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Abstract : The paper is devoted to the variational analysis of the Willmore, and other L? curvature
functionals, for 2-d surfaces immersed in a compact riemannian 3 < m-manifold (M™, h); the double goal
of the paper is on one hand to give the right setting for doing the calculus of variations (including min max
methods) of such functionals for immersions into manifolds and on the other hand to prove existence of
possibly branched Willmore spheres under curvature or topological conditions. For this purpose, using the
integrability by compensation, we develop the regularity theory for the critical points of such functionals;
a crucial step consists in writing the Euler-Lagrange equation (which is a system), first in a conservative
form making sense for weak W1 NW?22 immersions , then as a system of conservation laws. Ezxploiting
this mew form of the equations we are able on one hand to prove full regularity of weak solutions to
the Willmore equation in any codimension, on the other hand to prove a rigidity theorem concerning the
relation between CMC and Willmore spheres. One of the main achievements of the paper is that for every
non null 2-homotopy class 0 # v € mwo(M™) we produce a canonical representative given by a Lipschitz
map from the 2-sphere into M™ realizing a connected family of conformal smooth (possibly branched) area
constrained Willmore spheres (as explained in the introduction, this comes as a natural extension of the
minimal immersed spheres in homotopy class constructed by Sacks and Uhlembeck in [SaU] in situations
when they do not exist); moreover for every A > 0 we minimize the Willmore functional among connected
families of weak, possibly branched, immersions of S* having total area A and we prove full reqularity for
the minimizer. Finally, under a mild curvature condition on (M™, h), we minimize [([I|*+1), where I is
the second fundamental form, among weak possibly branched immersions of S and we prove the reqularity
of the minimizer.

Math. Class. 30C70, 58E15, 58E30, 49Q10, 53A30, 35R01, 35J35, 35J48, 35J50.

I Introduction

Throughout the paper (M™, h) will be a compact connected m-dimensional Riemannian manifold. For
a smooth immersion ® of a compact 2-dimensional surface ¥ into (M™, k) recall the definition of the
Willmore functional

W(®) := /E |H|?dvol,, (1.1)

where the mean curvature H is half the trace of the second fundamental form I and volg is the volume
form associated to the pullback metric g := <I_5*h, of the energy functional F

L1
F@%:—/m%w% (1.2)
2 s
and of the conformal Willmore functional Weon s
Weons (B) = / (|Hr|2 n K(Tcﬁ)) dvol,, (L3)
by
where K (T®) is the sectional curvature of the ambient manifold (M™, h) computed on the tangent space

of 5(2); recall moreover that We,, s is conformally invariant (i.e. is invariant under conformal changes
of the ambient metric h ), see [Wei].
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Observe that, by Gauss Bonnet Theorem, for immersions in the Euclidean space R™ the three func-
tionals W, Weonr and F' differ just by a topological constant, so they are equivalent from the variational
point of view. This is not the case for immersions in Riemannian manifolds as it will be clear soon.

The first goal of the present paper is to develop the analysis of the Willmore and the others L2
curvature functionals in Riemannian manifolds of any dimension. Indeed, as for immersions in the
eulidean space, there is the following functional analysis paradox: though the Willmore functional W
defined in (I.1) has perfect meaning for W22 N W1 weak immersions, the classical form of its Euler
Lagrange equation (derived in [Wei]) does not make sense for such weak objects (which are the natural
ones for doing the analysis of the Willmore functional, as it will explained below; exactly as the Sobolev
spaces are the natural framework to studying PDEs). Indeed it requires L3 integrability of second
derivatives being

A H+ A(H)—2|H?> H— R(H) =0, (1.4)

where R : T<f>(x)M — T(f(z)M is the curvature endomorphism defined by

VX € Ty M R(X):= -7

2
> Riem"(X, é;.)é;-] : (15)
=1

and A : T-

<I>(I)M — T(i)'

(z)M is defined as

2
VX € Tz, M AX) =) 1(E,&) <1@E,e), X > (1.6)

i,j=1

where w5 is the projection onto the normal space of ® and (€1, &%) is an orthonormal basis of TS for
the induced metric g := ®*h. The same problem appears in the other L? curvature functionals since the
difference in the Euler Lagrange equations is given just by lower order terms.

A first achievement of the present work is to rewrite the Euler Lagrange equation in a conservative
form which makes sense for such weak immersions. In order to be more accessible, before we perform the
computations and we present the equations in the codimension one case in Section II, then we pass to
the more delicate higher codimensional case.

For this purpose, up to a reparametrization and working on a parametrizing disc D?, we can assume
that the immersion ® is conformal so that it makes sense to consider the standard complex structure of
the disc D?; exploiting the complex notation is very convenient and simplifies also the initial presentation
given by the second author in [Riv1] for immersions in the euclidean space. The main result of Section
IIT is the following theorem. Before stating it let us define Rq% (T<I_5) as

RE(T®) = (WT [Riemh(é'l, @ﬁDL (L7)

where (€1, €3) is a positive orthonormal basis of TD? for the induced metric g := d*h, T TgM —
$,(TD?) is the tangential projection and .* denotes the rotation of an angle Z in &,(7TD?) in the
direction from & towards &, intrinsecally it can be written as X+ = (&,) o *g O (®,)"1(X) for any
X € &,(TD?) where #, is the Hodge duality operator on (T'D?, g). We shall also denote by m; the
orthogonal projection 7y : Tz M — (®,(TD?))* from the tangent space to M™ onto the normal space
to B(D?).

We shall denote by D the Levi-Civita connection of (M™, h) and by an abuse of notations we also
denote by D the associated covariant exterior derivative. We also denote by D, the pull back by ® of D

which is a connection - respectively a covariant exterior derivative - of the pull-back bundle d-1TM™.
D,? is the adjoint of the covariant derivative D9 for the induced metric g = d*h. *p is the Hodge
operator associated to h on multi-vectors of M™ from APM™ into A™~PM™. All these objects are
defined in section III in (IT1.1), (II1.2), (II1.3), (IIL.4), (IIL.5) and (I11.7).

Theorem I.1. Let & be a smooth immersion of the two dimensional disc D? into an m-dimensional
Riemannian manifold (M™,h), then the following identity holds

1 , - L B,
5Dy | Dy = 3ma(Dy H) + ((*ngn) Y H)} — A H + A(H) - 2/H H - RZ(T3)  (18)



where A | is the negative covariant laplacian on the normal bundle to the immersion, A is the linear map

given in (1.6), R is defined in (1.7). m]

Notice that though the right hand side does not make sense for W> N 22 weak immersions, the left
hand side does. Therefore a straightforward but important consequence of Theorem 1.1 is the following
conservative form of Willmore surfaces equation making sense for W1 N W?2?2 weak immersions.

Corollary I.1. A smooth immersion 3 of a 2-dimensional disc D? in (M™, h) is Willmore if and only
if

1 q . . .. .

5Dy | Dy = 37a(Dy ) + 1 ((tg Di®) g H) | = RUH) = RE(T'S), (19)

where R and RY are the curvature endomorphisms defined respectively in (1.5) and (1.7). O

Remark I.1. The Euler Lagrange equations of the other L? curvature functionals are computed in Section
IIT and differ just by terms completely analogous to the right hand side terms of (1.9). O

Another important corollary is the conservative form of the constraint-conformal Willmore equation.
Let ¥ be a smooth closed surface and ® : ¥ < M be a smooth immersion; the pullback metric g := d*h
induces a complex structure J on ¥, and in the associated conformal class there exists a unique constant
curvature metric ¢y with total area 1 (see [Jo]); notice that by construction @ : (2, ¢g) < M is a conformal
immersion. Recall that the smooth immersion ® of (3, ¢p) is said to be constrained-conformal Willmore if
and only if it is a critical point of the Willmore functional under the constraint that the conformal class is
fixed. Before writing the conservative form of the Willmore functional under constraint on the conformal
class let us introduce some notation. Call Q(J) the space of holomorphic quadratic differentials on (X, J)
and let ¢ € Q(J) written in local complex coordinates as ¢ = f(z)dz ® dz; let Hy be the Weingarten map
is given in local coordinates, for a conformal immersion with conformal factor A = log(|9,®|), by

- 1 - o = =, o =, . P
Hy = 3 e~ Py (aigfb - 052@) —2i a§y¢) =3 {H(el, €1) — (s, e3) — 24 1(é7, 62)} ) (I.10)
where 7ig is the normal space to $ and (é1,82) = e—A(aqu,ay&)) is a positively oriented orthonormal

frame of Tff; recall also the definition of the Weingarten operator ﬁo given locally by
ho =2 ﬂﬁ(8222<f)) dz @ dz = e® Hy dz @ dz (I.11)

We introduce on the space A'"°D?@A~9D2 of 1 —0® 1 — 0 form on D? the following hermitian product!
depending on the conformal immersion ®

(1 dz @ dz, 1y dz @ d2)wp = e~ ¥1(2) Pa(2) (I1.12)

where €* := |0,,®| = |0,,8|. We observe that for a conformal change of coordinate w(z) (i.e. w is
holomorphic in z) and for ] satisfying

P ow dw @ dw = 1); dz ® dz
one has, using the conformal immersion ® o w in the Lh.s.
(Y] dw & dw, s dw @ dw)wp = (Y1 dz @ dz, 9 dz @ dz)wp

for more informations about the Weyl Peterson product see [Jo], [Riv2], [Riv4]. Now we can write the
constraint-conformal Willmore equation in conservative form.

Corollary I1.2. Let ® : X < M be a smooth immersion into the m > 3-dimensional Riemannian manifold
(M™ h) and call ¢ the conformal structure associated to g = ®*h. Then ® is a constrained-conformal
Willmore immersion if and only if there exists an holomorphic quadratic differential q € Q(c) such that

1 , o B, L .
5Dy | Dy = 37a(Dy H) + 5 ((*ngn) Amt H)} — (g, ho)wp + R(A) — RE(TF) . (113)

O

1This hermitian product integrated on D? is the Weil Peterson product.



Observe that, in local complex coordinates, S[(g, ho)wp] = e~ 2*S[f (2)Ho).-
Notice that also the constraint-conformal equations of the other L? curvature functional differ just by
terms completely analogous to the right hand side terms of (1.9).

Exploiting the conservative form just showed, in Section V we prove that the constraint-conformal
Willmore equation is equivalent to a system of conservation laws (see Theorem V.1) and in Section VI we
prove that weak solutions to this system of conservation laws are smooth. For proving the regularity it is
crucial to construct from the system of conservation laws some potentials R and S which satisfy a critical
Wente type elliptic system (see the system (VI.17)). Using integrability by compensation we gain some
regularity on R and S which bootstrapped, after some work, gives the smoothness of weak solutions to
the constraint-conformal Willmore equation. Therefore we are able to prove the following full regularity
theorem for weak solutions to the constraint-conformal Willmore equation.

Theorem I.2. [Regularity of weak constraint-conformal Willmore immersions.] Let d be a
Whoo conformal immersion of the disc D? taking values into a sufficiently small open subset of the
Riemannian manifold (M,h), with second fundamental form in L?(D?) and conformal factor X\ :=
log |0,1®| € L=(D?). If & is a constrained-conformal Willmore immersion then ® is C°°. a

Remark 1.2. As the reader will see, the proof of the reqularity is not just a straighforward adaptation
of the Euclidean one. Indeed in the euclidean case R and S were real valued and their existence was
ensured by a direct application of Poicaré Lemma. Here the curvature terms make the situation more
delicate. Indeed R and S, which now are complex valued, are constructed using the D, and 0, operators
(see Lemma VI.2), and their construction makes use of singular integrals and Fourier analysis (see the
Appendiz). Notice that, in case of null curvature, the imaginary parts of R and S vanish and the two,
a priori different, constructions coincide. Therefore our construction is canonical and has a geometric,
beside analytic, meaning. O

Remark 1.3. The regularity issues regarding minimizers of L? curvature functionals in S-dimensional
riemannian manifolds have been studied also in [KMS] using techniques from [SiL]. Beside the fact that
here we deal with higher codimensions, the real advantage of this new approach is that it permits to infer
that any weak solution to the equation is smooth, while in the former the regularity crucially used the
minimality property. Therefore our new approach is more flexible and it is suitable for studying existence
of more general critical points of saddle type. O

Remark 1.4. Since the difference between the Willmore equation and the Fuler Lagrange equations of
the other L? curvature functionals F' and Weons (also under area or conformal type constraint) is made
of subcritical terms, the Regularity Theorem 1.2 applies to them as well. O

Another application of the conservative form of the equation is the following. Recall that an immersion
is called conformal Willmore if it is a critical point of the conformal Willmore functional We,y, s defined
in (1.3), and is called constraint-conformal conformal Willmore if it is a critical point of Weo, ¢ under the
constraint of fixed conformal class. Notice that, since by the Uniformization Theorem there is just one
smooth conformal class on S?, the two notions coincide for smooth immersions of S2. Recall also that a
smooth immersion ® : ¥ < M™ of the surface ¥ has parallel mean curvature if the normal projection of
the covariant derivative of the mean curvature H with respect to tangent vectors to ® is null:

m:(DH) = 0. (1.14)

Observe that in codimension one a surface has parallel mean curvature if and only if it has constant mean
curvature, i.e. it is a CMC surface.

In Section IV, we prove the following Proposition (the analogous proposition for immersions in the
Euclidean space appears in [Riv4]) which ensures abundance of constraint-conformal conformal Willmore
surfaces in space forms. Since, as explained above, the conformal constraint for smooth immersions of a
2-sphere is trivial, the proposition ensures also abundance of Conformal Willmore spheres in space forms.

Proposition I.1. Let (M™, h) be an m-dimensional Riemannian manifold of constant sectional curvature
K and let ® : 3 — M™ be a smooth immersion of the smooth surface 3.
If ® has parallel mean curvature then ® is constraint-conformal conformal Willmore. O



The assumption on the sectional curvature is not trivial, indeed combining results of [PX] and [Mon2]
we get the following rigidity theorem:

Theorem I.3. [Rigidity for Willmore] Let (M3, h) be a compact 3-dimensional Riemannian manifold
with constant scalar curvature. Then M has constant sectional curvature if and only if every smooth
constant mean curvature sphere is conformal Willmore. O

After having studied the analysis of the Euler Lagrange equation of the mentioned L? curvature
functionals we move to establish existence of minimizers of such functionals. We will study both curvature
and topological conditions which ensure the existence of a minimizer.

Before passing to the existence theorems observe that minimizing the Willmore and the other L?
curvature functionals among smooth immersion is of course a-priori an ill posed variational problem. In
[Riv2] (see also [RiCours]), the second author introduced the suitable setting for dealing with minimization
problems whose highest order term is given by the Willmore energy. We now recall the notion of weak
branched immersions with finite total curvature.

By virtue of Nash theorem we can always assume that M™ is isometrically embedded in some euclidian
space R"™. We first define the Sobolev spaces from S? into M™ as follows: for any k € Nand 1 < p < oo

WhP(S2 M™) = {ue WFP(S® R") s. t. u(z) € M™ for ae. z € S®}

Now we introduce the space of possibly branched lipschitz immersions: a map P e Whoo(S2 M™) is a
possibly branched lipschitz immersion if

i) there exists C' > 1 such that
Ve eS?  CYddA(x) < |dP A dD|(z) < |dD|*(z) (1.15)

where the norms of the different tensors have been taken with respect to the standard metric on S?
and with respect to the metric h on M™ and where d® A dd is the tensor given in local coordinates
on S? by

A® N\ dD =2 0y, ® N0y, ® day Ady € TS @ NPTy, M.

ii) There exists at most finitely many points {a; - - - ay } such that for any compact K C S?\{a;---an}

€ess 11161;(|d<1)|(z) > 0. (I.16)

For any possibly branched lipschitz immersion we can define almost everywhere the Gauss map

Op, B A Dy, ®

Nz 1= *h = = M™
® 00, B A Oy, D

m—2
[SIVAN T@(m)

where (z1,22) is a local arbitrary choice of coordinates on S? and %, is the standard Hodge operator
associated to the metric h on multi-vectors in T'M.
With these notations we define

Definition I.1. A lipschitz map de Whoo(S2 M™) is called "weak, possibly branched, immersion” zf@
satisfies (1.15) for some C > 1, if it satisfies (1.16) and if the Gauss map satisfies

/ |Ditg|* dvoly < 400 (1.17)
SZ

where dvoly is the volume form associated to g := d*h the pull-back metric of h by d on S?, D denotes
the covariant derivative with respect to h and the norm |Diig| of the tensor Diig is taken with respect
to g on T*S? and h on N™2T M. The space of "weak, possibly branched, immersion” of S? into M™ is
denoted Fsz. O

Using Miiller-Sverak theory of weak isothermic charts (see [MS]) and Hélein moving frame technique
(see [Hel]) one can prove the following proposition (see [RiCours]).



Proposition 1.2. Let d be a weak, possibly branched, immersion of S® into M™ in Fg» then there exists
a bilipschitz homeomorphism ¥ of S? such that ® o W is weakly conformal : it satisfies almost everywhere

on S? . .
|02, (P 0 V)[7 = [0, (P 0 D)3

W8, (B 0 W), Dy (B 0 W) =0

2

where (x1,x2) are local arbitrary conformal coordinates in S® for the standard metric. Moreover dol is
in W22 Wwhee(S2, Mm™). ]

Remark 1.5. In view of Proposition 1.2 a careful reader could wonder why we do not work with conformal
W22 weak, possibly branched, immersion only and why we do not impose for the membership in Fsz, d to
be conformal from the begining. The reason why this would be a wrong strategy and why we have to keep
the flexibility for weak immersions not to be necessarily conformal is clear in the proof of the existence
theorems, Section VIII and in the Appendix where we will study the variations of the functionals under
general perturbations which do not have to respect infinitesimally the conformal condition. O

Now that we have introduced the right framework we pass to discuss the existence theorems.
Fix a point p € M™ and a 3-dimensional subspace & < T; M of the tangent space to M at p. We denote

Rp(6) = Z Kp (Ei,ﬁj) (I.18)

i#4,i,j=1,2,3

where {E;, Ey, E5} is an orthonormal basis of & and Kﬁ(ﬁi,ﬁj) denotes the sectional curvature of
(M, h) computed on the plane spanned by (E;, Ej) contained in Tz M. Notice that R5(&) coincides with
the scalar curvature at p of the 3-dimensional submanifold of M obtained exponentiating &. Under a
condition on Rﬁ((‘S), in the following theorem we minimize the functional F} defined on F as

Fy(®) := /S (%m? + 1) dvoly = F(®) + A(D). (1.19)

Theorem 1.4. Let (M™,h) be a compact Riemannian manifold and assume there is a point p and a
3-dimensional subspace & < Tz M such that Rz(6&) > 6, where R5(6) is the curvature quantity defined
in (1.18). Then there exists a branched conformal immersion 3 of S? into (M™, h) with finitely many
branched points b, ... b, smooth on S*\ {b, ..., 6N}, minimizing the functional Fy in Fs2, i.e. among
weak branched immersions with finite total curvature. O

Observe that the unit round m-dimensional sphere S™ with canonical metric has R;(&) = 6 for any
base point p and any subspace &, so the assumption is that our ambient manifold has at least one point
p and at least three directions spanning & where the manifold is ”more positively curved” than S™. Let
us make a remark about the regularity in the branch points.

