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Abstract

In this dissertation we develop new variational methods with the aim to build minimal
submanifolds ¥* in a closed ambient Riemannian manifold (M™, g), by means of min-maz
procedures. We will focus almost exclusively on the cases k = 2 and k = m — 2, namely
minimal surfaces and minimal submanifolds of codimension 2.

After a general introduction, in the second chapter we present a recent min-max theory
devised by the supervisor of this thesis, T. Riviere: starting from immersions which are
critical for a suitable relaxation of the area, involving a power of the second fundamental
form, this method builds, as the viscosity parameter tends to zero, a limit object satisfying a
certain weak notion of minimality. The method applies to any min-max problem for the area
functional in the space of immersions ¥ — M, where X is a given closed surface. We revisit
this theory and show how to adapt it to the free boundary case, relative to any submanifold
N™ C M; the outcome is essentially an immersed manifold which is critical with respect to
the constraint that the boundary is contained in N.

In the following chapter we study axiomatically this new weak notion of minimal
immersion, whose instances are called parametrized stationary varifolds. These special
varifolds are induced by a parametrization and a Borel multiplicity; they enjoy a localization
property for the stationarity, with respect to the domain. In spite of the lack of general
regularity results for stationary varifolds, this last property can be exploited to show that the
multiplicity is constant and the parametrization is smooth, without any assumption on the
codimension.

The attention then moves to the study of the multiplicity when the parametrized varifold
arises as a limit of critical or almost critical immersions for the relaxed functionals; in this
case we show that the multiplicity is always equal to one. This result allows to obtain
upper bounds on the Morse index of the limit minimal immersion, namely a bound on the
instability of this map in the space of immersions. This fact would allow, by itself, to
simplify the regularity theory, but its proof relies strongly on the theory contained in the
previous chapters.

In the last chapter, which is completely independent of the rest of the thesis, we present
another theory meant to produce minimal submanifolds in codimension 2. It is inspired by
the recent use of the Allen-Cahn functional for maps u : M — R, viewed as a relaxation of

the (m — 1)-area of the level sets of u: Rather than using the most immediate generalization



given by the Ginzburg-Landau energy for maps u : M — C, which makes the asymptotic
analysis difficult and not completely satisfactory, we study instead the Yang-Mills—Higgs
functional for couples (u, V), where u : M — L is a section of a given Hermitian line bundle
L — M and V is a connection on it. This energy enjoys a natural gauge invariance for the
symmetry group U(1). The study of this functional brings to a simpler analysis of the energy
concentration set and, differently from what happens with Ginzburg-Landau, it allows to
obtain the integrality and concentration of the limit varifold.

The results contained in the third and fourth chapters have been obtained in collaboration
with T. Riviére, while the ones from the last chapter come from a collaboration with D.

Stern.



Sunto

Questa tesi di dottorato si occupa dello sviluppo di nuovi metodi variazionali volti a costruire
sottovarieta minime ¥¥ in un ambiente Riemanniano chiuso (M™, g), tramite procedure di
min-max. Ci dedicheremo quasi esclusivamente ai casi k = 2 e kK = m — 2, ovvero superfici
minime e sottovarieta minime di codimensione 2.

Dopo un’introduzione generale agli argomenti trattati, nel secondo capitolo presentiamo
una recente teoria di min-max dovuta al relatore di questa tesi, T. Riviere: partendo da
immersioni critiche per un opportuno rilassamento dell’area, contenente una potenza della
seconda forma fondamentale, questo metodo costruisce, al tendere a zero del parametro di
viscosita, un oggetto limite soddisfacente una certa nozione debole di minimalita. Il metodo
si applica a un qualsiasi problema di min-max per ’area nello spazio delle immersioni
¥ — M, dove ¥ & una superficie chiusa fissata. Rivisitiamo questa teoria e mostriamo
come adattarla al caso free boundary, relativamente a una qualsiasi sottovarieta N™ C M;
Ioggetto che ne deriva ¢ essenzialmente una superficie immersa critica per ’area rispetto al
vincolo di avere il bordo contenuto in N.

Nel capitolo successivo studiamo in modo assiomatico questa nuova nozione debole
di immersione minima, le cui istanze vengono chiamate varifold parametrici stazionari.
Questi speciali varifold sono indotti da una parametrizzazione e da una molteplicita
Boreliana; godono di una proprieta di localizzazione per la stazionarieta, rispetto al
dominio. Nonostante la scarsita di risultati di regolarita generali per varifold stazionari,
quest’ultima proprieta puo essere sfruttata per dimostrare che la molteplicita € costante e che
la parametrizzazione é liscia, senza alcuna ipotesi sulla codimensione.

L’attenzione viene poi rivolta allo studio della molteplicita quando il varifold parametrico
¢ un limite di immersioni critiche o quasi critiche per i funzionali rilassati; in questo caso
mostriamo che la molteplicita & sempre uguale a uno. Questo risultato permette di ottenere
stime dall’alto sull’indice di Morse dell’immersione minima limite, ovvero una misura della
sua instabilita nello spazio delle immersioni. Cio di per sé renderebbe piu semplice la teoria
di regolarita, ma la dimostrazione di questo fatto dipende fortemente dalla teoria contenuta
nei capitoli precedenti.

Nell’ultimo capitolo, completamente indipendente dal resto della tesi, presentiamo
un’altra teoria volta a produrre sottovarietd minime in codimensione 2. Questa ¢ ispirata

al recente utilizzo del funzionale di Allen—Cahn per mappe u : M — R, pensato come



rilassamento dell’area (m — 1)-dimensionale degli insiemi di livello di w. Anziché utilizzare la
generalizzazione pitl immediata data dall’energia di Ginzburg-Landau per mappe u : M — C,
che rende I’analisi asintotica difficile e non interamente soddisfacente, studiamo invece
il funzionale di Yang—Mills—Higgs per coppie (u, V), dove v : M — L & una sezione di
un fissato fibrato in rette complesse L — M, con una data struttura Hermitiana, e V &
una connessione sul fibrato. Questo energia gode di una naturale invarianza di gauge
rispetto al gruppo di simmetria U(1). Lo studio di questo funzionale porta a un’analisi
dell’insieme di concentrazione dell’energia piu semplice e, a differenza di quanto accade con
Ginzburg-Landau, permette di ottenere 'integralita e la concentrazione del varifold limite.

I risultati contenuti nel terzo e quarto capitolo sono stati ottenuti in collaborazione con

T. Riviere, mentre quelli dell’ultimo capitolo nascono da una collaborazione con D. Stern.
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1 General introduction

1.1 The landscape

The main theme of this thesis is the variational construction of minimal submanifolds ¥* in
an assigned closed Riemannian manifold (M™, g). While there is already a vast literature
for hypersurfaces (k = m — 1) and geodesics (k = 1), with several satisfactory results, very

little is known for the following two very general problems:

- develop a variational theory which allows to construct or exhibit minimal submanifolds,
especially of saddle-point type, for general & and m; here “minimal submanifold” should
not be necessarily intended in the strongest sense of smooth embedded submanifold, or not
even immersed: we allow for appropriate weak notions of minimal objects for which one

expects some kind of regularity;
- develop a regularity theory for the objects produced in this variational way.

We will provide some partial answers in the cases k = 2 and &k = n — 2. Before stating them,

we will briefly review some previous results in order to place this dissertation in perspective.

Some history of minimal submanifolds

In a Riemannian manifold (M™, g), not necessarily closed, an embedded or immersed
submanifold X% € M™ is called minimal if the trace of its second fundamental form vanishes
at every point. For hypersurfaces (k = n — 1) this means that, at every point, the principal
curvatures sum up to zero.

Another characterization for M = R™ is the following: expressing ¥ locally as the graph
of a smooth map f : U — R™ % with U C R* open (up to ambient rotations), f is critical

for the area functional, namely

G [ VIENG )

whenever {g # 0} CC U. Note that the left-hand side is just the area of the graph of f + tg.

A special feature of the case of hypersurfaces (k = m — 1) is that criticality can be upgraded

Pl =0
t=0

to local minimality for graphs, namely

/\/1+\Vf\2§/\/1+wh12
U U



10 Chapter 1. General introduction

whenever {h # f} CC U. This feature comes from the fact that a minimal graph is calibrated
by the (m — 1)-form tangent to the foliation of U x R made by vertical translations of the
graph, which turns out to be closed (here we use the identification A,, 1R™ = A™~1R™),

The study of minimal surfaces began already in the eighteenth century with the work of
Lagrange, who derived the Euler-Lagrange equations for minimal graphs. Lagrange also
posed the famous Plateau problem, asking to find a surface in R3 with assigned boundary
and least area; the problem is named after Plateau, who analyzed special cases empirically
using soap films.

Along with this and other influential existence questions, such as the Bjorling problem,
efforts were devoted to the classification of minimal surfaces in R?, at least with extra
assumptions such as embeddedness (proper or not), completeness or simple connectivity (or
finite topological type). Independently, around the same time in the 1860’s, Enneper and
Weierstrass were able to give an explicit representation for all minimal, simply connected
immersed surfaces: up to reparametrization, we can assume that the immersion ¢ : Q — R3
is conformal, with Q C C; then ¢ is a primitive of the real part of the C3-valued 1-form

i
)

f(l(l -9 3

2
5 (1+g )79) dz,

for a suitable holomorphic function f and a suitable meromorphic function g, both defined
on Q.1

The study of minimal surfaces became more popular after the complete solution to the
Plateau problem, found around 1930 by Douglas [33] and Radé [88]. Their methods exploit
the fact that, for a conformal immersion, harmonicity and minimality are equivalent, a fact
which is not useful for k£ > 2 due to the general lack of conformal reparametrizations. As we
shall see below, the solution for general k (even when m = k + 1) requires a totally different
technology which brought to the theory of currents, a part of the modern geometric measure
theory.

Going back to the classification problem, Osserman [83] in 1963 showed that complete,
orientable, immersed minimal surfaces in R? of finite total curvature are conformally
equivalent to a closed Riemann surface with finitely many punctures, with the Gauss map
extending across them holomorphically. It was believed for a long time that complete,
connected, properly embedded minimal surfaces of finite topological type must be either the
plane, the catenoid or the helicoid. It was only in 1982 that Costa [25] found another
example, with three ends. More examples were later found, including surfaces similar to the
helicoid with arbitrary genus but only one end [52].

In the last decades, increasing efforts were offered to the understanding of minimal

surfaces in closed manifolds. Two very influential questions for the model case of M = §3

!This representation misses only the case of a planar immersion. The fact that Q C C with ¢ conformal
can be assumed by the uniformization theorem (which came actually later); note that the surface cannot be
compact. Conversely, the formula always provides minimal, (weakly) conformal branched immersions if fg? is
holomorphic.
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were the Lawson conjecture and the Willmore conjecture, asking respectively whether the
Clifford torus %(S L'x 81) c 83 is the unique embedded minimal torus, and whether it
minimizes the area among embedded minimal surfaces different from the equator, up
to rotations. They were both solved recently, respectively by Brendle [19] in 2013 and
Marques—Neves [74] in 2012, building also on previous work by other mathematicians.

Before going to the variational aspect of the story, which played an important role also in
the resolution of the Willmore conjecture, let us mention that another important topic is the
study of compactness of spaces of minimal submanifolds under certain “bounded complexity”
assumptions, where the complexity can be understood in terms of area, Morse index and
topology; the Morse index is a measure of the instability of the submanifold for the area,
namely it is the dimension of a maximal subspace of infinitesimal variations where the
second variation of the area becomes negative definite. The relation between these notions
of complexity, depending on the ambient, is also an interesting and important subject.
Compactness for stable (embedded or immersed) minimal hypersurfaces, namely those with
nonnegative second variation, is related to the validity of a pointwise upper bound for the
second fundamental form. Such inequality in its local version is essentially equivalent to the
Bernstein conjecture that a complete, connected minimal hypersurface in R™ is a hyperplane.
This conjecture is known to be true for immersed surfaces (m = 3), after the work by
Fischer-Colbrie-Schoen [38].

The study of minimal submanifolds is not only interesting per se, but has also application
in and outside mathematics: we mention its use in general relativity, namely in the proof of
the positive mass theorem by Schoen—Yau [97] and in Bray’s proof of the Penrose conjecture
[18]. Another application, due to Colding—Minicozzi [24], enters the proof of the Poincaré
conjecture, or more generally of Thurston’s geometrization conjecture: at every time of the
Ricci flow (with surgery), a minimal sphere is built whose area equals the infimum of all
immersed spheres realizing a nontrival class in the second homotopy group; the existence of
such sphere is used to show the “finite time extinction” of the second homotopy group. Both

applications are of variational nature.

Variational construction of minimal submanifolds

The work of Douglas and Radé for the two-dimensional case (k = 2, m = 3) of the Plateau
problem relies on considering immersed surfaces which are parametrized by the disk, in order
to be able to assume that the parametrization is conformal, with the area then agreeing with
the Dirichlet energy, thus shifting the problem to a more coercive functional. This technique
cannot hope to be generalized to higher dimension and the community realized that a
parametrization-free approach could be more convenient.

One is then led to seek a weak notion of submanifold compatible with the calculus of
variations, namely a notion which is weak enough to ensure compactness of the set of

competitors but rich enough to have meaningful definitions for area and boundary. A
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successful theory was proposed only in 1960 by Federer and Fleming, in [37]. Their theory
of currents merged the abstract homological framework of general de Rham currents
with the seminal analytic ideas of generalized hypersurface—thought as the boundary of
a finite-perimeter set—proposed by Caccioppoli and De Giorgi, and of rectifiable set,
introduced by Besicovitch and his school.

Currents of dimension k, in a similar spirit as distributions, are defined to be the
topological dual of compactly supported smooth k-forms, once the latter space is endowed
with a suitable structure of locally convex vector space. Oriented manifolds of dimension k,
embedded or immersed, having locally finite area can be thought as currents, acting on
k-forms just by integration. Given a current T', a good notion of boundary 07 is given by
duality: we let (0T, w) := (T, dw), mimicking Stokes’ theorem.

The area of a current, called mass and defined again by duality, is not necessarily finite
but is certainly lower semicontinuous with respect to weak convergence, making currents a
suitable framework for minimization problems like Plateau’s.

Moreover, integral currents, namely currents T' such that T and 0T are rectifiable and
have integer multiplicity a.e., satisfy a suitable weak compactness property, which is the
celebrated compactness theorem by Federer—Fleming. This allows to “solve” the Plateau
problem by applying the direct method of calculus of variations, shifting then the bulk of the
work to the regularity theory, whose landmarks are mentioned later.

In a famous work, Sacks—Uhlenbeck [95] showed the existence of minimal (branched,
immersed) spheres in any simply connected closed manifold, with arbitrary codimension
(k =2,m > 2). Their method exploits again the equivalence of minimality and harmonicity
for conformal immersions. Rather than trying to find directly maps u : S? — M critical for
the Dirichlet energy, for which the Palais—Smale property (described below) fails, they work
with the perturbed functional

/ (1+|dul), a>1
SQ

and find critical points us, which they show to converge to a harmonic map as a« — 1, up to
points where the energy concentrates—a phenomen called bubbling. This delicate step relies
on a “small-energy-regularity” theorem for the perturbed functionals, uniformly in o > 1.
With this method they also manage to find a minimizer for the area (or the Dirichlet energy)
in certain free homotopy classes of maps S? — M generating 72(M), when M is simply
connected.

In order to find general critical points for the area, which are not necessarily minimizers
but, rather, of “saddle” type, the general starting idea is to study a min-maz variational
problem. This principle, which goes back to the work [16] of Birkhoff on the existence of
closed geodesics for any Riemannian metric on the sphere, is best seen in the so-called

mountain pass situation: if we have a Banach space X and a nonlinear functional f : X — R
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of class C! with the property that, say,
F(z9), F(x1) <0, F(x)>1forall x with ||z| =1,

with x¢ and 1 lying inside and outside the unit ball, respectively, then we expect heuristically
to have a saddle point =, somewhere, with value F(zs) > 1. Indeed, this situation is
pictorially like having z( inside a volcano and x; outside of it, so that we expect a saddle
point on the border. The value A = F'(z,) can be characterized as
f =inf max F(3(1)), 7€ C?([0,1], X) with ~(0) = zo and (1) = 1.
v telo,

Moreover, we expect that, for a minimizing sequence of curves ;, any point ~;(¢) achieving
max,e(o,1] F'(7(t)) becomes arbitrarily close to a critical point of I, as j — oo. These facts

are true if F' satisfies a technical condition, called Palais—Smale condition, namely
{x;} is precompact whenever F(z;) — X\, dF(z;) — 0.

This property is also needed for minimization problems. The standard way to show the
above facts is then to use a negative (pseudo-)gradient flow of F.

We refer to [9] for a broad introduction to this topic and a large collection of examples
implementing this idea.

The main issue is then how to implement a min-max construction in the setting of
minimal submanifolds.

The work by Sacks—Uhlenbeck [95] fell short of providing general min-max critical
spheres—this is due to the lack of a technical ingredient called the analysis of neck regions,
which would provide a complete understanding of the energy concentration issue. Instead, in
the work [24] motivated by the study of the Ricci flow, Colding—Minicozzi analyzed directly
the Dirichlet energy in the mountain pass situation described above, in order to find a
min-max minimal sphere realizing the so-called width of M.

Their method involves harmonic replacements, replacing directly pieces of each sphere
~(t) with energy-minimizing ones (with the same boundary values) in order to have a sort of
discretized gradient flow. This is very similar in spirit to the work of Birkhoff on closed
geodesics on the sphere. In this framework they manage to analyze completely the bubbling
issue. But, as the work of Sacks—Uhlenbeck, this work exploits the fact that harmonic maps
from the sphere are automatically conformal, and hence minimal; the same is used in the
two-dimensional solution of the Plateau problem, where the domain is the disk. In the latter
situation one allows for certain order-preserving reparametrizations of the given boundary;
for the minimizing map, this then allows to have inner variations which also shift the
boundary of the disk, enabling one to deduce the conformality of the map.

The search for more minimal surfaces, possibly with a topology different from the sphere,

was in part motivated by the following influential conjecture by Yau [111].

Conjecture (Yau [111, Problem 88|, 1982). Does any closed Riemannian 3-manifold

contain infinitely many (immersed or embedded, closed) minimal surfaces?
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A successful theory reaching the existence of at least one embedded minimal hypersurface,
in ambient dimension 2 < m < 8, was proposed by Almgren and his student Pitts [7, 87]:
within the theory of currents, using cycles mod 2 they produce an almost minimizing varifold
in the limit. The notion of varifold, for which the reader may consult [98, Chapters 4 and 8|,
differs from the one of current in that, while also retaining good compactness properties, the
mass becomes continuous under weak convergence: this property is essential to guarantee
that the limit object attains the min-max value—on the other hand, lower semicontinuity of
the mass for currents is just good enough for minimization problems.

General k-varifolds are Radon measures on the Grassmannian bundle Gry(M) of
k-planes tangent to M. Having a measure on this bundle, rather than just on the base
manifold, is important in order to have a good notion of varifold pushforward under a
diffeomorphism F' : M — M-—involving the Jacobian of dF' along k-planes—compatible
with the assignment ¥ — F'(X) when the varifold is represented by an embedded submanifold
¥*. In turn, this notion of pushforward is essential in order to define stationary varifolds,
namely varifolds whose mass is invariant at first order, under the action of diffeomorphisms.

An important class of varifolds is formed by the integer rectifiable ones, namely those
varifolds which can be represented as a countable superposition, with positive integer
coefficients, of k-rectifiable sets. This is the kind of varifolds which is most commonly used
and studied, since it is more concrete than the general definition but still enjoys compactness
properties. The fundamental reference for general varifolds is Allard’s doctoral work [3],
where the compactness of integer stationary varifolds—or more generally of integer rectifiable
varifolds with locally bounded first variation—is proved, along with some regularity results,
rectifiability criteria for general varifolds, and other important estimates.

In their work, Almgren and Pitts study the space of integral cycles, i.e. integral currents
with no boundary, and a suitable modification of them, namely cycles with coefficients in Z,
for p > 2, both equipped with the so-called flat topology.

The idea of replacement is again present in their work: it is used both to obtain a
meaningful object which should be the desired hypersurface and to investigate its regularity.
The object that they produce is an almost minimizing varifold: as will be mentioned also in
the next subsection, this technical notion is what allows to recover the full regularity.

The Almgren—Pitts theory is rather technical and uses discretized families in the
min-max, together with a discretized notion of continuity called fineness. Variants of
the Almgren—Pitts theory which circumvent the need of discretization were proposed
by Simon—Smith, for n = 3, and by De Lellis—Tasnady [32] in general dimension. The
Simon—Smith theory has the advantage of giving an effective control of the genus of the
resulting minimal surface. For an introduction to this theory, the reader can consult [23].

The use of the Almgren—Pitts framework led to the solution of several long-standing
problems, including the Willmore conjecture [74] and the Yau conjecture itself, which
was first established in the positive Ricci case [76], then for Baire-generic metrics by

Marques—Neves and collaborators [72, 57], and finally in full generality by Song [101].
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This theory was used also to construct free boundary minimal hypersurfaces: given an
ambient M™ and a submanifold A~ !—usually M has no boundary, or A is precisely
OM-—they are hypersurfaces ¥~ ! with boundary, embedded or immersed in M, which are
critical for the (m — 1)-area under the constraint 9% C N. This is equivalent to the fact that
Y is minimal and meets A orthogonally along 9.

The most studied case is (M, N) = (§37 S?) with the Euclidean metric. In [62], using an
equivariant version of the Simon—Smith theory, Ketover constructed free boundary minimal
surfaces in the ball with arbitrarily big genus and three boundary components. In the same
spirit, a very recent work [20] constructs surfaces with connected boundary and arbitrary
genus.

In the work by Li—Zhou and collaborators [68, 45], the Almgren—Pitts theory for
hypersurfaces in arbitrary dimension is adapted to the free boundary case. We also mention
the theory by De Lellis-Ramic [28] for a similar min-max theory in the free boundary case.

Several other techniques are used to construct free boundary minimal submanifolds,
including notably desingularization methods—which are used also in the closed case—and
the study of extremal eigenvalue problems; for a survey of recent results, we invite the reader
to consult [67].

Recently, in the closed case, another approach using the Allen—Cahn functional was
proposed by Guaraco [46]. This theory, which started with the works of Modica [79] for
minimizers and Hutchinson—-Tonegawa [55] for general critical points, interprets a minimal
hypersurface as a limit interface of a phase transition, hence as a limit of level sets of
functions which are critical for rescalings of the Allen—Cahn functional, which should then be
seen as a relaxation of the area for the level sets. This approach seems to be at least as
powerful as Almgren—Pitts; the additional structure given by having a sequence of smooth
critical functions converging to the limit already allowed to obtain finer results: see, e.g.,
[22, 13]. We will return to this topic in the next section.

In codimension two, interesting attempts have been made by Cheng and Stern using
the Ginzburg-Landau energy for complex valued maps [21, 102]. This functional, which
appears formally identical to Allen-Cahn—the latter being just Ginzburg-Landau for scalar
maps—exhibits a totally different behavior in terms of energy concentration, due to the
dominance of the angular part of the map in the Dirichlet term. This component forces
the asymptotic analysis to take place on infinitely many scales, making the study very
challenging. A different attempt, based on rescalings of the Yang-Mills—Higgs energy for
sections and connections of a Hermitian line bundle, was proposed by the author and Stern
[86] and is part of the present thesis. In this last framework, the asymptotic analysis
becomes much simpler and quite similar to the Allen—Cahn setting, although a regularity
theory still lacks.

Yet another framework, which will be presented in the next chapters, was introduced by
Riviere [91]. It concerns minimal surfaces, but works in arbitrary codimension. As in the

classical works [33, 95], it uses parametrizations ® : 2 — (M™, g). On the other hand, the
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area is not immediately relaxed with the Dirichlet energy; rather, one uses the functional
E! (®) := area(®) + o / (1 + |I%*)? volg
b

for ¢ > 0 and a fixed exponent p > 1, where the norm of the second fundamental form I®
and the area element volg are with respect to the metric ®*¢ induced by ®. By studying
critical points for E/, one hopes to get a limit minimal immersion regardless of the topology
of the closed surface ¥, while in [95] one can just reach a harmonic map—whose minimality
is not guaranteed unless ¥ is a sphere. As for the free boundary case, minimality holds
automatically only if ¥ is a disk—a fact already exploited to solve Plateau’s problem; in fact,
we mention that the same approach developed in [95] was used to build free boundary
minimal disks in [104]. Note that E/ is invariant under diffeomorphisms of the domain,
whereas the Dirichlet energy is only conformally invariant.

The main outcomes of this theory is that certain critical maps for E! converge, in the
varifold sense, to a parametrized stationary varifold, as ¢ — 0 along a suitable sequence. A

precise statement will be given in the next section.

Regularity issues

The interior regularity for area minimizing currents in codimension one was a crowning
achievement of geometric measure theory, due to the combined contributions of De Giorgi,
Fleming, Almgren, Simons and Federer (see, e.g., [98, Chapter 7]); this theory completed the
solution to Plateau’s problem in codimension one, at least ignoring boundary regularity. The
latter was studied by Hardt—Simon [49].

In arbitrary codimension, an optimal interior regularity result has been achieved in a big
and deep work by Almgren [8], which was later revisited and simplified by De Lellis and
Spadaro [8, 29, 30, 31]. We refer to [27] for some very recent developments concerning the
regularity up to the boundary.

On the other hand, everywhere regularity for integer stationary varifolds does not hold
without additional assumptions, not even in low dimension: one can consider for instance the
union of two intersecting lines in the plane, or the union of three half-lines emanating from a
point, with an angle %” between any two of them.

So far, the regularity theory of integer stationary varifolds is still very incomplete
and well understood only in special situations. An example is the structure theorem by
Allard-Almgren in the one-dimensional case [5], which says that such varifolds are locally a
finite graph of geodesic curves with multiplicity, obeying a natural balancing condition at
each node.

A very important result is Allard’s regularity theorem [3, Section 8|, which roughly says
that regularity holds near points where the density does not jump to a higher value compared
to neighboring points; it can be seen as a nontrivial modification of De Giorgi’s regularity

theory for sets which locally minimize the perimeter. A consequence is the almost everywhere
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regularity for varifolds with multiplicity one, and the regularity on a dense open subset of the
support in general. The latter is still the best known result without additional assumptions.

Pitts was able to obtain a satisfactory theory for varifolds arising via his min-max
framework in codimension one, reaching in particular the full regularity for ambient
dimension m < 8—together with subsequent work by Schoen and Simon—Dby introducing the
stronger concept of almost minimizing varifold [87, Chapter 3]. Loosely speaking, the
definition requires that one cannot locally deform the varifold in order to decrease the mass,
unless the mass reaches a higher value at some time during the deformation—actually the
definition is given in a discretized fashion and needs to replace the varifold with a current
which is close to it in the weak topology.

For the stable, codimension one case, another important result, which completed Pitt’s
work, is the Schoen—Simon regularity theorem [96] under the assumption that the singular
set has locally finite H" 2-measure. This was recently reduced to an optimal assumption
in a monumental work by Wickramasekera [109]—used in the regularity theory for the
Allen—Cahn approach—which essentially shows that the only onstruction to a very small
(codimension 8 in the ambient) singular set is given by the presence of classical singularities.
These are a generalization of the trivial examples given above for the plane, namely they
consist of smooth hypersurfaces meeting along a common boundary.

As for the special class of parametrized stationary varifolds considered in [91, 84], we

defer a discussion of their regularity to the next sections of this introduction.

1.2 Results from this thesis

In the following subsections, except for the first one, we will briefly describe the main results
contained in this dissertation. Some hints about the techniques will be given in the next

section.

A viscous relaxation of the area functional

A new relaxation of the area was studied by Riviere [91]. As already mentioned, the
corresponding min-max framework can produce immersed minimal surfaces (k = 2) without
a priori restrictions on the genus, on the codimension m — 2 or on the number of parameters
in the min-max. Specifically, for a fixed o > 0, choosing (e.g.) p = 2 one first finds an

immersion ® : ¥ — M™ which is critical for the perturbation
E! (®) = area(®) + o2 / (1 + |T%?)% volg
b

of the area functional, where X is a fixed closed oriented surface. This functional enjoys a
sort of Palais—Smale condition up to diffeomorphisms.
Considering any sequence o; | 0, one gets a sequence ®; : 3; — M of conformal

immersions, where ¥; denotes ¥ endowed with the conformal structure induced by ®;.
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Assuming for simplicity that we are dealing with a constant conformal structure, the sequence
®, is then bounded in W12 and we can consider its weak limit ®,, up to subsequences.
At this stage of the theory, it is still not clear whether the strong W 2-convergence holds,
even away from a finite bubbling set. However, in [91] it is shown that, if the sequences o}
and ®; are carefully chosen so as to satisfy a certain entropy condition, then the immersions

®,; converge to a parametrized stationary varifold. More precisely, the following holds.

Theorem. Let (;) be a sequence of immersions, with ®; : ¥ — M critical for E(’,j and
oj = 0. Assume that [ log(aj_l)ajz(l + |I®5?)? volg;, — 0 and that the area of ®; is
bounded by a constant. Then, up to subsequences, the varifolds in M induced by ®; converge

to a parametrized stationary varifold.

This last notion is defined in a later subsection.

The main difficulty is the absence of a small-energy-regularity uniform in o, as opposed
to [95]. This is already true for a similar functional on curves: see [78], where explicit
examples are shown.

As in that paper, the entropy condition log(aj_l)ajz J(1+ %5 |2)2 volg, — 0 provides
the extra information needed to obtain a satisfactory limit object. This condition can be
ensured by means of a very general device which applies to certain relaxed functionals, due
to Struwe.

The most important intermediate step in the proof of the theorem consists in establishing

1 (Br(p))

a lower bound for ==

for suitable ambient balls B,(p) C M, independently of o, with y;
denoting the area measure of ®; on M. While the convergence 0]2 Js,(1+ [I%3]2)2 volg, — 0
is enough to have a stationary limit, the stronger entropy condition is fully exploited in the

proof of this lower bound.

A modification for the free boundary version

In the next chapter we study instead a similar energy for surfaces with boundary; namely,

replacing o with o2 for conveniency, we work with the energies
E;(®) := area(®) + o length(®|sx) + 04/ [T®|* volg,
b

where ¥ is a fixed compact surface with (possibly nonempty) boundary and ® : ¥ — M™
is a smooth immersion with the constraint ®(9%) C N, for a given closed submanifold
N™ C M. The parameter o should be thought dimensionally as a length. The length term
is added in order to have the aforementioned lower bound for the area also in this case.
The treatment will be self-contained and, along the way, we will simplify many arguments

from the original paper [91]. The main result that we get is similar to the closed case.
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Theorem. Given a sequence ®; of immersions which are 0?-critical for Es;, have bounded

area and satisfy the condition
U;’-L log O'j_l/ e |4 volg, +0;log aj_l length(®;|sx) — 0,
X

there exists a subsequence such that the induced varifolds converge to a parametrized free
boundary stationary varifold for the couple (M, N'). Moreover, the connected components ¥;
of its domain have x(¥£;) > x(2) and g(%;) < g(¥).

In this statement y(-) is the Euler characteristic and g(-) is the genus. For an immersion @,
the assertion that & is 7-critical for E, means that |dE,(®)[w]| < 7]w||¢ for all infinitesimal
variations w, with respect to a suitable Finsler structure on the space of 2% immersions
O : 3 — M satisfying ®(9X) C N.

The simplifications in the presentation given in the next chapter show more generally
that, for the energy

k-area(®) + (fp/ IT® P volg
)

on immersions ® : ¥ — M™, with ¥* a closed k-manifold and p > k, the stationarity of
the limit varifold holds regardless of the domain dimension k. Again, one has to assume an

almost criticality for the maps ®;, as well as o? [, [T® P volg — 0.

Parametrized stationary varifolds and their regularity

Parametrized stationary varifolds, introduced in [91, 84], are two-dimensional varifolds
admitting a parametrization in the following sense: given a Riemann surface X, they are
induced by a weakly conformal map ® € W12(X, M), together with a multiplicity function
N € L*(X,N\ {0}) on the domain.

They are required to satisfy a natural stationarity property: namely, we assume that, for
almost all domains w C ¥, the varifold induced by the map CID‘w with the multiplicity
function N }w is stationary in the complement of the compact set ®(dw).

In the free boundary case, we require that ® maps 9% to N and that the above holds for
a.e. domain w CC ¥\ 0X. We also require that, for a.e. w C X, the induced varifold is free
boundary stationary outside ®(dw): this means that we can test the stationarity against
vector fields tangent to N and supported outside ®(dw). Note that dw = @ \ w is the
topological boundary of w in ¥ and does not include w N 9X.

As already discussed, everywhere regularity for general integer stationary varifolds fails
without additional assumptions, even in low dimension. In the present situation, regularity
stems from a subtle interaction between stationarity and the topological information of
being parametrized. The possibility of localizing the stationarity in the domain rules out
automatically all classical singularities.

This localization property, for varifolds arising from the min-max framework, comes from

the fact that we can choose X (®;)1,, as an infinitesimal variation for the (almost) critical
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map P;, with X a vector field on M vanishing near ®;(0w) and tangent to A if w intersects
0%, in the free boundary case.

The following optimal regularity result from [84] will be presented in the third chapter.

Theorem. The triple (X, ®, N) is a parametrized stationary varifold in M if and only if @
s a smooth, weakly conformal harmonic map and N is a.e. constant. In this case, ® is a

mainimal branched immersion.

In the statement we implicitly assume that ¥ is connected and ® is not (a.e.) constant.
As discussed in the second chapter, there is a local version of this theorem which implies the

regularity also in the free boundary case.

Theorem. The triple (X, P, N) is a parametrized free boundary stationary varifold, for
the couple (M, N), if and only if ® is a smooth, weakly conformal harmonic map with
0,P L TN along 0% and N is a.e. constant. In this case, ® is a minimal branched

immersion outside 0.
A simple corollary is, for instance, the following.

Corollary. Given any collection F of compact subsets of the space of smooth immersions
(2,0%) = (M, N), assuming F to be stable for isotopies of this space, the min-maz value

:= Inf maxarea(®
6 AceF dcA ( )

is the sum of the areas of finitely many free boundary minimal (branched) immersions

Py 0 Xy = M, whose domains are connected and have x(X(;)) > x(2) and (X)) < g(%).

Note that other min-max situations can be dealt with in the same way.

Multiplicity one

The result in [84], which is optimal for the class of parametrized stationary varifolds, left
nonetheless open the question whether one can have N > 1 on some connected component of
the domain. This question should be compared with the multiplicity one conjecture by
Marques and Neves. Roughly speaking, it asks whether a minimal hypersurface ™!
obtained from some min-max method should always have multiplicity one, at least for
generic metrics.

Marques and Neves were able to prove this conjecture in the Almgren—Pitts theory for
one-parameter sweepouts [75]. It was also recently established by Chodosh and Mantoulidis
for bumpy metrics in 3-manifolds [22], in the setting of the Allen—Cahn level set approach,
and by Zhou for hypersurfaces in any dimension m < 8, again for Baire-generic metrics, in
the Almgren—Pitts setting [114].

The importance of this conjecture in relation to the Morse index of ¥ is twofold. First of

all, there is no satisfactory definition of Morse index for an embedded minimal hypersurface
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with multiplicity bigger than one: such an object could be thought as the limit of many
qualitatively different sequences of multiplicity one hypersurfaces. Also, if one can establish a

lower bound on the Morse index like
p < 3, ni(index(%;) 4 nullity (%)), Y=, ni%,

p being the number of (essential) parameters in the min-max, then the multiplicity one
conjecture gives n; = 1 and, hence, there are infinitely many geometrically distinct minimal
hypersurfaces, provided there exists at least one for every value of p.

In the context of the viscosity approach, although ® could still be a multiple cover of the
image, a crucial advantage of having a parametrization at our disposal is that we have a
good definition of Morse index and nullity, provided N = 1.

In [85], which corresponds to the fourth chapter of this dissertation, the natural
counterpart of the multiplicity one conjecture in the viscosity approach is established; namely

we have the following result, in arbitrary codimension and without any genericity assumption.
Theorem. We have N = 1.

Corollary. If there is no bubbling or degeneration of the conformal structure induced by
®;, we have a strong W12_convergence ®; — &, = ®. In general we have a bubble-tree

convergence ®; — ®@.

The last corollary paves the way to obtain meaningful Morse index bounds. Using the

results from [77] and [93], one can reach the following conclusion in the closed case.

Corollary. Given a family F as above, the limit (possibly disconnected and branched)

minimal immersed surface ® : S — M satisfies
(i) § = arca(®),
(7i) genus(S) < genus(X),

(i4i) index(®) < p, the number of min-max parameters.

Codimension two minimal submanifolds from Yang—Mills—Higgs

Starting from the work of De Giorgi, Modica—Mortola and Sternberg for minimizers, a “level
set” method to construct minimal hypersurfaces has been recently proposed, based on the

rescalings of the Allen—Cahn functional

Fe(v) := /M <&‘|dv|2 + %g(l _ v2)2),

whose minimizers model a phase transition concentrating on a minimal interface of
codimension one, as € — 0.
In their pioneering work, Hutchinson-Tonegawa [55] studied families of critical points v,

of F. with bounded energy and showed, in particular, that their energy measures concentrate
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along a stationary, integer rectifiable (m — 1)-varifold, whose support is the limit of the level
sets v 1(0).

These developments, together with the deep regularity work by Tonegawa—Wickramasekera
[108] on stable solutions and subsequent work by Guaraco [46] and Gaspar—Guaraco [41],
provided a PDE alternative to the Almgren—Pitts method. This new framework has already
been used successfully to attack some profound questions concerning the structure of
min-max minimal hypersurfaces.

It is natural to ask for similar theories in higher codimension, e.g. when &k = m — 2,
based again on PDE methods. Attempts in this direction have been made by Cheng [21] and
Stern [102], via the study of the Ginzburg-Landau energies

1 1
Fe(v) := dv)? + (1 — [v]?)?
)= 1oz [, (10 + 51 = W)

for complex-valued maps v : M — C. While the Ginzburg—Landau approach can be

employed successfully to produce nontrivial stationary rectifiable (m — 2)-varifolds, based
also on works by Lin—Riviere [71] and Bethuel-Brezis—Orlandi [15], it is not yet known
whether the varifolds produced in this way are integral, nor is it known whether the full
energies F;(v.) of the min-max critical points converge to the mass of the limiting stationary
varifold in the case by (M) # 0, with b1(-) denoting the first Betti number.

These difficulties point to the deeper fact that the Ginzburg-Landau functionals, though
related to the (m — 2)-area, do not provide a straightforward regularization of the latter.
Indeed, they should be viewed mostly as a relaxation of the Dirichlet energy for singular
maps to S! (away from singularities).

In [86], whose content is presented in the last chapter of the dissertation, we consider

instead the Yang—Mills—Higgs energy
E(u,V) = /M (|vu|2 +|Fy? + W(u)>
and its rescalings
Bo(u,V) := /M (\vqu + 2| Fy|? +6_2W(u)>,

for couples (u, V) consisting of a section u of a given Hermitian line bundle L — M, and a

metric connection V on L. Here, the potential W : L — R is given by

W) = (0 ),

while Fy € Q*(M,u(L)) = Q?(M,R) denotes the curvature of V. These functionals have a
natural U(1) gauge invariance.

Taubes [105, 106] studied critical points (with € = 1) for the trivial bundle L = C x R?
on the plane: he gave a complete classification, showing in particular that all finite-energy
critical points (u, V) solve the first order system

Vo uxiVg,u=0
1
«Fy = 21— ),
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known as the vorter equations. Such solutions minimize the energy among pairs (u, V) with
fixed vortex number N := % fR2 Fy € Z, and carry energy exactly 27| N]|.

In [86] we develop the asymptotic analysis as € — 0 for critical points of E. associated to
an arbitrary line bundle L — M. The main result is the following, which describes the
limiting behavior of the energy measures and curvatures Fy_, for critical points (ue, Ve)

satisfying a uniform energy bound.

Theorem. Let L — M be a Hermitian line bundle over a closed, oriented Riemannian
manifold (M™, g) of dimension m > 2, and let (uz,Ve) be a family of critical pairs for E.
with bounded energy. Then, as € — 0, the energy measures

1

%eg (ue, Ve) volg

He =

converge (subsequentially) to the weight measure p of a stationary, integer rectifiable
(m — 2)-varifold V. Also, for all 0 < 6 < 1, spt(u) = lim._,o {|uc| < 6} in the Hausdorff
topology.

Theorem. The (m—2)-currents dual to the curvature forms %FVE converge (subsequentially)

to an integral (m — 2)-cycle T, with |T'| < pu.

Roughly speaking, the first result says that the energy of the critical points concentrates
near the zero sets uZ1(0) of u. as ¢ — 0, which converge to a (possibly rather singular)
minimal submanifold of codimension two.

Note that unit sections of a Hermitian line bundle are indistinguishable up to change of
gauge: for a given unit section u of L, one can always choose a connection with respect to
which u appears constant. Thus, while most of the energy of solutions v, to the complex
Ginzburg—Landau equations falls on annular regions, relatively far from the zero set, where
v. resembles a harmonic S'-valued map, the energy e.(u., V.) of a critical pair (u., V) for
Yang-Mills-Higgs instead concentrates near the zero set u_-'(0). The integrand |V uc|? has
exponential decay outside this region, allowing for a more effective blow-up analysis.

The advantages of this theorem over analogous results for the complex Ginzburg—Landau
equations are the integrality of the limit varifold V—due ultimately to the aforementioned
quantization of the energy of entire planar solutions—and the concentration of the full energy
measure to V', independent of the topology of M. Also, the analysis of this functional aligns
much more closely with the work of Hutchinson—Tonegawa on the Allen—Cahn equations.

We also have the following general existence result, showing that nontrivial families
satisfying the hypotheses of our main theorem arise naturally, from min-max constructions,
on any line bundle (including, importantly, the trivial bundle) over any Riemannian manifold

M.

Theorem. For any Hermitian line bundle L — M, there exists a family of critical pairs

(ue, V) with bounded energies E.(ue, Ve) and nonempty zero sets uZ1(0) # (0. In particular,
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the energy of these pairs concentrates (subsequentially) on a nontrivial stationary integral
(m — 2)-varifold V as e — 0.

While in [86], for the case of a trivial bundle, we consider only one min-max construction,
we mention that many more may be carried out in principle, due to the rich topology of the

space
M:={(u,V):0ZuecI'(Cx M), VaHermitian connection}/gG,

where G is the gauge group of maps M — S
As an application of our results, we obtain a PDE proof of this fact, first proved by

Almgren (in any codimension) using his geometric measure theory framework.

Corollary. Any Riemannian manifold of dimension m > 2 contains a stationary integral
(m — 2)-varifold.

1.3 A glimpse of the techniques

Variational theory for the viscous relaxation of the area

As already mentioned earlier, the main difficulty is to prove a lower bound for the area of an
almost critical immersed surface ® in suitable balls B, (p) in the ambient, with p in the

1(Bs(p)
32

image of ®. This is accomplished by studying how the ratio ) hehaves as s varies,

with p denoting the area measure of ® on M. While for s < ¢ the boundedness of the

quantity o4 fz ]]I‘D\4 volg is enough—in that, heuristically, magnifying by a factor s—!

we get
an L*-bound on the second fundamental form and we can apply directly the monotonicity
formula—for s > ¢ we have to use the almost criticality of ®.

Namely, we use the same vector fields used to show the (approximate) monotonicity
of “(B%Q(p)) for free boundary minimal surfaces, in order to understand the growth rate
of this ratio for our immersed surface. Oversimplifying, in the closed case the quantity
%4 Js [T®|* volg appears among the error terms: since this has to be integrated between o
and r, this produces an error o4log(oc~1) [, [I®|* vole, which is infinitesimal by hypothesis.

In reality, the argument also requires a mazimal bound
04/ IT®|* volg < du(Bs(p)) for all s > 0.
®~1(Bs(p))

We add the additional term o length(®|sx) in E, in order to deal with the additional
challenge of having a nontrivial boundary ®|ssx.. Due to this, we cannot use the monotonicity
formula on a ball Bs(p) (with s < o) whose preimage intersects 03. In principle, one can
impose a strong control of the boundary by adding a term involving the geodesic curvature

of ®|gx; however, this would still require to understand the topology of ®~1(B;(p)).
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Rather, using a covering argument, we show that the set of points with distance less than
o from ®(0X) has an area (i.e., the measure p) controlled by o length(®|sx); this quantity is
again infinitesimal as ¢ — 0, so that this set can be ignored in the asymptotic analysis.

The next steps consist in the study of the area measures induced by ®; on the domain X.
Assuming the maps to be conformal for a fixed conformal structure on >, one gets a
weak limit ®, in W12, By means of slicing arguments, we show that the limit measure
can only have finitely many atoms, with a lower bound for their mass, and is absolutely
continuous elsewhere. This is due to the fact that, for a domain ball B whose image of the
boundary ®(0B) has small diameter, either ®|p is close to a nontrivial stationary varifold,
whose density is bounded below by virtue of the aforementioned lower bound, or its area
is (eventually) bounded by the square of the diameter of ®(0B). The limit map P is
continuous away from the atoms.

The parametrized structure of the varifold is obtained with similar arguments; in order to
show that the multiplicity function N is integer valued, we use a blow-up argument together
with Allard’s strong constancy lemma.

Finally, the lower bound on the mass of the concentration points allows to carry out a
standard bubble tree analysis. The treatment of the situation where the induced conformal

structure degenerates, as j — oo, is similar to the study of the concentration points.

Regularity of parametrized stationary varifolds

In order to study parametrized stationary varifolds, we first observe that the parametrization
® is always continuous and the multiplicity function N admits an upper semicontinuous
representative, although the latter could a priori fail to be everywhere an integer. Assuming
for simplicity that IV is integer valued, the strategy is then to prove the regularity locally, by
induction on the maximum value of N. The regularity follows whenever IV is a.e. constant,
as was previously shown in [92].

It is crucial to study first the codimension zero case. If ® takes values into C then a
topological proof, together with induction, shows that N is a.e. constant. The topological
ingredient is the fact that the domain cannot contain more than countably many disjoint
triods, with a triod consisting of a connected compact set together with three regular curves
emanating from it. Similarly we can show that, if ® takes values into finitely many planes,
then its image is contained in one of them and the map is holomorphic.

Following arguments similar to the ones used for the existence theory, we then show that
one can form a parametrized blow-up, namely a parametrized varifold which is contained in
the standard varifold blow-up, at certain points in the domain where the Dirichlet energy
does not decay too fast. The blow-up is included in a polyhedral cone; hence, by the
previous analysis, its parametrization is a holomorphic map. The image of the complement
of these good points has Hausdorff dimension zero.

One would like to perform a blow-up at the boundary of the closed set where N attains
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the maximum and reach a contradiction. Apart from the fact that /N is not really quantized,
a serious problem is that a priori the set of good points is just a Borel set. However, the map
parametrizing a blow-up has a controlled order of vanishing at the origin, in terms of the
density of the varifold. This observation, by means of compactness arguments, gives some
kind of openness for the set of good points, together with a control of the decay rate of the

Dirichlet energy, allowing to conclude.

Multiplicity one

In order to show that N = 1 for parametrized varifolds arising from the min-max framework,
the main idea is to define a sort of macroscopic multiplicity, on balls BeQ (p) in a Euclidean
space RC D M™, before passing to the limit.

This macroscopic multiplicity is roughly the closest integer to the average of a projected

multiplicity, issued by the map Il o @ where B is a small domain ball and II is (the

ilm
projection onto) a 2-plane close to the ir'ilage of <I>j‘ 5B

Then we use a continuity argument to show that this number stays constant as we pass
from scale 1 to scale 0. At the latter scale we have a very clear understanding of the
behavior of ®;, and in particular we are able to say that here the macroscopic multiplicity
equals 1. Thus, the same holds at the original scale, and this is sufficient to get N = 1.

The comparison of two consecutive scales, as well as the fact that the projected
multiplicity is well defined, are obtained through several compactness arguments, exploiting
the fact that ®; resembles a parametrized stationary varifold for scales much smaller than 1

and much bigger than o;.

Asymptotic analysis for Yang—Mills—Higgs

A key ingredient is the improvement of the obvious (m — 4)-monotonicity for the energy F.,
which follows just from the inner variation formula and is a priori forced by the Yang—Mills
term, to a sharp (m — 2)-monotonicity. Namely, we want to show that the energy on a ball

m=2_is (approximately) increasing in r.

B, (p), normalized dividing by r

This situation is in fact similar to the one for Allen—Cahn, where one wants to upgrade
the trivial (m — 2)-monotonicity, forced by the Dirichlet term and typical of Ginzburg-Landau
energies for vector valued maps, to a sharp (m — 1)-monotonicity.

We accomplish this by applying the Bochner identity for differential forms, deriving a
1—|ul?
225
%. With a sort of bootstrap, we

. Under certain curvature

partial differential inequality for the discrepancy e|Fy| —
assumptions on M, we deduce immediately that ¢|Fy| <
can reach a pointwise upper bound for the discrepancy also in the general case. This estimate
gives a natural balancing in the inner variation formula, from which the (m — 2)-monotonicity
follows.

The rectifiability of the limiting (generalized) varifold then follows from a rectifiability

criterion by Ambrosio—Soner [10]. Integrality is proved by means of a blow-up, reducing to a
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sequence of critical pairs which are asymptotically invariant in all directions orthogonal to a
plane; this can be done by exploiting the monotonicity formula, as in the work [69] for
harmonic maps between manifolds. Here this step becomes slightly more complicated due to
gauge invariance.

In order to show the existence of critical couples satisfying the assumptions of the main
theorem, on any line bundle, we proceed as follows. For nontrivial bundles we show that the
minimizers (ue, Ve) of E; satisfy uniform energy bounds as e — 0. We also observe that, for
a critical couple (ue, V), if u. vanishes somewhere then the energy satisfies a lower bound
independent of e. For the trivial bundle, similarly to [102], we use instead a min-max over
maps from the closed disk to the set of couples (u, V), with u = e’ and V = d at the
boundary point €. We use the fact that each energy E. satisfies a Palais-Smale property
up to change of gauge, for couples in a certain functional space; this is most conveniently

proved using Coulomb gauges.

1.4 Open problems

We conclude the introduction with a list of interesting open questions immediately related to
the previous results.

Concerning the viscous relaxation of the area, for a min-max with p parameters, the
natural expected inequalities relating p with the Morse index and nullity of the resulting

immersion would be
index(®) < p < index(®) + nullity (),

where p is the “essential” number of parameters in the min-max, from the point of view of
algebraic topology. A more tractable version of this question could be to show the same

bounds if
index(®;) < p < index(®;) + nullity(®;),

for a sequence of critical maps as in the existence part of the viscosity framework. The upper
bound, however, seems to still require a more refined understanding of the convergence of ®;
to the limit.

One can also ask if the number of branch points of the minimal immersion can be
bounded in terms of the complexity of the min-max. It is not clear if there is a criterion to
avoid branch points completely in codimension one, i.e. in 3-manifolds.

Finally, the natural question arises whether anything similar can be done for bigger
domain dimension (k > 2). As we said, one still gets a stationary varifold in the limit.
However, retaining a parametrization for the limit object does not look possible, due to
the absence of a simple finite dimensional space of possible conformal structures (up to

diffeomorphisms). It would be interesting to study adaptations of this method to manifolds
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with additional structure, such as special holonomy, restricting the attention to particular
kinds of immersions. It is conceivable that a similar analysis may work in such situations.

As for the rescalings of the Yang—Mills—Higgs functional, a first problem left open in our
analysis is to understand whether the limit cycle I' is area-minimizing in its homology class
and its weight agrees with the one of the limit varifold, for a sequence of minimizers (u., V).
More generally, it would be interesting to develop a I'-convergence theory for these energies,
by mimicking e.g. [15].

Concerning the regularity theory, one may ask whether stability of (u., V.) has any
implication on the regularity for the limiting varifold V. One could also replace stability
with an appropriate notion of almost minimality.

In three dimensions V' is necessarily a geodesic network. It is thus natural to wonder
what kind of conical singularities can arise in R? from a min-max.

Positive results on the above open questions would give an improvement over the
Almgren—Pitts theory, which is a purely geometric measure theory setting with no partial
differential equation immediately available.

It is natural to ask for analogous theories in higher codimension. The fact that our
approach, compared to Ginzburg-Landau, looks more appropriate is certainly connected to
the fact that the configuration space 9 introduced earlier resembles more closely the space
of (m — 2)-submanifolds: it is also interesting to remark that the homotopy groups m;(901)
are isomorphic to those of the space Z,,_2(M;Z) of integral (m — 2)-cycles considered by
Almgren. Finding other situations, possibly in ambients with special holonomy, where entire
critical points solve a first order system like the vortex equations could be an initial hint that

a similar analysis may carry over.



2 A viscous relaxation of the area

for immersed surfaces,

closed or with boundary

2.1 Introduction

Outline of the main results

In this chapter we study the energy
Es(®) := area(®) + o length(®|ox) + 04/ [T®|* volg,
%

where ¥ is a fixed compact surface with (possibly nonempty) boundary, and ® : ¥ — M™ is
a smooth immersion with the constraint ®(9%) C A. The parameter o should be thought
dimensionally as a length. This energy is a modification of the one introduced in [91], as
already mentioned in the first chapter.

We will fully exploit the invariance of E, under diffeomorphisms, namely the principle
that every diffeomorphism invariant quantity should depend only on the shape of the
immersed surface. In computing the first variation we will see that, using infinitesimal
variations of the form w = X (®), all second-order terms involving w are expressible just in
terms of the second fundamental form of ®, as expected. A natural consequence of this is
that the first variation of the relaxing terms o length(®|ss) and o* [, IT®|* volg, for such
special ambient deformations, can be bounded in terms of these quantities themselves (and
the ambient vector field X).

Also, working on a Finsler manifold 9t of W?2* immersions, equipped with a norm on
T involving the induced metric go := ®*g, we observe that also || X (®)|l¢ is bounded in
terms of E,(®), X and o. Since in the asymptotic analysis we will use only this particular
kind of variations, we do not need to construct critical points of F,: it suffices to have
|dEs(®)||e very small in terms of o. Since such almost critical maps are easy to construct
using pseudo-gradient flows and can be assumed, without loss of generality, to be smooth,
this makes the chapter self-contained—except for the regularity theory in Section 2.7 which

uses results from the following chapter.

29
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These observations, detailed in Sections 2.2 and 2.3, represent a major simplification over
the original work [91], which appeals to [14] for the Palais-Smale property of E/ and the
regularity of critical points. The formulas obtained here are quite simple, independently of
the ambient: differently from [91]—where M is assumed to be the round sphere S? in order
to simplify the presentation—we can deal immediately with general closed manifolds M and
N.

Then, as in the closed case, the main difficulty is to prove a lower bound for the area of
the immersed surface ® in suitable balls B, (p) in the ambient; a brief discussion of the
technique was given in Section 1.3.

The rest of the chapter adapts the remaining arguments from [91] and [92] to the free
boundary case—again with some important simplifications. In Section 2.6 we study carefully
what happens when the conformal structure induced by ® degenerates as o — 0, which is
more delicate and less well known for surfaces with boundary.

The following is the main result of this part of the dissertation.

Theorem 2.1.1. Let (M™,g) be a closed Riemannian manifold, N* C M a closed
embedded submanifold (with 1 <n < m), and let ¥ be a compact surface, possibly with
boundary. Given a sequence ®y of immersions which are a,‘z-cm‘tical for E,, , have bounded

area and satisfy the condition
oplog akl/ [1%*|* volg, +0y log o} length(®y|ss) — 0,
pX

there exists a subsequence such that the induced varifolds converge to a parametrized free
boundary stationary varifold for the couple (M, N'). Moreover, the connected components ¥;
of its domain have x(X;) > x(2) and g(%;) < g(X). If X is closed, then the components ¥;

are closed, as well.

In this statement x(-) is the Euler characteristic and g(-) is the genus. The last part of
the statement follows from the analysis carried out in Section 2.6. We refer to Definition 2.5.9
for the precise description of this notion of parametrized varifold; the fact that one can
localize the stationarity with respect to the domain stems from the fact that one can
use variations w = X (®) also just on a domain w C ¥, extending w to vanish on the

complement, provided X is supported far from ®(dw).

Remark 2.1.2. This result applies also to a compact ambient manifold M with boundary
N, such as the flat unit ball §3; note that the (almost) criticality should be understood
formally, for infinitesimal variations w which are sections of ®*T'M, with w(9X) C TN.

Indeed, we can smoothly extend M to a closed Riemannian manifold.

Remark 2.1.3. It also applies to the case M = R™, with N'C R™ a closed embedded
submanifold: the lower bounds obtained in Section 2.4 (see also the proof of Proposition 2.5.1)
show that the varifolds induced by ®;, form a tight sequence, and the result then follows with

the same proofs.
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As for the regularity of the limit, we have the following.

Theorem 2.1.4. For a parametrized free boundary stationary varifold (i o, N), the map ®
is smooth up to the boundary 0%, where 0,® L TN . Also, on the components of S where ®
is not (a.e.) constant, the multiplicity N is constant and ® is a branched minimal immersion
outside 0X.

Remark 2.1.5. We stress that the limit (branched) immersion @ is free boundary minimal
in the sense that it meets the constraint N orthogonally along ox. However, there could be
points z in the interior int(¥) = ¥\ 0¥ with ®(x) € N—a possibility which cannot happen,
e.g., for (§3, S?) (on the components where ® is not constant); unlike the main result of [68],

at such points the orthogonality is not guaranteed.

A simple corollary is, for instance, the following. Note that other min-max situations can

be dealt with in the same way.

Corollary 2.1.6. Given any collection F of compact subsets A of the space of smooth
immersions (X,0%) = (M, N), assuming F to be stable for isotopies of this space, the
min-mazx value

= jal gagerea(®)
is the sum of the areas of finitely many free boundary minimal (branched) immersions
Py : Xy = M, whose domains are connected and have x(X(;)) > x(2) and g(X;)) < g(%).

If ¥ is closed, then the domains X are also closed.

Organization of the chapter

We conclude the introduction with a very brief description of the structure of the present

chapter.

e In Section 2.2 we show how to deduce Corollary 2.1.6 from Theorem 2.1.1, by introducing
a Finsler manifold of maps and checking that it satisfies the conditions guaranteeing that

Struwe’s monotonicity trick applies;

e in Section 2.3 we compute the first variation of E, for special variations X (®), and use
the resulting formula to show that the varifolds induced by the maps ®j converge, up to

subsequences, to a free boundary stationary varifold;

e Section 2.4 is devoted to the proof of the lower bound for the area mentioned earlier, in

various forms;

e in Section 2.5 we show several structure results for the (weak) limit of the area measures
that ®; induces on ¥ and we obtain Theorem 2.1.1, under the assumption that ®; induces
a constant conformal structure on ¥ and ignoring possible concentration points for the

area;
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e in Section 2.6 we remove the above assumption, studying carefully how to deal with all
possible situations of degeneration of the conformal structure and describing how to recover

the energy arising from concentration points, thus proving Theorem 2.1.1 in general;

e finally, Section 2.7 is devoted to the regularity part, namely the proof of Theorem 2.1.4.

