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Abstract

We establish regularity results for critical points to energies of immersed surfaces depending
on the first and the second fundamental form exclusively. These results hold for a large class
of intrinsic elliptic Lagrangians which are sub-critical or critical. They are derived using
uniform e-regularity estimates which do not degenerate as the Lagrangians approach the
critical regime given by the Willmore integrand.
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1 Introduction and main results

Let ® : ¥ — R3 denote the immersion of an oriented two-dimensional closed surface ¥ into
R3. We denote by A and H the corresponding second fundamental form and mean curvature.
In this paper, we study (weak) critical points of functionals of the types

Wr = / F(H*dvol, and &F := / F(|AI?) dvol, (1.1)
D) D)

where g = P gr3 1s the pull-back of the Euclidean metric onto X. Here, F is a smooth
function whose properties will be made more precise in due time. We shall denote by 7 the
unit Gauss map given by ® and the orientation on X. With this notation, one has

VX, YeTlX A,((X,Y):—(dﬁxX,f’)gR3
where ¥ := CT>*Y and hence

2 =12
AP = |dii?.
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When F(H?) = H?, the functional Wy is the Willmore energy, which has generated
much interest for more than two centuries. The critical points of W2 are known as Willmore
surfaces. The Willmore energy is invariant under the action of the non-compact Mobius group
of conformal transformations R3. As such, it does not satisfy the Palais—Smale condition and
it’s critical points are subject to concentration compactness phenomena. For these reasons,
there is some interest of approximating the Willmore energy by more coercive energies of
the form Wr or EF where t << F(t) fort >> 1 (for example F(t) = (1 + )4 forg > 1).

In [18], the second author introduced the notion of weak W2P immersion for any p > 2.
Let go be any smooth reference metric on X, and set

WP (5, RY)
B {cB e WL N W2P(S,RY) ; denoting g4 (X.Y) i= (DX, B,Y),

3Cc; > 1 s.t.CglgofgifcégO

The first part of the paper has to do with regularity properties of functionals of the form
WEr . The first result of this paper gives the regularity of the critical points of YW under some
assumptions on F.

Theorem 1.1 Assume that F : [0, 00) — [0, 00) isa C! function satisfyingl:

(@) C't? < F(i?) <C(1+1P),
(b) tF'(t?) is a smooth and invertible function of t,
(c) C~LeP=l < tF'(12) <C (14 1P7h,

where C > 1 and p > 2. Then any critical point P e W2P(Z,R3?) of
Wi () = / F(H?) dvol,
z
is smooth. If one drops assumption (b) one has at least that H € L. O

A proof of this result has been established in the critical case F'(s) = s in [17] while a Proof
of Theorem 1.1 can be found in [11] in the subcritical case for F(s) = (1 + )7 withg > 1.

The investigation of sub-critical curvature functionals involving L? norms of the mean
curvature (resp. of the second fundamental forms) with p larger than the dimension has
already been addressed in the past. In [12] a compactness result for immersions of surfaces
in the Euclidean space R? with L?— > 2—second fundamental form is proved. In [4] the
aforementioned result of Langer is generalized to any dimension and codimension. In [9]
functionals of the type [ |A|” or [ |H|? are studied in the framework of varifolds. In [14]
the minimizations of the functionals f |A]? and f |H|P are performed in the sub-critical
regime p > m among m-dimensional integral varifolds without boundary in Riemannian
manifolds of arbitrary codimension. Finally, let us mention that, a Proof of Theorem 1.1 has
been established in the critical case F(s) = s in [17] while a Proof of Theorem 1.1 can be
found in [11] in the subcritical case for F(s) = (1 + s)? withg > 1.

In order to establish Theorem 1.1 we are adopting the parametric approach of [17] which
is based on the local existence of isothermal coordinates (a fact which holds “uniformly” for
p > 2). In contrast, the proof in [11] is based on the fact that, for p > 2, any weak W>?
immersion is obviously locally a graph. This fails for p = 2, and the proofin [11] “blows-up”
as p — 2.

L pr (s) is the derivative of F(s) with respect to s.
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Our next goal is to merge the case p = 2 with the case p > 2 in a single proof by
establishing estimates which remain controlled as p — 2. This is realized in the following
result which is an e-regularity independent of p € [2, ¢] for any g > 2.

Theorem 1.2 Let g € (2, 00). For any m > O, there exists a constant eg(m) > 0 with the
following property. If a conformal immersion ® € WP (D1(0), R3) with p € [2, q] with
conformal factor A is a critical point of

W, = /(1+|H|2)1’/2dvozg with — w,, ::/ (14 [H[})P* dvol, < oo
D> (0)

satisfying
m = ||v)\.||L2,oc(D2(0)) < 0 and ”Vﬁ“Lz(Dz(O)) < So(m),
then
IH? el (p0) < COm,wp, q) / (L+ [H))P? dvoly,
D>(0)
for some positive constant C(m, wp, q) which is uniformly bounded as m, w, and q are
uniformly bounded. O

Remark 1.1 A uniform e-regularity for relaxations of the Willmore energy has been first
established by the second author in [19] for perturbations of the form

W, (D) ;=/ |Hg|? dvoly, + o* /(1+|I:I<5|2)2dvol%
D) D)
[m}

Combining Theorem 1.2 with the main weak compactness result of [18] gives the following
corollary which can be seen as a “Sacks—Uhlenbeck type” concentration compactness coun-
terpart theorem for weak immersions which is one of the main contribution of the present
work

Corollary 1.1 Let oy > 0 and o — 0 and let &)k be a sequence of weak critical points of
Wh(®) = / (1 + HY) ' dvol,
b

Assuming

lim sup W¥ (@) < +o0,

k—+00

and assuming that the sequence of Riemann surfaces associatedto (X, gi)k) is pre-compact in
the moduli space of =, then, there exists a subsequence k', finitely many points ay ...ag € T
a sequence py € R3, a sequence ;. converging either to +oc or identically equal to 0 and
a map \TJOO € C® (X, R?) such that

Mk (D — prr) —> Voo in Cl (E\fay...ag), R?) VIeN

moreover, either Vo is a constant map or it is a smooth immersion of ¥\{a1 . ..ag} critical
point respectively of

W(\_I}) = / 1+ Hz) dvolgé in case pr = 0.
b
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or

W(&D) :=/ H? dvolgé in case jLy — —+00.
b

Moreover, if\floo(E\{a] ...ag}) is compact, then \I/OO is a critical point respectively of W
or W. O

Remark 1.2 If one skips the assumption that (X, gék) is pre-compact in the moduli space
of ¥ a similar result holds true on each “thick part” of the limiting nodal surface. This is
obtained combining Theorem 1.2 with theorem 0.3 of [13]. O

Functionals of the type £, are more complicated. To make it short the variations of &£,
generate p-harmonic operator while the variations of W, are generating standard Laplacians.
When F(|A|?) = (1+]A|*)?/2,itis shownin [11] that critical points off F dvolg are smooth.
In this paper, beyond regularity matters, we focus on estimates that remain stable in the limit
P \{ 2. In particular, we prove the following e-regularity result.

Theorem 1.3 There exist constants § > 0 and for any m > 0 there exists eg(m) > O with the
following property. If a conformal immersion ® € W>P(D1(0), R3) for p € [2,2 + 8] with
conformal factor A is a critical point of

£,(D) ;=/ (1 + |di|*)P/? dvol, — with e, :=/ |dii|} dvoly < +00
D1(0) D1(0)

satisfying
m = ”V}\.”LZOO(DI(O)) < 0 and ”Vﬁ”LZ(D](O)) < So(m),
then there exists ¢ > 2 + 8§ such that

Hlvﬁ'lek(Z—P)/P’ < C(m’ ep) e;/]’. (12)

L9(Dy;2(0)) —

for some positive constant C(m, e)). O

Combining Theorem 1.3 this time with the main weak compactness result of [18] gives the
following concentration compactness theorem for weak immersions which is one of the main
contribution of the present work.

Corollary 1.2 Let o > 0 and o — 0 and let 531C be a sequence of weak critical points of
@) = f (1 + |dii|*) "+ dvoly,
=

Assuming

lim sup ek (&Dk) < 400,

k——+00

and assuming that the sequence of Riemann surfaces associatedto (¥, g 5)]() is pre-compact in
the moduli space of T, then, there exists a subsequence k', finitely many points ay .. .ag € %,
a sequence py € R3, a sequence . converging either to +oc or identically equal to 0 and
a map \floo € C® (X, R3) such that

T = T, . 1 3
e (O — pr) — VYoo inCp (E\{ay ...ap}, RY).
Moreover, either W is a constant map or it is a smooth immersion of ¥\{a1 ...ag} critical

point respectively of
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W(‘if) = / 1+ Hz) dvolg&) in case ug = 0.
b))
or

W(&D) = / H? dvolg&) in case Ly — —+00.
b

Moreover, if‘Iloo(Z\{al ...ag}) is compact, then \iloo is a critical point respectively of W
or W. O

Remark 1.3 Here again, if one skips the assumption that (X, 8%,) is pre-compact in the
moduli space of ¥ a similar result holds true on each “thick part” of the limiting nodal
surface. This is obtained combining Theorem 1.3 with theorem 0.3 of [13]. ]

As a matter of clarity the whole work is dealing with immersions of surfaces into the
3 dimensional euclidian space. Using the computations performed in [15] the result above
should be extendable with moderate efforts (but using some more heavy notations) to general
codimension and general riemannian targets.