Remark 1.6. The removability of point singularities for Willmore surfaces in Fuclidean space has been
studied in [KS], [KS2] and [Riv1]; recently Y. Bernard and the second author, in [BRRem], proved that
the parametrization is smooth also in the branch points if two residues vanish. Analogous statements
should hold for branched Willmore immersions in manifolds. O

Remark 1.7. It is always possible to minimize Iy by forcing the immersion to pass through a fixed family
of points. For an arbitrary choice of points sufficiently close to the minimizers we found in theorem 1.4,
this should generate a Willmore sphere passing through these points but satisfying the Willmore equation
only away from these points. Since in the variational argument these points cannot be moved the cor-
responding residues obtained in [KS], [Rivl] and [BRRem] have no reason to vanish and the conformal
parametrization 3 of a minimizer should be at most C1 in general. This should contrast presumably
with the situation at the branched points of the minimizers obtained in theorem I.4. Since these points
are left free during the minimization procedure, the first residue 7y (see [BRRem]) should vanish and the
conformal map & should be at least C>* at these points. O



Now let us consider the problem of minimizing the functional F = [|I|>. In codimension one,
E. Kuwert, J. Schygulla and the first author, in [KMS], proved the existence of a smooth immersion
of §? without branched points minimizing the functional F under curvature conditions on the compact
ambient 3-manifold (see also [MonSchy] for non compact ambient 3-manifolds); notice that the topological
argument employed for excluding the branch points crucially depends on the codimension one assumption.
Therefore, in higher codimension, it makes sense to look for minimizers of F' among branched immersions,
as done in the following theorem.

Theorem 1.5. Let (M™ h) be a compact Riemannian manifold. Assume there is a minimizing sequence
for the functional F = %f|]1|2 in Fs2 ( among weak possibly branched immersions with finite total

curvature), {<f)k}k€N C Fs2, with area bounded by positive costants from below and above:
1 -
0<6§A(<I>k)§0<oo.

Then there exists a branched conformal immersion 3 of S? into (M™, h) with finitely many branched
points bt ... bN, smooth on S?\ {b%,...,bN}, minimizing the functional F in Fs2, i.e. among weak
branched immersions with finite total curvature. O

Remark 1.8. By analogous arguments to the proof of Theorem 1.4, the lower bound on the area is ensured
if R5(6) > 0 for some point p and 3-dimensional subspace & < Tz M.

Notice a uniform upper bound on the areas of the minimizing sequence is a crucial information for
compactness issues; moreover generally this is not a trivial property in view of the possibility of totally
geodesic laminations (A similar constraint appears in [Mon3]). |

Up to here we studied existence of minimizeres of curvature functionals under curvature conditions
on the ambient manifold. Now we move to consider existence of area-constrained Willmore spheres under
topological conditions on the ambient manifold.

For any xo € M™ we denote respectively by ma(M™, x¢) the homotopy groups of based maps form
S? into M™ sending the south pole to zg and by m(C°(S?%, M™)) the free homotopy classes. It is well
known that the group ma(M™, x¢) for different zy are isomorphic to each other and mo(M) denotes any
of the mo(M™, 29) modulo isomorphisms. Recall that, in [SaU], J. Sacks and K. Uhlenbeck proceeded to
the minimization of the Dirichlet energy

1

E(®) = - /S |d®|? dvolge

2
among mappings ® of the two sphere S? into M™ within a fixed based homotopy class in mo(M™, xg) in
order to generate area minimizing, possibly branched, immersed spheres realizing this homotopy class.
Even if the paper had a great impact in mathematics, the program of Sacks and Uhlenbeck was only
partially successful. Indeed the possible loss of compactness arising in the minimization process can
generate a union of immersed spheres realizing the corresponding free homotopy class but for which the
underlying component in the homotopy group me(M™) may have been forgotten (for more details see
also the Introduction to [MoRil]). It is very hard in the Sacks Uhlenbeck’s work to distinguish the
classes which are realized by minimal conformal immersions from the somehow not satisfying classes. At
least Sacks and Uhlenbeck could prove that the set of satisfying classes generates, as a m; —module, the
homotopy group ma(M™).

To overcome this difficulty, we minimize a curvature functional - corresponding to A + W in the
absence of branched points - under homotopy constraint and we prove that, even if we still have a
bubbling phenomenon, the limit object must be connected. More precisely we show that for every non
trivial 2-homotopy group of M™ there is a canonical representative given by a Lipschitz map from S?
to M realizing the connected union of conformal branched area-constraint Willmore spheres which are
smooth outside the branched points. Notice that this is a natural generalization of Sacks Uhlenbeck’s
procedure in a sense that, if a class v in w2 (M™) possesses an area minimizing immersion & then H =0,

in particular ® is an area-constraint Willmore sphere minimizing A + W in it’s homotopy class.
Before stating the theorem let us recall that for any Lipschitz mapping @ from S? into M™, (@).[S?]
denotes the current given by the push-forward by @ of the current of integration over S? : for any smooth

two-form w on M™
((@).[5%,w) == /S @) w.



Moreover we denote with [@] € m2(M™) the 2-homotopy class corresponding to the continuous map
a:S?— M™.
Theorem 1.6. Let (M™,h) be a compact Riemannian manifold and fir 0 # ~v € wo(M™). Then

there exist finitely many branched conformal immersions 51 <I>N € Fs2 and a Lipschitz map f €
Woo(S2) M™) with [f] =~ satisfying

f(s?) = Uéi(s% and (1.20)
fs7 = Zéi[SQ] : (L21)

Moreover for every i, the map <I_51 18 a conformal branched area-constrained Willmore immersion which
is smooth outside the ﬁmtely many branched points b, ..., b™N:. More precisely we mean that, outside the
branched points, every ®' is a smooth solution to the Wzllmore equation with the Lagrange multiplier 2H :

1 q . . L .
5Dy [DgH — 37(DyH) + *p ((*ngﬁ) INY: H)} — 21] + R(H) - RE(T®), (1.22)
where w7 is the pmjection onto the normal space to cﬁ *p, and x4 are respectively the Hodge operator on

(M, h) and (S?,g := ®*h); R and R are the curvature endomorphzsms defined respectively in (1.5) and
(I.7). The operators Dy, Dg?, ... are defined above (see also more explicit expressions in Section IIT). O

Remark 1.9. With the same proof, the analogous theorem about existence of a connected family of smooth
branched conformal immersions of S? which are area-constrained critical points for the functional F and
are realizing a fired homotopy class holds. O

Remark 1.10. It might be interesting to investigate whether the minimizer in a fired homotopy class is
really obtained by a Lipschitz realization of more than one smooth branched immersions of spheres or it
is realized by exactly one smooth branched immersion of S®. The asymptotic behavior of the solutions
at possible connection points of 2 distinct spheres in relation with the cancellation of the first residue 7
mentioned in remark 1.7 (which should also hold in the situation of theorem 1.6) is a starting point for
studying the possibility to have such connection points while considering an absolute minimizer. O

Let us give here an idea of the proof of Theorem 1.6. Consider the following Lagrangian L defined on
Fs2

L&) = /S < ]2 f% R(T®) + 1> dvol,, (1.23)

where K (T<I_5) is the sectional curvature of the ambient manifold (M™, h) evaluated on the tangent space
to ®(S?) and observe that, by the Gauss equation, outside the branch points it holds

1
K(T®) +1=HP+1- K (1.24)

|]I|2 2 o}

[\3|H

where Ky is the Gauss curvature of ®, ie. the sectional curvature of the metric g = &*(h) on S2.
Notice that, since the Gauss curvature integrated on compact subsets away the branch points gives a null
lagrangian (i.e. a lagrangian with null first variation with respect to compactly supported variations),
the Euler-Lagrange equation of L coincides with the Euler-Lagrange equation of [ (|H|? + 1) outside the
branched points; therefore the critical points of L satisfy the area-constrained Willmore equation (1.31)
outside the branched points.

Our approach is then to minimize L; the space on which the minimization procedure is performed is the set
T of N+1-tuples T = (f,®!,...3N), where N is an arbitrary positive integer, where f € W12 (S2, M™)
and &' € Fg satisfy (1.20) and (1.21); naturally we define

L(T) = iL((f)i). (1.25)

i=1



Observe that, up to rescaling the ambient metric h by a positive constant, we can always assume that
K <1onall M (or equivalently choose in (1.23), instead of 1, a large positive constant C' > max,; K). On
a minimizing sequence Ty under the constraint that the map fr € W1°°(S2, M™) is in the fixed homotopy
class 0 # v € mo(M™), both the areas and the L? norms of the second fundamental forms are clearly equi-
bounded; therefore, using results from [MoRil] we construct a minimizer Tog = (fao, ®L , ..., 8Nx) € T
such that foo € W1°°(S2, M?) is still in the homotopy class . Using the regularity theory developed in
Section VI we conclude with the smoothness of the ‘5100 outside the finitely many branched points.

Observe that, for small values of the area, smooth (contractible in M) area constraint-Willmore
spheres have been constructed in [LM2] (see also [CL], [LM], [LMS], [Monl], [Mon2]) as perturbations of
small geodesic spheres using perturbative methods; notice that instead Theorem 1.6 deals with the global
situation when the topology of the ambient manifold plays a crucial role. Moreover in the next theorem
we produce area-constrained Willmore spheres for any value of the area. More precisely consider the
lagrangian Wy defined on Fg2 as follows

1

Wﬂ@:LX|W—§(§Om%. (1.26)

Using the Gauss equation, one has

1

3 - S K

K(T®) = [Hf - (L.27)

[\3|H

and, as before, this implies that the critical points of Wi satisfy exactly the Willmore equation outside
the branch points. Notice moreover that, if one considers just non branched immersions then Wi is
exactly the Willmore functional W up to an additive topological constant by Gauss Bonnet Theorem,
so minimizing Wy under area constraint among branched immersions is the natural generalization of
minimizing W under area constraint among non branched immersions; moreover the possibility of having
a branched minimal sphere (for the existence of branched minimal spheres in Riemannian manifolds see
for example [SaU]) for a fixed value of the area suggests that the correct setting, for the global problem
of minimizing the Willmore functional under area constaint for not necessarily small values of the area,
is the one of branched immersions.

Theorem 1.7. Let (M™, h) be a compact Riemannian manifold and fiz any A > 0. Then there exist

finitely many branched conformal immersions <I_51, ceey N € Fs2 and a Lipschitz map fe Whoo(S2, M™)
with
N
S A®) = A, (1.28)
i=1
fs*) = |Jos* and (1.29)
i=1
N .
s = Y els (1.30)

such that for every i, the map d; is a conformal branched area-constraint Willmore immersion which is
smooth outside the finitely many branched points b, ..., b, More precisely we mean that, outside the
brached points, every & is a smooth solution to the Wzllmore equation with the Lagrange multiplier aH
(for some a € R)

1, o - , - L -
5Dy [DgH — 3m5(DyH) + *n ((*ngn) At H)} — aff + R(H) - RE(T®), (L.31)

with the same notation as in Theorem 1.6. Moreover the N + 1-tuple T = (f, q_;l, ceey q_;N) minimizes
the functional Wi in the set of tuples T (defined above) having area A, where the area and the Wi
functional of an element T = (f,®,...,®N) € T are defined in a natural way as A(T) = Zz]\;1 A(9Y)
and Wi (T) = Zf;l Wi (D7) respectively. O



With the same proof, the analogous theorem about existence of a connected family of smooth branched
conformal immersions of S? which are area-constrained critical points for the functional F' and whose
total area is an arbitrary A > 0 holds; this connected family moreover minimize the functional F' in T
under the area constraint A(T) = A.

Remark I.11. For small area A < £g, by the monotonicity formula ( the monotonicity formula is a
crucial tool introduced in [SiL], for the proof in this context see Lemma VII.2) the minimizer has also
small diameter and thanks to the estimates contained in [LM], [LM2], the minimum of the functional
Wik is close to 2m. With arguments analogous to [LM2] ( using [LY]), one checks that, for small area
A < g9, the minimizer produced in Theorem 1.7 is made of just one smooth non branched area-constrained
Willmore immersion of the 2-sphere. Therefore Theorem 1.7 is the natural generalization of the main
theorem in [LM2], where T. Lamm and J. Metzger minimize the Willmore functional under small area
constraint among non branched little spheres. O
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Notations and conventions

For the Riemann curvature tensor Riem” of (M™, h) we use the convention of [Will] (notice that other
authors, like [DoC], adopt theh opposite sign convention): for any X,Y,Z € T, M define
Riemh()f, ?)Z = DX‘D)-;Z — D?D)EZ — D[X,?]Z

The Hodge operator on R™ or more generally on the tangent space T,,M of an oriented Riemannian

manifold (M™,h) is the linear map from APT,M into A™ PT,M which to a p-vector a assigns the
m — p-vector xpa on T, M such that for any p-vector 8 in APT,M the following identity holds:

BAxpa=<B,a>p E1A...\NEn (1.32)

where (El, ey Em) is an orthonormal positively oriented basis of T, M and < .,. >}, is the scalar product
on APT, M induced by h. Notice that even if M is not orientable, we can still define x;, locally.

We will also need the concept of interior multiplication L between p— and g—vectors, p > ¢, producing
a p—g-vector such that (see [Fed] 1.5.1 combined with 1.7.5): for every choice of p—,q— and p—g—vectors,
respectively «, 8 and v the following holds:

<af,y>=<a,BANy> (1.33)

We call e the following contraction operation which to a pair of p— and g—vectors («a, §) assigns the
p+ q — 2—vector o e B such that:
-ifg=1, a0 :=aLf,
-if o € NPT, M, € N1T, M and v € AT, M then

ae(BAY):=(xeB)Ay+ (=1)"(xey)Ap. (1.34)

II The conservative form of the Willmore surface equation in
3-dimensional manifolds

Let ¥2 be an abstract closed surface, (M, h) a 3 dimensional Riemannian manifold and & : %2 < (M, h)
a smooth immersion. Since the following results are local, we can work locally in a disc-neighborhood of
a point and use isothermal coordinates on this disc. This means that we can assume d to be a conformal
immersion from the unit disc D? C R? into (M, h).

Let us introduce some notations. Given the conformal immersion & : D? < (M,h) we call g :=
*h = €2 (da? + da2) the induced metric; denote (&1, é) the orthonormal basis of ®,(T'S2) given by

—

od
oA
€ =e oz,
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where e* = |0,, ®| = |0,,®|. The unit normal vector 7 to ®(X) is then given by
i = *p(€1 N\ €3)

Denoted with D the covariant derivative of (M, h) we have the second fundamental form

and the mean curvature 1
i = [T(ei,é) + (e, 3)]
Introduce moreover the Weingarten Operator expressed in conformal coordinates (z1,x2) as :

L1 . -
Hy = 3 {H(el,el) —I(eq, eq) — 21]1(61,62)}

In [Rivl] an alternative form to the Euler Lagrange equation of Willmore functional in euclidean
setting was proposed; our goal is to do the same for immersions in a Rienannian manifold.

Theorem IL.1. Let ® be a smooth immersion of a two dimensional manifold ¥ into a 3-dimensional
Riemannian manifold (M3, h); restricting the immersion to a small disc neighboorod of a point where we
consider local conformal coordinate, we can see d as a conformal immersion of D? into (M,h). Then
the following identity holds

—2eP A H it — 4e** H (H? — (K9 — K")) + 2¢* R& (T'®)
(IL.1)
= D* [-2VHii + HDii — H %, (it A Dit)]

where H is the mean curvature vector of the immersion <I_5, A, is the negative Laplace Beltrami operator,

*p, is the Hodge operator associated to metric h, D-:= (D D and D+ := (=D

8., 8" 61243') amzqi'aDamq?')

and D* is an operator acting on couples of vector fields (‘71, ‘72) along i&(TE) defined as

D*(V1,Vs) = Dy, gVi+ Dy, V2
Finally recall the definition (1.7) of Ré(Tq;) .= (Riem(e1, &) H)* = (ﬁ A Riem"(e7, e})ﬁ). O

A straightforward but important consequence of Theorem II.1 is the following conservative form of
Willmore surfaces equations.

Corollary I1.1. A conformal immersion 3 of a 2-dimensional disc D? is Willmore if and only if
2¢**R& (T®) + HRicy(7i,7)] = D* | —2DH + 3HDii — x,(H A D7) (11.2)
O

Now recall that an immersion @ is said to be constrained-conformal Willmore if and only if it is a
critical point of the Willmore functional under the constraint that the conformal class is fixed. In [BPP]
is derived the Willmore equation under conformal constraint for immersions of surfaces in a 3-dimensional
Riemannian manifold, which, matched with Theorem II.1, gives the following corollary.

Corollary I1.2. A conformal immersion o of a 2-dimensional disc D? is constrained-conformal Willmore
if and only if there exists an holomorphic function f(z) such that

—

262> [Ré(T(f)) + H Ricy (7, /) + e~ 2S( f(z)HO)} — D* [_QDFI + 3H Dt — %y, (H A DLﬁ)} (IL.3)
O

We proceed in the following way: first we prove a general lemma for conformal immersions of the
2-disc in (M3, h), then we pass to the proof of the theorem and of its corollaries.

11



Lemma II.1. Let ® be a conformal immersion from D? into (M, h). Denote by i the unit normal vector
7i = *p(€1 A €3) of the conformal immersion & and denote by H the mean curvature. Then the following
tdentity holds

—2H V& = Dii + +,(7 A D*7) (I1.4)

D, z-) and D*-:=(—D

00y @ =

where D- 1= (Dé)xla’ 8125"D611<f>')'

Proof of lemma II.1. Denote (¢1,&) the orthonormal basis of ®,(T%2) given by

0P
> Y
éii=e
i a.’L'l )
where e* = |0, | = |0,,P|. The unit normal vector 7 is then given by

7= *p(€1 A €3)
We have
< &1, xpn(f A DY) >= — < D+i ey >
< &1, %n (i A D1it) >=< Dtii é; >
From which we deduce

—

— %h (n A\ Damzi;n) =< Damzq-;n, s >e1— < DB
*h(ﬁ/\ Daxl(ﬁﬁ) = - Daxli;ﬁ’ €x > e+ < Dazli;ﬁ’el > €5

Thus, by the symmetry of the second fundamental form,
Dazlq;ﬁ — *h(ﬁ/\ Dazz(fﬁ) = [< DB 5ﬁ, €y >+ < DB

z2 z1

—

D6125ﬁ+*h(ﬁ/\ Dazl(fn) = [< DB

Since H = —e™* 271[< Dazz(ﬁﬁ,é'g >4+ < Damq;ﬁ, €1 >] we deduce (I1.4) and Lemma II.1 is proved. O

Proof of theorem II.1 and its corollaries First let us introduce the operator D* acting on couples
of vector fields (V7,V3) along ®.(T'Y) defined as

1

N~}

D*(‘?l; %) = Damllf‘;:l + Dawqg

We can again assume that & is conformal. First apply the operator D* to (I1.4) and multiply by H. This
gives

—2H’D*D® — 2HVH - D® = H D* [Dii + *, (i A D*i1)] . (IL.5)
We replace —2H D& in (IL.5) by the expression given by (II.4), moreover we also use the expression of
the mean curvature vector in terms of ® :

=

D*D® =2 H . (IL.6)

So (I1.5) becomes
—4H? H e* + VH - [Dii + # (it A D]
(I1.7)
= H D* [Dii + *p,(ii A D*ii)]

By the Gauss equations, called K9 the Gauss curvature of ¥ and K" = K h((I_)'*(TE)) the sectional
curvature of (M, h) evaluated on the tangent plane to ®(X) we have

1
(K9 — KMt = =5 *h (D A D*Fil)e2,

12



Using that the Hodge duality %, commutes with the covariant differentiation D we get
D*[xp (7t A DY)] = %1, (DE A D7) + %[ A Riem" (04, ®, 8, ®)i]

where we use the convention that Riemh(f, }7)2 =DgY - Dy X — D[)? ?]Z; putting together the last
two equations we obtain

D*[xp (7t A DY) = —2e2M (K9 — K")ii 4 %[t A Riem" (0, ®, 0, B ). (11.8)
Computing (11.7)—2H (11.8) we get

—4e H (H? — (K9 — K") + VH - [Dii + (7 A D&i7)] +

(1L.9)
2% (ﬁ A Riem"(8,,®, amcﬁ)ﬁ) = H D" [Dii — %,(i A D*i7)]
Since D*(VHi1) = e**AyH7i + VH - Dii we have
HD*(Dii — (7t A D)) = 2e2*A Hii + VH *p, (it A D7)+
(I1.10)
+D*[-2VHii + HDii — H *;, (i A D*#)] + VHDii
Plugging (11.10) into (IL.9) we obtain
—4e?\ { (H? — (K9 — K")) — 2%, (ﬁ A Riem"(8,,®, am(f))ﬁ) +
(IL11)

—2e"*AgH it = D* [-2VHii+ HDii — H %, (i A D)

Now observe that

1

—

< % (ﬁ A Riem"(8,,®, azchD)H) ,6 >= — < Riem"(&, &) H, & >

< *p, (ﬁ A Riemh(az2<f), 811§)ﬁ) , €5 >=< Riemh(e_é, e_i)ﬁ, e >
and the normal component is null; hence
*p, (ﬁ/\ Riemh(amzfi,amli)ﬁ) = —e®(Riem(é3, &)H) " =: —62/\R$(T(§)

where -+ denotes the rotation in the plane 5*(TE) of 5 in the sense from €3 to €3. Therefore we finally
write the relation (II.11) as

—2ePA H i — 4e* H (H? — (K9 — K")) + 2¢2 R (TD)
(11.12)
= D* [-2VH# + HDii — H %, (il A D7)

Now recall that the immersion @ is Willmore if and only if
(A H)it + 2H(H? — (K9 — K™)) 4+ HRicy,(i1,7) = 0
so, using equation (I1.12), ® is a Willmore immersion if and only if

2e2X RE(T'®) + 2¢2* H Ricy, (7, 1)
(11.13)
= D* [-2VH# + HDii — H %, (it A D7)

Observing that DH = D(H#) = HDii + VH7i we can rewrite the last relation as
2e°*RE(T®) + H Ricy, (7, )]

(IL.14)
= D* |—2DH + 3HD# — %, (H A DLﬁ)}

13



which is the desired identity.

