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Abstract

We consider the problem of finding a surface ¥ C R™ of least Willmore energy among all
immersed surfaces having the same boundary, boundary Gauss map and area. Such problem was
considered by S. Germain and S.D. Poisson in the early XIX century as a model for equilibria of
thin, clamped elastic plates. We present a solution in the case of boundary data of class C':!
and when the boundary curve is simple and closed. The minimum is realised by an immersed
disk, possibly with a finite number of branch points in its interior, which is of class C*® up to the
boundary for some 0 < a < 1, and whose Gauss map extends to a map of class C%® up to the
boundary.
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1 Introduction

Given a curve I' in R™, m > 3, consisting possibly of several connected components, a unit normal
(m — 2)-vector field 7y along I', and a given positive number A > 0, we call Poisson problem for
I', iy and A the problem that consists in finding an oriented, immersed surface > C R™ which is a
minimiser of the energy

W) = /Z |Hs|? dvols,, (1.1)
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among all surfaces having boundary I', Gauss map along I' equal to 77y and area A. Here, Hy, and
dvoly, denote, respectively, the mean curvature vector of ¥ and the area element of ¥ induced by the
immersion of ¥ into R™. The name is after S.D. Poisson’s memoir, [Poil6], who considered equilibrium
states of thin, clamped elastic plates, and found that critical points of the energy should satisfy the
corresponding Euler-Lagrange equation (IL.1) (see Fig. [).

(23) Je terminerai ce Mémoire en faisant connaitre une
propriété curieuse de la surface élastique en équilibre. Celle
que je vais considérer est une plaque, également épaisse
plide par des forces données, qui agissent sur son contour;
et, pour simplifier, je fais abstraction de sa pesanteur. Or,
jt: dis que dans 'érat d'é:[uilibn:,cllc est parmi toutes les sur-
faces de méme étendue, la surface dans laquelle I'intégrale

.j.j(: * l), kdady

est un maximum ou un minimum : ¢ et ¢ désignent comme
plus haut, les deux rayons de courbure principaux qui re-
pondent & un point quelconque; k dx dy représente lele-
ment relatif au méme point; et cette intégrale double s'é¢tend

8

Figure 1: An excerpt from Poisson’s 1814 (pub. 1816) memoir where he considers the Lagrangian
nowadays known as Willmore functional.

The hypothesis that the elastic energy density be proportional to the mean curvature is due to
S. Germain’s seminal research on elastic plates (later collected in the monograph [Ger21]), who in
turn built on earlier one-dimensional models concerning the vibration of elastic beams investigated by
Euler and Jacques Bernoulli. The understanding of elasticity has advanced since then; a “linearised”
version of such energy, where (LLT]) is replaced by the simpler biharmonic energy of a graph, is still in
use today in models concerning small deformations of thin elastic plates. In such models however the
non-stretchability of the plate is imposed by requiring that the immersion is an isometry with respect
to a reference metric on the surface instead of just requiring the area to be fixed, as we are doing
here following Poisson’s memoir. Such a constraint, certainly more physical, would however greatly
change the way the problem should be treated. We refer for instance to [LL86] [Vil97, [FITMO06, [GGST0]
for more on modern theories of elasticity and to [BD80), [DD87, [Sza01] for a historical perspective on
the development of the subject. We briefly mention that considering Willmore-type energies with
area constraints is natural according to models for cell membranes in cell biology: we mention the
celebrated paper [Hel73] and we refer to the introduction in [KMRI4] for more references on the
subject.

We are here interested in studying the Poisson problem from a differential-geometric perspective;
we will consequently not dwell on the treatment of potentially undesired features of the solution (such
as self-intersections) that may not be desirable when dealing with physical elastic plates. The energy
(LT is nowadays known as Willmore energy after T.J. Willmore [Wil65] and R. Bryant who re-
introduced it in a modern and geometric perspective. Finally, we remark that the Poisson problem may

be seen as a generalisation of the Plateau’s problem (see for instance [Str88, [CI11, [DHS10, DHT10]),

since, for certain special choices of the field 7ip and of A, there will be minimal surfaces ¥ (i.e. satisfying

—

Hy, = 0) bounding I which are then absolute minimisers for (LIJ).



When the topology of the surface ¥ is fixed, the Poisson problem can be reformulated in a more
tractable way that we now describe. If gs. and Iy denote the induced metric and the second funda-
mental form of ¥ and, for every z € ¥, [l (x)|y denotes the norm of Is;(z) on (sz,gz(%’), the
total curvature energy of ¥ is defined as

E(X) = / 0|2, dvols. (1.2)
by
Since there holds
I (2) 2, = 4|Hs(2)* - 2Kx(2), (1.3)

where Ky denotes the Gauss curvature of X, we have that
4W(E) — E(E) = 2/ KZ dvolg.
)
By virtue of the Gauss-Bonnet theorem (see for instance [AT12, Chapter 6]) there holds

/ Ky dvoly, =27x(X) — / kg, (1.4)
b %

where x(X) denotes the Euler-Poincaré characteristic of ¥ and [, o5, kg is the integral (or sum of integrals
when 0% consists of multiple connected components) of the geodesic curvature of 9% as a positively
oriented curve in 3. Hence, if the topology of X is fixed, the difference between the functionals 4W and
FE is a null Lagrangian, consequently the Willmore and the total curvature energy are equivalent from
the variational point of view for the treatment of the Poisson problem. The advantage of working with
the total curvature energy is that it has a better coercivity property and that it controls the number
of branch points@ with their multiplicities (see for instance [MRI14|] or [Rivi2b]), so the variational
problem will be well-posed with F.

We observe that there could be differences between minimizers of the two Lagrangians W (X) and
E(X) in the case of interior branch points since the identity (L4) does not hold anymore.

We present in this paper a solution to the Poisson problem, in the basic case where I is a connected,
simple, closed curve and ¥ is (the image of) a parametrised, possibly branched, immersed disk ® :
B1(0) — R™, (here we denote B1(0) = {z € R? : |z| < 1}). Let us define the class of “admissible”
data (I", 7y, A) for which we can solve the problem.

Definition 1.1. A triple (I', 7y, A) curve I' C R™, a unit-normal (m — 2)-vector field fig and a real
number A > 0 is called admissible for the Poisson problem if I' and 7y are of class CY', T' is simple
and closed, and if there is at least one map ® € W12(B1(0),R™) so that

(i) ® is conformal, i.e. it satisfies
’81‘13‘ = ‘({92(1)’ and <31(I),32(I)> =0 a.e in Bl(O),

and it is a Cl-immersion up to the boundary away from a finite number of interior branch points,

(ii) the Gauss map iig of ® is of class W12, i.e.

/ |Vilp|? dz < 400,
B1(0)

! Geometrically, we have |To(z)|? = ki(x)? + k2(x)?, where ki (z) and ka(z) are the principal curvatures of X at z.

2 We recall that, roughly speaking, a branch point is a point so that the immersion 3 < R™ degenerates. A classical
example is the following: in R* ~ C? consider the map ®(z) = (22,2%), for z € B1(0). Then ¥ = ®(B1(0)) is a surface
which is branched at the origin. Branch points play an important role in the study of minimal and Willmore surfaces.
We refer for instance to the monographs [CI11] [Riv12b].



(iii) if v : [0, HY(T)]/ ~— R™ is a chosen arc-length parametrisation of T', there exist a homeomor-
phism oo : S' — [0, HY(T)]/ ~ so that, for every x € OB1(0) = S' there holds

O(z) =(oe(z)) and iip(x) = fio(y(0w(2))),
(iv) there holds

Area(®) = L IVO|2de = A.
2 JB1(0)

Note that, for a given triple (T',7, A) it is not so obvious to determine directly whether is it
admissible of not. However, an elementary application of the h — principle (see [EMO02, (Gro86]) allows
us, for any given I' and 7y ad in definition [L.T], to prove the existence of some Ay > 0 so that, for every
A > Ay the triple (T, 7y, A) is admissible. Such construction is presented in appendix [A] (lemma
[A.T)). As there proved, when m = 3, if one requires the map ® as in the definition [T not to have any
branch points, (I', 7y) need to satisfy a topological constraint, namely, if t denotes the tangent vector
of I', the map

,Il—>(t Xﬁo,t,ﬁo)(x), 27651,
has to define a non-nullhomotopic loop in the space of special orthogonal matrices SO(3).

The first main result of this paper is the following.

Theorem 1.2. Let (I',7y, A) be an admissible triple for the Poisson problem. Then, there exists a
map @ : B1(0) — R™ werifying this data which is a C*(B1(0) \ {a1,...,as}) conformal immersion,
where {ay,...,ap} is the finite set (possibly empty) of branched points in B1(0), minimising the total
curvature energy E in this class.

The second main result is the following.

Theorem 1.3. Let (I',7iy, A) be an admissible triple for the Poisson problem. Every minimising map
®.. as in theorem [1.9 satisfies the Euler-Lagrange equation

div (vﬁ% — 3y (VHe, ) ++(Viiia, A He )+ cV@w) =0 nD(B(0),R™), (L5

where ., is the orthogonal projection onto the normal bundle of ., Viie, = (—0ie.,, hie,,)
and ¢ € R. Moreover, there exists 0 < o < 1 so that ®, is of class C* up to the boundary and fig._
extends to a map of class C% up to the boundary.

We recall that any map @, as in theorem [[3] is smooth in B;(0) away from its branch points
(this follows from an adaptation of the results in [Riv08], similarly as done in [MR13, MR14]) and,
since the equation (L)) is satisfied through the branch points, from the study of the singularities of
Willmore surfaces (see [Riv08l, [BR13] and [KS04, [KS07]) it follows that, for every 0 < 8 < 1, @, is of
class C%7 at the branch points and its Gauss map 7ig_. extends to a map of class C™# at the branch
points.

Remark 1.4. Notice that the assumptions I',ny € W are far from being optimal. We expect that
the conclusions of theorems[L AL .3 to hold under weaker assumptions on the admissible boundary data.



Let us put our results in a broader context. Nitsche [Nit93] discussed various boundary conditions
for the Willmore and related type of functionals, and proved existence and uniqueness results for a class
of such problems, also considering a volume constraint, when the surfaces are graphs in R? and the
boundary data are sufficiently small in C*“norm. Recently Deckelnick-Grunau-Régers [DGRI7] also
consider the minimisation over graphs in R? of the Willmore functional (also plus a constant times
integral of the Gauss curvature) subject to various boundary conditions and deduced compactness
results in the L'-topology, and from this, also a lower-semicontinuity for a suitably defined relaxation of
the Willmore functional. A considerable series of results (we refer to [EK17,[DGR17, DDW13| BDF13|
DFGS11, BDF10, [DG09, DDGO8] and the references therein) is available when considering boundary
value problems for the Willmore functional under the hypothesis that the surfaces in consideration are
surfaces of revolution around an axis in R? (hence the boundary consist of two circles). Schiitzle [Sch10],
by working on the sphere S™ C R™*!, has proved the existence, for arbitrary smooth boundary data
I'" and 7y and without area constraint, of a branched immersion, smooth away from the finitely many
branch points, satisfying the strong form of the Willmore equation in ™, namely

Agmﬁgsm + Q(f[@ﬁm)ﬁq)ﬁm = 07 (1.6)

away from the branch points (we refer to the paper in question or to the monograph by Kuwert
and the same author in [Minl2] for more detail on this equation). However this equation has no
meaning at the branch points and it is not proved that, starting from arbitrary data I',7y in R™,
projecting them stereographically into S™, and then considering the projected-back Willmore surface
obtained in S™ (recall that the Willmore equation is conformally invariant), one gets a surface which
is “Poisson-minimal”, i.e. that it solves the Poisson problem or also whether it passes through oo or
not.

,,.4.2" R apg d'R rp* d'R

A dr* k' dx d‘r+ ko dy*

’_]_E.dn_ ﬂ a::'l_'l R, p, A R_ (r_lf':r!': a's \* LA
Ak dx k- dy i_;n e /T ke : (J.r' f/_)‘) >_0’

Figure 2: Euler-Lagrange Equation for Willmore Energy derived by Poisson.

Concerning the equation (L.6]) we mention that it already appeared in Poisson’s memoirs for special
cases of graphs, (see Fig. [2). This is actually striking since at the time Lagrange theory was not so
developped.

Alexakis-Mazzeo [AMI5] consider smooth, properly embedded and complete Willmore surfaces in
the hyperbolic space H? and relate the regularity of their asymptotic boundary with the smallness of a
suitable version of the Willmore energy. In a recent paper Alessandroni-Kuwert [AK16], considering a
free-boundary problem for the Willmore functional, have proved the existence (and non-uniqueness) of
smooth Willmore disk-type surfaces in R? with prescribed but small value of the area whose boundary
lays on the boundary of a smooth, bounded domain.

At this point we would like to mention some interesting questions and open problems related to
the the Poisson problem, some of which are the aim of future investigation. Beside our expectations
regarding the boundary regularity (see remark [[L4]) one may for instance consider:

e existence and properties of non-minimising i.e. saddle-type Willmore surfaces having prescribed
boundary data and area (a partial answer is in [Sch10] described above);



e the solution to the Poisson problem in the case of a boundary curve consisting of multiple
connected components (in the spirit of its Plateau-counterpart as done in the classical work by
Meeks-Yau [MY82]) or among manifold with a non-trivial topology (an important tool for this
should be the work by Bauer-Kuwert [BK03]), or both;

e an investigation on a version of the Poisson problem where no area bound is prescribed;

e free-boundary versions of the Poisson problem in the case of surfaces with arbitrary prescribed
area and boundary laying in some submanifold of R™ such as the sphere (as done in the fore-
mentioned work [AK16] but with no restriction on the prescribed value of the area).

Let us discuss some central issues involved in our proofs. Our approach to the Poisson problem
is in the framework of the so-called weak immersions with L?-bounded second fundamental form,
developed by the third author in [Riv08| [Riv14] (see also the monographs [Rivi2al, Riv12b]). As it
has been discovered in [Riv08], a central role in the analysis of Willmore surfaces is played by peculiar
estimates that are valid for PDEs involving Jacobian non-linearities. In a nutshell, one considers the
following Dirichlet problem:

{—Au = 61a82b — 82a(91b in Bl(O), (1 7)

u=20 on 0B (0),

where a,b € W2(B1(0)). It is well-known since Wente’s work (see[Wen73, [Wen81] and [BC84]) that,

for every a, b, the solution u to (ILT)) is C°(B1(0)) N W12(B1(0)) and satisfies

[ullLos By 0)) + IVUllL2(By0)) < ClIVallLz(s, o)) IVl L2, (0))- (1.8)

for some constant C' > 0 independent of w,a and b (see appendix [A.2]). The estimate (L) is a
priori not trivial since, being on a first glance Au only in L!(B;(0)), the standard Calderén-Zygmund
estimates do not apply. Such sharp estimates allow for a successful treatment of many issues regarding
both the compactness and the regularity of Willmore surfaces (we refer to [Rivi2b]). In the case of the
Poisson problem, however, it turns out that the central role is played by a corresponding Neumann
problem, namely

{—Au = 61a82b — 82&811) in Bl(O), (1 9)

Oyu = 0rab on 0B (0),

for a,b € W12(By(0)), where 0, denotes the tangential derivative along dB1(0). The first and second
author has recently shown in [DP17] (see also [Hir19]) that, although any solution of (L9 is naturally
in W12(B1(0)) (we refer again to the discussion in appendix[A.2)), there are explicit counter-examples
to the L*-estimate if no further assumptions are made on a and b (one could even find counter-
examples to the W'2-estimate if a homogeneous boundary condition is chosen, see [DP17]). We
will prove that through suitable a-priori estimates on the general Neumann problem similar to those
appearing in [BM91,[DMR15] and a careful analysis on the boundary behaviour of the solution of (L.9]),
a sufficient condition to achieve such crucial estimate will be on the trace of a, b to be in WP(9B1(0)),
for some p > 1.

The regularity up to the boundary of a minimising map of (L2) in theorem [ follows from a
boundary e-regularity Lemma which is in turn obtained by suitable comparison arguments. It is
expected such an e-regularity Lemma up to the boundary to hold for general critical points of the
Energy ([2)) (an interior e-regularity for such critical points has been already proved by the third
author in [Riv08]).

We conclude by introducing some basic notation and geometric notions that will be used throughout
the paper.



1.1 Basic notation

Beside the common notation, in this paper we denote:

Ri = {(z,2?) : 2% > 0} upper half-space,
B} (0) = B.(0) NR%  with r >0 upper half-ball of radius r,
€1, Em canonical basis of R™.

We will write OB, (0) = rI + rS, where

rl = {(xlao) c—r<al < r} o~ (—=rr) base diameter,

rS = {(ﬂfla V1I—(zh)?): —r< z! < r} upper semi-circle.

When € is a domain of R?, and f = (f!,...,f") : Q C R?2 = R", is a given function, we adopt the

following notation:
of > L (-52 / >
V — v = ,
/ (32f VS o f

and if g : Q C R? — R" is another function, we set
VJ_ s = < ¥ s
@9 = (ot
(VEf,Vg) = div((VEf,9) =D (VL V) = 01f'0ag" — Daf'ong'.
i=1 i=1

1.2 Geometric notions

We list here the geometric objects that will appear in the paper. For more information, we refer the
reader to textbooks of differential geometry of curves and surfaces such as [AT12], [Lee09] and [BGS0]
and to the monograph [RivI2b]. For a given immersion ¢ : B;(0) — (R™,(, )) into the Euclidean
m-dimensional space, we denote:

- the induced metric on B1(0): go = (94)ij = ((0; P, 0;P));j, with inverse (gg)ij,
- the induced area element: dvole = /det gg dx,
- the Gauss map: 7ig : B1(0) = Gry,—2(R™) defined as

. ({91‘13(.%') A 82(13(1')
U |01®(2) A O®(2)|

e () (1.10)

where «x is the Hodge operator in R™ (here Gry,_2(R™) denotes the (m — 2)-dimensional Grassman-
nian of R™ and « is the Hodge operator in R™ see e.g. [BG80, Chapter 2])@ It can be represented
as e = Ne,1 A ... A\ fem—2, where the 7ip; are normal vector fields for ® so that the m-ple
(1 ®,00®, 70 1,...,Mom—2) defines a positively oriented basis of R™,

- the Hessian: V2®, and its norm: |[V?®[2 = Dkl ggfgg@?j@,@gl@%

- the second fundamental form: ﬁq> = Wﬁq,(VZCI)), where 75, denotes the orthogonal projection onto
the normal bundle of ®, and its norm: ‘ﬁ@’ﬁcl) =ikl gﬁ{“gfﬁ(ﬁij, I1).

% when m = 3, we have the canonical identification *(V A W) = V x W, where x is the vector product, so in this
case fie can be considered as a S2-valued map.



- the Gauss curvature: K¢ and the mean curvature vector: Hg,

- the area functional: Area(®) = fBl(O) dvolg,
- the total curvature functional: E(®) = | B1(0) ’ﬁ@‘gé dvolg.

When @ is conformal with conformal factor e*® = |V®|/+/2, some of the above mentioned objects can
be written in an easier way in that

(g0)ij = €5y,

(92)" = e,

dvolg = e dz,

24 (2 —Ag [ T2 |2

VR, = e 0 |[V7R[7,

T2 —4Ag 7712

\II@]gq):e q)mcp’ .
A direct computation reveals that the general identity |V2®|,, = |m7, (V2®)|s + \I_Ilp]f]@, where 77,
denotes the orthogonal projection onto the tangent bundle of ®, can be rewritten, when ® is conformal,
as

IV20|2 = de 2| Vg |* + |Lp 2, . (1.11)

If I C R™ is a simple, closed curve with a chosen arc-length parametrization v : [0,H!(I")]/ ~— T
and 7 = 7ip(7(+)) is some unit-normal (m — 2)-vector field along I', the geodesic curvature kq of I'
(with respect to 7ig) is defined as follows: if t = 4 denotes the unit-tangent vector of I' we set (see
[AT12, Chapter 5])

kg = (£, %(flo A t)) = (3, x(7ig A¥)) . (1.12)
Definition 1.5 (Weak notions of immersions).

(i) Fp,(0) is the set of Lipschitz maps ® : B1(0) — R™ so that there exists a bi-Lipschitz homeo-
morphism 1 : B1(0) — B1(0) so that ¥ := ® o is conformal and there exists a finite (possibly
empty) set {ai,...,an} C Bi(0) so that, for every compact set K C B1(0) \ {a1,...,an} there
18 a constant Cx > 0 so that there holds

Vdet gy = |[VU|?/2 > Cx  a.e in K, (1.13)
and if the Gauss map of ¥, defined a.e. as in (LIQ) belongs to W12(B1(0), Gry_2(R™)).