2 Preliminaries

2.1 First variations of YWr and &

In local coordinates {x, xo} on the unit disk, let the pull-back metric by ® be gij =0y o -
0x; ®. As usual, we let |g| denote the determinant of the matrix (g;;). We let 7 denote the

outward-unit normal vector. We will suppose that dis conformal, namely, in local coordinates
{x1, x2}, we have 0,, P - axjd> = e2s; ;- In order to derive the Euler-Lagrange equation
associated with the energies YWr and £r, we consider a variation of the type

-

O, == O+t +o(t),

where w is a normal vector. The variation of the outward unit normal vector 7 is easily found
to be
i = 7+ te " (a1dy, ® + axdy, ®) + (1),

for some a; and a;. One easily verifies that

d

| A= —Gidi, dd),. @2.1)

t=0

The variation of the components of the metric (g;);; := 9y, &5, . Bx./. 5>, is also easily found to
be

(81)ij = 05, ® - Oy, + Oy, D - Oy, 0. (2.2)
=0

dt

From this and the fact that (g/)i (g = 81{, it follows that the inverse metric coefficients
vary according to

-

— g;] = —674}"(3;;,-&5 . axj'ﬂ} + axj&) . axiw)' (23)
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Note that the variation of the volume form is

dt

The variations of the mean curvature and of the square of the second fundamental form satisfy
respectively

dvol,, = dd; dw) g dvol,. 2.4)
=0

d . .
—|  H} = H({dii; dw), — d*(ii - dw)) 2.5)
di =0
and
=2 (g7 9,7s - D7)
dtloo ¢ difi5 ' !

= —2(d® @ dib, dii ® dii), —2{d(ii - dib, dD)g; dii),,  (26)
where we have used (2.3) and (2.1). Combining (2.4) and (2.5) gives
d

dt

W = / [F(H%(dc%; di)g + HF' (H*)((dii ; dib)g — d*s (i - dﬁ)))]dvolg-
=0 =

where F’(H?) is understood as dF(HZ)/de.

It is a simple matter to integrate the latter by parts. Equating the resulting integral to zero and
recalling that the obtained identity holds for all w, one concludes that a critical point of Wg
must satisfy the Euler—Lagrange equation

d*e [Fd& L HF'dii — i d(HF’)] = 0. Q.7
Combining now (2.4) and (2.6) and using the fact that |A|* = |d7|} gives
d

dt

EF = / [F(d&); div)g — 2F'[[d® © di, dii © dii),
t=0 z
+{dGi - din, dB),; di),]] dvol,, 2.8)

where F' := dF(|A|?)/d|A|*.

It is a simple matter to integrate the latter by parts. Equating the resulting integral to zero and
recalling that the obtained identity holds for all w, one concludes that a critical point of £
must satisfy the Euler-Lagrange equation

d* [ Fd® — 2F'(dii & dii) Ly d® + 2(d" F'dii) - d®)ii| = 0, 2.9)

where (dii ® dit) Led  is the contraction given in local conformal coordinates by

2
(dii ® dit) g d® = e " (i - 0y;i) 0y, P dxi.
ij=1

2.2 Conservation laws for critical points of VWg

Proposition 2.1 In a conformal chart, a critical point of W, respectively E, satisfies the
Euler-Lagrange Eq. (2.7), which reads

div[F(H2)V&> + HF (H*)Vii — ﬁV(HF’(HZ))] = 0. (2.10)
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Respectively for EF the Eq. (2.9) which reads

2

div | FV® — 22 F' Y " (Vii - 0y, i), ® + 2~ 2ii (div(F'Vii) - VO) | = 0. (2.11)
j=1

[}

We shall now first concentrate on critical points of Wr. The divergence form (2.10) may
be locally integrated to yield the existence of a potential function L satisfying

ViL = HF'(H*)Vi —iV(HF' (H*) + F(H)V®, (2.12)

where, in terms of the local coordinates {x1, x»}, we have set vi.= (=0x,, Ox).
Note that . .
Vi-V® = —ii- A® = —2¢*H.

Hence (2.12) yields . .
VO .-VEL = 2¢"(F — H*F').

For the sake of our future needs, let Y be a solution of
— AY = 2¢%(F — H?F). (2.13)

Equation (2.13) states that . .
div(L - Vi@ - VY) = 0.

This identity is integrated to give the existence of a function § satisfying
VS = L-Vd+Viy. (2.14)
Next, using that VO x Vi = div(V® x i) = divV-® = 0, we obtain from (2.12) that
Vo x VL = —Vi®.V(HF) = —div(HF' V'),

which is an exact divergence equation and may thus be integrated to give the existence of a
potential function V satisfying

VV = LxV®+HF' V. (2.15)
We can summarize what we have established so far in the following proposition.

Proposition 2.2 Let ® be a weak critical point of
Wr(®) := / F(H?) dvol,.
by
In local conformal coordinate we introduce® L such that
VAL = HF'(H) Vi —iV(HF'(H*) + F(H)V®,

Then the following two identities hold

- (2.16)

VO VL = 2(F(H?) — H*F'(H%)
V& x VL = —div(H F'(H)V*®),

where ¢* =9, D| = |0, . o

2 The local existence of L is given by Proposition 2.1.
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We now derive central identities linking together the potentials S and V. Note first that
i-VV = i-(LxV®) = L-(Vdxi) = L-V*d = vis+vy. (217

The tangential and normal parts of VV are

7rVV = —(L-))Vi® + HF'V® and m;VV = (ViS+ VY)ii.
Hence
AxVV=ixaVV = —(L -#)V®— HF V+d
= ViV = — ViV — (VS - Viy)i. (2.18)

We formally decompose a la Hodge the quantity

AvViY = Vi + Vi, (2.19)
and set R := V — ii into (2.17) and into (2.18) to discover the following proposition
Proposition 2.3 With the previous notations, the following equation hold

ixVR=—VLIR—iVS —iix V1§ + Vi. (2.20)

2.3 Control of the conformal factor

>

Using F. Hélein’s method of moving Coulomb frames [16], a weak immersion ® €
w2 (D2(0), R3) of the unit disk D,(0) into R? can be re-parametrized by a diffeomor-

imm
phism of D5(0) to become conformal. Our functional being independent of parametrization,
we will without loss of generality suppose that ® is conformal with parameter A, namely:
axi&) . axj&) = 62)‘55./.

We will henceforth use the notation V, div, and A to denote the usual gradient, divergence,
and Laplacian operators in flat local coordinates {x1, x2}.
Assume

/ \Vii|* dx* < 87/3 and  [[VAll 200 (p2()) = m < +00.
D(0)

We can call upon Lemma 5.1.4 in [8] to deduce the existence of an orthonormal frame
(€1, e2} € WH2(D1(0)) satisfying 7i = &1 x &, and
IVeill2py0p + IVl L2py0) = CIVIElL2(py0) (2.21)
As is easily verified, the conformal parameter satisfies
AL = Vé;-V+é, in Dy(0). (2.22)
Let p satisfy

{ Ap = Ve -V4ié, | in Dy (0) (2.23)

w =0, on dD;(0).
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Standard Wente estimates (cf. Theorem 3.4.1 in [8]) give

lllLoo(py0y) + IVl 22Dy 0)) = Ve ||L2(D2(0))||V52||L2(D2(0)) <C ||Vﬁ||iz(D2(0))'
(2.24)

The harmonic function v := A — u satisfies the usual estimate
= 1.2
/ v —vldx” = ClIVViLipy0) = CIlIVVIL200D,y0))
D3,>(0)

where v denotes the average of v on D1(0). Hence
v ="vllLeos ) < CIVVIL200Dy0))
Combining the latter to (2.24) yields now
b =12
”}" - )"||L°°(D3/2(X)) S C ||V)"||L2°°(D2(())) + C ||Vn||L2(D2(0)) S C(m),

where A denotes the average of A on D3,3(0), and m is the L% norm of VA on Dj 0),
assumed to be finite. We can summarize this subsection by stating the following lemma.

Lemma2.1 Let ® Wizrfm (D»(0), R¥ bea conformal weak immersion such that

/ \Vii|* dx* < 87/3 and ||Vl p2.00p2(0y) = M < +00.
D»(0)

where e* := [0x, &DI = IBXZ&SI. Then the following estimate holds

A(x) dx?

IVl L2 (D3 00y + [ =< ClIVAlz2.00py 0y

 D32(0)] D3/2(0)
+ C Vil ) < Cm). (2.25)
O

We shall now prove the following extension to general exponents p € [2, 400).

Lemma22 Let2 < p <gq D e Wizn’li(Dz(O), R3) be a conformal weak immersion such
that

/ |Vii|* dx* < 87/3 and ||Vl [2.00(p2(0y) = M < +00.
D1(0)

where e := [0, Cf>| = |8x2&>|. Then the following estimate holds
VAL (D3 p00) = C(@) IV 200 (Dy0)) + C(@) IVEILP(Dy0))- (2.26)
where C(q) > 0 is independent of p € [2, q]. O

Proof of Lemma 2.2 The first step consists in constructing an orthonormal frame (é1, €;) in
WP (Dy(0)) satisfying i = €| x &5 and

IA

Ve, lz2(pyc0y) + ||V22||L2(D2(0)) o ||Vﬁ||L2(Dz(0))

(2.27)

A

IVéillLr(py 0y + IVerllLr sy < C(@) IIVAllLr (D))

We follow step by step the proof of lemma 5.1.4 in [8] where p is replacing 2. The main
ingredient is the use of Lemma A.2 instead of theorem 3.1.7 of [8]. Then the whole argument
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goes through without any further modification. Once ¢; satisfying (2.27) is constructed we
recall that A satisfies on D% (0) the equation (2.22). We can then decompose A into the sum
of it’s harmonic extension A on D% and the function u satisfying (2.22). Applying one more
time Lemma A.2 but to u this time one obtains

A

IViliLepaoy < C(@) Vel 2pyop I VerllLe iy o))
C(@) IVl L2(p, o IVl P (D5 0)) - (2.28)

IA

Standard estimates on harmonic functions give also

IVl Lo (Dsp0p) = C@) VAl L200(py00)) (2.29)

Combining (2.28) and (2.29) give (2.26) and Lemma 2.2 is proved. O

2.4 Controlling the LP norm of Vi

We shall now prove the following lemma.

