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Abstract

In this paper we perform a blow-up and quantization analysis of the following
nonlocal Liouville-type equation

(—A)%u:me“—l in S, (1)

where (—A)% stands for the fractional Laplacian and & is a bounded function. We
interpret equation (1) as the prescribed curvature equation to a curve in confor-
mal parametrization. We also establish a relation between equation (1) and the
analogous equation in R

(—A)%U:Ke“ in R, (2)

with K bounded on R.
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1 Introduction

The equation prescribing the scalar curvature within a conformal class of manifolds is an
old problem which has stimulated a lot of works in geometry and analysis. In dimension
n = 2 it is the so-called Liouville equation. More precisely if (3, go) is a smooth, closed
Riemann surface with Gauss curvature K,,, an easy computation shows that a function
K(z) is the Gauss curvature for some metric g = €?“gy conformally equivalent to the
metric go with u: ¥ — R, if and only if there exists a solution v = u(x) of
—Ayu=Ke* —-K,, onX (3)
where Ay, is the Laplace Beltrami operator on (3, go) , (see e.g. [8] for more details).
In particular when ¥ = R or ¥ = S? equation (3) reads respectively

—Au = Ke*, on R? (4)

and
~Agu=Ke* —1, on S”%. (5)

Both equations (4) and (5) have been largely studied in the literature. Here we would
like to recall the famous blow-up result by Brézis and Merle in [4] concerning Equation

(4).

Theorem 1.1 (Thm 3, [4]) Assume (ux) C L*(Q2), Q open subset of R?, is a sequence of
solutions to (4) satisfying for some 1l < p < 0o, Ki > 0, ||[Ky|» < Cy, and ||e || < Cs.
Then up to subsequences the following alternatives hold: either (uy) is bounded in L2, (§2),
or ug(x) — —oo uniformly on compact subsets of ), or there is a finite nonempty set
B ={ay,...,an} C Q (blow-up set) such that ui(x) — —o0 on compact subsets of 2\ B.
In addition in this last case Kpe*** converges in the sense of measure on Q) to Zﬁl ;04

with oy > i—’f.

The purpose of this work is to investigate an analogue prescribed curvature problem
in dimension 1. Even if this is a classical problem, it has never been studied so far (up to
our knowledge) from the point of view of conformal geometry. In the case for instance of a
planar Jordan curve (namely a continuous closed and simple curve) there is the possibility
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to parametrize it through the trace of the Riemann mapping between the disk D? and
the simply connected domain enclosed by the curve. The equation corresponding to such
a parametrization reads as follow

(—A)%)\:/@e)‘—l in S! (6)

where e*df and ke df are respectively the length form and the curvature density of the
curve in this parametrization. The definition and relevant properties of the operator
(—A)% will be given in the appendix.

In this paper we are going to study the space of solutions to Equation (6) and show
that, modulus the action of Mébius transformations of the disk, there is correspondence
between these solutions and the boundary traces of conformal immersions of the disk.
This property can be seen as a sort of generalized Riemann Mapping Theorem.

This permits us to perform a complete blow-up analysis of equation (6) in the spirit
of Theorem 1.1, even if we do not get exactly the same dichotomy. More precisely our
first main result is the following theorem.

Theorem 1.2 Let (\;) C L'(S',R) be a sequence with

Lk = ||6)\k||L1(Sl) S I/ (7)
satisfying )
(—=A)2 )\, = kpe™ — 1 in St (8)
where ki, € L(S',R) satisfies
[Fl[ Lo (s1) < & (9)

Then up to subsequence we have rpe™ — p weakly in WEP(S'\ B) for every p < oo,

where p is a Radon measure, B := {ay,...,an} is a (possibly empty) subset of S* and
K — Koo N L>®(SY) . Set g 1= i fsl AedB. Then one of the following alternatives holds:
i) \dp = —00 as k — 0o, N =1 and pu = 271d,,. In this case

U 1= A — M = Voo i WS\ {a1}) for every p < oo,
where vy () = —log(2(1 — cos(0 — 61))) for a; = €, solving
(=A)2ve = —1 4276, in S (10)
i) A, — —00 as k — 00, N =2 and p = 71(0q, + 0a,). In this case
Vg = Ap — M — Voo i WEP(ST\ {aq, as}) for every p < oo,

loc

where
i0 1 1 i0 i0
Voo () = -3 log(2(1 — cos(6 — 61))) — 5 log(2(1 —cos(0 — 6,))), a1 =€, ag = e

3



solves )
(—A)2vy = —1 + 76y, + 76y, i S (11)
iii) | Me| < C and 1 = koo™ + (04, + -+ - + Oay) for some Moo € W,LP(ST\ B), with
Moo, €2 € LY(SY) and

1

N
(—A)2 A = Koot — 1+ Zﬂ'éai in S*. (12)
=1

We would like to stress that we obtain a quantization-type result, namely the curvature
concentrating at each blow-up point is precisely 7, without any assumption on the sign
of the curvature (this hypothesis is crucial in [4]) and on the convergence of the ry .
Actually several works on equations (4) and (5) have extended the result of Brézis and
Merle showing that, under the crucial assumption that the prescribed curvatures Kj
converge in C°, the amount of curvature concentrating at each point is a multiple of 4,
i.e. a multiple of the total Gaussian curvature of S?, see e.g. [23] (Also higher-dimensional
extensions were studied under the same strong assumptions of convergence of Kj, in C°
or even O, see e.g. [16], [25] and [28].) In [4] the functions K}, can belong to LP(R),
with 1 < p < 4+00. We believe that in the case of the nonlocal Liouville equation (6)
the quantization result by 7 does not hold once we replace kK € L™ by k € LP with
1 <p<4o0.

The fact that we are able to prove a quantization result only under the minimal (and
geometrically meaningful) bounds (7)-(9) is better understandable through the geometric
interpretation that we give to equation (8). Indeed given a solution A to the equation
(6), with k € L*°(S%), the function e* provides a “conformal” parametrization of a closed
curve v: S' — C in normal parametrization and whose curvature at the point 7(z) is
exactly k(z) .

Precisely let us define:

Definition 1.1 A function ® € CY(D? C) is called a holomorphic immersion if ® is
holomorphic in D? and ®'(z2) := 0.®(z) # 0 for every z € D%

A curve v € CY(S*,C) is said to be in mnormal parametrization if |y| = const and in
conformal parametrization if there exists a holomorphic immersion ® € CY(D? C) with

Dls1 =17.
Then we have the following characterization:
Theorem 1.3 A function A € L*(S*,C) with L := ||e*||1(s1) < 0o satisfies
(—A)%)\ = ke =1 inS! (13)

for some function r: S' — R, k € L>®(SY), if and only if there exists a closed curve
v € Wr2(SY C), (see Fig.1 and Fig.2, Fig.5,) with || = £, a holomorphic immersion

:g’

®: D? — C a diffeomorphism o: S* — S* | such that ® o 0(z) = v(2) for all z € St
|'(2)] = *?), 2 e S, (14)
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Jordan Curve

D, Vi
conformal normal
Sl
O
D2

diffeomorphism

Figure 1: A Jordan curve

and the curvature of ®(S1) is k. While ® uniquely determines \ via (14), A determines
® up to a rotation and a translation. Moreover it holds

10'(2)] = M), 2z € D, (15)
where X : D* — R is the harmonic extension of . a

Theorem 1.3 allows us to interpret and re-formulate Theorem 1.2 from the point of
view of the behavior of the sequences of the curves v, (in normal parametrization) and of
the immersions ®; corresponding to a sequence of solutions to (8), see Fig. 3, 4.

Theorem 1.4 Let a sequence (\,) C LY(SY, R) satisfy (7)-(8)-(9), and let ®;: D* — C
be a holomorphic immersion satisfying (14), and oy, v with v, = Pk 0 oy be as given
by Theorem 1.3. Then, up to extracting a subsequence, there exists an at most countable
family J such that for every j € J there exist a sequence of Maobius transformations
fl: D? — D? and a finite set finitely many points B; = {a}, .. .a{vj} C St such that

W= o N WP(SY), &) = @po fl = L in Wiil(D?\ By).
where p < o0, (iﬂoo D?\ B; — C are holomorphic immersions satisfying

(Yo0)4[S1] = D _(BL).[S"\ B, (16)

jed

where for every ¢: S' — C and for every differential form w on C
($.[S'],w) = P'w.
S1
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Py, Yk . .
conformal normal parametrization
Sl
\/ Q
D> ok
diffeomorphism

Figure 2: A curve with self-intersections of degree 1

Poo

conform Yoo ..
normal parametrization

Sl

Figure 3: Asymptotics of curves



O = limyg_y 400 Pp 0 f7
conformal

Voo
normal parametrization

Sl

D2
Figure 4: Asymptotics of curves up to Mobius Transformations

If X = log |(®)|s1], then up to a subsequence X, — N in WbP(S'\ B;), where
Nj
(AN, = ke — 1= 74,
i=1

and Ky, o f 2 kI in L(SY,R) as k — +00. O

Theorem 1.4 says that it is always possible, up to sequences of Mobius transforma-
tions, to recover all the connected components enclosed by the limiting curve 7., (see in
particular (16)). Moreover these components are separated by what we called pinched
points, (see Definition 3.1), namely (roughly speaking) couple of points p # p’ € S* such
that 7o (p) = Yeo(p'). The angle between the tangent vectors in these couples of points is
shown to be necessarily 7.

We finally prove a link between the equation (6) and the analogous nonlocal equation
in R. Precisely if u € L1 (R) (see (131)), e € LY(R) and u satisfies

(~A)2u = Ke* inR (17)

for some K € L*(R), then \(z) := u(II(2)) — log(1 + sin2) (IT: S* \ {—i} — R is the
stereographic projection) satisfies

(“A)EA=Kolled — 1+ (27r . ||(—A)%u||L1) 5., in S (18)
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Owing to this correspondence from Theorem 1.2 (see also Proposition 5.5 below) we can
deduce the following compactness result in R.

Theorem 1.5 Let uy € L%(R) be a sequence of solutions to

(NI

(—A)2uy = Kpe*™  inR
with || K|l < C and ||e*||x < C'. Then

1. Up to subsequence we have Kpe'* — p weakly in I/Vlicp(R \ B) for every p < oo,
where 1 is a finite Radon measure in R, B := {ay,...,any} is a (possibly empty) subset
of R and K = K., in L®(R). Moreover the following alternatives holds:

i) wlrp = Koe®™ for some us, € WiiP(R\ B) satisfying.

loc

N
(—A)%uoo = K,e" + Zmiai in R. (19)

i=1
i) plrp =0, N < 2 and w, — —o0 locally uniformly in R\ B. O

Notice that we do not assume that K}, is positive, or that it converges in C{ .(R). The
quantization analysis in the case p = 0 is analogous to that of Theorem 1.2, it requires
only some more work due to the fact that the curvature of the corresponding curves is
not anymore uniformly bounded in S*.

In particular we can deduce the following

Corollary 1.1 Under the hypotheses of Theorem 1.5 if Kj > 0, and
/ Kpe'dr < 2m,
R

then either N = 1 and ur — —oo locally uniformly R\ {a1} or N =0 and up — uy in
WLP(R) as k — +oo where Uy, solves

(—A)2ug = Kooe™ . (20)

It would be interesting to compare Theorems 1.2 and 1.4 to the blow-up analysis obtained
recently by Mondino and the third author in [29] in the case of sequences of weak conformal
immersions from 5% into R™. In [29] the authors study the possible limit of the Liouville
equation

—Ayu=Ke* —1, on S? (21)

satisfied by the conformal factor of the immersion ® (g = €*gy) under the assumption
that the second fundamental form is bounded in L?. Also in their case a sort of bubbling
phenomenon occurs and the choice of different sequences of Mobius trasformations of S?
permits to detect all the limiting enclosed currents. However the 2-dimensional blow-up
analysis differs substantially from the 1-dimensional case: in the 2-dimensional case the
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area is quantized, namely there is no production of area in the neck region between the
different bubbles, whereas in the 1-dimensional case the quantization of the length does
not hold. Precisely in [29] the authors show that

Z / e?U=dy = lim 1nf/ e?r dy,
k—+o00 S2

“Bubbles”

whereas in the present situation one can produce examples such that

/ e’ df < lim inf / eMde .
g1 k—+oo Jq1

We insists on the fact that “conformal” parametrizations of planar curves are relevant
in different applications. For instance it should be one of the main tools of the Willmore
Plateau problem, of the analysis of the renormalizing area of surfaces in hyperbolic space
H? and of the free-boundaries. In particular for the latter the first author has observed in
[12] that there is a one to one correspondence between free boundaries and 1 / 2-harmonic
maps and here we show that the holomorphic immersion ¢ for which e“*) = [Z¢(z)|,
z € S is a 1/2-harmonic map into ¢(S*).

