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Abstract : The Second Law of Thermodynamics asserts that the physical
entropy of an adiabatic system is an increasing function in time. In this paper
we will study a more stringent version of this law, according to which the
entropy should not only increase in time, but the rate of increase is optimal
in absolute value among all possible evolutions. We will establish this property
in the framework of non-linear scalar hyperbolic conservation law with strictly
convex fluxes.

1 Introduction

We consider solutions to the following equation

Ou+0pf(u) = 0 in R, xR,
u(z,0) = wo(z),

(1)

where the flux f is strictly convex ( f” > ¢ > 0 )and the initial date ug € L.
It is well known, that, even for smooth initial data, the classical solution can
cease to exist in finite time, due to the possible formation of shocks (see
Chapter 4.2 in [Da]). Therefore one has to consider weak solutions of (1),
i.e. solutions, which satisfy (1) in the distributional sense. However it turned
out, that, for a given initial data, the space of weak solutions is huge (see
Chapter 4.4 in [Da]). Therefore additional conditions have to be imposed to
single out the physical relevant weak solutions in some models.

In 1957 Oleinik proved in [Ol] uniqueness of bounded weak solutions,
which satisfy almost everywhere her ’E-condition’

y—T
ct

u(y,t) —u(z,t) < for =<y, t>0, (2)
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where ¢ = inf f”. A immediate consequence of this condition (2) is a spectac-
ular regularization phenomena. Oleinik proved, that for bounded measurable
initial data, the weak solution satisfying almost everywhere (2) becomes im-
mediately locally BV in space and locally in space-time in the complement
of the initial line .

A more powerful approach was given by Kruzhkov in [Kr], where he re-
places condition (2) by a family of integral inequalities. This approach covers
also cases, where f is non-convex and the space dimension is bigger than one.
However in the case of convex fluxes one can show, that his entropy condi-
tion is equivalent to Oleinik’s E-condition (see Chapter 8.5 in [Da]). More
precisely for uy € L* he proved existence and uniqueness of weak solutions
satisfying the entropy condition: He considers the family of convex entropy
flux pairs (14, &a)acr, Where

Ma(u) = (u—a)" and &(u) =sign(u—a)"(f(u) — f(a)),  (3)

and w™ stands for max{w,0}. Then an entropy solution is a bounded func-
tion u, which satisfies (1) in the sense of distributions and

Orna(u) + Oa&alu) < 0. (4)

Equivalently one can replace the one parameter family (7,,&)ecr and as-
sume, that (4) is fulfilled for all convex n with corresponding entropy flux &,
which is defined by € = [ 7/f’. As a consequence of this one can show, if the
initial data ug is in BV, that u is in BV for all later times.

Let a A b denote min{a, b}. Let u € L>®(R x [0,7")) be a weak solution of
(1), such that

m(z,t,a) = O(uNa)+ 0. f(uNa) € Mp(RxR. xR)

where M denotes the space of Radon measures. One can define the absolute
value of the entropy production over a set {2 C R x R, as being

EP:/R\m](Q,a)da. (5)

In the case of u being an entropy solution and hence in BV, the measure
m(z,t,a) and therefore the entropy production of u simplifies to

EPz/A(u*,u)Hll_Ju, (6)
Q

where J, denotes the rectifiable set of jump points of u, u, and u_ are
respectively the left and right approximate limits of u for some orientation



of J, and

(a = b [£9HO] — (@ = b) [} f(s) ds
(@ —0)2+ (fla) — fO)22

It is natural to compare the different entropic productions of the weak solu-
tions to (1) - BV or not BV | - and to ask the following questions : does
there exists a weak solution which minimizes the entropy production and, if
so, what properties does a minimizer of (5) have.

In this work we provide a partial answer to this question. We show a
weak solution of (1) whose entropy production increases in time less, than
any other weak solution’s entropy production, has to be the entropy solution.
Precisely

Let VW denote the set of defect measures induced by a weak solution of
(1), ie.

W { m(z,t,a) € My s.t. m(z,t,a) = (uNa)+ 0. f(uAa), } (8)

where u € L™ is a weak sol. of (1).

A(a,b) = (7)

Our main result in the present work is the following.

Theorem 1. Let f € C*(R) such that f" > c¢> 0 and
lim f(z) =o0. 9)

|z|—o0

Moreover let uy € L*(R) be compactly supported. Let u € L®(R x [0,T")) be
an arbitrary weak solution of (1), such that m(z,t,a) = 0;(uNha)+0, f(uia) is
locally a Radon measure in R x [0,T) xR . Assume the "entropy production”
m satisfies

/\m|(Rx(0,ﬂ,a) da§/|q\(Rx(O,ﬂ,a) da¥ qgeW and Vt € (0,T).
R R

(10)
Then u is the entropy solution, i.e. satisfies (2) and equivalently (4).

A similar criteria in a more restrictive setting is considered by Dafermos
in Chapter 9.7 of [Da]. He considers weak solutions u of (1) with initial data

Jow it <0,
uo(x)—{ u, if x>0. (11)

Since the conservation law is invariant under Galilean transformations it is
reasonable in this case to consider weak solutions of the form

u(z,t) =wv (E) :

t
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One can then define w = 7 and consider v as a function only dependent of

w, i.e. v =v(w). Then v(w) satisfies the ordinary differential equation

d

7, W) —wu(w)) +v(w) =0

in the sense of distributions and has prescribed end states

lim v(w)=u and lim v(w)=u,.

wW——00 wWw—00

Furthermore it is assumed that v is in BV and denotes J, the set of jump
points w for v. For a given entropy-entropy flux pair (n(u),&(u)) C. Dafermos
defines the combined entropy of the shocks in v by

Po= > {&(vwh)) = E(v(w=)) —w w(w+) = nlo=)]} . (12)
weJy
Furthermore he introduces the rate of change of the total entropy production
Fo =5 [ nlute)do= [ ntote)) do,

for entropy-entropy flux pairs (1, &) such that n(u;) = n(u,) = 0.
He shows that in this simple case the rate of change of the total entropy
and the entropy productions are related to each other by

HU = PU + g(ul) - f(uT) :

We can now relate the combined entropy P, to our entropy productions (5).
To do so one notices, that for a T > 0, ¢ € C°(R x (0,7")) and an entropy-
entropy flux pair (n, &) we get after a change of variable

/ n(u(z,t))0) + §(u(x, t)) 00 da dt
Rx[0,T

]
= [ ) F560) = ) - 6] do

= Y W) {E((wt)) = E(vw=)) = w I(o(wt)) = (o))}

(13)

where

B(w) = /0 W(wt,t) dt (14)
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For a jump point w we write vy = v(w+) and v_ = v(w—), then taking the
particular entropy-entropy flux pair (7,,&,), defined in (3) and using identity
(13) gives

/R/R o Y(z, t)dm(z,t,a) da
—— [ X 0 {6a(02) ~ €a(0) — w n(e2) = (o)} do

UJEJ’U

(15)
A short calculation reveals

/R Ealts) — £a(v_) —  [a(v3) — 1a(v_)] da

1

:_iw(zﬂ—vi)—/v sf'(s)ds, (16)

where we used the Rankine-Hugoniot condition for self similar solutions:

fog) = floo) =w(vy —v-).
Applying (16) in (15) gives

/}R/]R o Y(z, t)dm(z,t,a) da
= > d(w) {£((wh)) = E(vw)) = w (o) = n(ow=))]} da, (17)

(.L)EJ'U

where (7, ) is the entropy-entropy flux pair
n(v) = %v2 and  £(v) = /0 " sf(s)ds (18)
From (17) we deduce with (14)
%/Rm(]R < (0,7, 0)da = P, (19)

where the combined entropy production P, is taken for the entropy-entropy
flux pair defined in (18). Since T' > 0 is arbitrary and P, independent of T’
it follows from (19)

%/m(RX 0,t],a)da =P, forall ¢t>0, (20)
R

>



which finally relates (12) to (5).
Then a weak solution u = v (%) of (1) with initial data (11) is said
to satisfy the entropy rate admissibility criterion if it satisfies the following

optimality criterion of the entropy production
PU S 7)17

or equivalently _ _

H, < Hs
holds, for any other weak solution @ = @ (%) of (1) with initial condition
(11).