Lemma 23 Let2 < g < +0o0 and consider de W.2’p (D»(0), R3)f0r some2 < p <gq.lIf

mm

/ |Vii|* dx* < 87/3 and [Vl 200(py0y =M < +00.
D2(0)

where e == [0y, i>| = |8X2<T>|. Then, there exists C(q, m) > O such that

(p=2)/2
/ |Vil? dx? < C(m, q) / e dx?
D1(0) D32(0)

x / |H|? ¢ dx* + C(m, q). (2.30)
D32(0)
O

Proofof Lemma 2.3 Denote A the average of A on D3 12(0). Using (2.25) together with the
fact that

- -

AD =262 H
we obtain

/ |AD|P dx* < C(m, q) e P~D / |H|P e* dx?. (2.31)
D32(0) D3/2(0)

Using classical elliptic estimates we have

p/2
/ IV2®|P dx? < C(q) |AD|? dx*+C(q) U |V&>|2dx2:| . (232
D1(0) D

D3,2(0) 3/2(0)

The following pointwize estimate holds

B, @ X 0y, ®

- — || x0) <41V2®|(x) e . (2.33)
By, ® x ax2q>’

|Vii|(x) = |V
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This gives obviously using one more time (2.25)
/ \Vii|? dx® < C(m, q) e~ P* / |V2D|P dx2. (2.34)
D1(0) Dy (0)
Combining (2.32) and (2.34) we obtain

/ \Vii|P dx® < C(m, q) e*ﬂ/ |AD|P dx?
DI

D32(0)
) p/2
+C(m,q) e P* / |IV®D|? dx?
D3/2(0)

< C(m,q) e‘ﬂ/ |AD|? dx® + C(m, q) (2.35)

D3/2(0)

Finally combining (2.31) and (2.35) we obtain
/ \Vii|? dx® < C(m, q) & P~ / |H|? ¥ dx® + C(m, q). (2.36)

D1(0) D3/2(0)

This concludes the proof of Lemma 2.3. O

3 Proof of Theorem 1.1

From now on, we take F(f) as in the statement of Theorem 1.1. In this subsection we
establish regularity from a qualitative perspective exclusively. We shall post-pone quantitative
estimates to the next subsection. We treat the case p > 2 in this subsection. For the most
delicate case p = 2 (already treated in [17]) quantitative estimates as the one derived in the
next subsection are needed.

By hypothesis, V2® lies in L”, and thus

Vi e LP. 3.1)

Hence H lie in L?. From hypothesis (a) on F, we find that F(H?)e?*, and thus F (H?), are
integrable. Per hypothesis (c), it follows that

, / 1 1
|HF'| € L? (D), where  — = 1-—, (3.2)
p p
so that )
H>F'(H?) € LP-L? ¢ L. (3.3)
Accordingly, writing (2.12) in the form
VIL = —V(HF'ii)+2HF'Vii + FV®
shows that . ) )
LeL’+wh cLr. (3.4)
We also get from (2.13) that AY is integrable, so that?
VY € L*%®. 3.5)

3 L2 is the weak Marcinkiewicz space. Refer to the Appendix for details. That VY lies in L2 follows

from the fact that AY liesin L!. See Theorem 3.3.6 in [8].
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Bringing (3.4) and (3.5) into (2.14) and (4.18) shows that
VS, VV e LV +1L>® c LV, (3.6)

since p’ < 2.
From the Hodge decomposition (2.19), we see that

AV = V1Y . Vi. (3.7

According to the conditions (3.5) and (3.1), since p > 2, by classical rules on products in
Lorentz spaces, we have that VY - Vii € L2P/(P+2)-P and by Lorentz—Sobolev embeddings
we obtain

-

- 2
Vo eLP and Ve L forall 1<r< 7[7, (3.8)
p+2

which, along with (3.5) and (2.19), gives us
Vi € L*™. 3.9)
AsR:=V —ii , we obtain from the latter and (3.6) that
VS, VR e L”. (3.10)

Next, we differentiate the first order system (2.20) to obtain the second order system in
divergence form

R— Vi x VIR + Vi VLS — div(i x Vi
{AR_VnXV R+ Vii - VS — div(ii x VD) 311

AS = —Vii - VAR + div(ii - V).
We will now call upon another result of integration by compensation (see [5]).

Lemma3.1 Ler D := D, (x) be an arbitrary disk in R%. Let g € [2,00), 2 < p < q and let
p = L. Consider two functions a € WP (D) and b € WI’P/(D). The solution of the

p—1
problem
Ap=V'ta-Vb,in D
¢ =0, on 0D,
satisfies
IVl 1py < CollVallLo@) VBl Ly -
for some constant C; > 0 depending only on q. O

With this result at our disposal, we can now use the hypotheses (3.1), (3.10) and simple
regularity estimates to derive from the system (3.11) that

v2s, V2R e L. (3.12)

In order to weave this information back to the level of curvature, we need a new identity. On
one hand, from (2.19), we find

VV x Vi = VRx VI® 4+ Vii x VI®d = VR x VI + (Vi —7iviy) x Vo
= VR x V& + Vi x VO + VY - V. (3.13)
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On the other hand, using (2.15) and (2.14), there holds
VV x Vi® = (L x V®) x VLd + HF (H))VD x V1P
= (L-V*t®) Vo —2”HF (HYii
= VLS. VO + VY. VD -2 HF (H)i.
Combining the latter to (3.13) yields the identity
— 2 HF'(H»)ii = VS -V+®+ VR x V1 + Vi x V. (3.14)

Recall that the regularity of the Gauss curvature is tied to that of the Gauss map, namely,
e?*K is as regular as V7 is. In particular, the Liouville equation

- AL = K (3.15)
and the fact that 7 € W2 show that . € WP <> L and thus that
e WP and Vo e WP, (3.16)
Combining (3.8), (3.12), and (3.16) into (3.15) shows that
HF'(H*) e wh! c L*.
Since |H F'(H?)| > |H|P~! by hypothesis (c), it follows that
H e L*?P7D, (3.17)

which, because p > 2, is an improvement to the original assumption that H € L?. Recall
that the Gauss map satisfies a perturbed harmonic map equation,* namely:

Afi = —|Vii)*i — 2div(HV®) + 4e* H?ii. (3.18)

Owing to Vi being in L? (for p > 2) and to (3.17), it follows easily that Vii € L2?~=D_ We
now introduce this information along with (3.12) and (3.8) into the system (3.11) to discover

2
that AS and AR liein L" forall 1 <r < P
p

. As p > 2, we obtain the improvement

- 2
V2, V2R e L', YV l<r< -2 (3.19)
p+2
Just as we did above, we conclude that
2
HF(H) e W', ¥ r< 2P (3.20)
p+2
and thus
Hell VYgqg<pp-1.
Put into (3.18), the latter easily shows that
VieL! VY gq<p(p—1. (3.21)

4 cf. Appendix B in [3].
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We also have that F(H?) and H>F'(H?) lie in the space L® for s < p — 1. Per (2.13), it
follows that VY lies in the space W'+, for s < p — 1. Coupled to (3.21) and brought into
(3.7), this information yields now

2p(p—=1 .

- ———if
Vel v 9T Tpaiapgp2iP=3
a<plp—1 if p > 3.

This can now be bootstrapped along with (3.21) and (3.19) back into the system (3.11) to
obtain that _
V2§, VPR e L*, ¥V l<s<p—1,

which is an improvement to (3.19).
The above routine can of course be run again, improving with each step the integrability of
the quantities involved. Without much effort, one eventually reaches that

HF'(H? € WY, Vs < oo. (3.22)

To transfer this information back to H, it suffices to use hypothesis (b), which states that
HF'(H 2) is a smooth and invertible function of H. In particular,

H e whs, Y s < o0.

The equation A® = 2¢?* Hii now gives that ® e W3 for all finite 5. Classical methods
easily imply that the immersion @ is in fact smooth, by repeatedly differentiating all equations
and applying standard elliptic estimates. This concludes the Proof of Theorem 1.1.

Remark 3.1 In the special case when F(H) = |H|”, we have HF'(H?) = §|H|P_1, which
is not invertible near H = 0. A glance at the proof reveals however that (3.22) still holds. In
particular, H is a bounded function.

4 Proof of Theorem 1.2

The proof is accomplished in several steps.

4.1 Improved integrability: from 1P to Ll

We will work within the context of weak immersions with bounded second fundamental form.
That is, we requires d:% - R3tobe Lipschitz and have a non-degenerate pull-back metric
g = P gr3. Moreover, we demand that the second fundamental form of the immersion lie
in the space L?:

/Z|dﬁ|§dvolg < 0.

These immersions are well-understood [16]. In particular, it is known since the work of F.
Hélein, that locally about every point, it is possible to conformally reparametrize the surface.
Since our results will be local in nature, we will thus assume that o is conformal, namely,
g = e2*8, where 8 denotes the Cartesian metric on R2, and A is the conformal parameter.
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Localizing, we assume that there holds’

/ IVii|* < eo 4.1)
D>(0)

for some suitably chosen constant 87/3 > gy > 0 (to be made precise in the sequel). We
will also suppose that
m = ||V)‘||L2~°°(D2(O)) < OQ.

From Lemma 2.1 we have

A(x) dx?