“Bubbles”

An interesting consequence of Theorem 1.3 is a proof of the classification of the solu-
tions to the non-local equation

(~A)2yu=¢" inR, (22)

under the integrability condition

L:= / e'dr < oo. (23)
R

Equation 22 is a special case of the problem
(=A)2u=(n—1)le™ nR", V.= / e™dr < oo, (24)

which has been studied by several authors in the last decades (see e.g. [11], [9], [24], [20]
and [26]). Geometrically if u solves (24) and n > 2, then the metric e?*|dz|?> on R" has
constant @-curvature (n — 1)! and volume V', see e.g. [7]. All the above mentioned works
rely on the application of a moving-plane technique, in order to show that under certain
growth conditions at infinity (needed only when n > 3) the solutions to (24) have the
form

20 n
(o) = log ([t ), e R )

for some p > 0 and 2y € R™. For the case n = 1, instead of using the moving plane tech-
nique, we will use the stereographic projection to transform (22) into Equation (13), and

use the geometric interpretation of the latter (Theorem 1.3) to compute all its solutions
(Corollary 2.2 below). This will yield



Theorem 1.6 Every function u € L%(R) solving to (22)-(23) is of the form (25) for
some p > 0 and xy € R.

We also remark that by changing the sign of the nonlinearity in (22) the problem has no
solutions. More precisely:

Proposition 1.1 Given a function K € L*(R) with K <0, the equation
(—=A)zu = Ke* inR
has no solution satisfying (23).

The proof of Proposition 1.1 is a simple application of the maximum principle for the
operator (—A)z, but it is worth remarking that for n > 4 even solutions to Problem (24)
with (n — 1)! replaced by —(n — 1)! (or any negative constant) do exist, as shown in [27].

The paper is organized as follows. In the Section 2 we introduce the nonlocal Liouville
equation (6) in S* and we explain its geometric interpretation. In Section 3 we perform
the blow-up and quantization analysis of the equation (6) and in particular we prove
Theorems 1.2 and 1.4. Section 4 is devoted to the description of the relation between the
equations (6) and (17). Finally in Section 5 we prove Theorem 1.6 and Proposition 1.1.

Notations. Given z,y € RY we denote by (x,y) the scalar product of x,y. Let
h:QcCC —R,and v: S' = C a curve. We denote by f7 h(z)|dz| or by f7 h(z)df the
line integral of h along .

2 Nonlocal Liouville equation in S!
In this section we study the following nonlocal Liouville type equation on S*
(—=A)2u = ke — 11in S

where u € L'(S'), (—A)2u stands for the fractional Laplacian and x: S! — R is a
bounded function. In the Appendix A.1 we recall the definition and some properties of
the fractional Laplacian in S*.

2.1 Geometric Interpretation of the Liouville equation in S*

The first key step in our analysis is the geometric interpretation of the equation (6).
Roughly speaking such an equation prescribes the curvature of a closed curve in conformal
parametrization.

It is easy to verify that for ¢ € L'(S') we have

(~8)%060) = S lnfbtmpen =3 (55 ) = T, (20

10



where H is the Hilbert Transform on S! defined by

H(f)(9) = Z —isign(n)f(n)e™, feD(SY).

ne”

We recall that the Hilbert transform has the following property, a proof of which can
be found in [21, Chapter III].

Lemma 2.1 The Hilbert transform H is bounded from LP(S') into itself, for 1 < p <
+00, and it is of weak type (1,1). A function f := u + iv with u,v € L'(S*,R) can be
extended to a holomorphic function in D* if and only if v = H(u) + a for some a € C .

Proof of Theorem 1.3. 1. Let ® € C'(D? C) be a holomorphic immersion with. Set
A = log |®'|s1]. Since ®': D> — C\ {0} is holomorphic, it holds ®'|g1 = erirtifo for
some 6y € [0,27) where p := H(A) is the Hilbert transform of A. Indeed by Lemma 2.1
the function f := X + ip has a holomorphic extension f to D2, hence e/ is holomorphic
in D? and e/ |1 = ¢/ = M. But |ef| = e = |®'|s1], so that by Lemma B.1 we have
P’ /el = % for some constant ;. Up to a rotation of ® we can assume that 6, = 0. Up
to such a rotation and a translation ® is determined by A.

0P(2)

T (Z) _ Z'e)\(z)-l—ip(z)-i-ie ) (27)
Now let ) ()
0P (e’
0) = do’.
5(9) /0 o0’

We have s: [0,27] — [0, L], where L = ||22]|11(s1) is the length of the curve ®(S'), and

up to a scaling we will assume that L = 27, Let 6 := s7': [0,27] — [0,27]. One can

easily also see that § € C1([0, 27, [0,27]). Then using (27) and that
5(0) = ‘(I)/<€i€)‘ GO 0, 9(5) — oA

we compute

d . A L 0]
7(s) = —® () = &/ (e))e?f(s) = 0

_ = 16(s) —)\(eie(s))
a6 g & e '

Notice that |7| =1, i.e. the curve 7: e* s ®(e'(*)) is parametrized by arc-lenght, and 7
is its unit tangent vector. Using (26), (27) and identifying s with e, the curvature of

(5) = (ir(s), #(s)) = {ir(s) o (i)
62‘9(3) .
<% + 1) (s)

((—A)%)\(eie(s))+1) e_A(eie(s))’
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i.e. \ satisfies (13) with x(e?) := it(s(0)) - 7(s(0)) . Since |r(s)| = |¥(e*)| € L=(S') we
also have v € W2>(S! C).

2. Conversely, let us assume that A\ € L1(S1) with e* € L*(S') weakly satisfies (13) for
some k£ € L>(S"). By regularity theory A € W'?(S") for any p < co. We set p := H(N).
Let ¢ € W1P(D? C) be the holomorphic extension of function e**% € W1P(S!) and set

O(z) := (w)dw, z € D? (28)

where ¥, is any path in D? connecting 0 and z. Then ® € W?2P(D? C) satisfies (27).
From part 1 we see that  is the curvature of the curve ®(S') in normal parametrization.
Let ®: D2 — C be another holomorphic immersion such that |®'(z)| = e**)», z € S'.

We claim that
d=¢%d+q inD? forsomefy R, aecC. (29)

Indeed the function h := % never vanishes in D? and satisfies

_ [P e

== — =1, zeSh
B(z) e :

A (2)]

It follows from Lemma B.1 that h is a constant of modulus 1, say h = e, and (29)
follows at once. O

Remark 2.1 In Theorem 1.3, we cannot expect that @ is a biholomorphism from D?
onto ®(D?). For instance the function ®(z) := €% for any a > 0 is an immersion and
®(S1) has self-intersections whenever a > 7, as easily seen by writing

() = e**9(cos(asin ) + isin(asin §)),
see Figure 5.
Corollary 2.1 All functions A\ € L*(S1) with e* € L'(S') solutions to
(—A)2\ = Cpe* — 1 on S', (30)
where Cy is an arbitrary positive constant, are given by

0 z—a

)\(9) B log < %1 — (7,12’

) ~log Cy (31)

for some a, in D?.

Proof. Up to the translation A=A+ log Cy we can assume Cy = 1. By Theorem 1.3
the function A\ determines a holomorphic immersion ® € C*(D?, C), such that ®(S!) is
curve of curvature 1, hence up to a translation ®(S') C S?, and therefore it is Mobius
transformation of the disk. From (14) we infer that A = log (|]®’|s:|), and we conclude. O
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Figure 5: Plot of the curve e®%%(cos(27 sin §) 4 isin(27sin)), € [0, 2x]. It has the same kind

of self-intersections as the curve ®(e) = e27rew, whose plot is difficult to inspect, since |®(z)]
oscillates between e2™ and e 27,

Corollary 2.2 All functions A\ € L*(S1) with e* € L'(S') solutions to
(—A)%)\ = Coe* — 1 on S*, (32)

where Cy is an arbitrary positive constant, are given by

) “log Gy (33)

for some a; in D?.

Proof. Up to the translation A=A+ log Cy we can assume Cy = 1. By Theorem 1.3
the function A\ determines a holomorphic immersion ® € C*(D?, C), such that ®(S!) is
curve of curvature 1, hence up to a translation ®(S') C S?, and therefore it is Mobius
transformation of the disk. From (14) we infer that A = log (|]®’|s:1|), and we conclude.
O

The following corollary is an easy consequence of Theorem 1.3.

Corollary 2.3 Let ®, A and  be as in Theorem 1.3, and let f : D> — D? be a Mobius
diffeomorphism. Set ® := ®o f, X\ :=log|P|s1| and ik := ko f|s1. Then

A= Ao fls +log(|f'|s1])

and - )
(=A)2\ = ket — 1.



Remark 2.2 One can give an analogous geometric characterization also for an equation
of the type )
(=A)2 A =ke* —n in S, (34)

with » > 1. In this case there is a correspondence between the solutions of (34) and
holomorphic functions ®: D? — C of the form ®(z) = ¥(z)h(z) where ¥ is Blaschke
product

n—1

Z — Qf
U(z) = H T ai,...,an_1 € D?
k=1

and h'(z) # 0 for every z € D?. In this case n — 1 = il - %—\g = deg(V¥) .

Next we show that the existence of a holomorphic immersion of the disk D?, is equiva-
lent to the existence of a positive diffeomorphism of the disc D?. Such a result can be seen
as a sort of generalization Riemann Mapping Theorem in the case of closed curves which
are not necessarily injectives. We premise the following Lemma giving a better regularity
up to the boundary of a holomorphic immersion u: D* — C under the assumption that
the curve u|g: has a W constant speed parametrization.

Lemma 2.2 Let u € C°(D? C) be holomorphic in D? with O,u # 0 in D? and suppose
there is v € W»*(S1,C) with |y| = const and a homeomorphism o : St — S such that
v =wuoao. Thenu € W*P(D? C) for every p < +oo and d,u(z) # 0 for all z € St .

Proof. Let 2y € S'. Since 7/(z) # 0, we can find some p > 0 such that v(S* N B(zg, p))
coincides up to a rotation with a piece of the graph of a function p € C%*(R) with
¢ (u1(z0)) = 0. We may also assume that u = uy + iuy takes value into the set {(&,7) €

R%: n > (&)} . Define
ﬁ:ﬁ1+i’&2, ﬁl = Uz, 712 = UQ—(p<U1).

Claim: 4, satisfies

Or, (a0, 112) = 0, in B(xg, p) N D? (35)
Uy = 0, in B(xg,p) N S?
where the matrix
1 — 1 @’ (u1)
1+(¢")2 (w1) 1+(¢")2 (w1)
(aij) = (36)
@ (u1) 1

TTHEPR@) LT T

is in L°°(D?) and uniformly elliptic .
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Proof of the claim: We can write u = u + ip(uy). Since by hypothesis 0;u(z) = 0, for
all z € D?, the following estimates hold

82U1 = —i82U2
O:u(z) = —ip (u1)0:u; = —¢' (ug)Osus
Ozuy +10519(2) = —i¢' (u1)0suy
? .
Oz:uy = —71 n i(p’(ul) 821@(,2)
o Pu)
o:u = T+ i) O:us(2) .
Therefore )
. N (U1 N
Adiy = 43(0.0:0) — —4S |9, | —2) g, .
Qs 3(0,0:1) S [82 L n Z,(p/<u1>3zm(z)” (37)
Writing
¢ (u1) o Plw)  Oplis 4 @' (u1) Oyl + 1Dyl — @' (1) 0, Un)
——————0;l(2) = :
1+ d¢ (uy) 1+ (¢)%(uq) 2

we compute the right hand side of (37) and get

A'&Q = -9 (am - Zam)%[(amf@ + Qpl(ul)am'&Q) + Z(am'&Q - (p/(ul)amf@)]

Therefore 1y satisfies (35)-(36) and the claim is proven.

Elliptic estimates imply that 4y € W?2P(B(z,r/4) N D?), for every p < +o0, in
particular it is in CV%(B(z,r/4) N D?) for every a € (0,1) . Now since iy > 0 in D? and
Us(29) = 0, Hopf’s Lemma yields that 0,u9(20) # 0. Since u = @ + ip(uy), it follows that

aru(Zo) = &nll (Zo) + 'iarfbg(ZO) +1 cp/(ul(zo)) &nll (Zo) 7& 0,
=0
and since z, € S* was arbitrary, we conclude that 9,u # 0 everywhere on S'. Then since
u is conformal up to the boundary we also have d,u # 0 on S'. O
We introduce the following set
T = {7v: 5" = C, ye W™, |4 = const,
such that there is ¥ € C*(D?,C), det(Jac(¥(2))) >0, z € D?,
(Poo)(z) =~(2), z € St for some diffeomorphism o: St — St}

Theorem 2.1 (Generalized Riemann Mapping Theorem ) A curve v € T if and
only if there exists a holomorphic immersion ®: D?* — C and a diffeomorphism o : St —
St such that ®oo = .
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Proof.

