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Abstract

We present a class of pseudo-differential elliptic systems with anti-self-dual potentials on R sat-
isfying compensation phenomena similar to the ones discovered in [9] for elliptic systems with anti-
symmetric potentials. These compensation phenomena are based on new “multi-commutator” struc-
tures generalizing the 3-commtators introduced by the authors in [2].
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I Introduction
In the paper [3] the authors discovered the following compensation phenomenon:

if Q € L2 (R,s0(m)), ve L2 (R,R™) and f € L} (R,R™) (1 < p < 2) satisfy

loc loc loc
(=A)Y4 = Qu + f,

then (—A)1/4U e LY (R).

(L.1)

This result is central in the regularity theory of %—harmonic map. It came after a similar theorem for

local elliptic Schrodinger type systems with an antisymmetric potential [9].

These phenomena are based on the existence of special linear operator satisfying “better” integrability

properties due to compensation.
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Such an operator is for instance given by the so-called 3-commutator:

T: (0,Q) = (=A)4(Qv) = Q (=A) v + (=) (Q)v. (I.2)
It is proved in [2] that 7: L2(R) x H'/?(R) — H~'/2(R) and

17 (v, @l a-1r2) S NQl /2w V]| 22 @) - (L.3)

The operator T appears as a natural replacement for 1/2-harmonic maps of the existing Jacobian
structures for harmonic maps into manifolds (see developments on that topic in [5]).

The estimate (I.3) has been originally proved using Littlewood-Paley dyadic decomposition (see an
alternative proof in [7]).

In the present work we are going to generalize the 3-commutators (I.2) to “multi-commutators”
enjoying similar compensation phenomena. These commutators will be useful to deduce regularity results
for integro-differential elliptic systems of the form

1/4U—/Hx W)y + f(), (1.4)

where H satisfies suitable conditions that we are now specifying.
We introduce the following Besov type spaces of Schwarz Kernels : for s € R, 1 < p < 400,
1 < g < +00, we denote by A5 (R*", M,,,(R)) the following space

1/q
xﬁAWTMﬁ@D{KGQAWTMﬁWD:<AJM”“Wﬂ ARy dh) < +oc
(I.5)
Our main result is the following

Theorem L.1. Let K € L}, (R* M, (R)) and 0 < o < 1/2 such that (—A)/?K € A;5(R? M,,(R)) !
that s to say

//|h|1+2” —A)?K(x+ h,2))? dedh < 400 (1.6)

and let w € L}, (R, M,,(R)) such that

7/RKt(x7y> dy € L*(R,so(m)) (L.7)

and

K(x,y) = — K'(y,z) for a.e.(x,y). (L.8)
Then for any v € L} (R,R™) and any f € L} (R,R™) where 1 < p < 2 satisfying

“%—/ny ydy+ f(z) (1.9)

where H(z,y) := K(x,y) + w(x) 03—, we have
(-A)Y4v e IP (R). (1.10)
g

1We recall that for f € S(R), (S(R) is the space of Schwarz functions) (—A)7/2f(x) := pv Jz ‘iz)y‘{:{) dy.




Remark I.1. Operators whose kernel satisfy the condition (1.8) are anti-self-adjoint operators. We
believe that the above result should be generalised to more general anti-self adjoint operators with the
ad-hoc mapping properties corresponding to the membership of (—A)°/2K in A;g(RQ,Mm(R)) for the
operator

v —>/RK(x,y) v(y)dy .

Hence the anti-symmetry condition which was the key notion in the original work [9] should be somehow
substituted by the more general notion of anti-self-adjointness 0O

Remark 1.2. It would be interesting to study the possibility to extend or not the previous theorem to the
limiting case 0 = 0 and the assumption

//|x—y| |K(:C,y)|2 drdy < +00
R JR

instead of (1.6). O

We need first to clarify the meaning to the integral [, H(z,y)v(y)dy under the assumptions (I.6),
(I7) and (I11.2) and v in L? . This justification is based on the notion of abstract multicommutator
that we are introducing now. It is not a-priori clear that under the above assumptions on K one has that
H(z,y) € L*(R) for a.e. 2 € R. Nevertheless we can give [, H(z,y)v(y)dy a meaning in a distributional
sense.