(i) If ' C R™ is a simple, closed curve and Ty is a unit-normal (m — 2)-vector field along T,
Fpi0)(Ls7i0) is the set of Lipschitz maps ® : B1(0) — R™ so that ® is an element of Fp, () and
for some homeomorphism og : S* — [0, HY(T')]/ ~ there holds

®(z) = v(oa(z)) and fg(x) = Ag(os(x)), forx in dB1(0) = S, (1.14)
where v : [0, HY(T)]/ ~— T is a fized arc-length parametrization of T.

(i4i) For A >0, Fp, (0)(T', 7o, A) is the set of Lipschitz maps ® : B1(0) — R™ so that ® € Fp, 0)(T',70)
and Area(®) = A.



For ® as in definition [L5] we may write:
E(®) = / |ﬁ¢|§¢ dvole = / |Vﬁq>ow|3¢ dr < 40,
B1(0) B1(0)

where ¢ : B1(0) — B1(0) is the homeomorphism giving the conformal parametrization of ®.

If ® : B1(0) — R™ is a possibly branched conformal immersion, the logarithm of its conformal
factor A\g = log(|V®|/+/2) will be a weak solution of the so-called Liouville equation:

—Adp = Kq>e — 271271, a; nB1(0), (1.15)

O Ao = kg(o'é)e *—1 ODaBl( ),

where ay,...,a, are the branch points of ® and n; € N are their respective multiplicities.

The relative abundance of maps satisfying definition is implied by the following result which
makes use Miiller-Sverdk theory of weak isothermic charts [MSverdk95] and Hélein’s moving frame
technique (for more deails we refer to [Hél02] and [RivI2b]):

Lemma 1.6. Let ® € W1°°(B1(0),R™) satisfy the following conditions:

i) there exists some C > 0 such that
|[V®? < Cy/detgs a.e. in By(0),

ii) there exists a finite (possibly empty) set {a1,...,an} C Bi1(0) such that for every compact set
K C B1(0)\ {a1,...,an} there holds

for some constant C > 0,

i11) its Gauss map, defined a.e. as in (LIQ), satisfies

/ ’Vﬁ@‘g(b dvole = / Z gg <3iﬁ<p,l,3jﬁ¢7l>d?}0lq> < +00.
B1(0) B Rl
=1,....m—2

Then there is a bi-Lipschitz diffeomorphism 1 : B1(0) — B1(0) so that ® o1 is conformal and
Doy € W22(B;(0), R™).

Some further information about moving frames is in appendix [A.3l

The paper is organised as follows:

- in section 2l we prove a priori estimate on boundary exponential intergrability for the Neumann
problem that will be needed in the sequel,;

- in section [B] we prove the first part of theorem [[2] i.e. the existence of a Lipschitz minimising
immersion,

- in section @ we prove an e-regularity result up to the boundary for minimisers by constructing
suitable competitors that permits us to conclude the proof of theorems [[.2HI.3]



2 An Estimate for the Neumann Problem

For given f € L'(B;(0)), g € L'(0B1(0)) we recall that a function u € WH1(B1(0)) is said to weakly
solve the Neumann problem for the Poisson equation in By (0):

dyu=g on dB1(0),

if, for every ¢ € C*°(B;(0)), there holds

/ f¢dx+/ gz/Jd’le/ (Vu, Vip) d.
B1(0) 0B1(0) B1(0)

From this expression, it is immediate to see that a necessary condition for the existence of a weak
solution is that [ B1(0) f=- f831 9 (see e.g. [Ken94] for more on weak formulations of Neumann
problems). Such condition is also sufficient and we have the following representation formula:

— u 1_ T X ! x
u(x) ]éBl(O) dH /Bl(o)g( ,y)f(y)der/aBl(O)Q( )g(y)dH (y) = € B1(0),

where G is the Green function for the Neumann problem (with zero average on 0B;(0)), that is the
function:

1 . > 1
— ——(log |z — y| + log |& — W _ 2.2
G(z,y) = —5-(log |z —y| +1log |Z —yllz[) + 7 — - —, (22)
which satisfies, for every x € By(0),
AG(x, ) = 6y — —— in B, (0)
- Zy) =0x = 75 710 1 )
! [B1(0)]
0,,G(x,-) =0 on 0B;(0), (2.3)
|G =o,
0B1(0)

Note that the presence of the constant —1/|B;(0)| = —1/7, computed directly from expression (2.2)),

is indeed the correct one for the Neumann problem (23] to admit a solution. T'wo such solutions to
([21) differ by a constant.

In what follows, we denote % fa& ) ¢ by é. The results we now present are in the spirit of
Brezis-Merle [BM91, Theorem 1] and Da Lio-Martinazzi-Riviere [DMR15, Theorem 3.2].

Theorem 2.1. Let f € LY(B1(0)), g € L'(0B1(0)) satisfy fBl(o)f = —faBl(o)g and let v €

WLl(Bl(O)) be a weak solution to the problem (ZII). Then, for every e > 0 verifying HQHLl(aBl(o)) 4
21l (B, o)) < ™ — € we have

"™ |l e @By (0)) < Ces
for some C. > 0 depending on € and

T™—£&

p = .
9zt a8, 0)) + 21 |1 By (0))
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Proof of Theorem 2.1} Set k = 5= fBl(o) f=-% faBl(o) g. We write the solution of (2.1]) as:

k
u(z) —u =ui(x) + uz(x) + 5(1 - |:c|2), x € B1(0), (2.4)
where:
—Aul = f - 2k, in Bl(O), —AUQ = O, in Bl(O),
O,u; =0 on 0B1(0), and Oyuz = g+ k on 0B1(0),
uy = 0, uz = 0.

Step 1: study of uy. We set F' = f—2k = f — JCB1(0) f; note that there holds fBl(O) F =0 and
I 21 (B, 0)) < 2l fll1(By(0))- The Green function for the Neumann problem can be written as

1 2 2 ly2 1 1
—  (log(—>—) +log [ —2— WIZ 2 2 og2
9(@y) 2w<°g<\x—yr>+Og<rf—yum\>>+4w P

where, since |z — y| < 2 and |Z — y||z| < 2, the term in brackets is non negative. Then we may write
Uy as:

u1(96)=i log 2 + log 2 F(y)dy+/ wF(y)dy
27 /B, (0) lz -y |z — yl|z| Bi(0) 4T ’

and in particular, for x € 0B;(0), we have the formula:

1 2 2
n@ =1 [ (=) Fway+ [ W gy dy, e aBi(0).
7 JB1(0) |z =yl Bi(0) 47

For ~v > 0 then there holds:

Y|y ()] <1/ log< 2 > [F'(y)l dy+
IFlLy B0y ~ 7 JBi(0) [z =yl ) 1Fllz1 (B, (0) 4’

so by Jensen’s inequality (see e.g. [Eval0Ol Appendix B)):

ol
exp [ 2@l </ ( 2 ) FOI g, o
1E vy )~ ey \lz=9yl/)  I1Fllzr (B, 0)

Integrating on 0B;(0) and using Tonelli’s theorem yields:

2
2 ™ F
/ exp @)l d?—[l(x)g/ / <7> dH (z) wdy.e%_
9B, (0) 1M 21 (B, (0)) B1(0) | JoBi0) \ |7 — Y 1N L1 (B, 0)

Then one sees that, for v < 7, the integral:

o
/ <72 ) dH(z)
2B,(0) \|T — vl

is convergent and its value uniformly bounded in y € B1(0). We conclude that:

/ exp @) dHY(z) < C,, fory<m, (2.5)
8B1(0) 1N 21 oy

11



for some constant C, > 0 depending on 7.
Step 2: study of us. Note that for z = €'?, y = e, G(x,%) takes the form:

o 1 1
G(e? i) = - log |z —y| = ~5- log(2(1 — cos(¢p — 0))) =: G(¢ — 6), (2.6)
hence the boundary value of us can be written as:
us(§) = up(e’”) = G+ (g + k) =G g, on dBy(0),

where the last equality follows since G has zero average. Using again this property, we may write:

up(e) = — log(2(1 — cos(é — 0)))g(6) 6
21 JaBy (0
1 1 — cos(¢ — 9))
= — 1 - 7 0)do
2 oo og ( 5 g(0)de,

where now the argument in the logarithm is always bigger than 1. As in step 1, for v > 0 and Jensen’s
inequality one deduces:

i0 P
exp yuq(e™) < / ( 2 ) 2 l9(0)] a0,
91l 21 @81 (0)) oB,(0) \ 1 — cos(¢ —0) gl o8, (o))

hence with Tonelli’s theorem:

i0 o
/ exp yuq(e) dag/ / < 2 )2 do QI
9B, (0) 9l o8, 0)) 0B1(0) | Jop, 0 \1 —cos(¢ —0) 91l 21 @81 (0))

Provided v < 7 the integral:

9 e 9 prd
- do = - d
/3131(0) <1 — cos(¢ — 9)) ? 9B1(0) (1 - COS(¢)> ¢

is convergent, hence we conclude that:

/ exp M de < C,, forvy<m, (2.7)
8B1(0) gl a8, (o))

and for some C, > 0.
Step 3. Finally from (2.4]), we may write

""" =¢e"e"™  on dp ().

In particular, if % = p% + p%, by Hoélder’s inequality there holds

1™ | o @By 0))) < €™ Lo 8, (0) €21 o2 0131 0))-
Choosing

T™—£ T—€
p1 and  py =

201 B0y gl @By o))

we reach the conclusion by using estimates (235) and (27) with v+ = 7 — e. This proves theorem
21 O
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Remark 2.2. In step 2, G defined in (2.0 has zero average, the computation is invariant by trans-
lations of g. Consequently, the assumption on f and g on theorem [21] may be replaced by

lg — alloomi o) + 21 fle i) <7 —€ for some a € R.
The following is a localised version of theorem 211

Lemma 2.3. Let f € L'(B1(0)), g € LY(0B1(0)), a1,...an be points in B1(0) and a1, ...,ay be real
numbers satisfying fBl(o) f+> 0+ faBl(o) g =0. Let u € WHH(B1(0)) be a weak solution to the
problem

N
—Au=f+ Z a;dq; n B1(0),
P (2.8)
du=yg on 0B1(0).

Assume that, for a given xg € 0B1(0) and0 < r < 1, By(xo)Ma1,...an} = 0 and ||gl| 1 (98, (0)nB, (z0)) T
20 fll 21 (B (0B (z0)) < T — € for some 0 < e < m. Then

_ 1\ €2
[€“™ | e (981 (0)NB, )2 (o)) < Ce Ch (;) : (2.9)

where
T™T—¢€

p= )
9l 1 @B, 0)B. (o)) T 20 L1 (B (0)nB, (20))
C: > 0 is a constant depending on ¢ and C1,Cy depend on || f|l11(B, o)) [19]lL1 (0B, (0))) and the os.

Proof of Lemma 2.3l Let x : B1(0) — R be a function in C*°(B;(0)) so that x = 1 in B;(0) N
Bs,.4(z0) and with support in B1(0) N By (z9). We write the solution of 2.8)) as: u —u = u1 + ug,
where:

N
—Aup = fx  in Bi(0), —Aup = f(1=X)+ > _ aibs, in By(0),
dyur = gx —c on B1(0), and i—1
=0 Oyuz :g(l—X)+C on 8B1(0),

ﬂQZO,

with ¢ = % | B1(0) fx+ % Is B1(0) 9X- Applying theorem 2] together with remark 2.2 we deduce the
existence of C. > 0 such that:

[e“ M| Lr @By (0)) < Ce- (2.10)

To estimate uo we use the representation formula

N
ug(x) = /Bl(o) G(z,y) f(y)(1 —x(y) dy + / Gz, y)gy) (1 — x(y) dH (y) + ; ;G (z,a;).

0B1(0)
Notice that for z € dB1(0) we have e®9(@a) = |z — q;|~@i/7eei(lail*~1)/47 Gince none of the a;’s is
in B1(0) N By(z0) we have r/2 < |z — a;| < 2 for z € 0B1(0) N B, j2(x0) and |z — a;| /™ < pleal/m,
Observe also that and 1 — x vanishes in B1(0) N Bs,/4(70), therefore for x € 9B1(0) N B, /5(x0) we
have the estimate

1\

2@l < oy <—> (2.11)

r
where C; and Cs depend on ”f”Ll(Bl(O))7 |]gHL1(331(0))) and leil |oi;|. Hence joining estimates (2.10])
and (ZI1)), we then deduce the validity of (2.9]). This proves the lemma. O
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3 Existence of a Minimiser for the Total Curvature Energy

This section is devoted to prove the main part of theorem [[.2, namely the existence for an admissible
triple (I', 7ip, A) of a minimiser for the total curvature energy (L.2)) in the class Fp, (o)(L', 7ig, A) intro-
duced in definition In the section @it is shown that such a minimiser is actually C'! and not only
Lipschitz .

We need several preliminary lemmas. Along this section, I and 7iy will be fixed as in the statement
of theorem L2} v : [0,H!(I")]/ ~— T will denote a fixed arc-length parametrization of I' and k, its
geodesic curvature defined in (LI2)). When dealing with a sequence of maps (@) C Fp, (0)(I', 7i0, A),
we denote with a subscript k every quantity pertaining to the immersion @, (e.g. the Gauss map 7,
will be simply denoted by 7).

Lemma 3.1. Let (Px)r be a sequence in of conformal maps in Fpg, (o)(L',70) with E = supy, E(®y) <
+o0o. Then:

(i) the L'-norm of the Gauss curvature ||Kke2>"€||L1(B1 (0)) s uniformly bounded,
(ii) the number of branch points of ®y and their multiplicity is uniformly bounded on k,

(iii) The L) _norm of the gradient of the conformal factor HV)\kHL(z,oo)(BI(O)) is uniformly bounded
on k,

(iv) for any fixred Ey > 0, the set of points x € B1(0) such that the curvature energy concentrates
above the level Ey, i.e.:

lim inf (inf{r >0: HVﬁkH%?(Bl(O)ﬁBr(aﬁ)) > Eo}) =0

k—+o00
is finite and its cardinality is uniformly bounded on k.
All such bounds depend only on E and on ||kgl| 1 (r)-

Proof of Lemma B3l Proof of (i). The bound follows from the pointwise a.e. relation (see appendix
[A.3] for more details)

= 12
Ko < ‘Vzk’ . (3.1)
Proof of (i1). Since A\ is a weak solution to the Liouville’s equation
N,
—AN\, = Kpe? — 21 Z nik5aik in B1(0),
’ikil (32)
Oy M = kg(op)e™ — 1 on 8B (0),
there must hold
N,
—27 Z n;, + Kpe?M dx + / (kg(op)e™ —1)dH! =0,
ip=1 B1(0) 9B1(0)
hence
Ny
> i) < C(IKR® 125y o)) + kgl o) + 1),
ip=1
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and the result then follows from (i).
Proof of (iii). Using Green’s representation formula (the green function G is given in ([23)), we
have

Ny
V(z) = /B o VG (2, y) Ki ()W) dy — 27 Y~ 0y, VoG (2, a,)
1

ip=1

+ / VoG, y)ky (03 (1)@ AL (y),
0B1(0)

and since there holds

sup [|VaG(, )l Lo (5, (0)) < +005

y€B1(0)
we can estimate
N
VAl L2oo) (B, (0)) < C (I Kre™* | 11 (5, 0)) + Z i |+ [Egll L1y + 1), (3.3)
ip=1

hence deduce that the right-hand-side of ([B.3]) does not depend on k thanks to (i) and (ii).
Proof of (iv). The proof of (iv) follows from standard concentration-compactness arguments and
we omit it. O

Combining lemmas and B3], the following estimate is obtained for points in By (0).

Lemma 3.2. There exists an g9 > 0 with the following property. Let (Px)x be a sequence of conformal
maps in Fp,(0)(I',70) with E = supy, E(®y) < 400 and let zg € B1(0) and 0 < r < 1 be so that

B (z9) C B1(0). If, for every k € N, B,(xg) contains no branch points of ®y. and there holds

IV k728, o)) < € (3.4)

for some 0 < & < gg, then \y € C%(B.(x9)) N WY2(B,.(x0)) and there exist a constant C =
C (T, 7y, Eye0,7) > 0 and a sequence (cx)r C R so that

Sup <||V>‘kHL2(BT(:vo)) + [ Ak — CkHLOO(BT/g(J:o))> <C. (3.5)

The proof is essentially as in [Riv12bl Theorem 4.5]). It is given below for the reader’s convenience.

Proof of Lemma Thanks to Lemma [A.9] we may find a ortho-normal frame €, = (€)1, €k2)
spanning 7i;, with controlled energy: HVé'kH%Q(BT(mO)) < C|\Viik| L2(B, (x0))» and from Liouville’s equa-

tion ((LIH) and (A21))) we may write:
—A)% = <VJ_€]§’1, v€k72> in Br(x(]).
We then decompose Ay = uxr + vk, where pg solves

—A,U,k = <vl€k71, V€k72> in Br(x(]),
pr =0 on 0B, (x),

and v = A\ — puy is the harmonic rest. Thanks to Wente’s inequality (Theorem [ALH), there holds

1128 oo (B, (o)) + IVik | o (8. @0)) < CIVRNZ2(5, (20
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while using the properties of traces, Poincaré’s inequality and Dirichlet’s principle we deduce that
vk = ckllroo(B, j5(z0)) + IVVEIL2(B, (20)) < CIHVARIL2(B, (20))

where ¢, = fBr(xo) v dx is the average of v over B, (xg). Together with the continuous embedding
L?(B,(x0)) — L**®(B,(z0)) and Lemma B.11(iii), these estimates for uj and v, lead to (B.H). O

We have the following analogue result for boundary points.

Lemma 3.3. There exists an g9 > 0 with the following property. Let (®y)x be a sequence of conformal
maps in Fp, )L, 7o) with E = sup,, E(®x) < +00, and let xg € 9B1(0) and 0 <r < 1. If, for every
k € N, B1(0) N B.(xg) contains no branch points of ®) and, having denoted &, = e~ (9, Py, D2 ®},)
the ortho-normal frame associated with @y, there holds

IV 7kl172 8, 0)nB, (2o)) + 1Fs(08)e™ | L1 08, ©)nB, (w0)) < & and [gk]%w/?,?(a&(o)mBr(mo)) <e (3.6)
for some 0 < & < &g, then A\ € CO(B1(0) N B,(wg)) N W2(B1(0) N B,(w0)) and there exist constant

a constant C = C(I', iy, E,e0,7) > 0 independent of € and a sequence (cx)r C R so that

sup (190 25,0118, a0 + I =t 018,000 ) < C- 37)
Proof of Lemma [3.3l On the one hand, from the pointwise a.e. relation (B and (B.6]) we have

kg (o) || L1 08, 0)nB. (w0)) T 21Kk * || L1 (B, (0B, (20)) < €

consequently since Ay is a weak solution to Liouville’s equation (B.2]), by choosing an &¢ small enough,
by lemma 23] and lemma [B.I] we may find a p = p(g9) > 1 so that, uniformly on k, there holds

127 || Lo (984 () B, (0)) < C- (3.8)

On the other hand, possibly after reducing £y we can invoke lemma [A.11] and deduce the existence of
Coulomb ortho-normal frames g = (Gk.1,Jk2) € WH3(B1(0) N By(z0)) lifting 7y in B1(0) N By (o),
coinciding with €}, on dB1(0) N B(zp) and so that uniformly in &k there holds

|’V§kui2(31(o)mBT(xo)) <C. (3.9)
In particular, we may write:

Ky = (V4G 1, Vie) in B1(0) N By(xo),
/{?g(O'k)eAk —1= <a7'§k,17§k,2> on 3B1(O) N Br(.%'o).

From lemma [A8, we deduce that A\, € C(B1(0) N B, 4(z0)) N WH2(B1(0) N B, /4(w0)) and that for
some constant ¢; € R there holds

A = cllLoe By (0)nB, ja(@o) TNV Akl L2(8 (0B, 4 (20)) (3.10)
Ny,
< C<‘|Kke2>\||L1(B1(O)) + kg (or)e™ 2 omy o) + D lov, |
in—1

+ IV Gkl L2y 0)nB, 2 (20) |1 Tk, 2 W12 (81 0B, )2 (20))

+ 110-Gk,11081 (0) | L2 (@81 (0)nB, 5 (x0)) | Gk,2|05: (0) ||W1,p(531(0)mBT/2(m0))>-
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The first line on the right hand side of ([3.10) can be estimated uniformly on k£ by means of lemma
BIF3i)-(ii). The second line can be estimated uniformly on &k with ([B9). Finally the third line is
estimated uniformly on k with (B.8]) since, for i = 1,2, we have

1Gx.ilo5: ) lwrr@B,©0)nB, @) < CI([kg(ar)] + [T0(ar))e™ [l Lo @5, 0)B, (o)) + 1)
< O™ || Lo o5, (0)nB, ja(a0)) T 1)
where we used Jensen’s inequality to deduce that, uniformly on &, there holds:

_ 1 T
M = exp][ N §][ exp(A\g) = 7—[2( ) (3.11)
98, (0) 95, (0) T

This concludes the proof of the lemma. O

Definition 3.4. Let Py, P, P3 be three distinct, fized, consecutive points in Py, Py, Py on I that is,
v(sj) = P; for some 0 < 51 < sy < s3 < HY(T'). We denote by fgl(o)(P,ﬁo,A) is the set of maps
® € Fp,(0)(T', 70, A) so that

o (e ; ) =P forj=1,2,3. (3.12)

Remark 3.5. We note that:

(i) if oa defines the boundary parametrization of ®, that is ®|sp, () = v © 0o, condition (BI2)) is
equivalent to oy (%’T]) =s; forj=1,2,3.