’ 1 < C(m). (4.2)

Nt
[D3/2(0)| Jps 00y

We focus on values of p within the interval [2, ¢] for some fixed ¢ > 2. We set p’ :=
p/(p — 1). Using Lemma 2.3 we have

1/p
nvwm@@)scmMnH“”m[/ a+H%W%“dﬂ} + C(m, q)
D

3/2(0)
< C(m,q) [P wi/? 4 1] < C(m, q) J/w,. 4.3)

where we used ¢2* < w),. In this subsection, we study critical points ® of the energy
Wy(Z) = /(1+|H|2)P/2e”dx with  w, := / (1+|H )P *ePdx < oo.
P D3/2(0)

As we have seen in the first section, critical points of the energy W, satisfy

div(— V(HF') +2HF'Vii+ FV®) = 0 on D(0), (4.4)
with F(H?) = (1 + H?)?P/?. Note that

P _ . —Q=4/p)7 12
F = S0+ HHPPU satisfies | F oo py o) < Clg) e @74P% 2P,
and we have moreover
’ 2% (-1 1-1/p
|HF ”LP’(DI(O)) < e 2Py, 4.5)

Owing to (4.3), we also have

VHE'Viil| 1 poyy = WHEF'[ L 0y IV ILP Dy 0 (4.6)

We can cgll upon Lemma A.12 to integrate (4.4) on the disk D;(0) and find there exists an
element L (unique up to the addition of a constant) satisfying

ViL = —V(HF'i)+2HF'Vii+ FV® on D;(0), .7

5 For simplicity, we have switched to the “flat” coordinates notation: Idﬁ\g dvolg = \Vﬁ\zdx 1dx>, where
V= (axl ’ axz)-
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and such that
”Z‘“LP/«OO(D](O)) % Cq ”HF/”LP/(Dl(O)) + |}HF/Vﬁ||L'(D1(O)z+ “Fex HL‘(Dl(O))
< C(m,q) e 2=V, "2 (1 4 Vil oo, op] + €7 w) 4.8)

where we are choosing L to have average 0 on Dy (0).
Using that Vi - V& = —2e?* H, we find from (4.7)

VO.-VLL = 2HF'Vii - V& + F|[VO]2 = 4e**(F — HF'). (4.9)
Let Y be the solution of

Y=0 on dD1(0). (4.10)

{ AY = 4e’*(F — H*F’) in D;(0)
Clearly,
IAY 1Dy < C I € 1 (pyey + C IHPF'(H) el 11 (py0 < Clm) wp,
so that, owing to a classical linear elliptic result (see e.g. Theorem 3.3.6 in [8]):
VYl L200(py0)) = Clm) wp. (4.11)
Let next v be the unique solution of the following problem:

= 1 . >
{AU_V Y -Vn in D1(0) 4.12)

v =0, on dD1(0).

To obtain estimates on v, we will use Lemma A.2 in the range p € [2, ¢] to the system (4.12)
using (4.3) and (4.11). This yields the estimate

IVOllLr o) = Cq IVYll200(p, 0y IVElLP(Dy0) < COm) wy [IV7EllLe (D, 0))-
(4.13)
and

”VT)”LZ(D](O)) < Cq IVY 200, 0y ||Vﬁ||L2(D,(0)) < C(q) wp &o. (4.14)

Note that div(zV+Y — V) = 0 holds on D (0). This equation can be integrated to yield the
existence of u satisfying
Vii = ivty - Vi, (4.15)
Owing to the fact that L? C L%, Combining (4.11) and (4.13) then gives
IViill 200y 0y < Clm,q) wp. (4.16)

Let us return to (4.9) and (4.10). Together they give that div(i Vid — VvY) = 0.
Integrating this equation yields the existence of a potential S satisfying

Vs = L-Vi® -VYy = L-Vtd +ii- (Vi — V1), 4.17)

where we have used (4.15). Next, from the deﬁnitjon of VL given in (4.7) and using the fact
that 7 x V® = —V-L® (and hence that Vii x V® = 0), we find

div(— L x V1®) = VIL x V& = div(HF' V).
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This exact divergence form is also locally integrated to yield a potential function 1% satisfying
VV = LxV®+HF' V. (4.18)

As in the previous section, we set R := V — ii to obtain the system

AR = —V4ii x VR — V4ii - VS — div(ii x VD) 4.19)
AS = V+i - VR +div(ii - V). '
We shall denote
Spi=e 1P g R, i=17YPE R and G, = 17PN, (4.20)
and by homogeneity we have
AR, = —V%'i x VR, — V'i - VS, —div(ii x Vi) “21)
AS, = V+i - VR, + div(ii - VU,). '

Using the definition of S and S, combining (4.8) and (4.11) we obtain
1-1 o —2/p R
IV Spll oo (py oy < Cmyq) wp P [V IVl ooy op ]+ Cm) 7207w, (4.22)
Recall that ¢2* < w), hence, combining (4.3) with (4.22) we obtain
Com.q)wy, 7 12D E /P 1]+ Cm) 12D,

Cm,q) wy P Ly, +1] (4.23)
Combining (4.13) and (4.3) we obtain

IA

IV Spll Lo i 0y

IA

N _ x > 1-1
VT, Lm0 < Cm) e =2/ P 2w Vi ooy 0y < Cmywy VP (w4 /iy] (4.24)

and using (4.14) we obtain

IVl 120y 0y < Cm) wy /P iy (4.25)
We also obtain -
IViip 2 by oy < Cmy @) wy /P iy, (4.26)
Similarly to S, we have
yd 1-1
IV Vol ooy oy < COmoq) w7 L/, + 1] (4.27)
and hence we deduce from (4.26) and (4.27)
IVRpl Lt oqpyoy < Clmaq) wy 7 L, + 11 (428)

Applying Lemma A.4 for ¢ = oo to the system (4.21) with (4.3), (4.26) and (4.28) we first
find

= 1-1
||VSp||Lp’,2(D4/5(O)) + ||VRp||Lp’,2(D4/5(0)) = C(m7 61) wp /p [wp + 1] (429)
and then, applying the same lemma but for ¢ = 2 we obtain

- -1/
||VSp||Lp’,1(D3/4(())) + ||VRp||Lp’,l(D3/4(())) < C(m,q) wp P [wp + 1]. (4.30)
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4.2 Power decays
The case p — 2 away from 0 We assume first that there exists 1 > § > 0 such that 0 <
8§ < p—2<8"! < +o0. In this case each step of the bootstrap argument in the Proof of

Theorem 1.1 can be made quantitative with constants depending only on §.

The case p — 2 sufficiently small This is the most delicate case. Let x € D1,2(0) and r < 70
where ro will be fixed later independent of x, ® and p € [2, q]. We decompose S, and R »
in D, (x) as follows

AS) =0 in Dy (x)

_ ¢0 1
Sp—Sp—i-Sp wherelsgzsp on 8D, (x)

ARO 0 in Dr(x)
where *0
R Rp on 0D, (x)

Lemma A.1 implies that for any ¢ € (0, 1/2)

[ oS o) VBRI Gyt < € [ 9t 0+ VR () dy?
Dy (x) Dy (x)
431)

Using Lemma A.2 as well as standard elliptic estimates we have

/ IVSHP' () + IVR)P () dy* < Cq & / IVS”' (3) + IVR, 17 (v) dy?
Dy (x) Dy (x)
+c, / V3,17 (y) dy? 4.32)
Dy (x)
Combining (4.31) and (4.32) we obtain
/ VS,17 () + [VRI7 (v) dy?
Dy (x)
<C, 6 + 1) / V8,17 () + VR, 1P (1) dy?
Dy (x)
+C, / IV, 7 (y) dy? (4.33)
Dy (x)
We return to (4.10). Recall that

1
F_HZF/ — F(p—2)/p+7(p_2)H2F/'
p

hence
4
Y = 4e? F0D/r 4 —(p—2)e*H*F" on D1(0), with Y|, , =0.
p 1(0)
_ (4.34)
We denote Y, := e(!=2/P*Y and decompose Y, = Z, + W, where
AZ, = 4e172PR P ER=D/Pin py(0) 4.35)
Z,=0 ondD;(0) '
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We have, for p/(p —2) > 4/3

IV Zpll 4,0y < C TP [/ F(H?) ¢** dx?
D

:|(P2)/P
1(0)

<C w,lfl/p JWp.
(4.36)
This gives in particular that

IA

_ 1-1
sup U IVZlle i, < IVZollsoyoy < Cwp /P Sy, (437)

xeD12(0), r<rg

Decomposing as above the function W), = W,(,) + Wll, on the ball D, (x) into an harmonic
and a trace zero function we obtain, using Lemma A.1, for any 7 € (0, 1/2)

IVWpll200p,, ) = CtIVWpllp200p, (x))
+C(m, q) (p —2) 17HPA / H? F'(H?) e** dy?
Dy (x)
(4.38)

We write H2 F'(H?) = H H F'(H?) and from (3.14) we deduce

/ H2 F/(H2) eZA dy2
Dy (x)

1 - -
<0y 19801150, 0y + IV R (0, 0y + 10l oy ap ] 439)

Hence combining (4.37), (4.38) and (4.39) we obtain

1-1
IVYpll 2y, ey < C 1 IVYpll 2o,y + Cwp P Sy r
+C0m,9) (P =2) /iy [IVSpl L,y + IV Roll Lo, o0

HIVpll L e (4.40)

Decomposing as above the map v, = v 19 + BI} on the ball D, (x) into an harmonic and a
trace zero function we obtain, using Lemma A.1, for any ¢ € (0, 1/2) we obtain, using also
Lemma A.2,

< C1*|IVi,l? +Cel VY, (4.41)

- P
Vvp ”LP’(D,r(x» = LP (D, (x)) L2°(Dy (x))

Combining now (4.33), (4.40) as well as (4.41) for r and for r /t we obtain
I Bop s 2 4
/D TS O IV R0+ 195 ) A+ IV Yo e,y

/ / ) /
= Con.q) (e +12+ (p =2 wj?) f 1S
X

-

FIVRIP (3) + VT, 17 () dy?

/2 ’
—i—Cw,,wﬁ,’/ r?