Using (20) one can express the entropy rate admissibility criterion for the
particular entropy-entropy flux pair in (18) in terms of the entropy production
(5): A solution u = v (%) with initial data (11) and defect measure m(z, t, a)
satisfies entropy rate admissibility criterion if

d d
—/m(Rx 0,4, a) da < —/m(Rx 0,8, a)da forall >0 (21)
i )y it Js

for any other weak solution @ = o (%) of (1) with initial condition (11)
and defect measure m(z,t,a). One can also integrate (21) and obtains the

equivalent condition
/m(]Rx [o,t],a)dag/m(Rx 0,8, a)da forall t>0.  (22)
R R

Therefore (21) and (22) show, that the entropy rate admissibility criterion
can be interpreted as a growth condition of the entropy production (5), which
is similar to the growth condition (10) in Theorem 1. In Chapter 9.5 of [Da]
it is proved:

Theorem. [Da] A weak solution w of (1) with initial data (11) satisfies the
entropy rate admissibility criterion for an entropy-entropy flux pair (n,€) if
and only if u satisfies the E-condition (2).

Again by (21) and (22) one sees, that this Theorem establishes, similar as
in Theorem 1, a connection between growth rate of the entropy production
(5) and entropy admissibility conditions (2) and (4). In Chapter 9.5 there is
also an extension of this theorem in the case of strictly hyperbolic systems.

Another results relating an optimality criterion to entropic solution is

given by A. Poliakovsky in [Po]. For u : R™ x [0,7] — R* he considers a
family of energy functionals

I 1 1
Ig,f(u)zi/o / (e\qu\Q—i-g\VxHF) dxdt+§/ (e, T)dz (23)
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where

A H, = O+ div, f(u).

Under certain assumptions on the flux f he shows, that there exists a mini-
mizer to

inf {1 ¢(u) : u(z,0) =up(x)}

and this minimizer satisfies

Owu+div, f(u) = eAH, Y(z,t) e R" x (0,7,
w(z,0) = wup(zr) VoeR™.

In the particular case k = 1, he calculates the I-limit of (23) as ¢ — 0" and
finds an alternative variational formulation of the admissibility criterion for
the particular solutions to the scalar conservation laws that can be achieved
by this relaxation procedure.

The result of A.Poliakovsky has been inspired by previous works estab-
lishing a link between some variational optimality condition of a relaxed
problem and the entropy condition at the limit. Among these works we can
quote [RS1], [RS2] and [ALR]. Let us describe the results established in this
3 works here :

We consider for a bounded domain 2 C R? the space Mgy;,(Q2), which
consists of unit vectorfields u such that u = ¢ for a ¢ € L>®(Q,R) and
div e?"* is a Radon measure over £ x R. This space My, was introduced
by S. Serfaty and the second author in [RS1] and [RS2] in connection to a
problem related to micromagnetism. We give here a brief description. Let (2
be a bounded and simply connected domain, for u € W12(Q,S') and a e > 0
we consider

1
Bw) == [ [vaP+ 2 [ (P, 24
Q € Jr2

where H = V(G x4),0=uon Q and & = 0 in Q¢ and G is the kernel of the
Laplacian on R2.

It was proved in [RS1], [RS2] that from any sequence u., € W1%(Q,S)
such that ¢ — 0 and F;, (u.,) < C one can extract a subsequence u. , such
that o, , converges strongly in LP({2) for any p < oo to a limit ¢ such that
¥ = u € My(Q). Furthermore the authors are conjecturing that the
[-Limit should be given by the following functional Ey over M4, (Q) :

Eo(u) :=2 /G]R |div ()| () da



Part of the I'—convergence has been proved as they established in one hand
the following inequality

Ey(u) := 2/ |div (") | () da < liminf E. , (uc,,)
acR
and in the other hand that

lim inf E.(u)=2 inf div (") [ (Q) da = 2109, (25
EEI(I) uGIXI/II/LQ (U) uE/\ilgw(Q) /aelR ’ v (6 )} ( ) “ ‘ ‘ ( )
where |09| is the perimeter of the set Q. One can prove (see [RS1]), that
the infimum on the right hand side is achieved by u = —V=*dist(-,09Q) €
M i (). The function g = V+dist(-, 99) is the viscosity solution of

IVg|—1 = 0 on Q, }

g = 0 on 0. (26)

A question, which was left open in [RS1] and [RS2] was to describe the
possible limits u of minimizing sequence of (24). It was conjectured that
u = £V-tdist(-,00) are the only possible limits of sequences of minimizers.
A positive answer to this conjecture has been given in [ALR]. Precisely, in
[RS2] it is proved that the limit v of a minimizing sequence of (24) satisfies
the entropy condition

dive® >0 forall acR (27)

or dive®* < 0 forall a € R. Then in [ALR] the following result is
established

Theorem. [ALR] Let u = —V1g be a divergence free unit vector-field in
the space Mg;,(2). The entropy condition (27) holds if and only if g is a

viscosity solution of (26) and therefore g is locally semiconcave in Q0 and
u € BVi,(Q,Sh).

Therefore, as a conclusion, one deduces the following equivalences for this
particular problem

viscosity solution to (26) <= entropy condition (27)

<= minimality of the entropy production (25)

The paper is organized as follows: First, in section 2, we establish some
technical preliminary results. Then in Section 1.2 we will show, that the

measure
/ m(z,t,a)da
R
8



has no points with strictly negative density, outside possibly a set of 1-
dimensional measure 0, i.e. we claim

lim — m (B, ((zo,t0)),a) da >0 for H' a.e. (w0,t9) € Rx(0,T). (28)
r—0t 7T Jr
In the last section, using an argument similar to the one used to prove the
main result in [ALR], we deduce that the non negativity condition (28) im-
plies that u is entropic.



1.1 Preliminary results

In this section we define a notion of weak entropy solutions (see Definition
1) of scalar conservation laws on domain of trapezoidal shape (see (30). Af-
terward we will prove Lemma 1, which roughly says that for that kind of
entropy solutions the same properties hold as in the classical case. We will
use this results in Section 2.2 and Section 2.3.

For 0 < t; <ty < T and a 0 > 0 we define the set

D2 = {(@, )] t2 > > (o, 1)) (29)

where

~

t—MNx+96)) ife<—0,
y(z,t) =< t if |z] <9, (30)
t4+ ANz —0)) ifx>9.

for a constant 0 < \ < 1. Further we set

A2 = {(x,0)] (z,t) = (z,7(z,t1)) and t; <t < to}.

Figure 1: The set I'}?

As for mentioned we define now a notion of weak respective entropy so-
lution on the domain Fﬁf

Definition 1. For a vy € L®(A?) we say that v € L>®(T}?) is weak solution

of
ow+0.f(x) = 0 in Fﬁf,} (31)

v o= v on Aif,

if for all ¢ € C°(R x [0,t3))

(%1 o
/FQ v + F(0)dyb da dt + /AE y (_f(vl)) rdo—0  (32)

t1
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holds, where T is the unit tangent vector of Aif Furthermore we say that
v E LOO(FZ) is an entropy solution of (31), if v additionally satisfies

q(z,t,a) == 0w Na+ 0. f(vAha) € My and q(x,t,a)>0.

A priory it is unclear if, for an arbitrary boundary condition v; € L*(A$2),
the conservation law (31) possess a weak solution or not. We can however
prove the following proposition.

Proposition 1. Let vy € L*(R x [0,T')) be a weak solution of (1). Then
for all0 < A\ < 1 and for almost every t; € (0,T) and all ty € (t1,T) the

problem
ov+0,f(v) = 0 in TP,
v = v on APZ,

has an entropy solution in the sense of Definition 1.