2.2 Almost critical points for FE,

Let (M™, g) be a closed Riemannian manifold and N C M a closed embedded submanifold,
with 1 < n < m. For simplicity, we will assume without loss of generality that M is
isometrically embedded in some Euclidean space R?, although the proofs could be easily
modified so as to avoid the Nash embedding theorem.

Also, let X be a compact surface, possibly with boundary 9%. We will study the

following relaxation of the area functional: given an immersion ® : ¥ — M, we let

E,(®) := area(®) + o length(®|gx) + 04/ [m®|? volg
b

:/VOlcp +0/ Volg| s, +04/ [T®|* volg .
by 0% )

Here volg and volg,, are the (two- and one-dimensional) volume forms of the induced

(2.2.1)

metric ®*g on X and 93, which we will often identify with the corresponding measures. In
the last term, I® denotes the second fundamental form of ®.
In order to construct almost critical maps for E,, with the constraint ®(9%) C N, we

introduce the topological space
M= {® € WL, M) : ® is an immersion and ®(d%) C N},

with the topology induced from W?24(X, M), in turn induced from W2*(%,R%). Recall
that W24(2, R?) embeds into C*(X,R?), so that the definition makes sense and 9t is
canonically a Banach manifold.

For each ® € M, the tangent space TpM identifies with the Banach space of W24
sections s : ¥ — T'M of the pullback bundle ®*T' M, with s € TN along 0X.

Given ® € M, we call g := ®*g the metric that ¢ induces on ¥.. We endow T with

the following norm: we let
Islle := lIsllzee + IVsllzee + V5] 4,

where V is the pullback connection on ®*7T'M and the norms are with respect to the
metrics g on T M and gp on T*X. It is straightforward to check that this choice satisfies the

requirements to be a Finsler structure on 9 (see [42, p. 54] for the definition).

Proposition 2.2.1. The Finsler manifold N is complete.
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Recall that the distance between two elements ®1, Po € M (in the same connected
component) is defined to be the infimum of fol 7)) dt, as v : [0,1] — 90 ranges among
all piecewise C'! curves from ®; to ®,. It is a consequence of the Finsler structure axioms

that it induces the original topology on 9.

Proof. Let (®x)r>0 be a Cauchy sequence. Up to subsequences, we can assume that
>, dist(®g, Pry1) < co. Hence, by definition we can find a piecewise C'! curve @ : [0, 00) —
9 of finite length, with ®(k) = @, for every £ € N. We will use the notation ®; in place
of ®(t). It suffices to show that ®; converges in W2# as t — co. With a perturbation

argument, we can assume that ®;(z) is smooth in the couple (z,t).

dd
dt

we know that ®; converges in C to a limit ®n.

Let wy := 23t. Since w; is bounded pointwise by the summable (in ¢) quantity |w;|s,,

Let g; := go, be the metric induced by the immersion ®; on . For a fixed v € T'Y we

have

d d
%gt(%v) = %\C@t[v]\z = 2(d®¢[v], Vywy)

and, since |V,w| < [|wlle,|v]g,, we deduce that
d
|Z9:0,0)| < 2000, 0) .

Hence, for v # 0, the time derivative of log g;(v, v) is bounded in L! on [0, 00). Thus there

exists a constant C' > 0 such that
C2g0(v,v) < gi(v,v) < C?go(v, v)
for all t > 0 and all v € T3. As a consequence, for any = € X and any v € T, 2
Vo, (d®:[v])] < [Vwt|g,|v]g, < Cllwtlla,[vlg,

with Vj, being the covariant derivative along the curve ®;(x). Together with the CY
convergence ®; — @, this implies that actually ®; — ®,, in C'. Finally, given smooth
vector fields X,Y on X,

V6tvx(d(1)t[YD = VXVY’LUt + Rm(dCI)t[X],wt)(dq)t[Y])

where Rm(V, W)Z = V%MVZ — V%&WZ is the Riemann tensor of M. Again, thanks to the
comparability between go and gy, the right-hand side is bounded in L* by ||w||e,, up to a
multiplicative constant depending only on X,Y. This implies the convergence ®; — ®, in
Wi, D

The following variational result, essentially due to Struwe, is proved in [90]. Before

stating it, we give a notion of admissible family.
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Definition 2.2.2. Given a Banach manifold 91, a nonempty family F of subsets of 9 is
said to be admissible if, for any continuous deformation F' : [0,1] x 9t — 9 with Fy = idgy
and F} a homeomorphism for all 0 < ¢ < 1, we have Fy(A) € F for all A € F (where
F,:=F(t,-)).

Proposition 2.2.3. Assume (E,)s>0 is a family of C* functionals on a complete Finsler
manifold M, with E,(x) differentiable in o and o — Ey(x), 0 — %Eg(af) both increasing

mn o, for every x € M. Assume also that
IdEs, (2) — dEs(2)]| = 0 (2:22)

whenever 1 > 0 > 0 >0, 0; — o and limsup,_,, Eq(7;) < oc.

Then, for any admissible family F, defining the min-mazx values

B(o) == AIelffilelgEg([L'),

there exist sequences (oy) C (0,1) and (zx) C M, with o, — 0, such that
d
Eo (zk) = Blow) = 0, [ldEq, (xp)]| < flow), owlog(l/ok) -~ Eo(zk)| =0,

Ok

where f:(0,00) — (0,00) is any function fized in advance.

This statement is quite robust and can be adapted to other kinds of min-max problems,

where one replaces admissible families with other notions.

Remark 2.2.4. Actually, in [90] the functional E, is assumed to be Palais-Smale, and the
second conclusion becomes dE,, (zx) = 0. Without this hypothesis, we can still find almost
critical points z, for E,,, in the sense that we can require ||dE,, (z)|| to be as small as we

want, with the same proof.

Proposition 2.2.5. The functionals (Ey)s>0 previously defined satisfy the assumptions of
Proposition 2.2.5.

Before proving this fact, we make an important observation.
Proposition 2.2.6. For X,Y wector fields on ¥ we have (Vd®)(X,Y) = 1?(9, X, ®,Y).

Proof. The left-hand side equals Vx(9.Y) — ®,VxY; since ® is an isometry from (3, g)
to the immersed surface ®, the term ®,VxY equals (locally) the Levi-Civita connection
Vo, x®.Y on this surface; the latter equals the orthogonal projection of V x (®.Y") onto the

tangent plane, since V is the pullback of the Levi-Civita connection from M. ]

Proof of Proposition 2.2.5. We only need to check that (2.2.2) holds. We first show how to
obtain an upper bound for |dEy/ (®)[w] — dE,(®)[w]|, when 1 > ¢’ > o > 0.
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If ® € M is a smooth map and (P;) is a smooth variation (with &y = @), we compute

d

— ol
dt Ji O

:/ (d®, Vw) volg,
t=0 b))

where w := %q)t‘ . belongs to T, and the scalar product (with respect to gg) in the
t=
integral is bounded by 2||Vw| e < 2||w||e.
With a similar computation for the length of ®|sx, we get

EEU(@)L:O = /2(1 + o*|I%[*)(d®, Vw) volg —i—a/ (d®[7], Vyw) volg,,,

dt p ox (2.2.3)
4 Dy 4
< e ’ lo,
+o /Edt’ | 1 Volo

where 7 is the unit vector (with respect to go) orienting 9¥.
Given a local orthonormal frame {e1, ez}, oriented as X, define n; := d®[e1] A dP¢[es].
We have |T%| = |Vn,| and

4P
Vo,Vxn = VxVan: +Rm (d(I)[X], E)nt,

where Rm(a, b)(c A d) := (Rm(a, b)c) Ad+ ¢ A (Rm(a,b)d) for vectors in TM. At t = 0 the
above equals Vxw + R(d®[X], w)n, where n := ny and

w:= Ve, w A dP[es] + dPle1] A Ve,w — (dP[e;], Ve, w)n.

Using Proposition 2.2.6 we see that |V xw| < C|X|(|V?w| 4 |Vw|[T?)).

Finally, the contribution of the metric gg, for the time derivative of [Vn|* is just
—4|Vn|*(d® ® Vw, Vn ® Vn). Combining this fact with the preceding computations, we
deduce that the time derivative of [T®*|* at t = 0 is bounded by

%12V 2w| + I V| + 1% |w)| (2.2.4)

up to a multiplicative constant depending on M.

Thus, using (2.2.3), (2.2.4), Holder’s inequality and Young’s inequality, we see that

o —o

|[dEq (®)[w] — dE,(®)[w]| < C Es(®)||wlle + C(o” = 0)Ex(®)**|w]s

g

for 0 < o < 0’/ < 20. Since E, and E, are C' functionals, this bound holds for general
O € M and w € TeM. Starting from this estimate, it is immediate to check that (2.2.2) is
satisfied. O

Thanks to Proposition 2.2.5, letting f(o) := ¢ we can then find sequences of numbers

o, — 0 and maps @5 € 9 satisfying the conclusions of Proposition 2.2.3. In particular,

ldEs, (@1) o, < oF (2.2.5)
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and
o log(1/0y) length(®g|ox) + o log(l/ak)/ [T®*|* volg, — 0. (2.2.6)
by

Since smooth functions are dense in 91, we can assume that the maps ®; are smooth.
In the following sections we will study the limit behavior of the measures v, := volg, and
the varifolds v induced by ®;. Note that the weight measure |vi| equals (P).vg.

We conclude this section by discussing how Corollary 2.1.6 follows from Theorem 2.1.1.

Proof of Corollary 2.1.6. For any A € F, by compactness of A we have

max E,(®) — maxarea(®) aso — 0.
dcA dcA

Hence, the min-max value (o) for E, converges to 8. Although F is not stable under
isotopies of 9, Proposition 2.2.3 still applies since in its proof we can use a pseudo-gradient
flow preserving the subset of smooth immersions. Taking then smooth maps ®; as above, the
statement follows from Theorem 2.1.1, Theorem 2.1.4 and the fact that

lim area(®;) = lim B(og) = 5. O
k—o0 k—o0

2.3 First variation

In this section we will derive a particularly useful formula for the first variation of E, at
® € M, for infinitesimal variations w € TN of the form X (P), with X a smooth vector
field on M.

Let ® € M be a smooth map and w € TN a smooth section of ®*T M, with w € TN
on 0X. In the sequel, {e1, e2} will be an oriented orthonormal basis at an arbitrary point
of ¥, with respect to the induced metric gg. The (1,1)-tensor J : T — TX, given by
Jeq := eg and Jeg := —eq, is parallel for this metric.

As in the proof of Proposition 2.2.5, we use the notation n := ®.e; A P.eq and we set
f = |I®> = |Vn|2. We also define the sections I and J of ®*TM @ T*Y, as well as the
section I of ®*TM ® T*S @ T*S, by

~

I(v =®,v, J(v) = P, Jv,ﬁv,v' =1° &0, d,0"), forv, v €TY.
(v) » J(v) (Jv), I( ;

Recall the following formula, which was computed in that proof:

dEq(®)lu) = [

(14 a4f2)<f, Vw) + cr/ (7, Vyw)
)

% ~ (2.3.1)
+ 404/ f(Vn,Vw 4+ Rm(d®, w)n) — 404/ f{I®Vw,Vn® Vn),
by by

where we omit the volume forms and w denotes the infinitesimal variation of n, namely

w= VewA j(ei) — <Vw, Dn
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When the variation w has the form w = X (®), using Proposition 2.2.6 we get

Vuw = VX(®)[®,] = VX o1,

. (2.3.2)
Vi, = V2X(®)[Duey, Duej] + VX (D)[M(es, ;)]
For such special variations, (2.3.1) becomes
_ 42N/ 7T o T
dE,(®)[w] = /E(l—i—a f )<I, VX I> +U/az (7, VX [D,7])
+ 404/ f((Vn, Vw) + (Vn, Rm(d®, X (®))n)) (2.3.3)
Y

- 404/ FI® (VX ol),Vn Vn).
b))

We now write the term (Vn, Vw) in a way which will prove useful for our later work.

Since (V¢,n,n) = 0, we compute
(Vn, V) = (Vn, V(Vew A J(e))) — (Vw, T)|Vn|?

and the first term equals (V¢ n, V2 w A f(ek) + Ve, wA ﬁ(ej, Jer)). Substituting the

€j,€ek
above formulas for Vw and V2w, we get
(Vn, VW) = (Ve,n, VX [Bres, Brer] A J(ex) + VX [L(es, ex)] A T(er)
+ VX [®uer] Al(ej, Jer)) — (VX,T)|Vn|2

Thus,
PV, Vw)| < CM)(IVX |lzoe 2 + VX 100 £272). (2.3.4)
We are now ready to state an initial consequence of this bound.

Definition 2.3.1. A k-varifold v on M is a free boundary stationary varifold for the couple
(M, N) if it holds that

LiE)vim| =0

dt =0
whenever (F})_.ci<. is a family of diffeomorphisms of M with Fy(N) =N, Fy = id and
Fy(z) smooth in the couple (t,z). We say that v is free boundary stationary outside a closed
set K C M if the same holds for isotopies (F}) such that F;|y = id for some neighborhood
UDK.

Definition 2.3.2. We denote X';, the linear space of smooth vector fields X on M which
are tangent to A, namely such that X (p) € T,N for all p € N.

Remark 2.3.3. With X := %Ft‘ o we have X € X and
t=

Lyl =

divy X dv(p, IT),
dt 1=0 /<p,n>ecrkw>
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where Gri(M) is the Grassmannian bundle made of couples (p,IT) with p € M and
IT C T,M a k-plane. Conversely, given X tangent to N, we can take F; to be its flow.
Hence, v is a free boundary stationary varifold if and only if
/ divi X dv(p,II) =0 for all X € X,
(p,INEGTL(M)
Similarly, v is free boundary stationary outside K if and only if the same holds for all
X eXpNCP(M\K).

Given a sequence (®y) as in Section 2.2, the following holds.

Theorem 2.3.4. The varifolds vy, induced by ®y converge, up to subsequences, to a free

boundary stationary varifold vo.

A priori it is not clear whether v, is integer rectifiable. This, together with a structure

theorem for v, will be proved later on.

Proof. Fix any (F;)_c<t<- as above and consider the variation (F; o ®;) C 9. The
corresponding infinitesimal variation wy € Te, MM is just wy = X o . Hence, (2.3.3) and
(2.2.5) give

Lok (Fvxoh) o | (@0, 9X[@0).7)

+ 4ot / Fe((Vng, Vo) + (Vg R(dy, X (1))
5 (2.3.5)

—401%/ filly @ (VX o I,), Vg @ Vi)
>

= o(ay||wils,)-
We now show that all terms where o, appears are infinitesimal as &k — oco. Note that
ka, VXo Ec>’ < 2||VX ||, since the scalar product is with respect to the induced metric
g, - Hence, by (2.2.6),

ag/ 1, VX oIy = 0
b

and similarly the boundary term is also infinitesimal. Thanks to the boundedness of the
area of @y, the pointwise bound (2.3.4) and Hélder’s inequality, we deduce that also the
remaining terms in the left-hand side of (2.3.5) are infinitesimal, except for the first one.

We now estimate ||wy||s,. Note first that |wy| < || X ||z and [Vwi| < ||VX||ze. Also,
from (2.3.2) we get

IV2wy] < [V2X [z + [V X]| oo [T

We deduce that oy||wg|e, — 0.
Finally, (Iy, VX o I )(z) = div(g,).[r,5) X, so that

/ <fk,VX ofk> = / divyy X dvg(p, IT)
> (p,IT)eGra (M)

and, taking any subsequential limit v, the claim follows. ]
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2.4 A lower bound for the area

In order to obtain more information for the asymptotic behavior of the measures v and the
varifolds v introduced at the end of Section 2.2, we first obtain (various versions of) a

IV’“KTM. The main idea will be to mimick the proof of the

lower bound on the mass
monotonicity formula for stationary varifolds; since that proof uses vector fields in the
ambient M, we will be able to use formula (2.3.3), involving variations of the form X ().

The statements contained in this section make it essential to require the decays
o log Jk_l Js fZ volg, — 0, as well as oy, log ak_l length(®|sx) — 0, guaranteed by Proposi-
tion 2.2.3.

Rather than dealing with the sequence (®), in this section all the statements concern a
general smooth map ® € 91, with a fixed value of o. Of course, in order for the results to be
useful in the asymptotic analysis, the constants appearing in their statements will depend

neither on ® nor on o.

Definition 2.4.1. In the following statements, we say that a smooth map ® € 9 is
e-critical for E, if ||dE,(®)|le < &, meaning that |dE,(P®)[w]| < ¢||w||e for all w € TeMN.

Proposition 2.4.2. Let ® be o°-critical for E,, x € X, and denote p := ®(x). Assume
U C ¥ is an open neighborhood of x. Defining the measures p := (®|y)«(vole) and
A= (Plomnu)« (0 volg|,y) + (®[r)«(c* f2 volg) on M, assume also that

AM(Bs(p)) < du(Bss(p))  for all radii s > 0,
for some 0 < 6 <1. Giwvenr > s> o, if B.(p) N ®(OU) = 0 then we have

M(Brrz(p)) > (C —Cs IOg(T/S))H(B;S(p)) _ CO’Q,

for some constants ¢,C' > 0 depending on M and N .

Note that dU is the topological boundary of U in ¥ and therefore does not include
O¥.NU. Recall that f = [T%|2.

Before delving into the proof, we state without proof an immediate but useful fact.

Proposition 2.4.3. There exists a constant cp(M,N') such that, for every p € M, there

are coordinates
E=(&,...,&m)  Bep(p) = R™
depending on the center p, satisfying
9i5(0) = bijs [gijllcz < C(M,N), %dist(.,p) < |¢] < 2dist(-, p) (241

for the Euclidean metric | -|. When p € N we also ask that the coordinates are adapted to
N, in the sense that B.,(p) NN corresponds to {&n+1 = -+ = &, = 0}.



40 Chapter 2. A wviscous relaxation of the area

Proof of Proposition 2.4.2. Without loss of generality, we can assume r, 2 < ¢’ for a constant
¢ < cp to be chosen later. Once we get the desired estimate with these constraints, the
statement follows in general with possibly different values of ¢ and C.

We will imitate the proof of the monotonicity formula, using now our equation (2.3.3).
Assume first B, (p) NN = (. In this case we can find coordinates £ : B,(p) — R™ as in
Proposition 2.4.3. Given a decreasing cut-off function x € C$°([0,0)), with x = 1 on
[0,1/4] and x =0 on [1/2,00), for 0 < 7 < r we set x, := x(|¢]/7) and X, := XT@%.

Note that, by (2.4.1), we have |VX,| < C, |V2X,| < C7~! and

€l

divi(X;) > (2 = Cr)xe + (14 Cr)x (Il /m) (2.4.2)

for any p € B-(¢q) and any 2-plane IT C T, M (recall that x' < 0).
We now want to apply (2.3.3) with the infinitesimal variation w := X, (®)1y, which is
admissible since X vanishes near ®(9U). By (2.3.4) we have

ot [(Vn, V) < Cot (f2 + 771 2) L
hence, the corresponding term in the first variation is bounded by
CAN(Br(p) + Cor ' A(Br(p))** (B (p))/* < C(6 + o7~ ) u(Bsr (p))-

Similarly, the curvature term in (2.3.3) is bounded by Cou(Bs-(p)), while the last term is
again bounded by Cou(Bs-(p)). Also, the boundary term vanishes since the support of w
does not intersect 0X.

Finally, as in the proof of Theorem 2.3.4, we have
1/4
fulls < 1= + 19X = + [

spt(w

VXl 912 vl )

<O+ O u(B-(p)* + 0T A (B (p) !
< CH+C(r 4 + o Hu(Bs.(p)),

so that from (2.2.5) we get |[dE,(®)[w]| < Co® + Cou(Bs.(p)) for 7 > 0.
Hence, defining h(7) := 772 [;; x+(®) vols, (2.3.3) and a straightforward computation

give
h'(1) > —C(§ + JT_l)T_3M<B57—(p)) — CT_QM(B5T(p)) — Co? (2.4.3)

for 7 > 0. Call 7 the biggest radius in [s,r] such that

#Br(p)) o 1(Bs(p))

>

For £ > 7 >7 > 0, (2.4.3) becomes
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Integrating this inequality between 87 and ¢ we get

(B, /5(p))
(r/5)

unless r < 407, in which case the statement follows trivially. Since r and Z are both bounded
by ¢/, observing that h(87) > & (gf(f ) > K (gjs(f ) we arrive at

7

> h(r/5) > h(8F) — C(Slog(r/s) + o5~ ' + r)“(i;(p)) — Co®r,

(B 5(p))
TR

and the statement follows in this case, once we impose 2C¢ < 6—14.

1 NHBsP) oo
o1 Colog(r/s) — 200) 2 Co“r,

If " := dist(p, N') < r, we let ¢ be a nearest point to p in N (hence, ¢ = p when 7’ = 0).
If v > s, we know that the claim holds with 7’ replacing r; so it follows also for r if either
s >r/8 or r' > r/8, with possibly different constants. Assume in the sequel that r/, s < r/8.

For 7 > 2r' + s we have

A(Br(q)) < AM(Bar(p)) < 0u(Bior(p)) < 0u(B2or(q))-
So, using now coordinates centered at g and adapted to N and defining h as before, we get

p(Baor (p))

W(r)>-C(6r ' 40724 1) 2 — Co?

for 7 > 2r' + s > o; note that now also the boundary term in (2.3.3) is taken into account,
giving again a contribution bounded by C73\(B-(q)) < Cd73u(Bao,(q)) in the previous
right-hand side. Similarly to the above, assume 2r' + s <7 < /2 to be the smallest radius

in this interval such that 254) < & (Eiz(p D for 7 € [, r/2]; if such radius does not exist,

u(ﬁ%z)(;z)) > ﬂ(iz(p)) and we are done thanks to the inclusion B,(p) 2 B, /2(q).

Integrating from 87’ to r/40 (again, we can assume 7 <

then we have

_r_

355)» we conclude that either

(By/40(q)) S (

! N 1(By(p)
(r/40)2 ~— — Cdlog(r/s) — 200)7 — o2,

64 52

in which case we are done since p(B;(p)) > p(B,/40(q)), or

1(By10(q))
(r/40)2

> /éi?;;::f(j)z) — (Colog(r/s) + 206')M<is2(p)) — Co?.

In this second case, if ' < s then we use the inequality “(Zir,f;)(gq)) > £ (g;)(é’ )

#(Byyr14(0) < p(B,(p))
(2r'+s)2 = (3r')?

using the already obtained lower bound for this last ratio. O

and we are

done. Otherwise, if 7’ > s we use the inequality and we conclude

Remark 2.4.4. A similar choice of test vector fields gives the following monotonicity for
general free boundary stationary varifolds v: given p in M, one has

vI(Br(p)) 1 [vI(Bs(p))

r2 52

> (1+ C(M,N)\/r) (2.4.4)
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for 0 < s < r < diam(M) if p € N/, and for 0 < s < r < dist(p,N) otherwise. Indeed,

T

it suffices to establish (2.4.4) assuming r small, and also s > £, since for s < § we

T
29

..., 2 % until 27%"1 < 5. Pick coordinates as in

y e
Proposition 2.4.3, with | dist(-, p) — |¢|| < C dist(-, p)?, and take now y such that y =1 on

(0,1 —2/7], x =0o0n [l —/r,00) and || < Cr~/2, so that x, is supported in B, (p) for
7 < r. Setting h(7) := 772 [, xr d|v], the stationarity of v and (2.4.2) then give

can then compare dyadic radii r

K (r) > —Cr= 2 |(B:(p)),

which, integrating from s to r, implies

VI(B:(p)  VI(Ba—cyms®)
r2 g2

> [ W@y 2 -0r S PI|(B0)
and (2.4.4) follows easily. Hence, the density

0(v,p) = lim VI(B:(p)

s=0 72

exists at any p € M. It also follows that
V[(Br(p)) < C(M,N)|v|(M)r? (2.4.5)

for all » > 0: this is clear if p € N, while for p € N and r > dist(p,N') we have
B,(p) € Ba(q) for some g € N, so that |v|(B.(p)) < C|v|(M)(2r)?, and (2.4.5) follows
also for r < dist(p, N') thanks to (2.4.4) again. In the same way, using the inclusions
Bs(p) 2 Bs—4(q) and Bagi(q) 2 Ba(p), with d := dist(p, N') and ¢ € N a nearest point to p,
we deduce that |v|(Bs(p)) > cs?6(v, p) holds even for 3d < s < diam(M). Thus,

VI(Br(p) > (M, N)0(v, p)r? (2.4.6)
for all p € M and all 0 < r < diam(M).

Corollary 2.4.5. Let ® be a o°-critical point for Ey, let § > 0, and let U C ¥ be an open
set which intersects 0% but does not contain entirely any boundary component of ¥. Denote

Ss the set of points p € M\ ®(0U) satisfying the mazimal bound

A(Bs(p)) < 6u(Bss(p))  for all radii s > 0.
Let T be a Borel set of points having distance less than o from ®(0X NU), and such that
their distance from ®(0U) is at least 50. Then we have

p(M)

T) < Co length(®
M(S(; N ) < Colengt ( |820U)dist(T7(I)(8U))

5+ Colength(®|ssnr),

for some C' depending on M and N, provided & log(1/c) is small enough.
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Proof. Let L := length(®|psny). We first note that the set of points 77 in ®(9X NU)
with distance less than o from T can be covered with at most o =1L balls B, (p;), with
dist(p;, ®(0U)) > 40. Indeed, note first that dist(7”, (0U)) > 40; we can discard the
components of 93 N U producing an arc of length less than 2o, since this arc is disjoint from
T’; we are left with finitely many components, corresponding to curves ; : I, — N with
endpoints in ®(9U), where I; = (0, |1;]) is an open interval; assuming each of them to be
parametrized by arclength, we then subdivide [0, |I;| — o] into at most o~ |I;| intervals I, of
size less than o and we pick a point py in v;(I;z) NT”, discarding the intervals for which this
intersection is empty. The resulting collection of balls { B, (p;¢)} is the desired one.

Hence, T is covered by a collection of balls {Ba,(p;) | j € J}, with |J] <o~ 'L and
dist(pj, ®(0U)) > 4o.

Now let J' C J denote the set of indices j such that B, (p;) intersects S5 and, for
j € J', choose a point g; € Ss N Bay(pj). Then we have

TNSs C U Bus(q5).
jeJ’

Note that dist(g;, ®(0U)) > dist(7', ®(0U)) — 30, which is comparable with dist(T", ®(9U)),
so that Proposition 2.4.2 gives

(M)
dist(T, ®(90))

> (e calogu/a))’w _ Co?

for constants ¢, C' depending solely on M, N. Summing over j € J', we obtain
- c (M)
T) < Buy(q:)) <o 'L < 2 4)
wT) = ];J,“( 1 4) < o i mm 7o \ G s O
and the statement follows. O

Corollary 2.4.6. Under the same assumptions as in Proposition 2.4.2, if Bs(p) "N =0
then

1(Br(p)) 2

—a >c¢—Cédlog(r/o) — Co?,

provided § and o are small enough.
Proof. We first claim that
(B, (p)) > da? (2.4.7)

for some universal ¢’ > 0.
The second fundamental form of the immersed surface ® in R? is bounded by |I®|+C/(M),
so the monotonicity formula in the ball Et(p) = B}BQ (p) (see, e.g., [98, eq. (17.4)], whose

proof carries over to the setting of immersed surfaces) and Holder’s inequality give

~t Et L - ~ =~
u(13t2(p)) _ M((t//22)(f)) > —Ct™ (o7 A(Bu(p)* u(Be(p))** + u(Bi(p))) (24.8)

> —Ct Yo 16Y* + 1) u(Baot (p))
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for t < o small enough. Let ¢ < g be the biggest radius such that (B (p)) > %52; note
that t exists since lim;_q % >1. Ift> % then we are done, thanks to the inclusion
By;(p) 2 MnN gg(p). Otherwise, (2.4.8) gives

Et ét _
w( t2(p)) _ :u((t//;)(f)) > _Ct(o 151/4 4 1)

fort <t < . Setting ¢ := 27%(0/40) in the last inequality and summing on k = 0, ..., ko—1,
where kg is the biggest integer such that ¢t > t, we get
B B
1(By/40(p)) > M(Bfgp)) sV o
(0/40) 4t

and claim (2.4.7) follows again, for § and o small enough.

The statement now follows by applying Proposition 2.4.2 with s := o. O

2.5 Asymptotic behavior of the area, in ¥ and in M

We now investigate the asymptotic behavior of the maps ®; introduced in Section 2.2.
Recall that v is the area measure of @, on ¥, meaning that v4(U) is the area of the
immersion ®|y for any open set U C X. Also, let ug := (®g).v be the corresponding
measure on M, and recall that vy is the 2-varifold induced by @, namely vi := (Px).(2),
the varifold pushforward of the canonical multiplicity one 2-varifold on X.

Up to subsequences, we can assume that uy, v, and vy converge weakly to limits pioo,
Vso and Vo, in the sense of Radon measures and varifolds.

In this section we show structure theorems for the limit measures v, oo and for the
limit varifold v, namely Theorem 2.5.2, Theorem 2.5.3 and Theorem 2.5.11. The regularity
of v, will be studied in Section 2.7.

We will assume for simplicity that the maps ®; induce the same conformal structure on
>; we will discuss the general case later, in Section 2.6.

Given a reference metric gy (on X) compatible with this structure, voly, will denote
either the corresponding volume form or the associated measure.

Note that v, = %\d@klgo volg,. Hence, viewing M C R€, the maps ®;, are bounded in
Wh2(x, RQ) and, up to subsequences, we can extract a weak limit ®,,. Note that we have
the strong convergence in L? for the maps ®; — ®, and the traces ®;|gx — Pooox; hence,

D, and its trace |9y take values into M and N, respectively.

Proposition 2.5.1. Given x € X, fix a local conformal chart centered at x such that the
chart domain corresponds to U' := B? if x ¢ 0%, or to U’ := B? N {S(z) > 0} if v € 9.
Given 0 < r < 1, assume that (I)k|8BZr1U’ converges to the trace @w\aBgmU/ in C°, and that
s := diam @ (B2 NU') < ¢y, with cy the constant appearing in Lemma A.10.

Then either lim supy,_, ., k(B2 NU') > cq, with a constant cg > 0 depending only on
M and N, or spt(u) is included in a 2s-neighborhood of ®,(0B2NU'), for any weak limit

p of (Pklp2ru )« V-
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Here the letter @ in cq stands for quantization; it is not related to the dimension of the

Euclidean space R€.

Proof. Assume limsupy,_, ., vx(B2NU’) < cq, for cg to be specified below, and let u be the
weak limit of (®x|p2np)«vk along a subsequence (not relabeled). The maps ®x|pg2qy induce
varifolds vy,.

If z € 9%, then we can repeat the proof of Theorem 2.3.4 with vector fields X supported
outside I' := & (0B2 N U’), with the corresponding variation wy, given by wy = X (®;) on
B2N U’ and wy = 0 on the complement (in ). We deduce that the limit (up to further
subsequences) Vo is a free boundary stationary varifold outside I'. If ¢ 9%, then v is
actually stationary outside I', since any vector field supported outside I' produces a variation
which does not change ®; outside B2.

Also, if z € 9% we let p, € ®4,(0B2 N {I(z) = 0}) € N and call p any limit point; we
then have p € TNAN and I' C By(p). If z € 9%, we just take any p € I' and again we have
' C By(p).

Observing that (®g|p2nyr)«vk = |Vi| converges both to p and to |[Voo|, we deduce
p = |Voo|. Also, Voo has density bounded below by a certain constant ¢, on M \ T'. To show
this, fix a compact set K C M\ T'; it suffices to prove that

limsup [v1|(Bs(q)) > cs* (2.5.1)

k—o0

for all s < dist(K,T") and all ¢ € K outside a set F, with |vg|(Fx) — 0. This can be
obtained with Proposition 2.4.2, Corollary 2.4.5, Corollary 2.4.6 and a covering argument: let

Ao = (Pl p2re )« (ORI [* ),

2

so that by hypothesis A\ (M) = 5’“_1 for some sequence 0, — 0. Let F}, C K be the set of

B log o,

points ¢ such that

o~
b [¥k|(Bss(q)), for some s > 0.

)\k (Bs (Q)) > 1
og oy

Then, by Vitali’s covering lemma, we can find a subcollection {Bs,(g;)} of disjoint balls such
that F}, C |J; Bss,(gi). This gives |[vi|(F}) < %)\k(ﬂ/{) = 0}, which is infinitesimal.

On the other hand, let F}' be the oj-neighborhood of ®(9X NU) intersected with K.
Then eventually Corollary 2.4.5 is satisfied, with B2NU’, F}, M\ F}, and 1og6§,;1 in place of
U, T, Ss and 9, and we obtain

pie(Fy \ Fy,) < C(K)oy, length(®os),

which is infinitesimal. Hence, we can set F}, := F}, U F} and, for ¢ ¢ F;, UT', Corollary 2.4.6
eventually gives

vi|(B )

[Vil(Bs(9)) >c—C—F log(s/oy) — Co.

s2 - log olzl
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The right-hand side converges to ¢ > 0 as k — oo, giving (2.5.1).
Hence, if € 0%, then v, satisfies the assumption of Lemma A.10, and the statement

follows. Otherwise, we can conclude using Remark A.11. O

Theorem 2.5.2. The limiting measure v has finitely many atoms (possibly none), with
weight at least cg. On the complement 5 of this finite set of atoms, Vs is absolutely
continuous with respect to voly, and @, has a continuous representative. Moreover, for

every open subset w CC % with veo(Ow) = 0, we have (Pplw) st — (Poo|w)sVso-

Proof. Given an atom {x}, we fix a local conformal chart centered at x, identifying a
neighborhood U of x with the unit disk U’ := B? if z ¢ 9%, or with U’ := B? N {S(2) > 0}
if x € 0%.

For all 0 < r < 1 we can select 5 <t <1 such that fanmU’ |d®oo|? < %IBEHU’ |d® o |2
and such that the trace @y B2y has a W12 representative, with weak derivative given by
the restriction of d®., and P, B2nU’ NS B2NU in C° along a subsequence, which we
do not relabel (see, e.g., Lemma A.3 and Lemma A.5).

Then, by Cauchy Schwarz, s := diam(®. (9B N U')) < C( [ \d(booP) d
hence Proposition 2.5.1 is satisfied, if r is small enough. Identifying V]; | with measures on
U’, we deduce that either v (E? NU’) > ¢q or, for some p € M,

1/2
an

Voo( BE NU') < liminf vg,(Bf NU') = liminf(®p| g2y )« (M) < liminf g (Bss(p))
k—o0 k—o0 t k—o0

< Moo(§3s(p)) < 032 < C/ ‘dq)ooP'
B?

The penultimate inequality follows from (2.4.5). For r small enough this second possibility
cannot happen, since v ({0}) > 0. Hence we deduce vo({z}) > cg and thus there are
finitely many atoms.

Assume now that K is a compact set containing no atoms. Assume that K C U for a
chart domain U; we identify K with a compact subset of the unit ball or half unit ball U’ as
above.

We deal with the half-ball case, whose proof covers also the case U’ = B%. We denote
U :={z e U’ :3(z) =0}. Fix an intermediate set K C V CC U’ open in U’ (hence, V is
allowed to contain points in QU’). Since vy has no atoms on U, we can find a radius r > 0
such that B2,.(y) C B?, B2.(y) NU’ CV and vao(B2.(y) NU') < cg, for all y € K.

Taking a maximal subset of centers {y;} C K with pairwise distances at least 7, we can
cover K with a finite collection of balls {BE/Q(y;)} with 32, 1p2 )y < C. If B2(y)) C U’
then we set y; := y, and r; := r; otherwise we choose y; to be a point in B2(y}) N dU’, and
we set r; := 4r. Note that 33/2(112) C B? /Q(yi) and B2 (y;) € B2,(y}), so the collection of

Ti

balls Bfi/Q(yi) still covers K and has ), 1p2 (,,) < C. Moreover, either B2 (y;) CV or

i

yi € OU', with B2 (1;) NU' C V. Also, veo(B2 (y;) NU') < ¢q.
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We can fix t; € (
subsequence independent of ¢, and such that the diameter si of o (OB (y;) N U') satisfies

s?ﬁ({/ |d® 2.
B? (y)nU’

We now work along this subsequence, which we do not relabel. By Proposition 2.5.1, if r was

%,7;) such that (I)k|832 ynur — Poslop? (y)nor in CY along a

chosen small enough, any weak limit of the measures (®g| B2 (yi)mU/)*Vk is supported in

Bss, (p;) for some p; € M. Hence,
klim (‘I)k|Bz o)« k(M Bas, (i) = 0. (2.5.2)

Since vy, = %|d<1>k|2 L2 on U’ setting h; := (dist(-, p;) — 3s;)" we deduce that h; o & — 0 in
Wh2(BE (y;) NU'). Hence, the essential image of Poolp2 (y,)n 1s included in Bss, (pi). We

deduce

/mwh m<2/ dist(®y,, Poo) v
K 2

yz nu’

< Z GSZ'Vk Bti(yi) N U/)

+ diam(M) Y (®r 2 (y)r0) (M \ Bs, (p1))

7

< C(sup s;)v(V +CZ (Prl 52 (g )+ (M Bss, (pi))-
In the limit £ — oo, using (2.5.2), we get

limsup/ dist(®, Poo) dvg, < C(Sup si)veo (V).
K

k—o0 7

Since we could arrange that sup, s; is arbitrarily small, we arrive at

lim [ dist(®, Poo) dvy = 0. (2.5.3)
k—o0 K

Also, choosing 1 so small that any ball B%(y) is included in some Bt%, (yi), for all y € K, the
essential oscillation of ®| B2(y)nU’ is then bounded by sup; s;. Since the latter is arbitrarily
small, it follows that ®., has a continuous representative on K, hence on 3.

Finally, if £2(K) = 0 then, arguing as in the first part of the proof, we have

<ZVOO (BE( y,)ﬂU')<hn11anVk Bi (yi)nU") <C’Zs

<CZ/

Since V is an arbitrary neighborhood of K, we deduce voo(K) < C [, [d®so|? = 0. The

absolute continuity of v, with respect to voly, on 5 follows.

|&@F§C/k@@?
14

yz)ﬂU’
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Finally, given w as in the statement and covering @ with finitely many charts, it follows
from (2.5.3) that limj_,oc [ dist(®k, Po) dvg = 0. Hence, for any ¢ € CO(M),

lim /@bo@kdyk:klim /djo(I)OOdyk:/q/Jo(I)OOdyoo
w 0 Jw w

k—o0

the last equality coming from the continuity of ¥ o &, near @ and the assumption

Voo(Ow) = 0. The weak convergence (Pily )<k — (Poo|w) Voo follows. O

Theorem 2.5.3. The absolutely continuous part of Vo, which we denote m volgy,, has
m =0 a.e. on the set of points where d®o, does not have rank 2. Moreover, m = N J(d®)

for a bounded, integer valued function N > 1.

In the statement J(d®) denotes the Jacobian of ®,, with respect to the volume form
volg,. Hence, in a conformal chart, we are asserting that the absolutely continuous part of
Voo 18 N|01 @ oo A Do®oo| L2.

Proof. Working in a conformal chart for int(X), we fix a point = which is Lebesgue for d®,
and such that v ({z}) = 0. We have to show that %ﬂw)) — N|01Poo A 02Po|(z) for
some bounded integer N > 1, as r — 0 along some sequence.

We can assume x = 0. For all » > 0 small enough, call v;,, the varifold induced by

®k|p2. We can select an arbitrarily small r such that the trace ®|yp2 has
Poo(ry) = Poo(0) + rdPos (0)[y] +o(r) for [y| =1

and such that the traces ®|yp2 converge subsequentially to ®|pp2 in CY (see Lemma A.4
and Lemma A.5). By Proposition 2.5.1, any (subsequential) weak limit of |vy, ,| is supported
in a ball Bey(p), with p := ®+(0) and C' depending also on |d®(0)].

Moreover, any (subsequential) limit v = limg_,o V., is stationary in M \ ®o.(0B2) and
satisfies |v|(Bs(q)) < Cs? for all ¢ € M, since the varifolds vj induced by ®;, (from the full
domain) have trivially |vj| > |vi | and, by Theorem 2.3.4, they converge subsequentially to
a free boundary stationary varifold v, for which (2.4.5) gives the desired bound.

Hence, with a diagonal argument, we may find a subsequence of k’s (not relabeled) and a
sequence of radii r, — 0 such that the dilated varifolds v}, := (7“,;1(‘ — P))«Vi, in RY form

a tight sequence, converging to a varifold v, which has
v |(B2(q)) < Cs?® for all g € R? and all s >0 (2.5.4)
with a constant C' independent of z, has compact support and is stationary in R% \ C, with
C = lim (' ®o(0B7,) — p) = {d®uc(0)[y] | y € OB7}.

We can also assume that

2o /]32 fldv, —0, r.lop—0, (2.5.5)
Tk
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and that

Voo (B2 v (B2

\vgo|(RQ) = lim ]v;€|(RQ) = lim M = lim k( 2”“);
k—o0 k—o0 T k—o0 T

since the convex hull co(C) of C has area 7|01 Poo A D2Poo|(0), we are left to show that
VEI(R?) = NH?(co(C))

for some bounded integer N > 1. By [98, Theorem 19.2], which holds for general varifolds,
|vo| is supported in the convex hull of C. If d®,(0) has rank less than 2, then C is either a
segment or a point. Hence, we can cover it with O(s~!) balls of radius s; recalling (2.5.4),
we deduce |[v,_|(C) = 0 and hence v/, = 0. Thus the claim follows in this case.

If instead d®~(0) has rank 2, we first observe that the area of the map ¥y :=
ri (g B2, p) is, up to an infinitesimal error, at least the area of co(C) in the plane II
containing it: this follows immediately considering the composition W;, of this map with the
projection onto II, and noting that any compact subset K C co(C) \ C belongs eventually to
the image of W}, since ¥}, has (eventually) nontrivial degree relative to the points in K.

Hence,

72(co(C)) < lim w(Br)

= |v_|(R9). 2.5.6
T2 [Voo| (R) ( )

Up to rotations, we can assume II = R? x {0}. Since C is a smooth curve, we have
v/ |(C) = 0. Also, v/ is stationary on R? \ C and supported on II. By the constancy
theorem [98, Theorem 41.1], it follows that v/  is rectifiable and equals a multiple N of
co(C). By (2.5.6) we have N > 1, while from (2.5.4) it follows that N < C. We are left to
show NV € N.

Note that vy, is the varifold induced by Wj; hence, the varifold convergence vj — v

implies that

/ng AW > =0 forj=3,...,Q, (2.5.7)
where we write Uy, = (¥}, ..., \Ilg)

Fix o > 0 such that C encloses a ball B3, in the plane II. Consider a family (p,) of
mollifiers in R¥, namely nonnegative smooth functions supported in BQ with f]RQ pr=1
and |dp,| < C7=9~L. For any vector field X € C°(B2,R?), viewing X as a vector field
on R¥, constant in the last Q — 2 variables, we define the vector fields X and Y; on
My, = rk_l(/\/l — p) given pointwise by the projection of X and p,, * X onto the tangent
space to My, respectively, with 7 := r,;lak.

Since M, converges to an m-plane graphically (in any neighborhood of 0), we have

IVMEX, — VEY X| < 64| dX || oo [0 (2.5.8)



50 Chapter 2. A wviscous relaxation of the area

for some sequence ¢, — 0 and any v € T M. Also, we have
[(VM)2Y3| < Cllpn, * Xl|c2 < O [ dX || .

Note that ¥j, when extended to ¥ with the same formula 7",;1(<I>k —p), is T,?—critical for
E;, for the manifold M;, and the corresponding Finsler manifold 91;: indeed, identifying
Ty, M and Ty, MMy, with subsets of W24, RY), for all w € Ty, My, we have

|AE (Vi) [w]| = 1| dEg, (@) [rew]| < 1t oRllwlle, < ririllwlle,

and it is immediate to check that ||w||e, < r,€_3/2||w|]\pk <r.?||lw||w, (assuming ry < 1).

For the vector field Yy, recalling (2.3.4), the term f(Vn, Vw) in (2.3.3) is bounded by

O IV MYy | oo + OI# | (V)| o
< O(IY** 4 7 IV ) dX | oo

We now use the almost criticality of ¥y with the infinitesimal variation Yy (W), or more
precisely Yy (¥y)1 B2, for the extension r,?l(fbk —p) € My, of Uy, For k large enough,
\I/k(6Br2k) does not intersect B%a x R9=2, where Y, is supported, and hence this is an
admissible variation. As in the proof of Theorem 2.3.4, since the immersions ¥y have

bounded area we obtain

1/4
el < ClaxX] + NI il +ax( [ vola, )

B2,

< CTk_lHdX”Lw (1 + (/82 7']21]][\1/”4 voly, )1/4)
Tk

for some C independent of X. Hence, (2.3.3) and the Tg—criticahty of Wy, together with

Young’s inequality, give

[ @ v < Claxe [ T r ) vy,
B’“k BTk

+ O || dX || pos.

Since T,§‘|]I\I’k |4 = O‘é|ﬂ%|4, Holder’s inequality gives the upper bound

3/4
C’(rk_QUﬁ/2 [T%*|* volg, +(7‘,;20,§/2 x4 V01q>k) + 7',3) ldX || oo
BTk BT‘k
for the previous right-hand side. In view of (2.5.5), it follows that

(/B (00, VYL(W1) [0 0])| < 514X oo
Tk
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for some ). — 0 independent of X. Also, replacing Y}, with X} is not harmful, since the last
integral is the first variation of the area and thus

‘/BQ <aiqfk,vyk(\pk)[ai\1/k]>—/ (O, VX4 (U1)[0: W)

2
B%

< 2/ |H*||p,, ¥+ X — X| volg,
B2
Tk
< CTk||dXHLoo / |]I\1Jk| VOlq;k
"k
is infinitesimal with respect to ||dX||f. Choose now X := p(z1,x2)e;. Writing ¥y, =

(U1, ..., ¥™), in view of (2.5.8) the previous integral (with X}, replacing Yy) is just

| @rewouia ) + osp(wo ko)
B2
Tk
up to another infinitesimal error. Let Jj := \81\1',1;82\?% — 82\11,1§81 \I/%] denote the Jacobian of

the composition of ¥ with the projection onto II. Using (2.5.7), this integral equals

/B2 Ji01p(Vy) voly,
Tk

plus an error which is infinitesimal with respect to ||dg|| L (see also Lemma A.6). Hence, by
the area formula, the projection v} of v} onto II has an integer multiplicity N}, satisfying

‘ Nidhe dLQ‘ < §UdX || with 87 — 0
Ba

and, using the vector field ¢(z1,x2)eq, the same holds replacing 01¢ with d2¢. So, by
Allard’s strong constancy lemma [4, Theorem 1.(4)], it follows that N} is close in L! to a
constant N, on the ball Bi /2 with a distance O(9}/). As Ny, is integer valued, it follows that
dist(Ng, N) — 0. Finally, since v}/ converges to v., we have

m(a/2)*N = Jim NpdL? = lim n(a/2)? Ny,

0o 32/2 k—oco
and we deduce N € N. O

Remark 2.5.4. Note that, in the previous proof, testing immediately the stationarity of Wy
against X would have run into trouble, since we would have got a bound for f g2 NiOip
depending also on the Hessian of X, making it impossible to apply Allard’s strong constancy

lemma.

Definition 2.5.5. Given an open set w C f], we define the subset G, C w \ 9% of Lebesgue
points for d®., where this differential has rank 2. We equip the image ®.(G,,) with the
multiplicity

0., (p) := Z N(x).

€GN (p)
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Note that, by the area formula (see, e.g., Lemma A.2), ®(G,,) is 2-rectifiable and 6,, is well
defined as a function in L'(H2L ®4,(G,)). We can then view this set, with multiplicity 6,,,

as a rectifiable varifold in M, which we call v,,.

Note that, by Theorem 2.5.2, Theorem 2.5.3 and the area formula, the weight |v,|

coincides with (Puolw)sVoo-

Proposition 2.5.6. Given an open subset w CC % with vso(Ow) = 0, the immersions |,

converge to the varifold v,,.

Proof. By splitting w into finitely many pieces with r..-negligible boundary, we can reduce
to the case that w is contained in a local chart; in the sequel, we identify w with a subset of
C=R2

Let vi o := (®g)«(w) be the varifold induced by ®il,. Viewing vy, (for k < o00) as a
varifold in R?, by the area formula and Theorem 2.5.3 it suffices to show that

/(p(@k(x),d@k(a:)[TxZ])de(J:)—>/go(@oo(x),d(boo(x)[TxEDdyoo(x) (2.5.9)

for any ¢ € C!(Gr(R?)). The last integrand is meant to be zero at points where
d®, does not have full rank. In order to simplify the notation, we indicate the plane
APy, ()T, %] = d®y,()[R?] by Ty (z).

Let G/, be the subset of G, consisting of the points z where additionally f B2(z) |dPoo —

d®o(7)]? = o(r?). For any point x € G,, pick a sequence of radii r satisfying
|Poo (2 + 1Y) — Poo () — dPoo(2)[ry]| = o(r) for |y| = 1.

Given any € > 0, we claim that

k—oo

lim sup/ |o(Pp, TIi) — @(Poo (), Moo (2))| drg, < 77 (2.5.10)
B (z)

for r small enough in this sequence. If this is not true, then using a diagonal argument as in
the proof of Theorem 2.5.3 we may find a subsequence of k’s (not relabeled) and radii

ri. — 0 such that
/2 o(@p, TT) — p(@oo (@), T (2))| dug > &7 (2.5.11)
B
as well as
¢ vi(B? (2)) = voo (BF (2))| = 0
e vk (By, (@ Voo (B, (v ,

and such that the varifolds induced by Uy, := r,:l(@k] B2 (2) ~ D (x)) converge tightly to a

rectifiable varifold v’ supported in a bounded subset of I (z). In particular, the vg-measure
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/2

of the set of points in B, () where |¥| > 'rk_l is o(r?). Since @y = Poo(x) + rp ¥y, we

deduce that

/B s 1 2180 TIE) = @(Pocl) T i < ri*ldgl| Lovi(B, (@) + o(r}) = o(r})
L T
(2.5.12)

as k — oco. Also, testing the tight varifold convergence of ¥y to v/ against the function
|P(Poo(2), ) — P(Poo (@), Moo (@))], We get

/32 " lp(Poo (2), k) — o(Poo(2), o (2))] dvj = 0(77). (2.5.13)

Combining (2.5.12) with (2.5.13) we get a contradiction to (2.5.11). By the Besicovitch
covering lemma, we can then cover any fixed compact set K C G/, with finitely many balls
{B;j} included in w such that (2.5.10) holds, for B; = ij (z;) in place of B%(x), as well as

/B 0(@oos o) — (B (7). o (7)) | dirme < 72,

j
using the approximate continuity of d®., at points in K, and such that > 1B, < C.
Let Bj := Bj\ U;; Brand U := J; Bj = U; Bj C w. Since }_; rjz < C, we deduce that

limsup‘/ Sp(q)kaﬂk)de_/ @(‘I)OO,Hoo)dVoo’
U U

k—o0

< S timsup | [ p(@uclay) Moliy)) e = [ o(ocly). T () | + e

The sum vanishes, since v+ (0B;) = 0. Also, since vo(Ow) = 0, we have

hmsupyk(w \ U) < Voo(w \ U) < Voo(W\K)

k—o0

and this quantity can be made arbitrarily small, proving (2.5.9). O

Definition 2.5.7. We say that a property holds for a.e. w C X if, for every nonnegative
p € C*(X), it holds for a.e. superlevel set {p > A} with A > 0. Similarly, we say that it
holds for a.e. w CC int(X) if we have the same for every nonnegative p € C2°(int(X)).

Definition 2.5.8. A map ® € W12(X) is weakly conformal if, for a.e. z € ¥, its differential

at z is zero or a linear conformal map 7,3 — Tg(,) M.

Definition 2.5.9. Let X be a compact Riemann surface, possibly with boundary, ® €
WL2(3, M) weakly conformal with ®(9%) C N, and N € L>(%, {1,2,...}). The triple
(3, ®, N) is a parametrized free boundary stationary varifold if, for almost every w C X, the
varifold @, (Nw) is free boundary stationary (for M, N) outside P, (Ow) (see Definition 2.3.1)
and if, for almost every w CC int(X), ®.(Nw) is stationary outside P, (Ow).
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The pushforward ®,(Nw) in this definition has to be interpreted as the varifold v, in
Definition 2.5.5, using the subset of w made of Lebesgue points, for ® and d®, where d® has
rank 2.

Remark 2.5.10. In this definition, Nw is viewed as a 2-varifold in the surface X, equipped
with a metric compatible with the conformal structure; however, ®,(Nw) is independent
of the choice of the metric. Note that Jw is a compact one-dimensional submanifold
and the trace ®|g,, has a continuous representative for a.e. w: this follows, e.g., from [35,
Theorems 4.21 and 5.7] applied to the regular level sets of f; ®(dw) implicitly refers to the
(compact) image by means of this continuous map. Note also that the definition does not

depend on the representatives of ® and V.

Theorem 2.5.11. There exists a compact Riemann surface X' and a quasiconformal
homeomorphism ¢ : ¥ — ¥ such that (X', oo 0 o, N 0 @) is a free boundary parametrized
stationary varifold for (M,N).

We refer the reader to [56, Chapter 4] for basic properties of quasiconformal homeomor-

phisms.

Proof. For a.e. w C X, ®1|a,, converges in C¥ to @ s, (up to subsequences) and dwN.A = 0,
with A the finite set of atoms for v.

With respect to the fixed metric go on ¥, we can find an arbitrarily small radius r > 0
such that for any x € wN.A we have B,(z) CC w and ®¢|yp, (») also converges in C° to
PooloB, (z) (up to subsequences). Let w := w \ U,epna Br()-

Repeating the proof of Theorem 2.3.4 with vector fields in Xy, supported outside
® . (0w), we deduce that the varifold limit of ®|; is free boundary stationary outside this
set; by Proposition 2.5.6, this limit is v. Since the images @ (0B, (x)), for z € wN A, have
arbitrarily small diameter (see, e.g., Lemma A.3), we deduce that v, is free boundary
stationary outside (®oo(0w) and) a finite set F'. However, since ®j, also converges to the free
boundary stationary varifold v, > vy, by (2.4.5) we get |v,,|(Bs(p)) < Cs? for p € F.
Hence, given X € Xy, supported outside ®oo(Ow), we can multiply it by the product ey
of cut-off functions ¢,, with ¢, = 0 on By s(p), p = 1 outside By(p) and |dp,| < Cs™1. It
is then straightforward to check that the stationarity with respect to the cut-off vector field
gives the one for X, as s — 0. The proof that v, is stationary for a.e. w CC int(X) is
analogous.

Finally, we show how to obtain a weakly conformal reparametrization. Note that, by
Theorem 2.5.3,

1
N|[01Poo A DoPoo| > 5\d<1>oo|2



2.6. Degeneration of the conformal structure and bubbling 55

a.e. in a local conformal chart h: U — U’ (with U C ), since the left-hand side is the
density of vo (in U’) and thus, for any open set V CC U N f],

1 _
/ ~dPoo|? dL? < liminf (V) < veo(V) :/ N|01®oo A Do® | AL,
v 2 k—oo v

from which the previous claim follows. Call C' an upper bound for N and assume that the
image U’ of the chart is either the ball or the half-ball. Arguing as in the first part of the

-2
proof of Theorem 3.4.1, we can find a %:—quasiconformal homeomorphism ) : C — C such

that ®,, o h~! o)1 is weakly conformal on 1(U’); using the Riemann mapping theorem
and Carathéodory’s theorem, by composing 1 with a conformal map, we can replace ¢ with
a homeomorphism U’ — U’, with the additional property that it preserves U’ N {S(z) = 0}
(as a set) in the half-ball case. Recall that 1~! is quasiconformal, as well (see, e.g., [56,
Theorem 4.10 and Proposition 4.2]).

Set §# := h™ oy~ : U — U. Note that, given two overlapping charts Uj, Us, the
corresponding homeomorphisms ¢ and 6, differ by a conformal map, namely 6, Lo 6y is
conformal on 65 1(Ul N Us). This holds since a.e. the differential d®, either vanishes or has
rank 2 and, by construction, 6; is weakly conformal at a.e. x; such that d®(6;(x;)) = 0; on
the other hand, the two maps d(¥s, 06;)(2;) = dW s (0i(2:)) 0 db;(;), with z1 := 67 00a(z2),
are both nontrivial linear conformal maps for a.e. 9 such that d®(62(x2)) # 0, so that
dfr(x1)~! o dfy(x2) is conformal at these points.

In this argument we used the facts that a quasiconformal homeomorphism carries negligible
sets to negligible sets [56, Lemma 4.12] and satisfies the chain rule [65, Lemma II1.6.4].

Note that the Cauchy-Riemann equations satisfied by 6 L5 0y give its smoothness away
from the boundary and, by the Schwarz reflection principle, this map is smooth up to
051 (0¥ NU; N Us). Thus, the maps 6! define an atlas for a new smooth and conformal
structure on Y; calling ¥/ a copy of ¥ with this structure, we can just take ¢ to be the
identity ¥’ — 3.

Finally, as explained in Proposition 2.7.2 (whose proof does not use that ® is weakly
conformal), the stationarity property holds on ¥ for all domains; the same then holds for
P O

2.6 Degeneration of the conformal structure and bubbling

In this section we describe how to recover all the area in the limit as a sum of masses of
parametrized (free boundary) stationary varifolds, without the assumption that the maps ®
induce a fixed conformal structure on X.

Namely, denoting vi, the varifold induced by ®; as in Section 2.2, we show that the limit
varifold v, is the superposition of finitely many parametrized free boundary stationary
varifolds.

Before dealing with possible concentration points, we focus on how to remove the

assumption of the fixed conformal structure.
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First of all, recall that on the oriented surface ¥, which can be assumed to be connected,
there exists a metric g, which is conformal to the induced metric gg, = ®}g, has constant
Gaussian curvature either 1, 0, or —1, and makes the boundary 9% geodesic. Precisely, the
curvature is 1 if ¥ is (diffeomorphic to) a sphere or a disk, 0 if ¥ is a torus or an annulus,
and —1 otherwise. This is in agreement with Gauss—Bonnet, which says that the sign of
this constant curvature agrees with the sign of the Euler characteristic of 3, given by
X(2) =2 —2g — b, with g the genus and b the number of boundary components.

We also recall that (X, gx), up to a change of orientation, is conformal to a surface Xy
which is the standard sphere, hemisphere, a torus C/(Z + Z\y) (where we can assume
Ael > 1, [R(Ag)| < 3), an annulus S* x [0, ], when ¥ is (diffeomorphic to) the sphere, the
disk, the torus, the annulus, respectively.!

Hence, when X is the sphere, up to precomposing @, with a diffeomorphism we can
assume that ®; induces the standard conformal structure on ¥ = S2; note that this leaves
the diffeomorphism invariant conditions (2.2.5) and (2.2.6) unchanged. The same holds for
the disk case.

Before discussing the other situations, let us state a useful modification of Proposition 2.5.1.