4 517 dv? P 7
+Cyt /Dr/[(x)val dy” +C (0 + ") IVYpllae(p, )

(4.42)
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For &g, t and p — 2 chosen to be small enough we then have
/ IVSpI7' )+ IVRIP )+ IV5,17 (0 dy + 1YY 1oy o)
Dtr(x) "
52’1/ VS, 17 (9) + [VR,IP () + IV, 7 () dy?
Dyt (x)

VY| +Cw, wl (4.43)

p
L2%(Dy i (x))

We choose rg/t < 1/4 and by a standard iteration argument, using (4.25) and (4.30), we
deduce the following power decay

[7/ = P, - [7/ 2 p/
/D VTS O IR0+ VT 0) 5 IV e,
< Cm,q)r* w, [w, + 117"/ (4.44)

where @ > 0 only depends on ¢ and noton p € [2, ¢].

4.3 Improved integrability and uniform £-regularity estimate

The obtained power decay, by the mean of (3.14), namely
—2eHF'ii = VS-V'® VR x V*® + Vi x V.

gives B
P HPIY < Com q) [|vsp| +IVR,| + |Vﬁp|] (4.45)

Combining (4.44) and (4.45) gives then

sup r*“/ HP & dy? < C(m, q) wy [w, + 117'/%. (4.46)
xeD12(0) ; r<rg D, (x)

Combining (4.46) with Lemma 2.3 we obtain

sup I / |H F'(H) Vii| dy?
xeD12(0) ; r<rg Dy (x)

< Cm.q) e 2P Wl (Jw, + 1) Jw,. (4.47)

moreover we have

sup r*“f F(H) [V®| dy> < C(m,q) e " w, [wy, + 11772 (448)
xeD12(0) s r<ro Dy (x)

Inserting these power decays in the r-h-s of the Willmore PDE
A(HF'il) = div(2HF'Vii + FV®)  on Ds34(0), (4.49)

gives, by the mean of Adams estimates [1], a higher integrability to H F'n of the form

_ 7 1 / -7 ’
||HF/||L’(Dl/4(0)) =C@m,q) [e 2/p wp/p Wwp+1) Jwy, +e > wpy [wy, + 1717 /2]
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forsomer > p’. We can now bootstrap this estimate in (4.49) to reach the desired e-regularity
statement

O HP©O) = Clm,q) wy [(1+ p)? +w,” 2 [+ w1 72] @50

4.4 Proof of Corollary 1.1

Let Cf:'k be a sequence of conformal immersions from a constant curvature surface of volume
1 (2, hy) such that &y is a critical point of W and such that

lim sup Wk(ik) = lim sup/ a1+ H2)1+“" dvolg&) < 400 where o — 0.
k—+00 k—+o00 JX k

We moreover assume that (X, h) is compact in the Moduli Space.

A now classical argument (see for instance [16]) gives the existence of a subsequence
that we keep denote ®y, the existence of ju € R+ and the existence of finitely many points
{a1...ap} in X such that, for any compact K C X\{a; ...ap}

limsup |Ax + pillzooky < 400 and g =0 or g — +o00. 4.51)

k——+00

where
8%, = M hy.
Moreover, there exists py € RR3 such that
el (Dy — ﬁk)—\\ifoo weakly in Wlm nwh Ne(EN\far ...ag)).

To simplify the presentation we give the proof in the case ux = 0 and py = 0. Let ¢y be
a conformal chart from U C K into D? such that the expression of i strongly converge
in any C! norm in this chart. We keep denoting Cbk the composition of CI>k with qbk and
= |0y, <I>k| = |0y, <I>k|. Using (4.50) and (4.51) we have
lim sup [l oo (p2)+ I Hell o (p2y < 400 = limsup [ A®gll oo (2, < +00. (4.52)
k—+00 k—+4o00
Hence, since ||V &y || L2(D,) 18 uniformly bounded, standard elliptic estimates gives a uniform
upper-bound on ||V2&>k|| Lr(D?)) for any p < +o00 and consequently

lim sup ’an)k < 400 forany p < 4o00. (4.53)

k—+o00 Lr (D /2)
Using now (4.49) and classical elliptic estimates we deduce that

||LF(D%/4) <400, Vp < +oo. (4.54)

limsup |V (Hy F{(H?) i)
k=00
Recall that F’(¢) = (1 + ay) (1 + t)%. Hence we have
V (Hy F{(H) 7i) = (1 + ) V(Hi (1 + HD* 7ig)
= (14 ) [(1+ H)™ + 2 HY (1+ HH™ ' VH g + He(1 4+ H)™ Vi
Hence we deduce from (4.53) and (4.54)

lim sup ||VHk||Lp(Dz ) < 400 forany p < +o0.
k—+00
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By taking successive derivatives of the PDE A® = 2 H Oy, ® x 8x2d3 as well as successive
derivatives of (4.49), iterating the arguments above we finally obtain

VIieN limsupl|V'ellc (5\(ar..aq) < +00

k—+00

which implies Corollary 1.1. O

5 Proof of Theorem 1.3
5.1 Rewriting the Euler Lagrange Equation of £, and preliminary estimates

We place ourselves in the same context as in Sect. 4. We assume 2 < p < 3. We consider a
local conformal parametrization ® : D>(0) — R3 with conformal parameter 1. We suppose
that

[ il < &, 5.1)
D> (0)

for some suitably chosen constant &g > 0 (to be made precise in the sequel). We will also
suppose that
m = ||v)\.||L2,oo(D2(0)) < Q.

Following Lemma 2.1 we have

1
VAl 2 . — A(x) dx?
LADs2O) 1D3200)] Jps 00
< ClIVAlzsmy0n + C IVl 0 (5.2)

Hélein’s construction of the moving frame (see [8] lemma 5.1.4) gives not only a Coulomb
frame (€1, e;) satisfying (2.21) but it also satisfies

IVéillLrpy0y) + IVellLr sy < C IVAllLrpy0)) (5.3)

where C is independent of p € [2, 3]. Indeed, it is proved that there exists v € W(}’z(Dz)
such that

Vv = (é1, V*éy)

Hence v is the solution of

{ Av = (Vé; V2;)  in D1 (0)
v=0 ondDy(0)
Using Lemma A.2 we have the a-priori estimate (using (2.21))
IVVllLe 0 = C Vel L2(p, 0y IVe2llLry0) = C g0 IVeérllLr(pyo)) (54
where C is independent of p € [2, 3]. We have also the pointwize identity
[VE1 |2+ |Vér | =2 |Vv|]? + |Vid|% (5.5)

Hence we deduce the a-priori inequality

IVéillLrpy0y) + IVerllLr(py0y < C €0 IVérllLr(py0)) + IVAllLr Dy 0) (5.6)
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and (5.3) follows by a density argument as in [8]. With (5.3) at hand, using one more time
the full strength of Lemma A.2, we can adapt step by step the Proof of Lemma 2.1 to deduce

IVAILe (D) < C VA2 Dy 0 + C IV Lr (D2 0)) (5.7

where C is independent of p € [2, 3].
As in the Proof of Lemma 2.3 we have

/ V2P dx? < C(m) 2P~ / |H|P e? dx?
Dey5(0) D, (0)

r/2
+C / VO dx?| . (5.8)
D3,5(0)

We set p’ := p/(p — 1), and in this section, we study critical points ® of the energy
E®) = [A+1AP vl with e, = [+ japritar < .
P D12(0)

For notational convenience, we will set

F = (1+]AH?? and F = §(1+|A|2)p/2—1_

where |A|> = ¢~2* |Vii|2. With these notations we have

IV2® ] Lo (pyoy < Clm) 27 e)/P 4 C & (5.9)
For future reference, note that
IF (AP Vil i oy < ep (5.10)
and _
LE'GAP) Vil o < €7 e))” (5.11)

As we have seen in Sect. 2.1, critical points of £, satisfy (2.9):
d* [ Fd® — 2F'dii & dii) Ly db +2(d" (F'dii) - d®)ii | = 0.
In conformal coordinates, this expression reads
2
div[FVd) —2e P F Y (Vi - 8y 1)dy, @ + 2e i (div(F' Vi) - Vcb)] =0. (5.12)

j=1
We have

2
‘FV&D —2e P F Y (Vi - axja)axjé‘ < S F42e VAP F,

j=1
so that owing to (5.10),
2 —
=, —2A ! = = 4 —A
[Fvé —2e2F z(w-axjn)aqu>”Ll(D](0)) < Cme e,  (5.13)
j:
where we have used that p’ < 2. We also have
AP PR x(1-2/p) 1/
Hle(F Vn)Hw—l,p/(Dl(O)) S ||Fvn||LP’(D1(O)) S e /p)ep k] (514)
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where we have used (5.11). From (5.7) we have

lle* l Loonwir(py 0y = C(m) [6I+ er/p’elly/p]’ (5.15)

from (5.9) B .
IV®lsnwrrm, @) = Clm) [ +e2H7e)/7], (5.16)

and 1
I7ill oo (p oy < 1+ e 2P e)/” (5.17)

where C(m) is independent of p. We have also
le™ i ® VBl pxrwirpion = Com) [ +e72HreP]. (5.18)
Recall that there exists a constant C independent of p € [2, 3] such that for all f € C§°
I fllLeopyop < C UV FllLrip)-
Hence, combining (5.11) and (5.18)
sup / f(x) e_zkﬁ(div(F’Vﬁ) . V&D) dx?
HfHW(},(p,l)(DI(O))fl D (0)
< C(m) [e—ﬂ/l” eV et ep] (5.19)
Hence
le=7i(div(F'Vii) - V)|

—ox/p 1/p Y
W-L0' ) (D) (0)) = C(m) [e *p €p/p +e )Lepil (5.20)