In [BPP] is derived the Willmore equation under conformal constraint for immersions of surfaces in
a 3-dimensional Riemannian manifold; by Proposition 2 of the aforementioned paper, d is a conformal
constrained Willmore immersion if and only if there exists an holomorphic quadratic differential ¢ €
HO(K?) such that W'(®) = 6*(g), which is equivalent to ask that there exists an holomorphic function

f(2) such that W'(®) = e=223(f(z)Hp). Hence & is conformal constrained Willmore if and only if

—

—(AyH)7i — 2H(H? — (K9 — K™)) — HRicy(7,7) = e 3(f(2)Ho) (IL.15)

for some holomorphic function f(z); we conclude using the relation (I1.12). |

IIT Conservative form of the Willmore equation in manifold in
arbitrary codimension
Let us start introducing some notation. Let ® be a smooth immersion of the disc D? into a Riemannian
manifold (M™, h) of dimension m > 3. We stress that at this point ® is not assumed to be conformal.
Let us denote with g = gz := ®*h the pull back metric on D? by ®. Call x, and *, the Hodge duality
operators, defined in (I.32) for p-vectors tangent respectively to M and to D?. Consider a positively
oriented orthormal frame f1, fo of TD? endowed with the metric ¢ and let &} := 5*(f1), €y = 5*(]"2) the
corresponding orthonormal frame of @, (T'D?), called D the covariant derivative in (M, h) we define
Dy :Tp2(TgM @ APTD?)  — Tpe(TygM @ APTITD?)
X®d — DX @(fihd)+Ds X ® (faha)

= g% {Da X ® <i /\62)] : (IIL.1)

where, in the last line we used coordinates (z!,z%) on D?, T'p2 denotes the set of the sections of the

cooresponding bundle, and Tz M is the tangent bundle of M along <f)(D2). Notice that the definition
does not depend on the choice of coordinates choosed on D?, i.e. it is intrinsic. Observe we defined D,
on a generating family, so the defintion extends to the whole space.

Next extend the definition of x4 to TgM ® NPT D? as

xg: TgM @ NPTD?* — TyM @ A?7P) TD?
Xod — X (,a). (I1L.2)
Using (II1.1) and (II1.2) above let us define
Dye = (=1) %4 Dy g . (I11.3)

We also need to extend the definitions of xp, Aps, scalar product and the projection m; onto the normal
space to ® as follows

*h i APTgM @ NITD?  —  A™=P) To M @ AT D?
T@d — (k) @d (111.4)
An t APTgM @ NTD? x N TgM  —  APTSTgM @ AT D?
Tead,7) = (TAMT) ®d. (I1L.5)
<.,.> (NTzM ® NTD?) x  (NTzM ® AN'TD?) —» R
FRa,7epF) — <if7F>u<df>, (I1L.6)
T TgM @ NNTD?*  — TgM @ AT D?

X®d - (mX)ed (IIL.7)
Define also Ry (T®) to be
2

Rz (T®) := > (< Riem" (I, 8)é1, > €j+ < Riem"(€1,1z;)€1, > &) (ITL.8)

Jj=1
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and
m

(DR)(T®) = < (Dg Riem")(e1,&)é1, & > E. (IIL.9)
i=1

The goal of this section is to prove Theorem I.1. Observe that, now, all the terms appearing in the
statement have been defined. Leu us summarize the arguments of the proof.

Proof of Theorem I.1. The proof is almost all the subsection below; more precisely it follows
combining (II1.28) of Theorem IIL.1 with (IT1.29) in Remark III.1; indeed with some straitforward com-
putation following the defintions (III.1), (IIL.2), (II1.3), (II1.4), (IIL.5) and (IIL.7) one checks that the left
hand side of (I.8) and the left hand side of (III.29) coincide. a

Before passing to the proof of the corollaries, some comments have to be done.
In order to exploit analytically equation (I.8) we will need a more explicit expression of 7z (DgH). Recall

the definition of L given in (L.33), let as before (€1, &) be an orthonormal basis of @, (T'D?), call 7 the
orthogonal m — 2 plane given by
*h (51 A\ 62) =0

and let (7iy - - - fi,;,—2) be a positively oriented orthonormal basis of the m — 2-plane given by 7 satisfying
71 = AaqTo. One verifies easily that

nle; =0
Al iia = (—1)* 1 Agsa Tig
il (Agzaiig) = (—1)"+*"2 i,
We then deduce the following identity :
Vi € Ty M m(w) = (1) AL(fL ) (IT1.10)
From (II1.10) we deduce in particular
7Dy T) = Dyl — (~1)™ 1 Dy () ag (AL ) — (—1)™ " ALs (D7) s £); (I1L11)
where, analogously as before, we define

Lar: (NWTgM @ TD?) x NTzM —  AP™9 Tz M @ TD?
@00, — (@®0)lyf:=(@LF) e (111.12)

A straightforward but important consequence of Theorem I.1 is the conservative form of Willmore
surfaces equations given in Corollary I.1. Let us prove it.

Proof of Corollary I.1. Recall that the first variation of the the Willmore functional in general
riemannian manifolds has been computed in [Wei|; equating it to zero we get the classical Willmore
equation in manifolds: ® is a Willmore immersion if and only if

A H+ A(H)—2|H?> H— R(H) =0 (I11.13)

where R is the curvature endomorphism defined in (I.5). Collecting (II1.13) and the equation (I.8) we
get the thesis. |

Recall that an immersion ® of ¥ is said to be constrained-conformal Willmore if and only if it is a
critical point of the Willmore functional under the constraint that the conformal class is fixed. Let us
prove the conservative form of the constraint-conformal Willmore surface equation given in Corollary I.2.
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Proof of Corollary I.2. Recall (see [Riv2], and the notation given in the introduction before
Corollary 1.2 ) that an immersion ® is a constrained-conformal Willmore immersion if and only if there
exists an holomorphic quadratic differential ¢ € Q(J) such that

A, H+ A(H) —2|H|> H— R(H) = 3[(¢, ho)wp] (I11.14)

where R is the curvature endomorphism defined in (I.5). The thesis follows putting together (I11.32) and
the equation (III.28). O

Now we prove that also the Euler Lagrange equation of the functional F' = % JII]* ca be written in
conservative form, being the Euler Lagrange equation of W plus some lower order terms. Let us start
with an auxiliary lemma.

Lemma IIL.1. Let & : D? < (M, h) be a smooth immersion, then the first variation of the functional
[p2 K(®.(TD?))dvoly with respect to a smooth compactly supported variation @ is given

4 K((® + t@). (T D?))dvol

t=0
dt | p» )

9% 1t (

(I1.15)
= — / < (D R)(T®) + 2R4(T®) + 2K (P, (T D?))H, & > dvol,
D2

where (D R)(T'®) and ER(I;(TE)) are the curvature quantities defined respectively in (111.9) and II1.8. O
Proof. Let(&y, &) is an orthonormal frame of ®,(T'D?) extended in the neighbourood of ®(D?) by par-

allel translation in the normal directions, and 7w denotes the projection on 5*(TD2) By definition

— -

K(®.(TD?) = — < Riem"(€},,)é1,&> >. Observe that using the orthonormality of (€}, ¢&5), the anti-
symmetry of Riem”(.,.) and the fact that Dr. ()€ = 0 we get

Riemh(Dmé’l, 52) = Riemh(]l(ﬂ'T (’LU), 51), 52);

recall moreover that the first variation of the volume element is —2 < H ,W > volg. Collecting these
informations and using the symmetry of the Riemann tensor one gets

- / [< (DgRiem") (81, )81, > +2 < Riem"(I(nr (), &1), &)1, & >
D2
+2 < Riem"(&1,1(r7 (D), &2))é1, & > +2K(®,(TD?) < H, @ > |dvol,.  (I11.16)
Now the thesis follows recalling the definitions (II1.9) and IILS. O

Corollary III.1. A smooth immersion 3 of a 2-dimensional disc D? in (M™,h) is critical for the
functional F = %f 1|2 if and only if

Do | Dy = 37a(Dy ) + 50 (5 Dyt) Aar 1 )]

II1.17
= 2R(H) — 2RL(T®) + (D R)(T®) + 2R5(TP) + 2K (®.(TD*)H ( )
where R and R* are the curvature endomorphisms defined respectively in (1.5) and (L.7). O
Proof. The Gauss equation yelds
Lo F12 (& 2
S = 2| + K (8.(TD?) - K (IIL18)

where Kg is the Gauss curvature of the metric g = 3*h. Integrating over D?, we get

F(®)=2W(®)+ | K(®.(TD?)~ [ Kgdvol,.
D2 D2
Since by Gauss-Bonnet theorem the last integral reduces, up to an additive constant, to an integral on
the boundary, if we take a variations @ compactly supported in D? it gives no contribution in the first
variation. Therefore the thesis follows combining the first variation of W given in Corollary 1.1 and
Lemma III.1. O
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Corollary IT1.2. A smooth immersion 3 of a 2-dimensional disc D? in (M™,h) is conformal Willmore
(i.e. critical for the conformal Willmore functional Weons = [(|H|? + K)dvoly) if and only if

1. » L
5Dy | Dy = 37a(Dy H) + 5 ((gDyit) A 1)

(I11.19)
= R(H) — RE(T®) + (D R)(T®) + 2R3(T'®) + 2K (®,(TD*))H
Notice if (M, h) has constant sectional curvature K then the right hand side is null and we get
1 q . .
5Dy | Dyt = 3ma(Dy H) + ((*ngﬁ) At H)} =0 . (II1.20)
O

Proof. The proof of (II1.25) follows combining Corollary 1.1 and Lemma III.1.
Now assume that the sectional curvature K is constant; then observe that Weo, s (®) = W(®)+K A(®),

AWeons = dW — 2K H. (II1.21)

Moreover, K constant implies that (see [DoC] Corollary 3.5 and recall the opposite sign convention in
the Riemann tensor)

< Riem"(X, Y)W, Z >= h(X,Z2)WY,W) — (X, W)h(Y,Z) VX,Y,W,Z € T,M. (111.22)

Therefore, plugging (II1.22) directly into the definitions (I.5) and (I1.7) we get

R(H) = —2KH, (I11.23)
L 5 _
RE(T3) = 0 . (I11.24)
Equation (IT1.26) follows combining (IT1.21), (I11.23), (I11.24) and Corollary I.1. O

Corollary III.3. Let $ : X < M be a smooth immersion into the m > 3- dimensional Riemannian
manifold (M™,h) and call J the complex structure associated to g = ®*h. Then the immersion ® is
constraint-conformal conformal Willmore (i.e. critical for the conformal Willmore functional Weons =
f(|[-_l»|2 + K)dvol, under the constraint of fized conformal class) if and only if there exists an holomorphic
quadratic differential g € Q(J) such that

1 B} } o
5D [DgH — 3ma(DgH) + % ((*ngn) Ant H)}
(I11.25)

=3 [(q, EO)WP} + R(H) — Rz (T®) + (D R)(T®) + 2R3 (T®) + 2K (6,(TD?)H

Where Ho, ho and (.,.)wp are defined in (1.10), (1.11) and (1.12).
Notice that if (M, h) has constant sectional curvature K then the curvature terms of the right hand
side vanish and we get

1 . . . _ -
5Dy [DgH — 315(DyH) + %1, ((*ngn) At H)} =3 [(q, ho)wp} . (I11.26)
Proof. The proos is analogous to the proof of Corollary 1.2 once we have Corollary III.2. O

ITI.1 Derivation of the conservative form: use of conformal coordinates and
complex notation

We first introduce some complex notation that will be useful in the sequel. In this subsection P is a
conformal immersion into a Riemannian manifold (M™,h) of dimension m > 3, denote z = 1 + iz,

9. = 271(811 —i0y,), Oz = 271(811 + 00z, ).
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Moreover we denote?
€, = e 10,d =271(e) —idy)

s = efAﬁgCE = 271(51 +i€3)
Observe that

(€.,8.) =0

Lo 1

(€5, €3) = 3 (IT1.27)
o nee la g

€z N €z = B €1 /\ €2

We also use the shorter notation D, := D, and D; := Daﬂ; for the covariant derivative with respect

to the vectors 62<I_5 and 05<I_5. Introduce moreover the Weingarten Operator expressed in our conformal
coordinates (z1, 2) :

= = = oL,

Hy = 5 I(éy1,e1) — I(éz, €2) — 24 1(e1, €2)
Theorem IIL.1. Let ® be a smooth immersion of a two dimensional manifold 2 into an m-dimensional
Riemannian manifold (M™, h); restricting the immersion to a small disc neighboorod of a point where
we consider local conformal coordinate, we can see ® as a conformal immersion of D? into (M,h). Then
the following identity holds

L PR (Dg [wﬁ(Dzﬁ)Jr < H, Hy > aquD
(IT1.28)
= A H + A(H) — 2| H+ 8% (< Riem"(es,¢.)é., H > é’g) :

where H is the mean curvature vector of the immersion ®, A is the negative covariant laplacian on the

normal bundle to the immersion, A is the linear map given in (1.6), D,- = Dazq;-, and Dz = Dazq;- are

the covariant derivatives in (M, h) with respect to the tangent vectors 9.% and 0-%. O

Remark IT1.1. Observe that using the identity (II1.34) proved in Lemma II1.2, the equation (II1.28) can
be written using real conformal coordinates as follows

672A

2

D* |DH — 3w5(DH) + 5, (D>t A ﬁ)} =A H+A(H)—2H* H-RZ(T®) ,  (IIL29)
observe we used the equation below, which follows by definition (1.7),

- . S\ L
RE(T'F) = —8R (< Riem"(25,8,)e,, H > gg) - (WT [Riemh(a, gQ)HD .

Notice that identity (II1.29) in codimension one gives exactly the previous (II1.12). a

A straightforward but important consequence of Theorem III.1 is the following conservative form of
Willmore surfaces equation in conformal coordinates.

Corollary II1.4. A conformal immersion o of a 2-dimensional disc D? in (M™, h) is Willmore if and
only if

4P R (DZ [wﬁ(Dzﬁ)Jr < H, Hy> azé}) = R(H) + 8% (< Riem"(és,.)é., H > eg) . (IIL30)

Proof. Recall that $ is a Willmore immersion if and only if (ITI.13) holds. Combining (I11.13) and
equation (111.28) we get the desired result. o

Now recall that an immersion ® is said to be constrained-conformal Willmore if and only if it is a
critical point of the Willmore functional under the constraint that the conformal class is fixed.

20bserve that the notation has been chosen in such a way that Z = éz.
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Corollary IIL.5. A conformal immersion 3 of a 2-dimensional disc D? in (M™,h) is constrained-
conformal Willmore if and only if there exists an holomorphic function f(z) such that

LR (Dg [wﬁ(DzﬁH < H, Hy> agq*)D
B (IT1.31)
— e 22 S(f(2)Ho) + R(H) + 8R (< Riem"(e,8.)é., H > 52)

Proof of Corollary ITI.5 An immersion ® is a constrained-conformal Willmore immersion if and
only if there exists an holomorphic function f such that

—

A H+ A(H)—2|H|? H— R(H) = e"2 3(f(2)Hy) (I11.32)

where R is the curvature endomorphism defined in (I.5).
Therefore putting together (I11.32) and the equation (III.28) we get the thesis. a

In order to prove Theorem III.1 some computational lemmas will be useful; let us start with the
following.

Lemma IIL2. Let ® be a conformal immersion of D? into (M™, h) then

wr(DH) — i, (Dot A H) = —2 <H ﬁ0> 8.8 (I11.33)

and hence B B . o . .
D.H — 3r3(D.H) — i %, (Dot A H) = —2 <H H0> 08 — 27:(D, H) (I11.34)
O

Proof of lemma IIL2. We denote by (&],&,) the orthonormal basis of &, (T'D?) given by

! ox;

With these notations the second fundamental form h which is a symmetric 2-form on T'D? into (®,7D?)*
is given by

(I11.35)
with  h$ = —e™A (Dé‘ml@ﬁa’ é})
We shall also denote -
El] = _»(é»laé»_]) = Z h% Mo
a=1
In particular the mean curvature vector H is given by
I e 1~ -

- ; H o = 3 g Wy + h3y) e = 5 (hay + hoo) (I11.36)

Let 7@ be the m — 2 vector of T (o )M given by 7 = 71 A - -+ A 1ia. We identify vectors and m — 1-vectors
in T(I;(z)M using the Hodge operator %; for the metric h; for the Hodge operator we use the standard
notation (see for example [Nak] Chap. 7.9.2)

< a,f>*pl = (aAxpf)
for any couple of p-vectors a and 3, where we set x,1 := € A €3 A 7i; then we have for instance

*h(ﬁ A\ 51) =¢&y and *p (ﬁ A\ 52) = —& (11137)
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Since €7, €a, 71 - - - flm_o is a basis of Tq;(I)M, we can write for every a =1---m — 2

m—2 2
Diiq = Y < Dila,iig > fig+ Y, < Diia, & > &
B=1 i=1
and consequently
*xp (i A DFiiy) =< DYitg, & > é— < Dliig,é > & (IT1.38)
Hence
L= 7Y — 17 = > 17 > > __ 0 1z = 7 1z >
*p(D"MANH)=—< D H,é1 > éa+ <D H,éy> & =< H,mz(D~¢1) > éy— < H,mz(D~&) > ¢é;

Using (I11.35), we then have proved

—<ﬁ,512> 8Z2<I;+ <ﬁ,f_£22> Gz;f)
*xn(DEAANH) = (I11.39)
< H,hiy > 0,0 — < H,hyy > 0,,

The tangential projection of DH is given by

rr(DH) =< DH,& > &+ < DH,& > &

Hence

rr(DH) = (I11.40)

Combining (I11.39) and (II1.40) gives

< ﬁaf_iu — hgy > azl‘f‘f'Q < ﬁ,ﬁlz > amzq_;
—ar(DH) — xp(D i A H) = (I11.41)
2 < ﬁ,ﬁlg > azl(i:;‘i‘ < ﬁ,ﬁgg — f_iu > az2£
This last identity written with the complex coordinate z is exactly (I11.33) and lemma II1.2 is proved. O

Before to move to the proof of Theorem III.1 we shall need two more lemmas. First we have

Lemma IIL.3. Let d be a conformal immersion of the disc D? into M™, called z := x1 + iz2, € =
|02, | = |02, ®| denote
& =10, |, (111.42)

and let ﬁo be the Weingarten Operator of the immersion expressed in the conformal coordinates (x1,x2):

= . - Lo o
HO = 5 [H(el, 61) — ]1(62, 62) — 22]1(61, 62)] .
Then the following identities hold
o2\
D;lere.| = —H I11.4
[6 € } 2 ? ( 3)
and 1
D, [e7e.] = 5 Hy . (II1.44)

O

Proof of lemma IT1.3. The first identity (II1.43) comes simply from the fact that D=0.% = iA(I_)', from
(IT1.48) and the expression of the mean curvature vector in conformal coordinates

—2X

2

H= AD

20



It remains to prove the identity (III.44). One has moreover

L1 . . .
D. [&.] = D:0:% = | | D, 300, ® ~ Dy 505, — 2i Daxlq;amcb} : (I11.45)

In one hand the projection into the normal direction gives
- - . - o)
T [Daxlq;am@ D, 50n,® ~ 21 Daxlq;(')md)} —2e2 H, (II1.46)

In the other hand the projection into the tangent plane gives

71 Dy, 5008 ~ Dy 50,8 ~2i D, 50,,]

—l—e—/\ <6z2(1_3;, {Dam 56$1§_D6m (I;GZZ(I;—Qi Dam (I;az2q;:|> €s

This implies after some computation

71 Dy, 5008 ~ Dy 50,8 ~2i D, 50,,]
=2¢eN [0y, X — 10, €1 —2€> [Dp A + 02, \] & (I11.47)
=8 0.¢* &,
The combination of (IT1.45), (II1.46) and (111.47) gives
D [ Az 1 & 7 A >
ere] = 5 Ho+20.¢7 ¢
which implies (ITL.44). O

The last lemma we shall need in order to prove Theorem III.1 is the Codazzi-Mainardi identity that
we recall and prove below.

