective,

(b) for every smooth path ¢ : R — g and every element g € G the differential
equation

A0))y(@t) =<@),  A(0) =g,
has a solution v : R — G (on all of R),

(c) the holonomy of A is trivial, i.e. if v:[0,1] - G is a smooth curve
with (0) = (1) then every solution ¢ : [0, 1] — g of the differential equation

¢+ [AMA. =0

satisfies ((0) = ¢(1).
Conversely, if A € QY(G,g) is a Lie algebra valued 1-form on a connected
manifold G that satisfies (a), (b), and (c), and 1 is any element of G, then G
has the unique structure of a Lie group with unit 1 such that A is given
by .

Let G be a compact Lie group with Lie algebra g and define g¢ := g & ig.
Then there exists a unique flat connection B € Q'(g, g°) such that

(7,7 =0 = B(n)n = i (B.3)

for all n,77 € g. (Define B(n)7 := ((1), where (: [0,1] — g is the unique
solution of ¢ + [in, (] = in with ¢(0) = 0.) Now define

Alu,n)(@, 1) = u™"a +u~ ' (B(n)n)u (B-4)

foru € G,u € T,G,and n,7 € g. Then A € Q'(G x g, g°) is a flat connection
satisfying (a), (b), (c) and hence gives rise to a unique group structure on
the manifold

G :=Gxg
such that the map

t: G — G,

defined by ¢(u) := (u,0) for u € G, is a group homomorphism. Moreover,
the homorphism ¢ : G — G¢ satisfies condition (ii) in Theorem and this
gives rise to a proof of Theorem in the intrinsic setting.
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Remark B.6. If G satisfies condition (ii) in Theorem then the homo-
geneous space G°/G is simply connected. The proof requires the following
steps.

Step 1. Ifn € g and exp(in) € G then [£,n] =0 for all £ € g.
Step 2. Ifn € g and exp(in) € G then n = 0.
Step 3. G¢/G is simply connected.

The proof of Step 1 uses the fact that G¢/G has nonpositive sectional curva-
ture (see Appendix|C]). The proof of Step 2 uses Step 1 and the fact that G is
a maximal compact subgroup of G¢ (which by the Cartan-Iwasawa—Malcev
Theorem in [50, Thm 14.1.3] implies that the intersection of G with the
identity component G§ of G is a maximal compact subgroup of G§). The
proof of Step 3 uses Step 2 and the existence of a nonconstant closed geodesic
in each nontrivial homotopy class. It follows from Step 3 and Hadamard’s
theorem (e.g. [70, Theorem 6.5.2]) that the map

Gxg—= G (u,n) = ¢(u,n) := exp(in)u
is a diffeomorphism. This is the Cartan Decomposition Theorem.

Proof of Theorem [B.4 “(ii) = (i)”. If G¢ satisfies condition (ii) in Theo-
rem then the homogeneous space G¢/G is connected and simply con-
nected (see Remark . Hence the following holds.

(I) For every g € G there exists a smooth curve v : [0,1] — G€ that satis-
fies v(0) € G and (1) = g.

(IT) Any two paths vo,v1 : [0,1] — G as in (I) can be joined by a smooth
homotopy {vsto<s<1 satisfying vs(0) € G and vs(1) = g for all s € [0,1].

Now let H be a complex Lie group, let h:= Lie(H) be its Lie algebra,
let p: G— H be a Lie group homomorphism, let ® :=dp(1):g — b be
the induced Lie algebra homomorphism, and denote its complexification
by ®°: g¢ — h. We define the extended map p¢: G¢ — H as follows. Given
an element g € G choose 7y as in (I), let 5 : [0, 1] — H be the unique solution
of the differential equation

BB =3(yv""),  B(0) = p(v(0)), (B.5)

and define
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We prove that p¢ is well defined, i.e. that (1) does not depend on the
choice of the path 7. By (II) any two smooth paths o and v, satisfy-
ing 70(0),71(0) € G and 70(1) = (1) = ¢ can be joined by a smooth homo-
topy [0,1]2 — G€: (s,t) = vs(t) = (s, t) such that 75(0) € G and 75(1) = ¢
for all s. Define 3:[0,1]> — H by
/8_18136 = ¢0(7_18t7)7 B(Sv 0) - p(’y(s,O))