1. Suppose that there exists a holomorphic immersion ®: D? — C and a diffeomor-
phism o : S — S! such that ® o 0 = . The one can take ¥ = ®. Therefore v € T.

2. Conversely let ¥ € C1(D? C), ¥|s1 = v with det(Jac(¥)) > 0 in D?.

2i) Consider the pull back of the Euclidean metric g on R? by :

hij = (&TZ\II, 833]\I’> .
Since det(Jac(y)) > 0 we have
07152‘]‘ < (h'l]) < 052‘]‘ .

We can write
h = hnd{L‘2 + 2h12dl‘dy -+ hggdyQ . (38)

Setting z = x + iy on can write h in the form
h = v|dz + pdz|?

where v is a positive continuous function on U and p is a complex-valued continuous
function with ||g[|pee(p2y < 1 on U. Actually v and p are given by

1
v o= 1 (hn + hog + 24/ hi1hoy — h%g) )

uo= hi1 — has + 2ihyo
hit + hao + 27/ hi1hay — h3,

Moreover V¥ solves the following equation

90 (w)
9 (w)

= p(w), in D% (39)

The function p is the so-called Beltrami coefficient associated to the metric 2. Now we
extend p by 0 outside D? (\_Ne still denote this extension by i). Then there exists a unique
homeomorphism &: C — C (here C' = C U {oo} ~ S?) which satisfies in distributional
sense

0.6 = j(z) 0.6, inC

and the following normalization conditions

£(0) =0, £(1) =1, &(o0) = o0.

Moreover & € I/Vlif((C) for some p > 2, 9.6 # 0, a.e in C. The function ¢ is called a
quasiconformal map with dilation coefficient y, (see e.g. Theorem 4.30 in [35]).
Since ¢ is a homemorphism, £(S1) is a Jordan curve

16



2ii) Consider now ¥ := ¥ 0 &' ¢(D?*) — C. From [35, Proposition 4.13] it follows
that the complex dilatation of ¥ is 0 in & (D?), therefore O ¥ = 0 and U is holomorphic
in £(D?), see [35, Lemma 4.6].

2iii) Now we apply the Riemann Mapping Thereorem: there exists u biholomorphic
map from D? onto £(D?) . In particular O,u # 0 in D?. Take ® := Wo¢ lou. We observe
that det(Jac(¥)) > 0 implies 9,¥ # 0 in D?. Therefore it holds

0. = 0,(Wo& Hdu+ dz(Vo
= 0u,(Vo & Hou+ 0y(To
= 0p(Voe& Hou.

£1)0.
§)0:

2l

IS

We observe that ® is holomorphic in D? because it is the composition of two holomorphic
maps and 9,® # 0 in D?. From Lemma 2.2 it follows that 9,® # 0 in D? and we conclude
the proof of Theorem 2.1. O

From the next Lemma we can deduce that if v € T then the winding number (or
equivalently the degree) of v is 1. This is a consequence of the following lemma.

Lemma 2.3 Let ® €_W2’p(D2,C), for some 1 < p < 400 be a holomorphic function
such that 0,9 # 0 in D?. Then

1 [T {i0p®,03®) 1 [z,

where f(z) = ®'(2) .
Proof. We recall that
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/ e=ro _i9\e 02 _ i0d
f(Z)dZ — 2 (8r r89) 2 (8r rae)dz
1) R i
st st > (5 — 75)
9 _ i i,—i0 0P
_ (8r 7‘8«9)( re 8«9)dz
~—~ L (8_<b _ 18_<I>)
by (41) S or r 00
200 _ i9*® _ 109%°®
. —i0 r2 90 r Ordo r2 920
= /1 e 5 0% dz
S r 00
020 920
—i0 —i0 _9rdo —i0 520
= — e " dz+ e dz e
~ /51 /51 _2Z~a_c1> /5:1 _2Z~a_c1>
r=1 on S1 00 00
i o 02® 1 o 9P
= —27 — — ordd g — — 0000 19
2 o} 2 foi
0 a0 0 90
o 9%®
— T P 0000
= 271 / 0% de .
by (41) 0 o6

On the other hand we have

2m /. 2
/ <269<I>,89<I>>d0
0 |Op @ |?

We observe that

2 0p POy ®

It follows that

/2” (10D, O3 )
0

2

1 /2” 109 P02, P W
0

|0p®|?

1 /2” —i0p 2, 1
0

do + - ——db.

Dy POy ® 2 )y 0yD0yP

i 2T
5/0 10,[2, (|052|2) db

. 21 322(1)
_1/ 92~ 16
0

By combining the estimates (42),(43),(44),(45) we get

1 (2
L omi f(2)

We conclude the proof.

2 Op®
2 822q)
s = —i O~ a6 .
0 69(13
27 22(1)
—1—# % do
27T'l 0 8@@
1 [ (i0y®, 0 D)
= -1+ — Ak it R At 28
tor /0 EX3E
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Remark 2.3 Lemma 2.3 can also be obtained as a corollary of Theorem 1.3. Indeed
deg ®|s1 = 5= [ k|P'|df, but since (=A)2\ = re* — 1, integrating we get Jo1 keMO = 2.

2.2 Connection with half-harmonic maps

In this subsection we show an interesting connection between the solutions of (6) and the
half-harmonic maps into a given curve I'.
Let ¢ = ® € C'(D?,C) be the map given by Theorem 2.1 and set ¢ := ®|g:. Then

® is conformal up to the boundary, i.e. g—‘é’ . g—‘f = 0 on S!. Since g—‘f = (—A)%QZ), we
r=1
deduce 9
(=A)z¢p L T,T, ie. a—? (=A% =0 on D'(SY). (46)

Equation (46) says that ¢ is a 1/2-harmonic map into I' (see [13]).
We would like to recall a characterization of 1/2-harmonic maps of S! into submani-
folds of R™, which has been already observed in [12].

Theorem 2.2 ([15]) Let u € Hz(S*, N), where N is a k-dimensional smooth submani-
fold of R™ without boundary . Then u is a weak 1/2-harmonic map i.e. (—A)%u 1L TN,
if and only if its harmonic extension @ € Wh2(D? R™) is conformal, in which case

Oyt L TN in D'(S®). (47)

Proof. Let u € H2(S',N') be a weak 1/2-harmonic map and let @ € W2(D,R™) be
the harmonic extension of «. Then it holds

B(w= [ (-8l = [ Vi
St D2

Claim: For every X € C*°(D? R?) such that X (z) -z =0 for z € S! it holds

d

(E /I)Q\V&(z+t)~((z))|2|dz|) —0. (48)

t=0

Proof of the Claim.
It has been proved in [13] that if u is 1/2-harmonic, then u € C*(S'), in particular u
satisfies

=0. (49)

t=0

(4 [ 1oyt + oxPla )

dt Jo
for every X € C>(S!).
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Let X € C>(D? R?) such that X(z)-z=0for z € S'. We observe that for all z € S,
Y =du - X =du-X € T,N and

(4 [ v+ ix@pa:)

- / Vii- VY|dz|
D2

= / Oyt - Ydz|
S1

_ _/ (—A)2u-Yl|dz| =0,
Sl

t=0

where the last equality follows from (49).
From Proposition 2.1 below and the regularity of @ up to the boundary it follows that
@ is also conformal in D? i.e.

|0, U| = |Opptt|,  Opyt - Oyt =0

Conversely, suppose that the harmonic extension @ of u is conformal and satisfies (47).
Since 0,4 = —(—A)zu we deduce that u is 1/2-harmonic . O

Proposition 2.1 (Prop. I1.2 in [31]) Let @ be a map in WH2(D? R™) satisfying

d -2
<% /D2 |V, |dz|)

for every X € C*>°(D? R?) such that (X (z),z) = 0 for & € S*. Then 1 is conformal in
D?.

. =0, w(r):=u(r+tX(x))

In the case of 1/2-harmonic maps u: S' — S' we deduce from Theorem 2.2 the
following

Corollary 2.4 Let u € H2(S',S') with deg(u) = 1. Then u is a weak 1/2-harmonic
map if and only if its harmonic extension @: D?> — D? is a Mobius map, namely it has

the form
z—a

ifz) = €™ 1—az’

for some |a| < 1 and 6, € [0,27).

3 Compactness of the Liouville equation in S’

In this section we analyse the asymptotics of solutions to the equation (6).
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3.1 The s-regularity lemma and first compactness result.

A key point in the proof of Theorem 1.2 is an e-reqularity Lemma, asserting roughly
speaking that if the L' norm in conformal parametrization of the curvature (kze*) is
small (less than 7) in a neighborhood of a point, then A\, — Cj is uniformly bounded
in the same neighborhood, for some constant Cj. This result (Lemma 3.2) depends on
Theorem 3.1 below.

Lemma 3.1 (Fundamental solution of (—A)z on S') The function

1
= —— log(2(1 —
G(B) = — - 1oa(2(1 — cos(6)
belongs to BMO(S'), can be decomposed as
G(0) = L1og % L H®), fe|—ma]l~S, with He (S, (50)
77
and satisfies
(—=A)2G =) — L in S, / G(0)do =0, (51)
2 St

and for every function u € L*(SY) with (—A)zu € L*(SY) one has
u—1u=Gx (—A)%u = / G(-— 9)(—A)%u(9)d«9, for almost everyt € S*.  (52)
S1

Proof. Identity (51) follows at once from Lemma 4.1. That G € BMO(S") follows from
parametrizing S' = [—7,7]/{m ~ —7}, writing 1 — cos(f) = % + O(0*) as 6 — 0 and
therefore

1
G(0) = —g(log(02/2) +log(1 4+ O(6%)))
as # — 0. Similarly (50) follows from the explicit expression of G, since

1 s

H(0) :=G(0) — —log 0] =C +log(1+0(0)*) = C asf —0,
m
and H(0) — —5=1log2 as || — 7, so that H € C°(S*).
To prove (52) for u € C* we write

1

w(0) — u = <51 - %u> = ((=A)2G, u) = /S G(0)(—A)zu(6)do,

and translating one gets (52) also for ¢ # 0. For a general function u € Hy'(S') take a
sequence (uy) C C*(S1) with

=

up = u, (—A)Zuy — (=A)2u in L1(SY),
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which can be easily obtained by convolution. Then

u ) up = / G(- = 0)(—=A)*ux(0)dy 6 G(- = 0)(=A)(0)de,

Sl

the convergence on the right following from (50), and Fubini’s theorem:
/.

as k — oo. Since the convergence in L! implies the a.e. convergence (up to a subsequence),
(52) follows. The last claim follows at once from the explicit expression of G. a

‘Lf%t_mK_AyW#ﬂ—(—Afwﬁhwwt

< 1Gllesyll(=A) ur — (=A)*ullpys1y) — 0

The following Theorem is a generalization of Theorem I in [4] and it is crucial to prove
Lemma 3.2.

Theorem 3.1 There exist constants Cy,Cy > 0 such that for any € € (0,7) one has

C; < sup 5/ emelllgn < ¢y, (53)
u:G*f:”f”Ll(Sl)Sl St

and in particular

C, < sup e/ e(m=alv=tl g9 < . (54)
<1 St

weLL(S1: (=) 2u=all 1 (1)<

for some a€R

Proof of Theorems 3.1. Clearly the second inequality in (54) follows from the second
inequality in (53) and (51). Let us now prove (53). Given f with || f||;1(g1) < land setting

u=Gx f we get
1 t+m
—/ log d9+/ H(O—1t)f(0)do
T Jt—m |9_t|

t+m
%[ m(w Omﬂw+a

With Jenses’s inequality and Fubini’s theorem, and using that || f||z1(s1) < 1, it follows

[ motase [ oo (W% | g (w |) 50 )\de) i
T t+m .
< C/_ﬂ /t_7r exp( - log <|9 t|)) | f(0)|dOdt (55)
t+m . i G
—c [ |f<e>|/w(|9_t|) i < &

u(t)] =

IN




This proves the second inequality in (53).

To prove the first inequalities in (53) and in (54) fix € € (0, 7), choose (f;) C C*(S!)
non-negative such that f, — do weakly in the sense of measures, || fi|/11(s1) = 1 and let
uy, solve

1 1 . _
(_A)iuk:fk_% in SY, @, =0.

Such u; can be casily constructed using the Fourier formula for (—A)z, see (124). Then
by Lemma 3.1
1 t+m T
lug(t)| > / G(t —0) fr(0)do > —/ log | —— | fx(0)do — C.