Lemma II1.4. [Codazzi-Mainardi Identity.] Let ® be a conformal immersion of the disc D* into
(M™, h), called z := 1 + ixa, € := |0y, ®| = |04, ®| denote

& i=e 0,0 (I11.48)

and denote Ho the Weingarten Operator of the immersion expressed in the conformal coordinates (x1,x2):

= . Lo .
Hy = 3 [I(é1,€1) — I(éa, ) — 20 1(é7, )] .
Then the following identity holds
e o (eQ/\ < . H, >) —< H,D.H >+ < Hy, D-H > +2 < Riem"(.,&,)0.8,H > . (IIL49)

O

Proof of lemma III.4. Using (I11.44) we obtain

< DoHy, H >=2 <Dg [DZ (e*2A azé)} H> —9 <Dz [Dg (f” azé)} ,H>+2 < Riem"(é.,2.)0.8,H >

Thus
_ — - — 672)‘ - — - -
<D.Hy,H> = —4 <DZ [@A e an)] H> + <DZ { > A(I)] H> +2 < Riem"(¢,8.)0.8, H >
— 20\ <ﬁ0, H> + <DZI;T, H> 42 < Riem"(.,2.)0.8,H > . (I11.50)
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This last identity implies the Codazzi-Mainardi identity (II1.49) and Lemma III.4 is proved. ]

Proof of theorem III.1. Due to Lemma III.2, as explained in remark III.1, it suffices to prove in
conformal parametrization the identity (??). First of all we observe that

12 R (mq (D= [ma(DA)) ) ) = ¢ 7 (D" [ma(DH)|) = AL H (IIL51)
The tangential projection gives
de Py (D2 [wﬁ(Dzﬁ)D —ge <Dg(7Tﬁ(DZﬁ)),é'z> &t ge <Dg(wﬁ(DZﬁ)),é'g> Z. (IIL52)

Using the fact that €, and & are orthogonal to the normal plane we have in one hand using (II1.43)

<Dz(wﬁ(DZﬁ)),5z> — e <7Tﬁ(Dzﬁ),Dg [e* 5z]> - —g <Dzﬁ,ﬁ> (I1L.53)
and on the other hand using (IIL.44)
<Dg(wﬁ(Dzﬁ)), e;> =& <7rﬁ(Dzﬁ), Dz e eg]> = 7% <Dzﬁ,HTO>. (I11.54)
Combining (I11.52), (IIL.53) and (IIL54) we obtain
4o Py (Dg [wﬁ(DZﬁ)D — 4P KDZEI, ﬁ> 8.3 + <Dzﬁ,HTO> an?} . (IIL55)
Putting (I11.51) and (IIL55) together we obtain
1R (D2 [ma(D.H)] ) = ALH — 4P R[[(D.H, ) + (D=H, Hy)| 0-8] (IIL56)

Using Codazzi-Mainardi identity (II11.49) and using also again identity (I111.44), (II1.56) becomes

4672)\§R(Dg [Wﬁ(DZﬁ)+ < ﬁ,ﬁo > 6;(5])
B (IIL57)
= ALﬁ + 2R (<ﬁ, ﬁ0> ﬁo +4 < Riemh(é’g, gz)gz, ﬁ > gg)

The definition (I.6) of A gives
2
A(ﬁ) = Z < ﬁ,ﬁij > Eij )
i,j=1
hence a short elementary computation gives
A(ﬁ) — 2|ﬁ|2 ﬁ =91 <ﬁ,f_£11 — 522> (511 — 522) +2< ﬁ, 512 > }_1:12
Using Hy this expression becomes
A(H) - 2|/H? H = 2% (<ﬁ ﬁ0> HTO) (IT1.58)
Combining (II1.57) and (II1.58) gives
de 2R (DZ [wﬁ(Dzﬁ)Jr < H Hy> MISD
(I11.59)
— A H + A(H) - 2H? 7 + R (< Riem"(2.,2,)2,, H > eg)

which is the desired equality and Theorem III.1 is proved. a
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IV Parallel mean curvature Vs constraint-conformal conformal
Willmore surfaces

As an application of the Conservative form of the Willmore equation, in this section we prove the link be-
tween parallel mean curvature surfaces and constraint-conformal conformal Willmore surfaces mentioned
in the introduction; notice that Proposition I.1 gives a lot of examples of constraint-conformal conformal
Willmore surfaces.

Proof of Proposition I.1. Observe that the proof in the Euclidean case was given by the second author
in [Riv4], here we adapt the computations to the Riemannian setting. Up to a change of coordinates,
we can assume that ® is a smooth conformal immersion. Since (M™, h) has constant sectional curvature
K, then writing the equation (III.25) using the conformal parametrization gives that $ is constraint-

conformal conformal Willmore if and only if there exists a holomorphic function f(z) such that (see also
(IT1.31))

LR (Dg {wﬁ(Dzﬁ)Jr < H, Hy> 6;(13}) = e 2 S(f(2) Ho). (IV.1)

Now assume that H is parallel, that is mz(D.H) = mz(DzH) = 0. From Codazzi-Mainardi identity
(IT1.49), observing that the curvature term vanish as showed in the proof of Corollary III.2 (it is nothing
but Ré (T'®)) we obtain

672A&Z<62A < ﬁ,ﬁo >) =0,

therefore f(z) := e?* < H, H, > is holomorphic. Since by assumption Wﬁ(Dzﬁ) = 0, we can write the
left hand side of (IV.1) as

e R |:Dg (e” < H,Hy> 8:® e—”ﬂ — 4P R[f(2)Dsle )] ;

Now using (I11.44) we write the right hand side of the last equation as 2~ 2 R (f(z)ﬁo) =e g (21’]"(2)50) .

We have just shown that & satisfies the constraint-conformal conformal Willmore equation (IV.1) with
holomorphic function 2ie?* < H, Hy >. O

Proof of Theorem 1.3. One implication follows directly from Proposition 1.1 observing that the
constraint on the conformal class is trivial on smooth immersions of spheres by the Uniformization
Theorem.

Let us prove the opposite implication by contradiction: we assume that the compact Riemannian
3-manifold (M3, h) has constant scalar curvature Scaly but it is not a space form and we exhibit an
embedded sphere which has constant mean curvature but is not conformal Willmore.

First of all let us denote S, := Ric,, — % Scal h,,, the trace-free Ricci tensor of (M, h) and observe that
under our assumptions
m := max||S,||* > 0. (Iv.2)
zeM

Indeed if ||S]|? = 0 then the manifold is Einstein, but the 3-dimensional Einstein manifolds are just the

space forms (for example see [Pet] pages 38-41).

Now consider the function r : M — R defined as
11

95 1
— 2 2 I =
r(z) = 378||Sgc|| + 1134Scal (x) 21AScal(x)

i
378

95
1134

(S| + Scal? (Iv.3)
where in the last equality we used that Scal = Scalp. The function r we just defined is exactly the
function r defined at page 276 in [PX]; this can be seen using the irreducible decomposition of the
Riemann curvature tensor which implies (notice that we are assuming M to be 3-d, so the Weyl tensor
vanishes)

1
| Riem"|*(x) = g Seal®(z) + 4] S *;

plugging this expression in the formula in [PX] and taking m = 3, after some straighforward computations
we end up with (IV.3). Let us recall Theorem 1.1 of [PX]:
There exists po > 0 and a smooth function ¢ : M x (0, pg) — R such that
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(i) For all p € (0, po), if T is a critical point of the function ¢(., p) then, there exists an embedded hyper-
surface S% p,whose mean curvature is constant equal to % and that is a normal graph over the geodesic

sphere S; , for some function which is bounded by a constant times p* in C%® topology.
(ii) For all k > 0, there exists ¢, > 0 which does not depend on p € (0, pg) such that

[6(., p) = Seal + p?r||crary < Cip®. (Iv.4)

Now, for pg small enough, we claim that at all points of global minimum of ¢ we have ||S||? > 0. If it is
not the case let 2 be a point of global minimum of ¢(., p) and observe that(IV.4) and (IV.3) yelds

¢(Z'?,p) Z Scalo +

113450(110 0% — Cop; (IV.5)

on the other hand, at a maximum point 2° for ||S||?, we have analogously

95 11
o(z°, p) < Scaly + @Scalgp - %mp + Cop?; (IV.6)

now (IV.5) and (IV.6) together with the crucial fact that m > 0 (ensured by the fact that (M,h) is
not space form) imply that for p small enough ¢(z7, p) < d)(xﬁ, p) contradicting the minimality of z?.
Collecting Theorem 1.1 of [PX] and what we have just proved we conclude the following: for py small
enough, for every p < po consider a minimum xz, a point for ¢(., p), then
) 115,12 > 0
b) there exists an embedded CMC sphere Sgp, , Whose mean curvature given by a normal graph over the
geodesic sphere S; , for some function which is bounded by a constant times p* in C?® topology. Observe
that, since the graph function satisfies the mean curvature equation, bootstrapping the C?® bound using
Schauder estimates, one gets the graph function is bounded in C*® norm by a constant times p3.

But now, since a) holds, Theorem 1.4 in [Mon2] implies that for small p the CMC perturbed geodesic
spheres constructed in b) cannot be conformal Willmore immersions. The proof is now complete. o

V Conformal constrained Willmore surfaces in manifold in ar-
bitrary codimension via a system of conservation laws
Let us start with a general lemma for surfaces.

Lemma V.1. Let & be a conformal immersion of the disc D? into a Riemannian manifold (M,h) and
let X be the following L' + H~' vector field

—

X =2 <ﬁﬁ0> 88 — 2im7(D. H); (V.1)
then the following system of equations holds

) [<ei)?>} =0 (SysX —1)
(V.2)
S} [e} A(X + 2iDZﬁ)} —0 (SysX —2)

where, gwen two complex vectors fields X Y ¢ I‘(TM ®C) : X = )21 + i)?g,? = ?1 + 2172 with
X1, X, Y1, Y5 € T(TM) we use the notation < X,Y > to denote the quantity

< XY >:=h(X1, Y1) — h( X, Y2) + i h(X1, Ya) + i h(X5, Y1)

where, of course, h(., .) denotes the standard scalar product of tangent vectors in the Riemannian manifold
(M, h). O

Proof of Lemma V.1. First of all by Lemma III.2 we can write X as

—

X =2 <ﬁ H0> 8:8 — 2ina(D.H) = iD,H — 3iny(D,H) + *n(D.ii A H). (V.3)
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Let us start by the first equation (SysX-1). Since é is tangent and 7;(D,H) is normal to (®),(TD?),
the scalar product symplifies as

Identity (II1.33) together with (II1.27) gives
) [<€g, in(DZﬁ)H - -3 Keg, s (D27 A H)ﬂ . (V.5)

Putting together (V.4) and (V.5) we obtain (SysX-1).
Now let us prove (SysX-2). Since €z A €z = 0 we have

o) [é’g/\ X} -3 [é’g/\ (—21’ wﬁ(Dzﬁ))} =9 [é’g/\ (—21’ Dzﬁ)} ~3 [é’g/\ (721' wT(Dzﬁ))} . (V6)

In order to have (SysX-2) it’s enough to prove that & [é’g/\ (—Qi WT(DZE’))} = 0. Using (IT1.27) we

write

™

WT(Dzﬁ):2<Dzﬁa€z>52+2<Dzﬁ552> 2z (V7)

hence, again €3 A €5 = 0 implies that
S} [é’EA (—2¢ wT(DZﬁ))} =3 [é’g/\ (—4¢ <D.Hé > é’)} — 4R [(< D.H, e >) & A eg} . (V.8)
Now use that H is orthogonal to €7, &> and that 7m7(Dg, €2) = 12 = Ia1 = m7(Dg,€1) to conclude that

. 1 . .
4%[(<DZH,€2>)5ZA53} - 5[(<D~2 ,é’1>—<D~1H,"2>)é'1/\é'2}

O

Theorem V.1. Let ® be a conformal immersion of the disc D? into a Riemannian manifold (M, h),
then ® is a conformal constrained Willmore immersion if and only if there exists an H~' + L' vector
field Y such that

S [<5—?>} —0 (Sys—1)

3 {é’g A+ 2¢Dzﬁ)] =0 (Sys—2) (V.9)

. 1~ 4 .
S} [Dgy} — P (§R(H) 1 AR [< Riem"(és,.)é., H > é’ED (Sys — 3)

Proof of Theorem V.1. Let us first prove the ”only if” part: we assume that ® is constrained conformal
Willmore and prove that there exists an H !+ L! vector field Y satisfying the system of equations (V.9).
Recall that ® is a conformal constrained Willmore immersion if and only if there exists an holomorphic
function f(z) such that the equation (IT1.32) is satisfied, namely

Ay H + A(H) — 2/ - R(H) = e2S(f(2)Hy) =< ¢, ho >wp -
where ﬁo = ﬁo dz ® dz. We claim that the vector

¥ = e e — 2 (H, Ho) 0.8 — 2ima(D. H) (V.10)
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satisfies the system. Recalled the definition of the vector X given in (V.1), observe that Y =¢ fé'g+)? .
Since X satisfies the system (V.2) and since < €z, €z >= 0 = €z A €z we conclude that Y satisfies the first
two equations of system (V.9). Now let us prove the third equation (Sys-3), we have

S[p:¥] = 23 [iD: ((H, 1) 08 + ma(D.1D))] + [(’Afez)}

~2 D= ((H, Hy) 0=8 + ma(D-H)) | + S [fDs(e )] + S [(0=f) e ]

—

Recall the identity (I11.44), sum and substract e** (%R(ﬁ) + 4R {< Riem"(éz, e,)e., H > é'gD and get

S [Dg?} = —e (%R(ﬁ) + 4R |< Riem"(éz,8.)e., H > *ED FS[(0:f)eres]  (V.11)
2R D (.70 08 + 0.0 + 33 70
e (%R(ﬁ) + 4R [< Riem" (85, 8.)e., H > gD

Now recall that ® is conformal constrained Willmore if and only if the identity (II1.31) holds, moreover
f is holomorphic so dzf = 0, therefore we can conclude that

3 [DE}_;} — P (%R(H) + AR [< Riem"(és,&,)é,, H > gD

as desired.

For the other implication assume there exists a vector Y satisfying the system (V.9) and write Y as

—

Y = Aé, + Be- +V

where where A and B are complex number and V := ﬂ'ﬁ(}_;) is a complex valued normal vector to the
immersed surface. The first equation of (V.9), using (II1.27), is equivalent to

IA=0 (V.12)

Observe that if we write . .
D.H=Cé, +Dée&+W

where W = 7(D, H), one has, using (I11.43) and the fact that H is orthogonal to &

C =2 <é’g, Dzﬁ> =2 <Dz(eA é’;),ﬁ> e d= e H? . (V.13)
Hence we deduce in particular
IC=0 . (V.14)
We have moreover using (I111.44)
D=2 <€Z,Dzﬁ> ) <Dz(e—A *z),ﬁ> A= — <HyH> . (V.15)

Thus combining (V.13) and (V.15) we obtain
D.H=—|H? 0.8 < Hy,H > 8:® + n3(D.H). (V.16)
Using (II1.27), the second line in the conservation law (V.9) is equivalent to

S@EA-2C)=0
S (€z A [17 + QiWD - (VA7)
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We observe that €1 A [‘7 + 2ZW:| and € A [‘7 + 21W} are linearly independent since [‘7 + 21W} is or-

thogonal to the tangent plane, moreover we combine (V.14) and (V.17) and we obtain that (V.17) is
equivalent to
(i A) =0

ans(V+2W) =0 (V.18)

&AS (i [V+20W]) =0
Combining (V.12) and (V.18) we obtain that the first two conservation laws of (V.9) are equivalent to
A=0

(V.19)
V =—2iW = —2inz(D.H)

Or in other words, for a conformal immersion ® of the disc into R™ there exists a vector field Y satisfying
the first two equations of the system (V.9) if and only if there exists a complex valued function B and a

vector field ¥ such that

Y = Bé: — 2ingz(D.H) . (V.20)
We shall now exploit the third equation of (V.9) by taking Dz of (V.20). Let
fi= e B +2ie <ﬁﬁ0> . (V.21)
With this notation (V.20) becomes
V=etfe -2 <ﬁ HO> 8:® — 2i (D, H) (V.22)

which is exactly equation (V.10) (recall we defined a vector Y in that way starting from a conformal
immersion ® satisfying the conformal constraint Willmore equation). Then repeating the computations
above (i.e. the ones for the "only if” implication) we get that the equation (V.11) is still valid, but since
Y satisfies (Sys-3) we get

0 = —2% [Dg (<ﬁ *0>ag<f> + Wﬁ(DZH))} + %3 [fﬁo (V.23)
+e2 (%R(ﬁ) + 4R [< Riem"(éz,¢.)é., H > & D + S [(0:f) e éz]

Consider the normal and the tangential projections of (V.23). The tangential projection of identity
(II1.28) gives

- (—2%)% [Dg (<H ﬁ0> 88 + wﬁ(DZﬁ))D = 4R {< Riem"(&.,¢.)é., H > e}} L (V.24)
on the other hand, the tangential projection of (V.23) gives

0=mr (*23% [Dz (<ﬁ, H0> 0:% + 7Tﬁ(DZﬁ))})

(V.25)
+4ePR (< Riem" (@, 8.)7., H > 2| + S [(0:f) e ],
so, combining (V.24) and (V.25) we obtain
0=S[(0:f) e e (V.26)
The normal projection of (V.23) gives
0= s (—2% {Dg (<ﬁﬁ0> 83 + wﬁ(DZH))} + %s [fﬁo + ?R(ﬁ)) . (V.27)
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Therefore, putting togheter (V.24), (V.26) and (V.27) we conclude that (V.23) implies the following
system

Le™PR (Dg {wﬁ(DZﬁH < H, Hy> agé’D

= e 2 S(f(2)Ho) + R(H) + 8R (< Riem"(&z,¢.)e., H > gg) (V.28)

S(0:f €z) =0
The second line is equivalent to _
0=f &~ 0.7 =0,
Taking the scalar product with €, and using (II1.27), observe that (V.28) is equivalent to

LR (Dg [wﬁ(DZﬁH < H, Hy> aquD

= e S(f(2) Hy) + R(A) + 8% (< Riem"(2.,2.)e,, H > gg) (V.29)

O:f =0

The second line gives that f = f(z) is holomorphic and the equation in the first line is exactly the
equation of the conformal constrained Willmore surfaces (II1.31); therefore we proved that the existence

=

of a vector field Y satisfying the system of conservation laws (V.9) implies that the immersion ® is
conformal constrained Willmore. |

VI Regularity for Willmore immersions

We start by using the divergence structure of the constrained-conformal Willmore equation in order to
construct potentials which will play a crucial role in the regularity theory.