Let L be the distribution (unique up to a constant) such that

2
VAL = FV® —2e 2 F' ) (Vi - 0y, i)y, ® + 2 2ii(div(F'Vii) - V) (5.21)
j=1
Combining (5.13) and (5.20) we obtain

= —2%/p" /P -
v L“Ll(D](O))+W*1’<P/'°°)(D1(0)) < C(m) [e /r epp +e ep] s (5.22)

from which we deduce

> T 1)y -
”L”Ll’/"’O(Dl(O)) < C(m) [e 2A/p €p/p +e )LEP] (5.23)

where we normalized L to have average 0 on D1(0). We compute
VO - VLD = 2¢% F — 2F'|Vii|?
= (14 Vi) P 2+ @ = pre Vi ). (5.24)
21 42

where we have used that |Vi|> = e . Let us next introduce

—AY =2 F —2F'|Vi|> , in D(0) (525)
Y =0, on dD(0). ’

According to (5.24), we thus have an exact divergence form which may be locally integrated
to yield a new potential S satisfying

VS = L-Vo+Vviy. (5.26)
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We next compute
Vo x VEL = —2e (VO - div(F'Vii)) - (ii x V)
2
= 2 (3, @ - div(F'ViD)) (i x 0y, P)
j=1

27 x div(F'Vi)) = —div[2F'ii x Vi

- div[zF/viﬁ +4 HF’V%], (5.27)

where we have used that V® x Vi = 0 and that V® x 7i = V-®. We have also used the
elementary identity
Vi = i x Vii —2HV'®. (5.28)

Equivalently, (5.27) reads
div[Z X VL 4 2F Vi 4 4 HF’V%] — 0. (5.29)

Integrating this identity yields a potential 1% satisfying

ViV = Lx Vi® +2F' Vi +4HF' V. (5.30)
Observe that
BVV =i-(LxV®) =L-(VOxi)=L-Vtd=vls+vy (5.31)
We decompose
2F' (|AP) Vi = —V5 + VT (5.32)

where T is zero on 9 D1 (0) and
i VY = Vi — Vi (5.33)

where w is equal to zero on d D1 (0). We have

V(V+6)=LxVd+4HF (AP VD + Ve
=—(L-B)VId+L - VIdi+4HF (AP VD + VT
= (L )V —AVES—AVY +4 HF (AP VD + VT
=—(L- ) VId+4HF (AP VD —7iVES — Vi
+Vi(F 4+ 0) (5.34)

Denote

R:=V+6+i and 9:=T+w

We have the following

Proposition 5.1 With the previous notations the following equation hold
ixVR=—VIR+iVS—Vi+iix Vi (5.35)

[}
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Proof of Proposition 5.1 Observe that

WX Vid =V
Ax VD =—Vd

Using these identities we deduce in one hand
ixVR=—(L-#)V®—4HF(AP) VLD +7i x V1o,
and in the other hand
VIR=(L - #) VO +4 HF (A} VLD +7iVS— Vo.

Combining the two previous lines gives the proposition.

5.2 Improved integrability: from LP"* to LP’

Let ro < 1/4 to be fixed later. We proceed to the following renormalization

Y, = e(l_z/p)XY, Sp = e(l_z/”)XS, 1?,, = 1=2PA B and

5o ,(=2/p)h s
Upi=e v.

Using (5.25) we have
1-1
||VYP||L2,OO(D](0)) SC@p /p4/€p.
Using (5.23), (5.26) and (5.39) we have

1/p 1-1
ISyl oyoy < Com) & " +C ey 7 ey,
Using (5.11), (5.23), (5.30) and the fact that |[H|> < e~2*|Vii|> we have

7 1/p 1-1
1YVl om0y < Cm) e/ +Cep /7 Jep.

From (5.39) we deduce using standard elliptic estimates

. _ 1-1/p
IVUpll L2.oepy o)) FIVWpllL200py0)) = CIVYpllL2eopi0)) = Cep " Jep:

where we used the fact that W), satisfies the following system

—Aw, = V'Y,Vii in Di(0)
W, =0 on D(0)

Using Lemma A.2 we deduce
N - 1-1
IV pll2y0n < CIVYpll2oemy0n 1Vl 0) < Ceoen ' 2
and from (5.11) and (5.32) we have using again standard elliptic estimates
NGl Lo oy oy + 1V Tt 0y < € €2 P IF (AP IVl

< C(m)e)”

(D1(0))

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

where the constant C is independent on p € [2, 3]. Hence we deduce from (5.41), (5.42) and

(5.45)
= 1/p 1-1
||VRP||LP/’OO(D1(O)) =< C(m) ep/p +C ep /p Vep-
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Combining (5.44) and (5.45) we deduce
N 1/p' 1-1
V3l (py oy < Clm) e/” +Cegey 7 Jep. (5.47)
From Proposition 5.1 we have that (S, R p) satisfies the following system

= AR, = VS, - Vi 4+ VR, x VYi +div(i x Vi) (5.48)

AS, = VR, - V}ii + div(i - Vi)
Applying Lemma A.4 for g = oo to the system (5.48) with (5.40), (5.46) and (5.47)

5 1-1
”VSp ||L/’/v2(D4/5(O)) + ||VRp||Lp’,2(D4/5(O)) = C(m) €p /p [@p + 1] (549)
and then, applying the same lemma but for ¢ = 2 we obtain
5 1-1
”VSp ||L1’/~1(D3/4(())) + ”VRp ||LP/~1(D3/4(O)) < C(m) ep /p [ep + 1]. (5.50)

5.3 Power decays

Consider now an arbitrary point x € D1,2(0) and a radius 0 < r < ro where ro < 1/4
will be fixed later. Exactly as in the proof of (4.33), by exploiting the system (5.48) one first
establishes that for ¢ € (0, 1)

/ IVS,1P () + IVR,I” () dy? < C (el +1%) / IVS,17 ()
Dy (x) Dy (x)
+IVR,I7 (y) dy?

+C / IV,1” (v) dy? (5.51)
Dy (x)

where C is independent of p € [2, 3].
As in the previous section for the Lagrangian WW,,, we proceed to the following decompo-
sition Y, := Z, + W), where
~AZ, =207 2PR 2 (14 e Vi) P2 in Dy (0)
Z,=0 ondD(0)

We have for p/(p —2) > 4/3

T (p=2/p
IVZpllso, 0 < Com) 120 [/ (1 + e 2| ViyP/? dxz]
D1(0)
1-1/p
=C(m)ep Jep- (5.52)
This implies in particular
- 1-1
sup V2l < Clmey 7 ey, (5.53)

x€D12(0);r<rg

By decomposing W), = W[g) + W; as in the previous section into the sum of an harmonic
and a trace free part on d D, (x) we obtain a similar estimate as (4.38)

||VWp||L2'°°(D,r(x)) <Ct ”VWP “LZ’DO(DY(X))

+C(m) (p —2) e1-2/P% / (1424 |Vi2)"? 2 ay?. (5.54)
D, (x)
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Combining (5.53) and (5.54) gives then

IVYpll 200D, 0 = CEIVYpllL200(p, (0

+C(m) (p —2) 1-2PE / (1+e 2 Vi2)P? 2 dy* + Cr. (559
D)

Taking the dot of (5.38) with V1 ® we obtain
8¢ HF(AY) =V® VR -V Vg, (5.56)

from which we deduce
/ |H|? e* dy* < C(m) / IVR, P + VT, dy?. (5.57)
Dy (x) Dy (x)

Recall the structural equation
—Vii =i x VYi+ 2H V. (5.58)
Taking the divergence gives
— Aji = Vi x Vi 42 div(H V®) (5.59)

Decomposing again 7 into the sum of an harmonic part and a trace free part in D, (x) and
making use of the Lemma A.2 as well as Lemma A.1 we obtain for any 7 € (0, 1)

/ |Vi|P e P e* < C(m) (t* + &2) |Vi|P e P 2+
Dir(x) Dy (x)

+C(m) |H|P ¢** dy? (5.60)
Dy (x)

Combining (5.57) and (5.60) gives then

/ |Vii|? e *P e dy* < C(m) (t* + &2) |Vi|P e P 2+
Dy r(x) D, (x)

+C(m) / IVR,IP + |V, dy?. (5.61)
Dy (x)
Observe that since A — A is bounded by a constant C () one has

/ e dy? < C(m) 1? / e dy? (5.62)
Dyr(x) Dy (x)

Hence, combining (5.61) and (5.62) we have
/ (14 |Vii|* e 2P et dy* < C(m) (1* + &%) (14 |Vii|* e 2)P/2 &2
Dy (x) Dy (x)

+C(m) / VR, [P + VT, dy?. (5.63)
Dy (x)
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Now it remains to establish some decay of the L”" norm of Vi,.Recall Vi, := Vw, +
V7,. For the V&, the argument follows the lines similar to what we did in the previous
section for v, : Using equation (5.43) together with Lemma A.1, for any ¢ € (0, 1) we
obtain, using also Lemma A.2, exactly as we did for proving (4.41)

||pr|| cr’ ||Vw,,|| +C 80 VY, || (5.64)

L2%%°(Dy (x))

LP(D())_ LP (D (x))

where C is independent of p € [2, 3].

In order to establish some interesting decay for the L?' norm of 7, we have to use some
fundamental lemma in p-harmonic theory which is the only new ingredient in this section in
comparison with the previous one. We decompose ), := ?po + ?pl where ?19 is harmonic in

D, (x) and equal to ?,, on 0D, (x). Hence, using (5.32), ?pl satisfies

217

—AZ) = pe 7 div <(eﬂ+e—2<k—x>|viﬁ|2)p/2fl v%) in D) es
?pl =0 ondD,(x) |
Using (A.27) we have forany p —2 <o < 1/2
||V?p1 ||Lp/(p—1>(02(x))
<Ce .y (Pa 2) (||V |L1>(02(x)) T (2P )»)(p 2)+a ||Vn”LP(D2( ))) (5.66)

Observe that 1 — (1 —a)/(p — 1) = (p — 2 + @)/(p — 1) thus @~ 2+ p=0/(=D <
C, [aP~! 4+ b] where C is uniformly bounded for « < 1/2 bounded from below away from
0. We choose « = 1/4 and we have

J
P’

(P=2) (”Vn||L”(D2(x)) + eﬂ)("_”“’).
(5.67)

||VT Il oro- D(D2(x)) = C(m)e

Which gives for any ¢t < 1

/ VT, P (v) dy? < C 1 / VT, 17 (y) dy?
Dy (x)) Dy (x))

+C [p—2) &% / \VilP dy? + C (p—2)7 r2e?*
Dy (x)

5Cr2/ VE,17 () dy? + C [p—z]f”f (14 VA2 e 2122 & gy
D, (x)) D, (x)

(5.68)

Combining (5.51), (5.55), (5.63), (5.64) and (5.68) we obtain
/ IVS)IP 4+ IVRIP + Vi, |7 + VT, 1P + (1 + |Vii|? e 22)P12 &2 ay?