(ii) For every ® € Fp,(0)(T', 7o, A), there is a unique Mébius transformation of B1(0) so that ®o¢ €
]:El ) (T',7ig, A). Moreover, the invariance by diffeomorphisms of the total curvature energy
implies that E(®) = E(® o ¢), hence

inf E(®) = inf E(W).

@Efgl (0) (I, A) VeFp, (0) (T, 7ip,A)

The following lemma is a consequence of the Courant-Lebesgue lemma, a key tool in the analysis
of Plateau’s problem (see e.g. |[CI11, Lemma 4.14]).

Lemma 3.6. For any sequence (®y) C Fh(0) (L', 730, A), the sequence of boundary curves (Px|ap, (0))x
1S equicontinuous.

Equicontinuity of the boundary curves is equivalent to the equicontinuity of the o;’s. As a conse-
quence of lemma [B.6l we have:

Lemma 3.7. Let (Py)x be a sequence in .7-";1(0) (D, 7o, A) and let xg € 0B1(0) be fized. Then, possibly
passing to a subsequence, for any any € > 0, there always exists an r = r(I',7ig) > 0 so that:

. A
sup [€lw1/2208, 0B (20)) S € and sup kg (or)e™ || L1 (0B, (0B, (o)) < & (3.13)

Proof of Lemma [3.7 Possibly after extracting a subsequence, thanks to lemma 3.6l and the Arzela-
Ascoli theorem, we may suppose that o) converges uniformly on 0B;(0) to some continuous map o.
As a consequence, we have the pointwise convergence away from the diagonal:

lm <0k(91) - Uk(92)> _ o) —olby) 0y 4 0,

il _ oifs T T if _ b
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and, possibly after extracting another subsequence, the bound:

|ok(61) — ok (B2)* _ ,|o(61) — o(65)[?
’eiel _ ei92‘2 — \eial _ ei@g ’2 :

Hence, integrating both sides, we deduce that for every p > 0 and x € 9B1(0) there holds:

2 2
Tk w12208, 008, @) = 20Tw122 (08, 0)0B, )" (3.14)

Let us assume without loss of generality that zg = 1 and that r < 1, so that we may identify
[—60,00] ~ 0B1(0) N B, () for some 0 < Oy < 7. Writing in complex notation (see section [A.3]of the
Appendix)

ei€(€k71 + i€k72) = *(t VAN ﬁo)(o‘k) + it(ak) on 0B, (0),

thanks to (B.14) we deduce that [ that

IN

([t(Uk)]Izﬁhmg((—Go,eo)) + [*(t A ﬁo)(Uk)]12/1/1/272((—90,90))) * 40(2]
([6]0.0 + [x(& A 70)]E0) [0k]512.2(( gy 00y T 490

) 2
C ([O-]Wl/??((*@o,@o)) * 90) ’

and so the first inequality in (B3] follow by choosing a sufficiently small y. As for the second
inequality in (813), if @ and b denote the extrema of 9B1(0) N B, (x(), from the point-wise convergence
of o, to o we have:

212
L2 a0.00) < 2
2

IN

IN

) oy (b) a(b)
lim g (o) e dg = lim kg ()7 (s)|ds = / kg ()17 ()] ds,
k JoB; (0)nB(x0) o () o(a)

hence, possibly after extracting a subsequence, there holds:

kg (or) kL1 (081 ()N B, (20)) < 21kg(0)0’ | L1 (0B, (0B, (20))>
and the results then follows by choosing r sufficiently small. This concludes the proof of the lemma. [J

Definition 3.8 (Weak Sequential convergence). Given a sequence (®)r of conformal maps in Fpg, (o) (I, 7o),
and a conformal map ® : B1(0) — R™, we say that ® weakly converges to ® if:

(i) ®, — @ in WH2(B1(0),R™) and a.e. on B(0),
(it) ®ilop,0) = Plop, o) uniformly in C°(0B1(0)),
(i4) VN = VX in L&) (B;(0)),

and there exists a finite, possibly empty set n = {n1,...,nn} C B1(0) so that, for every open set

Q C R? with compact closure in B1(0) \ 1, there holds:

4 Recall the elementary inequality:
[abliy1/2.2 < 2 (lallZoo (011722 + bl [alfy/2.2) -

Also recall that if a : (I1,l2) — C is a Lipschitz function and b : (—6o,600) — (I1,12) is a function in H/2((—6o,60)) we
have:

2 2 2
[a 0Bl 1/22((Zay.00)) < [aloo1 (1)) Plwrr2.2(( 0y 600))-
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(i) A, = X in L®(Q,R™) and ,
(v) ®p — @ in W22(Q,R"),
where \ = log(|V®|/v/2).
We are now in the position to prove the following compactness result.

Lemma 3.9. Let (®)r be a sequence of conformal maps in F5(0) (T, 7ig, A) with supy, E(Pr) < +o0.
Then (Pr)r contains a subsequence weakly converging in the sense of definition [3.8 to an element
NS }—El(o) (T, 7ip, A).

Proof of Lemma Step 1. Since for every k we have that HV@kH%Q(Bl (o)) = 24 and the three-
point condition (3.12) holds, we deduce that supy(||®x|[w1.2(5,(0))) is finite and so by the Rellich-
Kondrachov theorem, possibly passing to a subsequence, condition (i) of definition 3.8 is satisfied.

Step 2. From lemma B.6] by Arzela-Ascoli theorem we deduce that, possibly passing to a subse-
quence, condition (i7) of definition [3.8]is satisfied.

Step 8. From lemma [B.J}(iii), we deduce that, possibly passing to a subsequence, condition (i77)
of definition 3.8 is satisfied.

Step 4. If {ag1,...ax N, } is the set of branch points of @, from lemma B, possibly after ex-
tracting a subsequence, we may suppose that Ny is independent of k£ and that, for each j = 1,... N,

limy_,00 ai ; = a; for some a; € By(0).
We say that a point p belongs to 7 if either:

e p=ay forsome k=1,... N, or
e there holds

lim inf <inf {7" >0 | Vikl 22 o, () = 50}) —0, (3.15)

k—o0

with g¢ is as in lemma [B.2]if p € B1(0), or as in lemma B.3]if p € 9B1(0), or
° p:e%j for j =1,2 or 3.

Note that the set of points satisfying ([BI5]) is, due to lemma Bl finite and uniformly bounded in k.
Let Q C R? an open set with compact closure in Bi(0) \ 77 and let €’ be a closed set contained in

Bi(0) \ 7 and with smooth boundary so that © C €' and for some small § > 0 there holds

B1(0) \ UpeyBas(p) €C Q' CC Bi(0) \ Upey Bs(p).-
Possibly passing to a further subsequence, we may suppose that, for every k, the set of branch points
{ak,1,...apn,} of @y, lies in Upe,Bs(p). Now, for every x € €, we can choose an r, > 0 so that, if

x € B1(0), then B,_(z) C ' and HVﬁkH%?(& (x)) < €0, and, if z € 0B1(0), then

VK172, 0)Be, (20)) + 1Ko (@)™ L1081 )5y, (@) < €0,
S 12
[ek]Wl/Z?(aBl (0)NBr, (x)) < €0,

(this can be done uniformly on k thanks to lemma [3.7). The family {B,, 4(7)}, .o forms an open

- zeQ)
cover of (¥, from which we may extract a finite sub-cover {B,, ($])}]A/i1 From lemmas and [3.3]
we deduce that A € C(B1(0) N By, (z;)) N W?(B1(0) N By, (x;)) and there exists constants I (x;), so

that, for j=1,..., M,

Sup <||V>‘kHL2(Bl(O)mBT]. (@) T 1M = (@)l oo (B, (0)nB,, (ggj))) <C. (3.16)

19



Notice that, for every i, j the bound |l(x;) — lg(x;)] < MC holds. Indeed, if B,(xz;) N B,(x;) # 0,
then from (B.I6]) and the triangle inequality we have |l (z;) — [x(2;)| < 2C. and general ¢ and j pick
a collection from the covering which connects x; and x; and reach a similar conclusion. We can then
assume that such constants do not depend on z; and consequently that, for some [, there holds:

Sllip <HV)‘IC”L2(Q’) + H)‘k — lk”Loo(Q/)) < C. (3.17)

We claim that the sequence (Ix)j is uniformly bounded on k. To see that (I;)x is bounded from above,
note that, if we had liminfy , lx = 400, possibly after extracting a subsequence condition (B.I7])
would imply that limy_ .o A = +00 uniformly on €. Consequently we would have

lim e g = 400,

k—oo Joy
which contradicts condition \|V‘1>k||%2(31 o) = 2A. Suppose now (Ij)x is not bounded from below, that
is limsupy,_, .l = —o0o. Let a be an arbitrary closed, connected sub-arc of B;(0) which does not

contain any point in 7. We add if necessary a finite number of balls B, (x;), to the above finite cover
of ' so that {B,,(x;)}; also covers a. Since A is continuous, possibly passing to a subsequence, from
BI1), that limg_,oo Ay = —00 uniformly in . Then,

0= kgffoo/aeAk do = kgfm%1(¢k|asl(0)(a)),
and thus, by the weak lower-semicontinuity of the Hausdorff measure with respect to the uniform
convergence, that H!(®(a)) = 0. Since the arc o was arbitrarily chosen, from the Borel-regularity of
the Hausdorff measure (see [EGI5]) we have H!(®(0B1(0) \ n)) = 0, but then, ® being continuous
and 7 consisting of a finite set, this gives H!'(®(dB1(0))) = 0. This contradicts the three-point
normalization condition. This proves that condition (BI7) can actually be strengthened to

oo (nwum(m n ||AkuLoo(Ql>> <c (3.18)

and thus, possibly passing to a subsequence, condition (iv) of definition [3.8]is satisfied.
Step 5. From (B.18]), we can estimate

V@ Loy < C, (3.19)
1
1 AB 2y < e o) W () < €. (3.20)
moreover,
||e>\1c HW1/272(831(0)OQ’) < HeAk ||W1/2’2(8Q’)
< Clle [y
< Celle@ (14 VAL o) < €,
hence

”arq)kHW1/272(831(0)OQ’) = “eAkgk,l(Uk)HW1/272(631(0)0§2') (3'21)
< C(le[ly/22 98, o))

+ ||e)\k HL<>°(8Bl 0)NQ) [5k,1]wl/2,2(531(0)mnf))
<C.
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From (B.19)-B.20)-(3.2I), elliptic regularity theory yields supy, ||®klly22) < +o0o. Thus, possibly
passing to a subsequence, also condition (iv) of definition [3.§ holds.

Step 6. As in [RivI2b, Lemma 5.1], we have that the Gauss map of ® extends to a map in
WhH2(B1(0), Gry,_2(R™)), and consequently, from lemma [A14] in appendix [A4] the structure near
points of 7 lying in B;(0) is that of a (possibly removable) branch point. Finally as shown in lemma
[A15 singﬁlar points a € n lying on the boundary are always removable, and the limiting map ®
extends to a conformal Lipschitz immersion near dB;(0). This concludes the proof of the lemma. [J

The proof of the following lemma can be easily deduced from its analogue in the closed case (see
[Riv12b, Theorem 5.9]).

Lemma 3.10. The total curvature energy functional E is sequentially lower semi-continuous in
Fpi0)(Ls7i0, A) with respect to weak convergence in the sense of definition [3.8, that is, if (Py)x is
a sequence in Fp, (o) (T, 7ip, A) weakly converging to ®, then

liminf E(®) > E(P).
k—ro00

Proof of theorem (first part). Since the triple (I, 7ig, A) is admissible, the set Fp, (o) (T, 7o, A)
is not empty and we can consider a sequence (@) in Fp, (o)(I'; 7ip, A) minimising the total curvature
energy:

lim E(®) = inf{E(V) : ¥ € Fp (o)(L';7i0, A)}.

k—o0
Thanks to lemma [[L6], and remark B.5l we may assume that each ®; is conformal and satisfies the
three-point normalisation condition given by definition B4l From lemma [3.9] we can then extract a
weakly converging subsequence in the sense of definition 3.8 to a conformal map ® in Fp, () (T, 7ip, A).
Finally, because of lemma [3.10] we have

B(®) = lim E(®)) = mf{E(¥) : ¥ € Fp,) (L, 7o, 4)}.

This concludes the proof of the theorem. O

4 Regularity of Minimisers

This section is devoted to prove that any element in Fp, () (", 7y, A) which minimises the total cur-
vature energy satisfies all the regularity statements of theorem [[L3] thereby also concluding the proof
of theorem

We need first some preparatory results regarding immersions with L2-bounded second fundamental
form and estimates on suitable competitors for the Poisson problem. In this section, we denote with
D Area(®)w and DE(®)w the directional derivative at ® along w of the area and total curvature
energy functional, namely

dA D+t dE(® +t
D Area(®)w = rea(® + tw) , DE(®)w = M ’
dt t=0 dt t=0

and, if © is the domain of ® (a ball or a half-ball) we set
| D Area(®)|| := sup{|D Area(®)w| :w € WhH>(Q,R™), w0y < 1, suppw CC QF.
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4.1 Lemmas on Conformal Immersions

Lemma 4.1 (Interior Estimates for A\g). There exists an €y > 0 such that, if ® : B1(0) - R™ is a
conformal immersion with L?-bounded second fundamental form satisfying

E(‘I)) = / ’ﬁ¢‘527¢ dvolg < €0,
Bi1(0)

then,

(i) for any 0 < r <1 there holds

2
/ Vg |* dz < <T— + Cso> / V2|2 dvolo, (4.1)
B, (0) 2 B1(0)

(ii) for any compact set K CC Bi(0), there holds

C
Ao = (Ae) By (0) lLoe (1) < Tist(K, OB (0))2 VAl Lo (B, (0)) T C%o0 (4.2)

where (A\o)p,(0) = fBl(o) Mg dx denotes the average of A\g on B1(0) and C > 0 is a constant
independent of .

Proof of Lemma [4.3] Thanks to lemmal[A.9] if ¢ is small enough we may find a Coulomb orthonor-
mal frame f defined on B;(0) satisfying the estimate

IV FIZ2 (5,0 < CIIVAIZ2(5, (o) < Ceo-

We write A\¢ = o + h, where p is the solution be the solution to

~Ap=(Vfi,Vf) in Bi(0),
n=0 on 9B1(0),

and h is the harmonic rest. By Wente’s lemma, u belongs to C%(B,.(0)) N W2(B,(0)) with

IVullL2 s 0)) + il e (81 (0)) < CHVﬁCDH%?(Bl(O)) < Ceo. (4.3)

As for h, since it is harmonic, for any 0 < r < 1 it satisfies

/ |Vh|2dx§r2/ |Vh|? dz. (4.4)
7(0) B1(0)

Using successively (Z£4]), the Dirichlet principle, estimate (£3]) and identity (LII]) we then deduce

/ |V)\q>|2dx:/ V(1 + h)|* da
B;(0) Br(0)

< 27“2/ |Vh|* + 2/ V| da
B;(0) B1(0)

<27’2/B Vol dz + ClIVT0la5,0,)
1(0)

IN

2/ |V2<I>|g¢ dvolq>+c||vn<1>||L2(Bl(o)
B1(0)

1

2"

(ﬁ + Ceso) ( V2|2 dvolq>>
2 Bl(O) 9o )
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which proves (4.1]). As for (£.2), we note that h may be written by means of the Poisson kernel Bl as
ho)= [ K@y @) dH @), € Bi),
0B1(0)

consequently we deduce that, for any x € K, using the trace theorem and Poincaré’s inequality, there
holds

1- ’35‘2 1 1
h — < — d
)~ Oalol < 57 [ s el) ~ Gas, o] 4w
C
= TE, om0 N~ Yelmoleen o)
C
<
= dist(K, 95, (0))2 IV Al 1 01
C

< oo .
= T o2 e o
We may then conclude with (4.3]) that
Ae = (A2) By (o)l (r) < 1B = (M) By 0) [l Lo (r0) + 11l oo (1 0))

C
= T, omO)F e @i

+ 050,

as desired. This concludes the proof of the lemma. ]

Lemma 4.2 (Boundary Estimates for Ap). There exists an €9 > 0 so that the following holds. Let
o . BfL(O) — R™ be a conformal immersion with L?>-bounded second fundamental form and let &€ =
(€1,€) be its coordinate frame. If for some p > 1 we have 0;€ € LP(I,R™ x R™) and

/ o VW ol Ty < (45)
0

1

then:

(i) for any 0 < r <1 there holds

7“2
/B+(o> |V g|?da < (3) /B+(0) [V2®[2 dvolg (4.6)
r 1

+ (Ceo + C) 01l oy (1 + 102l Lo (1)) (/B+( | |y |2, dvoly + H<3751,52>HL1(1)>,

1

(ii) for any compact set K C B (0) so that dist(K,S) > 0 there holds

: C _ o
;gﬂg A — C||L°°(K) < m||v>\<b”m,oo(31+(o)) + C(p)(eo + H&elllm(z)(l + ||3T€2||Lp(1))),
(4.7)

where C' > 0 is an universal constant and C(p) > 0 is a constant depending only on p.

® the explicit formula is (see [Eval(l §2.2.4]):

1—]z]2 1
2 o -y

K(z,y) =
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Proof of Lemma Step 1. Thanks to lemma [A-T2] (see also remark [A13]), we can consider an
extension f of é|r to all of 9B (0) such that

-, —,

[f]Wl/ZQ(@BIL(O)) S 2[f]w1/2,2(1),

Step 2. We choose ¢¢ sufficiently small so that thanks to lemma [A.I0] we may find a frame
G = (g1, =) lifting e on B; (0) that coincides with f on dB; (0) and satisfies

19812057 @ < € (1970l st @) + Fliwraaest o) < Czo.

Step 3. We write Ap = u + h, where:

~Ap=(Vt7,Va) in B(0), ~Ah =0 in B;(0),
Oyt = (0741, Go) on I, and o,h=0 onl,
uw=20 on S, h=X onS.

Step 4: estimate of p. Since p satisfies a homogeneous Dirichlet condition on S, its extension to
R?2 by means of odd inversion along S (given by the conformal map z — z/|z|?):

=)

(2) = {,u(a:) for z € B (0),
—u(z/|z|?) for z € R\ B (0),

satisties (also thanks to the transformation law under conformal maps of the Laplace operator and of
the determinant):

—Ali = (V*§,,V§,) inR2,
{ fi= (V"' Vi,) + (4.8)

O = (0:G1,52)  on ORY,
where for i = 1,2,

E@) _ {g}(x) for z € BfL(O),
' gi(z/|z|*) for z € R\ By (0),

denote extensions of g; by means of even inversion along S.