We claim that

Bilasﬁ = (I)C(Vilas’)/)‘ (BG)
To see this, abbreviate

(=707, Gi=7T"0y,  msi=B7108, mi= BT OB
Then 1, = ®°(¢;) by definition of 5 and
Ons = Osme + syme), 0 P(Cs) = 0sP(Ce) + [R(Cs), D(Cr)]-

Moreover, when ¢t = 0 we have
dp(7)9sy = dp(7)7Cs = p(7)2(Cs)
and hence
773(37 0) = /3<37 0)_1855(870) - (I)('Y(&O)_las’)/(& O)) - (I)(Cs(370))'

Hence both curves t — ns(s,t) and t — ®¢((s(s,t)) satisfy the same initial
value problem and so they agree. This proves . Hence

775(57 1) - (I)C(CS(Sv 1)) = O
and therefore 95/3(s,1) = 0. This shows that p© is well defined.
We prove that, for ¢ € G and ¢ € g°, we have

°(g7¢g) = p°(9) 1) (9)- (B.7)
Choose v and f as in the definition of p°(g), so that
BB =9(y1),
and define
() =) Cv(),  n(t) =B TT)B®).
Then 7(t) and ®°({(t)) satsify the same differential equation
0(t) + [B() 7 B(),n(t)] =0
and the same initial condition
1(0) = p(7(0)) 1 @°(¢)p(7(0)) = @°(¢(0)).
Hence they have the same endpoints and this proves equation (B.7)).
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We prove that p¢ is a group homomorphism. Let gg, g1 € G and let ~;
and f3; be as in the definition of p°(g;) for ¢ = 0,1. Then p®(v;(t)) = Bi(t)
for 0 <t <1andi=0,1. Define v := 9y and 8 := SpS1. Then, by (B.7),

we have
BB = 6{181 + By By Bobh
= °(y; ) + p° (71) (v 1 40)p (1)
= oy, '71 +71 70 Hom)

= (7" 14).
Hence p%(gog1) = B(1) = Bo(1)B1(1) = p(g0)p(gr) and so p° is a group
homomorphism.
We prove that p¢ is smooth. Consider the commutative diagram
GC
/ K
Gxg H

Here ¢ : G x g — G€ is the diffeomorphism given by ¢(u,n) = exp(in)u
for u € G and n € g (see Theorem . In the intrinsic setting the Cartan
Decomposition Theorem asserts that this map is a diffeomorphism under
the assumption that G¢ satisfies condition (i) in Theorem (see Re-
mark [B.6). The map G x g — H is given by (u,n) — exp(i®°(n))p(u) and
hence is smooth. That the differential of p¢ at 1 is given by ®¢ follows also
from this diagram. This proves existence, and uniqueness is obvious. Thus
we have proved that (ii) implies (i) in Theorem O

Proof of Theorem [B.3. By Theorem (respectively Remark in the
intrinsic setting), there exists an embedding ¢ : G — G¢ into a complex Lie
group (diffeomorphic to G x g) that satisfies condition (ii) in Theorem
Since (ii) implies (i) in Theorem [B.2] the embedding ¢ : G — G satisfies
both (i) and (ii) in Theorem [B.2] and hence is a complexification. More-
over, any two embeddings of G into a complex Lie group that satisfy (i) in
Theorem are naturally isomorphic. This proves Theorem O

Proof of Theorem [B.4 “(i) = (ii)”. Let « : G — G° be an embedding into
a complex Lie group that satisfies (i). By Theorem there exists an em-
bedding 7: G — G¢ into a complex Lie group that satisfies both (i) and (ii).
Since both embeddings satisfy (i), there exists a unique holomorphic Lie
group isomorphism ¢ : G¢ — G¢ such that ¢ ot =71. Since the embedding v
satisfies (ii), so does ¢. This proves Theorem O
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The homogeneous space

M =G¢/G

Let G C U(n) be a compact Lie group and denote by G¢ C GL(n,C) the
complexified group. Then the homogeneous space

M :=G°/G:={n(g)|g € G},

is a connected, simply connected, complete Riemannian manifold with non-
positive sectional curvature. The purpose of the present appendix to ex-
plain this basic fact. Denote by 7 : G° — M the canonical projection, given
by m(g) := ¢gG for g € G°.