—T

Multiplying by m — €, exponentiating, integrating on S* and taking the limit as k — oo
one gets

lim [ OOl > Jim ~ / Cexp (=5 / mlog ) £(0)d0 ) dt
k=00 J g1 T k=00 C -7 ™ t—m |9_t|
1 (7 T—¢ s
c p< ™ Og(m))
1 T ™ 1_% Cl
- ) =t
() =

which proves (53) and also (54) since @y = 0. O

Lemma 3.2 (e-regularity Lemma) Let u € L'(S) be a solution of

(—A)%u = ke" — 1, (56)
with k € L=(S') and e* € L'(S") and A := ||ke"||1. Assume that for some arc A C S*

/ |kle"dd <7 —¢, (57)

A
for some € > 0. Then for every arc A" €@ A with dist(A°, A’') =§
]y < 5,2, A). (59)

Proof. Set f := (—A)%u. We split f = f; + fo where

fi=re“xa, fo=rKe"XAe.

Let us now define

wi(t) =G fi(t) = | G(t—0)f(0)do, i=1,2,



where G is as in Lemma 3.1. From (51) and (52) it follows that
u—u=Gx (ke —1)=Gx*(ke") =uy + us.

Choose now an arc A” with A’ € A” € A and dist(4”, A°) = dist(4', (A")°) = .
With (50) we easily bound

[ua|[peam < C1 = C1(A,6). (59)

It follows from (57) and Theorem 3.1 that [e"/||zss1) < Cp. for some p > 1, and
consequently also e* < C'. Then for t € A’ we have

uy(t) < / G(t — 0)(|kler @ e+ _1)dp
A

§|]K|]Loo(ecl+“/ G(t—e)e“1<9>d9+/ G(t—e)e“<9>d9+c)
J " A\AN

J/

v~ -~

1) (2)
<C,

where in (1) we use that G € L(S') for ¢ € [1,00) and in (2) we use that G € L>®(A’ x
(A\ A")). O

Lemma 3.3 Let \ : S* — S satisfy (—A)2A € LY(SY) and let X be the harmonic
extension of X\ to D*. Then

X 1
VAl Lo 2y < ClI(=A)2 Al Lr(s), (60)
and for any ball B,(xg)

1 ~ -
= N 2R P—— (61)
BT(IQ)QDQ

Proof. Let A : ' — S satisfy (—A)z\ € L'(S") and let A be the harmonic extension of
A to D?. Then we can write

3w = [ 2wy = [ G)-2)rw)dy (62)
g1 1% g1
where (G is the Green function associated to the Neumann problem. It is know that
V.(G(z,y)) € LE®)(SY) (see e.g. [22]). Therefore VA(x) € L% (D?) as well and (60)
holds .
The proof of (61) follows from O’Neil’s inequality [30]

[ 1981 < xallnnn 193 e = VIAIV Ao
A

for any A C D2 O
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Theorem 3.2 Let (\;) be a sequence as in Theorem 1.2, and let () C CH(D?,C) be
holomorphic immersions with \,(z) = log|®,(2)| for 2 € S' and ®,(1) = 0 (compare to
Theorem 1.3) Then, up to extracting a subsequence, the following set is finite

r=0t koo

B = {a e St lim limsup/ |/{k|e)"“d9 > 7T} ={ay,...,an}, (63)
B(a,r)nS1t

and for functions vy, € L*(S1,R) and ®,, € WH2(D? C) we have for 1 < p < oo

_ . 1
Mo — M — Voo in WP(SY\ B), Mpi=— [ M\df, (64)
2 S1
and B
o), — Oy, in W2P(D?\ B,C) and in W“*(D?C). (65)

Moreover, one of the following alternatives holds:

1. The sequence (M) C R is bounded and ®, is a holomorphic immersion of D*\ B
(i.e. it is holomorphic in D* and 0,®, # 0 for = € D*\ B).

2. A\, = —o0 locally uniformly as k — +oo, and ®o, = Q for some constant () € C.

Proof. The sequence of measures |ry|e*df on S! is bounded (for the total variation
norm), hence up to extracting a subsequence we have |kg|e*dz = p weakly in the sense
of measures for a Radon measure p € M(S*). Let B := {a € S*: u({a}) > 7}. Then B
is clearly finite, say B = {ay,...,an}, and is characterised by the first identity in (63).
Indeed if u({a}) > =, for every r > 0 and ¢ € C°(S') supported in B(a,r) NS such that
0 < <1=¢(a) one has

lim sup/ |kk|e™dd > limsup [ |kgleMpdd = / odp > mo(a) =,
B(a,r)ns?t St St

k—00 k—o00

and conversely if p({a}) < m, then u(B(a,ro) NS') < 7 for some 79 > 0, hence taking
© € C°(S) supported in B(a,r) NS, with 0 < ¢ < 1and ¢ =1 on B(a,re/2) NS, one
gets

lim sup/ |kleMdf < limsup [ |wg]epdd = / wdp < u(B(a,rg)) < .
B(a,r0/2)NS1t St St

k—o0 k—o0

We now show that for every compact K C S 1\ B there exits a constant cx depending
on L and & in (7)-(9) such that

X[ oo i) < ek - (66)

and B
1Ak = Akllzoe ) < ek (67)
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Indeed cover K with finitely many arcs A; NSy so that

/ |kg|eMdd < .
A;NS?t

From Lemma 3.2 it follows that A, — ), is bounded in each A;, and (67) follows. Moreover,
considering that ||e || ;151 = Ly < L, it follows that A, and Ay, are upper bounded, and
this proves (66). Now writing A\, — Ay = G * (ke — 1) as in (52) of Lemma 3.1 we can
bootstrap regularity and obtain that A, — Az is bounded in WP(K) for every p < oo,
and (64) follows from weak compactness.

Let Ay be the harmonic extension of A;. From (67), (60) and (61) we get
”S\k — j‘kHLw(a(DQ\Uf\’:lB(aiﬁ))) S 05 for every o> O,

hence 3 - B
(Ax — M) is bounded in WL?(D*\ B). (68)

Since @ is harmonic and conformal, the following estimate holds

1
[ v < 51z, (09
D2 2

Since @ (1) = 0 it follows that the sequence (®) is bounded in W?(D?) and, up to a
subsequence, ®;, — @, weakly in W1?(D?), where @, is holomorphic.
From (15) it follows that |V®| is bounded in W,5P(S'\ B), hence ®; is bounded in
W2P(S'\ B) and up to a subsequence one gets &, — . in W2P(D'\ B), as wished.
Further, if A, — —oo, then (68) yields V®; — 0 uniformly locally in D? \ B, hence
®, is constant. Similarly, if Ay, > —C, then |V®| is locally uniformly lower bounded on

D?\ B, hence V&, # 0 in D*\ B. O

3.2 Blow-up Analysis

In this section we associate to a sequence (\y) satisfying (7)-(8)-(9) a sequence of curves
(y%) € W2(S',C) with bounded lengths L; < L, curvatures bounded by &, |{;| = £,
a sequence (®;) C CY(D?,C) of holomorphic immersions so that |(®})|s1| = e* and a
sequence of diffeomorphisms o, : S — S! such that ®;, 00}, = v,. Up to a translation we
can assume that @5 (1) = 0, and by Arzela-Ascoli’s theorem 7, — 74 in C*(S*, C) for a
curve v, € W2°(S* C).

Notice that (®5) and (\g) satisfy the hypothesis of Theorem 3.2, and up to a sub-
sequence we can assume that (64) and (65) hold for a finite set B = {as,...,ax} and
functions vy, € L'(S',R) and ®,, € W'?(D? C). Moreover, either 1. or 2. in Theorem
3.2 holds.

26



We introduce the following distance function Dj: S' x S — R*.

Difad) = it { (| 1 |¢;<Ak<t>>|2m;<t>|2dt)é ,

Ap € W2([0,1], 0%), Au(0) = o(g), Axl) = ok<q'>}, (70)

It is well-known that the infimum in (70) is attained by a path Ay such that |9 (Ax(2))||A%(t)| =

const . For such path we then have

( / |<1>;<Ak<t>>|2|A'<t>|2dt)2: [ ewanonisina = [ i,

In the sequel we sometimes identify the parametrization of a curve A with its image.

Proposition 3.1 1) The function Dy, is Lipschitz continuous with |V Dy|p~ < 1 and it
converges uniformly.

2) The infimum in (70) is attained by a curve Ay in normal parametrization such that
the curvature of ®y o Ay, is bounded by ||kl L~ -

Proof. 1. Let q,¢',q,¢ € S*. The following estimate holds
Di(q,q') Di(q,q) + arc(y(q), () + arc(y(q), 1(d))
Di(q:d) + g —aql +1d =4l
By exchanging (¢, ¢’) and (g, q') we get that
1Di(q,d') — Di(@,4)| < la—ql +|d" = 7',

<
<

and we conclude.

2. For a geodesic A with respect to Dy, the curve &, o A is a geodesic in C under
the constraint that ®, o A C ®,(D?). This must be a union of segments (contained in
®,(D?)) and arcs of the curve ~;, where the segments touch the curve 7; tangentially.
Hence the curvature of ®; o A is bounded by ||kl 1.

This completes the proof of Proposition 3.1. a

We give next the definition of a pinched point for the curve v .
Definition 3.1 (Pinched point) A pointp € S! is called pinched point for the sequence

(7&) if there exists p' € S, p # p’ such that limy_, o Dy(p,p’) = 0. We call p’ the “dual”
of p. We denote by P the sets of the pinched points of Voo -

Remark 3.1 The definition of pinched point is independent of @) and oy in the sense
that if ®, = & o f, where f,: D? — D? is a Mobius transformation and if 55, = fk_1 o oy,
then

lim / [P (A(E))||A'(¢)|dt = 0, if and only if hm / |1 (A(1)]|A'(t)|dt = 0.

k—+o00
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Proposition 3.2 Assume that we are in case 2 of Theorem 3.2, i.e. &), — Q in C'IIO’S(DQ\
{a1,...,an}) for a constant Q € C. Then N € {1,2}. If N = 2, let C; and C_ be
the connected components of S' \ {ai,as}. Then o' — p* locally uniformly on Cq,
where pt p~ € P are dual. Moreover Q = Yoo(PT) = Yoo(p7) and Yo (p™) = Yoo (p7),
ke > m(0g, + Oay) and v = Mg — My — Uso in I/Vhl)’f(Sl \ {ai,a2}), where vy solves
(11). If N =1 then vy — vo where v, solves (10).

Proof. By Theorem 3.2 we have \;, — —oo and \; — —oo uniformly locally in S*\
B ={ay,...,ayx}. In particular, since the signed radon measures s e*dx are uniformly
bounded, we have j, — p for a Radon measure supported in B, which then we can write

N .
as [ =Y ., @;04,. Moreover, since
Ak _
kre™* df = 2,
S1
. N
we infer that > ;" | o = 2m.

Let us assume that NV > 2. We want to prove that o; = 7 for every 7, hence necessarily
N = 2. In order to prove that o; = 7, up to a rotation we can reduce to proving that
a7 = m and assume that a; = 7. We can also assume that N = 2 and ay = —¢. If this

is not the case, it suffices to compose @, with Mébius diffeomorphisms fi(z) = %

with ¢, 1 1 slowly enough so that @ := @, o f is still as in case 2 of Theorem 3.2, with
B:{alzi,(zQ:—i}. B
Then let &, be as above, with &, — Q in W>P(D?\ {i, —i}). Set

loc
Vi(2) = e M (@4(2) — D(0)), v = log |V{]st] = e — Ak
By Theorem 3.2 we have
Vp — Voo in WLP(S\ {i, —i}) and in D'(SY),

loc

where v, solves .

(—A)20o = ad; + (27 — )d_; — 1, (71)
for some o € R. Similarly Vi — Vi in W2P(D?\ {i,—i}). Solutions to (71) can be
computed explicitly using Lemma 3.1, so that

, o} . 2T — «
Voo (€) = ~5- log(2(1 —sin@)) — o

log(2(1 + sin#)).
Notice that writing z = x + iy, for z = € € S' we have
2(1 —sinf) = 2> +y* — 2y + 1 = |z —i|]?,

and similarly 2(1+sin @) = |z+1|?. In particular the v, can be extended to a holomorphic
function
2m —

™

log(|z +i?), =€ D2\ {4, —i}. (72)

- (0% .
Uoo(2) 1= —glogﬂz — z|2) —
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The estimate (68) together with (15) implies that
c;' < |Vl <ecs on D*\ (B(i,6) UB(—i,8)) for every § > 0.