We then consider the Cayley map ¢(z) = i—=t! mapping biholomorphically B;(0) onto R?2 and

z+1 -
by simplicity of notation we continue to denote by i and g; the composition i o ¢ and g; o ¢. By the
conformal invariance of the problem (d9]), fi o ¢ satisfies

—Afi = (V1§,,VF,) in Bi(0),
{ fi = (V+§,,V§,) in Bi(0) (49)

Ot = (0:G1,G2)  on 9B(0),
Thanks to lemma we have
inf |5 = cllree(mi0)) < ClVTLlz2810) (1 + VG2l 2281 0)))
+ C(P)10-g1 | e (8B, (0)) (1 + 10- G2l Lr (0B, (0)))-

Because of the conformal invariance of the Dirichlet energy there holds

val'HLQ(Bl(O)) = HV'JZ”L%BT(O)) 1= 1,2,
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on the other hand a direct computation shows that

10-Gillr B 0)) < 20107 Gill Loy @ =1,2,

hence we deduce (assuming without loss of generality that eg < 1 and recalling that § = € on I):
;gﬂf{ I — CHLOO(BI"(O)) < Ceo+ C)[|0-€1lLe(ry (1 + (|02 Lo (1))- (4.10)

Consequently, through integration by parts and by using (£.10) we can estimate

/ V> de = —/ (b —c)Audz + /(,u —)o, N dH! (4.11)
B (0) B(0) I

1

<inf [|p — CHLoo(Bj(O)) <H<VL§17 V§2>HL1(31(0)) + [|{0-é1, €2>HL1(1)>

< (Cao + COIRG a1+ 102l ( [

1

) [T |2 dvolg + || (-6, 52>\|L1(,)>.
0

Step 5: estimate of the harmonic rest h. We observe that the existence of h can be deduced by
variational methods. Since h satisfies a homogeneous Neumann condition along I, its extension to
Bi1(0) by even reflection along I:

o h(z',2?)  in B{(0),
D=\, i By (0) = Bi(0) N2,

will then satisfy
{—AE =0 in By(0),

h=MXo ondB(0),

where Ag similarly denotes the extension of Ag to B;(0) by even reflection along I. From the classical
estimate for harmonic function we will then deduce

/ \vﬁ\zdxgrz/ Vg dz,
r(0) B1(0)

and consequently,

/ \Vh]degrz/ IVp|? da. (4.12)
BF(0) B (0)

By joining estimates (£IT])-([4£12]) we then deduce

/ Vg2 dz < 2/
B (0) B (

1

< (Cao+ COIRG a1+ [0l ( [

By

|Vu*de + 2/
) +

T

|Vh|? dz
0)
o ol + 0. o)
0
- r2/ |V g |? du,
B (0)
which then yields estimate (4.6]).
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As far as the estimate (A7) is concerned, similarly as in lemma .1 we deduce that

_ C
~ dist(K, 9, B(0))

15— (Xa) B, (0) o () IV el L2001 (51 0

where we denoted by K = K U {(z}, —22) : (2},22) € K}, and consequently that

C
We may then write
Ci,rel% Ao — C/HLOO(K) <|lh— ()‘<I>)Bl(0)”L°°(K) + égﬂf{ i — C|’Loo(31+(0))7

and with estimates (LI0)-(4I3) we deduce the validity of (AT). This concludes the proof of the

lemma. O

Lemma 4.3 (Affine approximation). For every § > 0 there exists an g9 > 0 such that, for every
conformal immersion ® : B1(0) — R™ with L?-bounded second fundamental form satisfying

/ \V2<I>]3¢ dvole < ep,
B1(0)

there exists a conformal affine immersion L = EO + xl)ﬁ + xQXQ = I_;O + (x, )?) so that
[® = Lllwz2(B, ,0) < lIVelL2(s(0) (4.14)
and, if ¢ = |X1| = | X3| denotes the conformal factor of L,
Ao — VHLoo(Bl/2(0)) < 4. (4.15)

Proof of Lemma [4.3. We argue by contradiction and suppose that there exists a 6 > 0 such that,
for every k € N, there is a conformal Lipschitz immersion with L?-bounded second fundamental form
@y, : B1(0) — R™ such that (writing as usual e*® = ),

1
/ V202, dvolg, :/ e 2| V2PPde < =, (4.16)
B1(0) - B1(0) k
and for every conformal affine immersion L there holds
1@ — Lllwz22(B, 5 (0)) > OV 25, (0))- (4.17)
or, if ¥ denotes the conformal factor of L,
H)‘k _VHLOO(Bl/Q(O)) Z d. (418)
Since (A.I0]) is invariant under translations and dilations in R™, writing for short ¢; = —fBl(O) A dz
if we set
By (x) = e (Dp(x) — Pr(0)), =€ Bi(0), (4.19)

then @y, : B1(0) — R™ defines for every k a conformal Lipschitz immersion with L?-bounded second

fundamental form such that, if e’ denotes its conformal factor, there holds

Ak = Mg + ¢k, B4 (0) = 0, ]Z A dz =0,
B1(0)
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and

N ~ 1
/ e P V20,2 dx < . (4.20)
B1(0) k
From the identites (III]), Lemma 1] and (£.20)) it follows
Ak = (M) By (0) 122 (B, 2(0)) = Akl 120 (B, 0 (0)
~ = C
< CIVAllz2s, ) + ClIVARI 28, (0)) < 7 70 ask—oo
SO
Xi — 0 uniformly in By j5(0), (4.21)
and consequently we infer that
V@il ooy = [ 2P de a2 ask oo, (422)
B12(0)
IV Bulaqo, o < <7 [PV de < Z 50 askooo, (4.23)
B12(0)

from which we deduce, with Poincaré’s inequality,
1@xkllwz2(B, 0 = 1Pk — P(0)lw22(5, ,(0) < C.
We deduce that, up to extraction of subsequences, for a map ®o, € W22 (B1/2(0), R™) we have
Oy — Doy in WH(By 5(0),R™),
V20, — 0 in L*(By5(0),R™),
®j, — By in Wl’p(Bl/Q(O),Rm) for every 1 < p < oo and a.e. in By 5(0).

consequently, @, : B; /2(0) — R™ is a conformal map and, from the uniform convergence of Xk above,

up to a further subsequence, its conformal factor is 1 (that is, ®., is a isometric linear immersion).
Being V2®,, = 0, there actually holds

O = Dog  in WH(By 5(0),R™). (4.24)
Note now that from the definition (£I9]), (417 is equivalent to
ey, + @1, (0) — Lllw22(B, 40)) = 0V kllz2(B, 5 (0)
hence
@, + e (P4 (0) — L)llw22(B, ,(0)) = 0IIV(€*®p)l| 2B, ,(0) = 5||V(;Iv)k)”L2(Bl/2(0)),
Since L is arbitrary, we may consider the sequence Ly = ®x(0) + e~ and deduce from (#£22) that

@y — (T)OOHWQvQ(Bl/Q(O)) > 5”V($k)HL2(B1/2(O))
=d(r/2+0(1)) ask — oo,

which is a contradiction with (£.24)). Similarly, if (£I8) holds, since the conformal factor of Ly is e™ %,
we have

1M = vl (B 0 0) = 1Mk + ikl (B, 0 0) = I MellLoe (B, 00 =6 for every k € N,

which contradicts (£21]). O
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4.2

Construction of Suitable Competitors

Lemma 4.4 (Interior Competitors). Let ® : By(0) — R™ be a conformal immersion with L?-bounded
second fundamental form. For every § > 0 there there exists an g9 > 0 such that if

/ V202 dvols < e,
B4 (0)

for some 0 <1 < 1/4, then there exists a p € [r/2,r] such that the solution to

A% =0  in B,(0),
=&  ondB,(0), (4.25)
Vi =V& on 0B,(0),

defines an immersion which satisfies:

and

and

/ \vzw\fw dvoly, < C(1+ Co(8 + 0(9))) / V2|2 dvole, (4.26)
B, (0) B (0\B;/2(0)

| Area(®|,(0)) — Area(sh)| < Co(8 + 0(8))[I VP72, (0)): (4.27)

|D Arca(®]5,0)) — D Area(®)]| < Co(6 + o(0)) V] 125, 0))- (4.28)

where C > 0 independent of r and ®, Cy > 0 depends only on ||VAs| p@.c) (g, (o)) and 0(6)/6 — 0 as
0 — 0.

Remark 4.5. We note that:

(1)

(i)

For every p, the existence and uniqueness of a solution to [E2H) in W22 is given, for example, by
the fact that such problem is the Fuler-Lagrange equation for the biharmonic energy functional
_ 2 32 : : 212 3,2 :

B(o) = fB,,(O) |Ac|?dL? (or, equivalently, of the Hessian energy fB,,(O) |VZa|*dL?), subject to
the prescribed boundary data. Since ® is of class W22, existence and uniqueness by an argument

similar to the one for the Dirichlet problem.

An elementary fact that will be used in the proof of lemma is the following. For a function
f € LY(Bg(0)) (R > 0 is arbitrary) and a constant C > 0 we say that p € [R/2, R] defines a
C-good slice for f (in Br(0) \ Br/2(0)) if flop, ) is in L'(0B,(0)) and there holds

p/’ (r,6)|do < C fde.
OB, (0) Br(0)\Br/2(0)

The existence of C-good slices for some C and any f is a consequence of Fubini’s theorem.
Moreover, one can check that, for every 0 < 6 < R/2, there exists a Cs > 0 so that, for every
f € LYBg(0)), the radii p € [R/2, R] defining Cs- good slices for f have Lebesgue measure at
least R/2 — 6.

Proof of Lemma (44 It is sufficient to prove the thesis only for any ¢ > 0 sufficiently small. We
first treat the case r = 1/4 and argue through rescalings at the end. In what follows, we denote by C'
a positive constant (possibly varying line to line) which is independent of ®, and with Cj a positive
constant depending only on [|[VA1[| 2.0, (0))-
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Step 1. For ¢ sufficiently small as in lemma [4.1], we have that

[Ae = (M) B, (0)ll Lo (B;,400)) < C (HV)“:P”L(?,OO)(Bl(O)) + 50) = Co, (4.29)

where (Ag)p, (o) denotes the average of Ag over Bi(0). Also, for every § > 0, if g is sufficiently small
as in lemma 3] then there exists a conformal affine immersion L whose conformal factor we denote
by e, satisfying the following estimate

1® = Lilwz2(B, 40y < OIVOlL2(B, 50 (4.30)
e — V‘|Loo(Bl/4(0)). < 4. (4.31)

By combining (£.29)-(#31]), we deduce

Ao = vllLoe(By 45000 < [1Ae = (Aw) By (0) | (5,4 (0)) + [(A0) By (0) — V| (4.32)
< Ao = (Ae) By (0) oo (Bs,40)) + 1Ae = (Aa) By 0) |22 (B, »(0)) + [[Ae = V][ Loe(B, 14(0))
<Cy+9d

It follows that

Col(1—6—o(6))e” < e*® < Cy(1 46+ 0(5))e”  for @ € By 4(0), (4.33)
and in particular

We then consider a good-slice choice p € [1/8,1/4] so that ® and ® — L belong to W22(9B,(0), R™)
with

[@llw22(08,0) < Cll®lIw22(B, 40)\B15(0))>

12 — Lllwz2(05,(0) < ClI® — Lllw22(5, ,,00\B,5(0))>

hence we consider the solution to ([£25]) for such choice of p. Elliptic regularity theory (see for instance
[LM72, Remark 7.2, Chapter 2]) implies that

¥ = Lllwsr22s,0)) < Cll® = Lllw22(58,(0))
while Sobolev embedding W5/22 < 'L implies that, for every 0 < a < 1/2,

1% = Lllcr.eg;0y) < ClIY = Lllwsrze s, o))

Hence we have

V) = VL[| (B, 0)) < CllY = Lllwsr22(s, 0y (Sobolev embedding)
< C||® — Lllw22(98,(0)) (elliptic estimates)
<C||® - L‘|W2,2(Bl/4(0)\31/8(0)) (good-slice choice)
< Co[|V®| 12, ,,(0)) (by 30))
< Cpe”(d + 0(9)) (by (£33)) and (£34)).
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Hence for i = 1,2, we deduce the pointwise estimates in B,(0)

10:0* — e*| = ||0;] — e”| ||0] + €]
< |0ip — O;L|||033p] + €”|
< Coe® (8 + o(9)),

and similarly

(019, O29)| = [(O19), Darp) — (01 L, Do L)
= [((01¢ — O1L), 02¢)) + (01 L, (029 — O L))
< |029] + |01 L||(|01¢ — O\ L| + |D21p — D2 L)
< Coe® (5 4 0(9)).

This implies that, if g, = ((9;%, 0j9));; denotes the metric associated with 1), for every vector X =
(X1, X?) € R?, we have

™ (1= Co(6 + 0(6))) | X[* < gy (X, X) < e* (14 Co(5+0(6))) | X%, (4.35)
where | X| = /(X1)2 + (X?2)? is the Euclidean norm of X. As a consequence, we deduce that for
0 > 0 small enough, 1 defines an immersion, and in such case we have

e® (1 — Co(8 + 0(0))) < y/det gy < e (1+ Co(5 + 0(4))), (4.36)

and
e (1+ Co(8+0(0)) 2 [V2 < [V2yl2, < e ™ (1= Co(5+0(0))) 2 [V

consequently wee that, point-wise in B,(0),

2,12 1+ Co(d+0(5)  _opon 2
IVo4lg, /det gy < - 00(5—1-0(5)))26 V=]~ (4.37)

Step 2: estimate for the curvature energy. Since ¢ solves (L.250]), from elliptic regularity theory, we
have that for any affine function M (x) = My + (Y, x) there holds

IV*¥ll2(8,(0)) = IV?(® — M)l 128, (0))
< C (||® = Mlw2298,(0)) + V(@ — M)|lw1298,0)))
< C (|12 — Mllz2(0m, 0y + IV(® = M)l 1298,(0)) + V@l 2008, (0))) -

and hence if we suitably choose M so that

IV(® — M)|Ir2(08,(0)) < ClIV*®llIr2(08,(0))
|2 — Mlr208,0)) < CIV(® = M)|lr298,(0)

(if M(z) = My + (Y,z), it is sufficient to choose Y = (V®)ap,0) and My = (P — M)ap,(0)), We
actually deduce that

IV*¥ll12(5,(0)) < ClIV?®|Ir2(08,(0))»

and so, from the choice of p we made, we have

IV?*¥ll22(8,0)) < ClIV@lL2(0B,(0)) < CIIV®lL2(8, 4 (00\By 5 (0))-
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Note also that

V2|2 dx < / ree e V2012 dx (4.38)

/31/4(0)\31/8(0) B1/4(0)\B1/5(0)

< 6256211

/ e P2 V202 dx
By /4(0)\B15(0)

< e®(142(8 + 0(6))) / e P2 V20 % du,
B1/4(0)\By/5(0)

By joining estimates (£37)) — (438]), we deduce that

o

P

) IV?4)|g,, dvoly, < C(1+ Co(6+ o(5))) V@[> dvole.

/31/4(0)\31/8(0)

Step 3: estimate on the area. From (£31I)) and (@3@)@ we deduce that (recall that p € [1/8,1/4]),

we have
|\/det gy, — | < e®Cy(5 + 0(8)) < e***Cy(5 + 0(5)) in B,(0),
hence by integrating over B,(0) we deduce
| Area(y)) — Area(®|p,0))| = ‘ / (\/det Gy — 62/\‘1’) dz
Bp(0)
§/ ‘\/detgw—e”‘<I>
Bp(0)

< Coll VeI 2(, (o)) (0 + 0(0)).

dx

Step 4: estimate on the derivative of the area. For w € WH°(B,(0),R™) with compact support
in B,(0), we have

D Area(®)w :/ (V®, Vw) dz,
B,(0)
D Area(y)w :/

9y (V, Vw)dvoly, = / gibj (031, 0jw)+/det gy dex,
)

B, (0) B,(0
and from (4.35]) and (£36) we deduce that
§9(1 = Co(6 + 0(8))) < g, \/det gy < 67 (1 + Co( + 0(0))). (4.39)
We also observe that
VY = V| 28,0)) < C5HV‘I)HL2(BI/4(0))- (4.40)

Moreover

gibj (031, 0jw)+/det gy — 5 (0;®,0jw) = gibj (039, Ojw)\/det gy — gfpj (0;®, 05w)+/det gy
+ gibj <82‘1), ajw%/det 9y — 5” <82‘1), 8]w>

6 ([@E31) implies
(1—2(8 +0(9)))e”™ < e®* < (1+2(6 4+ 0(8)))e™ in By /4(0).
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By using (£.39) we get that

/Bp(m

1(0;®, 0jw)+/det gy, — 69 (0;® 8w>‘dx§00(5+0(5))/ VO, Vw)|dx (4.41)
By (0)

and

/ (031, 0jw)+/det gy — 8<I> Ojw)+/det gy ‘dx (4.42)
BP(O)

< CollVY = V| 12(5,(0) < Codl[Ve| 128, ,4(0))-

By combining estimates (4.41]) and ([4.42]) we get

|D Area(y)w — D Area(®)w| < Co(d + 0(9)) / |(0;®, O;w)|dz + Co||V — V(I)HH(BP(O))
B, (0)

< Co(sHV(I)”LQ (B1/4(0))

Step 5: the estimates for a general r. If 0 <1 < 1/4, we may reduce to the case r = 1/4: indeed,
if we consider the rescaling ®(z) = ®(4rx) for z € B1(0), by conformal invariance we have

V202 dvol¢:/ V202 dvolg,
/34r<o> " mo

and the area functional, the Dirichlet energy, solution to the problem (£.25)) and the L(2’°°~)—seminorm
of Vg are invariant by rescalings as well 1. We may apply the previous steps to ®, estimate
VAol o) By, 0)) With [[VAa| L0 (5, (o)) and then rescale back. O

Definition 4.6. An immersion ® : B (0) — R™ is said to have flat geometric boundary data on the
base diameter I if there holds

®(2',0) € spang{&1} and fAg(x',0) =3 A ... AEp_o for (z',0) €I

For a conformal immersion @ : Bfr(O) — R™ with flat geometric boundary data on I, its geometric
reflection along I, ® : B1(0) — R3 is defined as

B!, 2?) = O(z',2?) if ©* >0,
d(xt, -z — 1, dl(at, —2?)g  ifa? <.

Note that if @ as in definition is conformal and with L2-bounded second fundamental form,
there holds

31@(1-170) _ e>\(ml,0)&:’17 and 82‘13(.%'1,0) _ e)‘(xl’o)é’Q

"to see this last fact, note that, if dya, (t) = £2 ({x : |[VAe(z)| > t}}) denotes the distribution function of Ve, and
>0, Aeg () = Ao (ox) has distribution function dva, , (t) = 0 2dyrg (t/0). Consequently

VAol L2.00) = sUpty/dvig , (t) = supuy/dvag (u) = [[VAs| L. -
t>0 u>0
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Hence, provided that ||Ag]| Loo(B}(0)) < 100, the geometric nature of the reflection and conformality

imply that ® defines a conformal immersion of class (W1 N W22)(B;(0),R3), hence a Lipschitz
immersion with L?-bounded second fundamental form with

Vo(z',2%)* = [VO(a',2?) X a250) + V(2! —x2>\2x{xz<0},

V20(2!, 2%)]* = [V2®(a!, 27) Py a2soy + [V2B(a, —22) PX (a2<0)

AD(2!,2?) 2 = |AD(x!, 27)Px p2s0y + [AD (2", —2) X (p2 <0y
Xar ) = ralhat)y o el ety L

The following is a boundary analogue of lemma(4.4] where additionally we have flat geometric boundary
data on I in the sense of definition

Lemma 4.7. There exists an 9 with the following property. Let ® : Bf(O) — R™ be a conformal
immersion with L?-bounded second fundamental form and flat geometric boundary data on I such that
”)‘<I>”L°°(Bl+(0)) < 400. For every § > 0 there there exists an 9 > 0 such that, if

/B+ o V202 dvolg < &g,

for 0 < r < 1/4, then there exists a p € [r/2,7] and an immersion 1 € CH*(B,f(0),R™) which satisfies
Y=o ondB,(0)N B;(0),
Vi =V® on dB,(0) N B (0),
has flat geometric boundary data on pl and satisfies

/ N V2[5, dvoly, < C(1+ Co(6 + 0(6))) / . V202, dvolg (4.43)
B} (0) BF(O0)\B},(0)

+ Co(0 + 0(9)) Area(®| g+ (o)),
and
|Area(<1>|B;r(0)) — Area(y))| < Co(6 + 0(0)) Area(@|B;(0))), (4.44)
and
| D Area(CDIB;(O)) — D Area(y)|| < Co(6 + 0(9)) Area(@]Bj(O))), (4.45)
where C > 0 is independent of r and ®, Cy > 0 may depend on ||V>\<1>\|L(2,oo)(31+(0)) and o(0) — 0 as
d — 0.

Parts of the proof of this lemma are similar to the proof of lemma [£4] so we will focus on the
differences. The overall idea is first to reflect geometrically ® as in definition 4.6, then consider
the biharmonic competitor as in lemma [£4] and finally to smoothly “correct” it so that it has flat
geometric boundary data on pI. Such “correction” will be essentially constructed by means of the 1st
order Taylor polynomials of such biharmonic comparison at the points (p,0) and (—p, 0) respectively.