Theorem C.1. Choose an invariant inner product on g and define a Rie-
mannian metric on M by

(vi,v2)p := (n,m2),  p=m(g), v =dn(g)gin, (C.1)

for g€ G and n1,m2 € g.
(i) Let g : R — G¢ and n : R — g be smooth curves. Then the covariant
derivative of the vector field

X :=dn(g)gin € Vect(y)
along the curve v :=mog: R — M is given by
VX = dr(g)gi(1 + [Re(g™'),7]). (C2)
(ii) The geodesics on M have the form
7(t) = (g exp(itn))
forge G° and n € g.

153
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(iii) The Riemann curvature tensor on G¢/G is given by

Ry, (v1,v1)v3 = dm(g)gi[[n, 2], 3], p =7(g), v; = dm(g)gin;.

for g € G and n; € g.
(iv) M is a complete, connected, simply connected Riemannian manifold of
nonpositive sectional curvature.

Proof. The projection 7 : G¢ — M is a principal G-bundle. The formula
A4(9) == Re(g™'9)
defines a connection 1-form A € Q(G¢, g). The map
G xg—TM :(g,n) — dr(g)gin.

descends to a vector bundle isomorphism from the associated bundle G¢x 49
to the tangent bundle of M. Thus A induces a connection on T'M and this
connection is given by . Whenever the action of G on a vector space
preserves the inner product so does the induced connection. Hence isa
Riemannian connection on T'M. We prove that it is torsion free. Denote by s
and t the standard coordinates on R?. Choose a smooth map g : R? — G¢
and denote v :=mog. Then

Vi) = dr(9)gi(9.Im(g~ 0rg) + [Re(g™0,9). Im(g ™' 9hg)] )
= dﬂ(g)gi(atlm(g‘lasg) + [Re(g~'0rg), Im(g‘lasg)])
= V75657

Here the second equation follows from the identity

0s(g ' 0rg) — 0:(g'0s9) + [g 1059, 9 'Ohg] = 0. (C.3)

This proves (i).
We prove part (ii). A smooth curve v(t) = m(g(t)) is a geodesic if and
only if V4 = 0. By (i) this is equivalent to the differential equation

OIm(g'g) + [Re(g~'9),Im(g~'g)] = 0.

A smooth curve g : R — G€ satisfies this equation if and only if it has the
form g(t) = go exp(itn)u(t) for some gy € G, n € g, and u : R — G. This
proves (ii).
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We prove part (iii). Choose maps g : R? — G¢ and n : R? — g and
define

Cs = 971359) Ct = gilatga 8sCt - atCS + [CS? Ct] =0. (04)
Here the third equation follows from (C.3). Now define
yi=moyg,  Zs:=0sy=dn(9)gCs,  Zi:= 0y =dn(9)gls,
and
Y :=dn(g)gin.
Then, by part (i), we have
VY =dn(g)gi (8377 + [Re(Cs), 77])7
VY = dw(g)gi(am + [Re(Gt), 77])-

Hence R(Zs, Z)Y = VsV Y — VLY = dn(g)gin, where
i = 0, (0m + Re(Gr).m]) + [Re(Go), (O + [Re(), )|

— 0h(0un + [Re(G.).n]) = [Re(c), (0 + [Re(@)m})]

= [Re(956t), n] + [Re(Cs), [Re(Cr), n]]

— [Re(8:Cs),n] — [Re(Ce), [Re(Cs), 7]}
= [Re(0s¢t) — Re(0:Cs) + [Re(Cs), Re(Ce)], ]
= [[Im(¢s), Tm(G¢)], 7]

Here the last equality follows from (C.4). This proves (iii). By (iii), we have
(R(Zs, 2) 21, Zs) = — |[Im(Gs), Tm ()] < 0.
This proves Theorem O
Lemma C.2. If &, &1, n € g satisfy
exp(—i&1) exp(i&y) exp(in) € G,

then |&o — &1] < |n|.