Dy (x)
+HIVY, Y

L2%(Dy )

<5 U VS, |7 + VR, IP + Vi, |” + |VT,|”
Dr (x)
+(] +|vn| 6721)]7/2 21 dy + ”VY ”LZOO(D )} “f‘CrP/ (5.69)
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where § = C(m) (sg/ +12 417 + (p— 2)1’/). Taking &9, t and p — 2 small enough we can
choose § = 1/2 and we deduce, as in the previous section, the following power decay

sup Y / VS, P + [VRIP + [V, |7 + VT, "
x€D12(0); r<1/4 D2(x)

(1 + | Vid|? e 2)P/2 et dy?
<Cm)ep [1+€5] (5.70)

for some « > 0 independent of p ~ 2, where we also used (5.47) and (5.50).

5.4 Improved integrability and uniform £-regularity estimate

First of all we establish improved integrability for the following quantities : 7i - VR py 1=V,
it x VR, 4+ Vi,, VS,. We deduce from (5.21)

i-VYR,=VS,—ii-Vi, (5.71)

This gives in particular
div (i - VR, ) = Vii - V*i,

N . (5.72)
curl (7 - VR, ) = = Vii - V4R,
Observe that
/2(1 + |Vi)? e 212 P dy? < ep = et < C(m) e, and
D;
/2 |Vi|? dx® < C(m) eb/?. (5.73)
D

Combining (5.70) and (5.72) and (5.73) gives

sup r—a/p’/ div (fi . Vl_ép)‘—i—‘curl (ﬁ . Vl_ép)‘ < C(m)e,l,/p/ [1—i—ep]e,l,/2
x€D12(0); r<1/4 D2(x)
(5.74)
Adams elliptic estimates from [1] gives then that for any g < ?:g%,
- o3 1/p' 1/2
iV Rpllapz,y < Clm €7 [1+¢,] [1 +eb ] . (5.75)
From (5.32) and (5.33) we have
Vi, = VY, +ii-V (G, +iip) (5.76)
This gives in particular
div (ii - Vi,) = —Vii - V& (o, + i) 5.7
curl (ii - Vi,) = — Vii - V13, '
and arguing exactly as for 7 - VR p we obtain that for any g < %:g?g :
5 oo 1/p 1/2
17+ Vpl ooz, < Clm) e/” [1+¢)] [1+6)7]. (5.78)
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Combining (5.71), (5.75) and (5.78) we obtain that for any g < %:O‘/p:

a/p
191002,y < Cm) e/” 11+ ¢,] [1+¢;/%]. (5.79)

Using now (5.35), we have

div (7 x VR, + Vii,) = =Vii x Vi, + div(VS, i)

o B (5.80)
curl (7 x VR, + Vi,) = = Vii - V2R,
Combinining (5.80) and (5.79) we obtain as before that for any g < %:Z?i:
- = - 1/p 1/2
17 % VR + Yyl ooz, = Clm) ef” [+ e,] [1+¢/%]. (5.81)
and combining (5.75) and (5.81) we obtain that for any g < %:g;g :
- - = 1/p’ 1/2
Iii % V5, = Ryl ooz, < Cm) e/” [1+¢] [1 +eb ] . (5.82)
Combining (5.74) and (5.43) we obtain
sup r*“/f”/ |AiD,| dy? < Cm) e)/” [1+ep] el (5.83)
xeD|p(0); r<1/4 D2(x)
and we deduce as before that for any ¢ < ?:g% :
- /0 12
1Vl ooz ) < Cm) €7 [1+ep] [1 +eb ] (5.84)

From (5.59), using again the decomposition of 7 = 7% + 7! into an harmonic part and a
trace free part, we deduce by standard elliptic estimates that, for any x € Dj/¢(0) and any
r<1/16,

3/2
/ |VilP < C U |Vii|>P/3 dy2] +C / HP eP* dy? (5.85)
Dyja(x) Dy (x) Dy (x)

From which we deduce (still for a constant C(m) > 0 independent of 7, x and 3 > p > 2
but possibly depending on m)

3/2
][ |Vi|P e@=P)* dy? < C(m) [][ |Vii | P/ e<4*21'>/3dy2]
Dypa(x) D, (x)

+C(m) HP ** dy? (5.86)
Dy (x)

Using (5.57), we have also

][D . |H|? ¢ dy* < C(m) [|v1$,, — i X VP + [ViD,|P + |V?,,|P’] dy>.
- (x

(5.87)

Dy (x)
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Decomposing again 7 := 7° + 7 ! into an harmonic part and a trace free part, using (5.67),
we deduce from (5.67) by standard elliptic estimates that, for any x € Dy;g(0) and any

r<1/16,
) 2p'/3
][ IVZ,|? dy* < C(m) [][ VT, |32 dyz]
Dy (x) Dy (x)

+C(m) [p-21" ][ (1+|Vii|? e722)P/2 & dy? (5.88)
Doy (x)

Combining (5.86), (5.87) and (5.88) we obtain

Dy 2 (x)

, Y 32
< C(m) [][ [[(1+|vﬁ|2e—“) e2*+|vfp|1’] dyz]
Doy ()

+C(m) [|v1$p —ii x Vi, + |VJ;,,|P’] dy?
Dy (x)
+C(m) [p—217 ][ (14| Vi[> e 2})P/2 &2t ay? (5.89)
Doy (x)

Using Gehring type lemma given by proposition 1.1 of [7] as well as estimates (5.82) and
(5.84), we obtain for p — 2 small enough the existence of ¢ > max{p, 2 + B} where B is
independent of p larger or equal than 2 and sufficiently close to 2 such that

<COm) elf” [1+e,111+e)l. (5.90)

H|V;l'|e)~(2*17)/17‘ <
L4(D1/3(0))

This implies Theorem 1.3. O
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A Appendix

The following lemma is well known but we give a proof for the reader’s convenience.

LemmaA.1 Let f be an harmonic function on the unit disc D1(0), then for any p € [1, 2]
and any t € (0, 1) the following inequality holds

f |fIPdx* <Cr® / |F1P dx?, (A1)
Dy (0) D1(0)
where C > 0 is universal. Similarly, the following inequality holds for any t € (0, 1)
Il F 200,00 < C 1 ILfll 200Dy 0))- (A2)
m}

Proof of Lemma A.1
Since f is harmonic we have

AlfP =2V =0
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This implies that

f 8,1 /17 = 0
dD,(0)

from which we deduce that

1 1
i[ﬁf Iflzdx2]=i[/ |f<rx>|2dx2]=rf as [ aifPen =0
dr [ r* Jp, ) dr [Jp, o) 0 3D, (0)

Lett < 1/2 we have using Holder for p € [1, 2]

p/2
/ 1P dx® < P2 2 [/ PG dxz}
D;(0) D, (0)

p/2
< gl=pl2g2p 4r2/ | f1?(x) dx?
Dy 2(0)

Since f is harmonic, classical elliptic estimates give

p/2
[f Iflz(x)dxz} sc/ 1P () .
D1,2(0) D1(0)

where C is a universal constant. Combining the two previous identities gives (A.1). The
inequality (A.2) is derived in a similar way. O

We now prove the following integrability by compensation result due to Y. Ge in the case
p = 2 [6] and to the authors for p # 2 (Lemma IV.2 in [2]).

LemmaA.2 Let D be a disk. Consider the divergence-form problem

Agp =Vta-Vb, in D
¢ =0, on 0D,

where Va € L>%(D) and Vb € LP(D), for some p € (1, 00). There holds
IVollripy = CpliVallp2.copyIVPIlLr (D), (A.3)
for some constant Cj, > 0 depending only on p which satisfies the estimate
Cp, < C(po,p1) Y 1<po=<p=p <o0, (A.4)
for some constant C(po, p1) independent of p.
Proof Theinequality (A.3)is proved in details in the aforementioned references. The estimate

(A.4) can be reached using the Marcinkiewicz interpolation theorem. Let 1 < pg < p <

p1 < oo. As the operator Vb +— IIVaIIZQI,OOVw is strongly continuous from LPo+D/2 1o
itself and from LP1*! to itself with norms Mpy+1),2 and M), 1 respectively, then it is also
strongly continuous from L? to L? with norm

(po+1)/2 Mp1+1

M 3 2
1/p (po+D)/2 pi+l <2 M PotD/2 et
g (P—(P0+1)/2+P1+1—P = 2\po—1 w02 T M )

which depends only on pg and p1, as desired. O

We will need a Wente-type result.
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LemmaA.3 Letq € (2,00) and p € [2, q]. Consider the divergence-form problem

Ap=Vta.-Vb, in D
¢ =0, on 9D,

where Va € LP(D) and Vb € LP/*OO(D),for some s € (1, 00) with p’ := p/(p —1). There

holds
IVell2rpy = CqllVallLryIVOIl Ly ooy (A.5)

for some constant C; > 0 depending only on q.