Proof of Lemma [4.7. As in the case of lemma[£.4], it sufficient to prove the thesis only for any § > 0
sufficiently small. We first treat the case r = 1/4 and argue through rescalings at the end. In what
follows, we denote by C' a positive constant which is independent of ®, and with Cy a positive constant
depending only on \|V)\q>||L(2,oo)(BIr(0)).
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Step 1. We consider the geometric reflection of &, d: B (0) — R™, according to definition
For gq sufficiently small as in lemma E.1] we have that

A5 — (Ag)B10) |z (B34 (0)) < C (HV)@HL(Q,DO)(Bl(O)) + eo> (4.46)
<C (HV)‘(I)HL(ZDO)(BT(O)) + 50) < Cy,

where (A3)p, (o) denotes the average of Ag over Bi(0). Also, for every § > 0, if g is sufficiently small
as in lemma 3] then there exists a conformal affine immersion L whose conformal factor e is so that
the estimates

12 = Lll22(s, o) < IVeILaat, o) == N2 = Lllwz2m, o) <OIVeIras,,0)  (447)

e =¥l ey, o) <9 = A —Vllros u0) <90 (4.48)
are satisfied. By combining (£.46]) -([A.48]), we deduce

1Ag = vl (B4 00) < 1A = (A3) B1(0) |22 (B34 (0)) T 1(AG) Br(0) — V]
<NAg = (A3) Bl (Bs,40)) + 1A = (Ag) By o) |22 (B, 5(0)) + MG — VIl Lo (B, 2(0))
< Coh+9,
consequently we point-wise estimate from above and below
Cot(1 =6 —o0(6))e” < e < Co(1+6+0(5))e” for x € Byy(0). (4.49)
We then consider a good-slice choice p € [1/8,1/4] so that ® and ® — L belong to W?22(0B,(0),R™)
(equivalently, so that ® and ® — L belong to W2(9B,(0) N By (0),R™)) with
1@ lw22(98,(0)) < CH‘/1;HW272(B1/4(0)\31/8(0))a (4.50)
1® — Lllw2208,0) < ClI® = Llw22(8, 400\5, s(0))» (4.51)
hence we consider the solution for such choice of p to
A% =0  in B,(0),
Yo=® on 0B,(0),
Vijo = V® on 8B,(0),

which satisfies, as in lemma [£.4] the estimates

1Yo = Lllws/22(m, 0y < Coe” (0 +0(9)), (4.52)
IV*¥ll12(5,(0)) < CHVQ(/I\)||L2(Bl/4(0)\Bl/8(0)) < C[V2®| 128, ,,(0)\B1 5 (0)): (4.53)

and consequently, by Sobolev embedding W5/22 < C'L¢ for every 0 < a < 1/2 we have,
IV*%0ll 1.0 (5,07 < Coe” (8 + 0(8)). (4.54)
The estimates (A52]) and (454 will be crucial for what follows. If Tim(_pm (z) and Tém(p’o) (x)

denote the Taylor polynomial of 1)y at the points (—p,0) (p, 0) respectively, we may write, for x € B,(0),
1 1 a4 p
Two,(fp,o) (z) = Tq),(fp,o) () == @(=p,0) + { VO(—p,0), 72 )

xt —
Ty 0/0) = T ) = 20,00+ (V00,0). (7 5 7) ),
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where the expressions on the right-hand sides have a well-defined meaning because of our good-slice
choice of p. Note moreover that Tin (—p0) () and Tin (n0) (x) are conformal, they define a parametriza-

tion of the plane span{éi, >} and are so that Tzio (—p0) (z1,0), T} (z1,0) € span{&}} (in particular

w()?(pvo)
they have flat geometric boundary data on pl according to definition £6]). For every x € B,(0), by

virtue of Taylor’s theorem there exists £ € ((—p,0),2) C B,(0) so that

(a) = Ty o) = { (Vu0(©) — Tun(p. 0, (7 57) ),

x

consequently we deduce that for every x € B,(0) there holds

2! + 1+a
i) = T @) < Foilenacry | (T2 7)| (455)
z! 4+ “
V60(e) = VT, ol < Vil i | (* 37| (4.56)
and similarly that
.%'1 . 1+«
0(@) = T, (o) (@)] < [Vl 07 ‘ ( 22 p) ’ (4.57)
b —p\ |
[Vipo(2) — VTém(p,o)‘ < [V¢0]C1,Q(Bp(0)) ‘( 72 ) (4.58)
Note also that for every x € B,(0) we may estimate
L 1 zl +p
T (—poy (@) — L(@)| = Tg (_,0)(®) = L(=p,0) = { VL(=p,0), 22
zl +
< 18(-.0) = L=p.0) + [V (-p.0) = V(=00 |(* 17}
VTg (—p0) = VLI = [V8(=p, 0) = VL(=p,0)],
and similarly
rt —
3o (&) ~ L) < [9(6,0) = L. 01 + [92(0.0) - V(.01 | (7 5 7) .
‘VT<11>,(;LO) - VL([), 0)‘ = ‘vq)(p70) - VL(p7O)’7
hence thanks to (£.47)-(Z51),
I3, (—p0) = Lllor s,y < Coe” (6 + 0(8)), (4.59)
T 0y — Lllen sy < Coe” (6 + o(8)). (4.60)

Consequently, with ([4.54]) we deduce

1 1
HT/JO - T@,(fp,o)“cl,a(m) < HT/JO - L”Cl,a(m) + ”Tq),(fp,O) - LHcl,a(m)
< Coe” (6 + 0(9)),

and similarly

140 — T<Il>,(p70)Hcl,a(m) < Coe”(6 + 0(6)).
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Step 2. We now let f: R — R be a non-negative smooth function so that

0 fort<—p/2,
() = /
1 fort>p/2,

and we set, for z € B,(0),

O@) = Th 0y (@) + 1) (T 0 (&) = T ) ()
Such function has range in the plane span{&}, &>} and is so that ¢(z!,0) € span{1}. Moreover, since

No(x) =Ty (0 (@) + (@) (Tg (0 () = Ta (_p0y(2))
+ f(@) (01T ) (@) = DT 0)(@))
=Pz 4 f(ah)(Ty 2.(00) (@) = T (_p0)(@))
+ flz )( Aa(p,0) _ gAe(=p, )) £,
_ (eAcp( P0) 4 f(xl)( e (p,0) _ eké(fp,o)))gl
+ f'(2")(Ty ®,(p0)(T) — T<11>,(7p,o) (x))
Dap(z) = (eAq>(—070) + f(ml)(ekcp(pﬂ) _ eM)(—p,O)))g%

we have that, if 6 > 0 is chosen small enough, it defines an immersion. Indeed, on the one hand from

(£59)-(4.60) we can estimate

1 1 1
1Ts.(—p0) = Ta.o0)llco@wmy) < 1Ta—p0) = Lllco@, @) + 15, — Lllcoz;09)
< Coe” (6 + o(5)),

on the other hand, from (£48)) and the mean value theorem we may estimate

[P0 — A2 PO) < [Ag(—p,0) — Aa(p, 0)] sup{e’ : € € Ao (£p, 0), Ao (Fpl}
§25sup{e €&ev—0o,v+9]}
< Cée”,

hence we have the estimates, uniformly in x € B,(0),

016(x)| > PO — e’ — Col| £ || oo ((—ppyye” (8 + 0(8))

>e
> e (e = C8 — Col|f|| oo ((—p,p)) (0 + 0(5))),

and similarly
|02¢()| = ¢ (e7° = C9),
and
(01(2), 2(x))] < e (||f | L (— ) Col(8 + 0(6))) (¢ + C).

These inequalities imply the immersive nature of ¢ if 6 > 0 is chosen small enough. Note also that

thanks to (£.59)-(4.60]) there holds

IV2p(@)] < " (@D Ts 0y (%) = T (—poy (@) + 2 @IV T 0) = VT (0]
< Cpe” (0 + 0(9)).
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Since we may write
Yo(2) = ¢(a) = (L= (&) (Tg (p0) (@) = vo(2)) + f(2")(Tg 0y (@) — 2o (2)),
we deduce thanks to (A55]) — (£56) — (4.57) — ([A58]) that
rl —
(2")

("47)
(") v s (7 10)
1+«

2l 2l o
Hral| (T ) e | (720
(V2o (x) — V2é(x)| < [V2o(z)| + Coe” (6 + 0(6)). (4.63)

1+«

+ fah)

1+«

) = ()] < Vel gy ( (1 - S0

), (4.61)

«

Vi) = V0(0)] < [Vulon g (17 (462)

Step 3. In this step we construct a function x : B,(0) — R, which we will use in a moment, with the
following properties: it is supported in B,(0) \ {(—p,0), (p,0)}, it is smooth away from (—p,0), (p,0)
and is so that

X = 1 in a neighbourhood of (—p, p) x {0} in B,(0) which shrinks at (£p,0),
a4\ 2 —p\ |
("0 was o, 1w~ |(727)
a' +p 2 al —p
.%'2 as r — (_p7 0)7 ’v X(.%')‘ ~ .%'2
Such function may be constructed as follows. Let kg : ST — R be a smooth function so that, for
an angle S to be specified below, it satisfies

IVx(z)| ~ as ¢ — (p,0), (4.64)

-2 -2

|V2x(2)] ~ as x — (p,0). (4.65)

ko(e):{l if —B<6<8,

0 iffe(—mn\I[-5,0]

We extend it by homogeneity to R?\ {0}, we choose 3 = arccos(2/v/5) and we rescale it of a factor
r = pv/5/4 so to match the construction indicated in figure

Xo(z) = rko <1> ., zeR2\ {0}

Such function will satisfy

%

sl ()l < =
N

We then let fy, fa, f3: R — R be a triple of smooth functions so that f; + fo + f3 =1 and

Vxo(x)] <

IN

)

2
[V2x0(z)| < +

) = f3(t) =

0 ift>—p/2, 0 ift>3p/4,

1 ift < —3p/4, 1 if —p/2<t<p/2
fo(t) = .
1 ift>p,

{0 if t < 3p/4,
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Figure 3: definition of o and 7 in the construction of x

and let 1 : R?> = R be a smooth function so that
{1 if 22 € [=p/4,p/4),
0 if 22 € R?\ [-p/2,p/2].
The required function y is then given by
X(@) = fi(@)xo(@ + (p,0)) + falz')n(z) + fs(a!)xo(z = (p,0)), € B,(0).

Step 4. We claim that the function ) in the statement of the lemma is the given by (the restriction
to B (0) of) the interpolation between 1 and 1 through y, namely

U(x) = x(@)o(x) + (1 — x(2))to(z), € By(0).

Indeed, by construction we have that ¢ has flat boundary data on pl according to definition and
that

Y=o, Vip=Vd on dB,(0).

As the proof of lemma [£4] shows, to prove all the estimates in the statement, we have to verify that

VY = VL oo (,(0)) < Coe” (8 + 0(9)), (4.66)

V29[l 228, 0)) < ClIV@| L2(8, 4 00\Bys(0)) + Co(8 + 0() V| 128, (0))- (4.67)

We may write

(@) — L(x) = P(x) — vo(x) + Yo(x) — L(z) = x(2)(¢(x) — vo(x)) + Yo(x) — L(2).
To see that (A66]) holds, note first of all that from the definition of x we have

Vx(@) = filz")xo(@ + (p,0))é1 + fi(z")Vxo(z + (p, 0))

+ fa(zh)n()Er + fala)Vn(x)
+ f5@ ) x0(x — (p,0))E1 + f3(21)Vxo(z — (p,0)),
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while from the definition of the functions f, fi and f3 we have for every a! € [—p, p] that

fil@h) f(z1) =0, fil@) f(z1) =0, fi@) (A = f(21) = fileh), filzH(A = fa1) = £
fs(@)f (@) = f3(ah), fa(@h)f(er) = fi(2), f3(a))(1 - far) =0, fa@)(1 = f(z1)) =0,
consequently from (Z.61]) we deduce the estimate
1 Ita 2l
Fx(@)0(e) ~ o)) < OVl (01| (727)] + A | (75
1‘1 I+a 14
S |(72 7)) aeh](
1‘1 14+« 14+a
s (72 0)] a7
xl o 14+a xl o a
s 2 7))+ a@|(F20)]):

which then implies

IVX(8 = Yo)ll Lo (B,(0) < CIV¥0]coamwm):
From estimate (4.62]) we immediately deduce that
Ix(Voé — Vlbo)HLoo(B o) = [V%]ma(g o)’
consequently using (£54]) we can estimate

VY = VL[ LB, 0)) = [IVX(¢ = Y0) Lo (B,(0)) + IX(Vd = Vo)l oo (B,(0)) + Y0 = Ll Lo (B,(0)

< C[VT;Z)O]CO «(B (0)) + Coe (6 + 0(5))
< Coe” (0 + 0(9)),

which proves (£.66]). To establish (£.67]), the argument is similar: from the properties of x one deduces

the estimates
1’1 + P .%'1 —p —1+4+a
xZ 272 )
,Il + p xl —p —14+a
.%'2 $2 )

and, since a > 0, the right-hand sides of these last two inequalities are in L?(B,(0)). Consequently
also thanks to ([454]) and (£.63]) we estimate

—14o
+ f3(zh)

—14a

+ f3(2h)

72 (0(2) ~ o) < CT by (1)

V() (T6(0) ~ Tiu(o)] < Cl¥inl oy (i)

IV*¥ll12(8,0)) < IV2x(6 = Yo)llr2s,0)) + 21V X (Vo = VYo)l r2s,0) + 1X(VZ6 — V2%0)l r2(B,(0))

< [IV*%ollz2(5,(0)) + ClVihol po.a gy T Coe” (6 + 0(0))

< [IV2%ollz2(5,(0)) + Coe” (8 + 0(5)),

which then implies, thanks to (£53)), the estimate (LG7). The rest of the proof now follows the same
lines as in the proof of lemma [£.4] O
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4.3 Morrey-Type Estimates and Conclusion

For a conformal map ® : B;(0) — R™ which is a minimiser for the total curvature energy in the class
Fpi0) (L', 70, A) as that in theorem [LLZ there are two possibilities.
The first one is that ® is a minimal surface, that is

D Area(®)w =0 for all w € C°(B1(0),R™),
and this implies that ® satisfies
A® =0 in D'(By(0)) fori=1,...m.

The regularity up to the boundary for the first case is classic, and is essentially the one for the Plateau
problem, for which we refer to [DHT10l, [DHS10].
We now study the second possibility.

Lemma 4.8 (Interior Morrey-type Estimates). Let ® : B1(0) — R™ be a conformal Lipschitz immer-
sion with L?-bounded second fundamental form which is an interior minimiser for the total curvature
energy in Fp, (o) at a fived area value, that is

E(®) < E(D)

for every map ¥ € Fp () coinciding with ® outside some compact subset of B1(0) and so that
Area(¥) = Area(®). Assume that ® is not a minimal surface and set

¢ = ||D Area(®)|| > 0. (4.68)

Then, there exists some rg > 0 such that
sup {r_v/ (‘qu)’ch + 1)dvole : p € By/2(0), 0 <r < 7“0} < Cy,
Br(p)

for constants v > 0 and Cy > 0 depending only on ¢ and ||VAa|| 200 (5, (0))-

Proof of lemma [4.8. In what follows, we denote by C' a positive constant (possibly varying line to
line) which is independent of ®, and with Cy a positive constant which depend on [[VAs | 1200 (5, (o))
and (.

Step 1: constructing a suitable competitor. Since ® is not a minimal surface, we may choose some
non-zero w € C°(B1(0),R™) such that DArea(®)w > (/2. We let §,e9 > 0 to be as in lemma [£.4]
and whose size is specified in what follows. Let rg > 0 be sufficiently small so that

sup { / |V2<1>|§© dvoly : p € BI/Q(O)} < €o.
B4r0(p)

We now fix arbitrary p € B; /2(0) and 0 < r < ro and (similarly as done as in the proof of lemma
[L4) for g¢ sufficently small as in lemma [} we have that

Ao — (A2) By, () | L0 (B, () < Cos (4.69)

where (Ae)p,, (p) denotes the average of A\g over By, (p). If ¢ is sufficiently small as in lemma [.3]
then there exists a conformal affine immersion L whose conformal factor we denote by €”, such that
the estimates

19 = Lllw22(B,) < IVlL2Bs, ) (4.70)
A6 — V| Lo (B, (p)) < 6 (4.71)
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are satisfied.
By combining ([A69)-(£T7T]), we deduce

[Ae — Vil Lo (Bs, () < 1Ae — (A@) By, (o) |l L0 (B3, () T [(A@) By () — VI
<[ Ao = (Ae) By (o) |2 (B3 () T 1A — (X&) By () | 0 (B, () T (1A — V]l Loo (B, ()
S CO + 6’

consequently we pointwise estimate from above and below
Cyt(1 =6 —o(9))e” < e @ < Cy(14 5+ 0(8))e”  for = € By (p). (4.72)
Hence we consider

v — {¢ in BP(P),
® in B1(0) \ B,y(p)-

where p € [r/2,r] and ¢ are given as in lemma (1.4
Thanks to (£.28]), we have that, if ¢ is chosen sufficiently small, there holds

|D Area(¥)w — D Area(®)w| = |D Area(y))w — D Area((®[g,(,))w| < %,

and consequently,
¢
D Area(V)w > 1 0.
We consider the function given by

a(t) = Area(¥ + tw), teR.

Let € > 0 be sufficiently small so that, for every t € [—¢,e], ¥ + tw defines a Lipschitz immersion
(with L2-bounded second fundamental form). Then a is continuously differentiable in [—e¢, ] with

a'(t) = D Area(¥ + tw)w = —2/ (Hyyp, w), dvolypy, fort € [—e,é],
B1(0)

and in particular

a'(0) > % > 0.

By the inverse function theorem, we deduce that, after possibly shrinking €, a defines a C'-diffeomorphism
of [—¢,¢] onto [Area(V) — ¢, Area(¥) + ¢] and

Co v
DO [y

<d(t)<2 forte[—¢¢]. (4.73)
Thanks to (£28]), we have that, if § is chosen sufficiently small, there holds

| Area(W) — Area(®)] = | Area(t)) — Area((®],)| < 3,
so we may find a unique ¢ € [—¢, €] so that

Area(¥ + tw) = Area(®).
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We then set
U =V(z)+tw(z) for zin Bi(0).

Then W is a Lipschitz immersion with L?-bounded second fundamental form, and by construction
there holds Area(¥) = Area(®).

Step 2: comparison of ® with ¥. By the minimality of ® we then have

’ﬁ¢‘2 dvole < / ]]T—P_ dvolg, (4.74)
/Bl 0) 9 B1(0) Vlgy v

Following a computation analogous to ([MR13, Lemma A.5]), the term on the right-hand-side can be
expanded to

/ [g]2 dvoly = E(¥ +fuw) = B(W) + EDE(W)w + RY(R),
B1(0)

where RY(f) is a remainder term satisfying
[Ru(D)] < Coul’,

and, since ® is a minimiser for the total curvature energy with prescribed area, we may write (we
use the divergence form of the Willmore equation, valid for weak immersions, introduced in [Riv08]),
there holds for some ¢ € R,

DE(W)w — iDW(\I/)w
1 - ~ ﬁ
= / (VHy — 375, (VHy) + %(V+itg A Hy), V) do
4 /B (0)
1 = - .
-z / (VHg — 3m;,(VHg) + *(V+iip A He), Vw) da
4 JBi0)\B, ()

1 = - .
— / (VHy — 35, (VHy) + *(V*Eily A Hy), Vw) da
4JB,m)
= c/ (V®, Vw) dx
B1(0)\B(p)
1

Z/ <Vﬁw —37Tﬁw(Vﬁ¢) +*(Viﬁ¢/\ﬁ¢),Vw> dzx,
By (p)

so that we can simply estimate: |[DE(V)w| < Cy .
By the mean value theorem and the estimates ([@27]) and ([£72]) it holds

7l = o™ (a(®)) — a~}(a(0))]
< sup|(a™)'(€)l|a(®) — a(0)|

ged
< §| Area(VU + tw) — Area(V)]
< C| Area(®) — Area(¥)|
< O3 + o(6)) Area(@]5, )
< Co(8 + 0(6))e™,
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It follows that
/ g2 dvolg < / Ty |2, dvoly + Coe® (8 + o(d)).
B1(0) v B1(0)

Thanks to (£26]), the above estimate and (£74]) then imply

/,

Step 3: monotonicity of Area. Thanks to (L72), for every 0 < s < r we can estimate

Area(®|p, () = / Vo2 dx = 2/ P dz < Cpe?s? < Cpe® 5 / V2 dz.  (4.76)
B Bs(p) " JB:(p)

Step 4: obtaining the Morrey decrease. For any 0 < n < 1/2, thanks to (IL.II]) and lemma [T],
there exists C' > 0 independent of p and r so that

|2, dvols < Co / IV2®|2 dvolg + Coe® (8 + o(6)). (4.75)

p(p) Br(p)\Br/2(p)

82

s\p

2
/ (\V%I)]gq) dvolg + 1) dvolg < (% + CesO) / \VN)\Z@ dvolg
By (p) By (p)
+ / ‘ﬁ@’ﬁcl) dvole + Area(®|p,, (),
By (p

and so by estimate (£.75) we deduce that there holds

2
n 2512
(V22 + 1)dvolg < (— +Cao>/ V202 dvolg
/Bm(m ” 2 B "

+ Cy / V2|2 dvolg
Banr(p)\Bnr(p)
+ Co ((6 + 0(6)) + n*r?) e*.

By using (472) and (£76) and adding Cy me(p) |v2<1>|34) dvolg to both hand-sides and dividing by
1+ Cy yields

2
(|V2®2 + 1)dvolg < < V@[> dvolg
/Bnr(p) o Co+1 Br(p) ”

Co(0 + 0(8) +1*)
i < Co+1

) Area(@]Br(p)).