The basic idea for proving Proposition 1 is to use the correspondence
between weak solutions of (1) and viscosity subsolutions of

atg+f(a$g) - 07
4(2,0) = go<x>.} (33)

Before we are going to prove our assertion, we briefly repeat the definitions
of viscosity sub- and supersolutions. We say that ¢ is a viscosity solution of
(33), if for any point (zg,ty) € R x (0,7) and for any ¢ € C*(R?) such that
g — 1 attains its maximum in (g, ty) the following inequality holds

O (o, to) + f(Oxth(x0,t0)) < 0.

Similarly we say, that g is a viscosity supersolution of (33), if for any point
(zg,t0) € R x (0,T) and for any for any ¢ € C*(R?) such that g — ¢ attains
its minimum in (g, ¢y) the following inequality holds

O (o, to) + f(Oxtp(x0,t0)) > 0.

We say that g is a viscosity solution of (33), if g is both a sub- and su-
persolution. Theorem 2 in [CH] establishes a correspondence between weak
solutions of (1) and viscosity subsolutions of (33).

Theorem 2 (Conway, Hopf). Let u € L>®(R x [0,t)) be a weak solution of
(1). Then there exists a g € WhH(R x [0,T)) which satisfies (33) almost
everywhere and is such that u(x,t) = 0,g9(x,t) and ug = 0,g(x,0) for almost
every r € R.

11



Proof of Proposition 1. Let v; € L¥(R x [0,T)) be a weak solution of
(1); then, according to Theorem 2, there exists g; € WH(R x [0, 7)), which
solves (33) almost everywhere. By Fubini’s Theorem we can choose ¢; such
that both d,g; and 8,¢; are in L>(A}?) and such that

/ 01+ f(0zg1)do =0 and vy = 0,91 a.e. on Aif ) (34)
A2
31

For t; < ty < T we want to show, that there exists a viscosity solution g of

dg+f(09) = 0 in T,
g = g1 on Aff (35)

Then we claim, that v = 0,¢ is an entropy solution of (31), in the sense of
Definition 1. The existence of such a viscosity solution g will be guaranteed
by the existence result of Ishi (see Theorem 3.1 in [Is]). In order to be able
to apply that theorem we must find a viscosity subsolution g and a viscosity
supersolution g of (35), which satisfy pointwise ¢ =g = ¢g; on Aﬁf and g <7
in T'?. According to Proposition 5.1 on page 77 in [BC], the fact that g
satisfies (33) almost everywhere implies, that g; is a viscosity subsolution of
(33). Thus we can put g = g; and it remains to find a viscosity supersolution
g such that g > ¢g; and g = ¢; on Aﬁf For two positive constants A, B we
consider the function

9,(z,t) = g1(y, v(y, t1)) + Az —y| + Blt —y(y)|.
We calculate for (z,t) € I'}?
0,(x.0) + 1(0.3,(r.1)) = Bsign(t —1(y)) + flasign(z - y)).
By (9) this is positive, if we choose A large enough. Thus
0ig,(x.t) + f(0ug,(x,t)) >0 for (x,t)€l}.

Proposition 5.1 on page 77 and Proposition 5.4 on page 78 in [BC| imply, that
g is a viscosity supersolution. Further we notice, since g; € WH*(R x [0,T)),
that for all y and suitable choices of A and B

9i(z,t) < g(y,7(y)) + Alz —y| + Blt — ()|

By Proposition 2.11 on page 302 in [BC|
gz, t) = infyy(x, t)
y
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is still a supersolution. Furthermore w satisfies by construction g = g; on
A2 and g > g in I'2. Hence all assumptions of the existence result (Theorem
3.1) in [Is] are fulfilled. Therefore there exists a viscosity solution g of (35)
such that g; < ¢ <g. By Example 1 in [Is], the viscosity solution is Lipschitz
continuous, i.e. g € WH°(T{?). For (z,t) € T}® and (y,s) € A® we notice
that
gi(x,t) —g(y, s) < g(x.t) — gy, s) <g(z,t) — 91y, ) -

Using the fact that g; is Lipschitz continuous and the construction of g we
deduce from the previous line

—ll(z, 1) = (y, $)ICr < g(, 1) — 9(y, 5) < Call(,t) — (y, ),

which means g € WL(T{2 U A?).
Next we are going to show, that v = 0,¢ is a weak solution of (31) in

'} in the sense of Definition 1. Since g satisfies (35) almost everywhere, it
follows for a ¢ € C°(R x [0,12))

/ 0,009 + (D9)00t dudt = 0. (36)
ri2

We denote the outer unit normal vector of FE by n. Integrating (36) twice
by parts gives

/ 0,Y0yg dx dt = / g (_aat¢> -ndo + Op0,g dx dt . (37)
2 ory? ) 2

Rewriting the boundary term in (37) and using the fact that ¢ (z,t3) = 0
leads to

—O _ —O
/Wifg(ax;>-nda—/j\?gl(a;ﬂ)-nda

1

= /52 91(8? 7(8a tl)) [3t¢(5a 7(8a tl))’}/(s?tl) + 3x¢(3>7(3>t1))] ds. (38)

S1

Integrating the right-hand side of (38) by parts leads to

/82 91(5,7(5, 1)) [0:(5,7(5,11))0v(s, t1) + Outb(s, v(s, t1))] ds

S1

— [l vt = - [ L) vds.
(39)
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Therefore, combining (38) and (39) we can rewrite the boundary term in (37)

/8ij g1 (Bfff) -ndo = /52 (0291 + Orgr - Osy(s,t1)] W ds (40)

S1

Using (34), the right-hand side of (40) simplifies to

/BFE N (_afﬁ) -ndo = /8182 [aﬂcgl - f(azrgl) 3'7(3 tl)] 77Z)d3

_ a$gl X

where 7 is the unit tangent vector of Aﬁf We replace now the boundary term
in (37) using the above identity

0z 91 ) /
0,0 g dx dt = -Tdo + O0,g dx dt .
[, owvoigda /Agw(_f@gl) rdot [ awdsgds

t1 t1

Finally, this together with (36) gives
/ ¢( 0u61 )-Td0'+ 00:g + f(0.9)0:00 dxdt = 0.
Aﬁf —f(0zq1) ! 2

Since v; = 0,¢1 and by putting v = 0,9, we see, that v is a solution of (31)
in the sense of Definition 1. Finally it remains to show, that v is an entropy
solution in the sense, that

dvANa+0,f(vAa)>0.

By Corollary 1.7.2 in [CS] v satisfies for all (z,t), (y,t) € I'}? such that x < y

y—
at - at S .
v(y,t) —v(e,t) < =—

This immediately implies ¢(z,t,a) > 0 (see Section 8.5 in [Da]). O

Proposition 1 being proved, we now establish some properties for entropy
solutions to (31) analogous to those in the classical case (see [Da]). Precisely
we are going to show

Lemma 1. Let v; € L®(R x (0,7)) be a weak solution of (1). Then there
exists a constant Ao > 0, depending on [ and ||v1||c, such that, for any

14



domain Fﬁf satisfying 0 < X\ < Xo, the entropy solution v € L”(Fif) of (31)
with boundary condition vy € L*(A?) satisfies

sa—¢
Elirgl+ [v(s, (s, t1 +¢€)) —vi(s,y(s,t1))] ds =0, (41)
where
$1 = —tQTtl —0 and sy = tQTtl + 4.
A A
Moreover
[9]ls0 < [J01]loo (42)

and there ezists a constant C > 0, depending only on ||v||; and \, such that
/ q(z,t,a)dadrdt < C(ty —t1) . (43)

i

t1

Let now wy, we € L>®(R x (0,T)) be weak solutions of (1). Then there there
exists a constant Ay > 0 depending on f and max{||wi||eo, ||w2||ec} such that,
for any domain Fif satisfying 0 < A<\ and any choice of two entropy so-
lutions respectively v € L>®(I'}) with boundary condition wy € L*®(A}?)
and vy € L>®(I') with boundary condition wy € L*®(A?) the following
holds : for any t € (t1,t2) and a constant C' > 0 depending on FE and
mac{ 01|, [122l] o}

0F(¢)
/ 01 (2, 1) — va(a, 1)) dr < o/ lwy — | dor (44)
0 ta

—(®) Ay

where P
05 () = + j\li(S.