Therefore Vi, — Vi, as k — +o0 in W2P(D?\ {i, —i}), where V4, is a conformal immersion
of D\ {i, —i}. Moreover, still using (15), from (72) we obtain
1

T —if iR

Voo (2l

Since V. is holomorphic in D?, up to a rotation (i.e. multiplication by a constant ¢0)
we obtain

1 ? dz
e SR ey e

Up to possibly switching ¢ with —¢ we may assume that o < 7. The function V, is also
known as Schwarz-Christoffel mapping! and sends the two arcs of C,C_ C S! joining ¢
and —i (chosen so that +1 € C1) into two parallel straight lines if & = 7 and into two
half-lines meeting at V,, (i), forming there an angle of 7 — «v if a < 7.

Claim 1. As k — +oo we have o, — p* in L (C..), where p*,p~ € S', with p* # p~.

loc

Proof of Claim 1. Notice that ®, — Q in W,>?(D?\ {i, —i}) implies that

loc

Vao(2) =

-1
do,,

20 — 0 uniformly locally in S*\ {i, —i} as k — +o0.

This proves the first part of the claim. Assume by contradiction that p™ = p~. Set p,f =
o, ' (£1) — p*. By assumption |arc(p),p, )| — 0 (here arc(p},p, ) denotes the shortest
arc connecting p; to p; ). Since oy is a diffeomorphism, for small § > 0, o (arc(p}, p;))
contains either S* N B(z,d) or S' N B(—1,d). Suppose it contains S' N B(i,4). Then

/ eMdh = / |7 (") |df
S1NB(i,8) S'NB(i,8)

< / el d6 (73)
arc(p; ;)

Ly, _
= L are(it )] =0,

as k — oco. This contradicts that ¢ € B, and concludes the proof of the claim 1. O
Claim 2. p" is a pinched point and p~ is dual to it.
Proof of Claim 2. Let pi = 0, '(£1) be as above. Consider the path

Ay, = arc(op(p™), 1) Uarc(ok(p), —1) U [—1,1],

lup to composition with a conformal transformation, since Schwarz-Christoffel maps are usually de-
fined on the half plane {z € C: Rz > 0} instead of the unit disk.
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where [—1,1] is the segment in D? joining —1 to 1. Since as k — 0o we have

. L + +
/ el = [ pudas = Do o
arc(oy, (p£),£1) 27

arc(py ,p*t)

and
/ |D%||dz| < 2 sup |®}||dz| — 0,
[—1,1] [—1,1]

we immediately infer that

/ 1B} [dz] 0,
Ag

hence p* is dual to p~. This proves claim 2. O
Now
9P, (£1) 9P, (£1)
2 56 90 Voo (£1) Xe— A (£1)

In particular, denoting by (v, w)" the angle between two vectors, we have

D) i) = (P FEE) —a

We consider now different cases.
Case 1: 0 < a < 7. Since pf — pT and p* is pinched to p~, and since

) — ()| < Di(pi s p1y)

L -
< Du(p*,p7) + 5 (farc(p®, pi)| + lare(p™ . py))

—0 ask — o©

and taking (76) and the bound & on the curvature of 7; into account, we see that for
positive numbers 525 — 0 as k — oo we have

io;F — i
Ye(pi e ) = (pye ), (77)

i.e. the two curves t — 75 (piet™) cross in short time (see Figure 6). Because §;7 — 0 we

have
+

ot - o Lp(&t+ 965
Dy(pfe ,pye ™) < Dy(pi,py) + Liy 0,)

2w
Let now Ay, : [0,1] — D? be a geodesic realising the distance on the left-hand side of (78).
Then (77) implies that &, 0 Ay is a closed curve (non-constant, since p;ei‘sg # pp e ¥ for
k large) so that the integral of its curvature is at least 7 (see Lemma 3.4 below). On the
other hand Proposition 3.1 implies that the curvature of ®; o A, is bounded by &, and
since the length of such geodesic is going to 0 according to (78), we get a contradiction.

— 0, ask— oo. (78)
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Figure 6: Case 1

Case 2: o = 0. Similar to case 1, if the curves fyk(pfei”) cross for small times 5,:: — 0,

we conclude as before. If not, we can at least say that up to a rotation of the axis
Voo (D?) = {z + iy : y < 0} (79)

and that for small times 5,? — 0 we have

R(vi(py € )) = Ry e ™)) (80)

and without loss of generality

S(i(pf € ) > S((pye ™)), (81)

where for z,y € R we used the notation R(z + iy) = z, S(z + iy) = y (see Figure 7).
Moreover since the curvature of ; is uniformly bounded and &; — 0, using (75) and (79)

we infer 4 st +

. o Eio} :

’Yk(p/l it&i) _ ’Yk(p/l) +0(1) = =1+ o(1),? (82)
Fe(pretn)|  Fr(py)l

2the symbol Ay (p,jfej”"ski ) denotes the derivative of the curve t + v (eft) evaluated for e = pfeii‘ski ,

and not the derivative of the curve ¢t — (pfeﬂt) evaluated for t = (5ki.
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Figure 7: Case 2

i.e. the curves ¢ — yk(pffeﬂt) at the time t = 5,3: are almost horizontal and pointing

into opposite directions (notice that change of orientation between the curves t — Ye(et)
and ¢ — Y (p, e ™)). As before (78) holds, so let Ay : [0,1] — D? be geodesic realis-
ing the distance in (78), with Az(0) = ve(pfe® ) and Ak(1) = y(pre ). Up to a
reparametrization we can assume that Ay := &, 0 A, : [0, L] — C satisfies |A(t)] = 1.
Since the map ®; preserves the orientation, from (82) we infer

S(AL(0)) 0+ 0(1), S(An(1)) =0+ o(1),

i.e. uptoao(l) — 0 as k — oo we have that Ak(Q) points downwards, while Ak(l) points

upwards. Now using (80) we see that the curve A has total curvature at least § — o(1)
(see Lemma 3.5 below) again contradicting Proposition 3.1 and (78).

Case 3: a < 0. Let A be the straight segment in D? (seen as a smooth path) joining
—1 to 1. Since A C D?\ {i,—i} we have that V, o A — V,, 0 A, and by the explicit
form of V., we deduce that the unit tangent vector of the curve V, o A describes an arc
in S! of lenght at least |a| + 7 (we are using that A touches S* perpendicularly, and V,,
is conformal). This implies that for k large enough, any C'-curve of the form ®; o A
for a curve A € C'([0,1], D?) with A(0) = —1, A(1) = 1 has a unit tangent vector
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describing an arc of length no less than |a| — o(1). If such a curve is minimizing Dy,
since by Proposition 3.1 its curvature is bounded by k&, its length cannot go to zero as
k — oo. But this contradicts that p* and p~ are pinched points , since if Ay is a geodesic
minimizing Dy (ox(pT), ok(p~)) (with lenght going to 0 since pt and p~ are pinched),
then joining Ay with the two arcs arc(op(p*), £1) and using (74) one would obtain paths
joining —1 to 1 of Dy-length going to 0.

The only case left is a = 7, and this completes the proof. a

In the proof of Proposition 3.2 we have used the following.

Lemma 3.4 Let A € W*([0, L], C) be a curve satisfying |A(t)| = 1 for every t € [0, L]
and A(0) = A(L). Then
L
/ |k(t)|dt >,
0

where K is the curvature of A.

Proof. Let 6 : [0, L] — R be a continuous function such that A(t) = €?® for ¢ € [0, L).
Then it is easy to see that §# = . We have ([0, L]) = [/_,6,] C R for some 0_,60, € R.
Assume now that

6, —0_<nm, (83)

and set

—‘_9+—97 i0
0=, .

Then since |0(t) — 0] < Z for every ¢ € [0, L], we have

(A0, 0) = (A1), v) = ("0, ") 2 0,

with identity possible only for a proper subset of [0, L], where |f(t) — 6] = Z. But this
contradicts that A(0) = A(L). In particular (83) cannot hold, and we get

/0 |K(t)|dt = /0 0(t)|dt > osc(f) = 0, —6_ > .

O

Lemma 3.5 Let A € W([0, L],C) be a curve satisfying A(t) =1 for every t € [0, L].
Assume that

R(A(0)) = R(A(L)), (84)

and that for some (small) € > 0 one has

S(A®0) <&, S(A(L) > —e. (85)



Then
L T
/ |k(t)|dt > = — CeE,
0 2
where K is the curvature of A and C' is a universal constant.

Proof. Let 6 € Wh>([0, L], R) be as in the proof of Lemma 3.4. Then (84) implies that
for some ty,t, € [0, L] one has R(e?*)) < 0, R(e?2)) > 0 (otherwise A would be pointing
always right or always left). Condition (85) implies that (@) < g, I(e?@) > —¢.
Then we immediately infer that the oscillation of 6 is at least 7 — C'e, and we conclude
as in the proof of Lemma 3.4, using that x = 0. O

Next we prove some properties concerning the set P .

Lemma 3.6 Let p*, p~ be dual pinched points, and assume that oy, (p*) = £1. Then @
is as in case 2 of Theorem 3.2, B = {ay,a2} and £1 & B. Moreover every pinched point
p has only one dual p’ and |arc(p, p')| > %

Proof. Let us start from the first claim. If ®; is as in case 1 of Theorem 3.2, then
/ |®%.(2)||dz| > C for every Ay with Ag(0) = —1, Ag(1) =1, (86)
Ag

in contrast with the fact that p™ and p~ are pinched. Then we are in case 2 of Theorem
3.2 and by Proposition 3.2 we have N € {1,2}. Assume now that a; = 1 = oy(p™)

(the reasoning is similar if a; = —1). Then we compose ®;, with Mobius diffeomorphism
fr(z) = % where ¢, 1 1 is chosen so that for a fixed small 6 > 0 we have for k large
enough

[ i@ee hy @l = o (57)
S1NBs (1)

In other words the effect of f; is to stretch the disk to remove the concentration at the
point a; = 1, concentrating the disk towards —1. Then P, = d, 0 fr is necessarily
as in case 1 of Theorem 3.2. Moreover the corresponding ¢ = f, Lo oy, still satisfies
ox(p*) = 1, since f; leaves +1 fixed. This together with (87) contradicts that p™ and
p~ are pinched, since by conformality and convergence of @y, in a neighborhood Bs(1)
we have |®}| > C, hence (86) holds with ®; instead of ®;. Therefore, going back to the
original maps ®; we have proven that +1 ¢ B.

To rule out the case N = 1 it suffices to observe that in this case o (p™) and op(p~)
would belong to the same connected component of S\ B, hence, since ®;, is as in case 2 of
Theorem 3.2, we would get |arc(oy ' (1), 07, ' (1))] — 0, which is absurd, since o}, ' (£1) = p*
and p* # p~.

Let us now prove that every pinched point p has a unique dual p’. In order to do
that, it suffices to prove that given any 2 pinched points p™, p~ dual to each other,
then Yoo (p*) = —Yoo(p~). Let us therefore consider two pinched points p*, p~ dual to

51

34



each other. Up to considering ék = P 0 f, and 5, = f,;l o 0, for suitable Mobius
transformations fj, we can assume that o, (p*) = £1. Then, by the previous part of the
lemma, ®;, blows up at two points a;, as different from £1. To such @5 we can then apply
Proposition 3.2 with C4 being the connected component of S* \ {a;,as} containing +1.
We then infer that Y. (p1) = =Yoo (p7).

The last claim follows from the fact that both arcs A;, A; joining 74 (p*) = %1 contain
a blow up point a; or as, for which

/ |/?;k|ej‘k|dz| :/ |kk|eM|dz| > 7 — o(1).
A; T (Ad)

Lemma 3.7 The set P is closed.

Proof. Let {p,} and {p),} be respectively a sequence of pinched points and their duals,
with p, = P and pl, — pl as k — +00.

We first observe that |p, — p,| > C' > 0 for all n > 0, hence p,, # pl, .

For all p,, there exists curves A, ; C D? with A, = {ox(pn),o(p),)} and

lim |D).(2)||dz| = 0.

Since Yx — Yoo in C1(S1) as k — +oo, we have

li li Ve (t)|dt =0
k~1>IJ1r/loo n—1>r-‘,I-1c>o arc(pn ,Poo) h/k( )|
’ (88)
li li Yie(t)|dt = 0.
k—l>r—|r—loo nﬂufoo arc(p, ,phy) h/k( )|

We set 3
Ak i= Ay Uarc(og(pn), ok(ps)) U arc(og(pn), 0k (Poo)) -

For all k, we have Amk — Awk as n — +oo with 8Akm = {ok(po), ok (Pl )} and since
P, 0 0, = v, on ST from (88) we have

Jim [ 10 =t (2o =0,
Hence po, is by definition a pinched point and p/_ is its dual. O]

We introduce now the following equivalence relation on the set S*\ {P}.