Proposition 2.6.1. Consider open domains Uy C X whose boundary OUy is contained
in the union of two compact curves a1 and o2, and call dy; the diameter of ®p(ay,;).

Assume that Uy, does not contain any entire boundary component of . Then

lim sup v, (Uy) < 5(lim sup max{dy 1,dg 2}, C) ,

k—00 k—o00

unless the left-hand side is at least cg, the same constant appearing in Proposition 2.5.1. In
the last inequality, C is a constant depending only on (®r) and the function § is given by
Lemma A.12.

In this statement, Uy, may contain points in % and OUy, = Uy, \ Uy, denotes its topological
boundary in 3.

Proof. Note that ®j(ay ;) is contained in a ball Edk’i(pkﬂ'). After extracting a subsequence
realizing lim supy,_, . vx(Uy), we can also assume that py; and dj; converge to p; and d;.

The proof is now analogous to the one of Proposition 2.5.1: the maps ®|y, induce
varifolds whose (subsequential) limit is free boundary stationary on the complement of
By, (p1) UBg,(p2), has mass at most Cr? on balls of radius r, and has density bounded below

by a constant ¢ < 1 (the same as in that proof). The claim follows from Lemma A.12. [

Flat case

We now treat the torus case in detail, deferring the other cases to a later discussion.

!This is an easy consequence of the Riemannian uniformization theorem, applied to (Z, gx) if 9% = @, or
to the doubled surface obtained by gluing two copies of 3 along 9.
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If ¥ = C/(Z + Z\y), setting £y := |A\g| > 1, we can also assume that £ — (o € [1, 0]
up to a subsequence. If £, < 0o, assuming Ay — Ao and defining X, := C/(Z + Z) ), we
can find diffeomorphisms ¢y : Yoo — 3 such that the pullback of the conformal structure
(9o, ] converges smoothly to the flat one.

Since the area of @ is bounded, the sequence ®; o ¢y, is then bounded in W12(X,) and
we can extract a subsequence converging to a weak limit ®,,. Defining the area measure vy
on Y as in the previous section, note that again their limit in the sense of Radon measures
(up to subsequences) is also equal to the limit of %|d<1>k|2 voly __.

All the proofs in Section 2.5 carry over, just replacing ®; with ®; o ¢ and (3, go) with
(X0, g5, )- Assume in the sequel £ — (oo = 0.

Remark 2.6.2. Actually, in the proof of Theorem 2.5.3 we used the conformality of the
maps ®y; since the proof was local in int(X), we can precompose @, with a conformal map
hi : B? — (2, g) which is a diffeomorphism with the image and converges smoothly to the
inverse of a conformal chart for ¥ = ¥,. The statement for the sequence (®;) then follows

from its validity for the conformal maps ®y o hy.

Note that, since [R(Ag)| < 4, we can use instead S' x £,S! as a domain for ®, with the
induced conformal structure becoming asymptotically the flat one. Given a big parameter L,
we can subdivide the circle ¢;S! into Ny, arcs I, .. Ikn, with L < |1 ;| < 2L. Note that

the boundedness of the area of @ gives

/ |doy > < C
10,81

for some constant C' independent of k.

Hence, for each k, there is only a bounded amount of indices j such that % J SUxIy, |d®y|? >
%Q, for the constant cg from Proposition 2.6.1. Up to subsequences, we can then find a
nonempty collection of arcs Ji 1,. .., Ji which are unions of the previous intervals, in such

a way that
L < lim |Jg | < oo, dist(Jy,j, Jk ;) — oo for j # j’
k—o00

and %fslxlkj |d®y|? < %Q whenever I}, ; is not included in one of the arcs Ji 1, ..., Ji -

We now claim that

lim sup |d®|> -0 as R — oo, (2.6.1)

k—o0 /Slx(zkm\ug_lmk,j)
provided L was chosen big enough. Here RJj ; C (1.5 1'is the arc dilated by a factor R, with
the same center.

Once this is proved, we can fix j € {1,...,h} and, shifting Jj ; to be centered at 0, we
obtain a (local) weak limit @ j : S x R — M of the maps @, viewing these as maps
defined on bigger and bigger subsets of S1 x R. We can again repeat the analysis which was

done in the previous section.
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Note that in the limit we get a map with domain S' x R. Since this cylinder is
conformally the same as the sphere minus two points, we can see the domain as the sphere:
note that replacing the cylinder with the sphere preserves stationarity, by the same argument
used in the proof of Theorem 2.5.11 to remove the set of atoms.

By (2.6.1), the sum of the masses of the limit varifolds for j = 1,...,h is equal to the
limit of the area of ®j, up to the contribution of concentration points in the A copies of
St x R. We will discuss later how to recover the area which gets concentrated at these points.

In order to prove (2.6.1), fix k and j, and let Iy, ..., I} <4+ be the intervals lying
between two consecutive arcs Jy, j and Ji j11 (with indices modulo NNV}, and modulo h). We
claim that eventually we cannot have 22;2 fslxlk’sﬂ» Hd®g|? > % forany 1 <t/ < t. If ¢/
is the minimum such index, since the energy carried by each S' x I k,s+i 18 at most %Q we
deduce that the sum is less than %co.

Since |I;| > L, we can select a € I}, 411 and b € I}, 41441 such that fSlx{a,b} |d®y| <
CL1/2: we can apply Proposition 2.6.1 with Uy := S! x [a, b] and deduce that eventually
fSlx[a,b] |d®|? is either at least Zcg or at most 20(CL~1/2,C). Since the first possibility
cannot happen, we are in the second case. Hence, we get %Q <20 (CL_I/ 2 0), which is a
contradiction for L big enough, since §(CL~'/2 C) — 0 as L — oo.

But then we can repeat the argument selecting a’ in the part of RJj ;\ (R/2)J},; following
Ji; and b’ in the part of RJy j+1 \ (R/2)Jk j+1 preceding Ji j11, with fslx{a/,b/} |[d®y| <
CR~/2. We already know that the area carried by the region S' x [/, ¥] is eventually less
than 2, so we deduce that it is bounded by 26(CR~1/2,C), and (2.6.1) follows.

In the case of the annulus, namely X = S' x [0, £4], up to subsequences either we are in
the easy case that ¢; has a limit in (0, 00), or £ — oo, or £, — 0. The second case can be
dealt with in the same way as before, by subdividing the interval [0, /] and making sure
that Iy 1 C Ji1 and Iy n, € Ji . In this case, Ji ; produces again infinite cylinders, or
equivalently spheres, in the limit for 1 < 7 < h. On the other hand, Jj; and Jj ; produce
(possibly constant) limit maps whose domain is S x [0, o), which is conformally the disk
minus the origin. We can thus view their domain as the full disk.

In the last case £, — 0, we can replace S x [0,¢;] with the conformally equivalent
surface [0, 1] x E;lS 1. We then subdivide the circle and argue in the same way as before. In
the limit we get maps with domain [0, 1] x R, which is conformally a disk (minus two

boundary points which can be ignored).

Hyperbolic case

Finally, we explain how to deal with the hyperbolic case x(X) < 0. In this case there is no
straightforward description of all the possible conformal classes of surfaces. In case X
has no boundary, by Bers’ theorem we can decompose (3, gx) into hyperbolic pairs of
pants, with lengths of their boundaries bounded above in terms of the topology of 3:
see [54, Theorem IV.3.7] for a self-contained proof. We call {3;} the collection of closed
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geodesics, depending on k but with fixed cardinality, which bound the pairs of pants. Up to
subsequences, we can assume that the combinatorial configuration of the decomposition does
not depend on k, with a consistent labeling for the curves 5;, and that the length of j;
converges to a finite number as k — oc.

Then we can apply [54, Proposition IV.5.1] to the connected components of the surface
(X, gk), cut open along those geodesics {f;}icr whose length converges to 0. We get a
possibly disconnected limit surface ¥, which equals a closed Riemann surface minus finitely
many points (two for each degenerating 3;), and diffeomorphisms ¢ : Yoo — X\ U;c; Bi
such that the pullback metric 1)} g; converges locally to the metric of ¥,. Then we repeat
the analysis with the maps ®j o ¢, and obtain a limit parametrized varifold, whose domain
Yoo can be replaced with a (possibly disconnected) closed surface. Apart from concentration
points, part of the area of ®; could be concentrating in collar neighborhoods of the geodesics
B;, for i € I. These neighborhoods can be conformally identified with cylinders S* x [0, Ly ],
with Lj; — oo as k — 00, and one can recover the missing part of the area as in the
degenerating cylinder case; note that the pieces S* x J,1 and S 1w Jk,» from that analysis
have to be discarded, since their contribution is already given by Y., while all the other
pieces produce varifolds parametrized by spheres.

If 9% # 0, let us call 41, ...,7, the boundary components of ¥. We cannot directly
decompose Y into pairs of pants whose boundary curves have bounded length, since the
length of some ; with respect to g; could fail to stay bounded as k — oo.

Instead, we first glue two copies of (X, gr) along the geodesic boundary 9% = U?:1 Vi
obtaining a hyperbolic surface ik This surface comes equipped with a canonical involution
i, which flips the two glued copies.

For a decomposition for f]k as in the closed case, we can assume that all the simple
closed geodesics of length less than 2sinh™!(1) appear in the collection {5;}: see [54,
Lemma IV.4.1] and the proof of Bers’ theorem.

The thin part Ty, := {z € f]k :inj(x) < A} is invariant under i, since iy is an isometry.
For A small enough, it consists of finitely many disjoint annuli containing a (simple closed)
geodesic of length at most 2\, which is then in {f;}: see the proof of [54, Proposition 1V.4.2],
which also shows that the curves ; with length bigger than 2\ are disjoint from T}. Hence,
choosing A small enough, we can assume ; N Ty, = () for the indices j ¢ I corresponding to
non-degenerating curves.

The boundary of T}, has a constant geodesic curvature & = (\). Let Sy := 3, \ int(T}).
Taking a limit Y as in the previous discussion, the proof of [54, Proposition IV.5.1]
shows that we can assume wk_l(Sk) to be a constant domain S, whose complement is the
union of finitely many cusps {C;},ec;. Namely, each C; is isometric to the quotient of
{S(z) > A} C H by the standard parabolic isometry z — z 4 1, for some A > 0 depending
on A.

The maps wk_l o 1, 0 1y, converge locally smoothly to an isometry i : f)oo — f)oo, since

i, 1s an isometry for f]k The components of 97} meeting 9% C f]k are necessarily invariant
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sets for i, so that % meets 9T}, orthogonally on 9% N 9T}. Also, we have a lower bound on
the injectivity radius on Si; this implies that a shortest path a joining a point in Si N ~y; to
another curve v, has length bounded below by A, since the geodesic i o o has the same
endpoints; similarly, a shortest path between two close points in S N ~; must be ~; itself.
Also, the length of a geodesic v; intersecting Sy cannot be smaller than 2A. These remarks
imply that on S, the one-dimensional submanifold @Z),?l(BE) converges graphically to a limit
I C{x € S @ ico(z) = x}, which meets 0S, = 0T orthogonally.

Thus, the domains w;l(E) converge graphically on S to a domain S’ bounded by
I'. If C is an ig-invariant component of Ty, either iy interchanges the two circles in
OC or it preserves them (as sets). In the former case, the core geodesic of C' appears in
both collections {v;} and {#;}, and equals 93X N C. In the latter case, there are just two
diametrically opposite fixed points of i;, on each circle, so 9% splits C' into two isometric
pieces; we can thus assume that v 1(2 N C) equals two half-cusps in this case.

Hence, T/ = wk_l(E NTy) is a constant union of cusps and half-cusps. The union
Sl UTL, is the desired limit surface, which is a compact Riemann surface ¥, minus finitely
many points (in the interior or on the boundary). The area contribution which gets lost
because of degenerating geodesics can be recovered as in the case of degenerating tori or
annuli.

Note that Y has at least b(X) — || boundary components. Also, the Euler characteristic

of its double is

2(2 - 29(Za0) — b(Teo)) = 2x(Teo) = X(;) + 2|T| = 2x(Z) + 2|1
=2(2—-29(2) = b(X)) + 2|1

and we deduce x(X) > x(2), 9(Ex) < g(2).
Note, however, that the number of boundary components could increase in principle:
for instance, if ¥ has genus one and one boundary component, (3, gx) could degenerate

conformally into an annulus.

Concentration points

We finally deal with concentration points for the area, or equivalently for the Dirichlet energy.
The problem is local; since there can be only finitely many concentration points, we can deal
with just a single one. Let U’ denote the ball or the half-ball. Up to precomposing the maps
®;, with suitable diffeomorphisms U’ — U C X, we can assume that the induced conformal

classes converge smoothly to the standard one, and that we have the tight convergence
1
I/]/g = 5’dq)k|2 £2 — mﬁz + adg

of measures on U’. Looking at a sufficiently small neighborhood of the concentration point,

we can assume that fU' m < %Q, while from Theorem 2.5.2 we have the lower bound a > cq.
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Let B2 () be a ball of minimal radius such that fng (@x) $|d®k|? > a — %2, so that the

nu’

integral is exactly o — CTQ and necessarily rp, — 0, xx — 0. It suffices to show that
limsup v;,((Bh-1 (21) \ Bgy, (zx)) NU') -0 as R — oo. (2.6.2)
k—o0

Once this is done, we deduce that the area (or Dirichlet energy) measures of Uy, := @y (xp+1-)
converge subsequentially to a measure v (on the plane or a upper half-plane) of total mass «.
There could be further concentration points for this new sequence of maps, but their masses
are at most o — CTQ: this is obvious if there are at least two such points; if there is only one
point T of mass bigger than o — %Q, then eventually
1 1 c
/ ydcbk\?:/ ST > o — 22,
By, jo(antria)nl’ 2 B2, ®)nu) 2 2
where U}, := r;l(U " — xp), contradicting the minimality of 7. Thus, this blow-up process
has to be iterated only a finite amount of times.
The proof of (2.6.2) is similar to the one of (2.6.1). Select radii R'/?r, < a < Rry and
R™' < b < R71/2 such that
2C 2C
/ || < ; |dy|* < :
OB (x)NU" alog R Jop2(z)nu blog R

where C' is an upper bound for [, |d®y|?; this can be done since the right-hand sides
integrate to C' on the two intervals. Now the length of @y B2ny and Dy B2nU is bounded

by \/ﬁﬁ, for a different constant C'. Since the area of ®; between the two radii is bounded
by a+ [ m— (o= ¢) + o(1), whose limit is less than cg, for R big enough we can apply
Proposition 2.6.1 and deduce that

liglﬁS;}p Vi, ((BE(z) \ B2(z))NU') < 5(\/151@, C’).

Since B3_. (k) \B%rk(xk) C BE(xx,) \ B%(wy), this proves (2.6.2).
The limit maps produced by concentration points have domains which are the plane or a

half-plane, hence conformally the sphere or the disk (minus one point).

Proof of Theorem 2.1.1. Thanks to the arguments from this section and the previous
one, we obtain disjoint domains Uy 1,...,U, v € X such that the varifold induced by
Dy Uy,; converges to a parametrized free boundary stationary varifold, as k — oo, and
fE\Ui Ura volg, — 0.

Since we can merge the domains of these parametrized varifolds into a (possibly

disconnected) compact Riemann surface, the statement follows. O

2.7 Regularity

From the previous section we know that the limit varifold v, is a parametrized free

boundary stationary varifold (X, ®, N'), for some weakly conformal map ® : ¥’ — M with
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®(0%Y) C N and N’ € L*>(¥,{1,2,...}). This parametrized varifold gives rise, in local
charts for ¥/, to a local parametrized stationary varifold, as defined in Definition 3.2.9 (see
also Remark 3.2.3). The main result of the next chapter, namely Theorem 3.5.7, tells us that
N’ is locally constant and ® is a branched minimal immersion, on (the interior of) the
components of ¥’ where ® is not (a.e.) constant.

Hence, in order to study the regularity of ®, we can discard these trivial components and
replace N’ with 1, without affecting the stationarity property enjoyed by the parametrized
varifold (recall Definition 2.5.9).

For simplicity, since we will not need to refer back to the original setting, we will write X
in place of ¥’ in the rest of this section. In order to prove Theorem 2.1.4, we wish to show
the following result. The fact that |5, gy, is a branched minimal immersion then follows as

discussed in the last step of the proof of Theorem 3.5.7.

Theorem 2.7.1. The map ® : X — M is C*®-smooth up to the boundary 0% and has
0,® L TN at 0%.

We first show a simple strenghtening of Theorem 2.5.11. In the sequel, given w C ¥ open,
we let v, 1= @, (w).

Proposition 2.7.2. The map ® is continuous and the stationarity (respectively, free
boundary stationarity) of v,, in Definition 2.5.9 holds for any domain w CC ¥\ 0%
(respectively, w C X).

Proof. The continuity of ® can be obtained by the same arguments used in the proof of
Theorem 2.5.2.

As for the second statement, given w C X and a vector field X € Xy, supported outside
®(0w), we can find a nonnegative smooth function p € C°(w) such that p = 1 near the
compact set @~ (spt(X)) Nw. The stationarity of v,, against the vector field X then follows
from the same property for the varifolds v, y, for 0 < A <1, each of which agrees with vy,
near spt(X). The proof in the case w CC ¥ \ 9 is analogous. O

Let us fix a metric on X, compatible with the conformal structure. As in [92], we first
show that

® is smooth near G', (2.7.1)

with G’ C ¥\ 9% defined to be the set of points x such that d®(z) has rank 2 and, in a
chart centered at x, [, |[d® — d®(0)|* dL* = o(r?).
Before proving this, let us set B/ := 2\ G, B:= &~ 1(®(B)) and G := %\ B.

Remark 2.7.3. Note that B and G C G’ are both ®-saturated: this means that whenever
®(z) = ®(y) and x € B, the same holds for y, and similarly for G.
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Arguing as in the proof of Theorem 2.5.2, we have
lvs|(®(B)) < C’/ |d®|? voly, = 0.
B/

Hence, as |vy| = ®,(3[d®[? voly), we get d® = 0 a.e. on B.

Proof of (2.7.1). Given x € G', we can choose a conformal chart centered at x, mapping a
neighborhood U of = to Bf. Viewing M C R®, we can then select an arbitrarily small radius
r > 0 such that ®(ry) = ®(0) + d®(0)[ry] + o(r), for |y| =1 (see, e.g., [84, Lemma A.4]).

Moreover, [, 5|d®|?dL? = 7s® + o(r?), with s := [9;®](0)r = |92®|(0)r. Hence,
assuming that ther above error o(r) is less that dr, for a fixed 0 small enough, we can apply
Allard’s regularity result [3, p. 466] (see also [98, Theorem 23.1]) on the ball Bg_(s)s(@(O)),
where the varifold vg: has generalized mean curvature bounded in L™, small excess (for r
small), and total mass 7(1 — 6)%s% + O(8)s>.

We deduce that on some ball Bg (©(0)) the varifold vp2 agrees with the graph S of a
smooth function f : R? — R9~2, with multiplicity one, up to rotating the coordinates.?

Selecting a new radius 7’ much smaller than 6, such that ®(r'y) = ®(0)+d®(0)[r'y]+o(r"),
from the continuity of ® we deduce that |v Bf/’ is supported in S. Hence, viewing G N U
as a subset of B2 and setting G := G ﬂﬁi,, from |vpe | = (‘I>|le)*(%\d<1>\2 £?) we deduce
®(y) e Sforalyed. ' '

Thus, the map dist(®, S) is W12 on Bf, and vanishes on G , and hence its differential
vanishes a.e. here. But d® = 0 a.e. on B; it follows that this function is constant, giving
@(EE,) C 5. Thus, ®|52, factors as (id x f) o ¥ for a suitable map ¥ € con WI’Q(Ei,,]RQ).
By the chain rule, any rpoint Y€ G is necessarily Lebesgue for d¥, with d¥(y) invertible.

For any y € G there exist arbitrarily small radii s such that vpgs(,) is supported in S and
has density at least one at ®(y). As v p2, has multiplicity one on B;ﬁ2 , this implies that ® is
injective on 5 '

But then, recalling Remark 2.7.3, it follows that ®(y) is disjoint from @(Ei, \ {y}) for all
Yy € G , and the same follows for W. Given y € G close to 0 and choosing a homotopy in
Ez/ \ {y} between the circles 9B (0) and dB2(y), with their canonical orientation, we
deduce that the maps ¥|yp2 — V(y) and ¥|yp2(,) — Y(y) determine the same element in
(B2 {0}). r

But the first map is homotopic to W|yg2 — ¥(0), provided ¥(y) is close enough to ¥(0),
while the second is homotopic to d®(y)|g1 if s is selected in the same way as r. We deduce
that d¥ is either always orientation preserving or always orientation reversing on G , near 0.
Thus @, in local coordinates for .S, solves the Cauchy—Riemann equations (up to conjugation)
near 0, establishing (2.7.1). O

2The smoothness of f can be assumed by standard Schauder theory, since f satisfies an elliptic equation
on a small ball.
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Remark 2.7.4. We implicitly ask that the chosen representative of d® agrees with the
classical differential on the regular set of ®. Hence, by what we just proved, G’ is open. It

follows that B’ and B are closed, so that G is open again.

Remark 2.7.5. Given x € G and a neighborhood U CC int(X) such that ®[; is a
diffeomorphism with the image, we can express any section w € C°(U) of ®*TM as
w = X (®), where X is a (smooth) vector field on M vanishing near ®(0U). Hence, using
Proposition 2.7.2, we get

/ (Vw, d®) voly, =0,
U
so that ® solves the harmonic map equation V*d® = 0 on G.

In order to show Theorem 2.7.1, let y € ¥ and pick a conformal chart U — U’ centered
at y, with image equal to B? if y ¢ 0% and to B2 N {S(z) > 0} otherwise. By continuity of

® we can assume that ®(U’) is contained in a coordinate chart for M. We call {z!,... 2™}

the coordinates and we let ® := 2% o ®. We can also require that A corresponds to

{z"tl = ... =™ =0} if y € 9%, with g;; =0 for i < k and j > k on this set.
Then, writing ey, := %, it suffices to show that
/ (V(fer),d®)dL? =0 (2.7.2)
for all K = 1,...,m and all nonnegative f € C°(U’), with the additional constraint

feCxU\oU") if k > n and y € 9%, where we write U’ := U’ N {S(z) = 0}.
Indeed, once this is done, if y & O then ® = (®!,..., ™) is a weak solution of the

system
— 0i(gjk(®)0,®7) + T (®)gjq ()9, PP 0,1,

where ank is defined by the relation V¢ e, = Fg)kej. The smoothness of ® then follows from
Proposition A.7 and Remark A.9.
If instead y € 9%, we get a weak solution to the system

— 0i(gjk (D)0, B7) + T3 (D) gjq(®)2; PP DT = 0,
0,8, =0 on U, for k < n,
®, =0 on oU, for k > n,

in the sense specified in Remark A.8, and regularity follows again from Proposition A.7 and
Remark A.9.

By the coarea formula, (2.7.2) is equivalent to

/OOO (‘ /8{]0»} (er(®),0,®) + /{f»\} (V(ep o @), dq)>> d\ = 0.

In order to conclude, we will show that the quantity between brackets vanishes for a.e. A.
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Proposition 2.7.6. For almost every value of A > 0, for w := {f > \} cC U’ it holds

_/ (ex(®),0,P) —I-/ (V(eg o ®@),dd) = 0.
dw

w

Proof. Fix X such that w has smooth boundary, transverse to U’ if y € 9%, and such that
the trace ®|s,, is W2, with differential given by the restriction of d® and vanishing a.e. on
Ow N B. For all € > 0, we call B. the closed e-neighborhood of B in U’.

Take a smooth function p vanishing near ®(dw N B;). Then @ is a smooth immersion in
a neighborhood of S N dw, with S := spt(p o @), since SN dw C G.

We can cover S N Ow with finitely many disjoint closed arcs {v;} C G, with endpoints in
OU’' U B, = B, so that ® is an immersion near each of them. Fix now a smooth unit vector
field 7 on dw which points towards w, with o € TOU’ on the finite set dw N OU’. We can
find functions f; : v; — [0, 1) such that the curves

¥j =Az + fij(x)v(z) |z € 75}

are disjoint, included in G, have endpoints in U’ \ S, and have images I'; := ®(7;) transverse
to each other (meaning also self-transverse). Note that all f;’s can be chosen arbitrarily close
to 0 in the C'*° topology.

We now consider the domain

Q ::w\U{x+sfj(x)§(:v) |0<s<1, 2z €}

Note also that we can assume the sets in the last union to be disjoint and
p=0near ®({z + sfj(z)r(x) |0 < s < 1}) (2.7.3)
whenever x € B; is an endpoint of one of the curves 7;. This implies

QNS C | Jint(F)), (2.7.4)
J
where int(7;) denotes 7; minus the endpoints.

Fix a smooth function y : [0,00) — [0,1] with x =1 on [1,00) and x = 0 on [0, 1]. Let
I':=J; I and x; := X(dl%(’r))

Let I" denote the closure of |J; 1(Ty) \ U; ), together with all the endpoints of
the curves 7;. By transversality and conformality of ®, for each z € | ; 7; \ F' we have
dist(®(z — sv(x)),I") = 5|0, P(x)| + o(s), where v is the outward unit normal for €, and the
gradient of dist(®(-),T") at © — sv(x) is —|0,P(z)|v(z) + o(1), where o(1) is infinitesimal as
s — 0 (s > 0). These estimates hold uniformly on compact subsets of [J;7; \ F.

Moreover, by transversality again, for any fixed small > 0 the support of x, o ®

intersects the r-neighborhood U, of |J;7; in the union of an O(n)-neighborhood of {J; 7;,
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plus a set of measure O(rn). In view of these remarks,

lim p(®)(ex(®) ® d(xy o ©), dP)
=0 .Jonu,
—-im3 f [ (DN BN @), 0,010 s o+ 01

:_/~ (per)(®),8,8) + O(r).

i
Also, note that ®(B) NT' = () by Remark 2.7.3; hence, for n small, x,, = 1 near ®(B) and we
deduce that spt((1 — x,) o ®) C G. Recalling also (2.7.4), we can integrate by parts as

follows:

/ p(®)(ex(®) @ d(xy © D), dD)
o\,
- / (1= ) (@) (ex(®) @ d(p o @), dD) + / (P(1 — X)) ()(V (e1(®)), d)
O\Ur O\U,
T / ({1~ ) (®){e1(®), 0, B),
QNoU,-

where we used the harmonicity of ® on G. The convergence (1 — x;,)(®) — 0 a.e. on Q\ U,
and on 9U, (for r small enough) implies that the right-hand side is infinitesimal as 7 — 0.
But, by the stationarity property of vq, setting X, := px,er we have

/ (V(X, 0 ®),dD) = 0
Q

since X, vanishes near ®(0€) by the choice of x, and (2.7.3). Hence, from the previous

computations we deduce
X / 10,8) + [ (@)@ dlpo®).ad) + [ p(®)(Ter(®)[a0). i) —

Letting f; — 0 we deduce our claim, provided we can replace p with 1. This is achieved as
follows: the compact set T := ®(0dw N B;) has

HNT) < / |d®|.
OwNBe

Hence, can cover T' with finitely many balls B,,(p;) intersecting T', such that
2> i <HNT) +e (2.7.5)
i

and r; < e. Take now cut-off functions 0 < p; < 1 which equal 0 on B,,(p;) and 1 on
M\ Ba,, (p;), with |dp;| < Cr; . Then the function p := [], p; satisfies

/|dp| )d|? < cz 1/ \d(l)]Q < Cry,
wN®—1(Ba,. (p;)

2r;
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because (®).(3]|d®[?) < vy and vy (Bar, (pi)) < Cr? (see (2.4.5)). Note that the right-hand
side of (2.7.5) becomes infinitesimal as ¢ — 0, as [,z [d®| = 0.

Finally, writing 7, and p. in place of T" and p to emphasize the dependence on ¢, we
have p.(®) — 1 pointwise on G: indeed, since T, — ®(Ow N B) in the Hausdorff topology, if
p(®(x)) does not converge to 1 then ®(z) € ®(dw N B) and thus, by Remark 2.7.3, z € B.

Hence,

0=— /8 ’ pe(®) (e (D), 8, P + /w (ex(®) d(p- 0 ®), dD) + / p=(®)(Vey(®)[dP], dP)

w

+ - [ te@).0,0)+ [ (Veu(@)lde).do)
Ow w
as desired. O
Appendix

Lemma A.1. Let Q C C be an open connected set. Let ¥ € VVIECI(Q,RQ) and assume that
any point in a nonempty measurable set 2 C Q) is a Lebesgue point for ¥, as well as V¥ =0

a.e. on Q\ E. Then the essential image of U equals V(E).

We recall that the essential image of U is the (closed) set of values p € R? such that
EQ(\Iffl(B? (p))) > 0 for all s > 0, or equivalently it is the support of the positive measure
\I/*(19£2).

Proof. Fix x € E, s > 0 and let p := ¥(z). By Chebyshev’s inequality

LB (x) \ ¥~ 1(BZ(p))) < 31/ W — W(z)|dL? = o(r?),
B2(x)

so p belongs to the essential image. We deduce that ¥(FE) is included in the essential
image. Conversely, assume that B (p) is disjoint from V(E). We can find a function
p € C®(R?,R?) with p = id on R? \Bg’?(p) and p = id +e; on B?/Q(p). By the chain rule,

VipoW)=(Vpo¥)VI¥ = V¥

a.e. on 2, since VU =0 a.e. on {Vpo W #id}. Thus, po ¥ — U is constant a.e. But this
function vanishes on E, hence 0 belongs to its essential image (by the same argument used
above). Thus po ¥ = ¥ a.e. and we infer that \I'_I(B‘?/2 (p)) C {po ¥ # WU} is negligible.
This shows that p does not belong to the essential image. O

Lemma A.2. Let QQ C C be open. If ¥ € Wli’cl(Q,RQ) and G denotes the set of Lebesgue
points for both W and V'V, then there exist Lebesque measurable sets E1, Es, ... such that
G =\, E;i and \IJ‘E is Lipschitz.
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Proof. We set Fj :={ze€gn VVE fBQ(:p) [W(y) — U(z)|dy < jr for 0 <r < j~'} (where
Qs :={x € Q: dist(x,002) > d}), which is a Lebesgue measurable set. By [35, Theorem 6.1]
(and its proof), for all z € G

F 10w - @Iy < TE@|+ ) - Ua) - (T8 - )] dy
B2(x) B2(x)

T

=r|VU(x)| + o(r).

We infer that G = (J;5; Fj. Assume now that z, 2" € Fj are distinct and [z — 2/| < % Let

7 := |z — 2’| and notice that B2(x) C B3.(2'). We can estimate
@) - V@) < £ (8 - V@l dyt |8 - v dy
B (z) B (z)

< F o, 0 @A) - 9] dy

Sjr+8j7“:9j}x—x”

(since 2r < j~1). The result follows once we split each F}; into countably many subsets of

diameter at most % O

Lemma A.3. Assume ¥ € W1,2(B(21+T)7"

subset E C (r, (1 + 7)r) of positive measure such that, for all v’ € E, \Il‘an,(o) has an

(0),R?), with r,7 > 0. Then there is a measurable

absolutely continuous representative whose image satisfies

diam W(2B2(0)) < (27T(1+T) /B

T

) 1/2
VY| dﬁz) :

(21+T)'r (0)

Proof. For a.e. r' € (r,(1+ 7)r) the function 6 — W (7’ cosf,r’sinf) has an absolutely
continuous representative, whose weak derivative is r'(VW (7’ cos 6, r’ sin 6), (— sin 6, cos 0))

(see [35, Theorem 4.21]). Moreover,

r+717 1
][ / VU2 dH! dt < / VO |*dc?.
r dB2(0) ™ JB | ,),.(0)

Hence, for a set of radii r’ of positive measure, the inner integral is less or equal than the

right-hand side, giving
2
(/ ]V\I/]dHl) < 2m«’/ VU2 dH! < 2”(1+7)/ IVO[Fdc?. O
dB2,(0) 9B2,(0) T Bl 4ryr(0)

Lemma A.4. Assume that 0 is a Lebesque point for ¥ € W12(B%(0),R9) and V¥, as
well as W(0) = V¥(0) = 0. Then, for any T,e > 0 and any 0 < r < T, we can select

r" € (r,(1+7)r) such that \I/‘aBQ ) has an absolutely continuous representative with

max |U(r'y)| < er,

for a suitable T = T(¥, T, ¢).
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Proof. We can assume ¢ < 1. By [35, Theorem 6.1] and its proof we have
/ |U2dL? = o(r?) (A.1)
B2(0)

(since 1* = 2) and, as a consequence,

r4+7r
][ / (2rt) U2 + 7| VO|) dH dt
0B2(0

< ! /
= 2nTr?

Hence, if r is small enough, there exists some ' € (r,r + 7r) such that

1
|W|2dL? + / V| dL? = o(r?).
B (0) T B0y, (0)

2,527,2

(27”“/)_1|"I’||22(333/(0)) + THV‘I’HD(BB,%(O)) <

and \IJ} 282, (0) is absolutely continuous (a.e.), with derivative given by the chain rule. The

elementary inequality

L ¥z @2, 0y
+ /832 o VU[dH" < T + HV‘I’HLl(an,(O))

gives the desired result. O

1|00 (532 g‘][ U dH!
L>(0B2(0)) 552,0)

Lemma A.5. If U — Uy, in WH2(B%(0),R?), then for a.e. ' € (0, R) there exists a sub-
sequence (k;) such that U

oo{ 982, (0) ©) have absolutely continuous representatives
and ' '
Ukl op2 ) = Yoolope ) i L™
Proof. We observe that ‘IJOO|8BQI(O) coincides with the trace of Uo, on B2 (0) for a.e.

"€ (0, R): actually, this happens whenever H!-a.e. point on (9B3, (0) is a Lebesgue point of
U (see [35, Theorem 5.7]); the same holds for ¥;. Now, by Fatou’s lemma,

R
/ hmlnf/ (|\Ifk| + |V dHt dr
0 8B

k—o0
< lunlnf/ / (|g|? + |VUL|?) dH dr’
= hknig.}f H\I/kle,z < 00.
Hence, for a.e. v’ € (0, R),

liminf/ (T2 + [V, [2) dHL < oo,
k—o0 632, 0)

which means that there exists a subsequence (k;) such that

Sup/ (O |* + [V, [?) dH! < oo,
0B2(0)

i
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We can also assume that \Ifoo‘ 982 (0) equals the trace, that it has a W12 representative with
weak derivative given by the chain rule and that the analogous statements hold also for Wy,.

In particular, the sequence (‘Ijki‘an, (0)) is bounded in W2 (833/(0),RQ)3 by the
compact embedding into C°(9B2(0), R?) we deduce that (up to subsequences) W, 282, (0)
fin L, for some f € C°(0B2(0), R®). By the weak continuity of the trace, we have
7% in L2(0B%(0),RY), hence f = ¥ H'-ae. O

%

0B2,(0) Voo ‘333, 0) o0 ‘an, 0)

Lemma A.6. Let C C R?*? denote the set of matrices M with ZZQzl M;; My, = %6]-;6,
where | M| is the Hilbert-Schmidt norm of M (C can be identified with the set of linear
weakly conformal maps R? — R?). For any T > 0 there exists C = C(1,Q) such that

Q 2
| My Moy + My Moo| + | M7y + M3y — J(M)| + M3, + Mgy — J(M)| < 7[MP+C> > " M}
i=3 j=1
for all M € C, where J(M) = |M11M22 — M12M21|.
Proof. Assume by contradiction that, for a sequence (M*) C C, we have

|ME M, + MEME| + [(MF)? + (M) — J(MF)| + |(M5))? + (M5)* — J(MP)]

Q 2
> MR DD (M)

i=3 j=1

By homogeneity we can assume |M*| = 1 for all k. As a consequence, Z?:g 2321(]\41']})2 — 0.
So the sequence has a limit point M € RY*2 satisfying

M> e, M7 =0 fori=3,...,Qand j=1,2, (A.2)

| MY MSY + M5 M3S| + [(MTY)? + (Mi5)? — J(M™)| + |(M5})? + (M55)* = J(M>)| > .
My Mgs b

But conditions (A.2) force 1 2) _ (4 T o some a,b € R, so the left-hand
Mg MsS b +a

side of the last inequality vanishes, yielding the desired contradiction.

Proposition A.7. A continuous, W% map u : B} — R™ solving a linear system of the

form
— 09k 0t ) + brpgOiuP Oju? = 0,

with g > A > 0 symmetric and continuous and b bounded, is VVllo’cT for all r < oco.
The same holds for u defined on the half-ball U’ := B N {S(z) > 0}, if in addition we

have
ouf =0 fork<n, u*=0fork>n,

as well as gi; =0 for i <n, j > n, on the boundary OU’, for some 0 < n < m.
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Remark A.8. The condition d,u* = 0 could be written more faithfully as gjka,,fbj =0
and is of course meant in a weak sense, coupled with the equation: namely, we require
Jor (9760 fOu? + bgpg fOuPOud) = 0 for all f € C(U’) and k < n, allowing f to be nonzero
on oU’.

Proof. Assume u is a solution on the unit ball. Then, for any ball B3,.(z) C B, we can
integrate the equation against 7%(u — (W) B2 (x)), Where 1 € C(B3.(r)) is a cut-off function
satisfying 7 = 1 on B2(z) and |dn| < 2. Recall that the notation (u)g indicates the average

of u on a set S. This gives

3 [l < © [ aldulldnlu— g ]+ € [ nPldulosc(u, B (z)

and, applying Young’s inequality, it follows that

/2 |du|? < Cr_2/2 lu — (U)B;(I)F < Cr_2(/
B2(z) B2, (x) B

2
dul)
2r ((E)
whenever osc(u, B3.(x)) is small enough. The classical Gehring’s lemma (see, e.g., [43,
Theorem V.1.2]) then implies that du € L"(B) for some r > 2 and any fixed ball B cC B?

(with 7 depending on B). Then the nonlinear term b, d;uPd;ud is L'/?(B) and standard

2
2r

elliptic regularity theory gives du € L; (B), with % =2 _ 1 50 that s > r; iterating, we get

loc r 29

du € Lt for any t < oo.

loc

If we are in the half-ball case, then we can reduce to the previous case by reflection. We

extend g and u to g and @ on the ball B? by means of the formula

ul ul
9(57_t) = Ug(s,t)U, (87 _t) =U (Sat)
u™ u"
I

for (s, —t) in the lower half-ball, with U :=

_Im—n

> . Note that, by our hypotheses on

g, g is still continuous. Also, it is straightforward to check that @ solves
— (G 0) + bipgOid O;u" = 0,

with kaq extending by, according to the following rule: if & < n then kaq(s, —1) = bppg(s, )
if p and ¢ belong to the same set in the partition {{1,...,n},{n + 1,...,m}}, and
gkpq(s, —t) 1= —bipq(s, t) otherwise; if k& > n then the opposite holds. Then from the case of
the full ball we deduce du € L! for any t < oo. O

loc

Remark A.9. If the coefficients are smooth functions of u, then w is smooth. To check
this, note that in the full ball case u is Cloo’g for any a < 1. The same is then true for
the coefficients gji(u). Since the nonlinearity byp,0;u”0;u? belongs to Lj  for all 7 < oo,
classical Schauder theory then gives du € CZOO’? for all « < 1 and bootstrapping we reach
u e C™®.
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In the half-ball case, we can still argue in the same way that du € CZOO’? for all & < 1. So
g is locally Lipschitz and we deduce u € T/VZZOCT for all » < co. Differentiating the original
equation in the first variable preserves the boundary conditions and leads to an equation of

the form
9i(gjr0i () + fr =0

with fi, € L}, . for all 7 < oo, and the same reflection trick (applied to w := 01u) gives
o1u € I/Vi)cr for all r < oco. Iterating we get the same for all derivatives dfu. Now
the equation allows to deduce inductively that u € W'llf)’! for all &, since gjk(u)Auj =
—0i(9jk (u))Oul + bipg (1) OjuP Ojul; this expresses Oopu in terms of 011u and lower order
derivatives and hence, for any multi-index o = (a1, a2) with ag > 2, we deduce that
0% = 07" 052w € Lj,, for all r < co from the same property enjoyed by M T299272y, and

lower order derivatives of w.

The following statements deal with general varifolds. It is clear that we can assume the

smallness constant ¢y appearing in all of them to be always the same.

Lemma A.10. There exists cy (M, N) > 0 with the following property. Given p € N and
0 < s < cy, for any 2-varifold v on M which is free boundary stationary outside Bs(p) and
has density 0 > 6 on spt(|v]) \ Bs(p), either spt(|v|) C Bas(p) or [v|(M \ Bs(p)) > cvb.

Proof. Pick v > 0 small, to be fixed along the proof; we will choose ¢y < 7, so that the
varifold is free boundary stationary outside B, (p) Possibly multiplying v by 571, we can
assume 6 = 1. Note that if ¢ € spt(|v|) \ B2 (p) then by (2.4.6) we have

V(B (9)) = (M, N)V0(|v], q) > e(M, N)y*. (A.3)
Otherwise, |v| is supported in By, (p). Assume we are in this second case and pick a
set of coordinates (x1,...,%m) : Bsy(p) — R™ centered at p, with N corresponding to
{zn41 =+ =2y = 0}. We can impose that ||g;; — dij]|c1 < (in coordinates), for v small,

independently of p € N.

On this ball, we define the vector field X to be X(z) := Xﬂx‘)xia%iv where x : [0,00) —
[0,1] is smooth and such that X’ >0 on [0,37], x =1 on [3s,37], x =0 on [0, 35] U [47, c0).
Assuming {|z| < 4y} CC Bs,(p), we can smoothly extend X to all of M, with X =0
outside the ball. For v small enough (independently of p and s < ), the C! closeness of 9ij

to 0;; guarantees
divip X >0

for all (p,II) € Gra(M) in the support of v, since we can assume spt(|v|) C {|z| < 3v}:
indeed, here the contribution of x’ is nonnegative, while the one of the position vector xia%i

is close to 2 (multiplied by x(|])). Also, the inequality is strict if |z(p)| > 2s. Moreover, X
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is tangent to N. We can also assume that B,(p) CC {|z| < §s}; hence, we can test the

stationarity of v against X and reach the contradiction
0= / divp X dv(p,II) > 0
(p,II)€Gra(M)

unless spt(|v|) is contained in {|z| < 2s}. Since the latter can be assumed to be included in
Bss(p), the statement follows from (A.3). O

Remark A.11. The same statement holds if v is stationary, without the assumption p &€ N.

The proof is analogous (but simpler, in that we do not need coordinates adapted to N).

Lemma A.12. There exist ¢y > 0 and 6 : (0,00)% — (0,00), with limgs_,0§(s,t) =0 for
every t, satisfying the following property. Given two points p1,p2 € M and a radius s > 0,
let B := By(p1) U Bs(p2); if a 2-varifold v on M is free boundary stationary outside B, has
density > 0 on spt(|v]) \ B and satisfies the bound

Iv|(B(q)) < r? forallqg e M, r >0,

then either [v|(M) < 8(s,c’/0) or |v|(M) > cv@. The constant cy and the function §
depend only on M and N .

Proof. We can assume 6 = 1. From (2.4.6) it follows that any nontrivial free boundary
stationary varifold v/ with density at least 1 on spt(|v]) has [v/[(M) > AM(M, N). Let §(s, )
be the supremum of all possible masses |v|(M) which are smaller than ¢y, for v as in the
statement, with cy to be specified below. Take a sequence s — 0 of positive numbers and a
sequence vy, satisfying the assumptions with s = sy, as well as 0(sy, ¢') —27F < |vi|(M) < ¢y
Up to subsequences we get a limit varifold v, which is free boundary stationary on the
complement of two points p; and Py. We still have |voo|(B;(q)) < ¢/r? for all centers g and
all radii . This upper bound implies easily that actually v is free boundary stationary on
the full manifold: see the proof of Theorem 2.5.11 for the details. Also, by (2.4.6) it has a
lower bound ¢ < 1 for its density on spt(|vs|). Hence, |[veo|(M) > ¢ unless v, = 0.
Since |Voo|(M) = limg_yo0 [Vi|(M) < ¢y, choosing any cy < cA forces v = 0, so that
d(sk,c’) — 0. This shows that d(s,¢’) — 0 as s — 0. O






3 Regularity of parametrized

stationary varifolds

3.1 Introduction

In this chapter we study the regularity of parametrized stationary varifolds. We will deal only
with closed domains for simplicity. Actually this is not restrictive, since the main result will
be deduced from a local version, which is enough to obtain the full regularity also in the free
boundary case (as seen in Section 2.7).

Recall that such varifolds are, essentially, integer stationary varifolds admitting a
parametrization in the following sense: they are induced by a weakly conformal map
® € Wh2(%, M), where X is a closed Riemann surface, together with a multiplicity function
N € L>*(X,N\ {0}) on the domain. They are required to satisfy a natural stationarity
property which is local in the domain: namely, we assume that, for almost all domains
w C 3, the varifold induced by the map CIJ‘w with the multiplicity function N ‘w is stationary
in the complement of the compact set ®(Jw) (see Definition 3.2.2 and Remark 3.2.3 for the
precise definitions). In this chapter it is convenient to embed M C R isometrically, and to
look also at the situation where M equals R¥ itself.

The main result is the following, which appears in Corollary 3.5.8 and Remark 3.5.9.

Theorem. The triple (X, ®, N) is a parametrized stationary varifold, in a compact manifold
M CR? or in RQ itself, if and only if ® is a smooth conformal harmonic map and N is

a.e. constant. In this case, ® is a minimal branched immersion.

In fact we also get a local version of the result, which holds for local parametrized
stationary varifolds: see Definition 3.2.9 and Theorem 3.5.7. Let us stress the fact that the
result holds in arbitrary codimension and does not assume any stability hypothesis on the
image varifold.

The possibility to localize the stationarity with respect to the domain is crucially used in
many places in order to get our main regularity result. The weak conformality of ® also
happens to be important, since it ensures that the map ® is holomorphic when the codomain
is the plane, a fact which we establish in Section 3.3: the peculiar properties of nonconstant
holomorphic functions, namely that they are branched covering maps and that they cannot

vanish to infinite order, turn out to be useful several times.

75
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Our main result relies on the previous treatment of the simpler situation where N is
constant (see [92], by the second author; see also Theorem 3.2.13 below). We point out that
the starting point of the strategy of [92], i.e. the observation that Lebesgue points z for ®
and d® (with d®(z) # 0) belong to the regular set of ®, does not apply when N is a priori
not constant. This difficulty is due to the fact that we cannot invoke Allard’s e-regularity
result in this more general situation.

We will actually show that IV is a.e. constant and ¢ satisfies the harmonic map equation
—A®P = A(P)(VP,VP) in any local conformal chart. These two facts are essentially
equivalent to each other, in view of the preliminary work [92], which is presented also in
Section 2.7; in some situations it will be easier to establish the former, while in other
instances (where Lemma 3.5.1 is invoked) the latter is more convenient. The smoothness of
weak solutions to the harmonic map equation was first proved in full generality by Hélein
(see [51, Section 4.1]) and then obtained again by the second author in [89], as a consequence
of a general result for linear elliptic systems with an antisymmetric potential. In our
situation the smoothness of ® is a classical fact, since for parametrized stationary varifolds
the map @ is easily seen to be continuous (see Proposition 3.2.4).

We want to give a simple one-dimensional example illustrating why, in spite of the
difficulties surrounding integer stationary varifolds, one should expect to get much more
information from the notion of parametrized stationary varifold (and eventually the
regularity). The picture depicts a portion of an integer 1-rectifiable stationary varifold in S?
(e.g. the union of three geodesic segments joining the north and south poles, with an angle %’T
between any two of them), with multiplicity 2 a.e. This varifold has a nontrivial singular set.

This varifold can be parametrized by a map ® : S! — S2, as shown in the picture.
However, the parametrized varifold (S, ®, 1) fails to satisfy the local stationarity condition,
as witnessed by the highlighted part on the right. Of course, this example is just a heuristic
motivation for the hope to obtain the full regularity, as no effective structure theorem is

known for two-dimensional stationary varifolds.
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During the investigation of this problem, as a potential intermediate step towards the
regularity, we asked ourselves whether any conformal solution ® € W12(B?(0), R?) to the
so-called conductivity equation —div(NV®) = 0 (for some bounded measurable N with
values in positive integers) is necessarily harmonic. Actually, we can give a positive answer to

this question as a consequence of the main theorem.

Corollary. Assume ® € WH2(B2(0),R®) is weakly conformal, N € L>=(B?(0),N\ {0})
and
—div(NV®) =0 in D'(B0),R9).

Then A® =0 and, if ® is nonconstant, N is a.e. constant.

We refer to Theorem 3.6.2 in the body of the chapter. However, we are not aware of any
purely analytic proof of this fact and leave it as an open problem to find such a proof. We
are able to succeed in this task in the planar case () = 2: see Theorem 3.6.1.

We end the introduction with a brief summary of the contents of the chapter.

e In Section 3.2 we establish some basic facts about parametrized stationary varifolds: we
show the continuity of the parametrization map ® (see Proposition 3.2.4), we define an
upper semicontinuous representative N of the multiplicity function N satisfying N=N
a.e. with respect to the measure |[V®[2£2 (see Definition 3.2.7 and Proposition 3.2.8) and

we introduce a local notion of parametrized stationary varifold.

e In Section 3.3 we generalize the topological notion of triod (first introduced by Moore
in [81]) and we show that the plane cannot contain uncountably many such disjoint
generalized triods (see Lemma 3.3.2). We use this topological fact to show the regularity
of parametrized stationary varifolds contained in a polyhedral cone (see Theorem 3.3.7).
This special case of the problem turns out to be important in order to study a blow-up or

a limiting situation obtained in later compactness arguments.
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e In Section 3.4 we provide a general result (see Theorems 3.4.1 and 3.4.6) which allows to
blow-up a varifold at a given point or along a sequence of points, with mild assumptions
on the decay of the Dirichlet energy of ®. We show that in the limit one still gets a
parametrized stationary varifold and that the parametrization map is the blow-up of ®, up

to a quasiconformal homeomorphism.

e In Section 3.5, devoted to the regularity in the general case, we initially show a singularity
removability lemma (see Lemma 3.5.1). Then we introduce the set of admissible points
where the blow-up can be performed and we prove that the image of its complement
has zero Hausdorff dimension (see Lemma 3.5.3). By means of delicate compactness
arguments, using the results of Sections 3.3 and 3.4, we show that at any such point the
speed of decay of the Dirichlet energy is controlled in a uniform way (see Lemma 3.5.4 and
Corollary 3.5.6). We infer that admissible points are relatively open in a set where N is
suitably pinched and we deduce the full regularity result by means of a final blow-up

argument (see Theorem 3.5.7).

e In Section 3.6 we apply our regularity result to positively answer the aforementioned
question on the conductivity equation. We also provide an independent, self-contained

proof in the planar case ) = 2.

3.2 First properties of parametrized stationary varifolds

Let M™ be either a closed embedded C'*°-smooth submanifold of R? or R? itself, where
@ > m > 2 are arbitrary integers. Let ¥ be a closed connected Riemann surface.

Recall that a map ® € WH2(Z,R?) is weakly conformal if, for a.e. x € &, d®(x) is
either zero or a linear conformal map, with respect to the conformal structure of . For
any such map we call G C X the set of Lebesgue points for both ® and d® and we let
G/ == {x € G:d®(0) # 0} (hence d®(x) is injective and conformal for z € G/).

Recall the following notion, which already appeared in the previous chapter.

Definition 3.2.1. We say that a certain property holds for almost every domain w C X if,
for any nonnegative p € C°°(X), the property holds for w = {p > t}, for a.e. regular value
t > 0 (so in particular it holds for ¥, as is seen by choosing p = 1). Similarly, given an open
set {2 C C, a property holds for almost every domain w CC € if, for any nonnegative

p € C°(Q), the property holds for w = {p > t}, for a.e. regular value ¢ > 0.

In the definition below, we will implicitly restrict to the regular values ¢t > 0 of p such
that <I>‘ o{p>t} has a continuous representative (which are a set of full measure, by Sard’s
theorem and [35, Theorem 4.21]) and, with a slight abuse of notation, ®(0w) will denote the
image by this continuous representative.

We can give the following alternative definition of parametrized stationary varifold.
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Definition 3.2.2. A triple (X, ®, N) with ® €¢ Wh2(3,R%), N € L*(X,N\ {0}) and
®(X) C M is called a parametrized stationary varifold (in M) if ® is weakly conformal and

if, for almost every domain w C 3,
/ N(<d(F(q>)); D), — F(®) - A(D)(dD, d(I))h) dvol, = 0 (3.2.1)

for all F € C°(M \ ®(dw),R?). Here h is an arbitrary Riemannian metric compatible
with the conformal structure of ¥ (its choice does not matter, by conformal invariance),
AX,)Y) = —V]I}{(QY denotes (minus) the second fundamental form of M in R? (so that A =0
if M =R%) and A(®)(d®,d®);, is defined in local coordinates by Y R A(®)(0;®,0;9).

We will usually just say that (3, ®, N) is a parametrized stationary varifold.

Remark 3.2.3. The definition is clearly independent of the particular representatives of ®,
d®, N. Calling G the set of Lebesgue points for both ® and d® and applying Lemma A.2 to
a finite atlas of conformal charts, we see that ®(G) is H2-rectifiable (and H2-measurable).
Moreover, again by Lemma A.2; the area formula applies and (3.2.1) amounts to say that for

almost every w C 3 the 2-rectifiable varifold

Vo = (B(GNW).0), bup):= Y N()
z€GNWNP~1(p)
is stationary in M\ ®(dw), as is easily seen by writing F' = mppF + w1y F. In particular,
the generalized mean curvature of v,, in R? \ ®(dw) is bounded (in L>) by v/2maxq |A|.

Proposition 3.2.4. The map ® has a continuous representative. This representative (still

called @) satisfies the stationarity property for every open subset w C 3, namely
/ N((d(F o ®); dd), — F(®) - A(®)(dD, d(I))h) dvol, =0

for all F € C*(M\ ®(0w),R?). Moreover, if w is connected, ®(@) = spt (||vel||) unless ®

15 constant on w.

The first part of the statement was already proved in Section 2.7. However, we prefer to

give another proof, since the estimates that we get here will be useful later on.

Proof. Let ¢ : U — € be a local conformal chart (with U C ¥ and Q C C) and let
U:i=0og¢! G:=¢(GNU) and Gl = ¢(G' NU). For any x € Q and any r < § dist(z, 6)
we can apply Lemma A.3 (with 7 = 1) and obtain a radius r’ € (r,2r) such that (3.2.1)
applies with w = ¢~!(B%(z)) and such that

1/2
diam\If(&Bf,(m))gx/éLw( / \V\If|2d£2> . MY (OB%(z)\ G) = 0. (3.2.2)
B

3.(@)
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Let us assume that W is not (a.e.) constant on BZ(z). If z € Ei/ (z) N &7 we have

U(z) € spt (||vwl|), as

Ivoll(BE(W(2))) = =

/ (Nog )| VU2dL2 > 0
2 Ju=1(BR(¥(2)))NB, ()

for all s > 0. Hence, since spt (||v,]|) is closed in R?, by Lemma A.1 the essential image of
\IJ‘ B2 (2) 18 included in spt (||vy||). The converse inclusion trivially holds, as well, so we

conclude that the essential image of ¥, . coincides with spt (||v,|)); in particular, the

) (z)
latter includes the compact set I' := W (9B (z)) (by the second part of (3.2.2)).

Moreover, since in R? \ I the varifold v,, has generalized mean curvature bounded by
V2||A|| o, from the monotonicity formula [98, Theorem 17.6] and [98, Remark 17.9(1)] we
deduce

; B Z IV ; - s
5 /B2 ( )(NO ¢ 1)| \Il|2d ? 2 || UJH(BS (p)) >_ & (\/EHAHLOO) . 7782
2r\ T

for all p € spt (||vy]]) \ T and all s < dist(p,T"). If M is compact, choosing s := dist(p, ') <
diam M and recalling (3.2.2), we conclude that

diam (G N B%(z)) < diamspt (||v,||) < diamT 4 2 max dist(p,T")
peEspt ([|[Vw

N 1/2 1/2 (3.2.3)
<92 \/7?4_ (e(\/i”ALoo)diamM H HL°°> / |V\I/|2 d£2 )
B 27 B2, (x)
If instead M = R?, then we have
diam ¥(G N B%(z)) < diamspt (||v,||) < diamT +2  sup  dist(p,T)
pespt ([[ve )
(3.2.4)

IV ) 2 2
<27+ (L"") / IVeFdc?| .
2 B2, (x)

This estimate for diam ¥(G N B2(x)) is trivially true also when W is a.e. constant on B2 (z).
The last expressions are infinitesimal as r — 0, locally uniformly in z. We infer that \Il’ G is
locally uniformly continuous on € and thus has a continuous representative. This shows that
® has a continuous representative.

We record here another estimate for diamspt (||v,||) independent of diam M, which
will be useful later. All the points in spt (||v,||) have distance at most 2D + 2 from I,
where D := %HVWH(RQ) and H is an upper bound for the generalized mean curvature
of v,, in R? \ I': if this were not the case, we would have ® nonconstant on w and thus
I' C ®(w) = spt (||vu|). By connectedness of ®(@) we could find points p; € spt (|| v ||) such
that dist(pj,I') = 27, for 1 < j < | D] + 1, and since the balls B?(pj) are disjoint we would
have

IVl (R2) = 37 va | (B(py) > (LD + De x> DeHir,
J
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which is a contradiction. We deduce that
. . 4€H Q
diamspt (||vy]]) < diam T+ —||v, [[(R*) + 4. (3.2.5)
T

We now show the statement about the stationarity property. If ' € C2°(M\ ®(dw), R?),
then we can find a nonnegative p € C2°(w) such that p = 1 on the compact set

w N ® Y(spt (F)). For almost every t € (0,1) the stationarity property (3.2.1) holds in
{p>t}, so

/ N<<d(F o ®);dd), — F(B)A(®)(d, d(I))h) dvol, = 0
{p>t}

and clearly the left-hand side does not change if we replace {p > t} with w.
Finally, the last statement is obtained with the same argument used in the first part of

the proof. O

From now on, we will always assume that the map ® is continuous, for any parametrized

stationary varifold.
Proposition 3.2.5. We have H?(®(X\ G/)) = 0.

Proof. As already observed in Remark 3.2.3, the area formula can be applied on subsets of G.
In particular, since d® = 0 on G \ G/, we get H2(®(G \ Gf)) = 0. In order to show that
H2(®(Z\ G)) = 0, we pick any local conformal chart ¢ : U(C ¥) — Q(C C) and, as in the
previous proof, we set ¥ := ® o ¢! and G := p(GNU).