Remark 1. Inequality (44) implies in particular the uniqueness of the entropy
solution for a given initial data w on A;® issued from a weak solution to (1).

Proof of Lemma 1. We start to prove (41). Let R > 0 such that
R+ f(£R) > 0.
We choose g such that
Aot =max{|f'(R+ 1+ uilloo)l, [f' (=R = 1= [luill)[} . (45)

We consider now a domain Fif such that A < Ay and an entropy solution
v € L*®(T') of (31) exists. From Example 1 in [Is], we know, that

|[vlloo < R+ 1. (46)
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Let ¢ € CX(R x [0,t3)). From Theorem 1.3.4 in [Da] we get for all € > 0
and sufficiently small (¢; + ¢ < t3)

_ U .
/F@a Vo) + f(v)0pt dx dt = /M;?i <—f(v)) T do .

t1+e

Since 9 (x,t2) = 0 this implies

/ 0O+ f ()b da dt — —/ < v ) rpdo. (47
Iyhe A2 e —f(v)
As ¢ — 07 the left-hand side of (47) converges to
/ vo + f(v)0p dx dt .
I;2

t1

Since v is a weak solution of (31) this later fact implies for the right-hand
side of (47)

. v . U1 )
2By (—f@)) s /Azf <—f @1)) redr )

In order to keep the notation simple we introduce

7(s) = <”y(:t1)> and  v.(z,t) =v(z,t+¢).
From (48) we deduce

tim [ {0u3(5) ~ e (306) AL @3() — Saa ()]} s

e=0% Jg 1e
(49)
By (45) we obtain the existence of some constants C, ¢ > 0 for which the
following holds

c<1lxfla)<C forall ae(—R—1—|vifle, R+ 1+ ||v]) -
Therefore we get from (49), that

lim v(s,v(s,t1 +¢)) = vi(s,7(s)) forae. s€ [s1,59]. (50)

e—0t

By dominated convergence, we deduce the claim (41).
To prove the remaining claims of our lemma, we need to introduce the
kinetic formulation of conservation laws, we recommend the introduction to
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this subject given in [Pe]. However we need here a slight modified version of
this formulation. We define for any v € R

X(v;a) = laocy,

where 1,<, is the characteristic function of the set {a € R: a < wv}. Then a
weak solution v € L>(I'}?) of (31) satisfies in the distributional sense

dx(v(z,t);a) + f'(a)dux(v(z,t);a) = Oug(x,t,a) in Fifa} (51)

X(v;a) = x(vi;a) on Aﬁf

In other words this means, that for all ¢» € C°(R x [0,15) x R)

/t /X(“Sa)3t¢+f’(&)X(v;a)ﬁxwdadxdt
th R

- /r i /A /Rﬂ) (_f?ES;i;(ZL a)) rdado. (52)

In order to prove (44), (42) and (43) we need to regularize our kinetic equation
(51). We choose ¢1(x), pao(t) € C2°(R) non-negative functions such that

supp ¢1 C (—1,1), supp @2 C [—1,0]

/cpgdx:/goldatzl.
R R

eee.t) = o () (1) (53)

€ 9

and

We define the kernel

For a constant C' depending only from A we have

dist((z,t),0T2) > e forall (z,t) € Fif;gi
Consequently for (z,t) € T ﬁf;gi
p(r—y,t—s)=0 for (y,s)€aly. (54)

We define moreover the two mollified functions

Xe(x,t,a) = /Q pe(x —y,t = 5)x(v(y, s); a) dy ds
I3

17



and
¢-(x,t,a) = /t2 ve(x —y,t —s)q(y,s,a)dyds.
r{2

For ¢. and (z,t) € Fﬁf;gi we compute

qE('T’ t? a) - QE(x>ta b) = / 905(1) - y>t - S) [Q(ya S, (1) - Q(ya S, b)] dyds

r;2
31

:/ Orpe(r —y,t—s)[vAa—vAD
2

T Oupela —y,t — 5)[f(v Na) — f(uAD)] dyds,

where we have made use of (54). Since
lvAa—vAD < ||ve]b— al
it follows from the calculation above
|¢=(7, 1, a) — g:(x,t,b)| < /t2 |0epe| - [[0lloo|b = af 4+ C'Oppe| - [|v][oo|b — al dy ds
r

t1

< C|b—al.

Therefore ¢. is Lipschitz continuous with respect to the kinetic variable a
and we have for almost every a € R in the classical sense

dixe + [(a)duxe = Buge(w,t,a) in TS (55)

Notice that due to the convolution with (. both y. and ¢. are smooth with

respect to (z,t). Furthermore for (z,t) € I’ ﬁf;gi the function ¢. satisfies

¢-(z,t,a) =0 if |a| > ||v]eo - (56)
This follows from the classical fact, that
q(z,t,a) =0 for |a| > ||v]s -

Indeed for |a] > ||v]|e and ¢ € C(I'}?) we compute

/t q(z,t,a)(x,t) de dt = / [Oww(x,t) ANa+ 0, f(v(x,t) Na)|(x,t)dyds
2 2

_ /rt2 [Dpv(2,t) + Op f(v(x, )] (2, t) da dt

t1

== /th v(z, )0 (2, t) + f(v(@,)0:(x, 1) da dt

t1

=0.

18



Consider now a convex function 7(a) in C', which satisfies

lim n(a) =0

a——00

and denote

£(a) = / (a)f'(a) da.

We claim that for all (z,t) € [*7%7 the following holds

O (e,t) + 0:6.(2.0) = — [ '(@)a(w.t.0) da, (57)
ry?
where
Me(x,t) = / n(v(y, s))ee (€ =y, t —s) dyds
th
and

fe($,t) = e f(v(z% S))QOE (I -y, t— S) dde

Later will make special choices of 7 in order to get (42) and (43).
Proof of claim (57). We multiply (55) by 7'(a)

1 (a)Bixe + 7' (a) f(a)0exe = Oage(x,t, a) .

Then integrating this equation with respect to a gives

/Rn/(a)ﬁtxe +1'(a)f'(a)dpx: da = / n'(a)0uge(x,t,a) da. (58)

R

We compute for the left-hand side
/Rn’(a)xa da = /F /Rn’(a)x(v(y, s)ia)pe (x —y,t — s) dadyds
t
= /rw n(v(y, s))es (x = y,t — s) dyds = ne(x, 1)

t

and similarly for the second term
[ @ @eda= [ 6=t =) dyds = o).
Thus (58) reduces to
(1) + 0,6, (0.8) = [ 1/(@)0ua.(w.t,0) da. (59)

R
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Integrating the right-hand side by parts gives

Awwagammm:—éwmmma@m,

where we have used the fact, that ¢. is compactly supported in a. This gives
the result (57) as claimed.

Next we integrate inequality (57) over the set FZ +cer Where © € (t; +
Ce, ty — Ce). We will abbreviate ¢, + Ce by t;. We have

/rt Ome(z,t) + 0.&(x, t) de dt = / / q(z,t,a)da. (60)

For the first term on the left-hand side of (60) we compute

5
/ @mdwdt—/ Ne(x,t) — ne(x, 1) do
F%l

) 4
/ / Ome(z,t) dt dz
$ 5 -I—tl
/ / oz, t)dtdx .
= tl -5 J—Nz+6)+H

This gives

§
3#76 dxdt:/ na(xuf) _ne(x7fl)dx
-5

i
Ehs A i

+/ Ne (2, 1) — e <-77a AMax —6) + t1> dx
_5 ) .