Definition 3.2 Given p,q € S*\ {P} we say that p ~ q if and only if there ewists a
sequence of paths Ag: [0,1] — D? with Ax(0) = ox(p), Ax(1) = 01(q) such that

lim inf di (A, ox(P)) > 0, (89)

k——+o00
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where dy, - D* x D?> — R* is the distance defined as

(2 w) —mf{(/ (A PIAWD) dt)é,

A € WH([0,1], D?), A(0) =z, A(1) = w}.

Proposition 3.3 Let ¢ € S*\ {P}, A, and B, be respectively the equivalence class and
the connected component containing q. Then B, C A, .

Proof of Proposition 3.3. Let ¢ € S'\ {P}. We show that A, N B, is open and closed
in B, .
1. A,N B, is open in B,. Let § > 0 small enough so that eq € S*\ {P} for

€ [—26,20] and
/ ()] < 5 (90)
o (are(e25iq,e2iq)) 2R

Now set gy = e ¢, ¢; = g and q» = €°q. Let f; be the sequence of Mobis transformations
of D? such that &,(q0) = 1,64(q1) = €3 ,5x(¢g2) = €5 . We apply Theorem 3.2 to
cfk := ®, o f and notice that if we are in case 2 of Theorem 3.2, then there are one or two
blow-up points. In the latter case away from the blow-up points {aj, as} we have that
ak’l locally converges to two pinched points, which implies that one of the ¢;’s lies in P,

contradiction. In the former case for one couple of points, say ¢; and ¢, one has

[ riwa= | B42)[d:] 0,
arc(q1,q2) arc(5x(q1),0k(92))

contradicting that |¥;| is bounded away from 0 and |arc(qi, g2)| = 9.
Therefore we are in case 1 of Theorem 3.2 and &), — @, in W"*(D?) and in WQP(DQ\

loc
B), where @, is a holomorphic immersion in D>\ B, B={ay,...,ay} and e’s ¢ B for
i =0,1,2. Since |®_| > C5 > 0 in D>\ UN, Bs(a;), for every p € arc(qo, ¢2), choosing as
Ay, the segment joining o4 (p) to 0x(q) satlsﬁes (89), showing that Bs(q) N ST C A,.

2. A,NB, is closed in B, . Let ¢, € A, N B, be such that ¢, — ¢ € B,. For every
n there exists AF with A¥(0) = o4(g,) and AF(1) = 04(q). and

lim inf dp (AF, 04 (P)) > 0. (91)
k—+o00
Consider now the path ¥¥ = arc(o4(guo), 0%(g,)) U AX | joining o1(gso) to ox(q) . We claim
that
liminf dy(XF, 0 (P)) > 0.

k——~4o00

Indeed, considering (91), it suffices to prove that for n sufficiently large

lim inf di(arc(ok(¢eo ); 0k(qn)), ok (P)) > 0. (92)

k—+o00
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Assume by contradiction that the liminf in (92) is zero.
For every k and n, let ¢* € arc(gu, ¢,) and p¥ € P such that

lim inf Dy (g", p*) = 0.

k——4o00

Up to subsequence ¢* — ¢, and pf — p,, € P as n, k — oo and

li lim D = lim Dg(qoo,Psc) =0,
i, P ) = i, Dil o)
but this contradicts that ¢, ¢ P . This contradiction proves that ¢, € A, N B, , hence
A, N B, is closed in B, . O

Proposition 3.4 Let A be an equivalence class in Sl\{P} Then there exists a sequence
fk D? — D? of Mébius transformations such that ®;, :== &, o  fr — .. in I/V“’(D2 \ B),

loc
={ay,...,an}, and letting as usual &y be such that v, = dy 0 Gy, one has & 0, — Ueo

in I/Vlicp<sl\B>7
Uee(ST\ B) = A (93)
and Yoo(A) = @ (ST \ B) . In fact (7o )u|A] = (®oo).[S*\ B.

Proof. Given ¢ € A take f, as in the proof of Proposition 3.3 and set & := ®y o fy.
We have shown that ®, — ®., in W“2(D?) and in W2P(D?\ B) for a finite set B =
{ai,...,an}, where ®, is a holomorphic immersion (Theorem 3.2, case 1). In particular
this implies that ¢, := &; " is bounded in Wf)’f(Sl \ B) and up to a subsequence 1y — 1
in W2P(S'\ B). Clearly
Vo(S'\ B) C A.

Conversely, given p € ¥ (S'\ B), we want to show that p ¢ A. Given such p we have
or(p) — a; for some a; € B, since otherwise we would have p = ¢, 0 65(p) — Voo(ps) for
p. € S\ B. Since V&, € L?*(D?), from Fubini’s Theorem we can find a sequence 6% — 0
such that

lim |V (2))?|dz] = 0. (94)

n—-+o0o 8B(ai,5z)ﬂD2

For every a;, set {pzz,pzz =, '(0B(a;,81) N S*) . We have |p2; —p2:| > () for any n
and £ large enough, since by definition of the blow-up points one has for k£ large enough

/ e = [ M9 > 7
aurc(p,C e p,C n) B(a;,85,)NST 2

Therefore up to subsequence pk — pi and p T — pif with pit # pi and

lim Dy (6% (p% ), or(pi)) =0

k—o0

In particular p% and pF are pinched. Then condition (94) implies that any path Ay
joining 61 (q) and G%(p) for k large enough it close to G (ph) € 6x(P), hence p € St \ A.
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Finally

(Voo )« [A] = %E%(’VOO%[Q/%O(Sd \ Ua,enB(ai, 0))]
= lim lim (vx).[6 ' (S* \ Us,enB(a;, 0))]

6—0 k—oo

= lim lim (®4).[S* \ Us.e5B(as,0)]

6—0 k—oo

_ }S%(ci)m)*[sl \ Ug,eB(a;,0)]
= (Do0).[ST\ B].

3.3 Quantization result: Proof of Theorems 1.2 and 1.4

In this section we prove Theorems 1.2 and 1.4. In Theorem 1.2 we will show that under the
hypothesis of Theorem 3.2 ke — p weakly in the sense of Radon measures where p is a
Radon measure which is the sum of a locally bounded (possibly vanishing) function and a
(possibly empty) sum of Dirac masses. We also give precise estimates on the coefficients
of the Dirac masses. In the Theorem 1.4 we show that up to a suitable choice of M6bius
transformations we can “detect” all the connected components arising in the limit.

Proof of Theorem 1.2. From Theorem 3.2 there is a (possibly empty) set B =
{ay,...,an} C S' such that (64) holds. Moreover from (7) and (9) it follows that
H(_A)%)‘kHLl(Sl) < C. Therefore (52) implies

Ak = Aellzagsty < € for every ¢ < +oc.

Up to extracting a further subsequence we have vy := A\ — Ay — vs in L9(S?) and

N

e S, (—A)%vk S (=A) v =p—1  in M(SY), (95)
where M (S') denotes the space of finite signed measures on S*. Up to a subsequence we
also have sy — Koo in L>®(S). We now distinguish three cases.

Case 1. Suppose that we are in case 2 of Theorem 3.2 and N =1, i.e. \y — —oo locally
uniformly in S\ {a;}. Then pu = ¢;d,,, and since

/ kpe ™ dl = 2,
Sl

it follows at once that ¢; = 2w. The explicit form of v, follows from Lemma 3.1.

Case 2. Suppose that we are in case 2 of Theorem 3.2 and N > 1. Then we conclude
applying Proposition 3.2, which in particular implies that N = 2 and p = 7d,, + 70a,.
Again the explicit form of v, follows from Lemma 3.1.
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Case 3. Suppose that we are in case 1 of Theorem 3.2, i.e. A\, > —C'. Then Ay — Ay
weakly in W,'?(S*\ B) and for every ¢ € C°(S'\ B) we have

ocC

D=

0=1lim | Ou(=A)2p — (kpe™ — 1)p)df = lim | (A(=A)

) v = (= 1)g)do.
— 00 Sl k—o0 St
In particular the distribution

Ty = (—A)%)\OO —p+1

is supported in B, and since by (95) T,, € M(S?), the order of T, (as distribution) is 0,

hence
N
Too = E Cjéaj-
j=1

In order to compute the coefficients ¢; let x5 : S' = R be 1 on S'N Ui_,B(aj,d) and 0
otherwise. We rewrite the equation (8) as follows:

(—A)%)\k =(1- X(;),%ke/\’c + xskpe™ — 1. (96)

Since
klim (1 — xs)kee™ = (1 — xs5)koee™ in D'(SY),
—00

testing (96) with ¢ € C*>(S?) and letting k — co we get

=

/ Aoo(—A)Z¢p — (1 = Xs) ooy + )dd = lim | xsrpe™pdd,
g1 k—oo S1
and letting § — 0 we infer

(T, p) = lim lim Yokne rpdb.
S1

§—0 k—o0

By choosing ¢ = 1 in a neighborhood of a; for a fixed j, and ¢ = 0 in a neighborhood of
B\ {a;} we get

¢; = lim lim kre™*do.
0—=0k—0o0 SlﬂB(a]’,é)

We now want to compute ¢; for a fixed j € {1,..., N}. Consider the M&bius transforma-
z—tga;

tion fi(z) = s and @y, := @y, o f, for a sequence t; 1 1 to be chosen. By Corollary

2.3 we have . B
Mo = log |®)] = My o fr +log|frl, Rk = Kk o fr,

and

)\k = /%ke)\k — 1.

|
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Since since log|f;| — —oo locally uniformly in D? \ {a;}, and log|f/(ax)] — oo it is
not difficult to see that if ¢, 1 1 slowly enough, then \; — —oo uniformly locally in
D2\ {ay, —ay} and we can apply Proposition 3.2 to ®;, and obtain that

/%kej"“ A T(0a; + 6—q;)-

With a change of variable we then get

7 = lim lim FeMdf = lim lim keMdl = ¢,
0—0 k—oo SlﬂB(aj,(S) 0—0 k—o0 fk(SlﬂB(aj,(S))
where the last identity holds up to having ¢, 1 1 slowly enough. ([l

Proof of Theorem 1.4. From Proposition 3.3 it follows that S*\ {P} = U;c;A; where
J is an at most countable set and A; is an equivalence class generated by the relation in
Definition 3.2. From Proposition 3.4 it follows that for every class A; there is a sequence
of Mébius transformations f}(z) such that

&) = yo fl = &L, in Wl(D*\ B;), Bj={b],...b} },
where ®J_: D?\ B; — R? is a conformal immersion and v, (A;) = ®7_(S'\ B;) . Moreover

we have

(10):[ST\P] = > (8L).15"\ Byl
We have o

D (reo)slA] = Y (8L).[5"\ B)]

j€J jed
and it remains to prove that

(Yo0)«[P] = 0.