If n and 6 are chosen sufficiently small so that

2 2
n?/2+ Ceg+ Cy Co(d + o(8) + n?)
= 1
B max{ Cot 1 , Cot1 <1,
we deduce that
/ (IV2@[2, + 1) dvoly < 8 (IV2@[2, + 1) dvolg
nr (D) By (p)

for any p € By/(0) and any 0 < r < rg where 0 < < 1 does not depend on r or p. This inequality
can be now iterated and interpolated to yield

1
V20 4 1) dvoly < rom1n(/8) L / V202 + 1) dvolg
/B T(m(' g2 + 1) R Bm(p)(| s 1)

for any r < nrg, where 8 and n depend only on ¢ and HV)“I)HL(?"’O)(BI(O))' After relabelling 7o, and
setting v := logy /,,(1/8) we can concludes of the proof of the lemma. O
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For boundary points, we have the following. Recall that we write 0B, (0) = I + S, where I is
the base diameter and S is the upper semi-circle, and when we say that a Lipschitz immersion “has
geometric boundary data of class C11” if its boundary curve and boundary Gauss map are Ch! up
to re-parametrization and not in a point-wise sense, see definition [[.5l-(ii).

Lemma 4.9 (Boundary Morrey-type Estimates). Let ® : B1(0)* — R™ be a conformal Lipschitz
immersion with L?-bounded second fundamental form so that

E(®) < E(Y)

for every map ¥ € ‘FBT(O) that coincides with ® outside some subset K of Bi (0) with dist(K,S) > 0
and having the same geometric boundary data of ¥ in I, that is

V() =®() and fg()=1s(I),

and the same area, that is Area(®) = Area(®). Assume that the boundary geometric data of ® on I
are of class CY' and that ® is not a minimal surface. Let ¢ > 0 be as in [@EBS). Then, there exist
some 0 <T <ry<1 so that

sup {T’Y/ |V2q>|§q) dvole :p €rgl, 0 <r < F} < 400,
B (p)

for some constant v > 0.
Remark 4.10. Two elementary facts that will be used in the proof of lemma[{.9 are the following:

(i) If € = (€1, ) denotes the coordinate frame of the map ®, then we have
&a) = (6%t Afo)(o(2h)), ! (a,0) €T,

where t denotes the tangent vector of the boundary curve and og is some homeomorphism with
o' (zh) = e @h0) particular, since the boundary data are assumed of class C11, we see that
fori=1,2 we can estimate, for every 1 < p < oo,

10-€ o) < Colle®* o),

where Cy depends only on the geometric boundary data. Furthermore, for every 1 < p < oo, if we
—1

set ®.(z) = ®(rz), * € B (0) one can compute that He>“1’r('70)||Lp(1) = rpTHeA‘I’("O)HLP(r]) and

thus deduce that the LP-norm of e*(:0) s decreasing with respect to rescaling in the domain, for

0<r<l.

(i) For a generic immersion of an open domain Q@ C R™, X : Q — R™ and a diffeomorphism f :
R™ — R™, denoting for brevity denoting ¥ = O(||V f—Lmxml| oo mm)) andn = O(||V2f||Loo(Rm)),
we can deduce the point-wise estimates

(1-9)gx < grox < (1 +9)gx,
(1 —9)dvolx < dvolgox < (14 9)dvolx,
V2 (fo X2, < (L+9)(n+9|VEX|2,) < Co(1+|V2X[2,),

9foX

where Cy is a constant depending only on f.

44



Proof of Lemma In what follows, we denote by C' a positive constant (possibly varying line to
line) which is independent of ®, and with Cy a positive constant dependeding only on [[VAe || 2.0 (5, (0))»
and on the geometric boundary data at I of .

Step 1: preliminaries and reductions. We fix p > 1 and a suitably small ¢y that will be specified
below. Since the boundary data of ® along I are of class C™!, we may find some 0 < ry < 1 and
a Cb!l-homeomorphism f : R™ — R™ (that is, f and its inverse belong to C%!(R™ R™)), so that
(fod)] B (0) has flat boundary data along rgl as in the sense of definition Up to further reducing

r9, we also assume that

/+ (\VQCDE(I) + 1) dvolg + ||’ e (ro1) < €0- (4.77)

+(0)

Note that, since the Lagrangian ® — [(14|V2®? \3 ) dvolg is invariant with respect to re-parametrizations
and the conformal factor is decreasing with respect to rescalings (see remark E.I0(i)), (£77) implies
in particular that, having set for brevity ®,,(z) = ®(rozx), there holds

25 |2 Ao, . 1 <i
sup{/B+ (x)(|v ‘I)ro|g¢m + 1) d’UOlq)TO + He 0 HLP(:BJrrI) € 2[, 0<r< 16} < &p.

We will work from now on, omitting the subscript, with ®,,(z) = ®(roz) in place of ®. Also, since ®
is not a minimal surface, there exists some w € C°(B; (0), R™) so that

D Area(®)w > (/2 > 0. (4.78)

Finally, thanks to lemma there exist some bi-Lipschitz homeomorphism ¢ : By (0) — B; (0) so
that f o ® o ¢ is conformal moreover up to further composing with a conformal self-map of B} (0) we
may suppose that ¢(+1) = +1 and ¢(0) = 0, hence that the geometric boundary data on I are sent
(globally) onto themselves: f(®(I)) = f(P(¢(1))).

Step 2. For simplicity of notation we will prove the Morrey-type decay at x = 0; the one for other
points in (1/2)I is analogous. Since ¢ is bi-Lipschitz, we may find a sufficiently big N € N and a
sufficiently big M = M(N) so that, for every 0 < r < 1, we have

B, (0) € ¢(B,/5n(0)) € B(0). (4.79)

Let 0 < r < 1/16 be fixed. For a sufficiently small gy, thanks to lemma [L7] we may find a p €
[r/2N+1 r/2N] and an immersion ¢ € CH*(B; (0),R™) which satisfies

p=Ffodog on 0B,(0) N By (0),
Vi =V(fodog¢) ondB,(0)N B (0),

has flat boundary data on pI and satisfies the estimates (£43]), (£44) and ([&45]) with r/2" in place
of r and f o ® o ¢ in place of ®, and in particular

/7L ’V%ﬂ’gw dUOld, S CO / N ’V2(f odo ¢)]2dvolfoq>o¢ + Co / . dvolfoq>o¢
BT/2N+1 (0) BT/QN (0)\Br/2N+1(0) BT/QN (0)

(4.80)

Hence we set

- {fl oyo¢™! in ¢(B;(0)),

@ in BY (0) \ $(B; (0))
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From (4.44)) and (4.45)) we deduce
| Area(‘I>|¢(Bp+(0))) — Area(f~o ool < Cy(6 + 0(0)) Area(‘1>|¢(Bp+(0))),
|| D Area(‘I>|¢(Bp+(0))) — D Area(f oy oo )| < Co(6 + 0(6)) Area(®|y 5+ ()

r/2N

where Cp > 0 depends on HV)@HLQOO(BT(O)) and on f. Thanks to (418, we have that, if 6 (and
accordingly ) is chosen sufficiently small, there holds

¢

-1 -1
|D Area(@|¢(3p+(0)))w — D Area(f oo Huw| < "

and consequently, D Area(V)w > (/4. We then consider the function given by
a(t) = Area(¥ + tw), teR.
Let € > 0 be sufficiently small so that, for every t € [—¢,e], ¥ + tw defines a Lipschitz immersion

(with L?-bounded second fundamental form). Then a is continuously differentiable in [—e¢, ] with

a'(t) = D Area(¥ + tw)w = —2/+ (Hy s, w), dvolypy, fort € [—e,é],
By (0)

and in particular a/(0) > (/4 > 0. By the inverse function theorem, we deduce that, after possibly
shrinking ¢, a defines a C'!-diffeomorphism of [—¢, €] onto [Area(V¥) — ¢, Area(¥) + ¢] and

By choosing ¢ sufficiently small we may suppose that

for t € [—¢,¢]. (4.81)
_ —1 —1 €
| Area(®) — Area(V)| = | Area(‘I>|¢(Bp+(p))) —Area(f oo )| < 5
so we may find a unique ¢ € [—¢, ] so that Area(V + tw) = Area(®). We then set
U = U(x) +tw(z) for x in B (0).

Then ¥ is a Lipschitz immersion with L?-bounded second fundamental form, and by construction
there holds Area(V) = Area(®). Similarly as done in the proof of lemma 48] following a computation
analogous to ([MR13, Lemma A.5]), the total curvature energy of ¥ can be expanded with respect to
t as

L, . _ -
/B o g2 dvoly = E(V + Tw) = E(V) + IDE(W)w + RY (D),

with |[DE(¥)w| < Cg,, and Ry (%) satisfies |Ry (2)| < C\p’wEQ. By the mean value theorem, we have
the estimate

< Co(0 + 0(9)) Area(®@|, g (g));
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where C( depends on HV)@HLQOO(BT(O)), on f and on ¢ and this yields the estimate

I-|? dvolg/ ]Tq,Q dvoly + Cy(0 + 0(0)) Area(P .
/ el avolg < [, (8 + 0(0)) Area(®| 5t )

We write

/ V202, dvolg = / T2, dvole + 4/ IVe|? dz.
#(B, oN+1(0)) ¢(B, ;o8 +1(0)) p(BF (0))

r/2N+1

We have, on the one hand, thanks to lemma and the choice of N, the estimate

L

|V |?dr < / Ve |* dx (4.82)
tan1(0)

Bf,(0)

1
< = / IV2®[2 dvole + C’oa()(/ V2|2 dvole + Colle?® HLP(H)>,
8 /B (0) B} (0)

where Cy depends only on ¢ and 7ip; on the other hand, the comparison of ® with ¥ yields (we use
the pointwise a.e. estimates in remark [£.10(ii))

’ﬁ@ ‘2 dUOlcp
/¢<B:/2N+1 o "

< I, 2 _
T JeBY () Wy =to06lg, -1, WWOLF o0
r/2N+

_ T 2
= /B+ (0) |I[f_1ow|gfflo1r/, delf_low

T/2N+l

< /B T e vl
r/2N+1

<Gy /B+ (1+ [V22,) dvol, (by (EED))

7‘/2N+1 (O)

<y / dvoly,
B

;2N+1 (0)

+ Co IV2(foWo ¢)]§fo\po¢ dvoly, + Co / . dvol fowog

B v O\BY oy (0)

< Co/ dvole + Co/ |V2<1>|£2M) dvolg,
¢(Bj/2N (0)) ¢(BT+/2N (0)\Bj/2N+1 (0))

Br/QN (0)

and so all in all,

\%@@%g%/

dvolg + Co / V2|2 dvolp (4.83)
(B, (0)

/¢(B:/ i1 (0) ¢(B,T/2N (0)\B,T/2N+1 ()

By combining (4.82]) and (£.83]) we deduce that

o

| VQ(I)E(I) dvolq> < C(] /
r/2N+1

#(BF n(0)

r/2N

dvolg + C / V@2 dvole
OB N (OB x 41 (0)

1
+ = / ‘VQ(I)’?]@ dvole + Cheg (/ ’VQ(I)’?H) dvole + Co”e)@ HLp(TI)>
2 JBf 0 B (0)
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and so adding Cy f¢(B+

r/2N+1(0))‘
1/2
/ . |V2<1>|§© dvole < < / +CO£0+CO> /+ |V2<I>|§q) dvolg
(B n41(0) BT (0)
r/2

V292 dvolg to both hand-sides

C0—|—1

+Co/ dvolg +COHG)@HLP(7"I)'
B (0)

Choosing ¢ sufficiently small so that Coeg < 1/4, with (£79) and the above inequality we deduce
that, for every 0 < r < 1/4 there holds

2512 2512 A
/B+ o [VE@[g, dvole < 3 5 0) V=[5, dvole + Colle™ || oo (5 (0T
r 2 M1 T

where 0 < # < 1 depends only on Cjy. As in the proof of lemma A8 this equality can now be iterated
and interpolated to yield the existence of some « > 0 so that

sup {r“’/ |V2<I>|§q) dvolcp} < 400,
r<r<r B (0)

for some suitably small 7 < 1/16. After going back to the original scale, this yields to the conclusion
of the proof of the lemma. O

The last ingredient we are going to use concerns the vanishing of first residues for minimisers. If ® is
any conformal map in Fp, (o) (', 7y, A), which is Willmore outside its branch points aq,...,ay € B1(0)
then it satisfies the Willmore equation in divergence form, plus a Lagrange multiplier term for the
area constraint, in the sense of distributions, away from such points (for a derivation, see [Riv08§]).
Being however Hg = e 2 *A®/2 in L2(B;(0),R™), at each a; the distributional equation can gain,
at most, a contribution consisting in a Dirac mass. In other words:

N
div (vErq> — 375, (VHs) + (Vg A He) + cVCD) = diba,, inD'(Bi(0),R™),
=1

for some d1,...dny € R™ and ¢ € R. Each @; is called first residue of ® at a;, and needs not to vanish,
in general. For minimisers however a simple implicit function theorem argument reveals that this is
true.

Lemma 4.11 (Vanishing of the first residue for area-constrained minimisers). Let ® € Fp, (o)(I', 7o, 4)
be a conformal immersion, possibly branched at 0, which minimises the total curvature energy in this
class. Then ® satisfies the Willmore equation

div (VHg — 37, (VHg) +(VEiip A He) +cV®) =0 in D'(B;1(0),R™),
which is to say, the first residue at 0 vanishes.

Proof. We may assume that ® is not a minimal surface (otherwise there is nothing to prove), and in
particular that there exists some v > 0 and some ' € C2°(B;(0),R™) so that

D Area(®)v > ~v/2 >0, and 0 ¢ suppd.

8 Note that the vanishing of the first residues means & satisfies W (®-+tp) = W (®)+o(t) for every p € C°(B1(0),R™),
that is, ® is a“true”, possibly branched, Willmore immersion, (using a terminology from [Riv, [RM]).
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We denote by @ the first residue of ® at 0. Let also @ € C2°(B1(0),R™) and £ > 0 be so that

Y i B.(0
W(x) = « ?n =(0); and suppw Nsupp@ = 0.
0 in B1(0)\ Bs:(0),

We then define:
Dy () = O(z) + tw(z) + wi(z) =z € B1(0),

where t € [—tg,to] and u € [—uy, ug] are parameters whose range will be specified below. We note first
of all that

flg,, = Mo in B:(0),
V&, =V® in B.(0),
Iy, , =05 in B-(0),
ﬁq;m =He in B.(0),

consequently, @, and in particular, if {9, uo are sufficiently small ®;,, defines an element of Fp, (q),
possibly branched only at 0. Let us now consider the function

a(t,u) = Area(®;n)  (t,u) € [—to, to] X [—uo, ug]-
Then a is of class C! (it has continuous first derivatives) and

Oa
— =DA D)y
5y, (02 0) rea(®)v # 0,

so by the Implicit Function Theorem, possibly reducing ty there will be some C'-diffemorphism ¢ :
[—to,to] — R with ¢(0) = 0 so that

a(t,p(t)) = a(0,0) = Area(®) t € [—to,tol.
As usual, differentiating in 0 this equation yields
0 = 9a(0,0) + 9,a(0,0)¢'(0) = D Area(®)w + (D Area(®)v)¢(0).

For every such value of ¢, the immersion ®; ;) has the same area as ® and is then a suitable competitor
for ®:

E(®) < E(Py )

Now, we see that we may write

E((I)tvw(t)) - /131(0) ’ﬁq)t’w(t) ’2 dUOZ‘I’t,cp(t)
— / o ‘ﬁq;.’Q dvole (since ]_I)q%’u = ﬁ@)
i /B (0)\B=(0) g, o |* dvola, , (since supp ¥ N Ba-(0) = 0)
2e 5
+ / ) ‘ﬁ¢0,¢(t) ]2 dvol%’w(t) (since supp ¥ N suppw = )
supp v

+/ T |? dvols.
B1(0)\(Ba2¢ (0)Usupp v)
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Let us analyse the terms on the right-hand-side in detail. If we expand the second term in ¢, we get
ast — 0,

. B 9 .
/ Lo, ,|* dvols, , = / e |? dvolg + <8_/ Lo, ,|* dvols,
B2:(0)\ B (0) B¢ (0)\Be(0) t J By (0)\B-(0)

but

B .
8_/ m@,o’QdUOl@t,o
t ./ By (0)\Be (0) t=0

= / (VHy — 317, (VHa) + +(Viiie A He) + cV®, Vi) dz — ¢ / (V®, Vi) da
Ba:(0)\B: (0) Bac(0)\Be (0)

>t+0(t),

t=0

d,Ho — 31, (0,Ha) + *(0)-fip A Ho) + ¢0,®,0) dz — ¢ Vo, Vi) dx
P

/6(825(0)\36 (0)) Bae (0)\B: (0)

__ / (O Fip — 315, (9 Fia) + *(D 7ip A H) + 0y, &) da — ¢ / VD, ViF) da
8B:(0) B¢ (0)\B: (0)
—|@|? = ¢D Area(®)w,

so that we deduce that as t — 0,

/ \I_I‘@’O\Q dvolg, , = / T |? dvoly — <]62\2 +cD Area(@)u‘i) t+ o(t).
BQs (0)\35 (0) BQE(O)\BE (0)

If we expand the third term (using the mean value theorem: ¢(t) = (&)t for some £ € (0,t)) we get
ast— 0

. . o .
/ Mg ) ? dvolg, ., = / Ie|* dvole + (8_ / L, |* dvole,,, ><P(t) + o(p(t))
supp ¥ supp ¥ U Jsupp & u=¢(0)=0
. o .
= / e |* dvolg + <8_ / L, 12 dvolg,, ,, >¢I(§)t + o(t),
supp ¥ U Jsupp & u=¢(0)=0

but

0 -
2
% . |]I‘I)0,u | d/UOl(I)O,u
supp v

_ / (VHy — 317, (VHo) + +(Viig A He), V) do
u=0 supp v

= —c/ (VO,V7)de
supp v

= —cD Area(®)v,

so we deduce that at t — 0

Ty, ,|?dvols, , = g |? dvole — ¢ D Area(®)7 ¢ (&)t + oft).
. () () .
supp v supp v

All in all, we have that, as t — 0,
E(®y ) = < c(D Area(®)w + ¢’ (€) D Area(@)ﬁ)) + o(t)

From the minimality of ® : E(®) < E(®;,)), we then deduce:

0< t< — |@|? — ¢(D Area(®)w + ¢’ () D Area(@)f}’)) + o(t)
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so, dividing by ¢ and letting ¢ — 0T (hence also & — 0),
0 < —|@* = ¢(D Area(®)w + ¢/ (0) D Area(®)7) = —|d|?,

/

=0
and this necessarily implies @ = 0. U

Proof of Theorem (conclusion) and of Theorem [I.3l Let ® be a conformal map which is
a minimiser for the total curvature energy in Fp, (o) (T, 7ip, A), and let aq,...,an be its branch points
(recall that none of them lays on the boundary). For every sufficiently small § > 0, the conformal
factor of @, e*® = |V®|?/4/2 is then uniformly bounded from above and below in By (0) \ UN, Bs(a;),
and consequently, covering B (0)\UY_, Bs(a;) with finitely many balls, thanks to lemma[@.8 and lemma
49, we deduce that its Hessian V2@ belongs to the Morrey space L>%(B;(0) \ UY, Bs(a;)) for some
a > 0 (see e.g. [Gia83l IGMI12]), and consequently, by Morrey’s Dirichlet growth theorem ([Mor66],
see also [GMI2, Theorem 5.7]) that ® € C1%/2(By(0) \ UY., Bs(a;)).

Thanks to Lemma [LTT], ¢ satisfies the Euler-Lagrange equation for the Poisson problem (i.e.
the Willmore equation in divergence form plus a Lagrange multiplier term for the area constraint),
through the branch points, i.e. each of the first residues vanishes. From the analysis of singularities for
Willmore surfaces [Riv08|, BR13, [KS04], [KS07], this implies that ® is of class O for every 0 < a < 1
through the branch points.

We have thus proved that @ is of class C'®-up to the boundary, for some 0 < o < 1 (and
accordingly the Gauss map 7ig extends to a map of class C%“-up to the boundary) and this concludes
the proof of the theorems. O

A Appendix

A.1 Existence of Immersed Disks with Given Boundary Data
In this section we prove, along with some other facts and comments, the following result.

Lemma A.1. Let ' C R™ be a simple, closed curve of class C** for k € N>; and a € (0,1] whose
unit tangent vector we denote by t and let 7ig be a unit-normal (m — 2)-vector field along T' of class
Cke. There exists a possibly branched immersed disk ® : By(0) — R™ of class C* and boundary T
and whose Gauss map along I is fig. In particular, a branch-point-free immersion ® can be produced
when either m > 3 or when m = 3 and the map

x— (t x flg, t,70)(z), =z €8,
defines a non-nullhomotopic loop in SO(3).