Fix an arbitrary § > 0 and an open set W C ) containing Q \ G. For any z € W we can
find a radius r < £ dist(z, 0W) A 1 such that 6(fB§T(z) Vo ? d£2>1/2 < 8, where C is the
constant appearing in the right-hand side of (3.2.3) (or (3.2.4) if M = R%), and

/ VO[> dL? < 8/ V|2 dL? + 4r?
B3,(2) B2(2)

indeed, if such r did not exist, for j big enough we would have (277)2 < [ () |V\Il|2 dc? <
2—J

1 fBzin(z) |V®|? dL2, hence (277)% < fB;j (o |V[PdL? = O(27%) = o((27/)?), which is

a contradiction. By Besicovitch covering theorem, we can extract countably many balls

Bgl_ (z;) from this collection with 1y <3 1p2 () < Nl , for some universal constant N.
By inequality (3.2.3) (or (3.2.4)) we have diam ®(B2 (z;)) < 6 and

—2
T e 2 102
3™ T (diam ®(B2 (1)) < 2§ :/ VUL

<2 0° Y / VU2 dL? + T2 L3(BE (7))
= Ji2 (a1
< 270N / VU2 dL? + CONLX(W).
w

Since & was arbitrary, we get H2(®(Q\ G)) < 270 N T V|2 dL? + 62m£2(W). Since

L2(Q\ G) =0 and W was arbitrary as well, we arrive at H2(®(Q2\ G)) = 0. O
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Proposition 3.2.6. For any p € M the compact set ®~1(p) has finitely many connected
components. If x € G/ then x is isolated in ®~(®(x)).

Proof. Assume without loss of generality that ® is not constant; recall that in this chapter
we assume X to be connected. Since the varifold vy is stationary, the limit

vsll(B2 ()

M :=1 3

s—>0 s
exists. We claim that the number of connected components of ®~1(p) is not greater than M.
If this were not the case, we could split ®~!(p) = |_|3.]:1 K, where the subsets K are disjoint
and compact and J > M is a finite integer (if the maximum value of J such that this can be
done were at most M, then one of the subsets would be disconnected, contradicting the
maximality). We could then find disjoint open neighborhoods w; O K; and we would have

HVw]H BQ )

(B (p J
M = HVEH Zl > J

s—>0 w52

(by [98, Remark 17.9(1)]: notice that ® must be nonconstant on any connected component of
wj intersecting K;, hence by Proposition 3.2.4 p € spt (vaj H)) This is a contradiction.

Assume now = € G/ and call K, the connected component of ®~(®(x)) containing

x. It suffices to show that K, = {2}, since we already know that ®~!(®(z)) is a finite

union of compact connected sets. If ¢ is a local conformal chart centered at x and

U := do¢p !, asin the proof of Proposition 3.2.8 below we can find a radius 7/ > 0 such that

®(z) = ¥(0) € ¥(0B2(0)). Hence K, C ¢~!(B2(0)) and, since 1’ is arbitrarily small, we

deduce K, = ¢~ 1({0}) = {x}. O

In the remainder of the section we assume that @ is not constant. We now define a
more robust representative N of the multiplicity function NN, which is canonically defined
everywhere and is upper semicontinuous. We point out that (a priori) N could take values in
[1,00) instead of N\ {0}.

Definition 3.2.7. Given z € X, we call K, the connected component of ®~1(®(x))

containing x and we let

- Q
N(z) := inf lim Ve [ (Bs ((I)(x)))
wOKg, 50 82
P(2)gP(0w)

The limit exists and is at least 1, by the stationarity of v,, in M \ ®(dw) (which contains
®(z)) and the fact that ®(x) € spt (||vy||) (by Proposition 3.2.4, since ® is necessarily
nonconstant on the connected component of w containing x). Notice that N=N (x) on K.
Moreover, the infimum is actually a minimum and is achieved whenever @ is disjoint from

the compact set ®~1(®(x)) \ K.

Proposition 3.2.8. The function N is upper semicontinuous and N > 1. Moreover,
N =N a.e. on G7.
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Proof. We already observed that N>1 everywhere. Let A > 1 and = € X such that
N(z) < X. Choose any open set w D K, with @ disjoint from ®~1(®(z)) \ K, so that
limg_q M < X. Whenever z € w is close enough to x we have ®(z) ¢ ®(0w), so

ﬂ'S

K, C w and by definition

Fi(2) < tim IVl (B2 (@)

—0 7TS2

But as z — x we have ®(z) — ®(x). Hence, eventually lim,_, W < A (see [98,
Corollary 17.8]) and so N(z) < A.

Assume now = € G/ and fBz(r) |IN — N(z)| dL? = o(r?), fBg(r) IV® — Vb (z)]*dL? =
o(r?). Fix any open set w containing z. Let ¢ be a local conformal chart centered at 2 and

-1
set Ui=Pop !, o= (%) . For any s > 0 small enough we have

v l(B2(2(@) 2 5 (N o 6| Vu 2 dc?

/Bgs(o)mﬁ/—l(BsQ(\P(O)))

v

SN @IVEO)PL (B 0)n e (B(W(0))
1 o eroel - miatoaioyl 1
2/Bas(o)’(N oIV — N(@)| V)| dc?

By [35, Theorem 6.1], the function s (¥(as-) — ¥(0)) converges to a(V¥(0),-) (which is
a linear isometry) in measure on B?(0), hence the first term in the right-hand side is
7N (z)s% + o(s?). Moreover, the function N o ¢~!(as-) converges to N(z) in measure and is
bounded by || N||;, while [V¥[*(as-) — [VP(0)]* in L'(B?(0)). So the last term in the
right-hand side is o(s2). This shows that N(z) > N(z).

Fix now any 0 < ¢ < a~!. By Lemma A.4, applied to y — ¥(y) — ¥(0) — (V¥(0),y),

we can find a radius r’ such that
‘\I/(r’y) —¥(0) — <V\Il(0),r’y>‘ <er
for all y € S'. Thus, choosing w := ¢~1(B%(0)) and applying the monotonicity formula,

Vo (D (x [2 o (N 0 ¢~ 1) | V| dL2
il ||( 7«( ()))S(H—O(r) B2, %(5 o |

N(z) < e(V2lAllL)(B—e)

where 8 := W:I}é ' — 41, Since 1’ is arbitrarily small, we get N(z) < %@522 Letting
e — 0 we get the converse inequality N(z) < N(z). O

It is useful to introduce the following local notion of parametrized stationary varifold.

Definition 3.2.9. Let © C C be open. A triple (Q,®,N) with ® € W *(Q,R?),

loc

N € L*(Q,N\ {0}) and ®(Q2) C M is called a local parametrized stationary varifold (in M)

if @ is weakly conformal and if, for almost every domain w CC (2,

/ N(<V(F(q>)); V) — F(®) - A(D)(V, v<b)) dL? =0
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for all F' € C(M \ ®(0w), RQ), with A(®)(VE, VD) := A(D)(01®, )1 D) + A(D)(92®, 8, ®).

We also require that

1

ol B =5 [ NIVPdc = o) (3.26)
d—1(Bs(p))

uniformly in p € R?.

Notice that, in the last definition, the map ® is allowed to be constant. The technical
assumption (3.2.6) will be used only in the proof of Lemma 3.5.1, which in turn is used in
Sections 3.3 and 3.5.

Remark 3.2.10. If (X, &, N) is a parametrized stationary varifold and ¢ : U(C 3) — Q(C C)
is a local conformal chart, then (€, ® o0 ¢!, N o¢~!) is a local parametrized stationary

varifold: assumption (3.2.6) holds thanks to the monotonicity formula satisfied by vy.

Remark 3.2.11. Proposition 3.2.4 applies to the local case as well (with w CC €2 in the
statement), with the same proof: hence, we will tacitly assume that ® is continuous for all
local parametrized stationary varifolds. The same is true for Proposition 3.2.5.

The first part of Proposition 3.2.6 holds whenever ®~!(p) is compact (with the same
proof with a neighborhood ®~!(p) C w CC Q in place of ¥), while the second part holds in
general (since, in its proof, we can apply the first part to the domain ¢~!(B2(0))).

The domain of definition of the function N, i.c. the set {]\Nf < oo}, is an open subset of
Q). The same argument of Proposition 3.2.6 shows that it consists of all points x such that
K, is compact and disjoint from the closure of ®~1(®(z)) \ K,. Proposition 3.2.8 always

holds in the local case, with the same proof.

Remark 3.2.12. A useful fact which will be used in Sections 3.3 and 3.5 is the following: if
(Q,®, N) is a local parametrized stationary varifold and x € () satisfies N (x) < oo, then for
any 0 < € < 1 we can find a neighborhood K, C w CC Q with ®(w) N ®(dw) = () and such
that w N ®~1(®(y)) = K, whenever y € w has N(y) > N(z) —e.

Indeed, let K, C w CC Q with @ disjoint from &1 (®(z)) \ Ky, so that N(z) is the
density of v, at ®(x). If y1,y2 € w have the same image and are close enough to K, then
Ky, Ky, Cw (since ®(y1) = ®(y2) € (0w)) and the density of v, at ®(y1) = ®(y2) is less
than N(z) + 1 — ¢ (by upper semicontinuity of the density). Hence, if K, # K,,, calling
Ky, Cw; Cw two disjoint neighborhoods with ®(y;) & ®(0w;) we get

~ ~ ~ v Q v Q
N(y1)+1< N(y1) + N(y2) < ll_rg% H le(B;:Sz(q)(yI») —|—£1_I)n0 H wz”(B;ssz(cb(W)))

Q
< iy VB (1))
s—0 TS

<N(@)+1—e.

The claim is established by shrinking w and by replacing it with w\ ®~1(®(0w)).
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The following theorem is the main result of [92]. Its proof has already been given in
Section 2.7; note that the proof carries over to the local case, and to the situation M = R?,

as well.

Theorem 3.2.13. Let (X, P, N) be a parametrized stationary varifold in M. If N is
a.e. constant (and hence can be changed to 1 without affecting the stationarity), then
D e C®°(E,M) and —Ap® = A(P)(dP,d®P),. The same holds for local parametrized

stationary varifolds.

3.3 Regularity of parametrized stationary varifolds in a

polyhedral cone

This section addresses the regularity problem for local parametrized stationary varifolds in
R€, under the additional constraint that they are contained in a finite union of 2-dimensional
planes through the origin. We will need a nontrivial result in planar topology, which we state

and prove below.

A topological lemma about triods

Definition 3.3.1. A generalized triod in S? is a quadruple T = (K, 71, v2,73) such that:
o ) # K C S? is compact and connected:;

e ; € C*([0,1],5?) are injective regular curves (i.e. 4(t) # 0 for all ¢ € [0,1]);

o K, v([0,1)), 72(]0,1)), v3([0,1)) are pairwise disjoint;

o v(1l) e K.

We will denote spt (T') := K U~1([0,1)) U~2([0,1)) U~3([0,1)).

The proof of the following lemma is inspired by the proof of a simpler statement which

appears in [2, Lemma 2.15].

Lemma 3.3.2. Let (T})jes be a collection of generalized triods in S? such that spt (T;) N
spt ( ) =0 for any j # j'. Then J is at most countable.

Proof. We equip the set T of all generalized triods in S? with the following metric: given
T= (Kv fy17’)/2773)7 T = (K/u’yi,’)/é,'}/é) S T we set

d(T,T') == dp (K, K') +Zfé‘[3’ﬁ dg2 (i(t), Vi(t)),

where dg2 denotes the spherical distance on S? and dy is the corresponding Hausdorff

distance on the set of all nonempty compact subsets of S2.
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Since the metric space (7,d) is separable, it suffices to show that any triod T}, is
isolated in {7} | j € J} € T. Let Tj, = (K,71,72,73)-

Case 1: v1([0,1)),72([0,1)),7v3([0,1)) do not belong to the same connected component of
S2\ K. Assume for instance that 71(]0,1)) and v2([0, 1)) belong to different connected

components: then, letting
e := min{dg2(71(0), K), dg2(72(0), K)} > 0,

any different triod T; = (K', 7,4, v4) satisfies d(T;;

Jo»

Tj) > . Indeed, if this were not the
case, 71 (0) would lie in the same component of S? \ K as 7;(0) (since the spherical ball
sz (71(0)) is a connected subset of S? \ K) and similarly for v5(0). But this contradicts the
fact that spt (7}) is a connected subset of 52\ K.

Case 2: v1([0,1)),72([0,1)),7v3([0,1)) belong to the same connected component U of

S%\ K. Since K is connected, there exists a diffeomorphism
v:U — B30)CC

(indeed, S? \ U is connected and we can apply [94, Theorems 13.11 and 14.8]). For ¢ € [0, 1)
let a;(t) := v o~;(t). Notice that lim;,; |a;(¢)| = 1. Up to applying another diffeomorphism,
we can assume that |a;(0)| = 3 and |o;(t)| > & for t € (0,1) and i = 1,2, 3 (e.g. by adapting
the argument in [63, Theorem I1.5.2]).

Let s; := min {¢ : |o;(t)| = 3} > 0. Moreover, for any 7 € (3,1) let
ri(7) ;= min{t : |a;(t)| =T} > s;.

By Jordan’s closed curve theorem for piecewise smooth curves, the points «;(0) and a;(r;(7))
are in the same order on the circles {|2| = 3} and {|z| = 7}. The curves a;([0,7;(7)]) and
the circles {|z| = 1}, {|2| = 7} bound three disjoint domains Ry (7), Ra(7), R3(7); we adopt

the convention that R;(7) is the region whose closure is disjoint from «;([0,7;(7)]). Let

0:= inf mindg2((0), Ri(7T)) (3.3.1)

re(3) ¢

and notice that, since

dgz(i(0), Ri(7)) = dge(i(0), 0R;(7)) = dga((0), 0R;i(7) \ 0B7(0)),

we have § > 0.
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Assume now T = (K', 1,73, 73) satisfies d(T},,T;) < €. If € is small enough, we have:

e spt (7j) C U (this is obtained arguing as in the first case), so that we can define
al(t) == vonl(t) for t € [0,1];

i
e v(K') C {3 <|z| <1}
e maxyc(g,) | (t) — a;(t)| < &', for some " < 0 to be chosen later;
o olflsin1)) € {J21 > 3}.
Let ¢, := max ({t : [a}(t)] = 3} U{0}) < s;. We claim that
| (t)) — 2s(0)] < 6. (3.3.2)

If #} = 0 this is trivial, while otherwise |o/(#])| = 3 and

dist(a(11), as([0, 5:))) < |o(t)) — as(t])] < &,
which yields our claim once §’ is chosen so small that

[2:)2l = %,dist(z,ai([o, s) <8} € By(au(0))

(if such ¢’ did not exist, we could find points |z = 3 with dist(zy, a;([0, s;])) — 0 and
|zx — a;(0)] > J; up to subsequences we could assume 2j, — zso, for some 2o, € ;([0, s;])

with |zo0| = £, hence 2o = ;(0), contradiction).
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Fix now any 7 such that max {|z| : z € v(spt (7}))} < 7 < 1. The connected set

V() Ul ((#1,1)) L (t5,1)) U ab( (1))

is contained in {3 < |z| < 7} and is disjoint from a1 ([0,1)) U aa([0,1)) L a([0, 1)), so it is
contained in some region R;,(7) and, in particular, o; ([t] ,1]) C R;,(7). But, using (3.3.1)

and (3.3.2), we infer that o] (t] ) & Ri,(7). This contradiction shows that such T; with

d(T}j,,Tj) < € cannot exist, completing the treatment of the second case. O

Planar case

We now show the regularity in the special case where the parametrized varifold is contained

in a plane.

Theorem 3.3.3. Let (Q,®, N) be a local parametrized stationary varifold in R? = C defined
on a bounded connected open set Q C C. Assume that ®~1(p) is compact for all p € C. Then

® is holomorphic or antiholomorphic.

Proof. We recall that, under these hypotheses, ®~!(p) has always finitely many connected
components and the upper semicontinuous function N >1is everywhere finite (see
Remark 3.2.11). It suffices to show that A® = 0: once this is done, since ® is necessarily
nonconstant we can pick any zg € Q such that V®(zy) # 0 and, by weak conformality, there
is an r > 0 such that 8z<I>|B%(ZO) =0or (95(1)‘33(20) = 0; the statement then follows by the
analyticity of 0,® and 059.

We further make the following assumptions, which will be dropped in Step 4 below:

(i) ® extends continuously to Q and ®(9Q) N ®(Q) = ;

(i) ®(€2) C C is open and the varifold vg equals N (zo)v(®(1)), for some zy in Q, v(®(Q))

denoting the canonical varifold associated to ®(€2).

We show that in this situation the theorem holds, by strong induction on N(z). Notice that
N (x0) is necessarily an integer, since vq has integer multiplicity.
Step 1. If N (z9) = 1 then N = 1 everywhere: indeed, for every z € Q and every
K, Cw cc Q we have
~ B2(® B2(®
< ) < i lBERGY) L vall (B8

~ 5—0 82 - s—0 s>

By Proposition 3.2.8 we can replace N with N without affecting the stationarity of (2, ®, N),
hence by Theorem 3.2.13 we have A® = 0.
Assume now N (z9) > 1. Fix any y €  and choose a point y; in every connected

component K; of ®~1(®(y)). Choosing disjoint neighborhoods K; C w; CC € we have

s—0 s—0 ms2

5 N =l ZH B2RG) _ y, Il PEOWD _ )
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since ®(y) & m We deduce that the following dichotomy is true: for any y € €,
cither N(y) = N(zo) and ®~(®(y)) is connected, or N(y) < N(zo) — 1 and ®~1(®(y)) has
at least two components. We can assume that N is not identically equal to N (z9), since
otherwise we are done as in the base case of the induction.

Step 2. We claim that, by inductive hypothesis, ® is holomorphic or antiholomorphic on

each connected component of the set
Qo := {N < N(z) — 1} = {N < N(x0)},

which is open by Proposition 3.2.8. For any 3o € {29 we can take an open set K,, C w CC {1y
with @ disjoint from ®~(®(yg)) \ Ky, Possibly replacing w with the connected component
of w\ @1 (®(dw)) containing yo, we observe that w satisfies the same hypotheses as €, as
well as (1)—(ii): the only nontrivial task is to check (ii), which we do below.

By the constancy theorem [98, Theorem 41.1] applied to v,,, which is stationary in
C\ ®(Jw), the varifold v,, equals a nontrivial constant multiple of v(W), where W is the
connected component of C\ ®(0w) containing the connected set ®(w). Since ®(w) is
relatively closed in W, we deduce W = ®(w). Finally, by definition of N (yo) we must have
vo=N (yo)v(W). Thus, the inductive hypothesis applies and we deduce A® =0 on w.
Since yo was arbitrary, we get A® = 0 on 2y and our claim is established.

Step 3. Notice that ®(£) is nonempty and open, being ® nonconstant on every
connected component of €2g. We call D C €y the relatively closed, discrete set of points
where V& vanishes. The map (I)‘Qo : Qo — D(Qg) is proper, thanks to the fact that
®(Qp) and (2 \ Qo) are disjoint, so ¢(D) is a relatively closed, discrete subset of ®(£).
Hence, D' := ®~1(®(D)) is still relatively closed in €y and Q‘Qo\ s being a proper local
diffeomorphism onto ®(g) \ ®(D), is a covering map.

Let Qupaz := {]T/ = N(mo)}, which is closed in . Due to Lemma 3.5.1, we can assume
that ®(Q;,4z) is uncountable. Observe that ®(£,,,4,) is relatively closed in the open set
®(Q2), being ® a proper map, and ®(2) = ®(Q) U ®(2pag) by the dichotomy of Step
1. Take two distinct points p,q € ®(Qg) and choose any ball p,q ¢ B C ®(2) such that
O (Qnaz) N B is uncountable. We consider a foliation of curves on the connected set ®(2) as

in the picture (which illustrates the position of p, ¢, B up to a diffeomorphism of ®(£2)).
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sy

(o)

We can assume that uncountably many of these curves intersect ® (2,4, ): if this
does not happen, it means that uncountably many points of ®(€2,,4,) lie on a single
horizontal segment in B, so it suffices to apply a diffeomorphism which rotates B slightly.
Uncountably many such curves do not intersect (D) = ®(D’), as well. For any such good
curve v : [0,1] — ®(Q) (with v(0) = p, v(1) = q) we let

a:=min{t:y(t) € ®(Qnaz)}, 1—b:=max{t:y(t) € ®(Unaz)}-

We clearly have 0 < a <1—5b < 1. We can lift
and fy‘[

7‘[a/372a/3] to two curves 1, 2 in Qg \ D’

1—2b/3,1-b/3] to a curve vz in Qg \ D', thanks to the dichotomy observed in Step 1 and
the fact that (I)‘Qo\D’ is a covering map.

Finally, the compact set K := ® 1(y([2a/3,1 — 2b/3])) is connected: assume by
contradiction that it splits into two disjoint compact sets A LI B. For each point z €
v([2a/3,1 — 2b/3]) the fiber ®1(2) lies either in A or in B: this is clear if z € ®(Qnaz),
since then ®~1(z) is connected; if 2z & ®(Qnqz) We can travel v back or forward until we hit
a point w € ®(Qynq,) and the corresponding lifted curves will necessarily accumulate against
®~!(w) (thanks to the properness of ®), so they lie either all in A or all in B. We infer that
v([2a/3,1 — 2b/3]) = ®(A) U &(B), which contradicts the connectedness of [2a/3,1 — 2b/3].

Thus any such good curve produces a generalized triod (K,~1,72,73) and these triods
are disjoint from each other. Since there are uncountably many such triods, this contradicts
Lemma 3.3.2. The inductive proof is complete.

Step 4. We now drop the extra assumptions (i)—(ii). This is done with the same argument
of Step 2: for any yy € 2 we can find a neighborhood w CC € satisfying (i)—(ii), hence
A® =0 on w. We deduce that A® = 0 on all of €. O

Corollary 3.3.4. Under the same hypotheses, N is a.e. constant.

Proof. Since U := {V® # 0} C Q is connected, it suffices to show the claim locally in U.
Fix zg € U. We can find a connected open neighborhood w CC U such that ® is injective on
w. Arguing as in the proof of Theorem 3.3.3, ®(w) is open and v,, = 6v(P(w)) for some 6.
By definition of N and Proposition 3.2.8, N = N =0 ae. on w. O
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Conical case
We now gradually move to the case where the varifold is contained in a finite union of planes.

Lemma 3.3.5. Let (Q,®, N) be a local parametrized stationary varifold in R defined on a
bounded connected open set Q C C. Assume that ®~1(p) is compact for all p € R? and that

D takes values in the union of two 2-dimensional closed half-planes H,, Hy with common
boundary. Then Ad = 0.

Proof. The idea is to straighten the two half-planes into a single plane and then apply
Corollary 3.3.4. We can assume that () = 3 and, by Theorem 3.3.3, that the two half-planes

are not contained in a single plane. Up to translations and rotations, ®(Q) C H, U Hp, where
H, ={ i+ pve | NeR,pe[0,00)}, Hp:={ 1+ pvs | A€ R, ue€[0,00)},

1:=(1,0,0), w9 :=(0,cos6,sinf), wv3:=(0,—cosb,sinb),

for some 0 < 0 < g Let

.3 2 _ — Yy
S:R°—>R*=C, S(z,y,2):= (:E’CosH)

and W := S o ®. This map is still weakly conformal: indeed, if x is a Lebesgue point for
V® and V&®(z) = 0, then the same holds for ¥; if instead V®(x) has full rank, then
d®(z) takes values in the linear span of vy, vy, or in the linear span of v, v (since
liminf, o7 t|®(z + ry) — ®(z) — r(VE(2), Yllcocsry = 0, by Lemma A.4) and the claim
follows from the chain rule.

We now show that (¥, V) is still a local parametrized stationary varifold, i.e. that
/ N(V(X o 0); V) dL? =0

for any w CC Q and any vector field X € C°(R?\ ¥(dw), R?). Let

1 0 1 00
A= , P:.= , Y:=PlAYXoS).
0 cos@ 010

Notice that, although Y does not have compact support, it vanishes in a neighborhood of

®(0w). Since we know that ®(w) is compact, we have
/ N(V(Y 0 ®); V®)dL? = 0.

But, viewing S also as a matrix, VY = P!A71(VX 0 §)S and P = AS, thus

(V(Y 0 @); V) = (P A (VX 0 S0 ®)V(Sod); VD)
= (P'A7'V(X 0 U); VO)
= (§'V(X o U); VD)
= (V(X 0 ¥); SV®)
= (V(X 0 ¥); V).
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This shows the stationarity of (¥, N). By Corollary 3.3.4, N is a.e. constant. By
Theorem 3.2.13, this implies AP = 0. O

Lemma 3.3.6. The same conclusion holds if ® takes values in the union of finitely many
(distinct) closed half-planes Ule H; C R® with a common boundary C = OH;.

Proof. Tt suffices to show that A® = 0 near any point zy € 2. By Theorem 3.3.3 we
have A® =0 on ®~!(H; \ C), for all i, so we can assume ®(z¢) € C. By Remark 3.2.12,
shrinking Q if necessary, we can further assume that ®~!(®(y)) is connected whenever
N(y) > N(z) — 1 and that ® extends continuously to € with ®(€2) N ®(9Q) = 0.
By induction on [2N ()], |-] denoting the integer part, we can also assume that in this
1

situation we have A® = 0 on the open set {N < N(zo) — 5 (using e.g. 12N (20)| =1 as

the base case, which is vacuously true).

We pick any 0 < r < dist(®(zg), (09)) and let w := Q_I(Bg(éb(mo))) CC Q, as well as
w; == wnN® Y(H;\ C). If w; is nonempty for at most two values of 4, then we are done by
Lemma 3.3.5, applied to the connected components of w. Thus, we suppose e.g. that w; # )
for i = 1,2,3. Applying the constancy theorem to the varifold v, , which is a nontrivial
stationary varifold in BY (®(x0)) N (H; \ C), and using the fact that ®(w;) is relatively
closed in this set, we infer that

D(w;) = BL(D(20)) N (H; \ C).

r

fori =1,2,3. Let C" := C’ﬂ@({x €w: N(z) > N(z) -1 ), which is closed in BE(®(z0)),
being <I>}w tw— B?(@(mo)) a proper map. If C’ is countable, then we are done by applying
Lemma 3.5.1 to w.

Otherwise, we can pick for each ¢ € C' a segment 3;([0,1]) € B2 (®(x0)) N H;
perpendicular to C' with 5;(1) = ¢ (for i = 1,2,3). Apart from (at most) countably many
exceptions, these segments do not intersect the singular values of @}wi. So, arguing as in the
proof of Theorem 3.3.3, the curves f3;([0,1/2]) can be lifted to smooth regular curves ~; in w;
and, setting K := ®~(c) U U?:1 Bi([1/2,1)), (K, 7v1,72,73) is a generalized triod. This gives

an uncountable family of disjoint generalized triods, contradicting Lemma 3.3.2. O

Theorem 3.3.7. Let (2, ®, N) be a local parametrized stationary varifold in R?, with
connected. Assume that ® takes values in the union of finitely many (distinct) 2-dimensional
planes X1, ..., Yy passing through the origin. Then ® takes values in a single plane ¥;, and,

once we identify it with C, it is holomorphic or antiholomorphic (but possibly constant).

Proof. Assume without loss of generality that ® is nonconstant. It suffices to show that
A® = 0: then, by weak conformality, ®(X) cannot be contained in a finite union of lines, i.e.
for some iy we have &1 (Eio \ U#io EZ) # (); thus on this open set we have WE%(I) =0 and
we deduce that this holds on all of 2 by analyticity. The statement then follows by weak

conformality, as in the proof of Theorem 3.3.3.
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Fix now 29 € Q\ ®71(0) and let J := {j : ®(x0) € £;}. We pick any radius r <
dist(zg, 0S2) such that @(Ef(zg)) intersects only the planes ¥, with j € J. Notice that
Ujes Ej is a finite union of half-planes with common boundary {t®(z¢) : ¢ € R}. We assume
that the weak gradient coincides with the classical one on the biggest open subset of {2 where
® is smooth and we call G/ the set of Lebesgue points for V® where V& # 0.

For z € B2(20)NG/ we have liminf, 0 s7||®(z + sy) — ®(x) — s(VO(x), Wlleosry =0,
by Lemma A.4. Hence, we can find an open neighborhood w C B2(xg) of = such that
® (1) ¢ ®(Ow). Possibly replacing w with the connected component of w \ ®~1(®(dw))
containing z, we can even assume ®(w) N ®(dw) = ). Hence we can apply Lemma 3.3.6 on w,
obtaining A® = 0 near x. In particular, this shows that G/ \ ®~1(0) is open and A® = 0 on
G7\ @7 10).

Using Fubini’s theorem and [35, Theorem 4.21], we can pick an ' < r such that the
map <I>’ 982, (x0) is absolutely continuous (with weak derivative given by the chain rule)
and [, B2, (z0)\G/ |[V®|dH' = 0. For any relatively open subset U C dB? () containing
OB2 () \ G/ we have

HD(OB (w0) N U)) < / VD di’,

U

by definition of H#'. Since U is arbitrary, we deduce
HYK) =0, K :=®@B%(z0)\G’).

Fix now any z € BZ(zo) \ @ }(K). Assume 0B2%(zg) N @~ H(®(z)) # 0 for all
|z — x| < s <. Then we can find a sequence s; 11/ and points y, € B2, (o) such that
P(y,) = ®(z) and yp — Yoo, for some Yoo € B2 (x0). Necessarily we have yo, € Gf, as
D (yoo) = (z) € K, but this contradicts the fact that ® is injective near yoo.

Thus there exists a radius s < 7/ such that x € B?(xo) and ®(z) & ®(0B2(x¢)). Again
we can let w be the connected component of B2(z¢) \ @1 (®(0B2(x))) containing x and we
can apply Lemma 3.3.6 on w. This shows that A® =0 on B (z¢) \ @ (K).

Finally, by Lemma 3.5.1 and H!(K) = 0, we have A® = 0 on B2 (xg). So A® =0 on
Q\ @71(0) and we deduce that A® = 0 on all of , again by Lemma 3.5.1. O

3.4 Blow-up of a parametrized stationary varifold

Let (©2,®, N) be a local parametrized stationary varifold. Let us fix a sequence of points
(z1) C Q and a sequence of radii (ry) such that 0 < ry < 1 dist(zy, 992). We let

0= /2 o IVO[PdL?, @y = 0 (D(wg, + 1) — (1)), Ni = N(zp, + 70),
B'rk Tk

1
Vi = QNkIV@kFlBg(mﬁQv i = ( Pk )V
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Notice that the functions @, Nj are defined on B% (0), so the definition of the measures v
and py, on B3(0) and R respectively, makes sense. Throughout the section we will assume
that there exist two constants C’,C” > 1 such that

2 g2 ' 2 71,2,
© 0< fpg o [VRP AL <O [,y IV L2 (3.4.1)
o limsupy_,., ur(BS(p)) < C"1s? for all s > 0 and all p € RY; (3.4.2)
¢ b0 (3.4.3)

We will show the following result.

Theorem 3.4.1. Up to subsequences, there exist a map o, € WH2(B2(0),R?), a function
Noo € L*°(B2(0),N\ {0}) and a quasiconformal homeomorphism po, € W12(B3(0), Q)
(for some bounded open set Qoo C C), with vso(0) =0, such that

D — By in Co(B2(0),R9),  Vd, — Vb, in L*(B3(0),RY*?),

1
§Nk|V®k]2£2 — Noo|01Poo A 82CI>OO|E2 as Radon measures.

Moreover, @, 00! is weakly conformal and (Qoo, Poo 0, Noo0pot) is a local parametrized

stationary varifold in RY.

We refer the reader to [56, Chapter 4] and [65] for the theory of quasiconformal
homeomorphisms in the plane. Before proving this theorem we shall establish a number of
intermediate results. Many arguments are similar to those used in the previous chapter.

First of all, since fBg(o) IV®;|*dL? < O and vy, (B3(0)) < LO'||N|| 1, up to subse-
quences there exists ®o, € W2(B2(0), R?) such that &}, — &, in WH2(B2(0)) and there
exists a finite Radon measure vy, on B3(0) such that vy — vy in B3(0). We can also

assume that, for all j > 0,
Phj i= ((I)k)*(lB;Q,j(O)V’“) -l ask — o0

in R¥, for some finite measure fioo j. Since fioo j < fiooj+1 and foo ;(R?) < 2C7||N|| o, the

measure flo := lim; ;o fieo j is defined and is again finite.

Lemma 3.4.2. The measure Vs, is absolutely continuous with respect to L2, i.e. Vog = mL>
for some nonnegative m € L'(B3(0)). Moreover, ® is continuous and @), — P in
CY (B2(0),RY). Finally, for any open subset w CC B3(0),

D (W) C conv(Poo (Ow)),

where conv(-) denotes the convex hull.
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Proof. We introduce the oscillation set

52 (z) Vol dL”
B L1 . 27 ==
0= { € spt (voo) i fnf == oy = }

Step 1. We show that v is absolutely continuous with respect to £2 on the Borel
set B2(0) \ O. Let E C B2(0) \ O be a Borel set with £L2(E) = 0. It suffices to show
that voo(K) = 0 for any compact subset K C E N spt (V) (since this implies that
Voo (E Nspt (Vao)) = 0 and thus voo(E) = 0, as required). We define the Borel sets

Fj = K: inf =22 >277 %, 7= —dist(K,0B3(0

b {xe og}g? Voo (B2(2)) =z }7 =g ds (K, 0B5(0))

and observe that K = (J; Fj. Fix j and an open set E C V C B3(0). Letting ry :=
3 dist (K, R?\ V) <7, we choose a maximal (finite) subset {z;} of F} such that |z; — zy| > ry
for 7 # /. We have

2ry

for some universal constant 9. We deduce that

. y 2 (o J
Voo(F]) Szl: OO(BTV( 1))§2 EZ:/BQ

2ry

|V®oo|? dL? < 2]'91/ IV®o |2 dL2.
\%

()

Letting V range along a sequence of open sets V; O E with £2(V;) — 0, we deduce
Voo (Fj) = 0. Hence,
Voo(K) £ voo(Fy) = 0.
J

Step 2. We show that O = (). Fix any = € BZ(0) and any r < 3 dist(z, 9B3(0)). Using

Lemma A.5 and Lemma A.3 we select a radius v’ € (r, 2r) such that @y, 082 (z) <I>OO|8J92 (@)
in L, for some subsequence (®y,), and ' '
1/2
diam @, (0B (2)) < Var ( / |V® oo | d£2> (3.4.4)
B3, (x)

(we are implicitly referring to the continuous representative of ®u| 082, (x)). Since (2, P, N)
is a local parametrized stationary varifold in M, the varifolds vy, issued by (®g,, Ni,)
from the domain B?(z) have generalized mean curvature bounded by O(fx,) (in L™) in
RY\ &y, (0B%(z)). As a consequence of assumption (3.4.3), up to further subsequences they
converge to a varifold ve (in R?) which is stationary in R? \ @, (0B2(0)).

Moreover, by Proposition 3.2.4, 0 = ®,(0) € spt (||vk||) unless spt (||vg]]) = 0. Using
estimate (3.2.5) we infer that the sets spt (||vg||) are all included in a unique compact set. It
follows that v has compact support, hence by [98, Theorem 19.2] (which applies to general

stationary varifolds) spt (Veo) € K := conv(®uo(0B%(z))). It follows that

sup dist(®g,(2), K) - 0: (3.4.5)
zEEi/(:c)
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if this were not the case, up to subsequences we could find z;, € Bf, (z) such that
dist(P@g, (2x,;), K) > €. Eventually @y, (zx,) € spt(||vy,]|) (by Proposition 3.2.4, since

eventually @5, must be nonconstant on B (x)), so we can assume that @, (vx,) — poo and

82

HQ . e
Ivooll(Beja(poo)) 2 Tim sup [|vi, [[(Bya(®r (2x:))) 2 7,

thanks to the monotonicity formula and the fact that Eg/Q((I)ki(xki)) N @, (0B%(z)) =0
eventually. This, however, contradicts the fact that §§/2 (Poo) N K = 0. Using (3.4.5) and
(3.4.2) we deduce that
Voo (B2 (1)) < liminf vy, (B2 (x)) < liminf uy, (@, (B%(2))) < C"n(diam K)?.
1—00

1—00

From (3.4.4) and the fact that the convex hull preserves the diameter, we have (diam K)? <
A7 [a () |V ®oc|” dL?. Hence,

fB2 (z) \Vq)oo|2 ac? 1
lim inf —2¢ > .
=0 Voo (B2()) 4m2C"

It follows that O = {).

Step 3. We show that ®,, has a continuous representative. Since ®;, — P, in
L%(B32(0),R?), from (3.4.5) we infer that ®,(z) € K for a.e. z € B2(z). In particular, this
must happen whenever z is a Lebesgue point. This, together with the estimate for diam K,
proves that @ is locally uniformly continuous on the set of its Lebesgue points, hence it has
a continuous representative.

Step 4. Assume now by contradiction that ®; does not converge locally uniformly to (the
continuous representative of) ®,,. Then we can find a subsequence ®, and points x,, lying

in a compact subset of BZ(0), such that
’(I)kz(x/ﬂ) - (boo(xki” 2> €.

We can further assume that zy, — 2o € B3(0). Let r < 1 dist(zo, 9B3(0)) be such that
4 fBST(xoo) ]V(I>OO|2 dc? < %. Up to subsequences, we can repeat the argument of the two

previous steps and conclude that
diSt(CI)ki(ajki), K) — 0, (I)oo($oo) € K,

where again K := conv(® (0B (2))) for a suitable 7/ € (r,2r). In particular we have
limsup; oo [Pk, (Tk;) — Poo(Zoo)| < diam K < £, which is the desired contradiction.

Step 5. Finally, let us turn to the last part of the statement. We can assume that w is
connected. We already know that & — &, uniformly on dw, so we can repeat the argument
of Step 2, with B (x) replaced by w, and conclude that dist(®x(z), conv(®e(dw))) — 0 for
all z € w, from which it follows that ®o.(z) € conv(Po (Ow)). O
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Lemma 3.4.3. We have fioo = (Poo)sVoo and, for any w CC B2(0) with L?(0w) = 0,

(Pr)s(Lovk) = (Poo)x(1wVoo)
as Radon measures in R<.

Proof. We first show the second statement. Consider any nonnegative p € C2(R?). By
Lemma 3.4.2 we have v (0w) = 0, so approximating 1,,p(®Po) from above and below by
functions in C%(B3(0)) we get

/ P(Poo)ly dvg — P(Poo)ly dVeo.
B2(0) B3(0)

Moreover, thanks to the local uniform convergence ®; — @ and vy (B3(0)) < 3C'||N|| oo,

‘ / p(Pp)1, dvy, — / p(Po) 1y, duy,
B3(0) B3(0)

as k — oo and the claim follows, since

1
< SCUIN e llp(@k) = p(Poo)ll oo oy = 0

/ pd(Pr)« (1) = / p(Pr)1, dvg — P(Poo)ly dvee = / PA(Poo)x(LuVoo)-
RQ B3(0) B3(0) R@
Choosing w = B3 ,_,(0) we get
/ pdiiso,j = lim / pdpy; = / P(Poo) dvg
R®Q k—oo JrQ B2 (0
The first statement now follows by letting j — oo. O

Lemma 3.4.4. Let G’ C B3(0) denote the set of points z where V®y(2) has full rank and
both fBQ(z) |m — m(2)|dL? and fBz(z) V@, — Voo (2)|? dL? are infinitesimal as r — 0.
Then m =0 and V®o, =0 a.e. on B2(0)\ G’

This statement was essentially already proved in Theorem 2.5.3. We present here a

simpler argument.

Proof. Let G be the set of Lebesgue points for V&,. It suffices to show that m = 0 a.e. on
G\ g and |V<I>oo|2 < 2m a.e. By Lemma A.2 and the area formula,

H2 (P (G\ G)) < / |01 @ o0 A Do®oo| dL? = 0.
G\¢g’

We can thus cover ®.(G \ G') with countably many balls B (p;) such that > 82 is
arbitrarily small. By assumption (3.4.2), fieo (B (pi)) < lminfy_ee pux(BE(ps)) < C'ns?.
Hence, by Lemma 3.4.3,

» mAL? = vao(G\ §') < voo (O (Ui B (1)) = 1o (Ui BE(pi) < C"1 )]
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is arbitrarily small. We deduce that fg\g/ mdL? = 0. Moreover, for any open sets
V cC W C B3(0) we have

/ IV®oo|? dL? < liminf/ IV®|? dL? < 2limsup v, (V) < 2000 (V) < 2/ mdL>
\% k—o0 1% w

k—o00

and we infer that [;;, |[V®u|?dL? < 2 [, mdL?. Since W is arbitrary, we deduce that
IV®oo|? < 2m a.e. and the claim follows. O

Lemma 3.4.5. There exists Ny, € L>°(B2(0),N\ {0}) bounded above by C”, i.e. the
constant in (3.4.2), and
m:Noo‘ach)oo/\(%‘I)oo’ a.e.

Moreover, ®,, satisfies |V<I>00]2 < 2Ny|01Poo A 2P| a.e.

Proof. The proof is analogous (but simpler, since we have fewer error terms) to the one of
Theorem 2.5.3. O

Proof of Theorem 3.4.1. We let g;j := 0;® - 0jPo and we define the Beltrami coefficient

= g11 — g22 + 2ig12 1.0
= B2(0)NG’
g11 + 922 + 20/ 911922 — G3o 2(0)

In particular, 4 = 0 on C\ B3(0). Moreover, a.e. on the set G’ we have

on C.

|2 < (g11 — g22)* + 49%2 (911 + 922)% — 4(g11922 — 9%2) < NZ —1

= (11 + 922)2 + 4(g11922 — 9%5) (911 + 922)2 + 4(g11922 — 9%5) ~ NZ +1°

since (g11 + g22)? = \V<I>oo|47 which by Lemma 3.4.5 is bounded by 4N2 |0 @ A 02@00\2 =
ANZ (911922 — 935). We know that || Noo|| ;o < C”, so by [56, Theorem 4.24] there exists a
(C")2-quasiconformal homeomorphism ¢ € W;22(C, C), with pu(0) = 0, satisfying a.e.

loc

7

Oz P00 = 14 02 Po0- (3.4.6)

We recall that the inverse map is also a (C")2-quasiconformal homeomorphism in VVZZS((C, C)
(see [56, Theorem 4.10 and Proposition 4.2]) and that both (., and ¢} map negligible sets
to negligible sets (see [56, Lemma 4.12]). Moreover, using the chain rule (which holds by [65,

Lemma I11.6.4]), we get that ¢ has invertible differential a.e. and

0 = Bn{poe © 9 (1)) = (Bapoc) © 9 D) + (Bp) 0 9 O (052 )

Being also 0,¢ # 0 a.e. (by (3.4.6)), we deduce that

9 (e ) = dulpx) = — (7o $)ul3)

a.e. From now on, ., will denote the homeomorphism restricted to B%(O). Let Qy :=

©oo(B2(0)). By the chain rule again, we have ®o, 0 o} € W1 (Qy) and

loc

Ouw(Poo © ‘Pgol) Ow(Poo © Soc:ol)
= ((0:P00 - 0: P — 2[10:Poo - DzPog + 202Pc - 0:P0) © 02 ) (Fur(i0)))?
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_ 2_ _ 244 2
g11+922—/ (911 +922) ((911=922)* +497,) on the subset of G’ where V&,
g11—9g22+2ig12

is not conformal, while on the complement of this set 77 = 0. Hence, @, 0 ¢! is weakly

vanishes a.e., since 1 =

conformal. By the area formula (see Lemma A.2),
/ ‘V(@ooocpgol)}szQ :2/ }81(<I>ooo<p;o1)/\82(<I>OOog0(;1)|d£2
oo QOO
= 2/ 01Po0 A 02Poo| 0 0] |15 A Do | dL?
- 2/ 101D os A DD | dL2 g/ VDo |2 dL2,
B3(0) B3(0)
which shows that ®., o o7} € WH?(Qy,RY?). The same computation shows that

Voo = Noo|91Po0 A 02®oo| L2 = (1020 ) (;Nm © o |V (@oc 0 «poo1>\2£2>. (3.4.7)

This, together with (Po)sVoo = oo (by Lemma 3.4.3) and assumption (3.4.2), shows that
(Qoos Poo © Pk, Noo 0 () satisfies (3.2.6).

Finally, for any w CC 2o with smooth boundary, we show that the varifold v associated
t0 (w, Pop 0 ), Now 0 03}) is stationary in R9 \ &4 0 7 (Ow). Setting w’ := ! (w), from
the O}

Joc convergence @5 — @, we infer that the varifolds v, := v, &, n,) converge (a

priori only after extracting a subsequence) to a stationary varifold v in R? \ ®.,(dw’). This
varifold is rectifiable (see [98, Theorem 42.4]). But, since £2(0w’) = 0, Lemma 3.4.3 gives

Vil = (@) (Twrvi) = (Poo)w(lurvoo)

_ 1 _ 142
= (P 0 cpool)* <2NOO ) (pool‘V(<I>oo o cpool)‘ leZ) = ||v||

as Radon measures in R?. Since ||vy| — ||| in R? \ @0 (0w’) = RP\ ®o 0 97} (w) and a
rectifiable varifold is uniquely determined by the associated mass measure, we deduce that on

this open set v = v. Since Vv is stationary, the theorem follows. ]

Theorem 3.4.1 admits an analogous statement in which B3(0) is replaced by C. Let

(zx) € Q be a sequence of points, together with a sequence of radii (r;) such that
dist(z,00)

limy o0 o = 0o. Assuming (3 := fng (z5) \VCI)]2 dL? > 0 eventually, we let

Dp = 0 (@ (an + ) — B(an)). N = Niag + i)

and notice that, for any R > 0, the functions ®;, IV}, are eventually defined on BIQ%(O).
Assume moreover that

vo|?dc?
e limsup IB%%’“(%) v
k—o0 ®12dr2
fsz (z1) ‘V | dL

< oo for all R > 0;

e limsup,_, o (Pk)« (%Nk\V@k\213;(0)52> (BE(p)) < C"s% for all s > 0, all p € R? and
all R > 0;
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o /) — 0.

Theorem 3.4.6. Up to subsequences, there exist P, € T/Vll’g((C,RQ), No € L>®(C,N\ {0})

oc

and a quasiconformal homeomorphism pso € W1’2((C, C), with ¢ (0) = 0, such that

loc
®p — Do in Cp.(C,R?), VO, =~ Vd, in L}, (C,RY*?),
1
2
Moreover, @, 0 o} is weakly conformal and (C, ®oo 0 9t Noo 0 o l) is a local parametrized

Nk|V<I>k]2£2 — Neo|01Poo A 82<I>oo|£2 as Radon measures.

stationary varifold in RY.

Proof. Let ®, € VVZLZ((C,RQ) be a local weak limit. Repeating the proof of Theorem 3.4.1

oc

with R = 2/ in place of 2 (for all j > 1) and using a diagonal argument, up to subsequences

we get O — P in CZ%C(C, R?) and, assuming without loss of generality that
Voo = lim %Nk|vq>k|2135j 0L’
exists, we also get that
Vooj = Noo|01®oo A OrPoc |12 0L’
for some No, € L(C,N\ {0}) with || Nl ;0 < C”, as well as
[VPBoo|? < 2N |01 P A 82|

a.e. Assuming also that limg_,.o(Pg )« (%Nk|V<I>k|2le,(0)£2) exists for all j, we can set
27

1
Voo i= lIM Voo j, floo := lim lim (Pp)s (2Nk|v<l>k|2132_(0)£2>
J—0 27

j—o00 k—oo
and, with the same proof as Lemma 3.4.3, we have again pioo = (Poo)sVoo. The remainder of
the proof is completely analogous to the one of Theorem 3.4.1, using [56, Theorem 4.30] in

order to build the quasiconformal homeomorphism ¢, : C — C. O

3.5 Regularity in the general case

This section is devoted to the proof of the main regularity result (see Theorem 3.5.7 and
Corollary 3.5.8 below). We first show a removable singularity criterion. Its proof consists of
a standard capacity argument in the target R9 and could be well known to the expert
community. We include it both for the reader’s convenience and because it is the only place

where the technical assumption (3.2.6) is used.

Lemma 3.5.1. Let (2, ®,N) be a local parametrized stationary varifold in M (possibly
M =R®). Assume that ® satisfies

—AD = A(D)(VD, VD)

in the distributional sense on 2\ S, for some relatively closed S C Q with H'(®(S)) = 0.

Then the equation is satisfied on the whole Q and, as a consequence, ® is C°°-smooth.
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Proof. Let v € C2°(Q). For any € > 0 we can cover the compact set K := ®(S Nspt (v)) by
a finite union of balls | J;¢; Bg (p;) with centers on this set and >, 7; < . Let p; € C°(R?)
be a function which equals 0 on BZ(p;), 1 on RQ \ ngn (p;) and has || V|| < 277"

Since v := v [];(p; o ®) vanishes near S Nspt (v), the function v. € WhH2 N L>(Q)
is supported in a compact subset of 2\ S. Thus, using the hypothesis and a standard
approximation argument,

/ (VO,Vu.)dL? = / A(D)(VD, V)v. dL>. (3.5.1)
Q Q

We claim that, as € — 0, the left-hand side converges to fQ\qu(K) (V®, V) dL? Indeed,

- (TLnes)o o5 (Lo o#) 0001

i N
The first term converges to 1o\g-1(x)Vv in L?(©2,R?). On the other hand, by (3.2.6),

‘/Q<V‘D7”Zi: (Jl;[i/)j 0 ) V(pio®))dc?

< ollpe 3t / Vo[ dL?
Zi: o-1(BL., (1))

< Afoll g Y1 Vel (BL, (92) = 4lfv]l > O(rs) = 0

7

let us write

as € — 0. This establishes the claim. Moreover, the right-hand side of (3.5.1) converges to
fQ\(b,l(K) A(®)(VP, VP)vdL2. Finally, in order to establish (3.5.1) with v in place of v,,
we observe that V® = 0 a.e. on ®~1(K): indeed, by the area formula (see Lemma A.2),

/PI(K) V|2 dL? :2/K< 3 1> A2 (p) = 0,

y€P~1(p)NG

since H2(K) = 0. The smoothness of ® follows from the continuity of ® and [82,
Section 3.4]. O

Definition 3.5.2. Given a local parametrized stationary varifold (2, ®, N), a point = € {2
is said to be admissible if ® is nonconstant in any neighborhood of x and
2
JB2 () IV @[ dL?

liminf —2¢

< 00
r—0 fB%(w) |V<I>\2 dL2

We call A C Q the Borel set of the admissible points.
We now show that the image of the set of non-admissible points is very small.
Lemma 3.5.3. The set ®(2\ A) has Hausdorff dimension 0, i.e.
HI(P(Q2\A) =0

for any real s > 0.
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Proof. We can assume that {2 is bounded. Fix s > 0 and two arbitrary parameters 4, > 0

and choose a real number o > 4s~1. For any x € Q\ A we have

/ V|2 dL? < 26“/ IV®|? dL?
B2, () B2 (x)

for all & > kg (for some threshold kg > 0 depending on z), so
/ IV®|?dL? < (27F) (2’%&/ V|2 d£2) = o((27F)%/%).
Bgfk(m) B27k (x)
Hence we can find, for all € Q\ A, a radius r, < 3 dist(z, Q) such that

/ IVO|?dL? < erd/®,  diam ®(B2 (z)) < §
B3, (@)

(by continuity of ®). Finally, Besicovitch covering theorem gives us a countable subcollection
of balls (B? (x;)) such that Q\ A C |J; B2 (;) and ), 1p2 () is bounded everywhere by a
universal constant. Thus, by inequality (3.2.3) (or (3.2.4) if M = R?),

S (diam ®(B2 (2:))° < €Y (/ |V<I>|2d£2)s/2 <Cel2Y 2
i Bgri(zi) %

i

< Ce*?Y LB (x:)) < Ce*2L%(Q).

Since ¢ and & were arbitrary, we deduce H*(®(Q\ A)) = 0. O

Let (©2,®, N) be a local parametrized stationary varifold. Assume moreover that 2
is bounded, ® extends continuously to Q with ®(Q) N ®(9Q) = () and vq is stationary
in M\ ®(89). Recall that in this situation the upper semicontinuous function N is
finite (see Remark 3.2.11). We also assume that supq N is finite. For any x € () and any
r < dist(x, 0Q) we define £(x, 1) := (fB,%(x) V|2 dﬁ2>1/2.

We now use a compactness argument, together with Theorem 3.4.1 and Theorem 3.3.7, in
order to prove that, under some technical assumptions, the Dirichlet energy does not decay
too fast (in a uniform, quantitative way). The main underlying idea is that this happens for
a holomorphic function at a zero whose order is controlled, but we have to take care of the

possible distortion caused by the quasiconformal homeomorphism appearing in the blow-up.

Lemma 3.5.4. For every C' > 0 there exists e = e(Q, &, N,C") < % with the following

property: whenever

e 1 €wWCCQand0<r < Jdist(z,dw),

o ((z,1) < edist(P(z), P(0w)),

© 0< [ () IVOIPdL> < C' [, VO[*dL?,

. W € (N(z) —e,N(z) +¢) for all 0 < s < e~ Y(z,7),

s
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there exists ' € (er,%) such that [p @) IVO|*dL? < C [5 @) VO[> dL2, for some C
2r/ r!

depending only on supq N.
Proof. Assume by contradiction that the statement is false for all ¢ = 2=%. We can then find

a sequence of points zj, € wy, and radii ry < 3 dist(zy, dwy) such that (3.4.1) and (3.4.3) are
satisfied, as well as N(:L‘k) — N € [1,supg N] (up to subsequences),

Q
va’“H(B;:sg‘I)(:Bk))) € (N(zp) —27% N(azyp) +27%) for 0<s<2%0(xp,rp), (3.5.2)

/ Vo|*dc? > c/ Vo2 dL? for 27k, <o < K (3.5.3)
(C will be chosen at the end of the proof). Moreover, using the notation introduced in
Section 3.4, the varifolds v := (¢, (- — ®(z)))«V., have generalized mean curvature

bounded by O(¢x) (in L*°) in
R\ £ (@ (wi) — B(x)) 2 By (0).

Hence, up to subsequences, the varifolds v;, converge to a stationary varifold v in R?.

Moreover, by (3.5.2), we have

_E
[vael(BLO) _ Ivael(BEO) _
ws2 ws2 )
The varifold v is rectifiable and conical, with density in [1, N] on spt (vs) (see e.g. the
proofs of [98, Corollary 42.6 and Theorem 19.3]). In particular, since ug < ||vigl, (3.4.2)
follows, with C” := N. So, up to subsequences, the conclusions of Theorem 3.4.1 hold. We
remark that &, satisfies

1
/ Noold1®oc A Do®oc] dL2 = v (BI(0)) = lim v(B3(0)) = =
B} (0) 2

k—o00

and in particular it is nonconstant. The varifold v, has also integer multiplicity by [3,
Theorem 6.4], thus it can be expressed as a cone (with vertex 0) over some stationary integer
I-rectifiable varifold w in S®~1 with density in [1, N] ||w|-a.e.

By the structure theorem in [5, Section 3], w is supported in a finite union of geodesic
curves. Hence, v, is supported in a finite union of planes through the origin. Letting
VU= ®,, 0!, by (3.4.7) and Lemma 3.4.3 we have

HV(QOO,\II,Nooogogol)H = (Poo)sVoo = oo < ||[Vooll-

So, using Proposition 3.2.4, we deduce that U(Qs) C spt (||vao||). Hence, Theorem 3.3.7
applies: we obtain that ¥ takes values in a plane and is a holomorphic function (once
this plane is suitably identified with C). Furthermore, by Lemma 3.4.5, we can assume
[Neollo, < C” = N. Now, by Proposition 3.2.8 and Lemma 3.4.5,

1 ~
§N($k -+ Tk-)|vq)k|21B§(0)[,2 =y — oo|81‘1>oo A 82(1)00‘£2,
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so (3.5.3) gives
C

/ 1P oo A OoPoo| dL? > —————
B3,(0) (supg V)?

1
/ 01 P oo A 2P| dL?  for r < .
B2(0) 2

Let k > 1 be the biggest integer such that |¥(w)| = O(|w\E> We claim that

kE<N.
Indeed, since ¥ is nonconstant and holomorphic, we have K,, = {w} for all w € Q4 and the
function N for the local parametrized stationary varifold (Qs0, ¥, Noo 0 p5}) is everywhere
finite (see Remark 3.2.11). We call it N’ in order not to confuse it with the same function for

(Q,®, N). Since the density of the varifold V(o W Noopd) is bounded everywhere by N

(being this true for v, ), the same argument used to prove Proposition 3.2.6 gives
k
k<) N'(w)<N.
j=1

whenever wi, ..., wg € Q0 are distinct points with the same image. Such points exist

because VU is a k-to-1 map near 0. This establishes our claim and we deduce that
2 2
JB3,0) VYI7 AL

: — 92k ~ 92N
0 [y VU2 dL2 o
B2(0)

As was shown in the proof of Theorem 3.4.1, ¢ is an WQ—quasiconformal homeomorphism.

Since N < supq, N , we claim that there exists a constant K € N depending only on supg N
such that, for > 0 small enough, there exists s = s(r) > 0 with

B2(0) € ¢o0(B2(0)) C ¢oo(B3,(0)) € Bk (0). (3.5.4)

Let s := min.cop2(0) [Poo(2)], 8" = maX,cspz (o) |Peo(2)| and call 21 and 23 two points
where the minimum and the maximum are attained, respectively. If r is small enough we
have EZ(O) C ¢oo(B3(0)). Letting A := B%(0) \Ei(O) and denoting by M(-) the module of
a ring domain (see [65, Section 1.6.1] for the definition), by [65, Theorem 1.7.1] we have

/

log <8> = M(A) < N°M(p2(A)). (3.5.5)

s
The ring domain ¢ (A) separates 0 and 27 from 2 and oo (in C), so Teichmiiller’s module
theorem (see [65, Section I1.1.3]), together with |zo| = 2|21|, implies that M (¢} (A))
is bounded by a constant depending only on supg N. Since ¢oo(B2(0)) 2 B2(0) and
¢oo(B3,.(0)) C B2(0), (3.5.4) follows from (3.5.5). Thus, by the area formula,

= 2 V| dL2
(supg N2~ Jpa0) 101 N OBl dL2 = [ IV dc? =

as 7 — 0. We deduce C < (supq, N)222C5wa N and this is a contradiction once we choose C

so large that this inequality fails. O
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We need another technical result, which is again obtained by means of a compactness

argument.

Lemma 3.5.5. For every 6 € (0,1) there exists e = &' (Q, ®, N,0) with the following

property: whenever

e rCcWCCQandl<r< %dist(a:,@w),

o ((z,r) < & dist(P(z), P(Ow)),

e 0 < fBST(x) Vo|*dL? < UfBz(x) \V®|* dL2, with C given by Lemma 3.5.4,

o —”V“H(B?Q(q)(m))) € (N(z) —¢&',N(z) + &) for all 0 < s < (") e(x, ),

™S

we have [p2 (o) [VOI?dL? > & [y V[ dL2.