Precisely we introduce the following definition.

Definition I.1. [Abstract multi-commutators] Let K € L} (R*", M,,(R)) satisfying the anti-self-
dual condition

K(z,y) = — K'(y,z) for a. e. (z,y) € R*™, (I.11)
then the operator given by
Ticlo)a) o= [ [K (@) v(e) + Kla) o(0)] dy (112)

is called an abstract multi-commutator. O
Such an operator enjoys the following integrability by compensation property? in R:

Lemma I.1. [Compensation for multi-commutators] Under the above notations let K be a Schwartz
Kernel satisfying the anti-self-dual condition (I.11). Then one has for anyr >1,p>7r', ¢ >2 ando >0

ITac )l -ara-1401 5y < € 1K iy ey 0y (113)

rp/(p+r),

where B;q(R) denotes the usual homogeneous Besov spaces. 3 O

2A similar property hold in higher dimension obviously
3For s €R, 1 < p < +oo and 1 < g < +00 we also denote by B;’Q(R") the homogeneous Besov spaces given by:

. 1/q
B;’q(Rn) — {f c Llloc(]Rn) . (/Rn |h‘7n75qnf(1- +h) — f(m)”%P(R”) dh) < +OO} (114)

(1.15)



In order now to justify the integral in the r.h.s. of (III.4) we can then write

[ s = T + (w0 - [ K@) o) (L16)

Besides proving the main theorem 1.1, the goal of the paper is to illustrate the relative easiness to produce
multi-commutators.

For instance the 3-term commutator (I.2) is a particular example of operator Tx where K := K1 /2¢
is the Schwartz Kernel associated to the operator

d?Q = Qo (=A)* = (-4)/"0Q

It is given explicitly by

_ Qy) - Q=)
Kdl/zQ(SC,y) = W (117)
One has obviously
Kdl/ZQ(zay) = 7K(§1/2Q(yaz) (118)
and a direct computation gives
Ticpog @) = [Qo () = (—a) /0@ — ()] v = [ LL=CW ) 4 yaay
#120 S
(1.19)
= | [Kangle.n)o(s) = Kno(wa)o(a) dy
Observe that for any 0 < o < 1/2 one has
||(—A)"/2KduzQ||j;g = / / W27 [(=A0) 72K gij2(z + h,2)* dwdh
~ A)72QI%, 1o ~ QI v (1.20)

In particular Lemma I.1 implies the compensation phenomena observed in [2] for (I.2). Indeed, Sobolev
embedding implies the continuity of the map

(A)772 ¢ A 5(R) — Ay sy o(R). (1.21)

We can then apply lemma I.1 p =4, ¢ = 2 and 0 = 1/4 and using the facts that

5—1/4 51/4 — 5—1/2 51/2
By s (R) = (B4 (R) — HTV2(R) = B, ,/*(R) = (B R)".

(see e.g. [10]) we recover (1.3).

Remark 1.3. In [8] and in [11] some compensation phenomena for general anti-symmetric kernels
have been discovered. FEven if those compensation phenomena are of similar nature to the one given
i lemma 1.1, they seem however not to be completely “isomorphic” to each other. 0O

Another elementary but useful observation is the stability of the property (II1.2) with respect to the
adjoint multiplication by P € L>®(R, M,,(R)). Precisely we have



Lemma I.2. [Stability of multi-commutators by adjoint multiplication.] Let K € A;7(R?)
satisfy (I.11) and P € L (R, M, (R)). Then the new kernel

G(z,y) := P(z) K(z,y) P'(y)

is in A 7(R?), satisfies (1.11) and defines a new multi-commutator. In particular

To(v)(x) = / [G'(x, ) v(z) + Gz, ) v(y)]

satisfies the compensation lemma I.1. O

As far as the stability with respect to the composition with a pseudo-differential operator of order zero
is concerned in the present paper we focus our attention to the composition between the Riesz operator
M and d'/2Q for any Q € H'/?(R,Sym,,(R)) where Sym,, (R) denotes the space of square m by m real
matrices.