Lemma VIL.1. Let ® be a WL conformal immersion of the disc D? taking values into a sufficiently
small open subset of the Riemannian manifold (M,h), with second fundamental form in L*(D?) and
conformal factor A\ € L>(D?). Assume P isa constrained-conformal Willmore immersion; then there
exist the following potential vector fields:

(i) there exists a complex vector field (i.e. a vector field with values in the complexified tangent bundle
of M) L € L*°°(D?) with VSL € L?°°(D?) satisfying

DZE =Y on D?
(VL1)
SL=0 ondD? ,

where Y is the vector given in (V.10) in the proof of Theorem V.1;

(ii) there exists a complex valued function S € Wb (22°)(D?) with V?3S € LI1(D?) for every 1 < q < 2
satisfying B
9.8 =< 9.8,L > on D?
(VI1.2)
35 =0 ondD? ;

(iii) there exists a complex valued 2-vector field B € W(2%)(D?) with V2SR € L4(D?) for every
1 < g < 2 satisfying _
D.R=0.9ANL—2i0.8NH on D?
(VL3)
SRE=0 ondD?
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Proof. (i): Let Y be the vector field given by (V 10) in the proof of Theorem V.1 and observe that, by
our assumption of the immersion 3, we have Y € H™! + LY(D?). Moreover, since Y satisfyes equation
(Sys-3) of (V.9), then

IS(D=Y )| 22(p2) < ClH|[z2(p2) - (VI4)
Since & is taking values into a small open subset V' C M, by choosing Riemann normal coordinates on
V centred in ®(0), we can assume that the functions

v] :=T4,0,8', ~] €C®'nwh?(D?) (VL5)

are smaller than the e given in the statement of Lemmas IX.1 and IX.2; extend 'y,z to the whole C and
multiply them by a smooth cutoff function in order to obtain

M eCONWh2(C), suppri C B2(0), |Vlllre@ <€ - (VL6)

Using Vk we can extend the operator D, to complex vector fields UelLl (C) in the following way

loc

D, U7 :=9,U7 + Z viUk in distributional sense.
k=1

Analogously extend Y7 € H™' 4+ L'(D?) to functions Y7 € H™' + L'(C), where H~1(C) is the dual of
homogeneous Sobolev space H!(C) (this is just a technical point for applying Lemma IX.1) such that

Y7 g1y pagey < CIIY la-1400(p2) <00

IS(D.Y9) | 11(0) < CISDY) 1 (p2) < CUS(D.Y) |22 < 50

For convenience, in the following we identify Y7 and its extension. Now we apply Lemma IX.1 and define
L € L?°°(D?) to be the unique solution to the problem

D,L=Y on D?
L =0 ondD?

Observe that moreover the same lemma gives that V(SL) € L2°°(D?) which implies that SL € LP(D?)
for every 1 < p < oo.

Proof of (ii). Let us start with a computation; from (Sys-1) of (V.9), since by (i) we have D.L=Y
on D2, then

0=S (< 0:®, D, L >) =9 (82 <0:0,L>—<D,8:0,L >) .
Using identity (I11.43), by complex conjugation we obtain

62)\

(D < 0.8, L >) = ~5 <HSL> eL/(D? forevery 1< q<2, (VLT)
where the L? bound follows by Holder inequality observing that by (i) we have VSL € L?°°(D?) then
SL € LP(D?) for every 1 < p < oo; on the other hand, by assumption, H € L?(D?).

By (i), we have < 8,®, L > L2°°(D?) and as before we extend it to the whole C keeping controled the
norms: < 8., L > L' N L2°°(C) and $(d: < &_ztf), L >) e LY(C) for every 1 < ¢ < 2.
Now we apply Lemma IX.2, with m = 1 and ], = 0, and define S € WH(2:)(D?) to be the unique
solution to —

0.8 =< 0,®,L > on D?

38 =0 ondD? ;

moreover V23S € L9(D?) for every 1 < ¢ < 2 which implies, by Sobolev Embedding Theorem,
VS3S € LP(D?) for all 1 < p < oco.
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Proof of (iii). Since Y = D, L, equation (Sys-2) in (V.9) gives

—

0=9 [855 AD,L +2i0.3 A Dzﬁ] =g {DE (an? AL~ 2i0.8 A ﬁ) —(D:0.8) AL+ 2i(D.0.8) A

using (II1.43) we obtain

— 2\
3 {Dg (azq> AL — 2i0,3 A H)} - —%H ASL € LUD?) for every 1 < ¢ < 2, (VLS)

where the L9(D?) estimate comes from Hélder inequality since H € L2(D?) and SL € LP(D?) for every
1 < p < oco. As in (ii) extend the complex valued vector field 8, A L-20,3NH e L?°°(D?) to a
complex valued vector field on C keeping the norms controled: 8,% N — 2i0,® AH € L' N L>>(C) and
Sy [Dg (azcii AL~ 2i0,8 A ﬁ)} € LI(D?) for every 1 < q < 2.

As in (ii), we apply Lemma IX.2 in order to define B € W1(2:°)(D?2) as the unique solution to

Dzézazq_)'/\f—%@@/\ﬁ on D?
SE=0 ondD? ;

moreover V23R € L4(D?) for every 1 < ¢ < 2 which implies, by Sobolev Embedding Theorem, VSR €
LP(D?) for all 1 < p < oo. O

Next we play with the introduced R and S in order to produce, in the following lemma, an elliptic
system of Wente type involving ®, R and S.

Lemma VL.2. Let ® be a W1 conformal immersion of the disc D? taking values into a sufficiently small
open subset of the Riemannian manifold (M, h), with second fundamental form in L?(D?) and conformal
factor X € L®(D?). Assume ® is a constrained-conformal Willmore immersion and let B € W(22°)(D2)
and S € WH2>)(D?) be given by Lemma VI1; then R and S satisfy the following coupled system on
D2?:

D.R = (—1)mt [ﬁ . iDzlﬂ + (i0,8) *p 7t

(VL9)
9.8 =< —iD, R, xyii >
O
Proof. By definition, R satisfies the equation (VL.3) on D? i.e:

D.R=0.8ANL—20.8NH . (VL.10)

Taking the e contraction defined in (I.34) between 7 and D.R we obtain

FeD.R = —(ALL)A0.®+2i(A H) 0.0
= [mn(L)]0.® + 2i(A H) A0, | (VL11)

where  is the usual contraction defined in (1.33).
For a normal vector N, a short computation using just the definitions of x5, and L gives

*ul(ALN)AE] = (~1)™ N A&
sp[ALN) A& = (=)™ N Aé,

where, as usual, €; and €5 is the ortonormal basis of th)(DQ) given by the vectors a@, 9>® normalized.
Since 825 = % [815 — i@gtf)}, we get

*pl(ALN) A 8.8] = (=1)™ N A (i0. ). (VI.12)
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Combining (VI.11) and (VI.12) we have

w8 DLR] = (—1)™ (L) A (i0,8) + 2i(—1)™H A (i0.8) | (VL13)
multiplying both sides with i(—1)™ gives

—

(—1)™* %, [T e (iD.R)] = 0,8 Ama(L) — 200.8NH . (VL.14)
Combining (VI.10) and (VI.14) we obtain
(—1)™+' % [i® (iD.R)] = DR — 0,8 Arr(L) . (VL.15)
Observing that, by (I11.27)
wT(E) :2<E,é'5 >€Z+2<E,€Z > €5
then = = - = = =
using again (II1.27), and the definition of S (VI.2) gives

=

8.0 Amp(L) = (i0.8) xp . (VL16)

The combination of (VI.16) and (VI.15) gives the first equation of (VI.9). The second equation is obtained
by taking the scalar product between the first equation and ;7 once one have observed that

< xpit,xp(T e D.R) >=0

This fact comes from (VI.13) which implies that (77 e D, R) is a linear combination of wedges of tangent
and normal vectors to T®(D?). This concludes the proof. O

Proposition VI.1. Let d be a Whoo conformal immersion of the disc D? taking values into a sufficiently
small open subset of the Riemannian manifold (M,h), with second fundamental form in L*(D?) and
conformal factor X € L°(D?). Assume P isa constrained-conformal Willmore immersion and let R e
Wh2o)(D2) and S € WH(22)(D2) be given by Lemma VIL1; then the couple (RR,RS) satisfies the
following system on D?

—

A(RR) = (=1)™ x, [Dit @ D*(RR)] — 4 [Dit VE(RS)] + F
(VL.17)
A(RS) =< D(*p7i), D-(RR) > +G ;

where F and G are some functions (F is 2-vector valued) in LY(D?) for every 1 < q < 2. Moreover we

denoted A(RR) = D, D, @(?RR’) +D, gD, @(3?]%), observe this differ from the intrinsic Laplace-
T ] z2 T2

Beltrami operator by a factor e**. For a more explicit shape of the equations see (V1.25) and (V1.27) in
the end of the proof. O

Proof. Let us start by proving the first equation. Applying the Dz operator to the first equation of (VI.9)
we have B .
D:D.R = (=1)"*'ix, D |ite D- | +iD: 0.8 %, 1],
whose real part is
R(D:D.R) = (—1)™ %, S (Dg [ﬁ . Dzé} ) — (D= (0,8 %1, 7)) . (VL18)
Observe that
_, 1 . ) - 1 5 4 _,
D:D.R:= [(Dazlcf +iD, §)(Dy 5—iD ~)} R= AR~ [Dazlq;,D%q;} R (VL19)
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where [D Dawq;} = (D811<I3D6$2<f> — DGIZ(EDBII(I;) is the usual bracket notation. An easy computa-

9y,

tion in local coordinates shows that all the derivatives appearing in [D, g, D, g](R) cancel out together
T o
with all the mixed terms, giving

Dy Do 5| | S RVEAE;
=1 (VI.20)
= Z RY [(R@em(aml (I_I:, 612(5)E_:Z) A\ Ej + E_:l A\ (Rzem(azl 5, ax2(I;)E_:])} ,
i,j=1
where as before {E; }i—1

obtain

ARR) = 4(=1)™ %, S (Dg [ﬁ . DZ}?D — 43 (D5 0.8 *p 7)) — [D%q;, D%q;] (SR) (VI.21)

m 1s an orthormal frame of T, M. Putting together (VI.18) and (VI.19) we

.....

Using that the e contraction commutes with the covariant derivative (this fact follows by the definitions
and by the identity Dh = 0, i.e. the connection is metric) we compute

Sy [Dg(ﬁo Dzé)} s [ﬁ o (D:D.R)+ D.ii e Dzé}

) (V1.22)
— e [AGR) - D, 5, Dy, gl(RB)] +S [Dgﬁ . Dzé}
A short computation gives
. = 1 _ =
S |Deite DR = 7 [Dy 570Dy, 5(SR) + Dy gite Dy (3R]
1 = — - -
+5 {Damz(f)n D, §(RR)—D, giie Damzq;(ﬂ‘%R)} . (VL.23)

Analogously, using that %, commutes with the covariant derivative, another short computation gives

S[DE(ZLS*h ﬁ)] = %A(%S) *hﬁ+ % [8Z1(%S) DB 15(*hﬁ)+812(35‘) l)a 2(5(*}17:5)}
1
+5 [8Z1(§RS) Dy, (onii) = 0;2(RS) D, q;(*hﬁ)] . (VL.24)
Combining (VI.21),(VI.20), (VI.22), (VI.23) and (VI.24) we conclude that
ARE) = (—1)™ %, [Daﬂ(fﬁo D, RE)—D, giie Damzq;(a%ﬁ)}
+ [aﬁ (RS) D, _g(enit) — 9,1 (RS) D, _ q;(*hﬁ)} s (VL.25)

—

where I € L(D?) for every 1 < ¢ < 2, and we used that Dii € L?(D?),R € WhH(22)(D?),§ ¢
Whz)(D2) SR € W24(D?),$S € W24(D?) for every 1 < g < 2. This is exactly the first equation of
(VL17).

The second equation of (VI.17) is obtained in analogous way: applying the 0z operator to the second
equation of (VI.9) we obtain

AS = 40:0,S = —4ids < D, R, *pii > .

A short computation gives

ARS) = 4S8 < DR, it >
= 811 < Da 1§SE7*hﬁ > +az2 < Da 2@%]%,*]”? >
- < [Dazl‘f)’ Dazzi]%ﬁ’ *p 7l >

+ < Dazlq-;%R, D312q3(*hﬁ) > —< Dagch;%R, Dﬁzl‘f’(*hﬁ) > . (V1.26)
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Recalling that SR € W24(D?) and R € W(%>)(D?), and using (VI1.20), we conclude that
ARS) =< D, 5(RR),D, (i) >— < Dy z(RR),D, (i) > +G (VL.27)

where G € L9 (D?) for every 1 < ¢ < 2. This is exactly the second equation of (VI.17). o
Now we are in position to prove the C*° regularity of constraint-conformal Willmore immersions.

Theorem VIL.1. Let ® be a W conformal immersion of the disc D? taking values into a sufficiently
small open subset of the Riemannian manifold (M,h), with second fundamental form in L*(D?) and
conformal factor X\ € L>°(D?). If ® is a constrained-conformal Willmore immersion then ® is C*. O

Proof. Let us call A:= (RE,RS) = (RRY,RS) the vector of the components (in local coordinates in the
small neighboorod V' C M) of the real parts of the potentials R and S. Using coordinates also in the
domain D?, one easily checks that the system (VI.17) has the form

AAT =" [0, By 0,2 AF — 0,2B 0,0 AF] + F, (VI.28)
k

where F' € L9(D?) for every 1 < g < 2, VA" € L**°(D?), VB. € L*(D?).

Step 1: VA" € L} (D?). Let us write A" as
Al=¢"+V'+ W' on D? (V1.29)
where ¢¢, V¢, W solve the following problems

A(pi = Zk [(99;1B;C alek - 8I2B,i 8I1A’“] on D2

o mon (V1.30)
AVi=F' on D?
Vi=0 ondD? ; sy
AW =0 on D?
(VL.32)

Wt = A" on dD?

Since the right hand side of (VI.30) is sum of L?° — L?—Jacobians, by a refinement of the Wente
inequality obtained by Bethuel [Bet] as a consequence of a result by Coifman Lions Meyer and Semmes,
we have V' € L?(D?).
On the other hand, since F* € LI(D?), for every 1 < q < 2, it follows that V¢ € W249(D?), which implies
by Sobolev embedding that VV* € L?(D?).
Finally, W' is an harmonic W!2:°°(D?) function, therefore the gradient VW* € L? (D?).

We conclude that VA' = Vi + VVi+ VW' € L2 (D?).

loc

Step 2: VA € LV (D?) for some p > 2.

loc

We first claim that there exists o« > 0 such that

1
sup —a/ VAP <0 . (VI1.33)
IOEB%(O),p<i P~ JB,(x0)

Since VB € L?(D?), by absolute continuity of the integral, for every e > 0 there exists a pg > 0 such that

sup / VB <€ . (V1.34)
20€By (0) /By (o)

Consider p < po (¢ > 0 will be chosen later depending on universal constants) and zg € B%(o)- Analo-

gously to Step 1 let us write _ _ _ _
A' ="'+ V*+W* on By(xg) (VL.35)
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where ¢, V¢, W solve the following problems

A(pi = Zk [8le,i (935214]c — ZzBli amlAk} on Bp(:L'O)

(VI.36)
©'=0 ondB,(zg) ;
AVI=TF" on B,(zg)
(VL37)
Vi=0 ondB,(x) ;
AW?' =0 on B,(zo)
(VL38)

W= A" on dB,(xo)

Notice that ¢f, Vi, W are different from the ones in Step 1 since they solve different problems, in any
case for convenience of notation we call them in the same way.

Let us start analyzing ¢° solution to (VI.36). Observe that the right hand side of the equation is a
sum of jacobians which, by Step 1, now are in L? (D?). By Wente estimate [We] (see also [RiCours]
Theorem III.1 ) we have

IV |28, (o)) < CIIVBlL2(B, o) IVAlL2(8, @) < CelVAlL2(B,@e)) (VI.39)

where, in the last inequality, we used (VI1.34).
Now we pass to consider (VI.37). Call

Vi(x) == Vi(pz + x0) Fi(z) := p*F'(px + x0) (V1.40)
and observe that, since V? satisfyes (VI.37), then V? solves

AVi=Fi on D2
(VL41)
Vi=0 ondD? |,

which implies, by W24 estimates on V¢ and Sobolev embedding, that

(/D |V17i|2)% <c (/D |Fi|q)% | W)

Now, using that the left hand side is invariant under rescaling while the right hand side has a scaling
factor given by the area and the definition of F%, we obtain

(/ |VVi|2> < CpQ_% (/ |Fi|q> < Cp* for some >0 (VI1.43)
By (x0) Bo(ao)

where in the last inequality we used that F* € LY(D?) and 1 < ¢ < 2.

At last we study the decay of the L? norm of the gradient of the harmonic function W* solving (VI.38).
Notice that, since W is harmonic, then A|[VW?|? = 2|V2W?? > 0. An elementary calculation shows
that for any non negative subharmonic function f in R™ one has d/dr(r=" [ 5. /) = 0 (see also [RiCours]
Lemma III.1). It follows that

/ VIV < 52/ VIV 2 < 052/ VA2 | (V1.44)
Bép(mo) Bp(IO)

By (z0)

where, in the last inequality, we used that W? solves (VI.38).
Collecting (VI.39), (VI.43) and (VI.44) gives

/ VA2 < 052/ |VA|? 4 062/ |VA|? 4 Cp*
Bsp (o) By (o)

BP(IU)
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where the stricly positive constants a and C' are independent of €, §, zg and p. Now, in the beginning of

Step 2, choose € and pg such that Ce? < 1, moreover choose § in (VI.44) such that C62 < 1; it follows

that for every zo € By (0) and every p < py we have

1
/ IVA|? < = / |VA|?> + Cp* for some a > 0.
By (x0) 2 JB,(@0)

It is a standard fact which follows by iterating the inequality (see for instance Lemma 5.3 in [KMS]) that
there exist C, a > 0 such that for every zg € B% (0) and every p < pg

/ VA2 < Cp> (V1.45)
BP(IO)

which implies our initial claim (VI.33).
Now we easily get that there exists 8 > 0 such that

sup [AA]l < o0 . (VI1.46)

wo€By (0),p< 1 P B, (x0)

Indeed, by (V1.33) and (VI1.28), for every 29 € B1(0) and p < 1 we obtain

/ IAAIS/ |VB||VA|+/ 7|
By (o) By (z0) By (z0)

2

1
S HVBHLZ(D2) l/ |VA|2 + |Bp($0)|q’ HF”Lq(DZ) S Cpﬁ

BP o

By a classical result of Adams [Ad], (VI.46) implies that VA € L7 (B

loc

(0)) for some p > 2. With

1
2

analogous arguments one gets that VA € LfOC(DQ) for some p > 2.

Step 8: H € L, (D?) for some p > 2.
From Step 2 we obtain that V(RE) and V(RS) are in LP (D?) for some p > 2; recalling that, by Lemma
VL1, V2(SR) and V2(3S) are in L4(D?) for every 1 < ¢ < 2 then, by Sobolev embedding, VR and V.S
are in LY (D?) for some p > 2.

loc
Using equation (VI.3) and observing that < 9,®,0;® >= %62)‘, a simple computation gives

22— —
D,R.9:3 = %L— <L,0:8>0.8—ie®H . (VL.47)
Using the definition of 0, and 0z we write
= - - 1 - o - - - -
S [< L,0:3 > az@} = 5 [f < OB RL > 0,2 B— < 0,1 ®,IL > 9,1 P
+ <02 B, RL > 0,1 P— < 0,20, 3L > 9,2B| . (V1.48)
On the other hand, (V1.2) gives
<On® RL> = 2R(8.9)+ < 0,29,SL > (VI1.49)
<028 RL> = —25(0.5)— < 0,10, 3L > . (VL50)
Insering (VI.49) and (VI.50) in (VI.48) we obtain after some elementary computations
3 (< 9.8, > azé) =R [azS(iagé)} Pt [< 0.8,3L > agq*)} . (VL51)
Therefore, combining (V1.47) and (VI.51) we get that
. . - e . - > o -
P H = -G [DZRLagq)] - S59L-R [azsuag@} + R [< 0.8,3L > agqﬂ ; (VL52)
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since by Step 2 D, R and D, S are in L? (D?) for some p > 2 and by Lemma VL1 V(SL) € L(2°°)(D?),
we conclude that H € L? (D?) for some p > 2.