Proof The estimate (A.5) holds for p = 2, as shown by Y. Ge in [6]. Let now p > 2 so that
p’ < 2. By a continuous embedding of L. Tartar (see Lemma 31.2 in [21]) and the Holder
inequality for Lorentz spaces, we find:

bVLa € WhPeo [ o [ ppr o [2p,

Since Ap = div(hV=+a), the estimate (A.5) follows accordingly for p > 2.
Now, if p < 2 so that p’ > 2, the Sobolev-Lorentz embedding theorem along with the
Holder inequality for Lorentz spaces, we find

4 2 /
aVih e Wl oL ¢ LR pr o 2,
which again proves (A.5) for p < 2, since Ap = —div(aV-1b).
Consider the operator
B : (Va,Vb) — V.

As we have seen above, B maps LY x L4 continuously into L%4" with norm Mo (¢) ;and it

maps continuously L4 x L9 % into L>9 with norm M (¢). The bilinear interpolation result

of Lions and Peetre given in Lemma 28.3 of [21] implies now that B maps continuously the
6

spaces

1-6

-1 —1
(L‘I',Lq)ep x (L=, L7%®) = L(750) o (55) e

6,00
into

24" 124 = 12p
(L>9, L>9) L>P,

6,p

forall0 <6 < land p~' = (1 —0)/q’ + 0/q. Equivalently, B maps continuously
L? x L into L>” for pelq’. q]

with a norm C;, = C,(Mo(q), Mi(g), q) depending only on g, owing to the nature of
interpolation. o

Lemma A4 Let D be a disk. Consider the divergence-form problem

Ap=Vta-Vb,in D
¢ =0, on 9D,

where Va € L*(D) and Vb € LP4(D), for some p € (1,00) and2 < q < oo. There holds

Vel Lo (py = CplValiL2pyIVPIlLrap), (A.6)

6 See [21] for the notation and basic results about interpolation spaces.
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where 1/q* = 1/2+ 1/q for some constant C|, > 0 depending only on p which satisfies the
estimate
Cp, < C(po,p1) Y 1<pyo=<p=p <o0, (A7)

for some constant C(po, p1) independent of p. O

Proof of Lemma A.4 1t suffices to consider the case when co > p; > 2and 1 < pg < 2.
According to the Holder inequality for Lorentz spaces, it holds

29

L?2.Lprd — 22,4 - LZ%%—Lpll’2+q (A.8)

Since p; > 2, we call upon the usual Calderon-Zygmund theorem and the Sobolev—Lorentz
2 2
embedding theorem of L. Tartar (Lemma 31.2 in [21]) to obtain that Vg € Wl’(2+p1 = C

LP"" 2% with the estimate (A.6) with a constant independent of g.
Next, for 1 < pg < 2, we use the divergence-form structure of the equation. Note that

A¢ = div(bV<ta), (A.9)

and that s ,
D
bvia € Whrd 2 ¢ [l 22 ¢ T (A.10)
where we have again used the Sobolev—Lorentz embedding theorem of J.Peetre and the
Holder inequality for Lorentz spaces. The desired (A.6) follows immediately from (A.9) and
(A.10).

Now for p € (po, p1) the estimate (A.7) can be reached using the Marcinkiewicz interpola-
tion theorem just as is done in the proof of Lemma A.2. O

Lemma A.5 Let a(x) be a positive function on the disc D? which satisfies co > a(x) > cal,
Sfor some positive constant co and let A > 0. Let p € [2, 3] and define the operator

(A2 + aZ(x)|f|2)(P_2)/2
(42 +1713) 77"

S ;:[

If T is a continuous operator from L°(D?) to itself for any s € [4/3, 6] then, for any
o € (p—2,1/2) one has

- a/2 _
ITSC) = ST Hllpp-1) = 2Ca™ (p =2 I [Ilfll‘,’,+ (a2 +1r12) ] 111,
(A.11)
where ||T'|| := supscrq/3.6) 1T |l L5 - Ls- O

Proof of Lemma A.5 We follow an idea from complex interpolation introduced in [20] and
alsousedin [10]. Forz = a +ib € Dlz/2 we introduce

A2+l P
SZ(f) = 5 ) 1/2
(A2 + ||f||p)
Denote
p , Pa P
= 2 3,2 4 3,6 d = = .
Pa 1+a€(P/ p) C 4/ ) an Pa Pa— 1 1—pa/p
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10 Page360f39 Y. Bernard, T. Riviére

It is not difficult to see that S, maps L? into L? and we shall now compute the norm of S,
between these two spaces. We have

/ 1S, ()P dx® < /
D2 D2

We first assume || f||,, > A. In this first case we have

ap/(1+a)
|f|17/(l+a) dx?

(A2 + a2 fP)'?

(A2 + 1 £12) "

/2 [S.(f)]P dx? <C ||f||;“.l7/(1+a)
D
x/ ‘(A2+a2(x)|f|2)1/2
D2

- —ap/(1
scnfnp“"/(”“)/ 1P da? + C |50/ 4+0

WD p+a) g2

[f1>A
X/ Aap/(14a) | pp/(1+a) g2 (A.12)
[f1=A
for a > 0 first one has
/ AW/(Fa) | ¢ p/(A+a) g, 2 < ||f||‘1‘71’/(1+a) ||f||§/(1+a), (A.13)
[fl=A

and combining (A.12) and (A.13) one obtains

/Dz 1S, (PP di? < C [LFI1Ee. (A.14)

Nor for a < 0, still under the assumption that || ]|, > A one has

/fl AAap/(l+a) |f|p/(1+a) dx2 < \/{ﬂ ) |f|p dle (AIS)
= 1=

Combining (A.12) and (A.15) gives again (A.14). We assume now | f]|, < A. In this case
we have

ap/(1+a) |FIPI0H) g2

[ isipim axt < cazerits [ 24 aeirp)
D? D?
< CA—ap/(l+a) / |f|p dx2 +CA—ap/(1+a)
[f1=A
X/ Aar/(1+a) |f|17/(1+a) dxl. (A.16)
[f1=A
First, for @ > 0, under this assumption || f||, < A one gets

_ — 1 a
Amar/(+a) /m A|f|de2 <A1 F 1 = e (A.17)
. >

and in this case again we have (A.14). Now, fora < 0 and || f||, < A we have from (A.16)

A —ap/(14+a)
/ 1S, ()P da® < € ( ) 1FIe. (A.18)
e TP
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This gives in all cases

IFE e\
I:Dllpy =€ (14 | oy 1£1lp. (A.19)
P

Denote

=/
i

0.(g) = (Ilgllpf> » .
Fy

Observe that we have
19:(Dp, = lIglly (A.20)

Let f € LP(D*) and g € LP/(DZ) and let T be a continuous operator from L* (D?) into
L5 (D?) for any s € [4/3, 6] such that

ITI == sup [T |l[s—Ls < +o00.
s€[4/3,6]

We introduce the function defined on the disc D? by

0@ i= [ (7500 = S.00)] Q) i

¢ is obviously holomorphic and one has

e\
@1 < ITIIS:(Dllp, 12:@llp, < CITI | 1+ (’) 1£11p lgl.

A2Lf1
(A21)
Hence )
A2 1R\
sup @) < C T |1+ —F7— IF1p gl (A.22)
|z]<a ”f”p
Using Schwartz lemma we obtain the pointwise estimate on D2
B A2 f12\
lp@)l = Coa 2| IT] |1+ T IF1p gl (A.23)
P

Hence, using (A.20), after observing that for g = (h ||h||;,zp//p)l/(1*31"/1’) one has Q.(g) =
h, we deduce that

sup / [TS.(f) — SATf)]h dx*
D2

Al <1

. A2 f12 )\
< 2Ca R ITI |1+ £l (A24)
P

We apply (A.24) to z = p — 2 and we obtain
17Sp—2(f) = Sp—2(THlip/(p— 1

/2
<2Ca ! [z |IT] [||f||‘;+(A2+||f||§) } LA (A.25)
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which implies the lemma. O

LemmaA.6 Let p € [2,3), 7 < 1, B € R, a(x) € L®(D?) and i such that Vii € LP(D?)
and assume co_1 < a(x) < cg. Denote ¢ € LP/(P=Y 10 be the solution of

- P21 -
_AZ = div ((32 +d*(x) |vln|2) v%) in D>

=0 on3D,2

(A.26)

Then the following inequality holds forany p —2 < a < 1/2

e (p - 2) - —1 — >0 1=
V¢ ”Lp/(pfl)([)g) <C o (”VVZHZP(D%) + (r2/P BT ”VHH}J((%DZ)) , (A27)
where C is independent of p, o, r, B and n. O
Proof of LemmaA.6 Let 7i,(x) := 7i(rx) and {r(x) := C(rx). The following system is
satisfied

N Lo\ P/2-1 R )
AL = P24y ((32 P2 +a*(x) |VJ‘nr|2) vin,> in D? (A28)
=0 on 8D%
Let T be the operator which to an L*(D?) vector Field X assigns Vu the solution to

—div(Vu) = div(X)  ondD?
u=2~0 on 3 D?

Calderon Zygmund Theory gives that T is continuous from L®(D?) into L®(D?) and
supserasz6) 1T Ils>1s = IIT | < +o0. Observe that

-1 .
T <<32r2 a2 |vlﬁ,|2)p viﬁ,> —rP2VE  and T(VYi,) =0 (A29)

Denote A := Br and

a2vamie\
S = —_———
2 ( AZE I /

Combining (A.11) with (A.29) one obtains

2 e
r? ||V§r||Lp/(p71)(D]2)

N p/2—1
(42 + 193,13

. _ L ove] o
<2ca” (p-D 7| [||Vnr||‘;f+(A2+||Vnr||§,) ] IVAAL (A30)

Observe that
> _ 1-2/p >
”Vnr”Lp(D%) =r ||Vn||LP(Dr2) and

N 1 -
||v§r||L17/<p—l) pXHy =T +alp IVEN Lpro-1(p2y-
(D7) (D7)
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Then
- (p—2) S =1 _ S
IVElorinpp <2C L= NI (IVil], (g, + 27 BYP 24 Vi 2 )
(A.31)
which implies the lemma. O
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