Lemma 1.3. [Generating a multicommutator from % o d'/2Q] Let Q € HY*(R, Sym,,(R)) then
the Schwartz Kernel R%(x,y) of the following operator

R :=Rod/?Q —d'?QoR —Ro (-A)V4Q — (~A)V/*Qo R
satisfies for any p > 2
1RO ) y-2esim gy < Cp Qe - O (122)
Hence we deduce the following corollary:
Corollary I.1. Let Q € HY/?(R, Sym,,(R)) then the operator given by
Tra :=Ro0d/?2Q —d/?QoR —Ro (—A)V4Q — (—A)/*Qo R — 2R 0 (—A)4Q
is a multi-commutator to which the compensation lemma 1.1 applies. O

We can go on in complexity and consider the composition of d'/2Q on the right and on the left by fR.
Precisely we have

Lemma I.4. [Generating a multicommutator from 9 o d'/?Q o R.] Let Q € HY/*(R, Sym,,(R))
then the Schwartz Kernel S9(z,y) of the following operator

S? :=Rod/2Q o R+ R[(—A)/4Q] o R+ R o R[(—A)/4Q)]
satisfies for any p > 2
HSQHA;;/“”P <G 1RQlg2m - B (L.23)
Hence we deduce the following corollary
Corollary 1.2. Let Q € H/?(R, Sym,,(R)) then the operator given by
Tso :=Rod2Q o R+ R[(—A)/1Q] 0o R+ R o R[(—A)/1Q] — (—A)V/*Q. (1.24)
18 a multi-commutator to which the compensation lemma 1.1 applies. O

It would be interesting to explore the general rule for producing multi-commutators starting from the
composition of a general anti-self-dual kernel K with the Riesz potential in the same spirit as Lemma
[.3 and Lemma I.4 where the “starting” kernel is Kj1/2. We do believe that the somehow lengthy
computations from part IV, whose expositions in this work are mostly meant to be illustrative, may
contain some “genericity” and should be inspiring for such a later purpose.

Finally, it would be interesting to establish some relation between the membership for a Schwartz
Kernel K in a Besov space of Kernels A7  and mapping properties of Tk .



II Proof of Lemma 1.1 and some other properties

In this section we will prove Lemma I.1 and some other properties of the operator Tx defined in (1.12).
Proof of lemma I.1. We prove the Lemma in the case r = 2. We will prove it by duality. Let

P e B2p/(p 9y, (R,R™), where s = o +2/¢ — 1. We have

dh , 1/q
||sa||g;p/(p2),q/(R,Rm,>~</ et [ >w<->|zzp/<p2)(m> - (11.25)

We compute

i2 TK(v)>B§p/<p72>,q/732278/<p+2),q . /]R/]ch(x) (K@) v(@ + K(z,y) o)) do dy

// ) (K (y,2) v(y) + K (y,2) v(x)) d dy

(I1.26)
// dzder// v(y) dz dy
ZAA(w(w)—w(y))K(w,y)v(y) dr dy .
Hence we deduce
> H— 8 < - . .
o Te@py B im, = /R/R (K (z,9)] lp(x) = ¢()] [v(y)] dedy (I1.27)
Holder inequality gives
Ty, s <200l [ IKC 4Dl ol +1) = oOllygmn dh - (129

Using Cauchy Schwartz this time one has

(0, Tre (0)) s

H—s
2p/(p—2),q’ ’BZP/(p+2),q

1/q'

1/q ,
< 2follzs ([ IRt Wy an) ([ 17 o+ 1) = 01 )

1/q 1/4'
= lollze ([ IRt gy an) (A7 ot ) = 918y i)

= lJollze K]« (11.29)

/=2
The estimate (I1.29) proves the lemma. O

Next we will show some stability property of the operator 7x in the case n = 1 with respect to the
multiplication by P € L*®(R, M, (R)).

Proof of Lemma 1.2.