Proof. Arguing by contradiction as in the proof of Lemma 3.5.4, we would get a local

parametrized stationary varifold (Qu0, @oo 0 05, Noo 0 95}) with

/ IV®oo|? dL? = 0.
B2(0)

But then W := ®,, o o} could be identified with a nonconstant holomorphic function,
on the connected domain Q. = ¢ (B2(0)), with uncountably many zeroes. This is a

contradiction. O

Corollary 3.5.6. If x lies in the admissible set A, then there exists an arbitrarily small
r > 0 such that fBET(x) IVo|*dL? < 6fBZ(0) IV®|* dL2. Moreover,

52 () IV @[ dL?
lim sup —2- 5 < o0
=0 [0 V[ dL2

J53,00) Ve dc?
r—0 IB%«)) |vq>|2 dr2
K, Cw CC Q with @ disjoint from ®~!(®(x))\ K, and choose a radius r such that

/ Vo2 dL? < c’/
5,0 B2(

r

Proof. Since z € A, we have liminf < ' for some finite C’. Let

V| dL?
0)

and r so small that it satisfies the other hypotheses of Lemma 3.5.4 with both e = £(Q, ®, N, C")
and ¢ = &(Q, ®, N, C) (the density assumptions for ||v,|| are eventually satisfied by definition
of N). Then, by Lemma 3.5.4, we can find

e(Q,®,N,Cr <r < %

such that [po 0) IVO|*dL? < C [y ) IV®|*dL2. This new radius r; satisfies the
27 1 o
hypotheses of Lemma 3.5.4 with e = ¢(Q, ®, N, C'), so there exists

e(Q,®,N,O)r; <1y < %1
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such that IBS ) |V<I>\2 dL? < 6f32 ) |V<I>|2 dL?. Again, ry satisfies the hypotheses of
] 77"2 o

Lemma 3.5.4 with ¢ = (2, ®, N, ('), so we can find £(2, &, N,C)ry < r3 < 2 and so on.

Eventually 7 satisfies the hypotheses of Lemma 3.5.5 with ¢/ = £/(Q, ®, N,¢(Q, ®, N, 0)).

Thus,
/ IV®|?dL? > g’/ IV®|? dL?.
B2, (0) B2, (0)

Any radius s > 0 small enough lies in some interval [rg41, 7] and 2s < ri_j. The result
follows. O

We are finally ready to show the full regularity result for parametrized stationary

varifolds.

Theorem 3.5.7. Let (Q, &, N) be a local parametrized stationary varifold in M. Then ®
solves —A® = A(P)(VP,V®) and, on each connected component where ® is nonconstant, ®

is a C*°-smooth branched immersion and N is a.e. constant.
For the definition of branched immersion, see e.g. [47, Definitions 1.2 and 1.6].

Proof. Assume that @ CC Q satisfies ®(€) N ®(8€) = 0 and supgy N < 0o. We show that
the partial differential equation holds in €’ (the full result will be obtained at the end of the
proof). More precisely, letting

N

1
Y= §6(Q,7 P Q"

o C) <1

(where C' is the constant given by Lemma 3.5.4, depending only on supgy N ), we will show
that the equation holds on the open set 0 := Q' N {’y*IN < k+ 1}, by induction on k. The
base case k = 0 is trivial, since {N < v} = . Assume that the equation holds for k — 1.

We call Ci; the set of accumulation points of Qp \ Qr_1 in Q, i.e. its derived set in €.
Notice that Cp C Qp \ Qr_1 is closed in Q. We also set A :=Cr N A and By := Ci, \ Ak.
Notice that, by Lemma 3.5.1, the equation holds in the open set € \ Cg, since here the
points with ky < N(-) < (k + 1)y form a discrete set.

Step 1. We first show that Aj is relatively open in Ck, so that By is closed in €.
Let ¢ € Ag. First of all, by Remark 3.2.12, we can find K,, C w CC € with @ disjoint
from ®~1(®(z0)) \ Kug, P(w) N P(Ow) = 0 and w N &~ H(P(y)) = K,, whenever y € w has
ky < N(y) < (k+ 1)7 (thanks to the fact that v < 1).

Let e := (Y, ® o
by definition of IV, the density of v,, at ®(z;) coincides with N(z;). Using Corollary 3.5.6,

we choose a radius 0 < r < 3 dist(zg, dw) with

N}Q,,é) and assume that x; — xo, with z; € w N Cp. In particular,

/ IV®|?dL? < C IVO12dL?,  U(zo,7) < edist(P(z0), P(dw)),
B3,.(x0) B2(xo)

IVl BE 100y (B(20)
(e~ (zg,1))? < N(@o) +7.
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Eventually all the assumptions of Lemma 3.5.4 are satisfied by x; € w (with Q" and C’ := C),
provided £(z,r) is small enough: eventually we have BEQ_M(W 7”)(é[)(:cj)) N®(0w) =0, so by
79

the monotonicity formula we get, for 0 < s < e~ "(x;,7),

_ e IVl BE@ED) _ apatse—ree,m Vel B g, (@)
N(z) < eV241) L8 < VEIAl e el o 15(:5], e

eVEIALLE s.7) (R (39) + ) < (eVEMIo)e o) | (mm N(z;)+2)
N(zo) + 2

eventually and, since N(z;) > N (xo)_77
N(z;)—e N(zo0)—2v

e(V2IAllo)e (ﬂﬁo,)<min{N( 0) =7 N($0)+27}

it suffices to impose additionally that

N(z0) = 27" N(zo) +7

By Lemma 3.5.4 applied to the parametrized varifold (Q/ @l N }Q,) and the point z; € w,
for j big enough there exists ' < % (depending on j) such that [ B2 () |V<I)\2d£2 <
Cf B2 (z) |V<I>|2 dL?. Since 7’ satisfies again all the hypotheses of Lemma 3.5.4, we can
iterate and deduce that x; € A. Hence, x; € Aj, eventually.

Step 2. We now claim that ]\7(3:) is an integer for any admissible point z € Q' N A.
Indeed, as in the proof of Lemma 3.5.4, we can apply Theorem 3.4.1 with z; := = and a
suitable sequence of radii 7, — 0: whenever K, C @ CC € has its closure disjoint from
d~1(®(2)) \ K, the varifolds (¢, (- — ®(x)))«Vz converge to a stationary cone v, having
density at most N(z) at 0, so we have HVOOH(Bg (p)) < N(z)ms® (see the proof of [98,
Theorem 42.4]) and thus (3.4.2) holds with C”" := N(z).

We obtain a local parametrized stationary varifold (Quo, oo 0 0o, Noo © po) with
U := ®, o p ! nonconstant and holomorphic (again by Theorem 3.3.7, since the mass
measure of this parametrized varifold is bounded by the mass measure of v, which is an
integer rectifiable stationary cone).

Let w’ CC B3(0) be a smooth neighborhood of 0 with 0 € @, (dw’) and &5 (0)Nw’ = {0}.
Using the notation of Section 3.4, from the locally uniform convergence ®; — ®,, we infer
that eventually ®(z) € ®(z + rp0w’) and, for all 0 < s < dist(0, Poo(Ow')),

~ Ve € éks(@(m’))) _ (‘I)k)*(lwfl/k)(BsQ(O))
N(z) < lim (lns)? = Jim_
 (Poo)i(Lurveo) (BL(0))

a ms2

)

by the definition of N , the monotonicity formula and Lemma 3.4.3. We deduce that, with
the same notation as in the proof of Lemma 3.5.4, N'(0) > N (). We also have the converse
inequality N’(0) < N(z), since the density of jis is everywhere at most C” = N(z). This
argument also shows that W=1(0) = 0 and >_I_, N'(z;) < N (z0) whenever z; € Q are
distinct points in a fiber ¥=1(p) (since z; contributes by N’(2;) to the density of s at p).
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Finally, arguing as in the proof of Theorem 3.3.3, we conclude that N’(0) is integer since
it equals the constant density of a suitable localization of (s, ¥, N 0 03}) (in an open
subset of W(€)). This establishes our claim.

Step 3. We show by contradiction that there cannot be any xzg € 0.4, N A, N Q. Indeed,
if this happens, then we can find z1 € Q \ Ag with

o — o < %min {dist(zo, By, dist (z0, %)}
thanks to the fact that the latter is positive, as By, is closed in ;. We infer that
r i dist(z1, Cr) < %min {dist(zo, By, dist (z0, %)}
there exists yo € Cr, with |yo — z1| = r and necessarily we have
Yo € A, BZ(x1) C U\ Cp.

Let H C C be the unique open half-plane with 0 € 0H and B2(x1) C yo + H. By
definition of Cj, we can find a sequence y; — yo with y; € Qp \ Q1 and y; # yo.

lyj —yol
;= Ej_l(@(yg + 1) — ®(y0)), Nj := N(yo + r;-). Thanks to Corollary 3.5.6, we can apply

Theorem 3.4.6 and obtain, up to subsequences, a limiting local parametrized stationary

We can assume that =25 — 3. Let rj := |y; — yo| and set (7 := fB%.(yo) IVo[*dc?,
J

varifold (C, @, 0 o5}, Noo 0 0 }).

Py + H
Praa
- P
By i
Qk 1] \‘
- 2 h “
y " B(21) \
i ]C H ] k
; P ey |
e ‘

With the same notation and the same argument used in Step 2, we get N'(0) = N (yo).
Actually, we also have N'(¢oo(7)) > kv: letting w” be a smooth neighborhood of 7 with
Do () & Boo (0" and B (uc(7)) N’ = {7}, a5 s00m a5 @51 (55 — o)) & B (D)
and rj_l(yj — yo) € w” the varifold

Vi, ) = (G (= 2(50))«Vyo+r,wr.,N)
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has density at least ]V(yj) > kv at f;l(é(yj) — D(yg)) = <I>j(r]71(yj —90)) = P (7),
has infinitesimal mean curvature in R? \ ®;(0w”) and its mass measure converges to
(Poo)x(1wVeo), by Lemma 3.4.3. Thus, by the monotonicity formula, N’ (¢ (7)) (i.e. the
density of this last measure at @, (7)) is at least k~.

Since ky + 1 > N(y), as observed in Step 2 we must have ®71(0) = {0} and
O (P (7)) = {y}. Recall that, as in Step 2, the map ¥ := &, o p; ! takes values in a
plane and is an entire holomorphic function, up to suitable identification of this plane with C.
Since it has two values having only one preimage, by Picard’s great theorem it does not have
an essential singularity at oo and is thus a polynomial. Actually, Picard’s great theorem can
be easily avoided: by Corollary 3.5.6 the Dirichlet energy f B2,(0) |V<I>oo|2 dL? grows at most
polynomially in R and, by inspecting the proof of [56, Theorem 4.30] (as well as inequalities
(4.21) and (4.24) in [56]), we see that sup, B2(0) |os|(2) also grows at most polynomially,
hence the same is true for | B2,(0) ]V\IJ\Q dL? and thus (by the mean value property for
harmonic functions) for sup,cp2 (g |VU|(2), i.e. ¥ is a polynomial. Since ¥=1(0) = {0}, it
must have the form

U(z) = ok
for some k and finally the fact that U=1(®., (7)) is a singleton gives k = 1. We deduce that
U/(0) # 0. Arguing as in the proof of Corollary 3.3.4, we get No, 0 o5} = N’(0) > kv a.e.
near 0.

We finally show that ®; — @, in I/Vlif (H,R%?). In particular, for any small ball

B CC H close enough to 0, this will contradict the estimate

m/B |01Po0 N D2Poo| dL? < Voo(B) = Jim vj(B)

_ ;jlggo/BNj\vq>ijdz2 < ajgrgo/JB\al¢jAag¢j\d£2,
where « is the biggest integer smaller than kv (the last inequality comes from the fact that
NjeNand N; = N(yo + rj-) a.e. on {V®; # 0}, together with the fact that eventually
yo+ 1B C B} (z1) € U\ Ck).

Fix any U CC H. Since eventually —A®; = (;A(P(yo + ;) (VP;, VO;) on U and the
right-hand side converges to 0 in L' (U, R?), we get

—Ad,, =0

on U and hence (since U was arbitrary) on H. Fix any nonnegative p € C°(H) with p =1
on U. Setting ¥, := ®&; — O, we have —AV; = (;A(P(yo + 1)) (VP;, VP;) and thus

/ p|VO;|* dL? +/ ;- (Vp,VU;)dL? = / (V(p¥;); V¥;)dL?
H H H
= zj/ pU; - A(D(yo + 1)) (V®;, VO,;) dL2.
H
But both the right-hand side and the second term in the left-hand side converge to 0. Hence,

/ IV;|? dL? </ p| VO, dL? — 0.
U H



110 Chapter 3. Regularity of parametrized stationary varifolds

Step 4. From the previous step we have 0.A; N Q. C By, hence Ay is open. Since v < 1
and N is integer-valued on Ay, (by Step 2), N takes exactly a single value here. We can then
apply Theorem 3.2.13 (as replacing N with N does not affect the stationarity) and obtain
that the partial differential equation holds on Aj.

Step 5. From the two previous steps, it follows that —A® = A(®)(V®P, V) on the open
set Qk \ By. Using Lemma 3.5.3 and Lemma 3.5.1, we deduce that the partial differential
equation holds on the whole Q (and ® is C*°-smooth on ). This completes the induction.

Step 6. The extra assumptions made at the beginning of the proof can be dropped by
arguing as in the proof of Theorem 3.3.7 and using the upper semicontinuity of N. For the
fact that ® is a branched immersion on a connected component Q" where it is nonconstant,
we refer the reader to the proofs of [50, Theorems 1 and 2] and [47, Lemmas 2.1 and 2.2].
Finally, let D C Q" denote the discrete subset where V® = 0. Whenever a connected
w CC Q" \ D is such that ®(w) N ®(dw) = ) and | is an embedding, the constancy
theorem (see [98, Theorem 41.1]) implies that N is constant on w. Since 2’ \ D is connected,

Proposition 3.2.8 gives that N is a.e. constant on Q" \ D, hence on . O

Corollary 3.5.8. If (X,®, N) is a parametrized stationary varifold, with ¥ connected and
® nonconstant, then ® solves —A® = A(P)(VP,VP) in local conformal coordinates, ® is a

C*®-smooth branched immersion and N is a.e. constant.

Remark 3.5.9. We notice that the converse statement holds as well: namely, if ¢ : ¥ — M
is a nonconstant weakly conformal, weakly harmonic map and N is a positive integer,
then (X,®, N) is a parametrized stationary varifold. Indeed, for almost every w C 3,
the continuous representative of ®|, = coincides with the trace (by [35, Theorem 5.7] this
holds whenever H!-a.e. point of dw is a Lebesgue point for ®). Thus, for any smooth
F € CX(R?\ &(0w), RY), F(@)‘w has zero trace on dw and (3.2.1) follows. Notice that we
did not need Hélein’s regularity result to show this assertion: on the contrary, we can

immediately deduce the continuity of ® (and hence the smoothness) from Proposition 3.2.4.

3.6 An application to the conductivity equation

In this section we illustrate an application of Theorem 3.5.7 to the regularity theory for the
conductivity equation
—div(NV®) =0 on Bi(0).

This partial differential equation was already investigated by many authors: see e.g.
[11, 36, 66]. We show below that, assuming ® € W12(B?(0), R?) weakly conformal and
N € L*(N\ {0}), ® is necessarily harmonic and N is a.e. constant, unless ® is itself
constant.

This statement initially originated as a possible intermediate step in order to achieve
Theorem 3.5.7, but as a matter of fact we are able to prove the former only as a consequence

of the latter. It would be interesting to find an independent, purely PDE-theoretic proof.
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We can do this in the case () = 2, where the following slightly stronger result holds.

Theorem 3.6.1. Assume ® € WH2(B2(0),R?) is weakly conformal, N € L>(B3(0)) is

bounded below by a positive constant and
—div(NV®) =0 in D'(B(0),R?). (3.6.1)

Then ®1 + i Py is holomorphic or antiholomorphic and, if ® is nonconstant, N is a.e.

constant.

Proof. First of all, ® is continuous (see e.g. [44, Section 4.4]). We can assume that ®
is nonconstant, so that the set G/ # () of Lebesgue points z for V® with V& (z) # 0 is
nonempty. Notice that ®; and ®5 are both nonconstant: otherwise e.g. V®; would be a.e. 0
and in particular we would have V®; = 0 on G/, contradicting the weak conformality. From
(3.6.1) and standard Hodge theory, we can find real functions ¥, € W12(B#(0)) with

NV®, = -V, V6i:=(-0y,0),
for k = 1,2. This equation can be equivalently rewritten as
NO, P, =10,V or NOzP, = —i0zVy. (3.6.2)
Let fr := ®p + ¢ V. We have
Ozfr = (1 = N)OsPg, O.fk = (1+ N)0,Py.

We define the Beltrami coefficient p on C as

_ (1=N)O9
[k = mlfz%(o)mgﬁ

Notice that, by weak conformality, 0,®;, # 0 on G/. Our hypotheses on N clearly imply
el < 1
and fj satisfies the Beltrami equation
Oz fre = 10z fi
on B#(0). Let ¢y, be the normal solution of
O=zpr = p0z ok

(see [56, Theorem 4.24]). As already pointed out in the proof of Theorem 3.4.1, g, ;' €
W1’2(C, C) are homeomorphisms of C mapping negligible sets to negligible sets and

loc

Owprnt = — (ko @ 1) 0wy .
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By the chain rule (see [65, Lemma I11.6.4]), hg := fi 0 ¢, ' (defined on ¢k (B?(0))) satisfies
Owhi = (0= fr 0 o1, 0wy + (Ozfi 0 ¢ Oy =0

and is thus a nonconstant holomorphic function. Pick now any zo € B#(0) such that the
points ¢1(z0) and wo := pa(z0) satisty b (¢1(20)) # 0 and hb(wg) # 0: by holomorphicity of
hi and hg, this holds true for all zg outside a discrete, relatively closed subset D C B?(0).

By the Cauchy-Riemann equations, the harmonic map ®2 o 5 1 — Rhy has nonzero
differential at wgy. By the inverse function theorem, there exists a local chart ¢ centered at

wy, with some ball BZ(0) as its image, such that
Dy 005" 0! (y) — Da(20) =2 on BF(0). (3.6.3)

Since ® is weakly conformal, we have (9,®1)? + (0,®2)? = 0 a.e., hence there exists a
measurable function ¢ € L>(B%(0),{—1,1}) such that

0,®1(2) = ie(2)0,P2(2) a.e. on Bi(0). (3.6.4)
Combining (3.6.2) and (3.6.4) we obtain
VU] =NV,
a.e. Using (3.6.3) and the chain rule again, we get
h(Wiopy o) =0, 0(Viop; o) =(eN)opy op™!
a.e. and, since 0%, (V; o Lo 4p~1) = 0 distributionally, we deduce that
(eN) oyt o™ (y) = Ba(W1 0wy oy ) (y) = g(y2)

a.e. on B(0), for a suitable g € L>((—6,4)), as is immediately verified e.g. by mollification.
Let G be a Lipschitz primitive of g on (—¢,). We have

V(¥ropytow™!) = V(G(ya)) on Bi(0),
so up to subtracting a constant from G we obtain
Ui oyt o9 (y) = G(ya)
and finally, using (3.6.3),
Uy =G o (Py — Do(z)) on wy ' o™ (BE(0)) > 2. (3.6.5)

Since f1 = ®; + V¥ is injective in a neighborhood of 2y (being A/ (p1(20)) # 0), from (3.6.5)
we deduce that ® is injective on some neighborhood B%(zo).
We claim that, as a consequence, det(V®) has a constant sign on B% (z0) N G': indeed,

the induced map
®, : Hi(0B}(2)) — H1(C\ {®(2)})
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is clearly independent of z € B%(zo) and 0 < r < dist(z, 83727(20)), once the two groups
are canonically identified with Z. But, for any z € B%(zo) NG/, applying Lemma A.4 to
O — B(z) — (VP(2),- — z) we can find a small radius r such that (I)|BBZ(Z) is homotopic to
®(2) + (VP(2),- — 2) (as a map OB2(z) — C\ {®(z)}). Thus the above map ®, coincides
with the multiplication by sgndet(V®(z)) and our claim follows.

From this fact and the weak conformality assumption, on B%(zo) either (@1, ®3) or
(P, —P9) satisfy the Cauchy—Riemann equations. In particular, ® is real analytic on the
connected set B?(0) \ D. Since locally we have either dz(®1 + i®2) = 0 or 9,(®;1 + i®3) = 0,
by analyticity ®; + i®5 is globally holomorphic or antiholomorphic on B#(0) \ D, hence also
on B%(0). Finally, (3.6.1) gives

0 PpOIN + 02.8,0o,N =0 in D'(B3(0))

for k = 1,2 (as AP, = 0). Since V&, and VP, are smooth and linearly independent
outside a closed discrete set, we infer VNN = 0 here and thus, by connectedness, N is a.e.

constant. O
We now prove the result for arbitrary Q.

Theorem 3.6.2. Assume ® € W12(B?(0),RY) is weakly conformal, N € L>=(B#(0),N\{0})
and

—div(NV®) =0 in D'(B(0),R9).
Then A® =0 and, if ® is nonconstant, N is a.e. constant.

Proof. As in the previous proof, we notice that ® is continuous. We can assume that & is not
constant. The triple (B?(0), ®, N) satisfies Definition 3.2.9 (with M = R%), except possibly
for the technical condition (3.2.6): indeed, for any w cC B?(0) and any F € C®(R? \
B(0w), RQ), F(®)1, lies in W, *(B}(0),R?) and thus [ N(V(F(®)); V®)dL? = 0.

Assume, without loss of generality, that ®; is not constant and let Wy, f1, ¢1 and
hi be the functions constructed as in the preceding proof. Let D C ¢1(B2%(0)) be the
discrete set of points where b} = 0, or equivalently (by the Cauchy—Riemann equations)
where V(®; 0 ¢ 1) = 0. From the chain rule and the fact that ¢ and ;' map negligible
sets to negligible sets (see [65, Lemma II1.6.4] and [56, Lemma 4.12]) we deduce that, for
a.e. © € B¥(0), Vi (z) is invertible, V(®1 0 7 1) (¢1(x)) # 0 and V@, (x) is given by the
composition of these differentials. Hence, V® # 0 a.e. and thus has full rank a.e. (by weak
conformality).

Let S C B%(0) denote the complement of the biggest open subset where A® = 0.
We remark that, given x € B?(0), if there exists a neighborhood w CC B?(0) with
®(x)N®(Ow) = O then x ¢ S: indeed, v, is stationary in R?\ ®(dw), so by the monotonicity
formula v,, satisfies (3.2.6) for p € Bg(@(a@)) and s < p, where p := 3 dist(®(z), ®(0w)).
Thus, replacing w with w N q)_l(Bi/Q(CI)(x))), the triple (w, ®, N) is a local parametrized

stationary varifold and Theorem 3.5.7 gives A® = 0 near z. In particular, arguing as in
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the proof of Theorem 3.3.7, we infer that z ¢ S for any Lebesgue point = for V& with
V®(r) # 0. Being V® # 0 a.e., we get that £2(S) = 0 and that ® is nonconstant on any
ball outside S.

Moreover, N is a.e. constant on every connected component U of B#(0) \ S, since on U
we have 01PN + oPr0oN =0 for all k =1,...,Q and the (classical) differential V&
has full rank except for a discrete set (being ® a nonconstant harmonic function on U),
which does not disconnect U.

It suffices to show that S C gpfl(D), since then any point of S is a removable singularity
and thus S = (). Assume by contradiction that there exists a point 2o € S\ ¢ (D). Let
¥ : V — (—=1,1)? be a local chart centered at ¢1(zg) and such that

1ol oy (y) = Ci(wo) + 32 on (—1,1)% (3.6.6)

Let Z:=®o (pl_l o1~ !. We claim that the negligible set S" := ¥(V N 1(S)), relatively
closed in (—1,1)2, has the following property: if y = (y1,y2) € S’, then Z'(Z(y)) contains
either (—1,y1] x {y2} or [y1,1) x {y2}. If this were not true, we could find a € (—1,y;) and
b€ (y1,1) with Z(a,y2),Z(b,y2) # Z(y). Given any € < 1 — |ya|, by (3.6.6) we would have
=(y) € Z2(0([a,b] X [y2 — €,y2 + €])). But, as remarked earlier, this would imply y ¢ S’

This horizontal segment, i.e. either (—1,31] X {y2} or [y1,1) x {y2}, has to be contained
in S’ (being = locally injective at points outside S’, with at most countably many exceptions).
As a consequence we have L!({t: (t,y2) € S’}) > 0 and thus, by Fubini’s theorem and
L2(8") = 0, we infer

(-1,1) x{tHhnNS" =0 forae. te(-1,1). (3.6.7)

Pick now any p > 0 with ((—1,1) x {u}) NS" = 0. Recall that (0,0) € S” and let A :=
max {t < p: (0,t) € S’} > 0. From (3.6.7) it follows that the open set ((—1,1) x (A, u))\ S’
is connected. We infer that IV is a.e. constant on ¢y 0p~1((—1,1) x (X, i), hence A® =0

on this open set. However, this contradicts the weak conformality assumption: let

A
s (3)0252)

on which A® = 0, and take any homeomorphism v : @ — E? (0) biholomorphic on w
(using Riemann’s mapping theorem and [40, Theorem 1.3.1]). We have ®; ov~! > X on
B3(0), as well as ®; ov™! = X and ® o v~! constant on some open arc A in dBF(0). Since
A(®ov~!) =0 on B#(0), by standard regularity theory ® o v~! is smooth in a neighborhood
of A in E? (0). But, by Hopf’s maximum principle, the radial derivative of ®; o v~! is
nonzero on A. So, by weak conformality of ® o v~!, the tangential derivative of ® o v~! does

not vanish on A. This contradicts the fact that ® o v~! is constant on A. O



4 Multiplicity one for parametrized

stationary varifolds arising

variationally

4.1 Introduction

Recall the main result of the second chapter, namely that a certain sequence of maps
@}, which are (almost) critical for E,, converge, in the varifold sense, to a parametrized
stationary varifold (X', ®, N).

A consequence of the theory contained in the previous chapter is that the multiplicity N
is locally constant. This result, which is optimal for the class of parametrized stationary
varifolds, leaves nonetheless open the question whether one can have N > 1 on some
connected component of X'

This question is similar to the multiplicity one conjecture by Marques and Neves. In [75],
the following upper bound for the Morse index of a minimal hypersurface with locally

constant multiplicity is established: if

l
Y= Z ’I”szj
j=1

is a minimal hypersurface with locally constant multiplicity, given by a min-max with &

parameters in the context of Almgren—Pitts theory, then
l
index(spt (X)) < k, spt (X)) = |_| ;.
j=1

In other words, this is a bound for the Morse index of the hypersurface obtained by
replacing all the multiplicities n; with 1. In order for this estimate to give more information

about X, or at least its unstable part, the authors make the following conjecture.

Conjecture 4.1.1 (Multiplicity one conjecture). For generic metrics on M™, with
3 <m <7, two-sided unstable components of closed minimal hypersurfaces obtained by

min-max methods must have multiplicity one.

115
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The importance of this conjecture has already been explained in Section 1.2, where we
mentioned several results in the literature for other variational frameworks. In this chapter
we establish the natural counterpart of this conjecture in our setting, namely for minimal

surfaces produced by the viscous relaxation method.
Theorem 4.1.2. We have N = 1.

Although we present only the closed case in this chapter, since the proof is local it
applies also to the free boundary case.

We stress that this result holds in arbitrary codimension and without any genericity
assumption. This should be seen as a multiplicity one statement from the perspective of the
parametrization domain, in that localization in the domain (away from branch points) gives
a genuine embedded minimal surface, but a priori it does not exclude multiple covers of
the image surface globally. It seems to be optimal for a min-max approach involving
parametrizations, rather than, for example, approaches involving level sets of functions, and
it is sufficient to obtain an upper bound on the Morse index. This bound, detailed in [93],
relies on having a branched immersion at our disposal, for which a good definition of Morse
index is available.

We remark that, in view of earlier work from [92], namely the regularity theory when N
is constant, Theorem 4.1.2 would imply by itself the regularity result of the previous chapter,
at least for parametrized stationary varifolds arising from the min-max framework. However,
the proof of Theorem 4.1.2 relies substantially on the regularity result itself, needed in
several compactness arguments.

Most of the work is contained in Section 4.5. A detailed discussion of the strategy,
together with an informal explanation of the technical statements contained in Section 4.5, is

deferred to the beginning of that section.

Corollary 4.1.3. If there is no bubbling or degeneration of the underlying conformal
structure, we have strong W12-convergence ®j, — ®oo = ®. In general we have a bubble tree

CONVETgENCE.

Theorem 4.1.2 and Corollary 4.1.3 allow to obtain meaningful Morse index bounds.
Indeed, although Theorem 4.1.2 does not rule out the possibility of having a surface covered
multiple times by ®, a crucial advantage of having a parametrization at our disposal is that
we have a reasonable definition of Morse index and nullity: they are defined with respect to
the area functional and variations in C2°(X' \ {z1,..., zs}), the points z1,..., 25 being the

branch points of the immersion ®.!

! Although we are dealing with a weakly conformal map ®, for which area and energy are the same, it is
important to remark that the Morse indices for area and energy, denoted index4 and indexg respectively,
should not be expected to agree. The relationship between the two is a subtle problem: in this direction, we
mention the inequality indexg(¥) < indexa (¥) < indexg(¥) + r established in [34], for a branched minimal
conformal immersion ¥, where r = (g, b) depends on the genus g and the number b of branch points of W.
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For suitable min-maxes with k parameters, the natural expected inequalities would be
index(®) < k < index(®) + nullity(P).

An abstract framework to show upper bounds for the Morse index, dealing with general
relaxed functionals on Banach manifolds, is developed in [77]. Combining Corollary 4.1.3
with the general result obtained in [77] and with [93], we reach the following conclusion (we

refer the reader to [77] for the notion of admissible family).

Corollary 4.1.4. Given an admissible family F of compact subsets of the set of immersions

3 — M, of dimension k, and calling

B := inf maxarea(®P)
AeF deA

the width of F, there exists a (possibly disconnected, branched) minimal immersion ® of a
closed surface S into M such that
(i) genus(S) < genus(X),

(ii) B = area(®),

(iii) index(®) < k.

4.2 Notation

o We will assume, without loss of generality, that M is isometrically embedded in some
Euclidean space R?. Given p € M and £ > 0, we set My =LY M —p).

e In what follows, II will always denote a 2-plane through the origin, which we identify
with the corresponding orthogonal projection IT: R® — II. We call IT* the orthogonal
(Q — 2)-subspace, identified with the corresponding orthogonal projection. Given 2-planes
IT, 11, we denote by dist(II,IT') an arbitrary distance on the Grassmannian Gra(R?), e.g.
the one induced by Pliicker’s embedding of Gro(R?) into the projectivization of AsR%.

The adjoint maps, which are just the inclusions IT < R? and I+ < R?, are denoted IT*
and (TTI+)*, so that

idgo = IT*TI + (ITH)*IT+.

Also, Tl is the canonical 2-plane, so that IIy : R — R? is the projection onto the first

two coordinates, while H& : R? — R92 is the projection onto the remaining Q — 2.

e We call B?(z) the open ball of center x and radius r in the plane C = R?, while BY (p)
will denote the open ball of center p and radius s in R?. Given p € II, we call B (p) the
two-dimensional ball with center p and radius s in II, i.e. BX(p) := BY (p) NII. When the

center is not specified, it is always meant to be the origin.
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e Given a function ¥ € W2(B2(x)) and 0 < s < r, the notation \IJ‘aBQ(x) always refers to
the trace of ¥ on the circle 9B2(x).

e Given K > 1, we define the following set of Beltrami coefficients:

K-1
Ex = L>™(C,C): o < —— 1.
o= {ne CO) s Iulie < Frp |
We let Dg denote the set of K-quasiconformal homeomorphisms ¢ : C — C such that

»(0) =0, min_ lo(z)| = 1.
x€0B7

If ¢ € Dg, we have ¢ € VV;OCQ((C) and dzp = pd,p for some p € £k, in the weak
sense; we refer the reader to [56, Chapter 4] for the basic theory of K-quasiconformal
homeomorphisms in the plane. Moreover, it is immediate to check that a linear map ¢ is
in Dk if and only if p(e1) = €} and ¢(e2) = Aej, for suitable orthonormal bases (ej, e2),

€}, e5) inducing the canonical orientation and a suitable 1 < \ < K.
1) €2 g
e We define

D(K) := sup{]cp(x)\;x € E?,(p € DK}, s(K) := inf{‘go_l(y)

1
|yl > 3% GDK},

so that @(Ei) - EQD(K) and @(Ei(K)) - E?/Q for all ¢ € Dg. The fact that D(K) < oo
and s(K) > 0 is guaranteed by Corollary A.4. We also set

I
n(K) := me{]g@(xﬂ;x € 8B§(K)2,g0 € DK} > 0.

e We let D}_I{ denote the set of maps having the form IT* o R o ¢, where ¢ € Dg and
R : R? — II is a linear isometry. Given 0 < § < 1, we call R?( s the set of maps in
W12(B2,R9) which are close to some ¢ € DI on the circles of radii 1, s(K), s(K)?,

namely we set

RE =W e WH2(B2 RY) : min max
’ peD re{l,s(K),s(K)?}

o) = 60|y < 6}.

e Given ¥ € C1(Q,R?), a ball B2(z) cC Q and a 2-plane II, we define the projected

multiplicity function
N(¥,B}(2),1I) : T = NU{oo},  N(¥,B}(2),1)(p) := #((lLo )" (p) N B}(2))

and, given p € Il and t > 0, we also define the macroscopic multiplicity

(W, B2, B) = | £

Bi'(p)

The mean appearing in (4.2.1) is finite by the area formula and |-| denotes the integer

N(¥, B2(2),TI) + %J eN. (4.2.1)

part. Note that, if the mean is close to an integer k, then the macroscopic multiplicity is

precisely k. Note also that for any p € R? we have

(0, B2(:), B = n YR )
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4.3 Background on parametrized stationary varifolds

Let M C R? be a (smooth, closed) embedded submanifold. Assume we have a smooth

conformal immersion ® : B? — M, o’-critical for the functional

E0(<I>):/ v01¢+a4/ M|, vola . (4.3.1)
B2 B2

1

Here go := ®*gpo and I? is the second fundamental form of ®. The o°-criticality means

that, for any infinitesimal variation w supported in B, we have
|dE;(®)[w]| < o°[lw]e,

with the last norm defined as in Section 2.2. In the sequel, for simplicity, we will just say
that ® is almost critical.

Assume that the following entropy condition

a4log(0_1)/ %) volp < 5/ volg (4.3.2)
B2 B2

1 1

holds for some € > 0. Note that

1 1
9p = 5|w1>\25, / volg = / V|
B2 2 /g2

by conformality of ®.
Given any 0 < £ < 1 and p € M, recall that M, , = £=1(M — p). The rescaled map

U: B = Myy, U i=0D-p)
is almost critical for the functional

/32 voly 474 /32 Y |* voly,  7:=0/t, (4.3.3)

1 1

as we saw in the proof of Theorem 2.5.3; since 7*log(r71) < £~40*log(c™1), it satisfies

i log(T_l)/ ¥ |* voly < 6/ voly, (4.3.4)
BY BY

where now I'V denotes the second fundamental form of ¥ in M, ¢ and its norm is meant
with respect to the induced metric gy.

In the sequel, we will establish many intermediate results on maps ¥ arising in this
way, by means of compactness arguments. The starting point in these arguments is that,
heuristically, if we have sequences ¥y, px, {x — 0, 7, — 0 and € — 0, then by (4.3.3) and
(4.3.4) Uy, should have a subsequential limit which is a parametrized stationary varifold in
the tangent space 1), M (where py is a subsequential limit of the sequence py,).

Since the theory from the previous chapters is crucially used in many intermediate steps
towards the proof of Theorem 4.1.2, we give a precise statement that summarizes all the

information we need to extract from those.
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Theorem 4.3.1. Assume that ¥y, € C%Ei, My, 0,.) is a sequence of conformal immersions
such that Wy, is almost critical for the functional (4.53.3) on the interior B?% (with Ty, €k, in

place of T,£) and

° \Ilk(OBIQ%) — T in the Hausdorff topology, for some T C RQ compact,

1
i / |V\I/k|2 <E,
2 B122

o 7 log(Tk_l) /32 ‘I[‘I”V‘4 volg, — 0,

R

° Ek,Tk — 0.

Then, up to subsequences, ¥y — W, in WLQ(BIQ%,]RQ), for some Vo which is continuous

(in the interior) and satisfies the convex hull property, namely
Voo (@) C co(Voo(Ow)) for all w CC B%,.

The image measures (V). (3|V¥,[2L?) in RY form a tight sequence.
Given w CC B% with U (w) C RO\ T, there exist a quasiconformal homeomorphism
Voo of R? and a multiplicity Now € L™ (w,ZT) such that the 2-varifolds induced by \Ifk‘w

subsequentially converge on R9 \ Wo.(Ow) to a (local) parametrized stationary varifold

(Poo(w), ¥oo 0 ‘Pgolv Ny o 900_01)

in the varifold sense, namely in duality with CO(R? \ ®uso(0w)) x Gra(RR)). Also, on w we

have the convergence of Radon measures

1
§|V\11k|2£2 — N |01 U A DU oo | L2 (4.3.5)

We have Ny < 5 a.e. and the distortion constant of v is bounded by

E
T dist (Voo (@),T'a0)

(raetermr)
mdist(Voo (@),['e0)? ) -~
Proof. The proof is essentially already contained in the previous chapters, so we just present
the required adaptations.

Up to subsequences, we can assume that Wy has a weak limit ¥, in W1’2(B}23,RQ) and
that the varifolds v induced by ¥y converge to a varifold v, in R,

The arguments used in Section 2.5 and in Section 3.2 show that W, has a continuous
representative (on the interior B%), satisfying the convex hull property. Also, from
Theorem 2.3.4 and Proposition 2.5.6 we have that

Voo is stationary in U := R9 \ 'y (4.3.6)

and is an integer rectifiable varifold. We claim that the measures ||vg| = (V))«(5|V¥y[?)

on R? form a tight sequence. If this were not true, up to subsequences we could find points
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qx € R? with |gx| — oo and such that the argument of Proposition 2.4.2 applies (with g in
place of g), on the region R? \ ¥\ (0B%). Hence,

lim inf [[v& | (BY (qx)) > 0.
k—oo

So the varifolds vy, — gi converge subsequentially to a nontrivial varifold v/ in R?, stationary
on U’ := R¥: indeed, the proof of (4.3.6) can be repeated with W — ¢ in place of ¥) (and
U’ in place of U), using the fact that, for all s > 0, the image of Wy, B2 — Uk is eventually
disjoint from BY. Its total mass V.. ||(R?) must be bounded by lim infj_, [|[vi||(R?) < E;
however, the monotonicity formula implies that ||v/ ||(R?) = oo, a contradiction.

We also claim that the concentration set is empty in our setting. Indeed, by the tightness
of the measures ||vg||, a concentration point would produce, in the limit, a nontrivial
stationary varifold in R?. Again, its mass would be bounded by E, contradicting the
monotonicity formula.

Now Theorem 2.5.2 and Theorem 2.5.3 give, up to further subsequences, the limit
1
Vg 1= §‘V\I/k‘2 — Vso, with Voo = m£2

in the sense of Radon measures (i.e. in duality with C2(B%)). The function m(z) > 0 equals
Noo(2)[01Poo A 02Po|(2) a.e., for a positive integer Noo(z) which is bounded by the density
of Voo at Uy (2), whenever W (2) € U.

Let w CC B% be such that ¥o, (@) C R?\ I's. Defining s := dist(V oo (@), ') > 0, note
that

B CU  forall g € Voo ().

S

Hence, by the monotonicity formula, the density of v, at such points ¢ is bounded by Tl;
This gives the upper bound for N4,. As explained in detail in Section 3.4, there exists a
quasiconformal homeomorphism ¢, of the plane, with distortion constant bounded by the
square of the (essential) supremum of Ny |, such that W., o ¢3! is weakly conformal on
¢Yoo(w). Finally, it is the main outcome of the second chapter that the 2-varifolds induced by
@y, converge to the (local) parametrized stationary varifold (oo (w), ¥oo © 0o, Neo © o))

(whose mass measure is bounded above by |[veol|), in the complement of W, (dw).? O

Theorem 4.3.2. In the situation of Theorem 4.3.1, Woo 0 03! 1 poo(w) — R is harmonic.
Also, if w is connected and Vo |, is not constant, Noy equals a constant integer (a.e.) on w

and Vo, 0 o3} is a minimal branched immersion.

Proof. This is a special case of Theorem 3.5.7. O

2The convergence actually holds on all of R® (or, more precisely, on R? x Gra(R?)) if v (w) = 0.
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4.4 Two lemmas on harmonic maps

Lemma 4.4.1. Let v, € C°(0B%,R?) be a sequence of Jordan curves converging (in C°) to
a Jordan curve v and let f, € C°(OB?) be a sequence converging uniformly to a function
foo- Let Dy, be the domain bounded by 7y, let u, € C°(Dy,) be the harmonic extension of
fro 7,;1, and similarly define Doy and uso. Then up — U i1 C’ZOOC(DOO). Moreover, if
Yk — Yoo With Y, € D and Yoo € Do, then ug(yr) — oo (Yoo )-

Note that such harmonic extensions exist and are unique, since by Carathéodory’s

: . =2 = . . .
theorem there exist homeomorphisms B] — Dy, restricting to biholomorphisms B% — Dy,
(and similarly for D), allowing one to reduce matters to the well-known existence and

uniqueness of the harmonic extension on the unit disk.

Proof. Since the functions fj are equibounded, from the maximum principle and interior
estimates it follows that the functions uy are equibounded in C2(@), for any w CC Dy, and
hence by Ascoli-Arzela theorem the convergence up — U in Cl% .(Ds) follows from the
second claim.

It suffices to show that the second claim holds for a subsequence: once this is done, it can
be obtained for the full sequence by a standard contradiction argument (given a sequence
Yk — Yoo, if ug(yx) does not converge to ueo (Yoo ), we can find a subsequence such that it
converges to a different value; then we reach a contradiction along a further subsequence
where the second claim holds).

Up to removing a finite set of indices, we can suppose that there is a point p such that
p € Dy for all k € NU {oco}. By Carathéodory’s theorem, we can find homeomorphisms
UL E? — Dy, restricting to biholomorphisms from Bf to Dy, so that Uk‘aB% = 7 o Bk, for
suitable homeomorphisms 8y, : 9B? — dB? (for all k € N), and v(0) = p.

Since the maps v and Uk_l are equibounded and harmonic, we can assume that
Uk — Voo, Gei= v = (oo (4.4.1)

in Cf°(B?) and Cf° (Do), respectively. Note that ve is a holomorphic map taking values
into Do, whereas (s is holomorphic and takes values into B? (by the maximum principle,
since (o (p) = 0 and (x| < 1). So for any w € Dy, the set {(x(w) | k € N}U{(w(w)} C B?

is compact and we infer
Voo © Goo(w) = lim vy o G(w) = w. (4.4.2)
k—00

Hence vy, is surjective and thus an open map. So veo(B?) = Dy and, by [94, Theorem 10.43]
(applied with f 1= v — w, ¢ := vy — w, for a fixed w € Dy and an arbitrary circle
0B? C B? avoiding vy!(w), with k large enough), it is also injective. By Carathéodory’s
theorem, it extends continuously to a homeomorphism (still denoted v,) from E? to Do

and we have Uoo‘ a2 = Yoo © Bso for a suitable homeomorphism S : 83% — 8B%.
1
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Up to subsequences, applying Helly’s selection principle to suitable lifts 3, : R — R,
we can assume that 8, — Boo everywhere, for some order-preserving 500.3 On the other
hand, since supy, [ B |U;€‘2 = supy, £2(Dy,) is finite, we have weak convergence v — Vs in
W12(B?) and thus weak convergence i, © B — Yoo © B in L2(0B%). The everywhere
convergence v © B — Yoo © BOO implies Yoo © Boo = Yoo © BOO a.e. and thus S = 500 a.e.
In particular, S is also order-preserving. Since S is continuous and both maps are
order-preserving, we conclude that ., = Boo everywhere. Using again the continuity of S,
as well as the everywhere convergence of the order-preserving maps S — Boo, We also get
that B — Bso uniformly.

With vy, being the harmonic extension of 4 o By (for k£ € NU {o0}), we conclude that
Uk — Uso iD C’O(E?). Let Uy, € CO(E?) be the harmonic extension of fj o 5 and note that
U, = Uy in CO(E?). By conformal invariance, ug := Uy o ’Uk_l is the harmonic extension of
frovy ! on Dy (for k € NU {oo}).

Finally, we claim that in the situation of the second claim we have v, (yx) — v (Yoo )-
This easily follows from the injectivity of v..: if we had |v,;1(yk) -zt (yoo)‘ > ¢ along
some subsequence (for some £ > 0), we would have a subsequential limit point zo, € E? with

‘a:oo — vzt (yoo)‘ > ¢ and Voo (Too) = limg o0 Yk = Yoo, Which is a contradiction. Hence,
ue(ye) = Uk(vp " (k) = Uso (03! (Yo)) = oo (Yso), (4.4.3)
as desired. ]

Remark 4.4.2. In the situation of Lemma 4.4.1, if Dy O D for all k € NU {oco} then
U — Uso uniformly on D. Indeed, if this were not true, then we could find points
yr € D C Dy such that |ug(yx) — ueo(yx)| > € (along a subsequence) for some & > 0.

Assuming without loss of generality yr — Yoo, We would get
lim inf |ug (yg) — too(Yoo)| > €
k—o00
by continuity of us, on D. This would however contradict the last part of Lemma 4.4.1.

Lemma 4.4.3. Given K > 1 and s,e > 0, there exists a constant 0 < dg < &, depending
only on Q, K, s, e, with the following property: whenever

o W W NCOBLRS) has [[U]yp — ()]0

< 8o for some v € D,

CY(0B?)

o Uoop ! is harmonic and weakly conformal on ©(B?), where ¢ : R? — R? is a K-

quasiconformal homeomorphism,*

then I1o W o =1 4s a diffeomorphism from @(33/2) onto its tmage and
dist(IL II(x)) < e, () := 2-plane spanned by V(¥ o o~ 1) (x), (4.4.4)

for all xz € <p(§?/2). In particular, I1 o W is injective on E?/Q.

3The map BOO could also be order-reversing: this happens precisely if 8 reverses the orientation along the
subsequence. For simplicity, we assume Sk, B to be order-preserving (the other case being analogous).
4The maps 1 and ¢ are not necessarily related to each other.
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Proof. Assume by contradiction that, for a sequence &, . 0, there exist maps ¥y, : B? — R€,
planes II; and homeomorphisms ¢y, : R? — R? such that the claim fails with 6y = ;. By
Corollary A.4, up to subsequences we have Il — Il and ‘I/k‘ o I’ (uniformly), where
[':0B? —» RY is a Jordan arc in .

We can assume that ¢ € Dg (replacing ¢ with — @’;Tj:ﬁ(fgk Ql ). By Corollary A.4,
631

we can assume that ¢ — Yoo and golzl — ¢t in CP (R?), for some homeomorphism
Voo : RZ — R2,

By harmonicity, up to subsequences we get O := Uy o 4,0,;1 — O in CF(0oo(B?)), for
some O : Yoo (B?) — R, s0 that O, is weakly conformal and harmonic.

On the other hand, by Lemma 4.4.1 applied to the sequence of harmonic maps © on the
Jordan domains cpk(Bf), O« is the harmonic extension of Focpgol and Vi — Oy 005 =: Vo
in CY (E?) By the maximum principle we have IIX 0 O, = 0 and thus I, o O is either
holomorphic or antiholomorphic on ¢ (B?) (once Il is identified with C).

Now, given two Jordan domains U,V C C, if a holomorphic map h : U — C extends to
a continuous map h : U — C mapping OU onto 9V homeomorphically, then h maps U
diffeomorphically onto V.> With Il o 600|8@00(Bf)

we deduce that Il 0 O is a diffeomorphism from ¢ (B?) onto its image.

=TIl o T 0 o} being a Jordan curve,

Fix now a compact neighborhood F' of ¢, (E? /2) in ¢oo(B?), with smooth boundary.
Since O — Ouo in C} (¢oo(B?)), we obtain that eventually ITy o Oy is a diffeomorphism of

F onto its image, with
dist (I, g (2)) < €, z e F.

The fact that eventually oy, (E? /2) C F yields the desired contradiction. O

4.5 Technical iteration lemmas

Informal discussion of the results

Since the intermediate results contained in this section have rather involved statements, with
several different constants and thresholds appearing along the way, we find it helpful to
provide an informal explanation of the meaning of these statements and constants, as well as
a rough sketch of the underlying ideas in the proofs.

This section contains four important intermediate results, namely Lemmas 4.5.2, 4.5.3,
4.5.5 and 4.5.6, which all invoke Theorems 4.3.1 and 4.3.2 (except for Lemma 4.5.6) by
means of a compactness-and-contradiction argument. All statements are about a conformal

immersion U : Ez(z) — My, ¢, almost critical for the functional (4.3.3) (on the interior). For

®Indeed, h|U must be an open map, hence h(U) \ 8V is closed and open in C\ dV and it follows that
h(U) = V. We can find biholomorphisms u : Bf — U and v : B} — V extending to homeomorphisms of the
closures. The map g := v~ " o h o u satisfies g(Bf) C B? and maps B? to itself homeomorphically. Given
w € B}, for r < 1 close enough to 1 the loop g(re™) — w is homotopic to g(e*?) in C \ {0}, so the classical
argument principle gives #g ' (w) = 1.
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simplicity, in this discussion we assume z = 0 and r = 1. The first three statements require

the following:

(i) a control of the shape of the images of three circles, selected by a distortion constant K;

namely we require that
I
U e Ris,

for some 2-plane II and some small dp; recall from Section 4.2 that this means (assuming
II = R? C R?, up to rotations of R?) that ¥ is C%-close to a K-quasiconformal
homeomorphism ¢ € Dk, ¢ : R? — R? C R¥ on the three circles 0B%, GBE(K), 8B§(K)2
(it would be far too restrictive to ask for C%-closeness on all of B?);

(ii) an upper bound E on the Dirichlet energy 3 [ [V¥|?;
1

(iii) an upper bound V on the area (divided by 7) of the immersed surface ¥(B?) N B?,

taking into account multiplicity; namely,

1
/ voly = / V|2 <V,
v1(BY) 2 JuiBf)

where gy is the pullback of the Euclidean metric, which equals %\V\IJ|26 by conformality;
this upper bound will give a crucial improvement on the last conclusions of Theorem 4.3.1,

as discussed below.

Also, in the same spirit as Theorem 4.3.1, these lemmas assume 7, ¢ < 1 and

T4log(71)/ ¥ |* voly <</ voly .
B2 B2

1

In Lemmas 4.5.3 and 4.5.5, the closeness in (i) is measured by a threshold dy (which will be
specified according to Lemma 4.4.3), whereas other closeness or smallness constraints will be

measured by thresholds eg, €, £) in Lemmas 4.5.2, 4.5.3, 4.5.5, respectively.

II
1/2

OB? to a subset of I1\ B! (approximately); hence, \1:(833( K)) is far away from U(0B?).

Hence, when arguing by contradiction, we can apply the last part of Theorem 4.3.1 and

Observe that the hypotheses guarantee that I o ¥ maps 8B82( K) to a subset of B7', and

obtain in the limit a parametrized stationary varifold close to V|, (we will choose either
W= Bg( K) Or the smaller domain w := Bg( K)Q). The reason to impose the geometric control
on three circles, rather than two, is merely technical and is convenient for the proofs.
Lemma 4.5.2 says that the projected multiplicity N(\If,Bf(K)Q,H) (introduced in
Section 4.2) issued by ¥ from the ball BE( K)2 has an average close to a positive integer k, on
the ball B

n(
consequence, the corresponding macroscopic multiplicity will be precisely k.

K)* It also asserts that this holds for 2-planes II’ close enough to II. As a

Observe that the hypotheses guarantee that Il o ¥ maps BSQ( K)2 approximately to a

superset of BE( K) (see Section 4.2 for the definition of these geometrical constants). Hence,
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arguing by contradiction, we obtain in the limit a (parametrized) stationary varifold which is
close, in the varifold sense, to \IJ(BE( K)Q). The constraints on ¥ force this limiting varifold to
lie on a 2-plane, so by the constancy theorem it has constant integer multiplicity on Bg( K)
giving a contradiction. Note that the volume constraint V' is not used here.

As already mentioned in the introduction, we would now like to find a decreasing
sequence of radii 79 :=1,..., 7, =~ 7, with r; comparable to 71, such that the maps ¥(r;-)
satisfy the same assumptions (with different scales £y := ¢, ..., ) in the target). The strategy
to get Theorem 4.1.2 is then to show that the corresponding macroscopic multiplicities n; do
not change from one scale to the next one: ng = ny = --- = ng. At the smallest scale, we
will be able to say that the immersed surface E,;l\IJ(Bfk) has small second fundamental form
in L4, implying a strong graphical control that allows one to conclude nj, = 1 and, thus,
no = 1. In the situation where we will apply this strategy (namely, in Section 4.6), upon

careful selection of the center z, it will be easy to impose the “maximal” bounds

(ﬁ')_z/ voly < V', 4 log(t71) / TY)* voly < / voly,
v-1(Bg) B?, B?,

for all 0 < ¢’ <1 and 0 < v’ < 1, by means of covering arguments. However, we cannot a
priori impose similar bounds on the Dirichlet energy and on the shape of the images of small
circles (items (ii) and (i)). Note that if (¢)~1W(r’"-) satisfies (i), then we can bound the
Dirichlet energy of this rescaled map on the ball Bsz( K)’ in terms of V', as ¥ maps Bf( Kl
into Bg’? (approximately). So (i) would give (ii) for free (on a smaller domain ball), with a
uniform bound (depending on K, V') in place of E.

Lemma 4.5.3 is the main technical workhorse, and essentially says that we can circumvent
this difficulty: namely, the hypotheses (i)-(iii) are still satisfied for a smaller radius " < § in
the domain, with a smaller scale ¢/ < % in the codomain. Note that the reference point p
also changes; this will in principle destroy the maximal volume bound, but we can still
recover (iii) in the new situation, exploiting the fact that the multiplicity is quantized in the
limit (see the proof of Lemma 4.5.3 and Definition 4.5.4 for the details).

The idea of the proof of Lemma 4.5.3 is that, up to a quasiconformal homeomorphism ¢,
U is close (in the weak W12-topology) to a conformal harmonic map with small oscillation
with respect to II. Hence, by Lemma 4.4.3, it will be arbitrarily close to an affine injective
conformal map L on smaller and smaller balls Bf,. If ¢ were the identity, given a (finite)
collection of circles centered at 0 we would get the C%-closeness of % to L on all these
circles, for some 7’ small, and we would be done.

The important observation now is that the distortion constant of ¢ can be bounded

solely in terms of V: indeed, as in the proof of Theorem 4.3.1, ¥(B?) N B? is close to a

Q
1/2

\Il(Bg( K)) - B?/Q (approximately), the upper bound on the distortion constant given by

stationary varifold v (in B? ), whose density on B, is bounded in terms of V. Since

Theorem 4.3.1 can be improved to a constant K'(V') depending only on V. Hence, we get (i)

also for a smaller radius ' (with K’(V') replacing K) and, as already said, this gives also (ii)
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with a bound E’(V) in place of E. Our sequence of radii is now obtained by iterated
application of Lemma 4.5.3 with parameters K'(V), E'(V), V.

Given constants K”, E” and V, which will be chosen when applying these results in
Section 4.6, we then fix Ky := max{K'(V), K"} and Ey := max{E'(V), E"}, so that all the
statements apply for all radii ro,71,...,7%.

Lemma 4.5.5 says that the macroscopic multiplicity does not change after applying
Lemma 4.5.3, namely when replacing the domain and codomain scales r, £ with v/, ¢'¢ (and
p, IT with p/, II'). Tts proof uses Lemma 4.4.3 to claim that ¥ is approximately a graph over
I1, and then applies the constancy theorem (in the limiting situation).

Finally, as it will be clear along the proof of Theorem 4.6.1, Lemma 4.5.6 concerns the
behavior of a conformal immersion ® : B? — M at a scale (comparable to) £ := o in the
codomain, when ® satisfies (4.3.2). Assume that ®(B2) has diameter approximately ¢,

assume the smallness
04/ I®|* volp < / volg (4.5.1)
B2 B2

and the bound [, volg < C/?. When dilating the codomain by a factor £=!, (4.5.1) becomes
[z LY * voly <<71, for ¥ := ¢~1(® — ®(0)). As ¥ is conformal, we have AV = 2Hye?*
(wilere e is the conformal factor). Thus, we get that AW is small in L* provided we
can obtain an upper bound on A; once this is done, by Sobolev’s embedding we obtain a
C'-control on ¥, which implies that the macroscopic multiplicity is 1 at this scale.

In order to bound A, we use a result by Hélein (belonging to a broad class of phenomena
of integrability by compensation, whose study dates back to the discovery of Wente’s
inequality), guaranteeing the existence of an orthonormal frame {e;(z),e2(z)} for the
tangent space of the immersed surface ¥, with a bound on ||Ve;||; > depending only on the

L2-norm of the second fundamental form. Then we show that
— A= 8161 . 0262 — 8261 . 8162

and we compare A with the solution p to the same equation, with zero boundary conditions
on a ball. A pointwise bound for y now follows from Wente’s inequality, from which one
easily deduces the desired upper bound for A. Although not necessary, we will also show how
to obtain a pointwise lower bound on A in this situation.

While reading Sections 4.5 and 4.6, it can be useful to refer to the following diagrams,

illustrating how the constants depend on each other:
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LN N | LS
— NI

(an arrow A — B means that B depends on A).

do

Rigorous statements and proofs

We now make the above discussion rigorous. In a first reading, it can be helpful to pretend

that all quasiconformal homeomorphisms appearing in the proofs coincide with the identity.

Definition 4.5.1. Given V > 0 with V = [V | + 1, we define the constants
K'(V):=(16V)?,  E(V):=2rK'(V)D(K'(V))>.

In the sequel, it will be convenient to assume always that V € N 4 %, so that V = |V ] +

N[

Lemma 4.5.2. There exists 0 < g9 < n(K), depending on E,V >0, K > 1 and M, such
that whenever ¥ € CQ(EE(Z),Mng) is a conformal immersion, almost critical for the

functional (4.3.3) on B2(2), and I1,II' are 2-planes satisfying

o U(z+1)€ R?(,sm

. 1/ VU] < E,
2 /B2(2)

1
. / voly = / VO[> <V,
v(BY) 2 Juus?)

o 7 log(Tl)/ ‘H\I"4 voly < gq for some 0 < 7 < g,
B}(2)

o dist(I,II') < &g and 0 < ¢ < &,

then the projected multiplicity N (U, B> (2),II) satisfies

s(K)?r

: 2 + 1
dlst< NV, B s (2),10), Z ) <z, (4.5.2)

- s(K)?r )

By
1
]{en N (W, BY jy2,(2), 1T) — ]{gn/ N(W, B jy2,(2),I1)| < = (4.5.3)
n(K) n(K)

where ZT is the set of positive integers.
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Proof. We can assume z = 0 and » = 1. Suppose by contradiction that there exist
sequences ¢y, | 0, 7y, {, points pg, maps ¥y and planes ITj, IT, making the claim false for
g0 = €. Up to subsequences, we can assume that ITj, I} — IL., that ¥ has a weak
limit oo in WH?(B},R?), with traces Yoo, g, (s+) = 9(s-) for some ¢ € D> and all
s € {1, s(K), s(K)Q} (thanks to Corollary A.4), and that the varifolds v induced by Wy
converge to a varifold v in R¥.