Proof. Define go := exp(i§p) and g; := exp(i1). Then the unique geodesic
in M = G¢/G connecting 7(go) to m(g1) is given by 7(t) := w(go exp(itn))
for 0 <t <1. This implies d(m(go),7(¢g1)) = |n|. Thus by Lemma
with M = G¢/G, p = n(1), vo = dr(1)i&o, v1 = dn(1)i&1, exp,(vo) = 7(go),
and exp,(v1) = 7(g1) we have |{o — &1] < |n]. This proves Lemma . O
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Lemma C.3. FEvery compact subgroup of G¢ is conjugate to a subgroup

of G.

Proof. Let K C G be a compact subgroup. Then K acts on G°/G by
isometries via k- w(g) := w(kg) for k € K and g € G¢. By Theorem the
action of K on G¢/G has a fixed point 7(g) € G°/G. Hence w(kg) = 7(g)
and hence g~'kg € G for every k € K. This proves Lemma O

Lemma C.4. Let ( € g¢. Then the following are equivalent.
(1) ¢ is semi-simple and has imaginary eigenvalues.

(ii) There is a g € G¢ such that g~ (g € g.

Proof. Assume (i). Then the set T := {exp(t¢) |t € R} C G is a (compact)
torus. By Lemmathere exists an element g € G¢ such that ¢g7'Tg C G.
This implies g~ (g = %hzog_l exp(t¢)g € g. That (ii) implies (i) is obvious.
This proves Lemma [C.4] O



Appendix D

Toral generators

This appendix introduces toral generators and Mumford’s equivalence rela-
tion. Let G C U(n) be a compact Lie group with the complexification

G° C GL(n,C)
and denote their Lie algebras by g := Lie(G) C u(n) and g° := g + ig.

Definition D.1. A nonzero element ( € g° is called a toral generator if
it 1s semi-stmple and has purely imaginary eigenvalues. This means that the
subset

T, == {exp(iC) |1 € B}

is a torus in G¢. By Lemma[C.J] the set of toral generators is
T¢ = ad(G)(g\ {0})-
Throughout we use the notation

A:={{ € g\ {0}] exp(§) =1},

A= {C e g°\ {0}] exp(Q) = 1} (B-1)

Thus
AC AN C T°

The elements of A° are in one-to-one correspondence with montrivial one-
parameter subgroups C* — G¢.  The set AU{0} intersects the Lie alge-
bra t C g of any maximal torus T C G in a spanning lattice and every ele-
ment of A€ is conjugate to an element of ANt (see Lemma .
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Lemma D.2 (Parabolic Subgroups). For ( € 7€ the set

P(¢) = {p € G| the limit tliglo exp(it()p exp(—it() exists in GC} (D.2)
is a Lie subgroup of G¢ with Lie algebra

p(C) == {,0 € g°| the limit tliglo exp(it()pexp(—it() exists in gc} . (D.3)
Proof. Let ¢ € 7°¢. Then the matrix i € C"*™ is semi-simple and has real

eigenvalues, denoted by A1 < A2 <--- < A;. Denote the eigenspace of \;
by V; so we have an eigenspace decomposition

C'=VieVed- - &V

Write a matrix p € g° C gl(n,C) in the form

P11 P12 - Plk
P21 P22 - P2k
p= . . . . s Pij € Hom(V}, Vl)
Pkl Pk2 °  Pkk
Then
P11 e 2)ip MMy
()\2—/\1)t ()\Q—Ak)t
. . e P21 P22 € P2k
exp(it()p exp(—it() = : :
B(Ak_kl)tpkl e(>‘k_>\2)tpk2 e pkkl