We have
G(z,y) is in A7 ,(R?) since

1/q
|Gl ag ey = [ / B9 POK (- + WP+ ), dh| S P2y 1K g s2) < +00. O (I1.30)

Next we show another property of a kernel K such that (—A)7/2K ¢ A5 (R?).
To this purpose we extend naturally the Besov space of Schwartz Kernels (IV.24) to the Lorentz-
Besov Space of Schwartz Kernels. For s e R, 1 < p <, 1< ¢ < 400, and 1 <7 < 400 we denote by

AP, 1y o(R?", My, (R)) the following space

1/4q
fp,ﬂ,q(R?”):{KeL;oxR?",Mm(R»: (/ |h|”q5|K(-,-+h>>||%p,r<w>dh) <+oo} (11.31)

where LP"(R™) denote the usual Lorentz spaces (see [6]).
We now prove the following result.

Lemma IL5. Let0 < o < 1/2 and K € L},.(R?) such that (—A)?/2K € A;5(R?) and let P € HY/*(R?).

Then there exists a constant C, depending only on o such that

< Co [(~A)K]| g5 gy [Pllragey - O (IL32)
L21(R) '

/R (P(x) - P(y) K" (x) dy

Proof of Lemma II.5. We first recall the improved Sobolev embedding for any o > 0 (see [12])
H'?(R) = B, 1 5)5(R).
where

. 1/q
Bﬁp,w,q(R"){feL%oc(R"): ([ =11 1) = FO ey 1) <+oo}.

Then

1/2
—1—-20
(/thl IP(+h) = PO 1. s h>

IN

1/2
c, ( JI1PC 4 1) = PO e dh)

HP||H1/2(]R)'

12

Observe moreover that
J I by < Co [ [ 1012 (-2, 2K o+ o) dodh
R RJR

where p~ ' =2"1—¢



We have
/ v(x) (/ (P(x+h) P(z))Kt(x,:c+h)dh) dx
z€R heR
S /R [Vl 2.2 @) |(P(z) — Pz + W) K (2,2 + h)|| 2.1 ) dh
S [ Iollnoe o SR )l 7P +) = POl sy

1/2
Slollzoege ([ B2 1K G Wl ) ([ 7202640 = PO age))

S ”UHLZ'w(R)H(_A)G/QKHA;;(]R?)”PHHI/?(]R)' (11.33)

1/2

We conclude the proof of Lemma II.5 O

From Lemma II.5 we deduce the following result

Proposition IL1. Let 0 < 0 < 1/2 and K € L}, (R?) such that (~A)*/2K € A;5(R?) and let P €
HY2(R?). Then

PTk(v) = Ta(Pv) + Glv], (I1.34)
where

G(z,y) == P(x)K (z,y)P'(y) € A;g(RQ)
forp 1 =271 -0 and
G : L**(R) — LYR)
continuously and
G I 2oy < Cor (=)7K | g g g2y 1Pl jgrragey- O

Proof of Proposition of II.1.
We compute PTx (v).

P)Tic(w)(x) = / [P(2) K (2, 9) () + P(2)K (2,) v(y)] dy
- / [P(y)K* (2, ) P () (P(a)o()) + P(2) K (2, 9) P () (P(y)o(v))] dy
+ / [P(x) — PWIK (2,9)) v(z) dy
R
— Ta(Pu)) + / [P(z) — PW)K (z,9))" v(z) dy. (IL.35)
We observe that from Lemma I1.5 it follows that
Glol(x) = / [P(z) - P(y)]|K*(z.1)) v(z) dy

maps L>»*(R) into L'(R). O

Following the same argument as in the proof of lemma 1.1 we establish



Lemma II1.6. [Lorentz-Besov Compensation for multi-commutators] Let K be a Schwartz Kernel
satisfying the anti-self-dual condition (I.11). Under the above notations, for anyr >1,p>r', ¢ > 2 and
o>0andte€[l,+00]

[Tk )l g-c/o-rver < C K[ 40 v]lree. (I1.36)
(rp/(p+7),t),q’ (pst),a
where pr £ q(R) denotes the usual homogeneous Lorentz-Besov spaces. * O

We are now in position to prove the main theorem of the present work.

IIT Proof of theorem 1.1.