We now invoke Theorem 4.3.1. Recalling the definition of DP(‘” and s(K) from Section 4.2,
the convex hull property satisfied by W, gives

—2 *Q
Voo (Bj(k)) € co (‘I’oo(aBg(K))) =co (1/1(53?(1())) C By, (4.5.4)
so that, with T'o, = U (0B?) = ¢(0B%) being disjoint from BlQ (as | (z)| > 1 for x € B3,
by definition of D),
1
4

Theorem 4.3.1 gives the varifold convergence vj, — v, and vj — v/ as k — oo, as well as

dist(Voo (), Toc) > 7 for € Bije. (4.5.5)

the tightness of the sequences of mass measures ||v} | and ||v{||, where v} and v} are the

varifolds issued by \Ilk‘ g2 and \I/k‘ B2 respectively, while v/ and v/ are the ones
s(K) s(K)2
issued by ((pOO(BSQ(K)), U 09zl Noo 0 o3t) and (gooo(Bg(K)Q), oo 0 0t Noo 0 02t).

Although not needed in the present proof, let us remark the following improvement on

6

the last statement in Theorem 4.3.1, which will be used in the proof of Lemma 4.5.3: we have

Vr

2
1
™\ %

Ny < =16V

and the distortion constant of ¢« is bounded by K'(V) = (16V)2. Indeed, since v is

stationary in B? and ||VooH(BlQ ) < V7, by the monotonicity formula its density is bounded

by ﬁ at any p € B?. In particular, (4.5.4) gives an upper bound 4V at points in

\IIOO(BSZ( K)), which implies our claim.
The support of v/ is contained in the plane I, by the convex hull property enjoyed by

VU, and the fact that ¥, maps 833( K2 10 Iloo. Since ‘I/oo(aBg( K)?2

the varifold v’ is stationary here and thus, by the constancy theorem [98, Theorem 41.1], it

. Moo
) does not intersect Bn( %)

has a constant density v € N. We must have v > 0, since \IIOO(BE( K)Q) is a superset of B;I(}O()
by Lemma A.1 (applied to n(K) W (s(K)?-)). The area formula and the tightness of ||v/||

then give

I iy OSBRIV B
B P Ts(K)® mn(K)? (K )?

n(K)

Similarly, i, N (U, BS(K)Q, IT,) — v as k — oo. Hence the claim is eventually true,
K

7
yielding the desired contradiction. O

5The fact that one can choose the same multiplicity Noo and the same quasiconformal homeomorphism
Yoo : R2? — R? for both domains is evident from the proof of Theorem 4.3.1.
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Assume K > K'(V). We now specify dy < % so that Lemma 4.4.3 applies, with € := g
and s := s(K). Note that dp < eg < n(K) and that 9 and g still depend on V', K and E.

Lemma 4.5.3. Given E > 0 and K > 1 there exists a constant 0 < £ < g (depending on
E,V,K, M) with the following property: if a conformal immersion ¥ € CQ(E,%(Z), My, ) is

almost critical for the functional (4.3.3) (on the interior) and satisfies

[ \I/(Z + 7"') S Rl[_[(,507

1
. / IVU|* < E,
2 JB22)
1/ 1
o — voly, / volg <V,
T Ju-1(BR) ™ (K)? Ju-1(BQ )

n(K)
o 7 log(T_l) /

4
‘II‘I" voly < & for some 0 < 7 < &),
B2(2)

o 0 <(<ep,
then there exist a new point p' € M, ¢, new scales ', ¢’ and a new 2-plane II' with

o cyr <1 < s(K)r,
1

27
dist(IT, IT') < &,

ep <l <

() Wz +1") ) € Ry g0

1
. 2/ ‘V\II"Q < E' V), for ¥ := (0)~1(V —p') (defined on B%(z)),
Bf/(z)
1/ 1 / ( n(K) >2 1
° — volgr, ——— volg < || ———— ) V| + 3.
™ J( )71(3?) v WU(K)2 ( )71(3520()) v \; U(K)—EO J 2

Proof. We can assume z = 0 and r = 1. By contradiction, suppose that there is a sequence
ek 4 0 such that the claim fails (with e, = &) for all radii e < 1’ < s(K), for some W) and
II; satisfying all the hypotheses.

Assuming also that Il — II, and pr — poo, by Corollary A.4 we still have ¥, € R?(fgoz

indeed, if ¢y, € Dg’“ are such that H\I/k}aBz(s-) — Yr(s-) < 6o for s = 1,5(K), s(K)?,

L>(0B})
then there exists ¥, € DIH("" such that ¥ — 1o (up to subsequences), uniformly on the
three circles; for any bounded measurable function y : 0B? — R? with ||x|/;: < 1, weak

convergence of the traces ‘Ijk‘aBg — \I/OO|BB§ in L? gives

/BB% X (\I/oo‘aBg(S') —Poo(s)) = klggo op? X (\Ilk"aBg(s') — () < do
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for s = 1,s(K), s(K)?; thus, with x being arbitrary, the desired inequality holds also for
k = oo. Also, \I/k((?B%) converges to a compact set 'y, included in the closed dg-neighborhood
of 10 (0B?) (up to subsequences).

As observed in the proof of Lemma 4.5.2, up to subsequences we get a limiting local
parametrized stationary varifold (Qso, ©oo, Noo © p}) in R€, where Oy = Uy 0 ot and
Qoo = Yoo (Bf( K)) for a suitable K'(V)-quasiconformal homeomorphism ¢ of the plane
(since dist(\Iloo(Bg(K)), I's) > 7). By Theorem 4.3.2, O is harmonic. Also, it takes values
in the tangent space T' at po, (translated to the origin).

We can assume that ¢ (0) = 0. By definition of §p and Lemma 4.4.3, applied to
Voo (s(K)-) and oo (s(K)-), O is a diffeomorphism from ‘Poo{gi(l()/z) onto its image and
the differential VO, (0) is a conformal linear map of full rank, spanning a plane II" with
dist (I, IT') < £0.

The varifolds v, induced by ¥y, }Bzm)? converge to Vo, induced by (gooo(Bg(K)Q), Oco, Nooo
¢=}). Using Lemma A.1, applied to 7(K) !l o Uoo(s(K)?-), and the fact that 5y < n(K),
we deduce the existence of a point y € BE(K)Q such that I, o U (y) = 0. By the convex
hull property enjoyed by ¥, it follows that

Voo ()| = |1 © Weo ()] < o,

as ﬁloo(aBg(K)Q) C {p:|IL(p)| < do}. Since HVOOH(BE)(K)) < Van(K)?, the stationarity of
Voo 0N Bg( K) implies that its density at Uoo(y) is at most

Van(K)?® n(K) 2
m(n(K) — do)? = (n(K) _€0> V. (4.5.6)

With v, being stationary in the embedded surface G)oo(gooo(Bsz( K)Q)), the constancy theorem
gives that its density 6 is a constant integer here. This also follows from the fact that N is

constant, by Theorem 4.3.2. Thus we have

2
||voo|<B?<p;o>><([<n(%K_)%) vJ+;>m2, P Ou(0)ET,  (457)

for all ¢ > 0 small enough. Fix now any ' < s(K) such that we have the strong convergence
Ui(r') = Ueo(r') in CO(OB? U GBSQ(K) U GBSQ(K)2) along a subsequence.” Note that
A oo (1) € Diryy, where A := minj,_ |@oo(2)]. Also, the fact that Woo = O 0 oo
and the smoothness of O, give

50| V0o (0) (1) < 50; (4.5.8)

/ ! |
[Poo (r'2) = W (0) = (YO0, uelr'e))| < 5720 7

"This can be obtained by applying e.g. Lemma A.5 to the weakly converging R3*?-valued maps
(Ui, Wi (s(K)), Wa(s(K)™)) = (Woo, Woo(s(K)-), Yoo (s(K)™)).
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if 7’ is chosen small enough, where ¢ := WA and x € E?. This implies

() (Woo(r") = Pho) € Rl vy 502

by conformality of VO, (0). Shrinking 7/, we can also ensure that ¢’ < %, as well as

K/
/ Noo|O1 W oo A 030 og| < ;V)/ VO
B}, Bl vy (4.5.9)

< K'(V)(D(K'(V)A)*7| VO (0)[*.

Calling v/ the varifold induced by (¢oc(BZ), (¢') 1 (Oos — Pl ) Neo 0 o), in view of (4.5.7)

we can even guarantee that

V. Il(BY) Hv;oH(B??(Kﬂq( (n(K) )ZVJH
n

T T om(K)? K) — ¢ 2’

Calling pj, the closest point to pl, in M, ;. (eventually defined and converging to pl_, since

My, o, — T), thanks to (4.5.8) and A\ Lo (r'-) € Dgr(v), eventually we have
(@) Wk (") = pi) € Ricrvy s

Moreover, (4.5.9) and (4.3.5) give

1

/ |v\11,€|2ﬁ/ Noo|01Woo A DoTos| < (£)2E' (V).
2./B2(2) B2, (2)

From the convergence of the varifolds v}, induced by (¢')~* (¥}, — p},)| g2 tO vl we get

/ BQ
lim sup M, lim sup

k—o00 ™ k—o00 WI(K)2 2’

Vil (B _ K (?7()K) )2@ ;1
n(K) —eo

So eventually (¢')~! (U (1) — p)) satisfies all the conclusions. This yields the desired

contradiction. O

Definition 4.5.4. Given constants K’ > 1 and E” > 1, we define Ky := max {K'(V), K"}
and Ep := max {E'(V), E"}. We also let sg := s(Kp) and o := n(Kp).
We fix ¢ (and thus dp) and ef, so that Lemmas 4.5.2 and 4.5.3 apply with K := K,

FE = Ej. Since ¢p depends on V', we can assume that it is chosen so small that

K%TEJZVJ +%: V] +%=V- (4.5.10)

This makes the last conclusion of Lemma 4.5.3 match one of the hypotheses, making it
possible to iterate that result. On the other hand, the constants V., K" E” (upon which all

the aforementioned constants depend) will be fixed only in Section 4.6.
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Lemma 4.5.5. There exists a constant 0 < e < g, with the following property: if a
conformal immersion ¥ € C'Q(Ez(z), My, ) satisfies the hypotheses of the previous lemma
(with €, Eo, Ko in place of €, E, K ), then the new point p’, the new radius r' and the new
scale £ provided by Lemma 4.5.3 satisfy

n(0, ngr(z), Byl =n(¥ —p, ngr,(z), Byly) =n(¥ -y, BSQ%T,(Z), Bily).  (45.11)

Proof. The second equality in (4.5.11) follows immediately from Lemma 4.5.2 (applied with
()~ —p) on B%), which gives

TL(\I’ — p/, BSQ?)T’(Z)’ B};{)z/) = TL(\IJ — p/, BSQ(Q)T,(Z), B};{)z/)

since dist(IT', IT) < &o.

Assume again z = 0, 7 = 1 and, by contradiction, that the first equality in (4.5.11) fails, so
that we have again two sequences ey | 0 and ¥j. We can assume that I — I, pj — plo,
0, — 0 and 7, — i, with plg € M, gf <, < 3 and &) < rl, < so. Moreover, as in the
proof of Lemma 4.5.3, up to further subsequences we get a limiting local parametrized
stationary varifold (Qoo, ©oo, Neo © o) in RC, with Qo = 9000(3520)~ From Theorem 4.3.2
we know that O, is harmonic and N, = v is constant, so Lemma 4.4.3 gives that I1, 0 Oy
is a diffeomorphism from cpoo(Eio /2) onto its image.

Calling v}, the varifold issued by \Ifk| g2 and Ve the one issued by (9000(332), O, V), We
s2 0

0
have the varifold convergence v, — vy, as k — oco. The area formula gives

M) v || ( BHx o) Voo || ( Bieo
N, B, 11) = 1 m;;2|r< ), I00) W;?”( w) _,
0 0

k
By

since (I )«Voo equals an open superset of B}?OOO in I (by Lemma A.1), equipped with the
constant integer multiplicity v. Hence, n(¥y, Bzz, B}?Ok) = v eventually.
0

Similarly, calling v} the varifold induced by \I/k‘ B, and v’ the varifold induced by
50"k

(S"oo(ngrgo)» O, V), we have vi, = v, as k — oo, as is readily seen by approximating with

domains which do not vary along the sequence. Since (£,) ™1 (Voo (rh) — ply) € R?fo" 50

again (Ilw)«VvL, equals a superset of BEO‘;S in Il, with constant density v. This gives again

I)vil Byl (@) [[(Mao) VAl l(BY (g50))

_)
™ (€},)2 ™ (0 )?

:]/7

N (¥, B% , ,1I;) =
I ST
Bﬂoke;c(qk) 0k

where g, := Il (p},) for k € NU {oc}. Hence, n(¥y — p}, B% , ,BH’“E, ) = v eventually. So
SoTk oty

the first equality in (4.5.11) holds eventually, giving the desired contradiction. O

Lemma 4.5.6. Assume that ¥ € Cm(ﬁf(z),./\/lp,g) is a conformal immersion and I is a
: 4
2-plane with W(z +r-) € R?(()’(;O and %fBz(z) IVU|* < Ey. If fB?(z) ’]Ill” voly and ¢ are

sufficiently small, then Il o W is a diffeomorphism from Eigr(z) onto its image.
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Proof. We can suppose that z =0 and r = 1. Assume by contradiction that the claim does
not hold, for a sequence of 2-planes II;, — Il and immersions ¥ : E? — My, ¢, With
l;, — 0 and second fundamental forms I, satisfying

/2 T |* voly, — 0. (4.5.12)
B

1
Let \x € C“(E?) be defined by |0, Uy| = [0¥| =: e* and let I, and I, denote the
second fundamental forms of M,,, C R® and of the immersion ¥, in R? respectively, so
that T = I, 4, + I;. Note that

My, | oo < C(M)E — 0, (4.5.13)

I8

With a slight abuse of notation, let us drop the dependence on k in the subsequent

so that

I,

4
) volg, — 0. (4.5.14)

computations. We define the orthonormal frame
gl = 6_/\81\117 gz = 6_)‘82\11 (4.5.15)

for the tangent space of the immersed surface W. It is straightforward to check that the map
e1Ney: E? — AQRQ has |V(g1 A€2)| = et

~12
/ \V(glA'ég)\zdﬁ?:/ 6”111\ dL‘Q:/
B} B} B}

by Holder’s inequality, since [z» voly < E. We identify the Grassmannian Gry (R?) of
1

1|, so

~12
11’ voly — 0 (4.5.16)

2-planes in R? with a submanifold of the projectivization of AsR?, by means of Pliicker’s
embedding. For k large enough [51, Lemma 5.1.4] applies and provides a rotated frame
(e1,e2), given by

ec = e +iey = %8, =€ +iéo, (4.5.17)
for a suitable real function § € W'2(B?) minimizing fo |VO + ¢, - V& |? (in particular, 6

and ec are smooth functions on E?) and with ||Ve(c||%2 becoming arbitrarily small as k — oo.
We will assume in the sequel that ||Vec|/72 < 1. Observe that, whenever o, § € C I(E?),

01003 — D01 B = i(@la + 82,3)2 + i(aza — 81,3)2 (3104 — 82,3)2 (8204 + 816)2
= [0:(a+iB)* — |0z(a +iB)|".

Hence, since €; + iéy = 2e*05¥ and 9,V - 0,V = 9;¥ - 9z ¥ = 0 by conformality, we get

1 1
4 4

— (01€) - Day — Boey - D18n)

= 40:(e71020) - 0.(e 10, W) — 495(e 1D, V) - 9, (e~ D)

= 47N OLU - 92U — Q2 W - 92U — N0 - 92U — 90D, T - 9L D)
+2e 22900280 - 0,T) + 2229, 0D,(0:T - 95 )

= 4eMNOLV - Q20 — 92U - 92U — 9NV - 920 — 9,00,V - 9L 1).
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On the other hand we have

2220, \ = 0.(e**) = 0.(20:V - 9.0) = 9:(0, ¥ - , V) + 205V - 92U = 20,V - 92U,

A(e?) = 402, (2051 - 0.0) = 80(0zV - 02,T) + 402,(0.V - 9,
8 837\11 ’ agz\ll - 8222\11 ’ 822\11)7

(
(
So we arrive at

A(BZ)‘)
2€2A

O1€1 - Ogey — Oheq - 0160 = — + 89N A = —AN. (4.5.18)

Alternatively, since the projections of d;e; and dje2 onto the tangent space of the immersion
U are orthogonal (as the projection of J;€; is a multiple of €5 and the projection of Oyez is a

multiple of 1), we have

8151 . 6252 — 8251 . 8152 = €2>\(]I(€1,€1) . ]I(gz, 52) — ]I(gl, 52) . ]I(gl, 52)) = €2>\K,

by Gauss’ formula, where K denotes the Gaussian curvature of the immersed surface. But,
by the well-known formula for the curvature of a conformal metric, we have K = —e 2*A\,

which gives again (4.5.18). Moreover,

D€y - Daey — Daey - Orea = |Dzec|? — |Ozec|? = |0.ec|? — |0=ec)?

= 01€e1 - Ogeg — Ohey - 0162,

since 0,ec - ec = —eg - O,ec and similarly for the partial derivatives with respect to zZ. Thus,
calling p € C* (Ef) the solution to

—AM = 8161 . 8262 — 8261 . 8162 on B%
p=0 on 0B?,
we obtain that A — p is harmonic and, by Wente’s inequality,

Il < C@(IVerlzz + [ Veallyz ) < C(Q). (45.19)

Since A < ), for all z € §§/4 we get

(=@ = f

Together with (4.5.19), this gives an upper bound for A on B§/4, depending only on E, Q.

E

—p) < 2 o < . (452
Jamms Pl S s+ C@. 4520)

f/4 1/4 1/4)

Although this is sufficient for the present purposes, one can also get a lower bound for A on
B2 . Indeed, calling M the right-hand side of (4.5.20), we obtain that M — (A — ) is a

nonnegative harmonic function on Bg /1 Moreover, the length of the curve \I/‘ ap2 1S
S0

/ et > 2, (4.5.21)
oB2,
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since the composition of II o \IJ‘ apz With the radial projection onto 837% (which does not
50

increase the length) is surjective (being a generator of the fundamental group of 8B,1]IO).
Hence, there exists some z € B2 such that A\(z) > log (sy 17]0). We deduce that

inf(M — (A — ) < M+ C(Q) — log(sy o) (4.5.22)

and so, by Harnack’s inequality, the supremum of M — (A — ) on Bg@ is bounded by a
constant depending only on FE, s, 19, Q. This, together with (4.5.20) and (4.5.19), gives

H)‘HLOO(BgO) < C(E7 507770’Q)' (4523)

The mean curvature of the immersion ¥ is H = %%(ﬁ(alxy, OV) + (D, 5y W) = —ﬁg
(note that AW is already orthogonal to the tangent space of the immersion, since
0,V - AV = 49,V - 92 ¥ = 20:(9,¥ - 9,¥) = 0). So we get

4
/ |A‘l’k|4 d,CZ = 16/ ’Hk‘ 66/\’“ VOI\Ijk
B§/4 B§/4
y (4.5.24)
< C(E, Q)/ ‘]Ik‘ voly, — 0.
B3,

Since sg < 3, this implies that (¥}) is a bounded sequence in W24(B2 ) (by Lemma A.2
applied to Wy (2-)), so by the compact embedding W?4(B2 ) — C’l(ﬁio) we obtain a strong
limit ¥, in C! (Eio), up to subsequences. Thus ¥, is weakly conformal and, by (4.5.24), it
is also harmonic. Lemma 4.4.3 applies (with W (so-) and idg2 in place of ¥ and ¢) and
gives that Il o ¥, is a diffeomorphism from Ezo /2 2 Eig onto its image; hence, the same is

eventually true for Il o Wy, giving the desired contradiction. O

4.6 Multiplicity one in the limit
Theorem 4.6.1. Assume ¢ € C“(Ez(z), M) is a conformal immersion, almost critical for
(4.5.1) on B2(z) and satisfying

o N D(z41)—p) € R?(O’(;O for some \Jo/ej <l <1 andpe M,

. 1/ Vol < Eyl?,
2 /B2

° / volg < Vrf? and/ volg < Vﬂ(ng€)2,
®~1(BZ(p)) ®-1(B2 ,(p))

7
o ol log(a_l)/ ‘]I‘b‘4 volp < 50/ volg for all 0 < s <.
B2 Eoy Jp2
Then, if o and £ are small enough (independently of each other), we have

n(® —p, ngr(z), B,l;f)g) =1.
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Proof. Let rg :=1r, pg :=p, by =¥, 19 := 0662 and Il := II. Note that
Uo =071 (® —p) = £, (P — po)

is almost critical for (4.3.3), with 7 := 79 < &j. Thus Lemma 4.5.3 applies to Wy (if £ is
small enough), giving a new radius ejro < r1 < sgro, a new point p’ € M, 4, a new scale
g <t < % and a new 2-plane II'. Setting r1 := 1", p1 := po + Lop’, ¢1 := by, 71 := 0 /{1,

I1; := IT" and recalling (4.5.10), the map
Uy o= () (Yo —p) = £7(@ — 1)

still satisfies the hypotheses of Lemma 4.5.3, with the parameters r1, 71, p1, £1, 111, provided
that 71 < &f;: indeed, note that (assuming 7 <¢ef, < 1)

7 log(ﬁl)/ ‘]I\I’l‘4 volg, < 7 log(a_l)/ ‘H\I’lrl volg,
B2, (2) B2 (2)
4 5” —2 6//
= 81*20-4 log(o-_l)/ ’]I(b’ volg < 01/ volg = 0 / ‘V\I,1|2 < 56/-
Hence, we can iterate and define r;, 75, p;,¢;,11;, for j =0,1,..., up to a maximum index

k > 1 such that 7; < e <egf for1 <j < kand 7, > ¢(j: such k exists since 7; = E;la > 27.
With the same computation as above, this implies

/ %[ voly, < ——0 < =
Vi .
52 (2) "= rlog(o 1) T (e§)?log(o )

(4.6.1)

If o and ¢ are small enough, Lemma 4.5.6 applies to the map ¥y := K;l(\ll — Pk), on the ball
B? (z): indeed, note that ¢}, < ¢ and fng ) [T¥*|* voly, can be assumed arbitrarily small
(by taking o and ¢ small enough), by virtue of (4.6.1). This, together with Lemma A.1, gives

n(Wy, B%, (2),BlF) =1

SOT'k

Also, Lemma 4.5.5 applies for all j =0,...,k — 1, giving

(@ = p, B, (2), Byoy) = n(Vo, Bk, (2), By?)

= n(¥,, B

2
SpT1

(2), Byy')

= n(Vk, B2, (2), By')

=1 O

As in Section 4.3, assume now that &5 : ¥ — M is a sequence of almost critical points for

/Volcpk —i—a,%/ T%%|* volg, (4.6.2)
p) by
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with controlled area, namely

A S / VOlq;k S A,
by
and with
o — 0, o} 10g(0k1)/ [T®*|* volg, — 0.
by

By the main result of the second chapter, up to subsequences the varifolds v induced by
@, converge to a parametrized stationary varifold.

As explained in Section 2.6, there could be bubbling points, and also the conformal
structures induced by ®; could degenerate (in the space of conformal structures up to
diffeomorphisms). In the remainder of the chapter, we will assume for simplicity that there is
no bubbling and no degeneration of the conformal structure. Note that the arguments will
apply also to the general case, working on appropriate domains different from X, as it was
done in Section 2.6.

Up to precomposing @ with suitable diffeomorphisms of ¥, we can thus assume that
there exist metrics gy of constant curvature (1, 0 or —1, depending on the genus of ¥) such
that @y, : (X, gx) — M is conformal, and such that g converges smoothly to a limiting
Riemannian metric goo. The limiting varifold v, is a parametrized stationary varifold of the
form (X0, Ooo, Noo). By the regularity result of the previous chapter, which was already
exploited in Section 4.5, O : Yoo — M is a smooth branched minimal immersion and N,
is locally (a.e.) constant. Also, calling ®, € W1H2(2, M) the weak limit of ®; (up to
subsequences), O, = P, 0 5 for some quasiconformal homeomorphism o, @ ¥ — Yo,
with respect to goo. Here ¥ is a Riemann surface homeomorphic (by means of ¢,) to X.
In particular, ® is continuous and N is a.e. constant (X, being connected).

In local conformal coordinates for (¥, goo), as in (4.3.5) we have
1
volg, — Noo|O1Poo A 2®oo| L2 > iywooy? L2 (4.6.3)

Setting vy, := volg, and Ve 1= N|01Poo A 2P| £? (in local conformal coordinates for
3), by (4.6.3) we have v — vs. We can find a conformal disk U C (¥, g ), which we
identify with B C C and fix in the sequel, such that VOO(B%/Q) > 0.

Definition 4.6.2. We denote by v the constant value of N,. Also, we call T' the set of
bad points z € B? which are not Lebesgue for V®,,, or such that V®.,(z) does not have
full rank, or such that

mi)f (VP (2),x)| > 2v |I;‘112111 (V@ (2), )| (4.6.4)

We have £2(T) = 0, since VO, has full rank a.e. by conformality (hence the same holds for
P, by the chain rule®) and since (4.6.4) implies 1|01 P o0 A 02Poo(2) < 3| VPs|?(2) (as it

can be immediately verified using a singular value decomposition for V&, (z)).

8See e.g. [56, Lemma 4.12] and [65, Lemma I11.6.4].
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Definition 4.6.3. We now specify K" := 2v and we set E” := 7v((K")? + 1). Finally, we
choose V > 0 such that V = |V ] + § and

Voo | (BE () < Vs (4.6.5)

for all £ > 0 and all p € M. Such V exists by the monotonicity formula satisfied by the
stationary varifold v,. Note that now also the constants Ko, Eo, so, 70, as well as eq, do, &,

and e(, are determined.
Theorem 4.6.4. We have Noo = 1 a.e., or equivalently v = 1.

Proof. Let By, be the Borel set of points z € B%/Q such that

"

o log(akl)/ ’]Iq>k’4 volg, > 2—0 volg,
Bi(2) 0 JB2(z)

for some radius 0 < r < % By Besicovitch’s covering lemma, we get a collection of points
zi € B and radii 0 < r; < % such that
!

0']% log(ak_l)/ ‘]I(I)krl volg, > ‘o volg, , 15, < 2132_(%) <M,
B2, () Eo /B2, (=) ;o

for some universal constant 91. Thus we get
E() _ 4
(B < Y vola, (B2 20) < Zootion(p) Y [ 104 v,
i %0 i B2 ()
EoN
< #O’é log(ak_l)/ ‘H¢>k‘4 volg, — 0.
€0 by

Up to subsequences, we can assume that B% /2 \ By, converges in the Hausdorff topology

to some compact set S C Ei /2- We remark that vo0(S5) > 0: indeed, for any compact
neighborhood F of S in B?, we have B%/2 \ B C F eventually and so

Voo(F') > limsup v (F) > lim sup(uk(Bf/Q) — vi(Bg)) = limsup Vk(B%/Q) > VOO(B%/2) > 0.

k—o0 k—o0 k—o0

It follows from (4.6.3) that £2(S) > 0.

We now show that No, = 1 a.e. on S\ T, which has positive Lebesgue measure. This
will show that v = 1, as desired. Fix any z € S\ T and take a sequence zj € Bf /2 \ By, with
2z — z. Locally we can find conformal reparametrizations @y of ®(z + ), by means of
diffeomorphisms converging smoothly to the identity on a small neighborhood of 0.° By weak

convergence @, — ®oo(z + -) in W2, for a.e. radius 7 > 0 we have

By (1) = Boo(z + 1) in CO(OBIUIBZ U 0B%) (4.6.6)

9For instance, one can isometrically identify a neighborhood of z in (3, gx) with a neighborhood of z in
(2, g), by means of the exponential map.
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up to further subsequences.'® Using Lemma A.4 and the fact that z ¢ T, we can assume

that r satisfies

oo (2 4+ 17) — Pog(2) — (Voo (2), 72)| < 8o for z € OBf UOBZ U 8353, (4.6.7)

1
2/ VOoo|? < (177)| Voo (2)* < Lr((K")* + 1), (4.6.8)
B(2)

with £ := rminj,—; [(V®oo(2), z)|. Note that (4.6.7) will guarantee (below) that the first
assumption in Theorem 4.6.1 holds for ®. Setting p := ®oo(2), note that (4.6.5) gives

IVill(BE(0)) < Val?,  |[vill(BE,(p)) < Vr(nol)?

eventually, which trivially implies

volz < Vri?, / volz < Vr(nol)?. (4.6.9)
[fkl(Bfuz)) o L) B
Also, (4.6.3) and (4.6.8) give

1
lim —

~ 2 ) v
vq>k] = lim v(B2(2)) < /

Vo |2 < E"2.
)

Thanks to the fact that z, & B and the above inequalities, eventually &)k satisfies the
hypotheses of Theorem 4.6.1 on the ball B2, provided that r (and thus £) is chosen small
enough.!! Setting ¥, := f_l(EI;k — p), we infer that

n(U;,, B

2.9
sgT

Iy _
By =1, (4.6.10)

where IT is the 2-plane spanned by V& ().
Since 7 can be chosen arbitrarily small (possibly changing the subsequence guaranteeing
(4.6.6)), the argument used in the proof of Theorem 2.5.3 shows that Ny (z) = 1.
Alternatively, (4.6.10) gives

L v | (Brg)

-1
7["/]8

<77

where the varifold v}, is induced by \Ilk‘ B2, and converges to the varifold v/ induced by

SO'/'
(cpoo(BSQ?)r(z)),E_l(@oo —p),v). Assuming without loss of generality that VO, (poo(2)) # 0,

IT 0 O is a diffeomorphism from ¢, (Bgzr(z)) onto its image (for r small enough). Hence,
0

19This can be obtained by applying Lemma A.5 to the weakly converging R3@-valued maps

(@1, Br(s0°), Br(s5)) = (Poo(z + ), Poo (= + 50°), Po (2 + 50-)).-

1o be precise, in the definition of By one should use balls in a conformal chart for gy.
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4 plicity

at a.e. point of II the varifold II, v, has density either 0 or v. Since I o @oo(BgQT(z)) is a
0
superset of B};{)K(H(p)) (by Lemma A.1), it follows that

L vio1(Brg)

oo
5 =
™G
vy ||(Brg) — ITvio [[(By) . -
The convergence | ’“Hz 0L 107 thus gives |v — 1| < L, and again we conclude
) 15 8’
that v = 1. O

Appendix
Lemma A.1. Assume that F € CO(Ef,RQ) satisfies
|F(z) —p(x)| <o for all x € OB} (A1)

for some 0 < § < 1 and some homeomorphism ¢ : R? — R?, with ¢(0) = 0 and
min,—1 [p(z)| > 1. Then

F(B}) 2 BY ;. (A.2)

Proof. 1t suffices to show that, for a fixed y € B%_ 5, the closed curve I'' := F' ‘ op2 1S not
1

contractible in R? \ {y}: once this is done, if we had y ¢ F(B?), i.e. y & F(Ei), then F
would provide a homotopy from I to the constant curve F(0) in R? \ {y}, yielding a
contradiction.

Letting ' := “P‘an and v :=TI" —T, we have |y(z)| < § for all z € dB. Hence, T is
homotopic to I in R?\ B 4 C R?\ {y} by means of the homotopy

C+ty, 0<t<l1.

So we are left to show that I is not contractible in R?\ {y}, i.e. that I' —y is not contractible
in R?\ {0}. The curve I' — y is homotopic to I' in R? \ {0}, by means of the homotopy

I —ty, 0<t<1,

which avoids the origin since |y| < 1. Finally, ' is not contractible in R? \ {0}, since ¢ (once
restricted to a homeomorphism of R? \ {0}) induces an automorphism of 71 (R? \ {0})
sending the class of the generator id, B2 to the class of I'. Hence, I' — y is not contractible in
R2\ {0}, too, as desired. O

Lemma A.2. For a function ¥ € C*°(B1) and 0 < 7 < 1 we have

1llw2ap2) < C(UAC a2y + VY 2(m2) + [l L2(2))-
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Proof. Given two radii 0 < r < s < 1, let us choose a cut-off function p € C°(B?2) with
p=1on B2 Since p¥ € C°(R?), standard Calderén-Zygmund estimates give

V29| o g2y < IV 09)]| ey < COIAPE)| o ey
<C(pr, 5)(”A‘I’”Lp(33) + ||V‘I’||LP(B§) + H‘I’HLP(Bg))

(A.3)

for all 1 < p < co. Setting t := HTT and applying (A.3) with p:=2, r:=¢ and s := 1 we get
V22 122y < COUAL 2(s2) + IV L22) + 191 122))

hence H\IIHWQ,Q( B2) is bounded by the desired quantity. Using Sobolev’s embedding
W22(B?) — W'4(B?) and (A.3) with p:=4, r := 7 and s := t, we obtain

1922y < CEVUAY Lz + [l ze)
< CEOIATI a2 + 19U a2y + 1] 252,)- =

Lemma A.3. Given a sequence Y : C = C of K-quasiconformal homeomorphisms with

the normalization conditions

there exists a K-quasiconformal homeomorphism 1o : C — C satisfying the same
normalization condition and such that, up to subsequences, Y, — Yoo and wk_l — Yt in

co (C).

loc

Proof. Let u, € Ex be defined by d:10, = u10.1."2 The existence and uniqueness of a
K-quasiconformal homeomorphism satisfying this equation and the normalization conditions
are shown in [56, Theorem 4.30].

Given M > 0, we consider the set M = {u €fg:pu=0ae on C\B%/[}. If F#
denotes the normal solution to the equation Oz F'* = pud, F* (in the sense of [56, Theorem 4.24]),
then F'* satisfies estimates (4.21) and (4.24) from [56]. Applying them with the points 0 and

1, we infer that also the map f* := F#(1)~!F# satisfies estimates of the form

|f#(21) — f*(22)] < Clz1 — 22|* + Clz1 — 22, (A4)

|21 — 22| < C|fF(21) — f"(22)|" + C|f"(21) — f*(22)], (A.5)

with C' and 0 < o < 1 depending only on K and M. Given a sequence of homeomorphisms
fr : C — C satisfying these estimates, the Ascoli-Arzela theorem applies to fi and f,~ L and

so we can extract a subsequence (not relabeled) such that

fr = foor il = foo in CR(C).

12 Actually, the coefficient p is uniquely determined a.e., as 8.1bx, # 0 a.e. (this follows from ide = w,:l oy
and the chain rule [65, Lemma II1.6.4], together with [9z¢k| < |9:k]).
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From f,;lofk:fkofl;l = id¢ we get fOOOfOO:fOOOfoo:idC and thus foo : C - Cis a
homeomorphism, with foo = fx!. Also, since fy(2), fr 1(2) — oo uniformly as z — oo, we
deduce that the canonical extensions ﬁc :C—C converge uniformly to foo and that the
same holds for ﬁ_l.

We now closely examine the proof of [56, Theorem 4.30]: let fix € £} be given by
equation (4.25) in [56], with ug1c\p2 in place of p, and

g :C—C,  gulz) = fin(z )L

This map corresponds to the map f#! in the aforementioned proof (with py in place of p).
The lower bound (A.5), applied with f# and z; := 271, 23 := 0, shows that |gx(2)] is
bounded above by some M’, for all k and all z € E?. Hence, defining p, 2 as in equation
(4.27) in [56] (with gy, in place of 1), we get g2 € EM'. Calling hy : C — C the associated
quasiconformal homeomorphism, normalized so that hx(0) = 0 and hg(1) = 1, by the above

argument (with M := M’') we obtain the uniform convergence
~1 -1 -1 ~1
gk _>gooa gk _>goo ) hk_>h007 hk _>hoo

up to subsequences, for suitable homeomorphisms g., and hs, of the Riemann sphere C.
Setting Yoo := Ao © goo ‘(C and observing that ¢, = hy o gk|, we get the desired convergence
Yk — Yoo and P — Y3t in CP (C).

Finally, we show that 1 is a K-quasiconformal homeomorphism. Given an open

rectangle R CC C, [56, Lemma 4.12] gives
L2(u(R)) = /R 10260 — 10zl?) > /R (1= B2)[0anf? > (1 — k2)k~2 /R .

where k := % Since limsupg_,o, L2(¥r(R)) < L2(¥o(R)), we deduce that iy, is
bounded in W12(R); thus, ¢ is the limit of ¥ in the weak Wﬁ)’f (C)-topology. Given
p, Y, 9% € C°(C), integration by parts shows that

/(C (O 02 — B0 D192 = — /C (Oup' 00 — Dap 0197, (A.6)

By writing 15, = 1} + i1, a standard density argument shows that (A.6) still holds with
Yt 9% replaced by ¥, 92, for k € NU {oo}. Hence, observing that |62¢k|2 - |&z¢k|2 =
(814040207 — Dot 017, We get

/ p(10:4[2 — 10 [?) — / P(10: 000l — |Bpcol?). (A7)
C C

Defining the positive measures vy := (|8.0x|* — [0=¢]*) L2, up to further subsequences we
can assume that vy — Vo, as Radon measures. For any rectangle R such that v (0R) = 0,

approximating 1p from above and below with smooth functions and applying (A.7) we get

/ (100l — 10 [2) = / (10:thsel? — [Ost0nc?)-
R R
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By monotonicity of both sides, this actually holds for every rectangle R. On the other hand,

by lower semicontinuity of the L?-norm,
/(1 — k)]0:100|* < 1iminf/ (1= k%)|0x)* < lim /(|3z¢k|2 )
R k—o0 R k—o0 R
= [ 0sf? = o).

Since R is arbitrary, we get |0z100| < k|0.100| a.e., as desired. O

Corollary A.4. Given a sequence ¢ € Dy, there erists poo € Di such that, up to
subsequences, Qi — Yoo and go,;l — o in CP(C).

Proof. Let uy € Ex be defined by Ozpr = 0. for all k and let ¥ : C — C be the
unique K-quasiconformal homeomorphism satisfying the same differential equation, as well
as Pr(0) =0, (1) =1 (see [56, Theorem 4.30]).

By Lemma A.3, up to subsequences there exists a K-quasiconformal homeomorphism s,
such that 1 — Vs and ¥+ — ¥t in C) (C).

By the chain rule (see [65, Lemma I11.6.4]), the map ¢ 04, ' : C — C is a biholomorphism
and fixes the origin, so it equals the multiplication by a nonzero complex number A, i.e.
Y = Ap@r. On the other hand,

Akl = min_ |¢y(2)] — min |[¢eo(2)] € (0,00).
z€OB? z€OB2

Hence, up to further subsequences we can suppose that Ay — Aso € C\ {0}. The statement
follows with ¢oo 1= )\golwoo. ]

Remark A.5. In general, given ¢, € D (for k € NU{oo}) with ¢ — o and gp,;l — ot
locally uniformly, it is not true that the corresponding Beltrami coefficients satisfy pr — ptioo
in L°°(C). For instance, let y19(z) := 3 if R(2) € U,ez, [n.n + 3) and po(2) := —3 otherwise.
Then the bi-Lipschitz homeomorphism vy : C — C given by

N[ =

n+2(x—n)+2iy=n+2(z—n)+2(z—n) n

IN

X

IN

Yoz + 1y) == )

n+
n+it+50 4+ 3iy=n+1+2(z-n)—1z-n) n+i<a<

IN

n+1

satisfies Oz = 100,100, with the normalization 1o(0) = 0 and 1o(1) = 1. So py := po(2*-)
and 1y, := 2 %o (2F-) satisfy Oz = pup0.1by, with the same normalization. Moreover, they
converge uniformly to ¥ (z + iy) = = + %iy = %Z + %?, together with their inverses. The
homeomorphism 1, satisfies Ozto0 = fhooO2Woo With e = %, but pr — 0. Dividing each

Yy by min,|_; |tk (2)], we obtain a counterexample in the class Ds.



5 Codimension two minimal

submanifolds from
Yang—Mills—Higgs

5.1 Introduction

As already mentioned in the first chapter, a “level set” approach for the variational
construction of minimal hypersurfaces was born from the work of Modica—Mortola [80],
Modica [79], and Sternberg [103]. Starting from a suggestion by De Giorgi [26], they

highlighted a deep connection between minimizers u. : M — R of the Allen—Cahn functional

F.(v) = /M (s|dv|2 + 4%_(1 - 02)2),

and two-sided minimal hypersurfaces in M, showing essentially that the functionals F;
I-converge to ( % times) the perimeter functional on Caccioppoli sets. Several years later,
Hutchinson and Tonegawa [55] initiated the asymptotic study of critical points v, of F. with
bounded energy, without the energy-minimality assumption. They showed, in particular,
that their energy measures concentrate along a stationary, integral (m — 1)-varifold, given by
the limit of the level sets v-1(0).

These developments, together with the deep regularity work by Tonegawa and
Wickramasekera on stable solutions [108], opened the doors to a fruitful min-max approach
to the construction of minimal hypersurfaces, providing a PDE alternative to the rather
involved discretized min-max procedure implemented by Almgren and Pitts.

The initial motivation for the content of this chapter is to find, in a similar vein, a natural
way to construct minimal varieties of codimension two through PDE methods. Recently,
other attempts in this direction have been made by Cheng [21] and the second-named author
[102], based on the study of the Ginzburg-Landau functionals

F(w) = o [ (100 - o))
on complex-valued maps v : M — C. As discussed in the first chapter, this approach
produces nontrivial stationary rectifiable (m — 2)-varifolds, but it is not yet known whether a
varifold produced in this way is always integral, nor whether the energy measures of min-max

critical points concentrate along its support in the case by (M) # 0.

145
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In the present chapter, we consider instead the self-dual Yang—Mills-Higgs energy
B(u, V) = /M (1Vul? + PP +W(w) (5.1.1)
and its rescalings (for € € (0, 1])
Bo(u,V) = /M (IVul? + (PP + W (w). (5.1.2)

for couples (u, V) consisting of a section u of a given Hermitian line bundle L — M, and a
metric connection V on L. Here, the nonlinear potential W : L — R is given by

1

W) =

(1= Jul?)?, (5.1.3)

while Fy € Q?(End(L)) denotes the curvature of V.

For the trivial bundle L = C x R? on the plane M = R?, a detailed study of the
functional (5.1.1) and its critical points can be found in the doctoral work of Taubes
[105, 106]. In [106], all finite-energy critical points (u, V) of (5.1.1) in the plane are shown to

solve the first order system?
1
VoutiVa,u=0; Py =+5(1- ul?) (5.1.4)

known as the vortex equations—a two-dimensional counterpart of the instanton equations in
four-dimensional Yang-Mills theory. In particular, all such solutions (u, V) minimize energy

among pairs (u, V) with fixed vortex number

1
N::/ xFy € Z,
2 R2

and carry energy exactly E(u,V) = 27|N|. In [105], Taubes shows moreover that there exist

solutions of (5.1.4) with any prescribed zero set
~1/0) — 2
u (0) ={z,...,28} CR%,

which are unique up to gauge equivalence, so that [105] and [106] together give a complete
classification of finite-energy critical points of (5.1.1) in the plane.

In [53], Hong, Jost, and Struwe initiate the study of the rescaled functionals (5.1.2) in
the limit € — 0 for line bundles L — ¥ over a closed Riemann surface . The main result of
[53] shows that, for solutions (us, V) of the rescaled vortex equations (given by replacing
$(1 — [u?) with 25LQ(l — |ue[?) in (5.1.4)), the curvature x5-Fy,_ converges as ¢ — 0 to a
finite sum of Dirac masses of total mass | deg(L)|, away from which V. converges to a flat
connection Vg, and u. to a unit section ug with Voug = 0, up to change of gauge. While the
authors of [53] focus on the vortex equations over Riemann surfaces, they suggest that the

asymptotic analysis of the rescaled functionals F. may also yield interesting results in

"Here and elsewhere, we implicitly identify Fy with the two-form w given by Fy¢(X,Y) = —iw(X,Y).
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higher dimension, pointing to similarities with the Allen-Cahn functionals for scalar-valued
functions.

In the present chapter, we develop the asymptotic analysis as € — 0 for critical points
of E. associated to line bundles L — M over Riemannian manifolds M™ of arbitrary
dimension m > 2. The bulk of the work is devoted to the proof of the following theorem,
which describes the limiting behavior as € — 0 of the energy measures

1

%ea (ue, Ve) volg

He =
and curvatures Fy_ for critical points (u., V) satisfying a uniform energy bound.

Theorem 5.1.1. Let L — M be a Hermitian line bundle over a closed, oriented Riemannian
manifold M™ of dimension m > 2, and let (us, V<) be a family of critical points for E.

satisfying a uniform energy bound
E.(u:,V:) < A < 0.

Then, as € — 0, the energy measures

1

%ee (ue, Ve) volg

He =

converge subsequentially, in duality with C°(M), to the weight measure ju of a stationary,

integral (m — 2)-varifold V. Also, for all 0 < § < 1,
spt(p) = lim {|uc| < 6}
e—0

in the Hausdorff topology. The (m — 2)-currents dual to the curvature forms %Fvs converge

subsequentially to an integral (m — 2)-cycle T', with |T'| < p.

As will be clear from the proofs, orientability will be assumed only to show the statement

concerning the current I.

Remark 5.1.2. We warn the reader that, while the qualitative analysis of the Allen—Cahn
functionals does not depend on the precise choice of the double-well potential W, the

analysis of the abelian Yang-Mills-Higgs functionals (5.1.1)—(5.1.2) seems to depend quite

strongly on the choice W (u) = (1 — |u|?)?. Indeed, already in two dimensions, replacing
W with a potential Wy (u) := %(1 — |ul?)? for some A # 1 yields a dramatically different

qualitative behavior, breaking the symmetry which leads to the first-order equations (5.1.4),
and introducing interactions between disjoint components of the zero set (see, e.g., [59,
Chapters I-11I]). This should serve as one indication that the analysis of the abelian Higgs
model is somewhat more delicate than that of related semilinear scalar equations, in spite of

the strong parallels.

Of course, the results of Theorem 5.1.1 would be of limited interest if nontrivial critical

points (u., V) could be found only in a few special settings. After completing the proof of
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Theorem 5.1.1, we therefore establish the following general existence result, showing that
nontrivial families satisfying the hypotheses of Theorem 5.1.1 arise naturally on any line
bundle.

Theorem 5.1.3. For any Hermitian line bundle L — M over an arbitrary closed base
manifold M™, there exists a family (uez, Ve) satisfying the hypotheses of Theorem 5.1.1, with
nonempty zero sets u='(0) # @. In particular, the energy pi. of these families concentrates

(subsequentially) on a nontrivial stationary integral (m — 2)-varifold V as € — 0.

Remark 5.1.4. We remark that a very special class of minimizers for E. are given by
solutions (u, V.) of the first-order vortex equations in Kihler manifolds (M?™, wk) of
higher dimension; these generalize the system (5.1.4) from the two-dimensional setting by
replacing xFy in (5.1.4) by the inner product (Fy,wk) with the Kéhler form wg, and
requiring additionally that Fg’z = 0. As in the two-dimensional setting, solutions of this
first-order system minimize the energy E. in appropriate line bundles on Kéhler manifolds,
and it was shown by Bradlow? [17] that the moduli space of solutions corresponds to
the space of complex subvarieties in M (of complex codimension one) via the zero locus
(te, Ve) = uz1(0).

In particular, the zero loci uZ1(0) in this case are already area-minimizing subvarieties,
before passing to the limit € — 0. Note that the analysis of the vortex equations plays
a key role in the study of Seiberg—Witten invariants of Kéahler surfaces [110], and a
similar analysis figures crucially into Taubes’s work relating the Seiberg—Witten and
Gromov—Witten invariants of symplectic four-manifolds [107]. For a concise introduction to
the higher-dimensional vortex equations and connections to Seiberg—Witten theory, we refer

the interested reader to the survey [39] by Garcia-Prada.

As an application of Theorem 5.1.3, we obtain a new proof of the existence of stationary
integral (m — 2)-varifolds in an arbitrary Riemannian manifold—a result first proved by
Almgren in 1965 [7] using his powerful, but rather involved geometric measure theory

framework.

Organization of the chapter

In Section 5.2 we fix notation and record some basic properties satisfied by critical pairs
(u, V) for the energies F..

In Section 5.3, we record some useful Bochner identities for the gauge-invariant
quantities |u|?, |Fy|?, and |Vu|?, and use them to establish an initial rough estimate on
& =¢|Fy| — %, whose role should be compared to that of the discrepancy function in

the Allen—Cahn setting. Under suitable assumptions on the curvature of M, the fact that

& < 0 follows quickly from the aforementioned Bochner identities and the maximum

2The precise form of the energies considered by Bradlow in [17] differs slightly from the functionals E.
considered here, but the analysis is essentially the same.
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principle. Without the curvature assumptions, some nontrivial additional work is required to
obtain the pointwise upper bound & < C'(M, E.(u,V)). This estimate is the key ingredient
to obtain the sharp (m — 2)-monotonicity of the energy, and relies on the specific choice of
coupling constants appearing in the self-dual Yang—Mills—Higgs functionals.

In Section 5.4 we derive the stationarity equation for inner variations, from which an
obvious (m — 4)-monotonicity property of the energy follows rather immediately. Using our
rough initial bounds on & from Section 5.3, we deduce an intermediate (m — 3)-monotonicity;
we use this to reach the pointwise bound & < C(M, E.(u, V)), from which we finally infer
the sharp (m — 2)-monotonicity.

In Section 5.5 we show that, similar to the Allen-Cahn setting, the energy density e.(u, V)
decays exponentially away from the set u~!(0)—more precisely, away from {|u?> > 1— p}
for some Sp independent of e.

Section 5.6, which constitutes the main part of the chapter, contains an initial description
of the limiting varifold, showing that it is stationary, (m — 2)-rectifiable, and has a lower
density bound on the support. Then we establish its integrality with a blow-up analysis,
employing the estimates from the preceding sections to reduce the problem to a statement
for entire planar solutions, already contained in the work of Jaffe and Taubes [59]. We then
use this analysis to show that the level sets uZ1(0) converge to the support of V in the
Hausdorff topology, and conclude the section with a discussion of the asymptotics for the
curvature forms %FVE.

In Section 5.7, we show that E. satisfies a variant of the Palais—Smale property on
suitable function spaces, allowing us to produce critical points via classical min-max
methods. We provide a variational construction to get nontrivial critical points satisfying the
assumptions of our main theorem, with energy bounded from above and below, both for
nontrivial and trivial line bundles.

Finally, the appendix addresses the issue of showing regularity of critical points, as

obtained from Section 5.7, when they are read in a local or global Coulomb gauge.

5.2 The Yang—Mills—Higgs equations on U(1) bundles

Let M be a closed, oriented Riemannian manifold, and let L — M™ be a complex line
bundle over M, endowed with a Hermitian structure (-,-). Denote by W : L — R the
nonlinear potential

W) = iu _ uf?)2,

For a Hermitian connection V on L, a section u € I'(L) and a parameter £ > 0, denote by

E.(u, V) the scaled Yang—Mills-Higgs energy

E.(u,V) := /M <|Vu|2 + 2| Fy|? + 6_2W(u)), (5.2.1)
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where Fy is the curvature of V. Throughout, we will identify the curvature Fy with a closed

real two-form w via
Fg(X,Y)u=[Vx,Vylu—Vxyu = —iw(X,Y)u. (5.2.2)

In computing inner products for two-forms, we follow the convention
1 m
|lw? = Z w(ej, ex)? = 5 Z w(ej, ex)? (5.2.3)
1<j<k<m j.k=1
with respect to a local orthonormal basis {e;}7 for TM.
Note that E. enjoys the U(1) gauge invariance
E.(u,V) = E.(e"u,V — idf),
for any (smooth) 6 : M — R. More generally, we have

Es(ua v) = EE(SOU’ V- Z(,O*(de)),

for any ¢ : M — S!, identifying S! with the unit circle in C.
It is easy to check that the smooth pair (u, V) gives a critical point for the energy E.,

with respect to smooth variations, if and only if it satisfies the system
1
V*Vu = 2—62(1 — |u?)u, (5.2.4)
e2d*w = (Vu, iu). (5.2.5)

We denote Ay = dd* + d*d the usual positive definite Hodge Laplacian on differential forms
and note that, in our convention, the adjoint to d : Q1(M) — Q%(M) is

(d*w)(er) = — Z(Dejw)(ej’ ex)-

J=1

Since the curvature form w is closed, taking the exterior derivative of (5.2.5) gives

2 (Apw)(ej, ex) = (d(Vu, iu))(ej, e)
= <iV6ju, Ve, u) — (iVe,u, Veju>
+ (iu, Fy (ej, ex)u)
= (u)(ej, ex) — [ul*w(ej, ex);

ie.,

2Agw = —|uffw + ¥(u), (5.2.6)

where
Y(u)(ej, er) = 2(iVe,u, Ve, u).
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For future reference, we record the simple bound
[ (u)] < |Vul?. (5.2.7)

To confirm (5.2.7), fix € M and note that the linear map Vu(z) : T, M — L, has a
kernel of dimension at least m — 2. Take an orthonormal basis {e;} of T, M such that

ej € ker Vu(x) for j > 2. We compute at = that
()| = 2/(iVe,u, Vesu)| < 2/ Ve,ul|Veyul < [Veyul® + [ Veyul?,

which gives (5.2.7).

5.3 Bochner identities and preliminary estimates

From the equations (5.2.6) and (5.2.4), we apply the standard Bochner—Weitzenbdck
formulas to obtain some identities which will play a central role in our analysis. For the

curvature two-form w, it will be useful to record the Bochner identity
1 _
Aglwl = |Dw]? + e (Juf|w]* = (¥(u), w)) + Ra(w,w), (5.3.1)

where D is the Levi—Civita connection and Ro denotes the Weitzenbock curvature operator

for two-forms on the base Riemannian manifold M. For any d > 0 we have
(Jol? + 82 Al + ) +Dlol* > ALl +6%) = Alul?
Since |D|w||? < |Dw|?, (5.3.1) implies
(Jwf? + 0% 2A(|w? + 622 > e (|uf|wl? = ((u), w)) + Ra(w,w).
Dividing by (|w|? 4 6%)%/? and letting § — 0, we obtain

Alw| 2 e (Jul’lw| = [ (u)]) - [RZ [lwl, (5.3.2)

in the distributional sense (and classically on {|w| > 0}). Note that, by (5.2.7), the relation

(5.3.2) also gives us the cruder subequation
Alw| > e ul?|lw| — e 2| Vul? — [R5 [|w]- (5.3.3)
For the modulus |u|? of the Higgs field u, we record
Agful = [V — 51— )P (53.4)
2 2¢2 ’ -
and observe that a simple application of the maximum principle yields the pointwise bound

lul? <1 on M.



152 Chapter 5. Submanifolds from Yang—Mills—Higgs

For the energy density |Vu|? of the Higgs field u, we see that
1
A§|Vu\2 = |V2u|? — (V(V*Vu), Vu) + (d*w, (iu, Vu))
— 2w, ¥(u)) + R1(Vu, Vu)

= [V2ul? — 20, 9(w) + 5 lfiu, Vel

1
- @(1 — [u*)|Vul* +

1
= |V2ul? + 2?2(3!142 = D|Vul? = 2w, ¢ (u)) + Ri(Vu, V),

1
8—2\<u, Vu)|? + Ry (Vu, Vu)

where at p € M we let R1(Vu, Vu) = Ric(e;, €j)(Ve,u, Ve, u) and Vzheju = Ve, (Ve,u), for
any local orthonormal frame {e;}*; with De;(p) = 0.

Next, we introduce the function
§ = 5‘F V| -

and combine (5.3.3) with (5.3.4) to see that

2%(1 ~ Juf?), (5.3.5)

1
A > e ulw| — e7HVul® — e[ Ry [lw] + 7 Vul® — it Jul?) ul?
> e ?[uf’é — €| Ry || |wl-

If Ry > 0, we can actually replace the term —&||R; || o |w| with ce|w]|, for some positive
constant ¢ = ¢(M); from a simple application of the maximum principle, in this case we get

& < 0 everywhere on M, and consequently (cf. [59, Theorem IIL.8.1])

| Fy|* < ——— pointwise, provided R2 > 0 on M. (5.3.6)
€

This balancing of the Yang-Mills and potential terms, which should be compared with
Modica’s gradient estimate in the asymptotic analysis of the Allen-Cahn equations (cf.
[55, Proposition 3.3]), will play a key role in our analysis, allowing us to upgrade the
obvious (m — 4)-monotonicity typical of Yang-Mills—Higgs problems to the much stronger
(m — 2)-monotonicity & (r>=™ [5, e<(u,V)) > 0.

Remark 5.3.1. We remark that the analog of the identity A&, > e72|u|?¢. —e|| Ry || poe |w|—
and, consequently, the sharp (m — 2)-monotonicity result—fails for choices of coupling
constants other than those corresponding to the self-dual Yang—Mills—Higgs functionals

considered here.

Without the positive curvature assumption, we may still employ the subequation

Jul?

AL > €T§E - C(M)E‘FVL (5'3'7)

to obtain strong estimates for the positive part £ of &. To begin, denote by G(x,y) the
nonnegative Green’s function for the Laplacian on M, unique up to additive constant, so

that A;G(z,y) = m — 0y, and set

he() = /M Gla,y)el Fol(y) dy > 0, (5.3.9)
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so that )
Bhe(z) = g llePelln —elFel(@) (5:3.9)
Taking C’ to be the constant appearing in (5.3.7), for the difference £, — C’'h. we then have
2
Fy
A(£ Cl ) ‘6’ ( C/h )_I_O/‘u’ h _ CIHEOI(V/\HAL;
u v (5.3.10)
u

v NeFel

Observe that the L' norm of & — C’h. is bounded by the energy:

16 = C'hellpr < 1€l + C(M)]he 11
< [l + CM)leFv || (5.3.11)
< CO(M)Ex(u, V)2,

(Where the constant C'(M) may of course change from line to line.)
Integrating (5.3.10) against the positive part ¢ := (& — C’h.)* and bounding |[eFy |1 <
C(M)E.(u, V)%, we get

/M \dCPS—/ \U| C2 C(M e(%v)l/Z/MC

< OB V)2 [ ¢

Applying (5.3.11), this gives ||d(]|;2 < C(M)E:(u, V).
Thus, applying Moser iteration, namely integrating (5.3.10) against powers ¢ with

increasing exponents v > 1, we deduce that
£ — C'he < ¢ < C(M)E.(u, V)2 (5.3.12)

As a simple application of (5.3.12), we note that by definition (5.3.8) of h. and the
standard estimate (see, e.g., [12, Section 4.2])

G(z,y) < C(M)d(z,y)*™™"
if m >3 (or G(z,y) < —C(M)log(d(z,y)) + C(M) if m = 2), we have the L estimate
[hellLoe < C(M)[leFg | pm—

(with 2 replacing m — 1 when m = 2). If m = 2, this inequality and (5.3.12) give a pointwise
bound

|65 |z < CM)l|eFg 2 + CM)Ex(u, V)12 < C(M)Ee(u, V)12,
In the sequel, we assume m > 3 and aim for a similar pointwise bound. We have

Ihelle < COM)[leFellnr < Cel|Foll 7= HFvH
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Using this in (5.3.12), we compute at a maximum point for |Fy| to see that
1 2 =3 1 1/2
leFgllzee — 5 (1= |uf") = & < ClleFvlifs’ Be(u, V)T + CEe(u, V) /7,
and, by an application of Young’s inequality, it follows that
1 —m
(1= CO)leFylli= < 5 + C5°2" B (u, V)2

for any & € (0,1). Taking 6 = €2/, we arrive at the crude preliminary estimate

1 1
o < 3/m_—1 1/2
”‘C:FVHL < 71 — 052/771 (725 —+ C€ g Eg(u, V) )
1 a(e) 1/2
< — — 7
< 5ot o (L Ee(u, V)77,

where a(s) -+ 0 as e — 0.
Now, consider the function

14 a(e)(1 + E.(u, V)/?)