Step 4: smoothness of o by a bootstrap argument.
Since @ is a conformal parametrization, then A® = e2* H and by Step 3 we infer that & € 14 ’p(DQ) for
some p > 2. Now the Willmore equation in divergence form (see (II1.30) for the free problem and (I11.31)
for the conformal-constraint problem) becomes subcritical in H: written in local coordinates it has the
form

ANH = H with He W,

loc

(D)

then H € Wlo’f (D?) and by Sobolev embedding He Liip notice that 2—p > p since p > 2; reinserting
this information in the same equation iteratively we get He VVZ1 P(D?) for every p < oo, therefore P e
Wl‘z’cp (D?) for every p < oo. Inserting this information into the same equation gives that He VVlo’f (D?)
for every p < oo, therefore d e Wli’cp (D?) for every p < oo ... continuing this bootstrap argument gives
that & € W,"?(D?) for every k > 0, 1 < p < co which implies that & € C72,(D?). O

loc

VII A priori geometric estimates under curvature conditions

VII.1 Diameter bound from below on a minimizing sequence

We start by computing the Willmore functional and the Energy functional on small geodesic 2-spheres in
a Riemannian manifold (M™, h) of arbitrary codimension; the corresponding expansions in codimension
1 were obtained by the first author in [Monl], [Mon2], [KMS]. First we introduce some notation.

Let (M™, h) be an m-dimensional Riemannian manifold. Fix a point p and a 3-dimensional subspace
& < TsM of the tangent space to M at p. Denote with Sg » C M the geodesic sphere obtained exponen-
tiating the sphere in & of center 0 and radius p. An equivalent way to define is the following: consider

normal coordinates (z',...,2™) in M centred at p such that (52r|o, 52z |0, 525/0) are an orthonormal
- S . [(r1)2 2\2 3y2 _ 2 4_ T
basis of &, then Sp, = {(z")* + (z°)* + (#°)* = p°} N {2* = ... = 2™ = 0}. Let us denote
_ 0 0
i#5,1,5=1,2,3

where I_(ﬁ(%b, %b) denotes the sectional curvature of (M,h) computed on the plane spanned by
(%b, %b)) contained in Tz M.

Lemma VII.1. We have the followmg expansions for the Willmore functional,the Energy functional and
the area for small spheres S7, defined above:

S 2
W(SS,) = [ VP = 4w = S Rp(®)0* + o) (VIL2)

s 1 27
F(S5,) = 3 /Sb [1|?du, = 47 — ?Rp(G)p2 +0(p?). (VIL3)
A(SS,) = 4mp® + o(p?) . (VIL4)

In particular, if at some pointﬁ € M there exists a S-dimensional subspace & < TsM such that R3(&) > 6
then 1nf¢e}. (W + A)(®) < 47 and lnf@e]-‘ (F 4+ A)(P) < 4. O

Proof. Let r < Injar,n(P) be less than the injectivity radius of (M, h) at p, then the exponential map
Expps : B-(0) C T;M — M is a diffeomorphism on the image. Call

7 := Exps(6 N B-(0)) ,

the image under the exponential map of the subspace &. Observe that 7 is a 3-dimensional submanifold
which is geodesic at p (i.e. every geodesic in 7 starting at p is a geodesic of M at p) so the second
fundamental form Is—,a¢ of 7 as submanifold of M vanishes at p (for the easy proof see for example
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[DoC] Proposition 2.9 page 132). Endow 7 with the metric induced by the immersion and observe that
by the Gauss equations applied to 7 < M we get that the sectional curvatures of 7 at p coincide with
the corresponding sectional curvatures of M at p. Therefore the scalar curvature R”(p) of T at p coincide
with R5(&) (see for example [Chav] page 50 for the definition of scalar curvature via sectional curvature):

R7(p) = R5(6) . (VIL5)

Now consider the geodesic sphere S5, — 7 in the Riemannian manifold 7 and observe that the compo-
sition of the immersions S5 , < 7 < M coincides with Sgp; call msg > Tig,, and w5 . ,, the normal
projections onto the normal bundles respectively of Sp , relative to M, of Sp, relative to 7 and of 7
relative to M (i.e. for example in the second case we mean the intersection of the normal bundle of S; ,

as immersed in M with the tangent bundle of 7) then we have the orthogonal decomposition
Thg o = Tiigesr T i cops - (VIL6)
By definition of second fundamental form we get for all X,Y tangent vectors to S,
Issm(X,Y) =754, (DxY) =7mas, (DxY)+7ms. _, ,(DxY) = Ig (X, Y)+L 0 (X,Y). (VILT)

Therefore we obtain
Issr|® < Issnml? < Isor)® + [T, (VIL.8)

and recalled that I:'ISHM = % Z?Zl [Is.— (€5, €)] where {€1, €5} is an orthonormal frame of 7,55 ,,

— - - 1
|HS<4)T|2 < |1;IS<%M|2 < |HS<*>T|2 + §|HT<*>M|2 . (VH-Q)
Since Sp, < T is a geodesic sphere in the 3-dimensional manifold 7, we can use the expansions of

[Mon1], [Mon2], [KMS] for geodesic spheres in 3-manifolds (more precisely see Proposition 3.1 in [Monl]
and Lemma 2.3 in [KMS]) and obtain that as p — 0

1 2r
3 / Ls—r [*dpig Am — =R (p)p” + o(p”) (VIL.10)

PP

= 2
[ VsrPduy = an = TR @) + o). (VIL1L)
Observe that fsﬁpdug = O(p*) and since I (p) = 0 we have that [l |*s,, — 0 as p —
0. Therefore fsﬁp L |?dug = o(p?) and integrating the estimates (VIL8),(VIL9) on Sp ,, using
(VIL.12),(VIIL.13), we conclude that

1 27
5 [ Msoaildu, = dn- TR @) +o(p?) (VIL12)
P.p
7 2 2T (o 2 2
[Hsonl dpg = 4m— == RT(p)p” + o(p”). (VIL13)
P.p
The expansion of the area is straightforward. O

The following Lemma is a variant for weak branched immersions of a Lemma proved by Simon [SiL)],
notice a similar statement is also present in [KMS] in case of smooth immersions. We include it here for
completeness.

Lemma VIL2. Let & € Fs2 be a weak branched immersion with finite total curvature of S? into the
Riemannian manifold (M™,h). Assume W (®) + A(D) < A. Then there exists a constant C = C(A, M)

such that )

A(B) < C |diamy (B(8?)] . (VIL14)
O
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Proof. By Nash’s theorem, there is an isometric embedding I : M — R® for some s € N. The second
fundamental forms of ®, o ® and I are related by the formula holding volg-a.e. on S?

Log(,) =dl|z0TI5(,-) @ (Ir 0 B)(dD, dP)

Taking the trace and squaring yields for an orthonormal basis €; of 5*(T82) that volg-a.e. on S?

2 . 1 .
<[P + 5P 8

2
. 1 -
2 2 - =
|Hp o5l = Hgl" + ’;QHIOQ)(Q’Q’)
Analogously, taking the squared norms, one gets

2 -
< Iz + L] o @.

2
Mogl® = 512+ | D 10 8@, )

i,j=1
Integrating we obtain that $ is a weak branched immersion with finite total curvature and
W(Io®) <W(®)+ CA®) < Can, (VIL15)

where C' = $ max [I/]2.

Let {b',...,bN} be the branch points of & and for small ¢ > 0 let K. := S2 \ UN, B.(b"). Then ®|x.
is a weak immersion_without branch points of the surface with smooth boundary K.. Recall that for a
smooth vector field X on R*, the tangential divergence of X on (I o ®)(S?) is defined by

2
div[oéX = Z <dX - fi, fi >,
=1

where f; is an orthormal frame on (I o ®),(T'S?). Now, from the first part of the proof of Lemma
A.3 of [RivDegen], the tangential divergence theorem ((A.18) of the mentioned paper) holds for a weak
immersion of a surface with boundary in R® withouth branch points and

/  div; g X dvol, :/ . <X 7> dlfQ/ < H, ;X > dvol,, (VIL16)
(Io®)(K.) UN_, [ToB (9B, (b%))] (To®)(K.)

where 7 is the unit limiting tangent vector to (I o ®)(K.) on I o ®)(dK.) orthogonal to it and oriented
in the outward direction. Since ® is Lipschitz by assumption and since X and v/ are trivially bounded, it
follows that

/ <X’,D'>dl—>0 as e — 0;
UN_, [To®(8B-(b1))]

therefore the tangential divergence theorem still holds on a weak branched immersion:

/ o div g X dvoly = —2 / < H, 3 X> dvoly. (VIL17)
(1o8)(5p?) (1o®)(s?)

Now, as in [SiL], we choose X (%) := & — &) where &) € (I o ®)(S?). Then, observing that dz’vloqg)_f =2,
by Schwartz inequality we get

=

A(I o ®) < diamg[(I o B)(S?)] W (I o ®)7 A(I o

=

KL

)5

The last inequality, together with (VIL.15), the fact that A(I o ®) = A(®) and diamg:[(I o $)(S?)] <
diam s (®(S?)) ensured by the isometry I, gives that

N N 2
A(®) < Oy, |diamps (D(S?))
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In the following lemma we collect some inequalities linking the geometric quantities of two close met-
rics. This will be useful for working locally in normal coordinates (the analogous lemma in codimension
one and for smooth immersions appears in [KMS]).

Lemma VIL.3. Let hy o be Riemannian metrics on a manifold M™, with norms satisfying
A+ <l -z <@+l -l for some e € (0,1].

For any weak branched immersion with finite total curvature d e Fs2, the following inequalities hold
almost everywhere on % for a universal C < co:

o voly, < (14 Ce)voly,, where g1,2 = 5*(11172) and volg, , are the associated area forms;

o I < (14C(e+6))|f3+C6 7 o & for any & € (0,1], where I := D" — D" and D" s the
covariant derivative with respect to the metric h;.
o |[Hi[f < (14C(e+6))|Hals5+Co M5 o & for any 6 € (0,1] and T defined above.
O

Proof. To compare the Jacobians of ® with respect to 1.2, we use | - |, < (14¢)| - |4, and compute for
v,w € T,% with ga(v, w) =0

lv A w|§1 = |1)|§1 |w|§1 —g1(v,w)* < (1+ e)4|v|§2|w|§2 =(1+ e)4|v A w|§2.

This proves the first inequality. Next we compare the norms for a bilinear map B : T, x T),> — Té(p)M

for p not a branch point. Choose a basis v, of T,3 such that ¢g1(va,v8) = dap and g2(va, vg) = Aabas-
Then
Aa = |UO¢|92 < (1 +€)|’UOL|91 =1+e¢,

and putting w, = v4/Aa We obtain

2

2
IBlf = > NA3B(wa,wp)lh, < (1+Ce) > |B(wa,wp)lr, = (1+ Ce)|B3.
a,B=1 a,B=1

Now denote by mz, , : T, M — (8, (T,%))* "2 the orthogonal projections onto the normal spaces with

respect to hy 2. Then for any § € (0,1] and almost every p € ¥ we have the following estimate (by
approximation with smooth immersions locally away the branch points)

L} = |mm (DM (VE);
< |ma (DM (VE)[:
<, (D (VE) + T 0 8(V8, 78)) [
< (140)|m, D" (VO[> + C5 I, o 8
< (1401 +Ce)L+C5 T3, 0

This proves the second inequality. The proof of the third inequality is analogous:

2 1 2 1 - - 2
‘Hl‘l = 5’}11(’()1,’()1) +H1(’U2,’U2)‘1 = 5’7‘(‘51(1)311(6111(1)) + D:}Zl(awq)))’l
1 = 20012
< S lma (D3 (06,2) + Dy (00, )|,
1 > - . R N ANT
< gl (Df}f (09, 8) + DI (8,,8) + T 0 B(3y, ,0,, 8) + T 0 (D, B, aW@)) K
1 - o002 _ =
< SO+ 0)|ma, (D3 (00, 8) + Dy2 (9, ®))|, + COT'Lf;, o &
1 ho 5 ho 2V |2 —11|2 2
< 5(1+5>(1+Ce>!ﬂﬁ2(le(8w1¢>+Dw2(8w2<1>>>!1+C5 [, o @
< (146)(1+Ce)|Hal5+ C5 T}, 0 &
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Since we are assuming an upper area bound, the lower diameter bound will follow combining Lemma
VII.1 and the fact below (which generalizes to arbitrary codimension and non smooth immersions Propo-
sition 2.5 in [KMS], the proof is similar but we include it here for completeness).

Proposition VIL1. Let M™ be a compact Riemannian m-manifold and consider a sequence <I_5k € Fs2
such that sup, (W + A)(®x) < A. If diam @4 (S?) — 0, then

klim A(®y) =0, limsup F(®y) > 47 and  limsup W (Py) > 47

O
Proof. The first statement follows directly from Lemma VII.2. Let us prove the second one. After passing

to a subsequence, we may assume that the Cﬁk(SQ) converge to a point p € M. For given € € (0,1] we
choose p > 0, such that in Riemann normal coordinates « € B,(0) C R™

1
1—+6| “lewad <[ [n S (T+€)] - |ewa and |Ffj(z)|§{—: J
where, of course, | - |eucl is the norm associated to the euclidean metric given by the coordinates and | - |5,

is the norm in metric h. We have ®(S?) C B,(x0) for large k. Denoting by I¢, gf the quantities with
respect to the coordinate metric, we get from Willmore’s inequality and Lemma VII.3

L[, 1
ar < g [ g < (4 CO0+0)5 [ L5, P, + CO) Areay, (6%
Since Areag, (S?) < C by assumption, we may let first k — oo, then € \, 0 and finally § \, 0 to obtain
liminf F(®)) > 47
k—o0

The proof for W is analogous. O

VIII Proof of the existence theorems

Proof of theorem 1.4 Let &, C Fg2 be a minimizing sequence of F} = F + A, as before we can assume
that ®;, are conformal; clearly there is a uniform upper bound on the areas and on the L? norms of the
second fundamental forms ®y:

sup/ Ix[*dvoly, < C < o0, (VIIL.1)
ko Js? k

sup Area%k (S < C<oo . (VIIL.2)
. :

Since we are assuming that R;(S) > 6 for some point p and some 3-dimensional subspace &, by Lemma
VII.1 we have

inf Py (®) <4m . (VIIL3)
PeFg2
Therefore, Proposition VII.1 yelds
- 1
lim inf diam (@) (S%) > >0 . (VIIL4)

Now, thanks to (VIIL.1), (VIIL.2) and (VIIL.4), we can apply the ’'Good Gauge Extraction Lemma’ IV.1
in [MoRil] and obtain that up to subsequences and up to repametrization of dy, via positive Moebius
transformations of S? the following holds: there exists a finite set of points {a®,...,a"} C S? such that
for every compact subset K CC S?\ {a',...,a’V} (it is enough for our purpouses to take K with smooth
boundary ) there exists a constant Cx such that

|log|V®i|| < Cx  on K for every k. (VIIL5)
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Since the parametrization is conformal, then |V2®;|2 = 64)‘k|H(§k|2 (where, as usual, eM = [9,1 8| =
8,2®), and the two estimates (VIIL1)-(VIIL5) give that ®|x are equibounded in W22(K), therefore
by Banach-Alaoglu Theorem together with reflexivity and separability of W22(K) imply the existence
of a map ®,, € W22(K) such that, up to subsequences,

-

Bj, — Boe  weakly in WH2(K) . (VIIL6)

Now by Rellich-Kondrachov Theorem 9, <I_5k — Oy <I;OO as k — oo strongly in LP(K) for every 1 < p < 0o
and a.e. on K. It follows that ®., is a W1 N W?22 conformal immersion of K. Moreover by the lower
semicontinuity under W22-weak convergence proved in Lemma IX.8 we have

/K|H(f>oo|2dvol%w glimkinf/l(|]15k|2dvol%k , (VIIL.7)

and the strong LP(K) convergence of the gradients implies

Area%k (K) — Areag, (K) . (VIIL.8)
Iterating the procedure on a countable increasing family of compact subsets with smooth boundary
invading SQ_»\ {a',...,a"}, via a diagonal argument we get the existence of a V[/llocoo N VVZQOC2 conformal
immersion @, of S?\ {a',...,a"N} into M such that, up to subsequences,

1 1
/ —[Iz > +1)dvolgg ghminf/ —|Ig |* +1)dvolgg <C . (VIILY)
$2\{al aN} 2 i i k $2\{al aN} 2 k k

,,,,,,,,,,

Now, thanks to the conformality of ®os on S\ {a',...,a’¥} and the estimate (VIILY), we can apply

Lemma A.5 of [Riv2] and extend d .. to a weak conformal immersion in Fs2 possibly branched in a subset
of {a',...,a"}. Since Iy € L*(S?,voly; ), inequality (VIIL.9) implies

Fi(®o) < liminf Fy (D) = inf F (D) (VIIL.10)
k <f€f§2

therefore <I;OO is a minimizer of F} in Fs2. By Lemma IX.5, the functional Fj is Frechét differentiable at
@, with respect to variations w € W1 NW22(D? T M) with compact support in S2\{bl, ... b=},
where {b!,...,b"V=} are the branched points of 500. From the expression of the differentials given
in Lemma IX.5 we deduce that ®., satisfies the following area constraint Willmore like equation in
conservative form away the branch points, and since @, is conformal, the equation writes

8e PR (Dg [wﬁ(DzﬁH < H, Hy> agq*)}) — oR(H) + 16R (< Riem"(éz,.)é., H > eg)

+2H + (D R)(T®) 4 2R5(T) + 2K(T®)H (VIIL11)

Observe that the difference between this last equation and the Willmore equation (II1.30) are just terms
of the second line which are completely analogous to the curvature terms of the right hand side already
appearing in (II1.30) (see the definitions (IT1.8) and (II1.9)). Therefore all the arguments of Sections V
and VI can be repeated including these new terms and we conclude with the smoothness of P away the
branched points. O

Proof of theorem 1.5 The proof is completely analogous to the proof of Theorem 1.4 once we observe
that the lower bound on the areas A(®y) > % > 0 together with Lemma VIL.2 yelds a lower bound on
the diameters:

- 1
diamps @5 (S?) > rok (VIIL.12)

Indeed we still have (VIIL.1), (VIIL.2) and (VIIL.4). Thereofore, as above, we obtain the existence of a
minimizer 500 € Fse, . .
F(®y) = inf F(3),
PEF2
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satisfing the equation in conservative form

8e PR (Dg [wﬁ(pzﬁ)Jr < H, Hy > aquD = 2R(H)
(VIIL13)

—

+16R (< Riem"(é5,é.)é,, H > &) + (D R)(T®) + 2R (T®) + 2K (Td
D

S

(now without the Lagrange multiplier 2H ) outside the finitely many branched points. The smoothness
of &, outside the branched points follows as before. a

Proof of Theorem 1.6 Recall the discussion after the statement of the Theorem, here we just formalize
that idea. First of all recall the precise Definition VIL.2 in [MoRil] of a bubble tree of weak immersions;
for the proof of the present Theorem we just need to recall (actually the rigorous definition is more precise
and intricate) that a bubble tree of weak immersions is an N + 1-tuple T := (f,®!---®V), where N is
an arbitrary integer, f € W1°°(S2, M™) and &' € Fg2 for i = 1--- N such that f(S2) = UN, #*(S?) and
f2[8%) = N &1[S?], where for a lipschitz map @ € W1°°(S2, M) we denote @.[S?] the push forward of
the current of integration over S?. The set of bubble trees is denoted by 7 and, considered a nontrivial
homotopy class 0 # v € ma(M™) , the set of bubble trees such that the map f belongs to the homotopy
group 7y is denoted by 7.