Thus p € p(() if and only if p € g° and p;; = 0 for ¢ > j. Likewise, g € P(()
if and only if g € G® and g;; = 0 for ¢ > j. Hence P(({) is a closed subset
of G¢. Since every closed subgroup of a Lie group is a Lie subgroup, this

proves Lemma [D:2] O

The proof of Lemma shows that P(() is what is called in the theory of
algebraic groups a parabolic subgroup of G¢ (upper triangular matrices).
It also shows that, for ( = £ € g, its intersection with G is the centralizer

P NG=C() :={ue Glutu™t = £
In this case there is a G-equivariant isomorphism

G/P(§) = G/C(8). (D.4)
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For a generic element & € g, the identity component B C P(£) is a Borel
subgroup (a maximal parabolic subgroup) of G¢, the intersection

T:=BnNG

is a maximal torus and is the identity component of the centralizer C(§),

and equation (D.4]) reads
G°/B=G/T.

In general, equation (D.4)) can be restated as follows.

Theorem D.3. For every & € g\ {0} and every g € G¢ there exists an ele-
ment p € P(§) such that p~1g € G.

Proof. In Appendix [E] we give a proof of Theorem which does not rely
on the structure theory of Lie groups. O

Theorem D.4 (Mumford). Define a relation on ¢ by

¢~ ety 3 p € P(¢) such that pCp~t =¢'. (D.5)
The formula (D.D) defines an equivalence relation on 7€, invariant under
conjugation, and every equivalence class contains a unique element of g.

Proof. The group G acts on the space

= | P

cege

by the diagonal adjoint action. This determines a groupoid. The elements
of 7¢ are the objects of the groupoid. A pair (¢,p) € I'“ is a morphism
from ¢ to p(p~!. The inverse map is given by (¢,p) — (p¢p~t,p~!) and
the composition map sends a composable pair of pairs consisting of ((,p)

and (¢/,p') with ¢/ = p{p~! to the pair (¢, p'p) with

p'p € P(pCp~)p = pP(¢) = P(().

This shows that is an equivalence relation.

We prove that the equivalence relation is invariant under conju-
gation. Choose equivalent elements ¢,(’ € .7¢ and let g € G¢. Then there
exists an element p € P(¢) such that p{p~! = ¢’. Hence gpg~' € P(g¢g™!)
and

(9pg~")(g¢g™ ) gpg™) ™! = g9,

lis equivalent to g¢'g~!.

so gCg~
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Now let ¢ € 7°¢. By Lemma there is a g € G such that

E=glg ' €9
By Theorem there is a ¢ € P(€) such that u := ¢~ 'g € G. Hence

pi=ulg=g"q9 € P(g7¢g) =P(Q)

and

1 1

pCp Tt =uTlglg u=u" u e g.

This shows that every equivalence class in 7€ contains an element of g.
We prove uniqueness. Let ¢ € g\ {0} and p € P(¢) such that pép~! € g.
Choose the eigenvalues A\; < --- < A\ of i€ and the eigenspace decompo-
sition C" = V] @ --- @ Vi, as in the proof of Lemma Since i€ is Her-
mitian its eigenspaces V; are pairwise orthogonal. Moreover, the subspace
Vi@ ---@Vj is invariant under p and hence also under pép~ !t for every j.
Since pép~! € g is a skew-Hermitian endomorphism of C" and the complex
subspaces V1, ...,V of C" are pairwise orthogonal, it follows that

pép WicVi, i=1,... k.

Hence pép~! = £. This completes the proof of Theorem |D.4| O



Appendix E

The partial flag manifold
G¢/P=G/C

In this appendix we prove Theorem [D.3

Lemma E.1. Let N € N. There exist real numbers

BO(N)7/61(N)7“'7182N71(N)
such that B,(N) = 0 when v is even and, for k =1,3,5,...,4N — 1,

2N—-1
kvri) i, if0<k<2N,
z_%ﬁ”(N)eXp<2N)_{ —i, if2N <k < 4N. (E-1)