- (1= ful),

f o= el -

By virtue of the preceding estimate for || Fy ||z, we then see that

< 1rae@t B V)

! 2¢e

pointwise. Appealing once again to (5.3.4) and (5.3.3), we see that

Jul?

Af > —5f - CelFy,
9

so at a point where f achieves its maximum we have

Jul®
g2

C(1+ E-(u,V)'/?)
< Fol < .
[ < Ce|lFy| < 6

On the other hand, we know that |u|? > 172 f everywhere, so the preceding

13
C(I+E:(u,V
computations yield an estimate of the form

(max f)? < C(M, E:(u,V))
€ - €
provided max f > 0, and we deduce that f < C(M, E.(u,V)) everywhere. Putting all this

together, we arrive at the following lemma.

)

Lemma 5.3.2. Let (u, V) solve (5.2.4) and (5.2.5) on a line bundle L — M, and suppose
E.(u,V) < A. Then there exist a constant C(M,A) and a function a(M,A,¢€), with
ale) = 0 as e — 0, such that
1— 2
€ < a(s)(!“‘) +C. (5.3.13)
In the next section, we will improve the rough preliminary estimate of Lemma 5.3.2 to a
uniform pointwise bound of the form & < C'(M, A), but this will require some additional
effort.
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5.4 Inner variations and improved monotonicity

In this section, we derive the inner variation equation for solutions of (5.2.4)-(5.2.5), and
explore the scaling properties of the energy E.(ue, V.) over balls of small radius. Under the
assumption that the curvature operator Ro appearing in (5.3.3) is positive-definite (so that
(5.3.6) holds), the analysis simplifies considerably, leading with little effort to the desired
monotonicity of the (m — 2)-energy density. Without this curvature assumption, more work
is required, first building on the cruder estimates of the preceding section to obtain a
uniform pointwise bound for &..

Fixing notation, with respect to a local orthonormal basis {e;} for T M, define the

(0,2)-tensors Vu*Vu and w*w by

(Vu*Vu)(e;, e5) := (Ve,u, Ve,u), (5.4.1)
wrw(ei, ef) =Y wles, er)w(es, er). (5.4.2)
k=1

Note that tr(Vu*Vu) = |Vu|? and tr(w*w) = 2|w|?. Denote by e.(u, V) the energy integrand

W)

ee(u, V) := |Vu|2 + 62|Fv|2 + =

The fact that dw = 0 reads
Dw(ei, ej) = De,w(-, e5) + De,w(ei, -),

where D is the Levi—Civita connection of M. Using this identity, it is straightforward to
check that
W (u)
)
+ 2w((iu, Vu)# | -) + 262 div(w*w) — 2e2w((d*w), -).

dec(u, V) = 2div(Vu*Vu) + 2(Vu, V*Vu) + d

In particular, defining the stress-energy tensor 7. (u, V) by
T.(u, V) := e.(u, V)g — 2Vu*Vu — 2e%w*w, (5.4.3)
for (u, V) solving (5.2.4) and (5.2.5) it follows that
div(T:(u, V)) =0, (5.4.4)

meaning that ) .(De,T:)(e;,-) = 0. Integrating (5.4.4) against a vector field X on some

domain Q C M, we arrive at the usual inner-variation equation

/ (Tw(u, V), DX) = / To(u, V)(X, v), (5.4.5)
Q o0
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where we identify T.(u, V) with a (1, 1)-tensor and denote by v the outer unit normal to .
Taking 2 = B,.(p) to be a small geodesic ball of radius r about a point p € M, and taking
X = grad(%d?)), where d, is the distance function to p, (5.4.5) gives

r/ (ee(u, V) — 2|V, ul? — 2&%|,w|?) = / (Te(u, V), DX)
6Br(p) B'F(p)

~ [ @@+ [ @w.Dx-g
Br(p)

By (p)

= / (mee(u, V) — 2|Vu|?> — 42| Fy |?)
Br(p)
+ [ @w.px -y,
Br(p)
Now, by the Hessian comparison theorem, we know that
DX — g < C(M)dy;

applying this in the relations above, we see that

7'/ es(u, V) > 2r/ (]Vl,u]2 + £2\Ll,w]2)
8Br(p) aBT‘(p)
W(U))

—i—/ <(m—2)]Vu\2+(m—4)52]Fv\2+m 5
Br(p) €
- C’(M)rQ/ ec(u, V).

Br(p)

Setting
fp,r) = eC/TQ/ ee(u, V), (5.4.6)
B (p)

it follows from the computations above (temporarily throwing out the additional nonnegative

boundary terms) that

g > ec/TQ
or — r

%4
/ ((m—2)|Vu|2 + (m—4)e2|Fv\2+m¥). (5.4.7)
Br(p) €
At this point, one easily observes that the right-hand side of (5.4.7) is bounded below by
mT_4 f(p,r), to obtain the monotonicity of the (m — 4)-energy density

0

S f(p 1) 2 0.

For general Yang—Mills and Yang—Mills—Higgs problems, this codimension-four energy
growth is well known to be sharp (cf., e.g., [99, 112]). For solutions of (5.2.4) and (5.2.5)
on Hermitian line bundles, however, we show now that this can be improved to (near-)
monotonicity of the (m — 2)-density 2~ f(p,r) on small balls, which constitutes a key

technical ingredient in the proof of Theorem 5.1.1.
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To begin, we rearrange (5.4.7), to see that

0 2 20" 1474
ey Ly

,
m—2 2e0' 1
(R A CL PR )]
T r By (p) 2e
recalling the notation & := e|Fy| — (1 — |u[?). Now, by Lemma 5.3.2, assuming

E-(u,V) < A, we have the pointwise bound

1— [u?

& (clFol + 5 (1~ uP)) <2(C +ae) e (. V)2
< Ceo(u, V)2 + Cale)es(u, V).

Applying this in our preceding computation for %, we deduce that

_ 2 C/T’Q C/,,.Z
OF sm=2py_¢ / Cee(u, V)2 — a(e) / Cee(u, V)
or r T JB(») T B

m—2— Cal(e) e m/2 1/2
> —f(r) - ——C «(u,V
(v P ew)

r r
S m= 2 —C"a(e)

f(r) = C"rm L f ()2

r

for some constant C”'(M, A) and 0 < r < ¢(M). Taking ¢ sufficiently small, we arrive next
at the following coarse estimate for the (m — 3)-energy density, which we will then use to

establish an improved bound for &..

Lemma 5.4.1. For e < ep (M, A) sufficiently small, we have a uniform bound

sup Tgm/ es(u, V) < C(M,A). (5.4.8)
(M) Br(p)

0<r<inj
Proof. The statement is trivial if m = 2,3, so assume m > 4. In the preceding computation,
take ¢ < )/ (M, A) sufficiently small that C”a(e) < 5. Then the estimate gives

m—2—1/2f
T

f/(T') > (’I") . C//Tm/Qflf(T)1/2’

from which it follows that, for 0 < r < ¢(M),

@m0 2 ) + (3 myr ()
> 2 ((m = 2) ()~ )Y + (3 m) ()

> 2 (L) — O,

If 73=™ f(r) has a maximum in (0, c(M)), it follows that f(r) < Cr™/2f(r)'/2 there, and
therefore r3= f(r) < Cr® < C. Obviously the desired estimate holds at 7 = 0 and r = ¢(M),
so (5.4.8) follows. O
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With Lemma 5.4.1 in hand, we can now improve the bounds of Lemma 5.3.2 to a

uniform pointwise estimate, as follows.

Proposition 5.4.2. Let (u,V) solve (5.2.4)—(5.2.5) on a line bundle L — M, with the
energy bound E-(u,V) < A and e < epr. Then there is a constant C(M, ) such that

& = el Pyl — (1~ ul?) < C(M, A). (5.4.9)

Proof. We can assume m > 3, as we already obtained the claim for m = 2 in Section 5.3.

Recall from that section the function
helw) = [ Gla)elFol) dy

where G is the nonnegative Green’s function on M. As discussed in Section 5.3, we can

deduce from (5.3.7) a pointwise estimate of the form
¢ < C(M)he + C(M)E.(u, V)2, (5.4.10)

Thus, to arrive at the desired bound (5.4.9), it will suffice to establish a pointwise bound of

the same form for h..
To this end, recall again that G(z,y) < C(M)d(x,y)* ™, so that by definition we have

he(z) < C /M d(x,y)> ™| Fol(y) dy
<c / A, y)* e (u, V)2 (y) dy
M
< C/ (d(z,y) ™2 4 d(z,y)> "™ e (u, V) dy,
M

where the last line is a simple application of Young’s inequality. Since the integral
[ d(z, y)~™ /2 dy is finite, it follows that

he(z) < C(M) + C(M)A + C(M) /Oinj(M) 3—ml/2 (/6 e-(u, V)) dr

B (z)
inj(M) g4
=C(M,A) +C(M) / d(rm+7/2/ e (u, V)) dr
0 r B, (z)

inj(M)
+ (m — 7/2)0(./\/1)/ r3m1/2</ es(u, V)) dr
0 By (x)
inj(M)
< C(M,A) + C’(./\/l)/ rS—m—l/Q(/ e (u, V)) dr.
0 B (x)

On the other hand, by Lemma 5.4.1, we know that 73~ fBr(m) es(u, V) < C(M,A) for

every r, so we see finally that
inj(M)
he(z) < C(M,A) + O(M,A)/ Y2 dr < C(M,A),
0

as desired. O
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Applying (5.4.9) in our original computation for f’(r), we see now that

of _m—2 20" 1 9
S _ _(e|F (11—
or — r F(r) T /B7-(p)g <8’ vi+ 25( [ul )>
N C/TQ
> "2 -2 [ oM V)
T T B'r( )

m — 2

> TS = CMA)TT f(),

In fact, bringing in the extra boundary terms that we have been neglecting, and applying

m—2
Young’s inequality to the term r~ 2z f(r)/?

8f;3mﬁ*f/ (IVyul?® + €20, Fy|?)
Or By (p)

, we see that

m—

#2202

2%0”/' (Voul? + 2|0 Fo )
aBr(p)
-2
+ 21 - CF () — Cr R,

With this differential inequality in place, a straightforward computation leads us finally to

one of our key technical theorems, the monotonicity formula for the (m — 2)-density.

Theorem 5.4.3. Let (u,V) solve (5.2.4)-(5.2.5) on a Hermitian line bundle L — M,
with an energy bound E.(u,V) < A. Then there exist positive constants epr(M,A) and
Cr (M, A) such that the normalized energy density

E.(z,r):= eCMTT‘Q_m/ es(u, V) (5.4.11)
B, (z)

satisfies

E'(r) > 2r2m/ (IVoul® + 2|, Fy|?) — Cur, (5.4.12)
OB, ()

for 0 <r <inj(M) and e < gyy.

As a simple corollary of the monotonicity result (together with a pointwise bound for |Vu|
derived in the following section), we deduce that (u, V) must have positive (m — 2)-energy

density wherever |u| is bounded away from 1.

Corollary 5.4.4 (clearing-out). Let (u, V) solve (5.2.4)-(5.2.5) on a line bundle L — M,
with E-(u,V) < A and e <epr. Given 0 < <1, if

T2im / 65(u7 v) S n(M7 Aa 6)
Br(x)

with x € M and € < r < inj(M), then we must have |u(z)| > 1 — 4.
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Proof. For € < e)y, Theorem 5.4.3 gives

c2-m / ec(u, V) < C(M, Ay + C(M, A)r.
B:(z)

The gradient bound (5.5.3) in Proposition 5.5.1 of the following section gives |d|u|| < Ce~!.
Hence, if |u(x)| < 1—0 then |u(y)| < 1—% on Bes a0 (), so that 1—|u(y)[* > 1—|u(y)| > g.
We deduce that

2

1)
O ol(Busjpey@) < [ W) <& / ec(u, V) < O™ (5 + 7).
16 Be(z) Be(z)

Since vol(B.;/(2¢)()) is bounded below by ¢(M, A, §)e™, we can choose (M, A, 0) < inj(M)
so small that we get a contradiction if r,n < 7. On the other hand, if » > 7 then

_ inj(M)\m—2
P e-(u,V) < % .

m—2
Hence, setting n := (ﬁ) 7 <177, we can reduce to the previous case (replacing r with

1), reaching again a contradiction. O

5.5 Decay away from the zero set

Again, let (u, V) solve (5.2.4)—(5.2.5) on a line bundle L — M, with the energy bound
E.(u,V) < A. In the preceding section, we obtained the pointwise estimate
1 1
Fy| < (1 —|u]?) + =C(M, A 5.5.1
ol < 51— uf?) + ZC(M, ) (55.1)
when € < e)7. As a first step toward establishing strong decay of the energy away from the
zero set of u, we show in the following proposition that the full energy density e.(u, V) is

controlled by the potential WE(QU)

Proposition 5.5.1. For (u,V) as above, we have the pointwise estimates

2[Fol? < C(M, A) We(z“) + (M, A)e (5.5.2)
and -
IVul? < C(M, A) 5(2“) +O(M, A)e?, (5.5.3)

provided € < ep, for some ep = ep(M, A).

Proof. To begin, let C; = C1(M, A) be the constant from (5.5.1), and consider the function

1+2C ¢
2¢e

Similar to the proof of Lemma 5.3.2, observe that C|u|? > f pointwise, by (5.5.1), while the

fi=ellv| - (1= [ul?) = & — C1 + Culul”.

computations from Section 5.3 give

Jul?

Af > U f - C'(MelFel.
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By (5.5.1) we have |Fy| < 25% + %, S0 at a positive maximum for f it follows that

|u|? , f2 C(M,A)
P > -
0 82 f CS’Fv| 0182 - s

so that
(max f)? < Ce

1/2

(provided max f > 0), and consequently f < Ce'/? everywhere. As a consequence, at any

point, we have either f < 0, in which case

—~
~—

oW
2| Fol? < (1+2C18)2

or f >0, in which case

W
2| Fyl? <22+ 2(1 + 201¢)? 6(2“)

< Ce +2(1 + 2C¢)?

22
In either scenario, we obtain a bound of the desired form (5.5.2).
To bound |Vu|?, recall from Section 5.3 the identity

]Vu|2 |V2u|? + (3|u|2 D|Vul? — 2(w,¥(w)) + Ri(Vu, Vu). (5.5.4)

In view of the estimate (5.5.1) for |Fy| = |w| and (5.2.7), we can estimate the term 2(w, ¥ (u))
from above by
1 C
2 Fol[Vul? < (1 ~ ) Vul + < [Vu?

to obtain the existence of Cy(M, A) such that

1 1 C:
Ai\w? > |V2ul? + == (5[ul* - 3)|Vul* — fyw?.

2e
For A|Vul, this then gives

1 C
A|Vu| > 2?2(5\142 — 3)|Vu| — f\vuy. (5.5.5)
Recalling once again the equation (5.3.4) for Al[u|?, we define
1 2
= [Vu| = (1 = u[*),
€
and observe that

Aw > ﬁ(5IUI2 =3)[Vu| = *\V |
2
qu|2 3IUI (1= |uf?)

2 3(1—|u?) Co

_@ |V‘ 1 2
—€2w ( +2(—]u])—02>.

\ul
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We then have
|u]2 1 1 9 1 9
> w4+ —-|(w+ —(1—- + —(1— — . D.
Aw 2 w - (w 5(1 |ul )) <2w 25(1 |ul®) Cg) (5.5.6)

If w has a positive maximum, it follows that
2w + = (1—-|uf)<C
w4+ —(1—|u
2e =2
at this maximum point; in particular, we deduce then that
\u|2 >1—2C5

at this point, and see from (5.5.6) that here

1—2C%¢ 1
> =

w— g<w + 2(1 —[uP))Ca >

_ 2
0 71 ?;C26w — 2&.
€

g2 €
If e <ep(M,A) is small enough, it follows that maxw < Ce; as a consequence, we check
that -
|Vu]2 < C’# + Ce?,
€
completing the proof of (5.5.3). O

As a simple consequence of the estimates in Proposition 5.5.1, we obtain the following

corollary.

Corollary 5.5.2. There exist constants 0 < fp(M,A) <1 and C(M,A) such that, for
(u, V) as above, we have
1

1
~(1 = |ul?) >
AS( - ) =

2
on the set Zg, (u) := {|ul> > 1 — Bp}.

(1—|u*) — Ce? (5.5.7)

Proof. By the formula (5.3.4) for A|u|?, we know that
S = fuf?) = Sl — o) = [P,
2 22
Combining this with the estimate (5.5.3) for |Vu|?, we then deduce the existence of a

constant C' = C(M, A) such that

1 1—Jul?)?

1 A (
A1 |uf) > |ulfs5 (1 — |u?) - 2.
5 (1= [ul) 2 Jul"5 5 (A = Jul") = C—73 Ce

By taking fp = Sp(M, A) > 0 sufficiently small, we can arrange that

~ ~ 1
ul = G~ JuP) 2 1~ Bp - CBp = 5

on {|u|? > 1 — Bp}, from which the claimed estimate follows. O

Next, we employ the result of Corollary 5.5.2 to show that the quantity (1 — |u|?)
vanishes rapidly away from Zg, (u) (compare [59, Sections II1.7-IIL.8]).
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Proposition 5.5.3. Let (u, V) be as before, with e < ep, and define the set
Zay = {z € M Ju(@)? <1 - Bp},
where Bp(M, A) is the constant provided by Corollary 5.5.2. Defining r : M — [0,00) by
r(p) = dist(p, Zp),
we have an estimate of the form
(1 — |u?)(p) < Ce@rT®)/e L Ot (5.5.8)
for some C' = C(M,A) and ap = ap(M) > 0.

Proof. Fix a point p € M, and let r = r(p) = dist(p, Zg) as above. We can clearly assume
r(p) < 3inj(M). On the ball B,(p), for some constant a = ap > 0 to be chosen later,
consider the function

o(z) = e(a/E)(dp(x)2+82)1/27

where dy,(x) := dist(p, z). A straightforward computation then gives

Ago_a@((a/s)dg_ d2 )

e\ 2+ (a2 +e2)32
¢ A
TR
< a® a Adg
St et @Er e
< a? + Clago

g2

for some C; = C1(M). Now, fix some constant ¢y > 0 to be chosen later, and let

f= 5= uP) ~ .

Combining the preceding computation with (5.5.7), we see that, on B, (p),

]. 2 2 a2 + C]_a
Af = @(1 = [u[") = C(M, A)e” - 2 ¢
1 1—2a% - 2Ca 9
= ool e o — C(M, N2,

Choosing a = ap(M) > 0 sufficiently small, we can arrange that 2a? + 2C1a < 1, so that

the above computation gives

f 2
Af > == —Ce*. 5.
fz55-Ce (5.5.9)
On the boundary of the ball 9B, (p), it follows from definition of r = r(p) that

lu|2 > 1 — Bp, and therefore

flz) < %j —C2p < %j — 2¢™/¢ on AB,(p).
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Taking ¢y := Spe~%/¢, it then follows that f < 0 on 0B, (p), so we can apply the maximum
principle with (5.5.9) to deduce that

f<Cs* in B(p).
Evaluating at p, this gives
1
Ce' > f(p) = 5(1 - \u|2)(p) — Bpe~@r®)/eea,

so that
(1 —[u*)(p) < C(M,A)e ™ @/E 4 C(M, A)e?,
as desired. O

Combining these estimates with those of Proposition 5.5.1, we arrive immediately at the

following decay estimate for the energy integrand e.(u, V).
Corollary 5.5.4. Defining Zg,, and r(p) = dist(p, Zg,,) as in Proposition 5.5.3, there exist
ap(M) >0 and Cp(M,A) such that

e*aDT(p)/E

es(u, V)(p) < CDT + Cpe. (5.5.10)

5.6 The energy-concentration varifold

This section is devoted to the proof of the main result of the chapter, which we recall now.
Theorem 5.6.1. Let (u., V) be a family of solutions to (5.2.4)-(5.2.5) satisfying a uniform
energy bound E.(u.,V:) < A ase — 0. Then, as ¢ — 0, the energy measures

1
e 1= %eg(ug,vg) vol,

converge subsequentially, in duality with C°(M), to the weight measure of a stationary,
integral (m — 2)-varifold V. Also, for all 0 < § < 1,

p(V1) = lin {Ju| < 5}

in the Hausdorff topology. The (m — 2)-currents dual to the curvature forms %ws converge

subsequentially to an integral (m — 2)-cycle T', with |T| < p.

Convergence to a stationary rectifiable varifold

Let (ue, V) be as in Theorem 5.6.1, and pass to a subsequence ¢; — 0 such that the

energy measures [, converge weakly-* to a limiting measure y, in duality with CO(M).
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Note that, for 0 < r < R < inj(M), Theorem 5.4.3 yields

e“BR2""(Br(z)) + CR > limsup e“FR?2"" i (Bp(x)) + CR

e—0

> lim inf e“"r? " . (B, () + Cr

e—0

> eCTr2 "M u(B(2)) + Cr

with C' = C)y, so approximating R with smaller radii we deduce
e“BR2"™(Br(x)) + CR > e“"r? =™ u(B,(x)) + Crr, (5.6.1)
and in particular the (m — 2)-density
O 2k, ) 1= lim (W —o7™ %) ™ Br ()

is defined. As a first step toward the proof of Theorem 5.6.1, we show that this density is
bounded from above and below on the support spt(u).

Proposition 5.6.2. There exists a constant 0 < C' = C(M,A) < oo such that

C™ <> ™mu(B,(z)) < C  forx € spt(p), 0<r < inj(M), (5.6.2)
and thus C~1 < O, _o(p,2) < C for all x € spt(p).
Proof. The upper bound follows from (5.6.1), which gives (when R = inj(M))

r2 7" (B, (x)) < €M (B, (x)) + Cyr
< C(M, A)p(M) + C(M, A) inj(M)
< C(M,A).

To see the lower bound, let fp = pBp(M,A) € (0,1) be the constant given by
Corollary 5.5.4, and again set

Zg(ue) :={z € M : Juc(z)* <1 - B}

Let 3 be the set of all limits = lim. x., with z. € Zg,, (u.); that is, take

E::ﬂ U Zg, (ug).

n>0 0<e<n
We then claim that
spt(pn) C X (5.6.3)
and
w(Br(x)) > c(M,A)r™ 2 forz e X, 0<r<inj(M). (5.6.4)

Once both (5.6.3) and (5.6.4) are established, the lower bound in (5.6.2) follows immediately.



166 Chapter 5. Submanifolds from Yang—Mills—Higgs

To establish (5.6.3), fix some p € M\ X; by definition of ¥, there must exist § = d(p) > 0
such that
dist(p, Zg, (us)) > 26

for all e sufficiently small. Applying Corollary 5.5.4 for all 2 € Bs(p), we deduce that

w(Bs(p)) < liminf 1/ e (e, Ve)
Bs(p)

e—=0 27
< lim (06_26_“5/8 + Ce)
€20/ B;(p)
=0.

In particular, p € M \ spt(u), confirming (5.6.3).
To see (5.6.4), let € ¥. Note that, by definition of X, there exist points z. € Zg,, (u.)

with . — z as ¢ — 0 (along a subsequence). We then see that
Juc ()P <1 - pp
and Corollary 5.4.4 gives ¢(M, A) such that
pe(Br(2)) > (M, A)r™ =2

for e < r < inj(M). Since for any § > 0 we have B,(z.) C B, s(z) eventually, it follows
that u(B,ys(x)) > cr™ 2 hence

p(Br()) = er™
for 0 < r < inj(M), which is (5.6.4). O

With Proposition 5.6.2 in place, we will invoke a result by Ambrosio and Soner [10] to
conclude that the limiting measure p = lim._,q pe coincides with the weight measure of a

stationary, rectifiable (m — 2)-varifold. Recall from Section 5.4 the stress-energy tensors
T. = ec(ue, Ve)g — 2V ulVeou, — 252F§SFVE.

We record first the following lemma, in its statement, we canonically identify (and pair with

each other) tensors of rank (2,0), (1,1), and (0, 2), using the underlying metric g.

Lemma 5.6.3. As e — 0, the tensors T, converge (subsequentially) as Sym(T M)-valued
measures, in duality with CO(M,Sym(TM)), to a limit T satisfying

(T,DX) =0 for all vector fields X € C'(M,TM), (5.6.5)
1
5 (To09) > (m = 2){p, @) for every 0 < ¢ € C(M), (5.6.6)

and

1
—/ X2 dp < —(T,X ® X) </ |X[?dy  for all X € CO(M, TM). (5.6.7)
M 2m M
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Proof. For each £ > 0, note that, by definition of T, for every continuous vector field
X € C%(M,TM) we have

/ (T, X © X) = / e (e, V2) [ X2 — / 2/(Ve) |2 / 262|0x Fy 2.
M M M M

Evaluating (5.2.3) in an orthonormal basis such that X is a multiple of e;, we see that
lix Fy.|? < |Fg.]2|X %, while |(Ve)xue|? < [Veue?| X|?. We deduce that

—_ 26 Uu e-(u 2. .0.
/M X 2e.( g,va>s/M<Ta,X®X>§/M (1, V)| X] (5.6.8)

As an immediate consequence, we see that the uniform energy bound E.(u., V:) < A gives a
uniform bound on ||7%[[(coy+ as € — 0, so we can indeed extract a weak-* subsequential limit
T € CO%(M,Sym(TM))*, for which (5.6.7) follows from (5.6.8).

The stationarity condition (5.6.5) for the limit 7" follows from (5.4.5). It remains
to establish the trace inequality (5.6.6). For this, we simply compute, for nonnegative

¢ € COM),
/ (T, o) = / p(nea(us, Ve) — 2V 2 — 42| Fo, |?)
M M
W (ue
:/ (m_2)§0€€<u57v6)+2/ 90( (;L ) _52‘FV5‘2)
M M €

1—|ue)?)\+
pe(ue, Vo) (el e, | - L)

> 2(m = 2) e ) — 47 |

Recalling from Proposition 5.4.2 that

(1= Juel?)

elFv.| — 98

< C(M,A),
we then see that

(T, pg) = lim | (Tt,¢g) > 2n(m — 2)(u, ) — C'lim [ pe-(us, V)2,
M

e—0 M e—0

In particular, (5.6.6) will follow once we show that lim._, fM e (Ue, Vo)l/2 =o.
But this is straightforward: from Proposition 5.6.2 we know that for 0 < § < inj(M) we

have
1(Bs(x)) > ¢«(M,A)d™ 2 for z € ¥ = spt(pu).

Since vol(Bss(x)) < C(M)6™, a simple Vitali covering argument then implies that the
d-neighborhood Bj(X) of ¥ satisfies a volume bound

vol(B;(X)) < C(M, A)s>.
With this estimate in hand, we then see that

/ 65(U57 v5)1/2 = / es(usa v5)1/2 + / es(usa v5)1/2
M B;s(%) M\B; (%)

< vol(B5(£)) A2 4 C(M)pe(M \ Bs(2))'V>.
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Fixing 6 and taking the limit as ¢ — 0, we have (M \ Bs(X)) — 0. Since vol(B;(X)) < C62,
we find that
limsup/ ee(ue,Vs)l/2 < CSAV2.
e—0 M
Finally, taking 6 — 0, we conclude that [,, e (ue, V)2 = 0 as € — 0, completing the
proof. ]

Estimate (5.6.7) says that |T'| is absolutely continuous with respect to p, so by the
Radon—Nikodym theorem we can write the limiting Sym(7'M)-valued measure T from

Lemma 5.6.3 as

3= (1:5) = [ (P(@).5(a) du(e) (5.69)
for some L (with respect to u) section P : M — Sym(T'M). Moreover, it follows from
(5.6.6) and (5.6.7) that —g < P(z) < g and tr(P(z)) > m — 2 at p-a.e. x € M, so that =T
defines in a natural way a generalized (m — 2)-varifold in the sense of Ambrosio and Soner,

namely a Radon measure on the bundle
Apn—2(M) :={S € Sym(TM): —ng < S < g, tr(S) > m — 2}. (5.6.10)

We refer the reader to [10, Section 3]. Note that in [10] the authors work in the Euclidean
space and require the trace to be equal to m — 2 in (5.6.10); however, the main result on
generalized varifolds, namely [10, Theorem 3.8], still holds in our setting.

Hence, in view of the stationarity condition (5.6.5) and the density bounds of
Proposition 5.6.2, we can apply [10, Theorem 3.8(c)| to conclude that %T can be identified
with a stationary, rectifiable (m — 2)-varifold with weight measure p (so, in particular, spt(u)
is (m — 2)-rectifiable), and that P(z) is given p-a.e. by the orthogonal projection onto the
(m — 2)-subspace T spt(p) C T M. We collect this information in the following statement.

Proposition 5.6.4. For a family (ue, V) satisfying the hypotheses of Theorem 5.6.1, after
passing to a subsequence, there exists a stationary, rectifiable (m — 2)-varifold V = v(X™~2,0)
such that

im — U = T T m—2 .6.
lim /M<:r;< .. V.),S) /E 6(x)(T,%. S(x)) dH (5.6.11)

for every continuous section S € C°(M,Sym(TM)). The energy measure u is given by
p=0H™2L Y. Also, we can choose ¥ := spt(u) and 0(z) := Op_o(u, ).

Integrality of the limit varifold and convergence of level sets

We now show that the varifold V' is integer rectifiable. Given z € spt(u) and s > 0, we
define M, ¢ to be the ball of radius s~!inj(M) in the Euclidean space (T, M, g,.) and
define 1y 5 : My s = M by 15.5(y) := exp,(sy). We endow M, ; with the smooth metric

Ju,s 1= 8*2@759, which converges locally smoothly to the Euclidean metric g, as s — 0.
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By rectifiability, for p-a.e. x the dilated varifolds Vs := (15.1)«(V L Bipjam) (@) in Mo
satisfy

Ves = 0(Tp3, Opm2(x)) (5.6.12)

as s — 0, in duality with C.(T,M). Fix « € spt(u) such that (5.6.12) holds. The integrality
of V' will follow once we prove that © = ©,,_o(u, x) is an integer.
We can identify (7,M, g,) with R™ by a linear isometry such that 7,5 = {0} x R™~2,

We also call p1; s the mass measure of V, ; equivalently,

Hzx,s = SQ_m(%T}S)*(M L Binj(/\/l) (33‘))

With a diagonal selection, changing our sequence € — 0 accordingly, we can find scales

se — 0 such that we have the convergence of Radon measures
lim fi. = lim pips = OH™ 2L 1,3,
e—0 s—=0" 7

where (e, @E) is the pullback of (us.c, Vs.c) by means of ¢, s, and ji. is the associated
energy measure. Note that (., ﬁg) is stationary for E; in the line bundle ¢; , L, with
respect to the base metric g, ;.. We introduce the notation
m
el (e, Ve) = (I(Ve)o,tic|* + €%eo, Fo_|).
i=3
Balls will be denoted by B,(y) or B(y), depending on whether they are with respect to
Gz,s. O grm, respectively. The volume |E| of a set E will be always understood with respect
to the Euclidean metric.
The next proposition, which exploits quantitatively the monotonicity formula, is similar

to an estimate in the proof of [69, Lemma 2.1].

Proposition 5.6.5. As ¢ — 0 we have

lir% el (U, V.) =0.
-2
e=2VJB2x By

Proof. Let Cys be the constant in Theorem 5.4.3. We first note that, given y € {0} x R™2,

lim i (B, (y)) = Owm—ar™%;

e—0

indeed, for any n >0, B]", (y) C B-(y) C B, (y) eventually. Setting y. := t55.(y) € M,

we deduce that

lim(eCMSET(sar)Q_muSEE(Bsgr(ys)) + Crser)

e—0

= lim (Y™ 2~ i (B, (y)) + Carser) (5.6.13)

e—0

= @wm_g.
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Pick 3 <7 < m and fix R > 0. Choosing y := —2Re;, we can apply (5.4.12) between the
radii s, R and 3s.R to obtain that

d2'_m(|vVR,iu355|2 + 5382’LVR,1'FV555 |2)

pi

/BssER(Pi)\BSER(Pi)
< (MBI (35, R)* ™ g, (Bss.r(pi)) + Chi (35:R))
— (e9M R (5. R)* ™1y (Bs.r(pi)) + Cha(s:R)),

where p; := 1 5. (—2Re;) and vg; = grad d,,. Now (5.6.13) and the comparability of g, s.
with ggm give

lim (v

~ 12 2 2
Ue|” +e|ipy  Fo |7) =0,
€70 /B3 r(~2Re;)\Br(—2Re;)

VR,
where vR; is the gradient of the distance function d_spe,, both with respect to the metric
x5, Since eventually Bsg(—2Re;) \ Br(—2Re;) includes B3 x By*~2 for R big enough, we
get

lim (v

e=0/B2x B2

T|? + gy, Fo 7)) = 0. (5.6.14)

UR,i UR,i
By monotonicity, as ¢ — 0 we have

. ~ S . 92—
hmsup/ ec(Us, Ve) < limsup s2 m/ €s.e(Us.e, Vs.e)
BZxBy 2 Bsse (z)

e—0 e—0 (5615)
< O(M, A).
The smooth convergence g, s. — grm gives vg;(y) = Yri(y) := ‘ziggz‘ uniformly on
B3 x By*™2. Hence, the bound (5.6.15) and (5.6.14) give
lim (IVyg, U |* + €%|oyy  Fo_|?) = 0. (5.6.16)

e=0/B2x B2

Now Yg; — e; = 0; as R — oo, and the statement follows from (5.6.16) and the uniform
bound (5.6.15). O

We now state the main technical result of the section, which will be shown later.
Fix a cut-off function y € C°(B3) with x(z) = 1 for |z| < 3 and 0 < x < 1, and let
X\(Z,t) = X(Z)

Proposition 5.6.6. There exists F. C B""? with |F.| > 1|B{""?| such that

sup dist (/ x(2)ee (e, Vo) (2, 1), 27rN) —0 ase—0. (5.6.17)
teFe R2x{t}

Before giving the proof, let us see how this implies the integrality of V.
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Proof of Theorem 5.6.1. As € — 0, we have both (5.6.17) and

1 o i S . ~
lim / Xee(te, V) = lim X ditz: = wip—20, (5.6.18)
R2x B2

e—0 R2 XBT_Q

/ dR] dfie < CR((B3\ B2) x BI'™) 0, (5.6.19)
R2x B2

as fle — OH™ 2L {0} x R™~2,
In view of (5.6.15) and (5.6.19), for any vector field (Y3,...,Y™) € C°(By~2 R™2)
we can integrate (5.4.4) against Y(> /%5 Y?9;) and obtain, in the Euclidean metric,

[ R(e Vo), dY @ 0)| < MY = + |DY 1)
R2x B2

for some sequence A — 0, thanks to the smooth convergence g, . — grm.
Invoking Proposition 5.6.5 and noting that ||Y ||z~ < 2||DY||z, we can conclude that

the nonnegative function f.(t) := % ngx{t} xee (e, @a) satisfies

‘/M Je div(Y)| € A DY 11
2

for a possibly different sequence \. — 0. Applying the Hahn—Banach theorem to the
subspace {DY | Y € C®(BY 2 R™2)} C Co(By 2, R™ 2 @ R™2) (Cy denoting the

closure of C;), we can find real measures (Vg)é such that
m .
Ojfe = Z@i(ue); forall j=3,...,n
=3

as distributions and |(V€)§-\(B§”_2) — 0. Allard’s strong constancy lemma [4, Theorem 1.(4)]

1
‘ fa - / fa‘
Wm—2 B;”_z

Since the sets F. of Proposition 5.6.6 have positive measure, there clearly exists t. € F;

such that
1
Y
Wm—2 B’lﬂ_2

gives then

- — 0.
LY(B"™9)

1

— — 0.
| Fe |

LY(B"™?)

<

1
fit) - .

Recalling (5.6.17), we deduce that

1
/ f6,27rN) 0.
Wm—2 Jpm—2

Hence, by (5.6.18), we get dist(©,N) = 0, which concludes the proof that V' is integral. [J

dist (
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Proof of Proposition 5.6.6. Taking into account Proposition 5.6.5, the classical Hardy—
Littlewood weak-(1,1) maximal estimate (applied to the function ¢ — fng{t} el (., @E))

gives

A~

1 -
mZ/ el (W, V.) < C(m)/ el (U, V) =0 (5.6.20)
r BZx BT 2(t)

2 m—2
B3 x By

for all t € B" 2\ E§ and 0 < r < 1, where Ef is a Borel set with |E§| < %|B§”*2|. Similarly,
(5.6.15) and (5.6.19) give

1 .
mﬂa(Bg x BI'72(1)) < O(M, A), (5.6.21)

(B3 BY) x BN (0) < Comie(B3\ BY) < By ™) =0 (5622)

for t € B2\ (E5 U E%) and 0 < r < 1, with |E5|, |E§| < 3B |.
Pick any t© € B2\ (Ef U F5 U E5) and, for 0 < r < 1, define

VE(r):={z € B% s dist((2,1%), Zg, 2(ue)) < r}

(with the Euclidean distance), where Zg, /o(t.) = {[tc|* < 1 — 8p/2}. In other words, V* is
the t*-slice of the neighborhood B;"(Zg,, /(1))

We claim that, for 0 < r < 3, V°(r) satisfies a uniform area bound
VE(r)| < C(M, A)r?, (5.6.23)

provided € < r and ¢ is small enough. Indeed, V=(r) x {t} is covered by the balls B]"(y)
with y € (B§/2 X BI'""2(t°)) N Zg,, j2(Te). Vitali’s covering lemma gives a disjoint collection
{B)"(y;) | j € J} such that V*(r) x {t°} C U, Bg;(y;). By Corollary 5.4.4, we have a bound
on the cardinality |J|:

ie(B3 x BE2()) = 3 fie(BI () = > e (Boya(yy) = (M, A)r™ 2]
jeJ jeJ
(since %ng < gz,s. < 4grm for e sufficiently small). Using also (5.6.21), we get |J| < C'(M, A).

Hence, writing y; = (2;,t;), we obtain

V)l < D 1B3,(%)] < 257 < C(M, A)r?,
JjeJ
confirming (5.6.23).

Given R > 0, let {z5,... 721€V(R,e)} be a maximal subset of V*(Re) with |z — 27| > 2e.
Since J,,(B? N B?(zx)) C V°((R + 1)¢) and the balls B2(z;) are disjoint, (5.6.23) gives a
uniform bound on N(R,¢) independent of € (eventually), so up to subsequences we can
assume that N(R) = N(R,¢) is constant and that 71|z — 25| has a limit 7y, as € — 0, for
each k, 1.
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We say that k ~ £ if riy < oo; this is evidently an equivalence relation (as 7, < rpe+7em),
so we can pick a set of representatives {ki,...,kp} of the distinct equivalence classes
[k1], ..., [kp] and conclude that

eventually, for any fixed S > Sp(R) := max{zée[kj] Thie+23=1,...,P}.

Fix such an S which is also bigger than the constants C' in (5.6.21) and aBl, Cp in
Corollary 5.5.4. For any fixed § > 0, (5.6.20) and (5.6.21) show that, for e sufficiently
small, Proposition 5.6.7 below applies to ﬂg(zij + e, t° + &) (with 5 := fp). Writing
K = K(Bp,6,5) > S, note that the balls B2
{x = 1}. Hence, Proposition 5.6.7 and (5.6.22) give

zkj) are eventually disjoint and included in

dist (/ yea(agﬁg),zm) < P5+/ e (e, V) (-, 1)
R2x{tc} BS\U

P
=1 B?{e(zij)

§P5+/ es(asaﬁs)('ata)
B2\V¢(Re)

< (P+ 1)5+/ ee(aa@a)(':ta)
B2\Ve(Re)

(for e sufficiently small). Choosing § = §(R) < m, we arrive at the estimate

IS 1 o
dist (/ Xeg(ug,vg),QﬂN> < = +/ ec(Ue, Ve ) (-, t°).
R2x {t} B2\Ve(Re)

To conclude the proof, it suffices to show that

lim limsup/ ec(Te, Vo) (-, t5) = 0. (5.6.24)
B2\Ve¢(Re)

R=0 <0

Once we have this, we infer that

e—0

lim inf dist ( / yeg(agﬁg),sz) —0
R2x{tc}

for the original sequence (¢°). Noting that the choice of t° in F. := BI""%\ Ef U E5 U 5
was arbitrary, we get

lim inf sup dist (/ Xee (Ue, %E), 27TN> =0.
e=0 teF. R2x {t}

Since the argument applies to an arbitrary subsequence €; — 0, the proposition then follows.
To show (5.6.24), note that for z € B} the distance of tp s, ((2,1%)) to the set Zg, o (us.c)

is (eventually) bounded below by % min{1,7.(z)}, where r.(z) is the (Euclidean) distance of
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(2,t%) to Zg,, j2(uc)). Since Zg,, j2(us.c) 2 Zgp, (us.c), for any R > 1 Corollary 5.5.4 gives
/ ee (e, 65) < 05_2/ e—apre(2)/(2) | Ce=2¢=an/(2) 4 Cg e
B2\V*(Re) B2\V*(Re)

=03 4D =apr/(2¢) gy 4 + Ce2e720/(28) 4 Cs.e
B2\Ve(Re) Jro(z) 2

= 06_3/ %G_GDT/(QE)D}E(T” dr + Ce™2e70/(2%) 4 Cs.¢
Re

o0
< 053/ e=@07/(26)p2 g 1 Ce
Re
o
= C/ e~ODY242 gt 4 Ce,
R
where we used Fubini’s theorem in the second equality. The statement follows. O

The following key technical proposition, used in the proof of Proposition 5.6.6, relies
ultimately on the quantization phenomenon for the energy of entire solutions in the plane,
presented in [59, Chapter III]. For the reader’s convenience, we give a self-contained proof,

including the relevant arguments from [59].

Proposition 5.6.7. Given 0 < 3,6 < % and S > 1, there exist K(/3,0,5) > S and
0 < k(B,0,S8,m) < K=t such that the following is true. Assume (u, V) is smooth and solves
(5.2.4) and (5.2.5), with |u| <1 and € =1, on a line bundle L over a cylinder (Q, g), with
Q= Bi,l X B;”flz. If we have

Zg/a(uw) N (B2-1 x {0}) € B x {0}, (5.6.25)
the energy bounds
ei(u,V) <S8, (5.6.26)
i /Bil xB?*Q(W&u'Q + o, Fy|?) < k™2 for all0 <r < k1, (5.6.27)
as well as the decay
e1(u, V)(p) < Se 5" 4k whenever B.(p) CC Q\ Zg, (5.6.28)

and ||g — grm||c2 < K, then

]/ e1(u, V) — 27p|| < 4,
B x{0}

where p is the degree of |7“|(S', 0), as a map from the circle to itself.

Proof. To begin with, fix a real number K(f,9,S5) > S so big that

/ (2mr)Se 575 < 5, (5.6.29)
K



5.6. The energy-concentration varifold 175

Arguing by contradiction, assume there exists a sequence x; — 0 such that the statement
admits a counterexample (uj, V;) (for k = k;) for a (necessarily trivial) line bundle L; over
Qj = sz,l X B:}_f, with respect to a metric g = g; satisfying ||g — grm||c2 < ;. Fixing a
trivialization of L; over @;, we can write V; = d — iA; for some real one-form A;.

By virtue of the uniform pointwise estimate (5.6.28) for ey (uj, V;) > |d|u;||*, we
see that the functions |u;| are locally equi-Lipschitz. In particular, we can apply the
Arzela-Ascoli theorem to extract a subsequence |u;| converging in C . to a continuous
function py : R™ — R.

Since [0k|u;|| < |(Vj)a,uj| for all k, (5.6.27) implies that p., depends only on the
first two variables. Moreover, (5.6.25) gives p2, > 1 — g > 1— (3 outside B% x R™72. In

particular, setting

1
R; := max{r < /@]1 1 (B*\ B¥) x B" 2 C {]uj\ > 2}},

we have R; — oco. Let w; := ‘Z—j' on {|u;| > 1}

The degree p; is uniformly bounded as, for » > S and t € R™~2

2mp; = / wj(df) = / dA; +/ (w} (dO) — Ay)
OB2x{t} B2x{t} OB2x{t}

for j sufficiently large, so averaging over S < r < 2S5 and t € B{”_Z we get

27lp;| < C(S) /

2 m—2
Bisx By

a4, +c(s) [ | lujas) - 4
(B25\B2)x By 2

1/2
< 0(575)(/32 i 61(%143‘)) :
25 %P1

as |uj||w}(df) — Aj| < |Vjuj|. Thus, up to subsequences we can assume p; = p is constant.

We now claim that, up to change of gauge, (u;, 4;) = (tso, Axo) subsequentially in
CL.(R? x B"?). Let u; = €iu; and gj = A; + df; be the section and the connection in
the Coulomb gauge on the domain (Bsg, g;), with gj(u) = 0 on the boundary (as described
in the Appendix). Note that Bl includes the cylinder Q' := st X BI”_Q, and observe that,

on Q" := (B34 \ B%) x B]"2, 4, has the form

(e, 1) = [ug P

for a unique real function v; with 0 <;(25,0) < 2.
Hence, u; = |uj|ei(p9+wj —%) on Q" and we can extend 1j — 6; uniquely to a function
gj: (B%%j \ B%) x B]"? — R so that u; = |u;j|e®?+% holds true on all the domain of o;.

Finally, we replace (uj, A;) with (e u;, Aj + dr;), where

0; — x(lz))v; [z <48
—0j ’Z‘ > 35

Tj(z,t) =
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for a fixed smooth function y : [0,00) — [0, 1] such that x = 0 on [0,25] and x =1 on
[35,00). Observe that, in the cylinder Q' = B3¢ x Bin_g, the new couple equals

(e XU=D¥s A; — d(x(|2]))).

The function 1; obeys uniform local W27 bounds, on (the interior of) Q”, for all 1 < ¢ < oo,
thanks to the Coulomb gauge specification (per Proposition A.1 in the Appendix). Hence,
the new couple (u;, A;) has uniform local W24 bounds on Q.

Moreover, in the exterior annular region A; := (B%j \§§ g) X BI"% we have that

uj(re t) = |uj|eP® and we can obtain local W24 bounds noting that
pdf — Aj = |u;|7*(V juy, dug).

Indeed, since the right-hand side is bounded by 2e; (u;, Vj)1/2 < 2812 and pdf is a fixed
smooth one-form, we immediately obtain uniform L* bounds for A; locally in A;. Next,

note that the identity (5.3.4) applies to give us an estimate
|Aluj|?| < Cei(u;, Vi) +C < CS

in Aj, from which it follows that the modulus |u;| satisfies uniform W?2¢ bounds for every

q € (1,00) locally in A;. Multiplying (5.2.4) by e P and taking the imaginary part gives
|ujld™(pdf — Aj) = 2(d|u;|, pdf — Aj),

from which it follows that d*A; satisfies uniform L° bounds locally in .A; as well; together
with the obvious pointwise bound |dA;| < e1(u;, V;)¥/? < SY/2, this in particular yields
uniform bounds on the full derivative || DA;||rs for every ¢ € (1,00) on fixed compact
subsets of A; (this follows, e.g., from [58, Lemma 4.7] and a cut-off argument).

Finally, writing (5.2.5) as
ApAj = dd*Aj + |u;|*(pdd — A;),

the preceding chain of identities and estimates give a uniform L? bound on the right-hand
side over any fixed compact subset of A;, for any ¢ € (1, 00); in particular, this gives us the
desired uniform local W4 bounds for A; (while we already have the desired W24 bounds
for uj = |uj|eri?).

Thanks to the compact embedding W24 < C! on bounded regular domains (for ¢ > m),
we obtain a limit couple (uso, Aoo) on R? x B 2 as claimed, which solves (5.2.4) and

(5.2.5) with respect to the flat metric. Also, |us| = poo and
(Voo)aptoo =0, 15, dAsc =0 fork=3,...,m. (5.6.30)

The second part of (5.6.30) implies that we can find a function a € C*(R? x B"~?) with
a(2,0) = 0 and Oy = (Aeo)k, for all z € R? and all k > 3. Set Uioo = € ““uy and

Ay = A — dav, so that

(As)e =0,  Ok(Ae)r = Op(Aoc)r — 07y = 0p(Ase — dat)y = 0
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forall k=3,...,mand ¢ =1,...,m (using again the second part of (5.6.30)). The first
part gives instead Oxto, = 0 for k = 3,...,m. Hence, (oo, Zoo) depends only on the first
two variables and therefore corresponds to a planar solution of (5.2.4) and (5.2.5).

Also, from (5.6.28) we deduce that

€1(lino, Ano ) (2,1) = €1(thoo, Ane) (2,t) = lim e (uj, A;)(z,t) < Se=5 (=5 (5.6.31)
j—00
for |z| > S, as eventually Eg‘_s(z,t) N Zg(uj) = 0.
Integrating (5.4.4) on R? = R? x {0} against the position vector field we get

]dﬁoo\Qz/ W (Uno).
R2 R2

Thanks to the decay of e1 (o, Ao ), We can repeat the proof of (5.3.6): starting from

T e m 125 with £ T 1= fusl?
Adoo > |Uoo|“Eoo, With € = |dAso| — —
and applying the maximum principle, we deduce that the decaying function goo is nonpositive.
We then obtain |dAs| < VW (tiso), 50 we must have |dAs] = /W (lisg) everywhere (cf.
[59, Section II1.10]).

Observe that, by (5.3.4) and the strong maximum principle, |ts| < 1 (unless |ts| =1
everywhere, in which case |dAq| = VW (i) = 0 and [Voolioo] = 0 by (5.3.4), thus

€1(Uoo, Aso) = 0 and p = 0; so the statement of the proposition holds eventually, contradiction).

1|t |2
2

As a consequence, | * dﬁoo| = W(tus) > 0 and we get either = xdAos everywhere or

% = — % dA everywhere. Thus, integrating by parts and using (5.2.4), as well as the
decay of |pdf — Axol,

/R2 €1(too, Aco) = /R2(|Vooﬂoo|2 +2W (i) = /R2(<V§OVooﬂoo,ﬂoo> +2W (o))

1 — |too|? ~ ~
:/ |“°°|:i/ dAy, =+ lim A, =+ lim pdf = £27p.
R2 R2

2 r—00 oB2 r—00 oB2

Hence, the energy of the two-dimensional solution (Uee, Axo) is 27|p|. Our choice of K,
namely (5.6.29), together with (5.6.31), then ensures that

dist (/ el(uoo,Aoo),%TN) < 9.
B2 x{0}

As a consequence, this must hold eventually also for (u;, A;), giving the desired contradiction.
O

Remark 5.6.8. As a consequence, one also finds that

/ e1(u, V) <4
B2 x{0}

if |u| > 0 everywhere on the cylinder Q. Indeed, if |u| > 0 everywhere, then the degree p in

the statement of Proposition 5.6.7 clearly must vanish.
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We are now able to address the statement on the convergence of level sets.

Proposition 5.6.9. For any 0 < § < 1 we have spt(p) = lim.,o{|us| < 8}, in the
Hausdorff topology.

Proof. If © = lim._,¢ z., for points z. € {|us| < 0} defined along a subsequence, then the
same argument used in the proof of Proposition 5.6.2 shows that = € spt(u). Hence, for all
n > 0, eventually {|u.| < 0} is included in the n-neighborhood of spt(u).

To conclude the proof, it suffices to show that the converse inclusion spt(y) € By ({ue = 0})
holds eventually. Arguing by contradiction, assume that there are points p. € spt(u) whose
distance from {u. = 0} is at least 7, along some subsequence (not relabeled). Up to further
subsequences, let p. — py € spt(pu).

Since p is (m — 2)-rectifiable, there exists a point ¢ € spt(u) with dist(po,q) < 2, and
such that p blows up to O, (i, ¢)H™ 2 L 7,X at gq. Observe that eventually we have

dist (g, {u. = 0}) >

U
1 6.32
: (5.6.32)

Now, repeating all the preceding blow-up analysis at ¢, in view of Remark 5.6.8 we can

improve (5.6.17) to the uniform convergence
[ @e(@ Tt -0
R2x{t}

for ¢t € F, which implies that 0,,_2(u,q) = 0. However, since g € spt(u), this is impossible,
by Proposition 5.6.2. O

Limiting behavior of the curvature

As before, we identify the curvature Fy_ with a closed two-form w, by Fy_(X,Y) =
—iw:(X,Y). Recall that the cohomology class [5-w:] represents the (rational) first Chern
class ¢1(L) € H*(M;R) of the complex line bundle L — M.

Theorem 5.6.10. Let (u., V.) be a family as in Theorem 5.6.1. The curvature forms %wa
can be identified with (m — 2)-currents that converge (weakly), as € — 0, to an integer
rectifiable cycle T' which is Poincaré dual to c¢1(L), and whose mass measure |I'| satisfies
IT| < p.

Proof. Recall from Section 5.2 that
d<vaue7ius> = w(us> - ’u6’2w67

where 1(u:) = (2iVue, Veue) is a two-form satisfying |1 (ue)| < |Veue|? pointwise. In

particular, denoting by J(ue, V.) the two-form

J(ue, Vo) i= h(ue) + (1 — Juc|?)w.,
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we can rewrite this identity as
J(ue, Ve) — we = d{Veue, iue), (5.6.33)
and observe that

1
| (e, V2)| < |Veue|? + €2we|? + 4?2(1 — |ue?)? = ec(ue, Vo). (5.6.34)

The dual (m — 2)-currents given by

1

Ce0) o= 3= [ Twe Vo ¢

for any (m — 2)-form ¢ € Q™~%(M), are thus bounded in mass by 5=A. (Here we compute
the mass with the ¢? norm on exterior algebras; for the limit current, by rectifiability this
will coincide with the usual mass, dual to the comass.) Up to subsequences, we can take a
weak limit I". The bound |T';| < u. implies that also |T'| < p.

From (5.6.33) and integration by parts we get

/M wo AC = /M J(ue, V) A C— /M<vgua, i) A dC.

Since (as discussed in the proof of Proposition 5.6.2)

/ |<vauau Zu5>| < / ea(“av va)l/z — 0
M M

as € — 0, it follows that

1 . I
(F,Q—%;g% MJ(ug,VE)/\C—%ili% ng/\g (5.6.35)

for every smooth (m — 2)-form ¢ € Q™ 2(M).

Since the two-forms w. are closed, for any & € Q™ 3(M) we have

(7, €) = (T, de) = 2i lim [ woAde = —Tim [ dw.AE) =0,

T e—0 M 27 =0 M

so I' is a cycle. Since p is (m — 2)-rectifiable, I must be a rectifiable (m — 2)-current: this can
be seen by blow-up, applying [64, Proposition 7.3.5]. By (5.6.35), I" is Poincaré dual to ¢;(L).

To complete the proof, it remains to show that I' has integer multiplicity. By means of a
diagonal selection of a subsequence, as in the previous subsection, we can deduce integrality
at those points p € spt(u) where p and T’ blow up respectively to O,,—a(u, p)H™ 2L T,%
and a multiple of [T),X], using the following lemma. Note that its hypotheses are verified
thanks to Corollary 5.5.4 and the fact that Zg, (u.) necessarily converges to a subset of 7,2
in the local Hausdorff topology, after rescaling (see the proof of Proposition 5.6.2).

Since p is (m — 2)-rectifiable, we deduce that the limiting current I" has integer multiplicity

H™ 2-a.e. on its support, as claimed. O
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Lemma 5.6.11. On the Euclidean ball B}, let (u.,V.) be a sequence of sections and
connections in a trivial line bundle L — BJ* (not necessarily satisfying any equation) for
which E.(us, V) < A, ec(us, V) = 0 in Cp (BJ\ P) and xw. — 61[P] in Dy,—2(BY),
where P = {0} x R™~2. Then 0 € 277Z.

Proof. To begin, fix a test function ¢ € C1(B? x B %) of the form ¢(z!,...,2™) =
Y(zt, 2?)n(a?, ... 2™), with ¢(z!,2?) = 1 for |(z!,2?)| < 5. In the sequel, we shall omit

the domain of integration when it equals R™. By assumption, we then have
91/ ndz® A - Ada™ = lim [ @we AdazP A - Ada™.
P e—0

Fixing trivializations of L over By", we write V. = d — ¢A. for some one-forms A., so that

we = dA., and the right-hand term in the preceding limit becomes
/wa/\(godxg’/\---/\dxm) —/d(cpAs/\dxg/\---/\dxm)
Jr/AE/\dgp/\dl‘g/\-~-/\dazm
= /n]uSIQAE/\dw/\dw:g/\-w/\dxm
+ /17(1 — |ue|®)Ac Adap AdaP A - A da™.

On BJ" we can choose our trivializations so that d*A. = 0, and A.(v) = 0 on 0BY" (see
the Appendix). We then have the L? control

/ AP <C [dA:|? < Ce™2A (5.6.36)
B B
(see, e.g., [58, Theorem 4.8]), and consequently

‘ /77(1 — |ue?)Ac Adip Ada® A A dl’m’ < CJI1 = [ue Pl cosptinany 1 Acll s
< CAY2 e (1 = Jue )l co spr(naw))

< CAY? €< (ue, Ve) ”10/02(spt(77d¢))

-0

as € — 0, where we have used the fact that dy(z!,2?) = 0 for |(z!,2%)| < 3, and the
assumption that e.(ue, Ve) — 0in C2 (BJ\ P).

loc
Combining our computations thus far, we have arrived at the identity
91/ ndz® A - A\ dz™ = 1im/77|u€|2A5/\d1/1/\dx3/\--~/\d,a:m.
P e—0
Noting next that

||U5|2A6 — (due, iue)| = [(Veue, iue)| < es(usvva)l/za
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and using again the hypothesis that e;(uc, Ve) — 0 uniformly on spt(ndi)), the preceding
identity yields

91/ ndaz® A - Adx™ = lim [ n{duc,iu) Adip Ada® A - A dz™
P e—0
= lim / e 2(ue /) (d6) A dib A dz® A -+ A da™
E—r
= lin(lj/n(ug/|ua|)*(d9) Adp Adxd A - A da™.
E—>

Finally, since the one-form (u./|uc|)*(df) is closed on {u. # 0} and dyAdx3A- - -Adz™ = 0,
integrating by parts on (R?\ Bf/Q) x R™~2 we see that

[ tuuly @) n g o o =

R

:27Tdeg(u87p)/ 7,
P

o[ @)

1/2 x{t}

where deg(u., P) stands for the degree of (u./|uc|)(3€,0). The statement follows. O

5.7 Examples from variational constructions

The goal of this section is to show that, for every closed manifold M and every line bundle
L — M endowed with a Hermitian metric, there exist critical couples (ug, V¢) for the
Yang—Mills-Higgs functional FE,, for € small enough, in such a way that

0 < lim i61f E(us, V) < limsup E.(ug, Ve) < o0. (5.7.1)
e—

e—0

This will be easier when the line bundle is nontrivial, as in this case we can just take
(ue, Ve) to be a global minimizer for E.. The upper and lower bounds in (5.7.1) have the

following immediate consequence—proved previously by Almgren [7] using GMT methods.