+/ - 775(3575—775 (%,—A($—5)+tl) dx .
~Ehs

A regrouping of the terms together with a change of variable leads to

0 (1) h)
B 3t77€d96dt= / Ue(f,f)dx—/ 778(%51) dx
Iy 0= (f) )
1 o (s1)
0 [ a6 (0,0~ no2 0.0t
t1
where _
0=(t) =+ 3 +9. (62)



Integrating now the second term on the left-hand side of (60) gives
t
Cocletydedi= [ 6200 -0 0. 0d. (63
F%l t1
Inserting (61) and (63) back in (60) leads to the identity

0 ()
/ ns(x,f)da::/ ( 5) Tda—/ / q(z,t,a)da.  (64)
0z (%) Agil - ry

1>

For suitable choices of 1 this equality (64) will imply the first two claims of
Lemma 1.

First we prove (42). Let ay be a real number being fixed later in this
proof. We choose

_J (a—ag) if a—ap>0,
"(a)_{ 0 if a—ay<0

and we aim to deduce

0t (D)
/ (@, ) — ag|* dor < c/ v (z) — ag|* dor, (65)
0= (?) AL

from equality (64). The non-negativity of ”(a) and ¢. implies

// q(z,t,a)da >0

Using this inequality in equality (64), we obtain the estimate

0]
/ ng(x,ﬂdxg/ (7]6)'7'(10.
- o, \-&

£

Letting ¢ — 07 we get

/:::_) n(x,t)de < /Ail (—nﬁ(zjzl}z)) -Tdo .

€(a)] < max |f ()] n(a), (66)

bI<[lv1lloc

We observe

which implies

0% (f)
/ n(z,t)de < C n(vy) de .
6= () AL
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This is our desired result (65) and choosing ag = ||v1|| in (65) gives

0+ (2)
/ lv(z,t) — ap|" do =0
0-(t)

and thus (42) follows:
lv(z,t)] < [Jviflo ae. in TP

In order to prove (43), we choose now

2a® if a>—||v|e,
n(a) = q (a+[[vlle) +2l0ll3 i (vl +2[0]1%) < a < =v],
0 if @< —(lvllo +2[v]IZ) -

Since 7 is non-negative, we deduce from (64)

2/ /q6 z,t,a dadxdtg/ (ns)-Tda ) 67
poce J (@6 )  \~E (67)

t1+Ce

Since n(a) = 2a* for a € [—||v]|co, [|V]|00] We get

|al

@l = [ L OO db< F([o]0) [ wola.

—[lvlleo —[[vlloo

Hence, by letting ¢ — 0 in (67), we obain
/ /q(x,t,a)dadxdt§C(5+t2—t1),
r2 JRr

as announced in (43).
Finally we are going to prove (44). We choose the domain Fﬁf in such a
way that

~

0< A< A,

where

A= (max{f(-R—1—a), f(R+1+a)})™"
and (68)

a = max{||wi ||, [|walloo } -

For the two entropy solutions vy, vs with boundary conditions w; and ws we
consider the kinetic equations

oxi + f(a)0uxs = Oati in DI xR)
xi = x(w;a) on AP
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where x; = x(vi(x,t);a) for i = 1, 2. Then, as before, we can regularize our
kinetic equations with the kernel defined in (53)

x5 + f'(a)o, L X; = 0445 (x,t,a) in FiergZ

where

Gt = [ x(wiethaoo =yt —s)dudt for i=1,2
2

and C' > 0 is again chosen such that for (z,t) € Ft Lo
p(z —y,t—s)=0 for (y,s)e€ oy

Then the function (x5 — x5)° satisfies for (z,t) € eIy +g§ and almost every

a€R
9 (G = x5)°+ ()0 (X5 — X5)” = X50ua5 + X50405 — X500 — X50u5 - (69)

We make use again of the following abbreviation: t; + Ce = #;. Let t €
(t1, +t2 — Ce), then we integrate (69) in I'; x R, which leads to

/Ft /@ )"+ [(@)d: (x§ — x5)” dadx dt

= / ) / X10aqi + X20a45 — X501 — X10aq5 dadz dt . (70)
re Jr

We recall, that x(v;a) = 1,<, and
0(z,t,a) = g2z, t,0) =0 for  [a] = max{|[viloo, [[2]loc} -

Therefore we can calculate for (z,t) € It and 4, j € {1, 2}
/ :0u4; da—// (vi(y, 8); a)pe(x — y,t — 5)q;(x,t,a) dy ds da
F 2

= /tQ g5 (%, 1,05y, 8))=(x — y, t — s) dy ds .

t1

This implies, since . and ¢. are non-negative

/ X50aq7 da > 0 and / X10aq3da > 0,
R R
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which applied in (70) leads to the inequality

/'/a T (00 (x5 — X5)° dadzdt

< / /X‘i@aql + X50.q5dadzdt. (71)
re Jr
For the left hand-side of (71) we compute

(/@W?wy+f@®ﬁ—ﬁVMﬁm
Rl—‘t

9@
// —X5) xﬂdwda—// x5 (z,4) de da

+&4l(ﬁ—xQ%@@»w—uﬁ—ﬁwa&wﬁmz

+AEfMHM—ﬁW@@ﬁ—%—ﬁW@®ﬁNMm
(72)

where 6 are defined in (62). After a change of variable this expression
simplifies to

/' 8 (x5 — X5)2 + I'(@)8 OF — X5)? dar dt da

//m —\3) (xf)dacda—/ /( ;2))-Tdada.

(73)
Using identity (73) in (71) gives

9@
// —5)? (2, ) d da

e . e)\2
< X0l + X50u dadxdt+/ /( (i EXQ)E )-Tdada.
/F;/R e are Agil R f/(@) (X1_X2)2
(74)

We claim

lim / /Xfaaqf dadxdt=0 for i€{l,2}. (75)
rt Jr
t1

e—0t
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Proof of Claim (75). We con81der the function x5 — (x¢)* which satisfies
satisfies pointwise for (z,t) € I'?? . +C€ ¢ and almost every a € R

O [x; — ()] + (@) [X5 — (X5)?] = 0at} +2X50a0; -

Integrating this in Fgl x R leads to

[ =001 + £ [ - ()] dedrda

:// 2X;0uq; dz dtda, (76)
rJTE

where we made use of the fact, that ¢ is compactly supported in a. For the
left-hand side of (76) one can compute following step by step (72) and (73)

/]R/F O [x; = (6] + F(@)0x [x§ = (x0)°] ddt da

=@ 2 X — ()
= X; — (G x,t dxda—/ /( A )-Tdada.
Jo b= Y @dardan [ (590
(77)
For the right-hand side of (77) we observe

0 ()
im [ = 06 (0B de da

e—=0T Jp 0 (%)
// xi)’] (z,t) dvda (78)
0= (%)

L ) e
- /Ag1 /R (f’(c;)(i[;z‘ (ia()Xz‘)QO rdade. (19)

Xi = (Xi)2
the right-hand side of (78) and (79) are zero. Thus

i [ = 00 e | RAT e
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With (77) one concludes

hm/ " O [X; — } f(@)0s [X: —(Xf)ﬂ drdtda=0.

e—0t

Finally taking limits on both sides of (76) we get

lim / /Xfﬁaqfdadxdt for e {1, 2},
rt Jr
31

e—0t

as announced.