Note that, when £k = o = 1, or when k£ > 2, then ® in the above lemma satisfies the assumptions
of lemma and can thus be conformally re-parametrised.

We treat the case m = 3; when m > 3 see the final remark [A.4l For the elementary concepts of
algebraic topology here mentioned we refer the reader to [Hat02, [DFN85, [DFN92].

Any (non-branched) immersion ® : B1(0)2 — R? naturally defines a map into the space invertible
of matrices with positive determinant, £ = Eg : B1(0)2 — GL™(3,R), by

E(.%') = (81@(%),82@(.%’),77@(1‘)), S 31(0)2,
where ng denotes the Gauss map of ®. The classical Gram-Schmidt algorithm gives the existence of
a deformation retraction of GL*(3,R) to the 3-dimensional special orthogonal group SO(3), and in
particular the map E is homotopic in GL*(3,R) to the coordinate frame map

e(r) = ea(x) = (e1(z), e2(x), e3(x)), € B1(0)?,
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where

(o) 12()
|01 ® ()"

o 82(1)($) . 82‘1)($) er (i er (x

)= g~ \psae )1

We can similarly define the polar frame map defined by means of polar coordinates z = re? in

B1(0)2\ {0} as p(z) = (p1(x), p2(x), p3(x)), where

cos —sinf 0O
sinff cosf® O
0 0 1

p(rew) = (e1, e, eg)(rew)

We recall that the fundamental group of SO(3) consists precisely of two components:

M(SO(3)) = Z/2Z.
the non-trivial class being represented for instance by the family realising a complete rotation around
the z-axis:

cos@ —sinf 0
R(6,%2) = | sinf® cos® 0], 6¢€]l0,2n]. (A1)
0 0 1

Recall moreover that, being SO(3) a topological group, the matrix product operation is compatible
with the one of 71(SO(3)). Since the restriction of the coordinate frame map e to S* = 9B1(0) defines
a nullohomotopic loop in SO(3), the homotopy being induced by the immersion:

ei(z) =e(tx), x€0B1(0),te]|0,1].

the polar frame defines then a non-contractible loop in SO(3). This argument implies that, given
an immersed curve v : S' — R3 and a unit-normal vector field @y : S' — S? along +, a necessary

condition for the existence of an immersion ® : B;(0) — R3 bounding v and so that 7ie = 7ig on
0B1(0) is that

CCF—>(t Xﬁo,t,ﬁo)(:ﬂ), CCGSl,

is not a nullhomotopic loop in SO(3). Examples of couples (v,ng) that do not satisfy this condition
are easy to produce.

Ezample A.2 (Dirac Belt). Let 7 : [0,27] — R be the unit circle:
~(0) = (cosB,sin b, 0).

We consider a rotation of angle # around the tangent vector of v, namely t(0) = (—sin 8, cos6,0). Its
matrix is given by

R(6,t(0)) = BT (0)R(0, 2)B(0),
where

0 0 1
B(@)=| cosf sinf 0],

—sinf cosf O
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hence we consider the polar frame map given by
p(0) = (R(0,(0))% x t(6),t(0), R(6,£(0))2),

where Z = (0,0, 1) is the z-versor, which corresponds to rotating the polar frame map of the standard
unit disk:

cosf —sinf 0
p(0) = R(6,t(0)) [ sinf cosf 0
0 0 1

Using the compatibility of the product operations between the SO(3) and 71 (SO(3)), we see that

[p(6)] = [R(0,t(0))] + [R(0, 2)]
— [R(0,t(0))] + 1.

To prove that also R(6,t(0)) belongs to the non-trivial class of 7 (SO(3)), we can use its quaternion
representation:

R(6,t(0)) = (cos(0/2),sin(0/2) t(0))
= cos(#/2) — sin(0/2)(— sin 6i + cos 0j).

With this representation, since there holds

)

R(0,t(0)) =1 and R(2m t(2m)) = —1

the lift of R(6,t()) to the universal cover S® is not a closed loop, and this means that the base loop
is not nullhomotopic. We then conclude that

p@O)]=1+1=0 inZ/2Z.

This example demonstrates also that a couple (v,7y) needs not to bound an immersion of @ :
B1(0)2 — R3 not even if «y is planar and injective. We now want to prove that the only additional
requirement for ® to exist is to have a branch point. The key step to prove it, obtained through an
elementary application of the so-called h-principle [EMO02 [Gro86], is the following lemma. In what
follows, let us denote, for 0 < r < R < oo,

A[R,r] = Br(0) \ B-(0)
the annulus of radii R and r centered at 0.

Lemma A.3. Let v1,72 : S — R? be reqular, closed curves of class C** for k € N>; U {oo} and
a € (0,1], whose unit tangent vectors we denote by t1 and to, and let iig, 71 : S — S? be unit normal
vector fields along v1 and o respectively of class C*®. There exists a reqular, immersed strip of class

ke
d: A[2,1] — R3,
satisfying
Do, 0) =71, Talop0) =M1 and  Plag, ) =2,  Talos, o) = M2 (A.2)
if and only if the maps
pi(z) = (b1 X 71, t1,71)(2)  and  pa(x) = (b2 X 7ig, b2, 2) (), = €57,

are homotopic in SO(3).
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Proof of Lemma [A 3l The necessity of the condition is clear, we prove the sufficiency.
Step 1. Set, for § > 0, K5 = S' x (—4,6)? and define the following maps for i = 1,2:

(bi(g?u?U) - '72(5) + u(tl X ﬁl)(g) + Uﬁl(§)7 (Sauav) S E

If 6 is chosen small enough, ¢; and ¢, define regular immersions (i.e. the Jacobian matrix D¢(z) has
rank 3 for every x € K) of class C¥®. Since S' and SO(3) are strong deformation retracts of Ks and
GL™T(3,R) respectively, an homotopy between p; and ps in SO(4) induce an homotopy in GL™ (3, R)
between D¢y and Deo. Let (z,t) — m(z,t), (z,t) € K5 x [0,1] be such an homotopy.

Step 2. Let J'(R3,R3) be the 1-jet space of maps from R? to itself (see [EM02, Chapter 1]) and
let us consider the (local) section

F:stx [—5, ga] X [=6,0] = JR3RY), 2 (2, 6(z), M(z)),

where
o(z) = ¢(& u,v)
d1(&,u,v) if u € [0, g] ,
= %(5_u)¢1(§7u7v)+%(g_u) ¢2 (Sau_%dv) ifue [_375]7
P9 (£,u—%5,v) ifue [5,%5},
and
M(z) = M(&, u,v)
Dy (€, u,v) if ue[-5,5],
= m(&u=3(u=13),v,3(1-3)) ifuel-37,
Doy (£,u — %5, v) ifue [5, 35] ,
Performing a normalisation of the parameters, we obtain a section G : K/, = St x [-1,1] x

[~1,1] — JY(R3,R3) which is holonomic in the set S' x [~1,—1/4] x [-1,1]U St x [1/4,1] x [-1,1].
Step 3. By the relative version of the Holonomic Approximation theorem ([EM02, Theorems 3.1.1,
3.2.1]) with

11
A=S"x [—Z,%] x {0}, B=S'x {—5,5} x {0},

we may obtain, for every €1 > 0, a diffeomorphism h : R — R3 with ||k — Idgs [|cors) < 1 and
satisfying h = Idgs on a open neighbourhood U of B, a holonomic section G : V — J! (R3,R3), where
V D U is an open neighbourhood of h(A), satisfying G = G on U and ||F — Fllcoyy < 1. By
choosing €1 small enough, G is then the 1-jet extension of an immersion coinciding with the one of ¢
in a open neighbourhood of S! x {—1/2} x {0} and with the one of ¢; in a open neighbourhood of
St x {1/2} x {0}; in particular it is of class C*® in such neighbourhoods.

Possibly reducing U and V', the existence of a diffeomorphism g : K/ — V that shrinks K/,
into V' wile keeping U fixed is ensured. If we consider the restriction of holonomic section H = Gog :
K5 = JYR? R?) to ST x [~1/2,1/2] x {0}, and denote by ¥ : S' x [-1/2,1/2] ~ A[2,1] — R? the
base map, we have that W is realises a regular immersion of class C' which, in a small neighdourhood
of the boundary, containing, say, S' x [1/2 4 e9,1/2 — &5] for some small g5 > 0, and of class C* and
satisfies the desired boundary prescriptions (A.2]).
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Step 4. To ensure the global C*® regularity, we us use a localised mollification for U:

11
O(z) =V pe(m)(m) re St x [—5, 5} )
where p is the standard mollification kernel and e(x) = e3x(z), where x is smooth cut-off function
identically 1 on S x [~1/2 + €3,1/2 — £3] and compactly supported on S' x (—1/2,1/2) and €3 > 0
has be chosen so small that ® has maximum rank. We conclude that the map ® thus defined is the
one we have been looking for. O

From this lemma we can prove lemma [A ] in the case m = 3, that is we can construct, given any
couple curve-normal vector field (v, ng) of class C*?, a possibly branched immersion ® : By(0) — R3
of class C%® assuming such data at the boundary.

Proof of Lemma [A. 1. We consider the the loop p(z) = (t X ng,t,no)(z) in SO(3) induced by
Gamma and 7ig. If it is not nullhomotopic, we can connect, in a C' way, the couple (,n9) and the
flat immersion of the disk z +— (z,0) by means of a regular strip of class C*®. If it is nullhomotopic
instead we can do the same with the branched immersion z — (22,0). if necessary, we smooth out the
immersion near the junction as done in Step 4 of the proof of lemma [A3} a final reparametrization of
gives then the immersion ® : B;(0)2 — R? we have been looking for.

For the last statement, it is enough to note that when £k = a =1 or k£ > 2, this ® satisfies all the
assumptions of lemma This concludes the proof of the lemma. O

Remark A.4 (Higher codimension case). For gemeral m > 3, a reqular curve v : S' — R™ and
(m — 2)-unit normal vector field iy : S* — Grp,_2(R™) along v uniquely determine a loop into the set
of couples of ortho-normal vectors or R™:

x = (x(t ATo), t)(z) xS,

that is to say, into the Stiefel manifold Vo(R™) (see e.g. [Hat02]), which for the case m =3 we could
identify with SO(3). As it is well-known, w1 (Va(R™)) = 0 for m > 3 and hence, the higher-dimensional
version of lemmal[A.3 basically says that a reqular strip bounding any two couples (y1,71) and (Y2, 7ia)
can always be constructed. As a consequence, with the aid of the Holonomic approrimation, in a
similar fashion as the one just described, we may always find a reqular immersion bounding v and 7.
This is perhaps not so surprising, as higher codimension gives us more freedom.

A.2 Results on Integrability by Compensation

Theorem A.5 (Wente’s Inequality, [Wen73, Wen81,[BC84]). Let a,b € WH2(D) and letu € Wol’l(Bl(O))
be the solution to

—Au= (Vta,Vb) in Bi(0),
u=20 on 0B1(0).

Then u € C°(B1(0)) N WH2(B1(0)) and there is a constant C > 0 independent of u,a and b so that

[l oo (B (0)) + IVUll 2By (0)) < ClIVall L2, 0)) IVl 2B, (0))- (A.3)

A similar estimate (A.3]) does not hold when Dirichlet boundary conditions are replaced by Neu-
mann ones for general a,b € W12, This has been independently shown by the first two authors
in [DP17] and by Hirsch in [Hir19]. More precisely, in [DP17] explicit counterexamples have been
constructed and in [Hirl9] the nonexistence of such estimates has been shown also for Robin-type
boundary conditions. In the case of Neumann boundary conditions one can obtain an L? estimate
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of the gradient of the solution if either Trace a = 0 or Trace b =0 (see for instance Riviere [?] and
Schikorra [Schi1g]).
The following Lemma is from [DP17].

Lemma A.6. Let a,b € W'2(By1(0)) be so that their traces alop, (0, blop, o) belong to WP(0B(0))
for some p > 1. Then there exist a constant C' > 0 independent of u,a and band constant C(p) > 0
depending only on p so that every solution u € W42(B1(0)) of the problem

—Au = (Vta,Vb) in Bi(0), (A
Oyu = 0rab on 0B1(0),
belongs to C°(B1(0)) and satisfies the estimate
IVull 228, 0)) + inf [u—cllzeoByi0)) < ClIVallpz(s, o) l1bllwr2(s, 0)) (A.5)

+ C(p) <H37a\3131(0)HLp(aBl(o)) Hb’831(0)”WLP(BBl(O))) :

Remark A.7. Any weak solution of (A4 is naturally in W12(By(0)), since it is found by considering
the minimisation of the the functional

w |Vw — bV+al? dz,
B1(0)

among all the functions in W12(B1(0)) with a fived average. Any two solutions of (AA) differ by a
constant.

Proof of Lemma [A.6. Step 1. We establish first the L* estimate for the analogous problem on
the upper half-plane Ri = {(2',2?) : 22 > 0} for a,b smooth and compactly supported in some ball
Br(0) of fixed radius R > 0, namely

{—Au = (V+ta,Vb) inRZ, (A6)

d,u=0,ab on 8R3.

Because of the “compatible” boundary condition (using a terminology from [DP17]), the only solution
of (A6 belonging to W12(R?) is given by the representation formula

u(@) == [ (VG (). b)V alo) dy, = € B2, (A7)

+

where gRi is the Green function for the Neumann problem in the half-plane given by

1 —
Ore (v,y) = =5~ (log |z —y| +log [T —yl), (z,y) € RE x RE,
(here T denotes the complex conjugate of z, that is if x = (z',2%) then T = (2!, —2?)). Note that
such formula implies that u € C*°(R%) M As proved in [DP17, §3.1], the trace of the solution u of

([AL6) given by (A7) can be written as

u(xt,0) = A(a,b)(z') + B(a,b)(z?), '€ R~0IR3,

9this need not to be the case, not even for smooth a and b, for different Neumann (for example homogeneous) boundary
conditions.
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where the function A(a,b) satisfies
[A(a, D)l ) < ClIVall 2@z )[[VOl 22 ), (A.8)

and the function B(a,b) is given by
1
B(a,b)(z') = — p.V./ Z (a(z +,0) + a(z' —¢,0)) (b(z' —t,0) — b(z' +¢,0)) dt
R

1 1 1 1
= — p.v./ “a(z' 4+ t,0)b(zt —t,0)dt + = p.v./ “a(zt —t,0)b(z! —¢,0)dt.  (A.9)

™ R t ™ R t
We recognise that the second term in the above expression is the Hilbert transform H (ab) of ab (see
e.g.[Ste70] or [Grald, §5.1]). We recall that the Hilbert transform H is a tempered distribution which
maps LP(R) into itself for 1 < p < oco; moreover it is a convolution-type distribution and consequently

it commutes with derivatives. This implies that, for a constant C'(p) > 0 depending only on p, there
holds

IH(Hllwrrw) < CONfllwirw), YfE WP (R).

On the other hand, by the Sobolev embedding we have W1P(R) « C%Y(R) continuously with vy =
1 — 1/p. This implies in particular that WP(R) is an algebra, that is

£ gllwrsm) < COIflwrs@llglwiomw V¥fg€ WH(R),

where C'(p) > 0 is a constant depending only on p. Using these facts we may estimate the second

term in expression ([(A9) uniformly in 2! as

1 1
—p.v. /R ;a(wl—t,O)b(xl—t,O)dt‘ < |H(ab)||co.a@) < CO)allwrrmlbllwirm- — (A.10)

The first term in expression (A.9) may be similarly estimated as follows: fix #! and define the function
hoi(t) = a(x! 4+ t,0)b(x! —t,0). We then have:

lp.v./ L@@ + 4,006 —,0) dt‘ — |H(hy1)(0)] (A.11)
T rRT

[[1H (hg1) o

IN A

CP)|lhetwrew)
Cp)llaz" + )llwrrllal@' = )llwre
C(p)

p)llallw e @) lIbllwr @)

IN

We may then join estimates (A.8), (A.10Q) and (A.11]) to deduce the following bound on the trace of w:
||U|BR1||LW(6R1) < CHVCL||L2(R1)HVbHL%Ri) (A.12)
+ C(p) (llalos lwr 0wz IPlos llwr(ors) ) -

Step 2. We now come to the problem on the disk, that is, we consider a solution u of the problem

(A.4). By an approximation argument we may suppose that a,b € C°°(B1(0)) and, as in step 1,
because of the “compatible” boundary condition, the solution is represented by

u@) == [ (9,000.0)H0)V aw)dy @€ Bi(0)
B1(0)
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where G is the Green function for the Neumann problem (see (2Z3])), and in particular we have u €

C>°(B1(0)). Let us fix a function x € C*°(B1(0)) so that x = 1 in B1(0) ﬂlﬁxl > 0} and whose support

is contained in Bp(0) N {z! > —1/2}. We then write u = u; + ug, where

—Auy = (Vta,V(xb)) in Bi(0), and —Auy = (V+a),V((1 — x)b)) in By(0),
Oyur = [0ra] (xb) on 0B;(0), Oyuz = [0ra] ((1 — x)b) on 0B1(0).

If we fix a function 1 € C°°(B1(0)) so that 1 = 1 in B1(0) N {z! > —1/2} and whose support is
contained in By (0) N {x! > —3/4}, we may write

{—Au1 = (V1 (ypa), V(xb)) in Bi(0),
dyur = [0-(va)] (xb) on 0B1(0),

If o : R2 5 B;(0) denotes the fractional linear transformation sending 0 to 1, i to 0 and —1 to oo,
given in complex coordinates by ¢(z) = —(z —1)/(z + 1), (¥a) o p and (xb) o ¢ have compact support
and with estimates
IV(($a) o o)l 2wz < Cllallwrzsi oy, ((Ya) o @)lorz lwre@rz), < Cp)llalos, o llwir @ )
IV((xb) o D)l r2rz) < Cllbllwresioy),  [1((xa) o @)logr2 llwrr@rz ) < C@)alas, o) lwrr @b, )

The invariance of Dirichlet energy and of the problem (A.4)) implies that, if we compose u; ¥a and xb
with ¢, then there must be a constant ¢; € R so that

urop(z) —cr=— /RQ (VyGra (2.9), (xb) 0 ) () V- ((va) 0 9)) (y) dy = € RE.