Proof. Define \ := exp( %) and consider the Vandermonde matrix

A A3 AP D
)\3 )\9 )\15 o )\6N—3
A= A5 AL A% e AON=5 e CNXN.
)\2];f—1 )\6];7—3 )\10}\7—5 . )\(21\}—1)2

Its complex determinant is

detc(A) — )\N(QN—I) H ()\4] _ )\42) .
0<i<j<N-1

Since A is a primitive 4Nth root of unity, the numbers \*, i =0,...,N —1,
are pairwise distinct. Hence A is nonsingular.
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Since A is nonsingular, there exists a unique vector
N
z = (217237 <o 7z2N—1) cC

such that

Y. exp <km> =i,  k=13,...,2N -1 (E.2)

O<v<2N
v odd

The numbers Zz,, also satisfy equation (E.2)), because

kvmi\ _ (2N — k)vri .
Z exp<2N>zV—— Z exp<2N>zV—1

O0<v<2N O0<v<2N
v odd v odd

for k=1,3,...,2N — 1. Since the solution is unique the z, are real.

Now define the numbers Sy(N), f1(N), ..., Ban—1(N) by

2y, forv=1,3,...,2N —1,
BuN) := { 0, for v even.

These numbers satisfy (E.1) for k=1,3,...,2N — 1 by (E.2)). Moreover,
we have exp(k7i) = —1 for every odd integer k, equation (E.1|) also holds
for k =2N +1,2N 4 3,...,4N — 1. This proves Lemma [E.] O

Lemma E.2. Let m € N and N := 2™. There exist real numbers
ao(N), al(N), ceoy OégN_l(N)
such that o, (N) = 0 when v is even and, for every k € {0,1,...,2N — 1},

2N -1 kv i, fl1<k<N-1,
> oz,,(N)exp( N >: —i, fN+1<k<2N -1, (E.3)
v=0 0, ifk=0o0rk=N.

Proof. The proof is by induction on m. For m =1 and N = 2" = 2 choose

a1(2) == 3, az(2) == —3.

D=

Then

for k =1,

3 . sk n\k 1,
Z a,(2) exp (kmn) = (=9) =< —i, for k=3,
v=0 0, for k=0,2.
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Now let m € N and define N := 2™. Assume, by induction, that the
numbers o, (N), v =0,1,...,2N —1, have been found such that holds
for k=0,1,...,2N — 1. Let 8,(N), v =0,1,...,2N — 1, be the constants
of Lemma [EIl Define

OQN—&-V(N) = au(N)7 52N+1/(N) = _/SV(N)a
forv=20,1,2,...,2N — 1 and
+ Bu(N)

(N
al,(QN)::a( )2 . v=0,1,2,...,4N — 1. (E.4)
Then
i kvmi
) WN)eXp( un ) — 4+ By,
v=0
where

1! kvmi
Ap = 3 Z ozl,(N)exp< 5N > ,

v=0
AN-1
1 kvmi
By, := 3 ;:0 B,,(N)exp( SN > .

Since agn 1+, (N) = ay,(N), we have

iy kvmi
Ay = 2 ,,Z_O aV(N)exp< ON )

2N -1
1+ exp(kni) kvmi
e KR b
)k: 2N—-1

14+ (1 kvri
- Vz:zo al,(N)exp< SN )

If k£ is odd the right hand side vanishes. If k£ is even, then by the induction
hypothesis,

2N—1
k/2)vmi
A = Z ay,(N) exp <(/]\)7)
, fork=2,4,... 2N — 2,
=q —i, fork=2N+4+2,...,4N —2,
0, for k=0,2N.

v=0

e
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Since fon4u(N) = —B,(N), we have

B=1Y A (e (5 ) — e ("5

v=0

.\ 2N—1 .
_1- ex2p(k7r1) Z 5, (N) exp (kwn)
v=0

2N
o \E2N-1 .
= 1(21) Z Bu(N)exp <k2y]$1> .
v=0

If k is even the right hand side vanishes. If k£ is odd, then by Lemma

2N—-1
kvi i, ifk=1,3,...,2N — 1,
Bk—z_%ﬁ”(N)eXp< >_{—i, if k=2N+1,...,4N — 1.