Consider the lagrangian L defined in (1.23) and (1.25); up to rescaling the metric h by a positive
constant we can assume that K < 1 (or analogously instead of 1, in the definition of L, take a constant
C > mazp K). Consider a minimizing sequence T, € Ty, of bubble trees realizing the homotopy class
v, for the functional L. Observe that by Proposition 1.2 we can assume the &y, are conformal. By the
expression of L, there is a uniform bound on the F; functional

. ~ . 1|2
lim sup Fy(Ty) = lim sup /s2 (1 + T) dvolg, < +o00 (VIII.14)

k—o00 k

moreover, since fr € v # 0, we also have

Ny
limint } diamyy (62(52)) >0 | (VIIL15)
k—o0 P
therefore we perfectly fit in the assumptions of the compactness theorem for bubble trees (Theorem
VIL1 in [MoRil]). It follows, recalling also Lemma IX.8, that there exists a limit bubble tree Th, =
( foo, 5;0, ce CI_D’QW) minimizing the Lagrangian L in 7,. By the minimality, using Lemma IX.5, we have
that each <I;f>o satisfies the Euler Lagrange equation of L outside the branch points. As remarked in the
introduction, the Euler Lagrange equation of L coincides with the area-constrained Willmore equation.
By the Regularity Theorem 1.2, we conclude that each 520 is a branched conformal immersion of S?
which is smooth and satisfies the area-constraned Willmore equation outside the finitely many branched
points. O

Proof of Theorem I.7. The arguments are analogous to the proof of Theorem 1.6. Indeed observe
that, fixed any A > 0, for a minimizing sequence Ty € T of the functional Wy, defined in (1.26), under
the A-area constraint

A(T}) == Area(fr(S?)) = A (VIIL16)

the bound (VIII.14) still holds (by the constrained on the total area and by the boundness of K ensured

by the compactness of M). Moreover, by the monotonicity formula given in Lemma VIIL.2, the area

constraint (VIIL.16) also implies (VIII.15). Then, as before, we apply the compactness theorem for

bubble trees and the thesis follows as above by recalling that the area constraint is preserved in the limit:
A(Ts) := Area(fao(S?)) = lim Area(fi(S?)) = A

k—o0
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IX Appendix

IX.1 Useful lemmas for proving the regularity

In the appendix we prove some technical lemmas used in the paper. In the following we denote H e (®)
the dual of the homogeneous Sobolev space H!(C) (for the standard definition see for instance [Gra2]
Definition 6.2.5 )

Lemma IX.1. For j,l € {1,...,m} let n/ € (C° N W'2)(C) be such that supp~] € Ba(0) and
H'yl |Loo(c) < €. For every Ue (L loc)((C) denote, in distributional sense,

(DUY = 0.U07 + Y AU (IX.1)
k=1
Then for every Y € (H™' 4+ L")(C) with S(D;Y) € (H~ + L")(C) there exists a unique U € L*>>(D?)
with I(U) € WHZ2)(D?) satisfying
D.U=Y inD(D?
(IX.2)
SU=0 ondD?

Moreover the following estimate holds:
Ul 2. (p2) + IVS(O) || p2.oe (p2) < C (H?HH*H-D((C) + ||%(D2}7)HH*1+L1(C))
O

Proof. Let us first construct U7 € L?°°(C) satifying D.UJ = Y7 on C; observe this is equivalent to solve
the fixed point problem in L?°°(C)

o= L, (YJ Z%U’“) —T(0) . (IX.3)

Tz
k=1

We prove that the problem has unique solution by the contraction mapping principle in L*°. By the
Young and Holder inequalities for weak type spaces (see Theorem 1.2.13 and Exercise 1.4.19 in [Gra]) we
have

N 1 AL =
H « (D 0% <c H_E FiO* < Ce| T ooy - (IX.4)
k=1 L2:°°(C) L2 ||k=1 L1(C)
We Choose € > 0 such that Ce < % Now we claim that
1 . .
——xYJ SO -1 (IX.5)
H TZ L2.5(C) L1+H-1(C)

Recall that Y7 € L' + H=Y(C) and Y| 1, j51(¢) = mf{1¥{ |1y + Y3l 1oy 0 Y7 = Vi + Y55
since we can assume Y7 # 0 otherwise trivially —- Y7 = 0, we can find Y{ € L'(C) and Yj € H~(C)
such that

_ . 3
¥ o + 3 o < 31V i o) (IX.6)
As before, by the Young inequality, we have
1 .
H— * Y] <Yl - (IX.7)
TZ L2.5(C)

On the other hand called Y3 the Fourier transform of Y3 ,and observed that the Fourier transform of -+
is (up to a multiplicative constant) z we have by the convolution theorem

J

——*YJ YJ

TZ
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Moreover recalling that ||| 7, = [ |€h(€)[? and that

. NP J -
e = s [ TH@he) = s [ 2 dge
IRl ;1 <1J/C Ikl z1<1JC
we get
1 1 .
7—*}” SH—*YJ < ONYS -1 - (IX.8)
H nz L2,50(C) Tz L2(C) 2O

Combining (IX.6), (IX.7) and (IX.8) we get (IX.5) which was our claim. Now the estimates (IX.4) and
(IX.5) implies that 7" : L2°°(C) — L?°°(C) is well defined and is a contraction; the existence of a unique

U satisfying (IX.3) follows by the contraction mapping principle. Notice moreover we have the estimate
U2 @) < CIV g ir—1cy- (IX.9)

Now let us consider S(ﬁ ). From the equation satisfyied by U we obtain

1~ y ) no
JOU7 = 0:0.07 = 0:y7 — 0 (Z %U’C) ,
k=1

whose imaginary part gives

iAg(Uj) RIGAE) ( <Z%Uk>> : (IX.10)

Since by assumption ||'Y]‘Z;HLDOQW1,2((C) < C, then || Y1, ’Yljc.Yk”LlJrIiI*l(C) < C||}7||L1Hfl,1((c) and we have

IO 11 vy = 19DV =S Y )it ey < 19D+ a1
k=1
Equation (IX.10) together with (IX.9) and the last estimate gives

”AS(Uj)||f1*1+L1+W*1,(2,oo)((c) < ||%(D2Yj)”L1+fI*1((C) +C ||Y||L1+ﬁ1*1(((:)

which implies, since ||S(U)7||p2.0(c) < C||}7||L1+Ifl,1((c), that
1930 120 < C (ISDIY s iros0y + 1P prsiioncey) - (1X.11)

Now, since VS(U7) € L2(C), the function S(U7) leaves a trace in Hz:(2:°)(9D?) and we can consider
the homogeneous Dirichelet problem

VI + 30 VP =0 on D?
(IX.12)

VI =QUJ  on 0D?

We solve it again by contraction mapping principle; given W e Wl’(2’°°)(D2) with SWJ = SUY consider
V =: S(W) solving

9.VIi=-3"" Wk on D?

VI =0’ on 9D?
Then the following estimate holds (see hand notes: bring right hand side to the left using convolution
with %, so get homogeneous equation with different boundary data but still controlled in H 3:(2:%0) hoth

real and imaginary part using Hilbert tranform, the estimates then follow from the estimates for the
laplace equation, using Calderon Zygmund theory for estimating the gradients)

17l (92 < C (€W lze(py + 19T iy oo e )
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and
1S(72) — S(T2) oo (2) < Cell T — Wall 2w (0.

Therefore, for € > 0 small, S : WH(22)(D?) — W1(22)(D?) is a contraction and there exists a unique
solution of problem (IX.12) satisfying the estimate

IV w200 02y < CIS(D) .20 - (IX.13)

Now we conclude observing that U7 := U7 — V7 € L?°°(D?) is the unique solution to the problem (IX.2)
and, combining (IX.9), (IX.11) and (IX.13), it satisfyes the estimates

1Tz 02y + IVS@) 22w < € (IO i1y + 1P Do o))
as desired. O

Lemma IX.2. For j,I € {1,...,m} let o/ € (C° N W'2)(C) be such that supp~] € Ba(0) and
17/ | ¢y < €. For every Ue (L},.)(C) denote, in distributional sense,

(DUY = 0,07 + Y AU
k=1
Let Y € (L' N L2*°)(C) with $(D:Y) € LI(C) for some 1 < q < 2. Then there exists a unique
U e WhH22)(D2) with S(U) € W24(D?) satisfying
D.U=Y inD(D?)
(IX.14)
SU =0 ondD?
Moreover the following estimate holds:
0| 2.0 (p2) + VU || L2000 (p2) + [ V2S(U) || La(p2)y < C (H?Hmm,w(m + ||3(D257)||Lq(¢:))
O

Proof. As in the proof of Lemma IX.1 we first solve the equation Dzlj =Y inC proving existence and
uniqueness of solutions to the fixed point problem in W1(2:°°)(C)

o= -1, (Yj - iygﬁk> —T(T) . (IX.15)

Tz
k=1

Analogously to the proof of Lemma IX.1, for € > 0 small but depending just on universal constants, the
L2°°(C) norm of T(I/) can be bounded as

IT(U)[L200c) < CIY L1 () (IX.16)
and for Uy, U € L>*°(C) it holds
|T(T1) — T(0s) || 200 (cy < Cel|U1 — Ua| 2.0 () (IX.17)

L?%®_Gradient estimate: we have

IVT(U7)|| 2o () = | (IX.18)

1 L
— Yi — Jrrk
(vm) % ( ;;W )

Observe that the Fourier trasform of the convolution kernel Vi = V(9; log |z|) satisfies the assumptions
of Theorem 3 pag. 96 in [Stein], therefore

1 ) moo
_ J JIr7k
(Vﬂz) * (Y ;%U )

L2:59(C)

< Cy V1l < s < o0

(Yj - viﬁk>
k=1

Ls(C) L#(C)
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and by interpolation (see for instance Theorem 3.15 in [Stein-Weiss] of Theorem 3.3.3 in [Hel])

1 = s NI
L I
= =1 L2 (©) P L2 (C) (IX.19)
< C|Y |2 () + Cel|U| L2(c)
Combining (IX.19), (IX.18) and (IX.16) we get, for small € > 0,
IT@)llwreme < C (Pl + 1V leo)- (1X.20)

So T : Wh(Z2)(C) — W (2)(C) is a well defined linear operator and the same arguments imply that
T is a contraction. Therefore there exists a unique U7 € W (22°)(C) satisfying (IX.15) and

10w < C (Pl + 1Pl ) - (IX.21)
Noticing that I(U7) satisfies also

A(S(U7)) = 43(9:Y7) — 4S {c’?z (ZZL Viﬁk)}

0z (i 71‘10]6)
k=1

estimate (IX.21), the assumptions on ’yi, Holder inequality and standand elliptic estimates imply

= AS(D:Y7) — 43 <Z %W) —4S
k=1

IV*S(07) || La(p2y < C (||%(D2Yj)||Lq(D2) +¥ |z ) + ||}_;||L2’°°((C)) - (IX.22)

Now exactly as in the previous lemma it is possible to solve the corresponding homogeneous problem on
D2
.VIi==-Y71" ~7Vk on D?

(IX.23)
VI =307 on dD?
and the solution V7 satisfies the estimates
IV lw.2o0 2y < CIS(D) w2000 c)- (IX.24)
Moreover the imaginary part (V7) solves the following problem
AS(VI) +43 [0 (S, {VF)| =0 on D
(IX.25)
QVI =QUI ondD?
then, estimate (IX.22) and elliptic regularity imply
IV2S(V7)| La(p2) < C (||3(D2Yj)||Lq(D2) + Y lpre) + ||Y||L2v°°((c)) - (IX.26)

Now, as in the previous lemma, the function U7 = U7 — V7 is a solution to the original problem (IX.14);
moreover collecting (IX.21), (IX.22),(IX.24) and (IX.26) we obtain the desired estimate

1T llws.200 2y + IV2S(D) | pa(p2y < C (||3(D2Yj)||Lq(D2) + ¥ ) + ||57||L21°°(C)) :

46



I1X.2 Differentiability of the Willmore functional in Fg», identification of the
first differential and lower semicontinuity under V[/lic2 weak convergence

Let us start with two computational lemmas whose utility will be clear later in the subsection.

Lemma IX.3. Let ® be a smooth immersion of the disc D? into the Riemannian manifold (M™, h). Let
X ®@0eTp:(TgM @ TD?) and @ € T p2(TgM), recall the notation introduced in (I1L.1), (IIL.2), (IIL.3)
and (I11.6). Then

< D (X @7),0 >=< X @ T, Dyil > —~divgi+ < X, > div,7, (IX.27)
where 1 € FDj (TDQZ is the vector field defined below. Let fi, f_’é be a positve orthonormal frame of T D?,
write T = v f1 + v2fo, then define
@ =<0 X, 0 >, fi+ <vX, T > fo.
Notice that @ is independent of the choice of the frame f;, i.e. it is a well defined vector field on D?. O

Proof. Call €; := 5*(]?;) the positive orthonormal frame of 5*(TD2) associated to fl, ﬁ; a straightforward
computation using just the definitions (IIL.1), (III.2) and (II1.3) gives

<Dp[X® W' fi +v*f)], @ >= — <viDg X +1°Dg, X, 0 > . (IX.28)

Writing the right hand side as — < Dg, (v' X) + Dg,(v2X), @ > + < X,d@ > (&1[v'] + &[v?]), where
€;[vi] denotes the derivative of the function v® with respect to €;, we can express (IX.28) as

<Dyp[X@ @' fi+v*f),d> = <v'X,Daw>+ <v’X,De,d >
—&1[< v' X, 0 >] — é< v X, @ >]
+ < X, @ > (&[v!] + &) (IX.29)

Notice that the first line of the right hand side is exactly < X® U, Dy > . Observe that, through the

parametrization ®, we can identify 7D? and @, (T D?), moreover noticing that for fixed i = 1,2 we have
< Dg,€;,€ >= 16;[< €,¢€; >] = 0, after some easy computations we get that

éilo'] + &’ = filo'] + folv?] = divy(§)+ < T, D fi + D, fo >, (IX.30)
where, by definition, divy(v) := >, ;, < D¢ U, ﬁ > and D is intented as the covariant derivative on T'D?

endowed with the metric g := d*h (notice that the covariant derivative in M along <I_5(D2) projected on
®, (T D?) correspond to the covariant derivative on (D2, g) via the identification given by the immersion
D).
Recall we defined @ :=< Ul)?,lﬁ >n it < vﬁ?,u’i >n, fo = ulfi + ufy € TD? an easy computation
gives

A< o' X, @ >] + fol< v* X, @ >] = divyi+ < X, @ >< 7, D, fi + Dy, f2 > . (IX.31)
Now combining (IX.29), (IX.30) and (IX.31) we get the thesis. O

Lemma IX.4. [Integration by parts in Willmore equation] Let ® be a smooth immersion of the
disc D? into the Riemannian manifold (M™, h) and let @ € T p2(TgM) smooth with compact support in
D2, Then

1 , , N1 = B}
/D 2 {< S Dy [DgH — 315(DgH) + %1, ((*ngﬁ) Ant H)] ~ R(H) + R5(T®), @ >] dvoly =  (IX.32)
L1 .
/ (< H, 3Dy [Dyi = 3m3(Dyd)] > + < ((*ngﬁ) Ant H) , D, @ >) dvol,
D2

+/ < —R(H)+ R5(T%),d > dvol,
D2
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Proof. Let us start considering [, < Dy’ [D,H], & > dvol,. Fix a point 2o € D?, take normal coor-

dinates 2 centred in xy with respect to the metric ¢ = <f)*h, and call f; := % the coordinate frame;
observe it is orthonormal at xg and Df; = 0 at z¢. By Lemma IX.3, we have

< Dyo[DyH), w6 >=< DyH, Dyt > —divgii+ < Dy H, @ > divg fi+ < Dy, H, @ > divg f
for some vector field @ compactly supported in D2. Observe that, at xg, the condition D ﬁ = 0 implies
divgfi =< Dg, fi, J1 > + < Dp, fi, f» >= 0.

Therefore taking ﬁ to coincide at zo with the frame associated to normal coordinates centred at zo we
obtain
< D;g [DyH], W >=< DyH, D% > —divg; (IX.33)

since all the terms are defined intrinsecally, the identity is true intrinsecally at every point zo € D?. Now
integrate (IX.33) on D? and, observing that @ is compactly supported, use the divergence theorem to
infer

/D2 < D;Q[Dgﬁ],w’ > dvolg = / < DyH, Dy > dvol,.

D2

Repenting the same argument we have also [, < Dy [Dgd], H> dvoly = [, < Dy, Dgﬁ > dvolg, so

/D < D9[DyH|, @ > dvoly = / < H,D}?[Dyi] > dvol,. (IX.34)

D2

Using analogous arguments one checks that also

/ < D;y[ﬂ'ﬁ(Dgﬁ)], w > dvol, = / < Wﬁ(DgH), Dy > dvoly, = / < Dgﬁ, i (D) > dvoly
D2 D2 D2
= / < H, D} [r7(Dy@)] > dvoly. (IX.35)
D2
Finally, along the same lines, one has

/ <Dz [*h ((*gpgﬁ) Ant ﬁ)} @ > dvol,, = / < % ((*gpgﬁ) Ant ﬁ) ,Dy@ > dvol,.  (IX.36)
D2 D2

The thesis follows collecting (IX.34), (IX.35) and (IX.36). O

Lemma IX.5. [Differentiability of W and identification of dW] Let & € Fg» be a weak branched
immersion of S into the m-dimensional Riemannian manifold (M™, h) with branched points {b*,... o™}
and let W(®) := Js2 |Hg|?dvoly be the Willmore functional. Then W is Frechét differentiable with respect
to variations @ € Wh* N W?22(D? Ty M) with compact support in S* \ {b*, ..., bN} in the sense that

W (Expg[tw)) = W(B) + t dgW i) + RE[1], (IX.37)

where Expg[tw](xo) denotes the exponential map in M centered in <I_5(x0) € M applied to the tangent

vector tw € Ty, M and where the remainder Rg.[t] satisfyes

sup {‘Rf}[t]‘ s |lwze 4 || @] wree <1 and suppw € K cC $*\ {b',.. .,be’}} < Cq?,KtQ-

Moreover the differential dgW coincides with the Willmore equation in conservative form: for every
we Wh* NW22(D? Tz M) with compact support in S* \ {b*, ..., Ny,

.1 .
dgWa) = /S ( < H, 5D [Dgi = 3ma(Dyid)] > + < ((*ngﬁ) Ant H) , Dyt >

+ < —R(H) + RY(T®), > )dvolg . (IX.38)
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Also the functional F(®) = Jo2 g |2dvoly is Frechét differentiable with respect to variations o € W N
W?22(S?, Ty M) with compact support in S* \ {b*, ... ,bNY in the sense above, and

dgFlw] = /S 2 ( < H, D% [Dyis — 375(Dyid)] > +2 < %, ((*gpgﬁ) Aag B, Dyis >
+2 < ~R(H) + RE(T®) — (D R)(T) - 2%4(T'3) — 2K (TS)H, & > )dvolg (IX.39)

Finally also the area functional A(®) = Areag (S?) is Frechét differentiable with respect to variations
@ e Wh* nW22(D?, Tz M) with compact support in S? \ {b*,... b} in the sense above, and

dg Al] = — /S <20 > dvol,, (IX.40)
O

Proof. Let P e Fs2 and observe that the mean curvature H g € TyM™ is a function of (V2§,V§,§),
where V2& and V& are respectively the hessian and the gradient of 3:

5= H(V'®, Ve, ), (IX.41)

where - B
H:(TS*? @ TygM, TS* @ TgM, M) — TgM, (£,§,2) — H(E,q, 7). (IX.42)

—

Observe that H is smooth on the open set given by |§ A ¢ > 0; moreover, for every go and Zj, the

map 5 — H (5, do, Zo) is linear. Recall also that the area form dvol,_ associated to the pullback metric
93 = ®*h is of the form
dvoly, = f(V®, ®) dvoly,

where dvol, is the area form associated to the reference metric go on (S?,¢p), and
f:(TS?@TzM, M) =R, (7,2)— f(7,7)

is smooth on the open subset |§A g > 0. Therefore the integrand of the Willmore functional can be
written as

|Hg[*dvoly; = |F*(V*®, VP, &)dvol,,, (IX.43)

where F(£,q,2) := H(E, 7, 2)v/F(T, Z); clearly F is smooth on the subset |§A q] > 0 and, for every ¢ and
Zo, the map & — F(£, @, Zo) is linear.