Letting e — 07 in (74) and using (75) leads to

//::j) (x1 = x2)? (& Z)dxda</ /R(f’((oz)§1(>;><—2)>j2)2)'7d&da' (80)

We compute

Acamuxx@—xwxawWDRM=4mu¢»—wu¢ﬂ, (s1)

and

(ai=x2)® g [y — 1wy i
[R (f/(&) (- X2)2) 7 da = (Sign(w1 — wy) (f(wy) — f(wg))) . (82)
Applying (81) and (82) in (80) gives

/9:0::) |v1 (2, 1) — vo(x, t)| da < /A%l <sign(w1 B Lzl)(_f(wl;l‘) B f(’LUQ))) rdo

(83)
For the right hand side, we compute

/Agl (Sign(w1 - LZI)(}(MJJ) — f(w2))) -7do
- /: [wi(s, (s,11)) — wa(s, 7(5))]

+ 0sv(s, 1) [sign(wy — wa) (f(wy) — f(w2))] (s,7(s,t1) ds
:/|m@m@u»~m@w@waiaWaMfm»

sc/ﬂm@m@m»—wwm@ﬂw,

S1
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for a function «. From (83) we obtain
0% (f)
[ oo~ (el de <€ [ (s a(st)) =~ wa(s1(9)) do
0= (D) At

as claimed. O

1.2 Blow up at the points of negative density.

In this section we aim to prove the following lemma

Lemma 2. Let u € L>®(R x [0,7T)) be a weak solution of (1), which satisfies
(10). Then for H* almost every (xo,ty) € R x (0,T)

1
limsup—/m(BT(xo,to),a) da > 0.
r—0+ T JR

A useful lemma that will be used to prove Lemma 2 is the following.

Lemma 3. Let u € L>°(R x (0,7)) be a weak solution of (1). Let r, — 0.
For (xo,ty) € R x (0,T) define

un(z,t) == (DY) u(z,t)

n

and
1
pn =— [ (Dy), mda,
Tn R
where
r — 2o t—to
DTL 7t = 9 . 84
w0 = (20 (34

Then there exists for H' almost every (zg,ty) € R x (0,T) a subsequence 1y,
such that
(R?).

Up — Uso 0 L,

And furthermore
Mk =7 Hoo in MlOC(R2) .

Which means in other words

[ vdm— [ wdu oran e com).
R2 R2
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Lemma 3 will be a consequence of of the following proposition, which is
proved in Appendix A of [Le].

Proposition 2. For any constant M > 0, for any bounded set €2, the set

{we =@ Jular [ [imee o)<

is compact in L*(Q2) with respect to the strong topology.

Proof of Lemma 3. By construction we already have
[tnloo < llulloo - (85)

For this reason it remains to show that for all R > 0 |u,|(Br(0,0)) and for
H! almost every (zg,ty) € Rx (0,T) there exists a constant C' > 0, such that

lim sup 1, (B,,,(0,0)) < C'. (86)

n—oo

But this is a direct consequence of Theorem 2.56 in [AFP]. Since (85) and
(86) hold, the assumptions of Proposition 2 are fulfilled and we can extract
a subsequence 7 such that

Up — Uy in L (R?).

Additionally we have by the weak* compactness of measures (see Theorem
1.59 in [AFP]), that, possibly after extracting a further subsequence 7,

M —7 Moo in M ’
Altogether we have for the sequence ry
up — Uy in L, (R?)

and
Hi —7 Hoo in MZOC(RQ) 9

which is what we aimed to prove. O

Proof of Lemma 2. We argue by contradiction. Therefore we assume that
there exists a point (zo, tp) such that

lim sup l/ /m(x,t, a)dadzrdt <0. (87)
7" J B ((z0,t0)) /R

r—0t
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For a sequence r,, — 0% we define

un(z,t) == (DY) u(z,t)

n

and

1
oy = —/ (D,,), mda.
T Jr

Let u; and p be the subsequences given by Lemma 3, with limits us, fleo-
Then we have by strong convergence, that u., is a weak solution of

Oyioe + 01 f (o) = 0.

Furthermore, by the uniqueness of the distributional limit, we conclude that

Lo :/3t(uoo/\a)+8$f(uoo/\a)da.
R

From (87) we want to conclude now, that

too(Br(0,0)) <0 forall R>0. (88)

Proof of (88). For the sake of contradiction, we assume, that there exists
a Ry such that
oo (Bry(0,0)) = 0.

In [Le| it is proved, that there exits a set K, which is either a line, or a
half-line, or the empty set, such that

Optioe N a+ 0y f (uso A a) = (X (ul Na) = X(ug, Aa)) -wx HILK,  (89)

where

_ (@) _ fug —ug 1
X(U)—( " ) and Wk = 0 X (un)] (_f(uii)f(uoo)> - (90)

o0 Udo —Uoo

Moreover therein it is proved, that u. is H!-a.e. approximately continuous
in K¢ and has H!-a.e. constant approximate jump points uZ on K .
A short calculation reveals

/R((X(u;/\a)—X(uoo/\a)) Wi

jo) /max{uimuoo} f(u;ro) _;_ f(ugo) B

= sign(u, —u
min{ud,,us}
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By convexity of f we get

fud) + flug)
2

> f(a) for a€ [min{ul,us}, max{ul,u}] .

This and (91) imply, that sign of u., is completely determined by sign(u_, —
ul). Henceforth
foo (B, (0,0)) = 0

can only be fulfilled, if
u, > ul .

But this implies that the measure is uo, has a sign, i.e.
foo = 0.

Let ,u,f be the positive respective negative part of uy, i.e. ,u,f are non-negative
measures such that

[ = py — iy, -
Then we can extract a further subsequence k' such that

Jr

ph — vt and pp — v in Moe(R?).

For R > 0 and non-negative ¢ € C2°(Bg(0,0)) we get

/ Vdiee = lim Vdug = / Ydvt — / vdv .
B, (0,0) k=0 JBr(0,0) Br(0,0) Br(0,0)

Since 1o is non-negative we get for all non-negative 1) € C2°(Bg,(0,0))

/ Ydv~ < / Ydrt.
BRO (070) Br (070)

v~ (Br(0,0)) < v (Bg(0,0)) (92)

By Theorem 1.2 in [Le] (see also Theorem 1.1 in [AKLR]) we have for a
rectifiable set J, and an H' measurable function h: J, — R

Hence

/\m(a:,t,a)\da:h-Hll_Ju—i—éu, (93)
R

where 9, satisfies

¥V B Borel H'(B) < oo= 0,(B)=0.
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Therefore we can choose Ry, such that for all £

1
1= (9B, (0,0)) < —/ hdH'LJ, = 0.
D' (9Bg, (0,0))

8%

Hence
v~ (0Bg,(0,0)) = lim p,(0Bg,(0,0)) =0.

k!'—o00

This and (92) imply

lim sup p1;, (B, (0,0) < v~ (Bg,(0,0)) = v (Br, (0,0))

k' —o0

< v (Bg,(0,0)) < lim inf 1, (Bg, (0,0)) .

lim sup px (Bg, (0,0)) > 1%“ inf p1), Bg, (0,0)) — limsup p;,(Bg, (0,0)) >0,

k' —o0 k' —o0

which obviously contradicts (87) and we get (88).
Inequality (88) implies, that the set K in (89) is non-empty and

Poo <0,
which gives, again from above considerations
- -
Uy < Uy -

Moreover the convexity of f implies for every a € (uy,,ul)

[oop] o0

Dyttos A @ + D f (oo A )
_ (f(a) —flug)  fud) = flug

—u- + _u-
a—ugy udy —uy

)) (a—u )H'LK <0.
In other words, we get

Optioo N @+ Oy f (uoo N a) < 0.

For P = (z,,t,) € R? let K = P+ Ruwy; if K is a line or K = P + R wy if
K is a halfline. Define

H* :={(z,t): ((z,t) — P) - wg >0}
and
H™ :={(z,t): ((z,t) — P) -wg <0}
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it K is a line and
Ht :={(z,t): ((z,t) = P)-wg >0and o > f'(ul)({t —t,) +xp}
H™ :={(z,t): ((z,t) = P)-wx <0and z < f'(u)(t —t,) +z,},

if K is a half-line. From the proof of Proposition 3.3 in [Le] (see also Theorem
6.2 in [AKLR] for a similar proof) we get, that
Uno(z,t) =uy, on H~  and ux(x,t)=ul on HT.

o0 o0

Now we choose t € R and § > 0 in the definition of the sets Ai}l and Fi}l
(see (29)), in such a way that

[_gg] X {}NK£0 VieEi+1).