In order to do that let 7 : P — P be the bijection which to a pinched point p associates
its dual. For a differential form ¢ : C — L(C, C) we have

(Yoo)«[P1(9) = /P P (Yoo (1)) (o ()it (97)

Now recall that
Yoo(t) = Yoo (T(1)): Fool(t) = =Yoo (T (1)) (98)

For a sequence t, € Pt with t, — ¢t € P as n — oo we have

Yoo(tn) = Yoo(t) + Foo(t) (tn — 1) + 0(tn — 1)

e (1)) = (7 (0) + AT (D) (7(0a) — 7(0)) + 0(r(ta) — (1)), )
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where for simplicity of notation we identified S* with the interval [0, 2], with zero corre-
sponding to a point in S* \ P. Using (98) and (99) we infer that

TG el O

Then at a density point of P we have Z—I = —1 in the sense of approximate differentials

(if the density of P is everywhere 0 then |P| = 0 and we are done). Therefore
[ NGttt = = [ SO im0
P P
—— [ sltm®)in0)at
T(P)=P

where in the first identity we used (98) and in the second identity we made a change of
variable. This proves that the integral in (97) vanished for every differential form ¢, hence

(7o0)«[P] = 0. |

~ Since for every j € J the sequence (®7) is as in case 1 of Theorem 3.2, i.e. setting
Ay, = log |(®y,)|s1| we have || < C, we can apply Theorem 1.2, part iii, and it follows
at once that the blow-up set of \] is B;. O

4 Relation between the Liouville equations in R and
Sl
Consider the conformal map G : D? — R? given by

iz+1  z4+z+1(z)* - 1)

Gle) = z4i 14|22 +i(Z—2)

We will use on the domain D? the coordinate z = & + in and on the target R? the
coordinates (z,y) or z + iy. Writing G in components,

2, 2
G%@::%G@):ZTiééqi?, G%@::%G@):(%E#%iég
and using the polar coordinates (r,6) on D? one easily verifies
oGt _, 0 _ 1 e 10
or |, oo |, l14+n 00 |,._ 1+n" 06| ._,

Notice that G|g: (£ + in) = %n’ i.e. IT := G*'|s1 is the classical stereographic projection

from S\ {—i} onto R. Its inverse is

2z 2
m! =—— 43| -1 . 1
() 1+ﬁﬁz< +1+ﬁ) (100)
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If we write II7!(z) = €@ we get the following useful relation
2 2
1+ a22 14 T11(6)2

which follows easily from sin(f(z)) = S(IT~*(z)) = L’riz

1+ sin(f(x))

=1+sinb, (101)

Proposition 4.1 Given u: R — R set v := uoll : S — R, where IT := G*|s1. Then
u € L%(R) if and only if v € L'(S"). In this case

N %u et
(~a) ety = A1>+S)i<nﬂe( )i Dt (i), (102)

i.€.
((=A)2v,0) = ((=A)2u,p o II")  for every p € Cg°(S"\ {~i}).
Further if (—=A)zu € LY(R), or equivalently (—A)zv|gi (s € L'(SY), then
—A)2u)(T1(e?))
1+sinf
Proof of Proposition 4.1. Since

_ [ 2@,
; |v|d0—/R d

(=A)zv(e?) = ( —~d_; in D'(SY), yz/R(—A)%udx. (103)

14+ 22
it is clear that v € L'(5") if and only if u € L1 (R).
Given now ¢ € C(S'\ {—1}) set ¢ := poII"! € CX(R) and let ¢ € C*(D?)
and ¢ € C>® N LOO(Ri) be the harmonic extensions of ¢ and v given by the Poisson

formulas (126) and (133) respectively. It is not difficult to see that 1o G|pe is continuous,
harmonic in D? and it coincides with ¢ on S*. Then by the maximum principle ¢ = 9o G

in D%\ {—i}.
Using polar coordinates we compute
op I(poG™Y) OGH
or Ox or
1+ 22
5

~ -1 2
ol a0 G1) OG

r=1

2l
dy
Then using Propositions A.1 and (A.3) we get

1 05
“A)3o, ) = 77

= [ (voIll *(z)) 92 oIl !(x) 2 dx
/]R i (8T r=1 )

1+ 22
~ ((-2)

y=0

do

dx

y=0

u? w)?
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so that (102) is proven.
In order to prove (103) set f := ((—A)

N

v)|sn\ iy € D'(S*\ {—i}) and notice that

1l = 1(=2)2ull ey = 7.
Since f € L'(S') C D'(S'), we have
T := (—A)2v — f € D'(SY) (104)

and supp(7T') C {—i}. We claim that 7" = ¢j_; for some constant ¢. Up to a rotation of
St it is convenient to assume that T is supported at {1}. In this case we can write

N
T = Z Ckaéo,
k=0

for some N € N and ¢y, ...,cy € C, which leads to

(T, p) = Z cr(—1)FDFpy = ch Z(—in)ké(n), for p € D(SH). (105)

k=0 = neZ

On the other hand according to (125) we have for ¢ € D(S')
(=) = [ 00) S nfFGme ™ ap
neN

= g [ vioeas (106)

neN

=21 Y [nlo(n)3(m),

neN
where the sum can be moved outside the integral because ) |n||¢(n)| < co. Similarly
(froy=2m) f()dn), for o € D(ST). (107)
neN

Clearly (104), (105), (106) and (107) are compatible only if ¢, = 0 for k = 1,..., N, hence
proving (up to rotating back) that T" = cod_;, as claimed. Finally, testing with ¢ = 1 we
obtain

0={((=A)20,1) = {f,1) + (T, 1) = [[(=A)zul|: + c,
which implies that ¢y = —||(=A)2ul| 1. O
Given now u € L%(R) we want to define a function A\ € L'(S!) such that

H*(eQu\dx\Q) — 62)“d9|2,
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where IT* denotes the pull-back of the stereographic projection, while |dz|* and |df|? are
the standard metrics on R and S! respectively. Since

o\
*(_2u 2y [ 2= 2u(I1(0)) 2
I (e”*|dx|*) (3«9) e |do|
we find o1
A(#) = u(I1(9)) + log 20| = u(T1(0)) —log (1 4 sin ), (108)
or equivalently and using (101)
u(z) = MIT7 () + 1o 2 (109)
N S\1x22)

Using Proposition 4.1 we can now easily relate (—A)2u and (—A)z\.

Proposition 4.2 Given u : R — R set A as in (108). Then u € L%(R) if and only if

A€ LY(SY), and (=A)zu € L'(R) if and only if (—=A)zA € LY(S'\ {—i}). In this case u
solves (17) if and only if X solves

(~A) A=k — 1+ (2r —c)d_; in S (110)
with k =V oll and ¢ = ||(—A)%u||L1(R).

Proof. This follows at once from Proposition 4.2 and Lemma 4.1 below. 0

Lemma 4.1 We have )
(—A)zlog(l+sinf) =1 —27w6_;.

Proof. Notice that by (101) we can write

log(1 + sin 8) = ur o(T1(6)), wro(z) = log (ﬁ) |

Then Propositions 5.1 and 4.1 imply

(=A)>u(I1(6))

—A)2 log(1 +sinf) = —[(=A)zu| 15
()} Tog(1 -+ sin ) = =L (- )bl
u1,0(I1(0)
= u _5i/6u1,0($)dx
1—|—Sin9 R
:]_—271'5_2‘.
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5 Proof of Theorem 1.6 and Proposition 1.1

Before proving Theorem 1.6 we show that the functions defined in (25) are indeed solutions
of (22)-(23).

Proposition 5.1 For every p > 0 and zy € R the function wu,, ,, defined in (25) belongs
to L%(R) satisfies (23) with L = 2w and solves (22).

Proof. That uy,, € L1(R) and [, e**eodz = 27 is elementary. The equation is invariant
under translations and dilations in the sense that for all ro € R and A > 0if u is a solution
of (22) then u(A(z + zo)) + log(\) is a solution of (22) as well, hence it suffices to prove
that uy o(z) = log (1 fx2) is a solution. From Proposition A.3 we get with integration by
parts

o | log (%)
7T(_ )QULO(x) B }:IL% R\[z—e,z+€] (SL’ - y>2

log (1222 jr-e log (12)
{ y—z |, oy«

dy

(e o]

= lim
e—0

T+e

2y
o o}
R\[z—e,z+¢€] (y - l‘)(l + y2)

(y—=)?
2 arctan(y) + x log (ﬁ)
1+ a2

r—e

= lim
e—0

—00

2 arctan(y) + x log ((y*w)

+ +y? ) |~ }
1 _'_ x2 x+e
= 2n = met10@),
1+ 22

Theorem 5.1 There ezist constants Cy,Cy > 0 such that for any € € (0,7) one has

C; < sup ‘% /e(”_a)“|d9 < (O, (111)
) I

WX (D), I(=2)2ull 1 )<
where ﬁ]ivl(l) ={u € Ll(R) : supp(u) C I, (—A)%u c LI(R)},

Lemma 5.1 The Green function of (—A)z on the interval I = (—1,1) can be decomposed
as

where F (7) := Llog Eﬂand H, is upper bounded.

: T
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Proof. This follows from the explicit expression of G(z,y) (see e.g [3] or [5]), namely

1 ro(,y) 1

Glz,y) = 5 Ny

where
(1= =)~ [y)

|z —y|?

ro(z,y) ==

dr = %log(\/ro(:p,y) + \/ro(:p,y) +1),

O

Proof of Theorem 5.1. Up to a translation and dilation we can assume that I = (—1,1).

With Lemma 5.1 we write for u € Hy'(I) and f := (— A)zu

[bmwMM%

1
Gmwsq%(
T

ju(z)| =

and we bound

)+C, x,y,€ 1,
|z =y

D ] e I AR

and exactly as in (55) one gets

hence

/w5)|uxdx<o/|f |/<|x_y|) dxdy<g.

The rest of the proof is also similar to the proof of Theorem 3.1.

Remark 5.1 A slight modification of (111) is

Cy < sup / (m=ellulgp < C,,
< 1]

u= Fl*f supp(f)C1, 70y <

(112)

(113)

where F is as in Lemma 5.1. The proof of (113) is similar to the proof of (111), since

u=Fyx f obviously satisfies (112). An alternative proof of a non-sharp version of (113),

namely

sup / lv=tlgn < €y, for some § >0, u:=

u:F% *f, supp(f)Cf, ||f||L1(1)S1 I

can be obtained noticing that for u = F1 * f one has [u]pmor) < C[Fl]BMO

and one can apply the John-Niremberg mequahty
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Proposition 5.2 Letu € L%(R) satisfy (22)-(23). Then there is a constant Cy € R such

that | |
u(z) = — / log (ﬂ) e"Wdy + C,. (114)
T JR |z =y

In the proof of Proposition 5.2 we use two lemmata.

Lemma 5.2 For any f € L*(R) the function

wle) = Zlf)(a) =+ [ 10g (1 - ‘y‘) F(y)dy (115)

7r [z —y|

is well defined, belongs to L%(R) and satisfies

(=A)zw=finS. (116)

Proof of Lemma 5.2. Let us first assume that f belongs to the Schwartz space S.
Remember that for F(z) := L log (‘—i‘) we have (see e.g. [34, page 132])

s

F(&) = 73%' +C% ind&, (117)
where Pé € &' is the tempered distribution defined by
1 _
€] g1<1 €] g1 1€

For every f € C2°(R) one easily sees that F'x f € C*(R) and F * f € L%(R). Then

(=R« 1)) = [ (P pF (el
— [ (7P (el
— [FRE (e (119)
— 5 | PRI
— - [ fede = [ foan

where in order to apply (118) in the fifth identity can approximate the function ¥(§) =
f1€|# by a sequence of functions ¢, = fn.¢ € S(R) with n. € C*°(R) suitably chosen (see
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for instance [20]). Hence (—A)2(F % f) = f in D/(R), and since f € D(R) the indentity
also holds in a strong sense. Moreover, since obviously

1 (1
(-8 (5 [ a1+ oD swiy) =0
T JR
we see that (116) is satisfied when f € D(R).
For a general function f € L'(R) we can find a sequence (f;) C D(R) with f, — f in
LY(R) and take ¢ € S(R). Then

(i = (=81 TIfil, ) = (i) = (o 0),

as k — oo, while

D=

(1) = (Z1fil, ()

where 1) := (—A)2¢ satisfies

¢) = [ Tlhl@) via)ds

(@) < C(1+[a]). (120)

It remains to show that

/RI[fk — fl(x)¢Y(z)de — 0 as k — oo.

Define g; := f, — f — 0 in L'(R). Then from |[|h; * hallz1 < ||h1||[z1 ||hellzr we get

1+ |y
/ log ge(y)dy| < log(2 + 2D llgell iy + Cllgellze,
B(z,1) |$ - y|

and using that for |z — y| > 1 we have log <1+_‘y|) < C(1 4+ log(]z|))

lz—y|

1+
/ 1og( 'y') gk@)dy\ < C(1 + log o)) gull 1.
R\B(z,1) |z — y|

Therefore, taking (120) into account, we see that
(e = (U1, (~8)e)  as k= oc,
hence conclude that (—A)2w = f in S'(R). O

Lemma 5.3 Let [ € L%(R) satisfy (—A)%f = 0. Then [ is constant.

Proof. This is identical to the proof of Lemma 14 in [20]. O
Proof of Proposition 5.2. Set w(z) as in (115) with f(y) := ¢“®. Then (—A)2 (u—w) =0
by Lemma 5.2, hence by Lemma 5.3 u — w = Cj for some Cj € R. O
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Proposition 5.3 Let u € Li(R) satisfy (22)-(23). Then u € C*(R).

1
/ " Wdy < ¢,
-1

Proof. Up to scaling, assume that

where € will be fixed later.
Let us split v = u; + ug, where

1 [t 1+ 1 [t 1
ni@) =1 [ ron (G2 ) eaysco= 2 [ ox () ey o)
—1 -1

Then (114) implies that us is defined by the same formula, integrating over R\ [—1, 1]
instead of R. It is easy to see that

Jual oo ((—1/2,1/2) < C/ @ dr < 0.
R

From (113) if follows that given p < oo, choosing ¢ > 0 small enough (depending on p)
we have el“l € LP([—1,1]), hence e* € LP[-1/2,1/2].

The same argument, together with translations and dilations, can be performed in a
neighborhood of every point in R, giving e* € LI (R) for 1 < p < oo. Going back to
(114) it is easy to bootstrap regularity and prove that u is actually smooth. ([l

Corollary 5.1 Every function A € L*(S') solving (32) with (—A)z\ € L*(SY) is smooth.