Corollary 5.7.1. Every closed Riemannian manifold (M™,g) supports a nontrivial

stationary, integral (m — 2)-varifold.

Proof. We can always equip M with the trivial line bundle L := C x M. As shown in the
next subsection, there exists a sequence of critical couples (uc, V) satisfying (5.7.1). The

statement now follows from Theorem 5.6.1. O

Min-max families for the trivial line bundle

In this section we will show how min-max methods may be applied to the functionals F.
to produce nontrivial critical points in the trivial bundle L = C x M on an arbitrary
closed manifold M of dimension m > 2. The min-max construction that we consider

here is based on two-parameter families parametrized by the unit disk, similar to the
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constructions employed in [21] and [102] for the Ginzburg-Landau functionals—with several
technical adjustments to account for the gauge-invariance and other features particular to
the Yang—Mills-Higgs energies.

One can show that the families we consider induce a nontrivial class in mo(M) for the

quotient
M :={(u,V)|0#uel(L), VaHermitian connection}/{gauge transformations},

and the analysis that follows can be reformulated in terms of min-max methods applied
directly to M, which can be given the structure of a Banach manifold.

Without loss of generality, we assume henceforth that M is connected. In some proofs
we will also implicitly assume that m = dim(M) > 3, leaving the obvious changes for m = 2

to the reader.

Definition 5.7.2. Fix m = dim(M) < p < co. In what follows, X will denote the Banach
space of couples (u, A), where u € LP(M,C) and A € Q'(M,R), both of class W2, with

the norm
[Cu, A = llullce + lldull L2 + [[All 2 + [ DA]| L2
Denote by X := {(u, A) € X:d'A= 0} the subspace consisting of those couples for which

the connection form A is co-closed.

Note that, for (u,A) € X, the full covariant derivative [, |DA|? is bounded by
M) [ (|A]? + |dAJ?): see, e.g., [58, Theorem 4.8] for a proof.

Definition 5.7.3. Given a form A € Q'(M,R) in L?, we denote by h(A) the harmonic
part of its Hodge decomposition, or equivalently the orthogonal projection of A onto the

(finite-dimensional) space H!(M) of harmonic one-forms.

Remark 5.7.4. Selection of a Coulomb gauge gives a continuous retraction R : X > X:
namely, given a couple (u, A) € X , consider the unique solution § € W22(M,R) to the
equation
A =d"A,
with [,, 6 =0, and set
R((u, A)) := ("%, A+ db).

Note that the continuity of (u, A) — d(e®u) = e (du + iudf), from X to L2, follows from
the fact that LP - L?" C L2, where 2% = 21

2°

m—
Throughout this section, W(u) = f(|u|) will be a smooth radial function given by
W(u) = % for |u| < 3/2, and satisfying W (u), W'(u)[u] > 0 for all |u| > 1. For

technical reasons, we also find it convenient to require that

W(u) = |ulP for |u] > 2, (G)



5.7. Examples from variational constructions 183

which evidently gives the additional estimates |u|f’(|u|) + |ul?f”(ju]) < C|u|P for |u| > 2, for
some constant C. For future use, observe also that the potential W (u) then satisfies a simple

bound of the form
(1—|ul)? < OW(u). (5.7.2)

Proposition 5.7.5. The functional E. is of class C' on X. Moreover, a couple (u, A) is
critical in X for E. if and only if R((u, A)) is critical in X. Critical points are smooth up to
change of gauge.

Proof. Given a point (u, A) € X and a pair (v,B) € X with (v, B)||¢ < 1, direct

computation gives
E.(u+v,A+ B)=E.(u,A) + 2/ (du — iuA,dv — ivA — iuB)
+252/ (dA, dB) / W (w)[v] + O(||(v, B)[1%),
M

where we are using the fact that XX C L™. L% C L? to see that
[vA[3> + lluBl[32 + [vB|7 + E=(u, A)'?|vB| 12 = O(|| (v, B)|%),

and we invoke our assumptions on the structure of W to see that

J o) = ww) = [ Wi + ol B
M
for fixed (u, A) € X. It follows immediately that E. is C' on X , with differential
dE. (u, A)[v, B] = / (2(du — A, dv — ivA — uB) + 2:2(dA, dB) + =W (u)[0]).
M

To confirm the second statement, assume without loss of generality that v and B are

smooth, and observe that
R((u+ tv, A+ tB)) = (™0 + te¥ 1y, A+ tB + tdi)),
where (@, A) := R((u, A)) = (¢®’u, A + df) and 1 solves Ayp = d* B. This easily gives
R((u+tv, A+ tB)) = R((u, A)) + t(e"v + iyptl, B + dip) + o(t) in X
and, using the gauge invariance E. = E. o R, we deduce that
dE-(u, A)v, B] = dE.(u, A)[e®v + ivu, B + dy]. (5.7.3)

It follows that if (i, A) is critical for E. in X then (u, A) is critical for E. in X, as claimed.

The converse is similar.
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Finally, if (u, A) is critical for E. (in either Xor X ), then applying the above formula
for the differential with v = (Ju| — 1)Tu/|u| € W12 and B = 0 we get

0_/M2<(d A)u, (d — iAW) + ¢ /MW( )]
> et [l - )W)
M

where we used the fact that (u ® d((|u| — 1)*/|ul), Vu) equals |u|~td[ul|*> > 0 a.e. on
{Ju| > 1} and vanishes elsewhere. Since W'(u)[u] > 0 on {|u| > 1} by our assumption on W,
we deduce that |u| < 1. Together with Proposition A.1 and Remark A.3 in the Appendix,
this implies that (u, A) is smooth in an appropriate (Coulomb) gauge. O

We next show that the functionals E. satisfy a suitable variant of the Palais—Smale
condition on X, giving compactness of critical sequences for F. after an appropriate change

of gauge. (Cf. [61] for similar results in the Seiberg—Witten setting.)

Proposition 5.7.6. The functional E. satisfies the following form of the Palais—Smale
condition: every sequence (uj, Aj) in X with bounded energy and dE.(u;, A;) — 0 in X*
admits a subsequence converging strongly in X to a critical couple (oo, Aso), up to possibly

replacing (u;, A;) with
vj - (uj; Aj) := (vjug, Aj + vj(df))
for suitable smooth harmonic functions v; : M — S*.

Proof. First, we show that the boundedness of E.(u;, A;) implies the boundedness of the
sequence in X, up to a change of gauge as in the statement. The assumption (G) on the

potential W gives
[ mr<es [ Wy <o) < (5.7.4)

that is, u; is uniformly bounded in LP.
Denote by A C H!(M) the lattice in the space of harmonic one-forms given by
A= {—v;(dO) | vj: M — S! harmonic}
= {h cH' (M) : /h € 277 for every ~y € Cl(Sl,M)},

v

and let A\; € A be a closest integral harmonic one-form to h(A;) (with respect to the L?
norm, say, on H!(M)). Then \; = —vj(d0) for a suitable harmonic map v; : M — St and

1Aj = h(Aj)][L2 < CM).

Replacing (u;, A;) with the change of gauge (vjuj, A; — \;) € X, we can then assume that
h(A;) is bounded.
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By standard Hodge theory we can write
Aj = h(Aj)+d°¢;
for some closed &; € W2 satisfying Ay&; = dA; and ||d*&j|lye < C(M)||dA;| 2. Thus,
given the energy bound E.(uj, A;) < C, we see that

1451312 < C +20|d"& 7.2 < C + ClldA; |72 < C,

whereby A; is bounded in W12 and, consequently, in L?". As a consequence, we see next
that

|72 < 2/ | duj — iu; Aj|* +2/ Juj Aj]*
M M

< C+ Cllusllzo 451172

< C+ Cllujlize:
taking into account (5.7.4), we infer then that ||du;|| 2 is also bounded as j — oo.

We have therefore shown that (uj, A;) is uniformly bounded in X as j — oo, so passing

to subsequences we can assume that (u;, A;) converges pointwise a.e. and weakly (in X) to a
limiting couple (tco, Aoo)-

In particular, defining r by

2 ¢ 2 m  2¢

1 1 1 1 1 1
r
where m < ¢ < p is an arbitrary fixed exponent, it follows from the compactness of the
embedding W12 < L" that

Aj — A strongly in L".
Moreover, the boundedness of u; in LP and the pointwise convergence to us, give

Uj — Uso strongly in L. (5.7.5)
By definition of r, this implies in particular that

lim u;Ap = s Aso strongly in L.
j,k—00
Next, compute
dEE(Uj, Aj)[Uj — Uk, Aj — Ak] = / 2<(d — iAj)Uj, (d — ZAJ)(UJ — uk) — in(Aj - Ak)>
M
+ [ @Azl - Ap) + W )l — w))
M

and observe that, due to the L? convergence uj A — Uso Ao, the right-hand side equals

/M(2<(d — iAj)Uj, d(Uj — ’U,k)> + 2€2<d14j, d(Aj — Ak)> + 8_2W/(Uj)[uj' — uk]) + 0(1)
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as j,k — oo. For the difference
Djj = dE:(uj, Aj)[uj — ug, Aj — Ag] — dE(ug, Ag)[uj — up, Aj — Ag),
we then see that
Dk = /M(2|d(Uj —up)|® + 26%|d(A; — A)? + e (W (wz) = W (up))uj — ug]) + o(1)

as j,k — oo.
Now, by our assumption (G) on the structure of W(u), it is not difficult to check (see,
e.g., [48, Corollary 1]) that the zeroth order term in our computation for D;, satisfies a

lower bound
(W' (uz) = W' (ue))[ug — ue] = C My — uplP — Cluy — g

for some constant C' > 0. In particular, it follows now from the preceding computations and

the L' convergence Uj — U that
Djy, = /M(2|d(uj —up)? + 28| d(A; — Ap)|? + C e uy — uplP) + o(1)

as j,k — oco. On the other hand, since dE.(uj, A;) = 0 and (u; — uy, A; — Ay) is bounded
in X, we know also that

Djr—0 asjk— oo,

and it then follows that (u;, A;) is Cauchy in X. In particular, (uj, A;) converges strongly

t0 (oo, Axo ), which necessarily satisfies

dE.(tso, Aso) = lim dE,(uj, Aj) = 0. -

J—00

Having confirmed that the energies F. satisfy a Palais-Smale condition, we now argue in
roughly the same spirit as [21, 102] to produce nontrivial critical points via min-max
methods. To begin, note that the space X splits as C @ Y, where C is identified with the set

of constant couples («,0) and

Y = {(u,A)EX:/Mu:O}.

Definition 5.7.7. Let I' denote the set of continuous families of couples F : D — X
parametrized by the closed unit disk D, with

F(ezﬂ) _ (eie’ 0)

for all # € R. Equivalently, under the above identification C C X, we require F'|gp = id. We
denote by w:(M) the “width” of T' with respect to the energy E., namely

we (M) = ;Iéfrglea%Ea(F(y))-
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Thanks to Proposition 5.7.6, we can apply classical min-max theory for C! functionals on
Banach spaces (see e.g. [42, Theorem 3.2]) to conclude that w, is achieved as the energy of a
smooth critical couple (ue, A¢). In the following proposition, we show that w.(M) is positive,

so that the corresponding critical couples (u., A;) are nontrivial.
Proposition 5.7.8. We have w.(M) > 0.

Proof. We argue by contradiction, though the proof could be made quantitative. Since
we are proving only the positivity w.(M) > 0 at this stage—making no reference to the
dependence on e—in what follows we take ¢ = 1 for convenience. Assume that we have a

family F' € I' with max, 5 E(F(y)) < d, with § very small. Writing F(y) = (u, A), this

yeD
implies that

1A = h(A)llwr2 < ClldA| 2 < C8'2, | DA||2 < O3 + [[h(A)])- (5.7.6)

When b; (M) # 0, some additional work is required to deduce that the harmonic part
h(A) of A must also be small for all couples (u, A) = F(y) in the family. In particular, we
will need to employ the following lemma, showing that h(A) lies close to the integral lattice
A € HY (M) when E(u, A) < 4.

Lemma 5.7.9. There exists C(M) < oo such that if (u, A) € X satisfies E(u, A) < 9, with
& small enough, then
dist(h(A),A) < C6Y/2.

Proof. As in [102], it is convenient to define a box-type norm | - |;, on the space H!(M) of
harmonic one-forms as follows. Fix a collection 71, ..., v, (m) € C(S L' M) of embedded
loops generating Hy(M;Q) and, for h € H1(M), set

Bl = ‘ / h‘. 5.7.7
= o0

Since H!(M) is finite-dimensional, this is of course equivalent to any other norm on H!(M).
Assuming for simplicity that M is orientable, we may fix a collection of diffeomorphisms
®; : B 1(0) x S' — T(v;) onto tubular neighborhoods T'(7;) of 7, such that ®;(0, 6) = ~;(8).
For every t € BJ"™ !, set 1(0) := ®;(t,0).

Suppose now that (u, A) € X satisfies the energy bound

B(u, A) = /M(|du — AP + AP+ W () < 6. (5.7.8)

As a consequence of the curvature bound ||dA|| 2 < 6'/? and the definition of X, it follows
that
IA—h(A)|7 <C6

as well. As in the proof of Proposition 5.7.6, applying a gauge transformation ¢ - (u, A) by

an appropriate choice of harmonic map ¢ : M — S!, we may assume moreover that

[h(A)|p = disty(h(A), A) <,
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which together with the energy bound (5.7.8) and the definition of X leads us to the estimate

/ A]2 < C(M). (5.7.9)
M

(Note that making a harmonic change of gauge preserves not only the energy E(u, A), but
also the distance disty(h(A), A), so it indeed suffices to establish the desired estimate in this
gauge.)

Combining these estimates with a simple Fubini argument, we see that there exists a

nonempty set S of t € B{nfl for which

/ (Jdu — AP + |dA[2 + W (u)) < C8, (5.7.10)
|A—h(A)]? < O, (5.7.11)
g4
and
/ |AI? < C. (5.7.12)
t

i

Recalling the pointwise bound (5.7.2) for W (u), observe next that
jd(1 = ul)?| = 21 — Jul)ld|ul| < CW (u) + |du — wuA[?,
so that, along a curve 4! satisfying (5.7.10), it follows that
I = [uh)?co < O~ Jul)?[lwrr < Cs. (5.7.13)
Now, choose § < d1(M) sufficiently small that (5.7.13) gives

1
1= lulllco <n <

on 7}, so that ¢ := u/|u| defines there an S'-valued map ¢ : v! — S*, whose degree is given
by
2 deg(¢) = / |2 (du, ).
,Yt

i

When (5.7.10)—(5.7.12) hold, we observe next that

/ (2| A — |u| 2 (i, du)| = / (i, 1A — du)| < C8Y2.
ol ol
Since |u| > 1 on Z, it follows that

‘271 deg(¢ / / — || "2 (iu, du)| < C5Y/? (5.7.14)
v

’L

as well. Combining this with (5.7.11), we then deduce that

2rdeg(o) - [

h(A)) < coV2, (5.7.15)
v,

t
2
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On the other hand, we already made a gauge transformation so that

’/%h(A)\z\/ﬁh(A)(gm

So, for § chosen sufficiently small that C§'/2 < 7, it follows that the degree deg(¢) = 0. In

particular, we can now conclude that
()l = max| [ ha) < co,
! ¥i
giving the desired estimate. O
Remark 5.7.10. If M is not orientable, we have the weaker conclusion dist(h(A4), 1A) <
Cl/2 (still sufficient for the sequel): indeed, whenever +; reverses the orientation, we can
still parametrize a double cover of T'(7;) in the same way, with 7/ homotopic to ; traveled

twice; in this case, the bound (5.7.15) implies that 2 [ h(A) = [, h(A) has distance to 27Z
bounded by C'61/2, from which the claim follows.

Returning to the proof of Proposition 5.7.8, suppose again that we have a family
D>y~ F(y) € X in T with
max E(F(y)) < .
yeD
For 0 < 61(M) sufficiently small, it follows from the lemma that disty(h(A), A) < 7 for every
couple (u, A) = F(y) in the family. In particular, since the assignment (u, A) — h(A) gives
a continuous map X — H'(M), and since h(A) = A =0 for y € 9D, it follows that 0 is the

nearest point in the lattice A to h(A) for every y € D, and the estimate therefore becomes
Ih(A)] < Co'2.
In particular, combining this with (5.7.6), we see now that
|Al[y12 < C6Y/2 (5.7.16)

for every couple (u, A) = F(y) in the family.
Now, for (u, A) = F(y), our structural assumption (G) on W (u) gives

Jull?, < C+ E(u, A) < C 46,
which together with the smallness
1Al 2+ < Cll A2 < C8Y2

of Ain L?" (recalling that p > m) gives

/ luA|* < C6.
M
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Combining this with the fact that [, |du — iuAl? < E(u, A) < § by assumption, we then
deduce that

/ |dul? < C6
M

as well.

Finally, by (5.7.2) and the Poincaré inequality, we have

1_‘v01/\/l/ ‘<C/ |1_|“|+C/ ~ Yol( )/ ‘
gc(/M W(u))l/ +c(/ dul?) V2

< O§Y2,

As a consequence, we find that [, u, is nonzero for all (uy, A,) = F(y) in the family. But

then the averaging map

_ U
D—=C, y— Sty (5.7.17)
| Syl
gives a retraction D — 0D, whose nonexistence is well known. This gives the desired

contradiction. O

Having shown positivity w.(M) > 0 of the min-max energies, we can now deduce the

lower bound in (5.7.1) from the following simple fact.

Proposition 5.7.11. There ezist ¢((M) > 0 and eo(M) > 0 such that the following
holds, for e <eo. If (u,V) is critical for the functional E., then either E.(u,V) > ¢ or
E.(u,V)=0.

Remark 5.7.12. For future reference, we make the obvious observation that the trivial

case E(u,V) =0 can only occur when the bundle L is trivial.

Proof. By Proposition 5.7.5, critical points are smooth up to change of gauge. We claim
that, whenever E.(u,V) > 0, u has to vanish at some point g € M. Once we have
this, assume e.g. E.(u,V) < 1; Corollary 5.4.4 (with A = 1) gives a constant ¢g > 0
such that r2~™FE.(u, V, B.(z0)) has a lower bound independent of ¢ and r, for any radius
e < r < inj(M), provided that € < &.

We show the contrapositive, namely we assume that u is nowhere vanishing and show
that the energy is zero. Note that L must be trivial and we can use the section ﬁ to
identify L isometrically with the trivial line bundle C x M, equipped with the canonical
Hermitian metric. Under this identification, u : M — C takes values into positive real
numbers. Writing V = d — i4 and observing that (Vu,iu) = —|u|?A, (5.2.5) becomes

2d*dA + [u*A = 0.
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Integrating against A we get [, (e2|dA|> + u?|A?) = 0,50 A = 0 and V is the trivial
connection. At a minimum point yg for u, (5.3.4) gives

1 1 1
0< LA = duf? — 55 (1~ uP)uf? = ~ g (1 —
which forces u(yp) > 1 and thus u = 1 everywhere, giving E.(u, V) = 0. O

Finally, we turn to the uniform upper bound. In the next statement, L — M is a
Hermitian line bundle with a fixed Hermitian reference connection Vy. We identify any other
Hermitian connection V with the real one-form A such that Vs = Vs —is ® A for all

sections s.

Proposition 5.7.13. Given a smooth section v : M — L, we can find a smooth couple
(u', A") such that

_ 1
B, ) < O vol ({Jul < 3 }) + €1+ &2 Vaulf <) |

ful<
+ e / o2
M

for a universal constant C.

Voul?
3}

(5.7.18)

Proof. On {u # 0} we let

w = i, iw® A= Vow.
|ul

Note that the compatibility of Vy with the Hermitian metric on L forces (Vow,w) = 0, so
that A is a real one-form.
We fix a smooth function p : [0, c0] — [0, 1] with

1

p(t) =0 fort < p(t)zlfort2§

1
4 M
and we set

(ul7 A/) = p(]u\)(w, A),

where the right-hand side is meant to be zero on {u = 0}.

Writing Fy, = —iwp, observe that (Vo —iA)w = 0, hence
|dA +wo| = |Fa| =0 on {u# 0}.

In particular, e-(u’, A’) = 0 on {|u| > 3}.
From the estimates |d|u|| < |Vou| and |A| = |Vow| < 2|u|~Voul, it follows that also

[Vou'| < C|Voul,
|A"| < C|Voul,
[dA'] < |p'(Jul)dlu] A Al + |wo| < C|Voulld|ul| + |wol,

and the statement follows immediately. O
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Proof of (5.7.1). The method used in [102, Section 3] gives a continuous map H : D —
W20 C%M,C) such that H(y) =y for y € D and

ldH (y)||z < Ce™,

/{|H(y>|g3} [dH (y)* < C, (5.7.19)
vol ({ I < 1)) = ¢

for all y € D—the full Dirichlet energy having a worse bound [ m ldH (y)|? < Cloge™t,
which is the natural one in the setting of Ginzburg—Landau. By approximation, we can
assume that H takes values in C*°(M, C), continuously in y, and still satisfies the same
uniform bounds (5.7.19) (possibly increasing C' and replacing % with %)

To each section H(y) of the trivial line bundle, Proposition 5.7.13 assigns in a continuous
way an element F(y) € X. From the way F(y) is constructed, it is clear that F' € I'. Finally,
combining (5.7.18) with (5.7.19) gives

we(M) < ma%(Eg(F(y)) <C. O

Minimizers for nontrivial line bundles

Suppose now that L is a nontrivial line bundle, equipped with a Hermitian metric. Fix a
smooth Hermitian connection V and identify any other Hermitian connection V with the

real one-form A such that
V =V, —1iA.

We can define X and X as in the previous subsection. With this notation, observe that the

curvature of V is given by
Fy = Fy, —idA.

Hence, writing Fy, = —iwp, we have
E.(u,V) :/ |V0u—iu®A|2—|—s_2/ W (u) —1—52/ |wo + dA|?.
M M M

Definition 5.7.14. For a fixed m < p < oo, we define X to be the Banach space of couples
(u, A), where u : M — L is an LP section and A € Q'(M, R), both of class W2, with the

norm
1(w, A= Nullze + [Voull 2 + [|All L2 + [ DA 2.

We let X := {(u,A) € X : d*A =0}.
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The analogous statements to Remark 5.7.4 and Propositions 5.7.5 and 5.7.6 hold, with
identical proofs (replacing du and uA with Vou and u ® A, respectively).

Arguing as in the proof of Proposition 5.7.6, it is easy to see that a minimizing sequence
for E. in X converges weakly—up to change of gauge—to a global minimizer (u., A.). We
now show that the energy of these minimizers enjoys uniform upper and lower bounds as

e— 0.

Proof of (5.7.1). The lower bound in (5.7.1) follows directly from Proposition 5.7.11 and
Remark 5.7.12. In order to obtain the upper bound, pick a smooth section s : M — L
transverse to the zero section (see, e.g., [63, Theorem IV.2.1]) and let N := {s = 0}, which is
a smooth embedded (m — 2)-submanifold of M. Proposition 5.7.13 applied to e~ 's gives a
couple (ul, AL) with

E.(ul, AL) < Ce 2 vol ({\s_ls] < %}) + Ce? /M |wol?.

By transversality of s, the set {|s| < §} is contained in a C'(s)e-neighborhood of N, whose
volume is bounded by C/(s)e?. We infer that

E.(u., A.) < B (ul, AL) < Ce?vol ({\s\ < %}) +C<C. O

Remark 5.7.15. When M is oriented, N can be oriented in such a way that [N] €
H,,_2(M,R) is Poincaré dual to the Euler class e(L) € H?(M,R) of the line bundle, which
equals the first Chern class ¢;(L). The fact that the energy of our competitors concentrates
along N suggests that, given a sequence of global minimizers (u., A¢), up to subsequences
the corresponding energy concentration varifold is induced by an integral mass-minimizing
current whose homology class is Poincaré dual to ¢1(L). Theorem 5.6.10 provides the natural
candidate I', which also satisfies |I'| < p.

Appendix

In this short appendix, we describe the essential ingredients needed to establish local
regularity in the Coulomb gauge for finite-energy critical points (u, A) of the (¢ = 1) abelian
Higgs energy E(u, A), collecting some estimates which will be of use elsewhere in the chapter.

Consider the manifold with boundary (ﬁm, g) given by a smooth, contractible domain
O™ cC R™ equipped with a C? metric g, and let L = C x  be the trivial line bundle over
), with the standard Hermitian structure. With respect to the metric g, we then define the
Yang—Mills—Higgs energy

Eu, A) ::/e(u,A):/ du — iu® A2 + [dA]® + W (u)
Q Q

as in the preceding section. By (the first part of) Proposition 5.7.5, it is easy to see that a
pair (u, A) in W12 with
u <1 (A1)
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is a critical point for E' (with respect to smooth perturbations supported in 2) if and only if

the equations
d*dA = (du — iu ® A,iu), (A.2)
1
Au = 2(idu, A) + |Al*u — 5(1 — uu —i(d*A)u (A.3)

are satisfied distributionally in 2, where all geometric quantities and operators are defined
with respect to the metric g.
Now, given a pair (u, A) in Wh? satisfying (A.2)—(A.3) and

E(u, A) < A < oo, (A.4)

we can select a local Coulomb gauge adapted to § as follows. Denote by 6 € W22(Q,R) the
unique solution of the Neumann problem

Af =d"Ain Q; ? = —A(v) on 092 (A.5)

v
with zero mean [, # = 0. Then the gauge-transformed pair
(u, A) := (¢”u, A + db)
lies in W12 and continues to satisfy (A.2)—(A.3), with
E(t,A) = E(u, A) < A,
but now with the additional constraints
d*A=00nQ; A(v)=0on 0. (A.6)

For the remainder of the section, we will assume that the pair (u, A) is already in the
Coulomb gauge on €2, so that A satisfies (A.6). Note that (A.2)—(A.3) then become

Au = 2(idu, A) + |APPu — %(1 ~ JuP)u, (A7)
AgA = (du—iu® A,iu). (A.8)

We now establish the local regularity for critical points (u, A) in the Coulomb gauge, giving

in particular local estimates for (u, A) in W24 norms.

Proposition A.1. Let (u, A) solve (A.2)-(A.3) in the Coulomb gauge (A.6) on (2, g), with
lul < 1. If

E(u,A;Q) <A (A.9)
and

lgllcz + llg™ e < A, (A.10)

then for every compactly supported subdomain Q' CC Q and q € (1,00) there exists
Cy(A,Q,Q) < 0o such that

ullw2.airy + [[Allw2ay < Cq (A.11)
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Proof. To begin, note that (A.8) and standard Bochner—Weitzenbock identities give the

(weak) subequation

1
A=|A]? = —(AgA, A) + |DA|? + Ric(4, A
SJAP = ~(AyA, 4) + [DAP + Ric(4, ) s
> —|du —iu ® A||A| + |DA]* — C(A)|AJ?
for |A]?. On the other hand, as in Section 5.3, we also obtain from (A.3) the relation

1 1
A§|ul2 = |du — iu® A|* — 5(1 — |u)?)|ul?. (A.13)

Recalling that |u| < 1 and using Young’s inequality, we can combine (A.12)—(A.13) to find

an estimate of the form

1

FAUAP +[u?) > a(IDAF + [dul*) = Ca, M)A = C(A), (A.14)

for any 0 < a < 1.
By standard estimates for one-forms A satisfying (A.6) (see, e.g., [58, Theorem 4.8]), we
have the global L? bound

[Allwr2) < CA, Q)[|dA 20y < C(A,Q),

hence |ul, |A| are both bounded in W2 in terms of A (and Q).
Note that (A.8) gives a local W22 bound on A, by standard elliptic regularity. This,
together with Sobolev embedding and (A.7), gives

lullw2r0) + [ Allw22(00) + AP [w12(00) < C(A,2,Q0) (A.15)

for all 2y CC © and some 1 < p < 2, depending only on m. We need the following

observation, stated and proved separately for the sake of clarity.

Lemma A.2. Defining f € W12(Q) by
f o= (AP + [u) 2,
we have the subequation
AfP = =C(p, M) f* (A.16)
and, for all Qg CC €2,
1P [lwr2g0,) < C(A, 8, Q).

Proof. Since u € L* NWh2 N W2P and A € W22, a standard approximation argument

loc loc?

shows that |u|2,|A]2 € W', so that (A.14) holds pointwise a.e.

loc”’

Likewise, we have f € T/Vlicl and the chain rule applies, giving

Af = fTH DA + |du* — (A, D*DA) + (u, Au)) — f~|df|?
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pointwise. The first term equals f _1A% f?, so recalling (A.14) we obtain
Af > af HIDAP + |dul®) — Cla, A)f — £ df .

Also, since f € Wh2n Wlif, we have the pointwise inequalities

AfP=p(p— 1) P2 df|* + pfP I AS
> pafP (| DA + |dul?) — C(a, A) fP + p(p — 2) f7~2|df|?
> pla+p—2)fP2|df | — Cla, A) fP.

Choosing « := 2 — p, inequality (A.16) follows. The second claim is an easy consequence of
(A.15) and the fact that |u| < 1. O

Returning to the proof of Proposition A.1, we can now apply Moser iteration to (A.16),

obtaining in particular that

for any €y CC Q.
Now, fixing some intermediate domain Q' CC Q; CC Q between ' and €, (A.7) together

with the L>(£2) estimate for A give pointwise bounds of the form
|Au| < C(A,2,Q1)(|du| +1) in Q. (A.18)
And since
|du| < |du —iu® Al + |A| < e(u,A)+C

in 1, we obtain from the energy bound E(u, A) < A and (A.18) the simple estimate
HAUHLZ(Ql) < C(A7 Q7 Ql)v

and consequently

ullw22(0,) < C

for any ' CC Qy CC Q4. Returning to the pointwise bound (A.18), we can now employ a
simple iteration argument—combining L? regularity theory with the Sobolev embedding
W2 — Wha—r—over successive domains between € and ), to arrive at the desired W24
estimates for u.

Returning finally to (A.8), it therefore follows from the preceding estimates that
Al Loo oy + 1A HA| poo () < C(A,Q,Q7)

for some intermediate domain Q' cc Q” cC Q. In particular, this gives us upper bounds for
|AA Loy for every q € (1,00), and LY regularity theory therefore gives us the desired
estimates for A in W24(Q'). O
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Finally, we remark that higher regularity of v and A in the Coulomb gauge follows in a
standard way—e.g., via Schauder theory—from the W24 estimates obtained in the preceding

proposition.

Remark A.3. With local regularity established, note that it is easy to find a globally
smooth couple (u, 6) gauge equivalent to any critical pair (u, V) for E. on L — M. Indeed,
for any critical pair (u, V) with u € W2 N L>® and V = V( —iA (where Vj is a smooth
reference connection and A € W12), it follows from the local regularity results above that
the gauge-invariant objects |u|?> and dA = Fy — Fy, are smooth globally. Making a change
of gauge (u,V) — (i, V = Vg — iA) such that

dA =dA and d*A = 0,

it follows from the smoothness of dA that the new connection V = Vo — i A is smooth. And
since u satisfies

-~ 1 B
V*Vu = (1— |ul®)u

2¢2
where both V and |u|? are smooth, standard results for linear elliptic equations imply that

u € I'(L) is a smooth section as well.






Bibliography

G. Alberti, S. Baldo and G. Orlandi. Variational convergence for functionals of
Ginzburg-Landau type. Indiana Univ. Math J. 54 (2005), no. 5, 1411-1472.

G. Alberti, S. Bianchini and G. Crippa. Structure of level sets and Sard-type properties
of Lipschitz maps. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 12 (2013), no. 4, 863-902.

W. K. Allard. On the first variation of a varifold. Ann. of Math. (2) 95 (1972), 417-491.

W. K. Allard. An integrality theorem and a regularity theorem for surfaces whose first
variation with respect to a parametric elliptic integrand is controlled. Proc. of Symp. in
Pure Math. 44 (1986), 1-28.

W. K. Allard and F. J. Almgren, Jr. The structure of stationary one dimensional
varifolds with positive density. Invent. Math. 34 (1976), no. 2, 83-97.

F. J. Almgren, Jr. The homotopy groups of the integral cycle groups. Topology 1 (1962),
257-2909.

F. J. Almgren, Jr. The theory of varifolds. Mimeographed notes. Princeton, 1965.

F. J. Almgren, Jr. Almgren’s big reqularity paper, vol. 1 in World Scientific Monograph
Series in Mathematics. World Scientific Publishing Co., Inc., River Edge, NJ, 2000.

A. Ambrosetti and A. Malchiodi. Nonlinear analysis and semilinear elliptic problems,
vol. 104 in Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 2007.

L. Ambrosio and H. M. Soner. A measure theoretic approach to higher codimension
mean curvature flow. Ann. Sc. Norm. Sup. Pisa, Cl. Sci. 4 (1997), no. 25, 27-49.

K. Astala and L. Paivérinta. Calderdén’s inverse conductivity problem in the plane. Ann.
of Math. (2) 163 (2006), no. 1, 265-299.

T. Aubin. Some nonlinear problems in Riemannian geometry, in Springer Monographs

in Mathematics. Springer—Verlag, Berlin, 1998.

C. Bellettini. Multiplicity-1 minmax minimal hypersurfaces in manifolds with positive
Ricci curvature. ArXiv preprint 2004.10112, 2020.

199


https://arxiv.org/abs/2004.10112

200

Bibliography

[14]

[15]

[22]

[24]

[25]

[26]

[27]

Y. Bernard and T. Riviere. Uniform regularity results for critical and subcritical surface
energies. Calc. Var. Partial Differential Equations 58 (2019), no. 1, art. 10.

F. Bethuel, H. Brezis and G. Orlandi. Asymptotics for the Ginzburg-Landau equation
in arbitrary dimensions. J. Funct. Anal. 186 (2001), no. 2, 432-520.

G. D. Birkhoff. Dynamical systems with two degrees of freedom. Trans. Amer. Math.
Soc. 18 (1917), no. 2, 199-300.

S. B. Bradlow. Vortices in holomorphic line bundles over closed K&hler manifolds.
Comm. Math. Phys. 135 (1990), no. 1, 1-17.

H. L. Bray. Proof of the Riemannian Penrose inequality using the positive mass
theorem. J. Differential Geom. 59 (2001), no. 2, 177-267.

S. Brendle. Embedded minimal tori in S® and the Lawson conjecture. Acta Math. 211
(2013), no. 2, 177-190.

A. Carlotto, G. Franz and M. B. Schulz. Free boundary minimal surfaces with connected
boundary and arbitrary genus. ArXiv preprint 2001.04920, 2020.

D. R. Cheng. Asymptotics for the Ginzburg—Landau equation on manifolds with
boundary under homogeneous Neumann condition. J. Funct. Anal. 278 (2020), no. 4,
1083644-93.

0. Chodosh and C. Mantoulidis. Minimal surfaces and the Allen—Cahn equation on
3-manifolds: index, multiplicity, and curvature estimates. Ann. of Math. (2) 191 (2020),
no. 1, 213-328.

T. H. Colding and C. De Lellis. The min-maz construction of minimal surfaces, chapter
in vol. 8 in Surveys in Differential Geometry, 75-107. Int. Press, Somerville, MA, 2003.

T. H. Colding and W. P. Minicozzi, II. Width and finite extinction time of Ricci flow.
Geom. Topol. 12 (2008), no. 5, 2537-2586.

C. J. Costa. Example of a complete minimal immersion in R3 of genus one and three
embedded ends. Bol. Soc. Brasil. Mat. 15 (1984), no. 1-2, 47-54.

E. De Giorgi and T. Franzoni. Su un tipo di convergenza variazionale. Atti Accad. Naz.
Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 58 (1975), no. 6, 842-850.

C. De Lellis, G. De Philippis, J. Hirsch and A. Massaccesi. Boundary reqularity of
mass-minimizing integral currents and a question of Almgren, chapter in 2017 MATRIX
annals, vol. 2 in MATRIX Book Ser., 193-205. Springer, Cham, 2019.

C. De Lellis and J. Ramic. Min-max theory for minimal hypersurfaces with boundary.
Ann. Inst. Fourier (Grenoble) 68 (2018), no. 5, 1909-1986.


https://arxiv.org/abs/2001.04920

Bibliography 201

[29]

[30]

[39]

[40]

[41]

[42]

C. De Lellis and E. Spadaro. Regularity of area minimizing currents I: gradient L?
estimates. Geom. Funct. Anal. 24 (2014), no. 6, 1831-1884.

C. De Lellis and E. Spadaro. Regularity of area minimizing currents II: center manifold.
Ann. of Math. (2) 183 (2016), no. 2, 499-575.

C. De Lellis and E. Spadaro. Regularity of area minimizing currents I1I: blow-up. Ann.
of Math. (2) 183 (2016), no. 2, 577-617.

C. De Lellis and D. Tasnady. The existence of embedded minimal hypersurfaces. J.
Differential Geom. 95 (2013), no. 3, 355-388.

J. Douglas. Solution of the problem of Plateau. Trans. Amer. Math. Soc. 33 (1931), no.
1, 263-321.

N. Ejiri and M. Micallef. Comparison between second variation of area and second

variation of energy of a minimal surface. Adv. Cale. Var. 1 (2008), no. 3, 223-239.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions (revised
edition), in Textbooks in Mathematics. CRC Press, Boca Raton, Fla., 2015.

D. Faraco. Milton’s conjecture on the regularity of solutions to isotropic equations. Ann.
Inst. H. Poincaré Anal. Non Linéaire 20 (2003), no. 5, 889-909.

H. Federer and W. H. Fleming. Normal and integral currents. Ann. of Math. (2) 72
(1960), 458 520.

D. Fischer-Colbrie and R. Schoen. The structure of complete stable minimal surfaces in
3-manifolds of nonnegative scalar curvature. Comm. Pure Appl. Math. 33 (1980), no. 2,
199-211.

0. Garcia-Prada. Seiberg—Witten invariants and vortex equations, chapter in Quantum
symmetries, proceedings (Les Houches, 1995), 885-934. North-Holland, Amsterdam,
1998.

J. B. Garnett and D. E. Marshall. Harmonic measure, vol. 2 in New Mathematical

Monographs. Cambridge University Press, Cambridge, 2005.

P. Gaspar and M. A. M. Guaraco. The Allen—Cahn equation on closed manifolds. Calc.
Var. Partial Differential Equations 57 (2018), no. 4, art. 101.

N. Ghoussoub. Duality and perturbation methods in critical point theory, vol. 107 in

Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 1993.

M. Giaquinta. Multiple integrals in the calculus of variations and nonlinear elliptic
systems, vol. 105 in Annals of Mathematics Studies. Princeton University Press,
Princeton, NJ, 1983.



202

Bibliography

[44]

[45]

[50]

[51]

M. Giaquinta and L. Martinazzi. An introduction to the regularity theory for elliptic
systems, harmonic maps and minimal graphs (second edition), vol. 11 in Lecture Notes

(Scuola Normale Superiore). Edizioni della Normale, Pisa, 2012.

Q. Guang, M. Li, Z. Wang and X. Zhou. Min-max theory for free boundary minimal
hypersurfaces IT — General Morse index bounds and applications. ArXiv preprint
1907.1206/, 2019.

M. A. M. Guaraco. Min-max for phase transitions and the existence of embedded
minimal hypersurfaces. J. Differential Geom. 108 (2018), no. 1, 91-133.

R. D. Gulliver, II, R. Osserman and H. L. Royden. A theory of branched immersions of
surfaces. Amer. J. Math. 95 (1973), 750-812.

R. Hardt, F. Lin and L. Mou. Strong convergence of p-harmonic mappings, chapter in
Progress in partial differential equations: the Metz surveys, 3, vol. 314 in Pitman Res.
Notes Math. Ser., 58—64. Longman Sci. Tech., Harlow, 1994.

R. Hardt and L. Simon. Boundary regularity and embedded solutions for the oriented
Plateau problem. Ann. of Math. (2) 110 (1979), no. 3, 439-486.

P. Hartman and A. Wintner. On the local behavior of solutions of non-parabolic partial
differential equations. Amer. J. Math. 75 (1953), 449-476.

F. Hélein. Harmonic maps, conservation laws and moving frames (second edition), vol.

150 in Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 2002.

D. Hoffman, M. Traizet and B. White. Helicoidal minimal surfaces of prescribed genus.
Acta Math. 216 (2016), no. 2, 217-323.

M.-C. Hong, J. Jost and M. Struwe. Asymptotic limits of a Ginzburg—Landau type
functional, chapter in Geometric analysis and the calculus of variations, 99-123. Int.
Press, Cambridge, MA, 1996.

C. Hummel. Gromov’s compactness theorem for pseudo-holomorphic curves, vol. 151 in

Progress in Mathematics. Birkhauser, Basel, 1997.

J. E. Hutchinson and Y. Tonegawa. Convergence of phase interfaces in the van der
Waals-Cahn—Hilliard theory. Calc. Var. Partial Differential Equations 10 (2000), no. 1,
49-84.

Y. Imayoshi and M. Taniguchi. An introduction to Teichmiiller spaces. Springer, Tokyo,
1992.

K. Irie, F. C. Marques and A. Neves. Density of minimal hypersurfaces for generic
metrics. Ann. of Math. (2) 187 (2018), no. 3, 963-972.


https://arxiv.org/abs/1907.12064

Bibliography 203

[58] T. Iwaniec, C. Scott and B. Stroffolini. Nonlinear Hodge theory on manifolds with
boundary. Ann. Mat. Pura Appl. (4) 177 (1999), 37-115.

[59] A. Jaffe and C. H. Taubes. Vortices and monopoles, vol. 2 in Progress in Physics.
Birkhauser, Boston, 1980.

[60] R. L. Jerrard and H. M. Soner. The Jacobian and the Ginzburg-Landau energy. Calc.
Var. Partial Differential Equations 14 (2002), no. 2, 151-191.

[61] J. Jost, X. Peng and G. Wang. Variational aspects of the Seiberg—Witten functional.
Cale. Var. Partial Differential Equations 4 (1996), no. 3, 205-218.

[62] D. Ketover. Free boundary minimal surfaces of unbounded genus. ArXiv preprint
1612.08691, 2016.

[63] A. A. Kosinski. Differential manifolds, vol. 138 in Pure and Applied Mathematics.
Academic Press Inc., Boston, 1993.

[64] S. Krantz and H. Parks. Geometric integration theory, in Cornerstones. Birkhaduser
Boston Inc., Boston, 2008.

[65] O. Lehto and K. I. Virtanen. Quasiconformal mappings in the plane (second edition),
vol. 126 in Die Grundlehren der mathematischen Wissenschaften. Springer—Verlag, New
York—Heidelberg—Berlin, 1973.

[66] F. Leonetti and V. Nesi. Quasiconformal solutions to certain first order systems and the
proof of a conjecture of G. W. Milton. J. Math. Pures Appl. (9) 76 (1997), no. 2,
109-124.

67] M. Li. Free boundary minimal surfaces in the unit ball: recent advances and open
Y p
questions. ArXiv preprint 1907.05053, 2019.

[68] M. Li and X. Zhou. Min-max theory for free boundary minimal hypersurfaces I —
regularity theory. ArXiv preprint 1611.02612, 2016.

[69] F. Lin. Gradient estimates and blow-up analysis for stationary harmonic maps. Ann. of
Math. (2) 149 (1999), no. 3, 785-829.

[70] F. Lin and T. Riviere. Complex Ginzburg-Landau equations in high dimensions and
codimension two area minimizing currents. J. Eur. Math. Soc. (JEMS) 1 (1999), no. 3,
237-311.

[71] F. Lin and T. Riviére. A quantization property for static Ginzburg-Landau vortices.
Comm. Pure Appl. Math. 54 (2001), no. 2, 206-228.

[72] Y. Liokumovich, F. C. Marques and A. Neves. Weyl law for the volume spectrum. Ann.
of Math. (2) 187 (2018), no. 3, 933-961.


https://arxiv.org/abs/1612.08691
https://arxiv.org/abs/1907.05053
https://arxiv.org/abs/1611.02612

204

Bibliography

[73]

[74]

[75]

[76]

F. C. Marques and A. Neves. Rigidity of min-max minimal spheres in three-manifolds.
Duke Math. J. 161 (2012), no. 14, 2725-2752.

F. C. Marques and A. Neves. Min-max theory and the Willmore conjecture. Ann. of
Math. (2) 179 (2014), no. 2, 683-782.

F. C. Marques and A. Neves. Morse index and multiplicity of min-max minimal
hypersurfaces. Camb. J. Math. 4 (2016), no. 4, 463-511.

F. C. Marques and A. Neves. Existence of infinitely many minimal hypersurfaces in
positive Ricci curvature. Invent. Math. 209 (2017), no. 2, 577-616.

A. Michelat. On the Morse index of critical points in the viscosity method. ArXiv
preprint 1806.09578, 2018.

A. Michelat and T. Riviere. A viscosity method for the min-max construction of closed
geodesics. ESAIM Control Optim. Cale. Var. 22 (2016), no. 4, 1282-1324.

L. Modica. The gradient theory of phase transitions and the minimal interface criterion.
Arch. Rational Mech. Anal. 98 (1987), no. 2, 123-142.

L. Modica and S. Mortola. Un esempio di I'"-convergenza. Boll. Un. Mat. Ital. B (5)
14 (1977), no. 1, 285-299.

R. L. Moore. Concerning triods in the plane and the junction points of plane continua.
Proc. Nat. Acad. Sci. U.S.A. 14 (1928), no. 1, 85-88.

R. Moser. Partial reqularity for harmonic maps and related problems. World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.

R. Osserman. On complete minimal surfaces. Arch. Rational Mech. Anal. 13 (1963),
392-404.

A. Pigati and T. Riviére. The regularity of parameterized integer stationary varifolds in
two dimensions. To appear on Comm. Pure Appl. Math. ArXiv preprint 1708.02211,
2017.

A. Pigati and T. Riviere. A proof of the multiplicity one conjecture for min-max
minimal surfaces in arbitrary codimension. To appear on Duke Math. J. ArXiv preprint
1807.04205, 2018.

A. Pigati and D. Stern. Minimal submanifolds from the abelian Higgs model. ArXiv
preprint 1905.13726, 2019.

J. T. Pitts. Ezxistence and reqularity of minimal surfaces on Riemannian manifolds, vol.
27 in Mathematical Notes. Princeton University Press, Princeton, N.J. and University of
Tokyo Press, Tokyo, 1981.


https://arxiv.org/abs/1806.09578
https://arxiv.org/abs/1708.02211
https://arxiv.org/abs/1807.04205
https://arxiv.org/abs/1905.13726

Bibliography 205

[88] T. Rad6. On Plateau’s problem. Ann. of Math. (2) 31 (1930), no. 3, 457-469.

[89] T. Riviere. Conservation laws for conformally invariant variational problems. Invent.
Math. 168 (2007), no. 1, 1-22.

[90] T. Riviere. Lecture 3. A wviscosity approach to minmaz, lec. 3 in Minmax methods
in the calculus of wvariations of curves and surfaces. Notes available online at

https://people.math.ethz.ch/~riviere/minimax, 2016.

[91] T. Riviere. A viscosity method in the min-max theory of minimal surfaces. Publ. Math.
Inst. Hautes Etudes Sci. 126 (2017), 177-246.

[92] T. Riviere. The regularity of conformal target harmonic maps. Calc. Var. Partial
Differential Equations 56 (2017), no. 4, art. 117.

[93] T. Riviere. Lower semi-continuity of the index in the viscosity method for minimal
surfaces. ArXiv preprint 1808.00426, 2018.

[94] W. Rudin. Real and complex analysis (third edition). McGraw—Hill Book Co., New
York, 1987.

[95] J. Sacks and K. Uhlenbeck. The existence of minimal immersions of 2-spheres. Ann. of
Math. (2) 113 (1981), no. 1, 1-24.

[96] R. Schoen and L. Simon. Regularity of stable minimal hypersurfaces. Comm. Pure
Appl. Math. 34 (1981), no. 6, 741-797.

[97] R. Schoen and S.-T. Yau. On the proof of the positive mass conjecture in general

relativity. Comm. Math. Phys. 65 (1979), no. 1, 45-76.

[98] L. Simon. Lectures on geometric measure theory, vol. 3 in Proceedings of the Centre for

Mathematical Analysis. Australian National University, Canberra, 1984.

[99] P. Smith and K. Uhlenbeck. Removability of a codimension four singular set for
solutions of a Yang-Mills—Higgs equation with small energy. ArXiv preprint 1811.03135,
2018.

[100] A. Song. Local min-max surfaces and strongly irreducible minimal Heegaard splittings.
ArXiv preprint 1706.01037, 2017.

[101] A. Song. Existence of infinitely many minimal hypersurfaces in closed manifolds.
ArXiv preprint 1806.08816, 2018.

[102] D. Stern. Existence and limiting behavior of min-max solutions of the Ginzburg-Landau
equations on compact manifolds. To appear on J. Differential Geom. ArXiv preprints
1612.00544, 2016, and 1704.00712, 2017.


https://people.math.ethz.ch/~riviere/minimax
https://arxiv.org/abs/1808.00426
https://arxiv.org/abs/1811.03135
https://arxiv.org/abs/1706.01037
https://arxiv.org/abs/1806.08816
https://arxiv.org/abs/1612.00544
https://arxiv.org/abs/1704.00712

206 Bibliography

[103] P. Sternberg. The effect of a singular perturbation on nonconvex variational problems.
Arch. Rational Mech. Anal. 101 (1988), no. 3, 209-260.

[104] M. Struwe. On a free boundary problem for minimal surfaces. Invent. Math. 75 (1984),
no. 3, 547-560.

[105] C. H. Taubes. Arbitrary N-vortex solutions to the first order Ginzburg-Landau
equations. Comm. Math. Phys. 72 (1980), no. 3, 277-292.

[106] C. H. Taubes. On the equivalence of the first and second order equations for gauge
theories. Comm. Math. Phys. 75 (1980), no. 3, 207-227.

[107] C. H. Taubes. Seiberg—Witten and Gromov invariants for symplectic 4-manifolds, vol. 2

in First International Press Lecture Series. International Press, Somerville, 2000.

[108] Y. Tonegawa and N. Wickramasekera. Stable phase interfaces in the van der
Waals—Cahn-Hilliard theory. J. Reine Angew. Math. 668 (2012), 191-210.

[109] N. Wickramasekera. A general regularity theory for stable codimension 1 integral
varifolds. Ann. of Math. (2) 179 (2014), no. 3, 843-1007.

[110] E. Witten. Monopoles and four-manifolds. Math. Res. Lett. 1 (1994), no. 6, 769-796.

[111] S.-T. Yau. Problem section, chapter in Seminar on Differential Geometry, vol. 102 in
Annals of Mathematics Studies. Princeton University Press, Princeton, N.J. and
University of Tokyo Press, Tokyo, 1982.

[112] X. Zhang. Compactness theorems for coupled Yang—Mills fields. J. Math. Anal. Appl.
298 (2004), no. 1, 261-278.

[113] X. Zhou. Min-max minimal hypersurface in (M"*!, g) with Ric > 0 and 2 <n < 6. J.
Differential Geom. 100 (2015), no. 1, 129-160.

[114] X. Zhou. On the multiplicity one conjecture in min-max theory. ArXiv preprint
1901.01173, 2019.


https://arxiv.org/abs/1901.01173

Curriculum Vitae

Date of birth
Address
Email

2016 — present

2014 - 2016
2011 - 2014
2011 - 2016
——

Personal information

July 29, 1992, Genoa (Italy)
ETH Ziirich, HG FO 27.9. Ramistrasse 101, 8092 Ziirich (Switzerland)
alessandro.pigati@math.ethz.ch

Research interests

Geometric analysis and (elliptic) PDEs, with particular emphasis on the
variational construction and regularity theory of minimal submanifolds;
geometric measure theory; sub-Riemannian geometry.

Education

PhD
Zirich Graduate School in Mathematics, ETH Ziirich

Advisor: Prof. Tristan Riviere (ETH Ziirich)

Master Degree in Mathematics

University of Pisa (Italy), 110/110 cum laude

Dissertation topic: New reqularity results for sub-Riemannian geodesics
Advisors: Prof. Luigi Ambrosio (SNS), Prof. Davide Vittone (University of
Padua)

Bachelor Degree in Mathematics

University of Pisa (Italy), 110/110 cum laude

Dissertation topic: The kissing number of spheres in FEuclidean spaces
Advisor: Prof. Giovanni Alberti (University of Pisa)

Diploma
Scuola Normale Superiore (SNS)

Publications, preprints and surveys

o0 The viscosity method for min-max free boundary minimal surfaces. arXiv preprint
2007.06004, 2020.

o Codimension two min-max minimal submanifolds from PDEs (survey). Oberwolfach
Reports: Partial Differential Equations (workshop 1930), 2019.

o with D. Stern: Minimal submanifolds from the abelian Higgs model. arXiv preprint

1905.13726, 2019.

o Parametrized stationary varifolds and the multiplicity one conjecture (survey).
Oberwolfach Reports: Calculus of Variations (workshop 1831), 2018.

o with T. Riviere: A proof of the multiplicity one conjecture for min-max minimal


mailto:alessandro.pigati@math.ethz.ch
http://www.zgsm.ch
https://www.math.ethz.ch
https://people.math.ethz.ch/~triviere
https://www.unipi.it/index.php/english
https://www.sns.it/en/ambrosio-luigi
https://www.math.unipd.it/en/people/davide.vittone
https://www.unipi.it/index.php/english
http://pagine.dm.unipi.it/alberti
http://wwweng.sns.it
https://arxiv.org/abs/2007.06004
https://arxiv.org/abs/1905.13726

surfaces in arbitrary codimension. Accepted in Duke Math J.

with T. Riviere: The regularity of parametrized integer stationary varifolds in two
dimensions. Accepted in Comm. Pure Appl. Math.

with F. Da Lio: Free boundary minimal surfaces: a nonlocal approach. Accepted in
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5).

with R. Monti and D. Vittone: On tangent cones to length minimizers in Carnot-
Carathéodory spaces. SIAM J. Control Optim. 56 (2018), no. 5, 3351-3369.

with R. Monti and D. Vittone: Existence of tangent lines to Carnot—Carathéodory
geodesics. Calc. Var. PDE 57 (2018), art. 75.

New regularity results for sub-Riemannian geodesics. Master thesis, available online
at the ETD repository of the University of Pisa, 2016.

e [ vited talks

June 2020 Geometric analysis and calibrated geometries (canceled), Ziirich (Switzer-
land)

October 2019 Analysis seminar at Queen Mary University, London (United Kingdom)
July 2019 Partial Differential Equations, Oberwolfach (Germany)
June 2019 Workshop on Geometric Measure Theory, Alba di Canazei (Italy)
March 2019 Variational approaches to PDE’s, Rome (Italy)

December 2018 Workshop in Geometric Analysis, Paris (France)
July 2018 Calculus of Variations, Oberwolfach (Germany)
June 2018 Geometric Measure Theory in Verona, Verona (Italy)
April 2018  Analysis seminar at University of Padua, Padua (Italy)

November 2017 Analysis seminar at ETH Zirich, Zirich (Switzerland)

—— (Other conferences attended
October 2019 PDEs and Geometric Measure Theory, Ziirich (Switzerland)

June 2019 Geometric Analysis and General Relativity. A conference in honour of
Gerhard Huisken’s 60th birthday, Zirich (Switzerland)

May 2018 Geometric Analysis, Edinburgh (United Kingdom)
June 2017 Nonlinear analysis Conference, Zirich (Switzerland)
June 2017  23rd Rolf Nevanlinna Colloquium, Ziirich (Switzerland)
June 2017  Advances in Geometric Analysis, Ziirich (Switzerland)

January 2016 XXVI Convegno Nazionale di Calcolo delle Variazioni, Levico Terme (Italy)

Spring 2019 Teaching assistant for Differential Geometry II

Fall 2018 Teaching assistant for Fourier Analysis in Function Space Theory
Spring 2018 Teaching assistant for Functional Analysis 11

Fall 2017 Teaching assistant for Functional Analysis I


etd.adm.unipi.it

Spring 2017
Fall 2016

November 2019
November 2019

April 2018
Spring 2018

Spring 2017
November 2015
September 2015

July 2015

April 2015
February 2015
October 2014
September 2014
May 2014

Ttalian
English
French

German

July 2011

May 2011
May 2011
May 2010

Teaching assistant for Products and Nonlinearities in Function Space Theory

Teaching assistant for Functional Analysis I

Other informal seminars

Uhlenbeck compactness and applications to SU(2) instantons

Inverse mean curvature flow: uniqueness of weak solutions and short time
existence

Gunther’s proof of the isometric embedding theorem

Lectures on minimal surfaces: existence of infinitely many minimal hy-
persurfaces in positive Ricci curvature, Gromov’s width, Weyl’s law for
minimal hypersurfaces

Lectures on the real Hardy space

Immersions of S? with prescribed mean curvature

The Cheeger—Gromoll soul theorem

Oseledec’s multiplicative ergodic theorem

Convex integration techniques and counterexamples to Korn’s inequality
Malgrange-Ehrenpreis theorem and Paley—Wiener theorems

The spectral theorem for bounded and unbounded self-adjoint operators
A polynomial version of Van der Waerden’s theorem

The central limit theorem and the monotonicity of entropy

Languages
Native
Fluent
Intermediate

Basic

Honors and awards

Silver medal at the International Mathematical Olympiad, held in Amster-
dam, Netherlands

Bronze medal at the Balkan Mathematical Olympiad, held in Iassy, Romania
Gold medal at the Italian Mathematical Olympiad, held in Cesenatico, Italy
Gold medal at the Italian Mathematical Olympiad, held in Cesenatico, Italy



	General introduction
	The landscape
	Results from this thesis
	A glimpse of the techniques
	Open problems

	A viscous relaxation of the area for immersed surfaces, closed or with boundary
	Introduction
	Almost critical points for the energy
	First variation
	A lower bound for the area
	Asymptotic behavior of the area, in the domain and in the ambient
	Degeneration of the conformal structure and bubbling
	Regularity

	Regularity of parametrized stationary varifolds
	Introduction
	First properties of parametrized stationary varifolds
	Regularity of parametrized stationary varifolds in a polyhedral cone
	Blow-up of a parametrized stationary varifold
	Regularity in the general case
	An application to the conductivity equation

	Multiplicity one for parametrized stationary varifolds arising variationally
	Introduction
	Notation
	Background on parametrized stationary varifolds
	Two lemmas on harmonic maps
	Technical iteration lemmas
	Multiplicity one in the limit

	Codimension two minimal submanifolds from Yang–Mills–Higgs
	Introduction
	The Yang–Mills–Higgs equations on U(1) bundles
	Bochner identities and preliminary estimates
	Inner variations and improved monotonicity
	Decay away from the zero set
	The energy-concentration varifold
	Examples from variational constructions

	Bibliography
	Personal information
	Research interests
	Education
	Publications, preprints and surveys
	Invited talks
	Other conferences attended
	Teaching
	Other informal seminars
	Languages
	Honors and awards