We then deduce from estimate (A.12)), that the trace ui[sp, (o) can be estimated as

lurlom, o) = cillzee @B, 0)) = (w1 0 @)lop, o) = cill Lo omr2) (A.13)
< Cllallwr2(B, o) 1bllwr2(,0)
+C(0) (llalay, o lwrr@8: 0) bl o w1205, 0)) -

In the same way, by working with 1 — x, 1)(—z) and ¢(—=z) ins place of x, 1 and ¢ respectively, we
obtain an analogous estimate for ug\aBl(O) — ¢9 for some ¢y € R. Since the problem (A.4]) is invariant

under translations with respect to a, that is, for any ¢ € R we have (V- (a — ¢), Vb) = (V+a, Vb) in
B1(0) and 0-(a — ¢) b = 0;ab on 9B;(0), we conclude that

inf [lulop, o) — ¢lr=(@n10) < € inf lla = cllwrzz, o) [1bllwr2s,0)) (A.14)
+00) ( nt oo — clwssa,on amolwsooso )

holds. By the maximum principle for harmonic functions, Poincaré’s inequality and Wente’s inequality

(A.3) we finally deduce the the validity of the L>-part of estimate of (A.5]). The estimate on the

Dirichlet energy of u follows integrating by parts (recall that, by approximation, we are working with
u € C*(B1(0))), namely:

/ \Vul? dz = — / (u—c)Audx + / (u—c)d,udH' for everyc € R,
B1(0) B1(0) B1(0)

Onote that u; and us are determined up to a constant.
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hence estimating the terms on the right-hand-side with Hélder and Sobolev inequalities:

/ (u—c)Audx
B1(0)

/ (u — ¢)d,udH?
0B1(0)

< lu = ellzee By o)) IVallL2 (s, o)) I VOl L2 (8, (0))

< lu = ¢l (@B, (0 19-all L1 (8, (0)) 1Bl Lo (981 (0))

< C(p)llu = ¢l (B, 0)) 19-all Lr a5, (0)) 16l w1r (8B, (0))-
and using finally the L*°-estimate above obtained. This concludes the proof of the lemma. U

With a standard argument, we may localise the above result as follows.
Lemma A.8. Let f € LY(B1(0)), g € LY(0B1(0)), a1,...an be points in B1(0) and ai,...,ay be
real numbers satisfying fBl(O) fde + >, = — faB o gdo. Let u € WH(B1(0)) be a weak solution
1
to the problem

N
—Au=f+ Zaiéai in B1(0),
i=1
u=g on 831(0)

(A.15)

Assume that, for a given xg € 0B1(0) and 0 < r < 1, B1(0) N By(zg) contains none of the a;’s and
there holds

f=(V*a,Vb) in B1(0) N B,(z0),
g = 0-ab on 0B1(0) N By(xp),
for some a,b € W2(B1(0)NB,(x0)) so that the traces on dB1(0) algp, (o), blos, (o) belong to WHP(0B1(0)N

B, (xq)) for some p > 1. Then u € C°(B1(0) N B, ja(x0)) N WH2(B1(0) N B, j2(x0)) and there exists
constants C(r) > 0 C(r,p) > 0 so that

Inf [lu = ¢l L= (5, 0)nB, 2 (w0)) (A.16)

N
<c) <||f||L1(Bl<o>> ol omoy + > |ai|> T )V all 1251 0108 e Bl 1208, 05, o
=1

+ C(r,p)||0ralap, (o)l Lr 381 (0)nB, (z0)) 10]0B, (0) lW1r (981 (0)B, (20)) -

Proof of Lemma [A.8. We let x be a function in C*(B;(0)) so that y = 1 in B;(0) N Bsy4(wo) and
whose support is contained in By(0) N By, /3(0), and we let @ be an extension of a to B1(0), obtained
through a suitable Moebius tranformation of By (0) so that || Val|12(p, (o)) < Cl|Vallr2(B, (0)nB. () and
10-all e @B, (0)) < CP)0-allLr @B, (0)nB. (o)) for constants C,C(p) > 0. Up to a constant, we may
write u = uj; + ug, with

{—Am = (V*a,V(xb)) in B1(0),

Oyuy = [0ra) (xb) on 9B1(0),
and
—Aug = (V a, V(( —|—Zala in B1(0),
dyug = [07a] ((1 = x)b) on 9B1(0),
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with the convention that
(V4a, V(1 = b)) =  in Bi(0)\ Byjs(o) and  [8,a] (1 — x)b) = g on 0B1(0) \ Bryys(ao).
From lemma [A.6] we deduce that for some constant ¢; € R there holds

w1 — e1llpee (B, (0) HIVurll 228, (0)) (A.17)
< Cl|Vallwr2s, oy lIxbllwr2 s, 0)

+ C(p) <H3r511631(0)le,p(aBl(o)) H(Xb)\aBl(o)HWLp(aBl(O))) :

To estimate uo, we use the representation formula:

w(@)-m = [ Gay)(VEa T =00 ) dy
B1(0)

N
- ! o9z, a;
+/831(0)g(m’y)<8Ta7(1 x)b) dH (y)+; iG(x, a;),

since none of the a;’s is in B1(0) N By (7o) and 1 — x vanishes B1(0) N Bs,./4(70), we may estimate on
B1(0) N B, ja(20):

l[uz = 2|l Lo (B, (0)B, o (x0)) (A.18)

N
< cm(wwa,v«l O oy + I-al (1 — VBl omyo + Z\ai\).
=1

Since x can always be chosen so that ||Vx||ze (B, (0)) < C/r, by joining estimates (A1) and (A.IS)
we reach the conclusion. O

A.3 Facts About Moving Frames

A moving frame, or simply a frame, from a domain Q C R? into R™ is a map f: (ﬁ,fé) Q=
R™ x R™ so that (f;, f;) = 0i;. If f and g are two frames from (2 into R™, a function ¢ : 2 — R
defines a way to pass from f to g, i.e. a gauge transformation:

{gum) = fi(z) cos ¢(x) + fo() sin (),
Fo(x) = — fi(x) sin ¢(x) + fo(w) cos p(2),

which can be written using the complex notation as
Gi+ige =e (fi+ifs) inQ.
Differentiating this relation, we deduce the following Change of gauge formula:
(Vii,§o) = Vo + (Vfi,f2) in Q. (A.19)

For a map 7 : B1(0) — Gry,—2(R™) expressed as 1 = 7iy A ... A fi;,—2 for some (m — 2)-tuple of
ortho-normal sections: (7;,7;) = d;;, we say that the frame (f1, f2) is a lift for 7 if:

i =x(fiAf2) in Bi(0),

60



where x denotes the Euclidean Hodge operator in R™ transforming 2 vectors into m — 2 vectors and
vice-versa (see e.g. [BG80]). By orthonormality, there holds:

—2 2

3
3

—

V= (Vi) fa+ Y (Vi) = (Vi ) o= > (fi, Vi),

M
M

3
S
3
J;

V= (Vi i+ Y (Vi = (Vo Vi — Y (fo, Vit

1 =1

— —

Vit; = (Vity, fi) fi + (Vi fo) fa (i =1,...,m —2),

<.
Il

in particular:
VAP +IVRP =2V, )P + Vi, (A.20)

When 77 = 7ig is the Gauss map of an immersion ® : B;(0) — R™ and ( f fé) is a positively oriented
ortho-normal basis of the tangent space. When f and 77 correspond to a orthonormal frame and Gauss
map of an immersion ®, an elementary computation reveals that

Ko dvolg = (V* f1, @)V fo, @) dz = (V*f1, V fa) da, (A.21)

where Kg is the Gauss curvature of ® and dug its area element. This equation has two important
consequences: first, it reveals that the the left-hand-side is a sum of Jacobians. Second, if 7 is
sufficiently regular (namely, that it admits a lifting frame f see lemmas [A.0] and [A-T0] below) then it
has a meaning also when ® is singular, for example at a branch point, when a tangent plane is not
defined. Finally, it is useful to note that

|Viif?
.

(V7Y < 5 (KA M + 19 o)) = (422

Recall Hélein’s lifting lemma ([H¢I02, Lemma 5.1.4], see also [LLT13]).

Lemma A.9. There is an g > 0 so that, for every 0 < € < gg, there exists a constant C > 0
independent of € with the following property. If a map i@ € W12(B1(0), Gra(R™)) satisfies

IVl 2 (s, ) < €

for some 0 < & < g, then there exist an orthonormal frame f = (ﬁ,fé) € WhH2(B1(0),R™ x R™)
which is a positive orthonormal basis for 7, i.e.:

n= *(fi /\fé) in B1(0),

that satisfies the following Coulomb condition:

i f,f2)) =0inB
le(Sv.fl,f2>) 0 n 1(0), (A.23)
(Ou f1, f2) =0 on 0B1(0),
and whose energy is controlled as follows:
IV F1228,0)) < ClIVillze s, o) (A.24)

The proof consists on a minimizing procedure and the L2?-bound relies on Wente’s lemma. The
following variant concerns the existence of a energy-controlled lift with a prescribed boundary value.
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Lemma A.10. There is an €9 > 0 so that, for every 0 < € < gq, there exists a constant C > 0
independent of ¢ with the following property. For any map i € W12(B1(0), Gr,_2(R™)) and any
ortho-normal frame €= (&y,&) € HY2(9B1(0),R™ x R™) lifting 7i:
i = x(€1 A &) on 0B1(0),
and satisfying the estimate
V7l 2B, 0)) + [€lw1r2208, (0)) < € (A.25)
there exists an ortho-normal frame § = (g1, gz) € WH?(B1(0),R™ x R™) lifting 7
n=x%(g1 A ga) in B1(0), (A.26)
whose trace on Op, (o) coincides with €, satisfying the Coulomb condition
div((Vgi,g2)) =0 in B1(0), (A.27)
and the estimate

IVl 0y < € (IV7 220, ) + w2208, 0 ) - (A.28)

Proof of Lemma [A.T0l Let us start by fixing g < 2w, so that by lemma (A9) we deduce the
existence of a Coulomb frame f on Bj(0) satisfying

||V.ﬂ|L2(B1(O)) < V2||Villl 2B, (0))- (A.29)

We now want to identify the angle ay : 0B1(0) — R which rotates f to €, implicitly defined in complex
notation by €] + ié; = e m(f1 + Zf2) To this aim, let us define the S'-valued function:

w= (@, fi) —i(é, i) on dB1(0),

and note that it belongs to W1/22(8B1(0), S1), satistying [1] because of (A25) and (A:29) the estimate

[u]W1/2’2(331(0)) <2 <[ €lwsz 20B1(0)) T []F]Wuzz 531(0))> < Ck, (A.30)

for some constant C' > 0. By choosing gy > 0 sufficiently small, we may then invoke theorem [PV17,
Theorem 1] and deduce the existence of a function U € W12(B;(0), S') whose trace on 95, (0) coincides
with v and satisfying the estimate

”VUHL2(B1(O)) < C[u]wl/M(aBl(o))’ (A.31)

for some C' > 0. For such U, we may now deduce the existence of a lift « € W12(B;(0)) (see e.g.
[BBMOO), Theorem 3]), that is,

Ulz) =@z e B(0),

1 Recall that if Q is a domain of R or of S*, the space (W'/%2 N L*°)(Q) is an algebra with:

[abl3y 17220y < 2(llallTow o) [Pliy1/2.2 () + 1Bl 70 [alfyr/2.2(0)-
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satisfying the point-wise almost everywhere estimate |VU| = |Va/. if & denotes the harmonic extension
of the trace of a on dB1(0), the Dirichlet principle together with the inequalities (A.25) and (A.30)
imply
Vel 2, 0) < C <HVﬁ”L2(B1(O)) + [5]W1/2,2(631(0))) : (A.32)
Finally, we set:
Gi+igs =e O (fi +ifs) in By(0).

By construction, the frame g has trace equal to € on 9B;(0), and satisfies conditions (A.26]), (A.27)
and from formula (A.20), we see that almost everywhere in B;(0) the relation

VG = 2|(Vdi, Go) | + |Vii|?
= 2/(V f1, o) + Va|* + |V
<AV + |Val?

holds, from which we deduce, thanks to inequalities (A.29) and (A.32]), the validity of (A.31]). This
concludes the proof of the lemma. O

A localised version of the above lemma is as follows.

Lemma A.11. There is an g9 > 0 so that, for every 0 < € < &g, a constant C' > 0 independent
of € with the following property exists. Let xg € 0B1(0) and 0 < r < 1 be fixed. For any map 7i €
W12(B1(0), Grp_2(R™)) and any ortho-normal frame & = (€1, &) € W/22(dB1(0)NB, (), R™ xR™)
lifting 7i:

i =*(€1 A &) on dB1(0) N B(x0),
and satisfying the estimate
IVl L2 (81 )0 B, (20)) T [€lw1/22(08, (0)B, (20)) < &
there exists an ortho-normal frame § = (g1, g2) € WH2(B1(0) N By (z0), R™ x R™) lifting fi:
= *(g1 A G2) in B1(0) N By(zo),
whose trace on OB1(0) N B,.(x) coincides with €, satisfying the Coulomb condition
div ({(Vgi,g2)) =0 in B1(0) N By (x0),
and the estimate
VGl 2B (0)nB, (20)) < C <||Vﬁ||L2(Bl(0)ﬁBr(xo)) + [€]W1/272(BBl(O)HBr(xo))) :
The proof makes use of the following elementary result.

Lemma A.12. Let 0 < 6y < w be fized and f : (—6y,0p) — C be a WY/22_function. Let F be its
extension to St ~ (—m, 7]/ ~ by even reflection defined by:

Flz) = {f(x) if € (=00, 00), (A.33)

f(m(z —sign(z)m)) if x € (==, 7] \ (=00, o),

where m = GOHEW. Then F € W'/22(SY) and there holds:

[Elwrz(sry < 20 w722 ((-0,00)-
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Proof of Lemma [A.T2l Note first of all that we may equivalently write F' = f o j, where j :
[, 7] = [—00, 0] is defined as:

(o) = {x if 2 € (—0, 60),

m(z —sign(x)m) if x € (—m, 7|\ (=00, 6).
Using the invariance by rescaling of the W/%2-seminorm and Tonelli’s theorem, we see that:

|F(z) = F(y)”

F)? = 2[f]? +2/ / . : dz dy.
[ ]WI/Q’Q(SI) HWI/Q’Q((—Goﬂo)) SI\(—00.00) J (—00.00) | — eV]?

Thinking of j as a diffeomorphism from S!\ [~6g, 0] to [0, 0] with ;' = m, we perform a change
variable in the above integral as follows:

_ 2
/ J
S1\(=80,60) J (—60,60) €™ — €|
_ . 2
_ / / £ () f(J(y2))| Gody
S1\(—00,00)  (—00,00) |elm |

/ / B0
|m| 00,00) 60,60) em—el(J ())’2 )

Suppose now that § = m/2: we have j~(n) = —n + sign(n)7 and since x,n € (—7/2,7/2), there
holds |e® — ¢!~ (M)| > |ei® — ¢i| hence:

F - F 2
/ / ! (wz i(yz)\ dz dy
S\(=r/2,7/2) J (= j2,m/2) € — e

|f(x) = f(n)? 2
S - - d$ d - f , _ 9
/(—7T/277r/2) /(_n/zﬂr/z) el — et 1= Wlwirza(ajzm)

So we conclude that:

[F]I2/V1/272(Sl) < 4[f]12/l/1/272((77r/2,7r/2))'

For a general 0 < 6y < m, we may reduce to the case 6y = 7/2 by using the fact that the H 1/2_
seminorm is invariant with respect to the restriction to S! of Moebius transformation of D. In our
particular case, the transformation we need is:

In other words:

[F]Wl/Q’Q(Sl) = [FOMa]W1/2,2(Sl),

so we may apply the previous inequality and reach the conclusion. This concludes the proof of the
lemma. U

Remark A.13. LemmalA.12 holds also for domains which are conformally equivalent to Bi(0).
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Proof of Lemma [A.T1l Without loss of generality we may assume zo = 1, so that we have the
identification dp, (o) N Br(w0) =~ (—bo, Op) for some 0 < O < 7.

We define a map N € W12(B;(0), Grp_2(R™)) which coincides with the given 7 in B1(0) N B,(x0)
and has globally controlled energy, as follows. First, define @’ € W12(C, Gr,,_(R"™)) as the extension
of 7 to C through even reflection:

(e = {ﬁ(z) if 2 € B1(0),
- ﬁ(m) if z € C\ By (0).

By the conformal invariance of the Dirichlet energy, there holds || V'3, © = =2|Vii|32, (B1(0y) and

IV 1228, (o)) < 20V7172(DnB, (20))- (A.34)

Consider now 7' as a map from B,(zg) and define N € W5H2(C, Gr,,—2(R™)) to be its extension
through even reflection:

. ii'(2) if z € By (xo),
N(z) = {ﬁ’ (ﬁ(z — xo)) if z € C\ By(xo).

By the conformal invariance of the Dirichlet energy and (A.34)), there holds ||V N||2 1o < 4(|Vit||? T2(Bi(

(0)NBy(z0))’
hence a fortiori:

HVNH%Q(Bl(O)) < 4HVT_£H%2(B1(O)OBT(J»‘O))'

Consequently, by assuming 4eg < 2w, we may invoke lemma [A.9] and find a Coulomb orthonormal
frame f = (f1, fo) € WH2(B1(0),R™ x R™) lifting N in B;(0) and satisfying:

IV Fll 2By 0)) < 2V2IVAI 28, (05, (x0))-

As in the proof of lemma[A.10] the angle ag : 9B1(0) N By(z9) — R which rotates f to &is implicitly
defined trough the S'-valued function u = (&1, fi) — i(é, f1), which belongs to W1/22((—8y,6y), S1)
and satisfies the estimate

—,

iz oo < 2 ([Elwiaa ooy  Flwivaa oy ony) < Ce

for some constant C' > 0. By means of lemma [A12] we may extend u to S' = 9B;(0), thus obtaining
a function v € W1/22(9B;(0), ') satisfying [v]y1/2.2 aB,(0) < 2[uly1/22((_gy0,))- The rest of the
argument is now similar to that of the proof of lemma [AL ;!L with v in place of u. This concludes the
proof of the lemma. O

A.4 Singular Points of Lipschitz Immersions

Lemma A.14 ([Rivl4], Lemma A.5). Let ® : B;(0) — R™ be a measurable map so that, for every
§ >0 ®: By(0)\ Bs(0) — R™ defines a conformal Lipschitz immersion with L?-bounded second
fundamental form. Assume that ® extends to a map in WH2(B1(0),R™) and that the Gauss map fig
also extends to a map in W12(B1(0), Gry,_2(R™)). Then ® realises a Lipschitz map of the whole disk
B1(0) and there ezists a non-negative integer n and a costant C' > 0 such that

(C—o()|z|" < |VP(2)| < (C+o0(1))]z]" asz— 0.
12 1f I(2) = z/|2|* denotes the inversion with respect to the unit circle, then:

(C*\ D) N By (x0)) C I(D N By(w0)).
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Lemma A.15. Let {b1,...,by} be points on 0B1(0) and let ® : B1(0) — R™ be a measurable map
so that, for every § > 0, ® : B1(0) \ UM, Bs(b;) — R™ defines a conformal Lipschitz immersion with
L2-bounded second fundamental form, possibly branched at finite number of points {ai,...,an} C D,
with N independent of §. Assume that

1. ® extends to a map in W12(B1(0),R™) and fig extends to a map in WH2(B1(0), Gry,_o(R™))
2. log |V®| extends to a map in WP(B1(0)) for some p > 1,
3. @lop,0) =700 and fie|gp, ) = fo © o for some homeomorphism o,

where v is an arc-length parametrization of a closed, simple curve I' in R™ of class C*' and 7ig is a
unit-normal m — 2 vector field along T' of class CY'. Then ® extends to a weak Lipschitz immersion
at every point b;, 1 =1,..., M.

Proof of Lemma [AT5l We call A\ = log(|V®|/v/2). It is enough to prove that, for every i =
1,..., M, there exists some 0 < s < 1 so that

Al Lo (B (0)nBa (b)) < +00- (A.35)

Claim 1: For every € > 0, the coordinate ortho-normal frame of ® denoted by € = (€7, €3) extends
to a map in W12(B1(0) \ Uj-vlee(aj),Rm x R™).
Proof of claim 1. We need to prove that € extends to a a W12-map in a neighbourhood of each b;.
From the relation (A-20]) we have

Vel =2|(Veéy, &)|* + | Vi = 2|VA]2 + |Vi)?  in D'(B1(0)\ {a1,...,an})

consequently, since VA belongs to LP(B1(0)) and |V7i| belongs to L?*(B1(0)), we deduce that |Ve]
belongs to LP(B;(0) \Uj]‘/i1Be(aj)) for every € > 0. Hence € belongs to Wl’p(Bl(O)\Uj]\ilBe(aj),]Rm X
R™) and the trace of € on dp, (o) is well-defined and belongs to W1/21=1/P(9B; (0), R™ x R™). Moreover,
if t is the unit tangent vector of I', from the boundary conditions this trace is given in complex notation

by
1+ iy = e Y (x(t Afig) +it)(c) on dB;(0),

so we see that it actually lies in (W1/22 N C%)(8B1(0),R™ x R™). Fix now i = 1,..., M and choose
a sufficiently small 0 < r < 1 so that no branch point a;, j = 1,...M, lies in B,(b;) N D and
so that, thanks to lemma [A.11] we find an ortho-normal Coulomb frame § = (g1, g2) belonging to
WL2(B1(0)N B, (b;), R™ x R™), which lifts fig and whose trace on B;(0) N B,.(b;) coincides with that
of €. If ¢ denotes the angle which rotates § to €, from the change of Gauge formula (A.19) we deduce
that ¢ is harmonic in B;(0) N B, (b;), moreover

V| < (V1. g2)| + [(Ver, é)|  in. D'(B1(0) N B,(b;)).

Hence ¢ € WP(B1(0) N B, (b;)) and thus has a well-defined trace in dB;(0) N B,(b;) which is is zero
by construction. Hence ¢ is smooth on Bi(0) N B, o(b;) and so we deduce that & € W2(B1(0) N
B, 5(bj),R™ x R™). Since i = 1,..., N was arbitrary, claim 1 follows.

Claim 2. o' extends to a map in L'(0B1(0)).
Proof of Claim 2. From the boundary conditions on ® we have that, uniformly on § > 0,

/ o :/ Mop, ) < HN(D),
0B1(0)\U; Bs (b;) 0B1(0)\U; Bs(b;)
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hence, since o is continuous, the classical Schwartz lemma for distributions implies o/ = e’\\agl(o)
extends to a map in L'(9B;(0)). This proves claim 2.

Combining claims 1 and 2, we deduce that A is a weak solution of Liouville’s equation From
claim 1, ky(o)e* — 1 belongs to L*(0B1(0)) hence we may find a sufficiently small 0 < r < 1 so that,

from lemma 3 there holds HeAiquP(aBl(O)mBr/Q(bi) for some p > 1. Thanks to claim 2 and possibly

reducing r so that no branch point a; lies in DN B,.(b;), we can invoke theorem [A.6l and conclude that
A=Az, (0B, /4 (b)) 18 finite, which gives the desired estimate [A.35l This concludes the proof of

the lemma. O
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