Furthermore Fi}l is defined such that the conclusions of Lemma 1 applies to

this trapeze. In particular the strong convergence of uy, in L}, (R?) implies

Up — Uy in Lt <F§+1) ,

which directly implies by a change of variable

t+1
/ /t+1 |u, — Uoo| dodt’ — 0.
7 AT

Thus for almost every ¢ € ({,t+ 1) we get
/ |ug — Uoo| do — 0 (94)
At+1
t1
and moreover by (93)

(ALY = / hH'LJ,=0. (95)

DALY

We set ty := t + 1, then, according to Proposition 1, we can choose a t; €
(t,t+ 1) such that for all k£ € N (94), (95) holds and for k € NU {co} there
exists an entropy solution wy of

Owi +0pf(w) = 0 in Tg, }

W = U On AE

(96)

32



By Lemma 1 we have for all t; <t <t

0+ (t)
/ |wi(x,t) — weo(z, )| do < / |ug — uoo| do .
0= (t) A2

This and (94) imply
Wp — We in Lt (Fif) )
By our choice of t;, we have for an z; € [—g, g]

u, ifxr <z
UQo(x7tl> = { uio if £ > )
5 )

This structure of u,, at the time ¢; allows us to compute w,, explicitly. Since
u, < ul,, the two states u and ul are connected by a rarefaction wave

Uy if v—a < flluy)(t—1t1),
waelr,t) = 4 ()7 (ER) i Pt —h) <o - o < FEL)E—n),
ul if x—x21 > f(use)T(t—t1).

We observe, that wy, is a Lipschitz function and this implies pointwise almost
everywhere in Fif

OyWoo + Op f(Weo) = 0.

Hence

Goo(T,t,a) = Op(Woo A @) + O f (Woo A @)
= Ly<q [OiWoo + [ (Weo A @)Orwo] =0 in Fif )

Furthermore the strong convergence of wy, in L'(T;?) implies
gk —7 4o n MZOC(RQ) )

where
G = Orwi AN a+ O f(w, A a).

To simplify notations, we define
I i={(z,t) e Rx (0,T): Dy(z,t) €T}
and ,

A= {(z,t) eR x (0,T) : Dil,t) € A2}
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where the map Dy, is defined in (84). Then we define the rescaled function

5 _ S (Dp)"wy i (2,t) € T,
wi(,t) = { u if (2,t) € R x (0,20 + rpt2)\ I}

and claim, that wy, € L>®(R x (0,ty + rile)) is a weak solution of (1) for all
k € N. To do so, we first observe that wuy itself is a weak solution of (96).
With that knowledge we calculate.

/ WROph + f (1) 0pt da dt = 12 /t WO + f ()0 dx dit
r 2

ry

_ 2 U, )
— r’“/A?w(—f(ukO Tdo

=t [ wdut + )0, do de
th

:/ udph + f(u)0p dx dt .
Iy

Using this equality we see

/ Bhts + F (i) Out) s dt = / B0+ f () 0uth d dt
RX[O,t(yH”ntQ}

Ty

+ / ud) + f(u)0p) d dt
Rx(0,to+rkt2)\Ik
_ / WDt + ()0t d dt
Iy
+ / w4+ f(u)0p) d dt
Rx(0,to+rkt2)\Ik
_ / )+ f ()0t da dt
RX[O,to-ﬁ-TntQ}

_ /R o) (2, 0) da |

which means, that @y is indeed a weak solution of (1). Therefore the mini-
mality condition (10) of u applies and we deduce

/ Im(z,t,a)| dadxdt < / |Gk (z,t,a)| da dx dt .
RX(0,to+rrte) xR

Rx(0,to+rgt2) xR

But since

m(z,t,a) = Gn(z,t,a) on R x (0,tg+ rpta)\ Ik
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we get
/|m\(FkUAk,a) da < / 1G] (T U Ay, a) da. (97)
R R

We claim now

|Gk| (A, a) =0 for all ke N. (98)
Proof of (98). We define the domain A, such that

ONe = AP UA?__ULUI (99)
and
AP C A,
where
to — (t ty — (t; —
I = { 2 (}Jrg) + 6, 2 (f 6)]
A A

and

I {_w_@_w_é}

A A
Then for It := D; ' (A.) and ¢ € C2(R x (0, tg+tary)) it follows by Theorem

1.3.4 in [Dal]
(f(@)) .mz)daJr/A W di(z,t,a),

/ : i
(100)

where n is the outer unit normal of Aj. The boundary term can be separated
in three parts

/“Mi (fgj)) e /Dklm*z ) (f(g)) Tl /Dkl(/\tz ) (fsgf)) T do

t1—e t1+e

+ / w(x, to + reta) de + / w(z, to + rpta) do
DN (TL) DM (Ir)
(101)

wAa8t¢+f(u/\a)8$1/)dxdt:/

e oAy,

As € — 07 the two last quantities in the right-hand side of in (101) vanish.
For the first expression on the right hand side of (101) one concludes

: f(u) _ f(w)

t]—e
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With a change of variable and with Lemma 1 it follows

- f(@) o f(w)
alir(r)1+ Dk_l(At? )< w )-nwda—eligim//“? ( w )nwdo—

t1+e t1+e

= /A (fgji’“)) i) do (103)

_ f(U)) ,
_/Dkl(AE)< Y ny do .

From (101), (102) and (103) we conclude

lim (f@)) nypdo=0.
oAz

e—0t w

Therefore we can conclude from (100)

lim Y dg(x,t,a) =0 for e C(R x (0,tg+ rita)) .

e—0t A

From this it follows,
|Gk|(Ag,a) =0
as claimed.

In a next step we show, that (98) induces

lim [ ¢.(I'?,a)da= / Goo(T'2, a) da . (104)
R

k—oo

Proof of (104). Since wy is an entropy solution we deduce from (98) that
|Gx|(O1, a) = 0 and therefore

1 _
= [ (Dw.lal@rs.a da=o. (105)
Tk JR

Lemma 1 and (105) imply for a constant C' > 0
1 i 1 -
—/(Dk)*!%!(rﬁ,@) da = —/(Dk)*!%!(arﬁj@) da+/Qk(F§f>a) da
Tk JR Tk JR R

= / ar(T2,a)da < C.
R

Hence one gets for a positive measure v € M(fii) after possibly extracting

a subsequence

1 N . -
— [ (Dp), |G| —v in M(IP).

e JR
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Then Proposition 1.62 in [AFP] and (105) imply

.1 -
fim - [ (De). (0T, 0) da = v(0T) =0,
R

k—o0 T

But v(dI'}?) = 0 and Proposition 1.62 in [AFP] give again

(106)

.1 _ )
lim —/(Dk)*]qk](Fﬁf,a)dazljlm /qk(Fif,a)da:/qoo(f‘if,a)da.
R —o JR R

k—oo T

Since (95) and (98) holds we deduce from (97)

el (T2) < / W(T8 a) da.

Taking the limit on both sides and applying (104) gives

el (T32) < i inf g (1) < i inf / 0 (T, ) da
:/ (Fﬁ, )d =0.
R

|poc| (T3) = 0

is contradiction to (88). Therefore

But

lim sup — /m ((xo,t0)),a)da >0,

r—0+ T

which is, what we aimed to prove.