Proof. By Proposition 4.2 the function v : R — R given by (109) is in L%(R) and it

solves (22). Then by Proposition 5.3 u is smooth, hence A € C*(S* \ {—i}). Since (32)
is invariant under rotations we have that actually A € C>(S?!). O

Lemma 5.4 Foru € Li(R) N CH(R) solving (22)-(23) set
o= / e dg,
R

Proof. This argument is taken from [36] and is based on a Pohozaev-type identity.
Differentiating (114) we obtain
3 1
u __/Leuw)dy.
™

Yor RT—Y

Then o = 2.

Multiplying by e*®) and integrating with respect to = on the interval [~ R, R] we get

R
(1) ::/ x—e“(x)d / / "Wy e*@dx =: (II).
—R R T xr —




Integrating by parts we find

R 8€u(x) R
(I) = / x dr = R(e" ) 4 (=R)) / "@dy — —a, as R — oo,
R ox —R

where we used that at least on a sequence R(e®) — e*=F)) — 0 as R — oo, otherwise
(23) would be violated. As for (I7) we compute
2

1 [ 1 [
(1) = ——/ /e“(y)dy e"@dy — —/ / x——i_ye“(y)dy @y — — 2 4 0,
21 _RJR 27 _RJRT —Y 21

as R — oo. Therefore from (1) = (II) we infer a = %, ie. a=2m. O

Proof of Theorem 1.6. Given u € L%(R) satisfying (22)-(23), by Proposition 4.2 the
function A(0) := u(I1(#)) — log(1 + sin @) solves

(—A)%)\ =er—1+ (21 —a)i_; inS.
and by Lemma 5.4 o« = 27, hence
(=A)zA=¢*—1 inS"

By Corollary 2.2 X is of the form given by (33) for some a € D?.
To complete the proof write a = ae'® = a(t + is) with a,t,s € R. We have

u(z) = Ao T} (2) + log <ﬁ) = log <|1 — +§SH_—?(2£)|2(1 . x2)> .

The right-hand side can be computed using (100):

2(1 — a?)

o 2sxft(1—x?)
(10 T2

2(1 - a?) ) |

=1
©8 (xQ(l —2as + a?) —datx + 1 + 2as + a?

u(x) = log —2tw+s(1—z2)
1+22

2
’14—04 ’ (1+ 22?)

Completing the square in the denominator on the right-hand side we get

u(r) = lo 21 =) - -
@ 1g<(1—2a5+a2) (2 — 52 )2+ Laf ) lg(1_|_,u2(3;_3;0)2)

1—2as+a? 1—2as+a?
with
20t 1 —2as + o?
T —m— ——— e —
"7 1 _92as+ a2’ H 1 — a2

0

The following can been seen as a non-local version of the classical mean-value property
of harmonic functions. It appears in [32, Prop. 2.2.6] in a slightly different case, but with
a proof which readily extends to the following case.
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Proposition 5.4 There exists a positive function v, € CY'(R) with [; yide = 1 such
that, setting vy (x) := %71 (f) , we have

u(xg) > ux yx(zo)
for every A > 0 and every u € L%(R) satisfying (—A)%u > 0.
Proof of Proposition 1.1. Since (—A)%u < 0 we have by Proposition 5.4 below
u(0) < u*v,(0) for every A > 0,

where 7, is as in Proposition 5.4. Since duy(x) := yx(—z)dz satisfies [, duy = 1, from
Jensen’s inequality we get

/ e“dpy > exp (/ udu,\) = e n(0) > ul0)
R R

On the other hand, since du) < %dx, we estimate

A A
/Re“da: > 15 Re”du,\ > Ee“(o) — 00 as A — 0o,

contradicting (23). O

5.1 Alternative proof of Theorem 1.6

A more direct proof, which does not use a Pohozaev-type identity, can be given directly
using an extension of Theorem 1.3.

Proposition 5.5 Let A € L'(S') with L := ||e*||1(s1) < 00 satisfy
(—A)%)\ =kre* —1+4+co; in St (122)

for some function k € Lo‘i(Sl, R) and some constant ¢ € R. Then there ezists a holomor-
phic immersion ® € C°(D?,C) such that ®|g1 € W2P(S*\ {—i},C) for p < oo

|'(2)] = ), ze S, (123)

and the curvature of ®|gi\ s s K.

Proof. The function A; := A + 5= log(1 + sin(f))) satisfies

(—A)%Al = ket — 1+ % in S,
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hence by regularity theory we have A\, € LP(S'), and A € LP(SY) N WLP(S* \ {—i}) for
every p < oo. Then p := H(N) € LP(SI) N W P(S'\ {—i}) and one can define the

loc

holomorphic extension A 4 ip and ¢ := €>\+w , and ® as before as

-/ owydu

for any path X, in D? connecting 0 to z. That ® is well defined an continuous also at
the point —i depends on the following facts. We have

lim
6—0

/ P(—ie’ dt’ < lim )‘(_ieit)dt =0

6—0

since e* € L(S!). For almost every § we have

lim qﬁ(r(—ieim)) — gb(—’ieiié),

r—1-

see e.g. [21, Chapter ITI]. Finally ¢ is smooth in D?) so that

lim
6—0

5
/ o((1 — 5')(—ieit))dt’ =0, forevery & > 0.
-5

Then one can construct closed oriented paths Y55 by joining the 4 paths
—iet, t € (=0,0), (1—20)(=ie"), t € (=0,0), (1—r)(—ie*®),r e (0,0)

around the singularity —¢ with

[ otwaw o

!
818},

for suitable sequences di, d;, — 0, as often done in complex function theory.
That « is the curvature of the curve ®|gn\(_;; follows as before. O

Proof of Theorem 1.6 Given u solving (22) according to Proposition 4.2 the function
A defined by (108) satisfies (122) with

c=2m— /(—A)éud:ﬁ.
R

By Proposition 5.5 the function A determines a holomorphic immersion ® : D?\ {—i} — C
with the property that ®gi\(_; is a curve of curvature 1 which extends continuously to
a closed curve ®|S!. Then up to translations ®|g: is a parametrization of the unit circle,
possibly with degree n different from 1. But with Lemma B.2, together with the fact that
® is holomorphic and ®' never vanishes in D?, we immediately get that n =1, ¢ = 0 and
® is a Mobius diffeomorphism of D?. The explicit form of A and u can be computed as
in the previous proof of Theorem 1.6. 0
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A The fractional Laplacian

A.1 The half-Laplacian on S!

Given u € L'(S') we define its Fourier coefficients as

1

u(n) = o

/ u(f)e ™df, n e Z.
g1
If u is smooth we can define

(—A)2u(0) = > |nfa(n)e™. (124)

nez

For u € L(S') we can define (—A)2u € D'(S?) as distribution as
(-aPu) = [ u(-D)ipds, pe (s (12
Sl

Notice that ¢ € C°°(S1) implies that (—A)z¢ € C®(S") (here (—A)2¢p is defined as in
(124)). In fact, given ¢ € L'(S1), we have ¢ € C*(S?) if and only if ¢(n) = o(|n| ™) for
every k > 0.

We can also give a definition of (—A)2u in terms of harmonic extensions. If u € L'(S?),
let @(r,6) be its harmonic extension in D?, explicitly given by the Poisson formula

1 [ : 1—r?
i(r,0) =— [ P(r,0—tju(t)dt, P(r,0)=> ri"e™ = 12
) = 5= [ PO.0=0u)it. P6) e g ()
Then one can define (using polar coordinates)
1 ou . 10 ol
(—A)2u = — in D'(SY) (127)
or|,_,

where the distribution 2% ’r:l is defined as

or
ou / 0P
or r:1790 g1 Or
where ¢ € C*°(S1) and ¢ is the harmonic extension of ¢ in D?.

Notice that if u € C*°(S") the equivalence of (124), (125) and in fact (127) is elemen-
tary, and (127) holds pointwise. For instance the equivalence of (124) and (127) follows

at once from _
u(r,0) = Z a(n)rinlem?.
nez

do,

r=1
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Proposition A.1 The definitions (125) and (127) are equivalent.

Proof. Since (127) holds pointwise for smooth functions, one has for v € L'(S') and
p e C=(sh)
2
T r=1

(=8)u, ) = /Slu(—A)%@dx:/ u%d@ —. <?

S1
U
For u € C(SY) there is also the following pointwise definition of (—A)zu:
Proposition A.2 If u € CY*(SY) for some o € (0,1], then (—A)zu € C**(S') and
_ 1 2T u(e?) — u(e™)
~A)u(e®) = —PV. dt 12
(=A)2u(e") T V/O 2—2cos(0 —t) (128)

where the principal value is well-defined because 2 — 2r cos(6 —t) = (0 — ) + O((0 — t)*)
ast — 0.

Proof. Considering Proposition A.1 it suffices to show the equivalence of (127) and (128).
Set @ as in (126). Then

o 1 (1= ) (u(e”) — u(e"))
N 17}?11 2(r — 1) /0 1 —2rcos(6 —t)+r2 dt
1 /27r (14 7)(u(e?) — u(e“))dt

= lim —
= 1 —2rcos(f —t) 4 r?

27 0y _ (it
- lP.v./ we) —ulet) g
s o 2—2rcos(f —1t)

A.2 The half-Laplacian on R

For u € § (the Schwarz space of rapidly decaying functions) we set

—

(“a)hule) = €lafe). F©) = [ flae . (129
R
One can prove that it holds (see e.g.)

(=A)du(z) = lJD.V./R%@ = %}:ig%/w ]%d% (130)
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from which it follows that

sup |(1 + x2)(—A)%g0(a:)\ < 00, forevery p€S.
zeR

Then one can set

L

S

(R) := {u e Ll (R): /R l“fildx < oo} , (131)

1
2

and for every u € Ly (R) one defines the tempered distribution (—A)zu as

<(—A)%u, Q) = /Ru(—A)%godx = /Ru]:_l(|§|¢(§))d:p, for every p € S. (132)

An alternative definition of (—A)Z can be given via the Poisson integral. For u € L%(R)
define the Poisson integral

. 1 / yu(y)
u(x,y) == — g, y>0, 133
o W e 1)
which is harmonic in R x (0, 00) and whose trace on R x {0} is u. Then we have
1 ou
_A §u o , 134
(=4) 7., (134)

where the identity is pointwise if u is regular enough (for instance Co%(R)), and has to
be read in the sense of distributions in general, with

ot 0P
<__u ,g0> = <u,——(p >, peS, ¢asin (133). (135)
ay y=0 ay y=0
More precisely:

Proposition A.3 Ifu € Li(R)N Co%((a,b)) for some interval (a,b) C R and some o €

loc
(0,1), then the tempered distribution (—A)zu defined in (132) coincides on the interval
(a,b) with the functions given by (130) and (134). For general u € L%(R) the definitions
(132) and (134) are equivalent, where the right-hand side of (134) is defined by (135).

Proof. Assume that u € L%(R) N CY%((a,b)). Following [10] we have for z € (a,b)

loc

9y  |y=g vO Y
i © u(§) — u(z)
B leOW/Ry2+ (&—ﬂf)ng
1 u(§) — u()



where the last convergence follows from dominated convergence outside Bj(x) and by a
Taylor expansion in a neighborhood of z. This proves the equivalence of (130) and (134).
The equivalence between (130) and (132) amounts to showing that

[urgiptenis =+ [ pv / wle) = uly) 4, o2y, (136)

whenever ¢ € S is supported in (a,b). When u € S then the equivalence is shown e.g. in
[10] (passing through the definition given in (129)). In the general case one approximate
u with functions u;y € S converging to u uniformly locally in (a,b) and in L %(R), as
shown in Proposition 2.1.4 of [32] (in order to have convergence in (136) as uy — u, it is
convenient to consider ¢ compactly supported first, in case (a, b) is not bounded).

The last statement follows at once by noticing that applying (134) to ¢ € S, one gets

I
) ay

> — (0, (-A)Eg).

B Useful results from complex analysis

Lemma B.1 Let h € C°(D? C) be holomorphic in D* with h(S') C S* and 0 ¢ h(D?).
Then h is constant.

Proof. Since h never vanishes, log |h| is well defined, harmonic and vanishes on S!, hence
everywhere. This implies that |h| = 1 and from the conformality of A it follows that A is
constant. 0

The following is a generalization of Lemma B.1.

Lemma B.2 (Burckel [6]) Let h € C°(D? C) be holomorphic in D* with h(S) C S*
and deg hlst =n > 0. Then h is a Blaschke product of degree n, i.e.

n
; zZ—a
h(z) Iewonﬁ, A1y...,0p €D2, 90 e R.
— Uk
k=1
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