Let @ € W22 N Wh*°(S2, Tz M) be an infinitesimal perturbation supported in S* \ {b',...,b"s},
where {b!,...,bV#} are the branch points of <I_5; consider, for small ¢ > 0, the perturbed weak branched
immersion Expg[tw], where Expgtw](zo) denotes the exponential map in M centered in B(xg) € M
applied to the tangent vector t € Té(zo)M . Observe that, by definition,

[ apgtimPdvolys, o = [P (Eopg(600), 5 (Bapglt). Eapgfe]) duol,

Recall that, using the construction of conformal coordinates with estimates by Chern-Heléin-Riviére,
we can assume that on every compact subset K CC S§%\ {b,...,b6Vs}, the immersion & is confor-
mal with ||(log |V§|)|\LW(K) < Ck for some constant Cx depending on K. By conformality, it follows
that on every compact subset K CC S?\ {b',...,bNé} there exist a positive constant cx such that
|d<I_5 A d<13| > cx > 0. Since W is supported away the branch points it follows that, for ¢ small enough,
(VH(Expg(tw]), V(Exzpg [tw)), Expg[tw])|supp(a) s in the domain of smoothness of F. By a Taylor ex-
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pansion in ¢t we get

/SZ |HEIpq‘>[tU7]|2d/U0lgEa:pq~)[t1I)'] = |

+12 /S ) 02, w02, ' PEL (V®, ®, Vi, )

+2 [ 9%,,w" QN (V?0, VP, ®, Vi, 0)
S‘Z

+t2/ S(V2®, VP, &, Vi, w) (IX.44)
S

where, in the second line 651;_}3 depends just on (V<I_5, 5) since F is linear in &, in the 5" line the function
ij

P is smooth in its arguments with ﬁ(th, 5,0,0) = 0, in the 6" line the function @ is smooth in its
arguments and linear in V2® with Q(V2®, V®, ®,0,0) = 0 and in the 7% line the function S is smooth
in its arguments and quadratic in V2& with S(V2<I_5, Vo, 3,0, 0) = 0. Therefore, called Rg; [t] the sum of
the last three lines of (I1X.44), we have that

sup {‘Rf}[t]‘ | B|lwee + || @]l <1 and suppw € K cc S%\ {b?,... ,bNﬂF}} < C@,Kt2-

It follows that [|Hgz|*dvol,, is Frechét-differentiable with respect to W2 N W variations compactly
supported away from the branch points, and the first variation dWg_ [tw] is given by the sum of lines
2,3,4 of (IX.44).

Now we identify the first order term in the expansion of [ |H, 3 |2dvol% with the conservative Willmore
equation we derived before in the paper. Observe that it is not completely trivial since the conservative
Willmore equation has been proved for smooth immersions, while now ® is a weak branched immersion.
First of all, recall that if ¥ is a smooth immersion of the disc D? taking values in a coordinate chart of
M, then for a smooth variation w € C§°(D? R™) with compact support in D? we have that

/D 2| Gt dvolg, = /D ) |Hg [*dvoly, + tdWg[d] + Rg[t]; (IX.45)

where the remainder Rgi [t] has the same form as the sum of the last three line of (IX.44), and where the
differential dWg [w], after the integration by parts procedure carried in Lemma IX.4, can be written as

O N .
<< Hg, iDg;’ [Dg, @ — 375, (Dg,, )] >) dvol g,

dWg[d] = /

D2
+/ (< . ((*%D%ﬁ) Aar H@) Dy i@ > + < —R(H ) + RE(T), @ >) dvoly, .
D2
Now let us start considering the case of e when W?22(D?) a weak conformal immersion with finite
total curvature without branch points taking values in a coordinate chart of M, and let w € C§°(D? R™)
be a smooth variation with compact support in D?2.

Let ¢ be a non negative compactly supported function of C§°(R) such that ¢ is identically equal to 1 in
a neighborhood of 0 and

271'/ e(t)t dt = 1.
R

Call ¢.(t) := €2 p(t/e). Denote for ¢ < 1/4 and for any z € D ,,
B.(a) = pulfol) w8 = [ oulle— ) B0) dy
D2
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By Lemma IX.6 there exists 0 < €5 < 1/4 such that for any ¢ < g the map <f)5 realizes a smooth
immersion from Df /2 into the coordinate chart, moreover we have (notice that in order to keep the

notation not too heavy, in the following we replaced Df /2 by D?)

d. — & strongin W2?(D?) (IX.46)
H. — H strong in L?(D?) (IX.47)
. — 7@ strongin W1?(D?) (IX.48)
and
sup ||®c||wre(D?) < C < oo (IX.49)
0<e<eo
L 1

i i > = . .
Ilen£20<1§1§f80|d@8/\d<1)5| > C>0 (IX.50)

Since <f)5 is smooth, the Willmore functional computed on CI_D’E + tw expands as in (IX.45); observe that,

thanks to (IX.46), (IX.49) and (IX.50), the remainder RU} [t] satisfyes

sup sup RESE [t] ‘ < Czt? (IX.51)

0<e<eo H'LEHWI,OO mWQ,Z(DZ)Sl

Observe moreover that, by (IX.46), (IX.47) and (IX.49), we have that | H.|2dvol,, is dominated in L'(D?)
for ¢ < eg, and converges almost everywhere on D? to |I;T |2dvol;; therefore, by Dominated Convergence
Theorem, we have

/|ﬁg|2dvolg5—>/ |ﬁ|2dvolg. (IX.52)
D2 D2

Moreover, using (IX.46) and (IX.50) we have that, for [[@[/w1.ccqw22(p2y < 1 and ¢ small enough,

®, + il — B+ taf strongly in W22(D?) and ﬁ55+tm — ﬁ5+tw strongly in L?(D?); of course it still holds

SUPg<e<ey | B, + t|| 100 (D?) < C < 00. Therefore, with the same argument above, we get
7 2 7 2
/132| 5E+tw| dvolg$£+m — /1:)2| 5+tu7| dvol%Hm. (IX.53)
Combining (IX.44), (IX.52) and (IX.53) gives

& + ti) — W(d 3, + tw) — W( REe[t
[@] = lim W@+ 40) = W(R) _ i iy WP H80) = WP iy (qu;E[wHwTH);

t—0 t t—0e—0 t t—0e—0

AWy

recalling (IX.51), we obtain
dWg_[0] — dWglw] ase — 0. (IX.54)

Therefore in order to prove that, as in the smooth situation, dWj is the Willmore equation in conservative
form, it is sufficient to show that

- 1 - -
/ (< H,, §Dg§5 [Dy W — 3wz, (Dg. W)] >) dvolg,
D2

+/ (< . ((*gipgaﬁs) Ant ﬁ) Dy >+ < —R(H.) + R% (T8.),@ >) dvol,, .
DZ

xd 1 * — —
— (< H, §Dgy [DyW — 377 (Dyw)) >) dvoly
D2
- 3 - =13 LR\ -
+/ (< - ((*ngn) Ant H) Dy > + < —R(H) + RY(T®),d >) dvoly. (IX.55)
DZ

We are going to check the convergence term by term.
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Observe that D% [Dy ] = gD, 3 D, & @ and, using the definitions, one computes
i Pe™ Opj Pe

g [3;@1 w” + (F];q 0 B )8, WP D, o7 + (< gradyT 0,582 > 082 )uwPd, B

y k
1] N - an
(gg Dy 3D <1>€w) Pg’

P9

I

+(I";q 0 B.)d,iwPd,; D! + (I";q o q_ﬁe)wpaii
+(Th, 0 §€>(Flpq °© (f)s)wpaﬂ ®90,: 9™
= fio+fr. with |[fi| < F € L%(D?) and |f3.| < Fy € L*(D*);  (IX.56)

where F’;q are the Christoffel symbols of (M, h) which are smooth and C! bounded by the compactness

of M. Notice that in the last equality we used (IX.46) and (IX.49). Combining (IX.46), (IX.47) and
(IX.56) we get therefore that < H., Dy [D, ] > dvol,, is dominated in L'(D?) and converges almost
everywhere to < H, Dy’ [Dyi] > dvoly, then by Dominated Convergence Theorem

/ < H., Dy Dy 1] > dvol,, — < H, Do [Dgi] > dvoly, as e — 0. (IX.57)
D2 D2

Now let us consider the second summand in the first line of (IX.55). Observe that Dy’ [m,_ (D, )] =
99Dy g [mi.(Dy ,5.W)]; using (I11.10) we can write

Dy [mn, (Dg.@)] = (=1)""1g¥ {(Damiaﬁa)'—(ﬁe'—Damj 5, 0) +7iL((Dy §.7)Dy 5 @)
+7L(7:(D, .0, . w))} . (IX.58)
Writing explicitely the right hand side as done for (IX.56), one checks that
D% [n (D)) = foe + fre with |fao| < Fy € Lo(D?) and |fo.| < Fy € LA(D?). (IX.59)

Combining (IX.46), (IX.47) and (IX.59) we get therefore that < H., D, [m,. (Dg.w)] > dvol,, is domi-
nated in L'(D?) and converges almost everywhere to < H, D;?[r7(D,@)] > dvol,, then by Dominated
Convergence Theorem

/D2 < H., Dy [mn. (D, @)] > dvol,, — - < ﬁ,D;g[ﬂ'ﬁ(Dgw’)] > dvol, as e — 0. (IX.60)

Now let us consider the first summand of the second line of (IX.55). Observe that

0 0
*95@ = /det g¢ €5, g¥? Dpd’ (IX.61)

where ¢, is null if j = p and equals the signature of the permutation (1,2) — (4, p) if j # p; after some
straightforward computations using the definitions (III.1), (II1.2),(IIL.4), (IIL.5), (II1.6), we get

< *p, ((*gEDggﬁa) Am ﬁg) ,Dg. > = y/detg.g?ej,gl? < *p (Da L5.7) At ﬁa) Dy 5.0 >
= fs5. with |f5.| < F5 € L*(D?). (IX.62)

Using analogous arguments as before, by dominated convergence theorem we obtain

/ < *n ((*gspgﬁe) Aar ﬁ) Dy > dvoly, — | < *u ((*gpgﬁ) Ant ﬁ) Dy > dvol,. (IX.63)
D2

D2

Finally consider the last two curvature terms in (IX.55). By the definition (I.5), the first one writes as
< R(H.), W >= — <Y Riem"(H.,&)é&, 5, () > (IX.64)

for an orthonormal frame & of ®. . (T'D?); observe it is dominated in L'(D?) and converges a. e. to
< R(H),w > on D2, so as before

/ < R(H.), @ > dvol,. — | < R(H),@ > dvol,. (IX.65)
D2 D2
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Finally, by definition (I.7) and identity (IX.61),

- N\ 14 - - - = - -
R: (T3.) = [WT (Riemh(él, @)H)} = /detge g7 gM 1y g7 < Riem" (0, B2, 0,y B2) He, 9,0 Be > Oy b
(IX.66)
From this explicit formula, as before, one checks that < Ré (T®.),w > dvol,,. is dominated in L'(D?)

and converges to < Ré (TCI_5), W > dvol, a.e. on D?, then by Dominated Convergence Theorem
/D < Ry (T®.),d > dvoly, — /D < R%(T®),w > dvoly. (IX.67)

Combining (IX.57), (IX.60),(IX.63),(IX.65) and (IX.67) we obtain (IX.55) as desired. Let us recap what
we have just proved: if ® is a WL N W22 immersion of the disc D? into a coordinate neighbourood in
M and @ € C§°(D? R™) is a smooth variation with compact support in D2, then the differential of the
Willmore functional dgW[w] coincides with the pairing between the Willmore equation in conservative
form and . Now by approximation the same is true for variations in W1 NW22(D? R™) with compact
support in D?. By partition of unity, the same statement holds for P € Fs2 with branched points
{b*,..., 6"} and any variation @ € W N W?%2(D? Tz M) with compact support in §? \ {b*,...,b"}.

The proof regarding the differentiability of I is analogous since I3 is a vectorial function of (V2<f>, th, <I_5)
linear in V2®. Moreover for smooth immersions and smooth variations, combining Corollary III.1 and
Lemma IX.4, the first variation of F' is exactly (IX.39). With the same approximation argument carried
for W one checks that the same expression holds for a weak immersion.

The proof regarding the differentiability and the expression of the differential of the area functional
is easier since dvol, is function just of (V<f), <f)), and can be performed along the same lines once recalled
that in the smooth case the differential of the area functional is exactly (IX.40). O

Let us now prove the following approximation Lemma used in the proof of Lemma IX.5.

Lemma IX.6. Let ® be a conformal weak immersion in Fpz into R™ without branch points. Let ¢ be a
non negative compactly supported function of C§°(R) such that ¢ is identically equal to 1 in a neighborhood
of 0 and

27T/ p(t)t dt = 1.
R
Denote ¢.(t) := 72 ¢(t/e). Denote for e < 1/4 and for any x € D%/W
B.(a) = pelfal) w8 = [ oulle— ) B0) dy
D2

There exists 0 < €5 < 1/4 such that for any € < eg the map q_sg realizes a smooth immersion from D%/Q
mto R™, moreover we have

ig%”gqég —%HLx(Df/Z) =0 , (IX.68)
we have also
&11—>I% Hﬁ(f - T_I:(BE ||W1!2(Df/2) = 0 5 (IXGQ)
and B B
lim 1Hg = Hg |20z ,) =0 (IX.70)
O

Before to prove the lemma IX.6 we establish the following ¢—Poincaré inequality.

Lemma IX.7. Let u € Wh2(D?). Let ¢ be a non negative compactly supported function of C§°(R) such
that ¢ is identically equal to 1 in a neighborhood of 0 and

27r/ p(t)t dt = 1.
R

Denote ¢ (t) :=e72 ¢(t/e). Fore <1/4 and x € D%/Q denote
uso) i= peel) wui= [ polla = ul) uty) dy
D2
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There exists a constant C > 0 such that for any x € Df/Q

1
BT lu(y) — ue(@)]* dy < C / \Vul*(y) dy . (IX.71)
|Be(2)| JB.(2) B.(x)

Proof of lemma IX.7. For any x € D%/2 and 0 < € < 1/4 we denote

1
ot = — dy = — dy
u B-(0)] BE(Z)U(y) Y /D Xe(|z —y) u(y) dy

where . (t) = (me%)7! on [0, €] and equals to zero otherwize. The classical Poincaré inequality gives the

existence of a universal constant such that

1 —e 2 / 2
—_ m — T dy < C Yu d . IX.72
B-() BE@)' (v) |* dy < Ba(z)l I*(y) dy ( )
We have
S |mmfucm2@<2—i— / luly) — TP dy + 207 — ue(@)? . (IX.73)
|Be(z)| JB.(2) : ~ |Be(2)| JB. () : ' '
We have
w@—uxm:ié()uxu—yw—wam—mﬂu@)@ . (IX.74)
Since

LL()MJM—QD—wJM—Mde=O

The identity (IX.74) takes the form

T @) = [ el =)~ pelle D) (0l0) ~) dy (1X.75)
Thus
2
o w@f <t [ -wia) <o [ g -wpa . 0x)
BE(Z) Bs(z)
Combining (IX.72), (IX.73) and (IX.76) gives (IX.71) and this proves lemma IX.7. |

Proof of lemma IX.6. We first establish (IX.68). Since ® is a weak conformal immersion, results from
[Hel] implies that there exists A € C°(D?) such that

9g = € [da? + da3]
and e* = |9,, ®| = |0, ®|. Then, for any § > 0 there exists ¢ such that

Vé>0 3e>0 Va,yeD3, |r-yl<e = 1-0<@AW <145 0 (IX77)

Since & € W22(Dy, R™)

2
ZED1/2

Vi>0 Je>0 Ve<ey sup / V202 (y) dy < 62 (IX.78)
B.(x)

Applying lemma IX.7 to u = V® we deduce then

1 - -
V8>0 Jgp>0 Ve<eg  sup m/ VO (y) — VO (2)]? dy < 5% . (IX.79)
€ B ()

ZED?M
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Using the mean-value theorem we then deduce that

Vd>0 Feg>0 st Ve<eg VzEDf/Q Jy, € Be(x) s. t.

(IX.80)
IV®(y) — V()] < V5
Since . "
0< inf |VB(y)?= inf 2 < sup |[VO(y)? (IX.81)
yeD? , yeD? , yeD3 ,
then (IX.80) implies for i = 1,2
V>0 Jeg>0 Ve<eg st. Vze Df/Q Jy, € Be(x)
, (IX.82)
st 1-5< @l
|0, D ()|
Combining (IX.77) and (IX.82) we obtain for i = 1,2
By, ®
V>0 deg>0 Ve<eg VzEDf/Q 1—5§M§1+5 . (IX.83)
|0z, @ ()]
Similarly, using (IX.80), (IX.81) and the fact that 8,,(y) - 9z, ®(y) = 0 we have
0y, Do () - 0, P
¥6>0 3e0>0 Ve<eo VaeDi, 190, ®e() - O, @ (@)] _ 5 (IX.84)

V()2

It is clear that (IX.83) and (IX.84) imply (IX.68). Finally (IX.69) and (IX.70) are direct consequences
of the fact that (IX.68) and (IX.81) hold together with the fact that ®. — ® strongly in W2’2(D%/2).
Lemma IX.6 is then proved. g

Lemma IX.8. [Lower semi continuity under W??-weak convergence] Let {§k}k€N C Fs2 and
@, be weak branched conformal immersions and assume that there exist a',...,a” € S? such that for
every compact subset (with smooth boundary) K CC S? we have

B, — & weakly in W*(K) (IX.85)
sup sup |log |[V®;||(x) < Ck <oo for some constant cx depending on K. (IX.86)
k zeK

Then the Willmore and the Energy functional are lower semicontinuous:

/ |H$m|2dvolg$x glimkinf / |H§k|2dvol%k, / |]Iq~)x|2dvolg$w glimkinf / |Hq~>k|2duol%k. (IX.87)
K K K K

O
Proof. Since d are conformal, then H, = %e‘”‘kAcﬁk where A\, = 1og|8zltf)k| = 10g|812<f5k| is the
conformal factor. Let us first show that
3 1 - 1 - .
Hi\/volg, APy = Hoo\/vol,, inD'(K). (IX.88)

2|0,1 By 2/0,1 B oo |

From (IX.85) and Rellich Kondrachov Theorem we have that [9,1 8| — |9,1®0| strongly in LP(K) for

every 1 < p < 0o; moreover assumption (IX.86) guarantees that |91 §k| > % > 0 independently of k. It

follows that 1

> —7 =
|021 @] |021 P oo |

Since, by assumption (IX.85), clearly A®, — Ad., weakly in L2(K), then (IX.88) follows. In order
to conclude observe that (IX.85) implies that ®j are uniformly bounded in W22(K), then assumption

strongly in LP(K) for every 1 < p < 0.
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(IX.87) and the conformality of @, give that Hy/ volg, are uniformly bounded in L?(K). This last fact
together with (IX.88) implies that

ﬁk\/volgk — Hy vol,, weakly in L*(K).

The thesis then follows just by lower semicontinuity of the L? norm under weak convergence. The
proof of the lower semicontinuity of [ |I|* is analogous once observed that in conformal coordinates

112 = e~ V252, O
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