1.3 Proving that u is entropic

In this last section we are going to prove

Lemma 4. Let u € L®(R x [0,T) be a weak solution of (1). Let m(x,t,a)

its entropy defect measure. If for H' almost every (zg,to) € R x (0,T)

lim sup — / /mxta Ydadxdt >0,
r—ot T T(Io t()

then w is the entropy solution of (1).
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Proof of Lemma 4. We follow closely [ALR]. Without loss of generality
we can assume f(0) =0 and f > 0. According to Theorem 2 there exists a
g € WH=(R x [0,T)) such that u = 9,9 and it satisfies almost everywhere

atg+ f(axg) = 07
Dp9(2,0) = uolz). } (108)

We want to show, that g is a viscosity solution of (108), i.e. we want to
prove, that g is a sub- and supersolution of (108). This immediately implies
by Corollary 1.7.2 in [ALR], that u is an entropy solution. We already now,
that g satisfies (108) almost everywhere, then Proposition 5.1 in [BC] implies,
that g is a subsolution. Therefore it remains to show, that g is a supersolution
of (108). Let v € C'(R xR, ) such that g—1 has a local minimum in (o, ty).
Without loss of generality we can assume g(zo,to) = ¥(xg,%y). We want to
show that

Opp(xo, to) + [ (010 (x0,10)) > 0.

We argue by contradiction, therefore we assume

O(xo, to) + f (0x¢(xg,t0)) < 0.
Since f > 0 this immediately implies
Oh(xg, ) < 0. (109)
For a sequence r,, — 0% we introduce
up(z,t) = u(zo + 10, to + 10t),

(1) = ri (W (0 + Arn, to + ut) — (0, f0))

n

1
gn(x7t) = (g(l'() + n, tO + Tnt) - g(l'(), tO)) ;

Tn

where 0 < A < 1 is a constant, which we choose later. According to Lemma
3 we can extract a subsequence 7 such that

Up — Us in L'(B)

Since 0,9 = uy and dygx = f(uy) we have by Arzela-Ascoli, that g, converges
uniformly to a Lipschitz function g., such that 0,u. = goo and g fulfills
(108) almost everywhere. Furthermore we have for 1o, := Vi) (zg, 1) (A, )T

lim Yy (z,t) = o -

k—o0
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We notice, that for all 0 < A < 1 and for all k£ the functions g, — v, have
a local minimum in (0,0). By uniform convergence the function go, — s
admits also a local minimum in (0,0) . Moreover

1 .
pr=— | (Dr),mda — po in M(Bi).
Tk JR

Similar as in Section 1.2 from

lim 1 (B1(0,0)) > 0,
k=co J B (0,0)

we can conclude
Meoo(T,t,a) 1= Optioo AN @+ Op f(uso Na) > 0.

Let 6 > 0, then the function

hs(2,t) i= goo — Voo + g [(1=X)z” +¢°]

is defined on B; and has a strict minimum in (0,0). Notice that hs(0,0) =0
and h > 0 in B;. We claim that

|Vhs| >0 ae. in Bj. (110)

Proof of (110). Let (z,t) € By such that hs is differentiable in (x,¢) and
Vhs(x,t) = 0. It follows since g, solves (108)

0= atgoo + f(aacgoo)
= Op(xo, to) — 6t + f(ADu (2o, to) + (1 — A)dox)
< O (o, to) + Af(uth(wo, to)) + ((1 = A) f(dx) — dt) .

Since (109) holds, we can choose 6 and A small enough the expression

ih(wo, to) + A f(Oxth(wo, t0)) + 6(f(6z) —t)

becomes strictly negative, which is a contradiction. Therefore the claim (110)
is proved.
Further we choose § and A small enough such that

|0y (o, to)| > A Dpth(x0, to) - sup f(s)+0((1—=Nx+1t). (111)

s€[=llufloos[[ulloc]

By 7 > 0 we denote the minimum of hs on 0B; and by @ the essential
supremum of u,, on {hs < 7}. If @ > 0 let a be close to @ such that
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0<a<a. Let A:={hs <7} N{a < ux}. The set A has positive Lebesgue
measure. Therefore by the Coarea Formula and by |Vhs| > 0 it follows for

E; :={hs = s}
0</]Vh5(x,t)\dxdt:/ HY ANE,)ds.
A 0

Hence the set

S:={s€(0,7) : H'({a < ux} NE;) >0, H' ({us >a} NE,) =0}

has positive Lebesgue measure. For a vector v = (v, v;) we define vt =

(—vg,v1) and for a s € S the function

s —1(s) := / [X (oo AN @) = VI hoo +6((1 — Nz, t)1] - v

s

where v = \gzil and the X is the vectorfield from (90). We choose s € S

such that

1 S
lim — I(s)ds' =1(s) .

e—0 ¢ s—e

We define (.(z,t) := 1 A (s — hs)T /e and calculate

Ve = 0 if hs >sor hs<s—ce
< —%Vh(g ifs—e<hs<s.

The choice of s € S an the Coarea Formula implies

lim [ X (uso AN a) — V4 hoe + 6((1 = Nz, t)ﬂ -V,

e—0 B

1 S
= —lim — I(sds' = 1(s).

The sign of my, gives
0< —/B [X (oo A @) — Voo + 0((1 = Nz, t) "] - V(. .
As ¢ — 0 this implies
0< / [X (too A @) — Voo + 0((1 = Nz, t) 1] - v

Now define Ef := E;N{us > a} and E; := E;N{us < a}. For (z,t) € B
we notice

[X (oo A @) = VI hoo +6((1 = Nz, t) "] - v = V' hs - Vhs = 0.
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Therefore it follows
0< / [X(a) = V0o + 6((1 = N, )] - Vs
Ef

In order to get a contradiction we claim
(X(a) — Voo + 6((1 = N, t)7) - Vs < 0. (112)
We rearrange terms

[X(a) — V' oo +8((1 = N, t)1] - Vhs
= X(a) - Voo + (Vthoo = 0((1 = Nz, 1)) (V' 9o — X (a)) . (113)
We show (112), by proving that each term on the right hand side of (113)
is negative respectively strictly negative. Firstly we treat the first term and

claim
X(a) Vg <0. (114)

A short calculation reveals

X(Q) : v.goo = f(@)uoo - f(uoo)Q
= (Q)(uoo - Q) + (f(a) - f(uoo))Q
- sl - (LSO S) 110y

a Uoo — @

By convexity of f we have in the case a < uy, <@ <0

flus) = fla) _ f(a_)—f(g) . o) = f(0)

This implies

a

(f(@) —f(0)  flus) — f(@)) <0
a Uso — Q

and henceforth (114), if @ < 0. On the other hand if 0 < a < @, we get for

§€(0,a), @€ (g ucx)

a Uoo — @

which implies (114). Hence the first term of (113) is non-positive and it
remains to treat the second term. A short calculation gives

(Viboo — 6((1 = N1, 1)) (VHgoo — X ()
= (oo — @) | Brb(z0,t0) + Ay (o, )L 2} — S @)

Uoo — @

L1 = Nz 4+ 1)
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Our choice of 6 and A (see (111)) imply, that

(V¢w - 6((1 - /\)I,t)) (VJ—goo - X(Q)) <0
and thus (112). Finally (112) implies

/E+ (X(a) — AV (z0, 1) + (1 — N)o(z, 1)) - Vhs = 0.

Since

(X(a) — AV (2o, to) + (1 — N)d(z,t)") - Vhs < 0

it follows H*(E;) = 0, which is a contradiction to our choice of s € S. Thus

O (o, to) + f (0x(z0,10)) > 0

as claimed. Henceforth ¢ is the viscosity solution of (108) and u = 9,g the
entropy solution of (1) as claimed. O

Proof of Theorem 1 Thanks to Lemma 2 and Lemma 4 we can conclude
the proof of Theorem 1. Indeed, we see that a weak solution u € L®(R x
[0,T)) satisfying the assumptions of Theorem 1, has by Lemma 2 H!-a.c.
points of positive density, i.e.

) 1
lim sup —
r—ot T

/ /m(x, t,a)dadrdt >0 for H' a.e. (x0,t9) € Rx(0,T).
r(zo,to) /R

By Lemma 4 we know then, that u has to be entropic.
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