2N

Combining the formulas for A; and By we find

i, fork=1,2,3,...,2N —1,
A+ By=< —i, fork=2N+1,2N+2,...,4N —1
0, for k=0,2N,

)

and this proves Lemma O

Lemma E.3. Let {,n € g C su(n) and assume exp(§) = 1. Then there
exists an element ¢ € p(&) such that ( —in € g.

Proof. Let A1 < --- < A be the eigenvalues of the Hermitian matrix i and
denote the corresponding eigenspace decomposition by C* =V; & --- & V.
Then

Ai — Aj = 2mmy;, m;j € 2,
with m;; > 0 for ¢ > j and m;; < 0 for i < j. Choose m € N such that
Ak — A1
2
Choose o, ..., aan—1 € R as in Lemma [E.2] Let

N::2m>mk1:

mi M2 0 Mk
21 M22 -+ M2k
n= . . . . cg, Mij € HOIH(V}‘, V;)

M1 Mk2 - Nkk
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Define
2N—-1

o — 1 J— _L L c
(:=1in VE_O a,,exp( 2N§>nexp(2N§) €g.
Then, for i > j, we have

2N—-1
. I/ 3
Gij =iy = 3 owexp (ﬁl()"' N Aj)) "
v=0

2V 1 m;ivTi
:(i— > e (" >>mj

v=0
=0.

Here the last equality uses Lemma and the fact that 1 <m;; <N —1
for ¢+ > j. Since (;; = 0 for ¢ > j it follows from the proof of Lemma
that ¢ € p(&). Moreover, by construction we have in — ¢ € g. This proves
Lemma [E.3l O

Proof of Theorem[D.3 Assume first that £ € A so that exp(¢) = 1. Define
A:={g € G°|Ipe P() such that plge G}.

We will prove by an open and closed argument that A = G°.

We prove that A is a closed subset of G¢ (in the relative topology).
Let g; € A be a sequence which converges to an element g € G°. Then
there exists a sequence p; € P(§) such that u; := pi_l gi € G. Since G is
compact there exists a subsequence (still denoted by w;) which converges to
an element u € G. Since P(§) is a closed subset of G¢, we have

p:=gu ! = lim giui_l = lim p; € P(¢).
1—00 1—00
Hence p~'g =u € G and so g € A. Thus A is a closed subset of G°.
We prove that the map f: P(§) x G — G¢, defined by

f(p,u) == pu

for p € P(§) and u € G, is a submersion. Let p € P(£) and v € G and
denote

9 := f(p,u) = pu.
Let g € T,G¢ and denote

C=plgut =u(glgut € g°. (E.5)
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Let n € g be the imginary part of 580 that Z— in € g. By L~emma there
exists an element ¢ € p(§) such that ¢ —in € g and hence ( — ¢ € g. Define

pi=p¢, u:= (E—C)w
Then p € T,P(§), u € T,G, and

df (p,u)(p, ) = pu + pi = pCu = §.

Here the last equation follows from ([E.5). Thus we have proved that the
derivative df (p,u) : T,P(§) x T,G — T, G is surjective for every p € P(§)
and every u € G. Hence f is a submersion as claimed.

We prove that A = G®. The set A contains G by definition. Moreover,
we have proved that it is closed and that it is the image of a submersion
and hence is open. Since G¢ is homeomorphic to G x g and A contains
G = G x {0}, it follows that A intersects each connected component of G¢ in
a nonempty open and closed set. Hence A = G¢. This proves Theorem
for £ € A.

Now let £ € g\ {0}. Choose sequences & € A and s; € R such that s;;
converges to . By the first part of the proof there exist sequences p; € P(&)
and u; € G such that u;p; = ¢ for every 7. Passing to a subsequence, if
necessary, we may assume that u; converges to u € G. Hence p; = u; 1g
converges to p = u~'g € G¢. Examining the eigenspace decompositions of ¢
and & we find that p € P(§). This proves Theorem |D.3 O
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