In order to prove theorem I.1 it suffices to prove the so called “bootstrap test” in some space. From such
a test using localization argument from e.g [1, 3] we can prove Morrey type estimates in the chosen space
which make the PDE subcritical and the regularity will follow. Precisely we are choosing the space L%
and we are going to prove the following e—type regularity lemma from which the main theorem I.1 can
be deduced using the arguments we just described.

Theorem IIL1. Let K € L} .(R?, My, (R)) and 0 < 0 < 1/2 such that (—A)7/2K € A75(R?, M,,(R))

loc

and let w € L} (R, M,,(R)) such that

loc
w(z)f/]RKt(:c,y) dy € L*(R,so(m)) (IIL.1)

and

K(z,y) = — K'(y, z) (I11.2)
There exists e, > 0 such that, if

<eq. (I11.3)

||(7A)0/2KHA;;(]R2,I\/["L(R)) + HW(SC) — / Kt(z; y) dy
’ R L2(R,so(m))

Then for any v € L?(R,R™) solving
(—A)* = / H(z,y) v(y)dy, (II1.4)
R

where H(z,y) := K(x,y) + w(x) dy=y we have v = 0. O
Proof of theorem IIIL.1. Let
Q:=w(r) - / K'(x,y) dy
R
Following [3] we produce P € H'/2(R, SO(m)) such that

Asym(P~1(—A)Y4p) = [p—1(7A)1/4p, (—A)1/4(p—1)p} =-Q and |[|P[|g2r) < C 19 2®) -

1
2

4For s €R, 1 < p < +00, 1 < ¢ < +oo and t € [1,+00] we also denote by B(Sp 6 q(R") the homogeneous Lorentz-Besov

spaces given by:

. 1/q
Bf, . RY) = {f € L, (R"): (/Rn |h| "% f(x + h) — f($)||qu,t(Rn) dh) < +oo} (I1.37)

(11.38)



Recall that we have

_ 17— _
ISy A Pl = |5 [P P4 AP <O NP
(I1L5)
Multiplying (III.4) by P, the system can be rewritten in the following form
(—A)4(Pv) = T(v, P) + Ta(v) + Gle] + PSym(P~ (~A)/4P) v, (111.6)

where T is the 3-commutator given by (1.2) and where we used proposition II.1. Recall from [3] that
1T (0 Pl =172y < C NPl grragy [0l ) - (IL.7)
Using the following precised version of (I.21) (see e.g. [12])

(—A)™7% 0 A S(R) — A 2012 2(®)

lemma II.6 gives

HTG(U)HB(*" (R) <C ||(*A)G/QKHA;g(R;Mm(R)) ||UHL2v°°(1R)

(1—0)—1,2),2

Observe that for o < 1/2 we have

1/2 o —0o !
Bz,/2 R) — B(a,2),2(R) = (B((lfa')*l,Q),Q(R)) .
Hence we have
1Te@)llg-1/2@) <C H(—A)U/QKHA;g(]RZ,Mm(R)) vl L2 R) - (IIL.8)

Combining (IIL6), (IIL5), (IIL.7) and (IIL.8) we obtain

lollzzce < I=2)AP0) | -va oz < (19002 + 1 (=A) 2K Ly g g )] I0220ece)

2

For &, small enough in (II1.3) we have v = 0. This concludes the proof of theorem I1I1.1 O

IV  Estimates of the Schwartz kernels of some commutators

In this last section we are going to generate respectively from R o d'/2Q and from R o d'/2Q o R new
multi-commutators whose Schwartz Kernels satisfy the assumptions of lemma I.1. Precisely we are
proving lemma 1.3 and lemma 1.4.

IV.1 Producing multi-commutators from R o d"/2Q).

Let R denote the Riesz transform on R:

)= v [y Ly [y

where PV denotes the principal value of the integral.
We are going to investigate what happens if we compose the operator d'/2Q with the Riesz transform.
We will show that we can generate from d'/2Q new multi-commutators that continue to satisfy Lemma I.1.

10



To this purpose we compute and estimate the Schwartz Kernels of respectively
RO :=Rod/?Q and LP :=d'?2Q o .

We denote

Tg =Ro Tk and TLQ =Tk ofR.

al/2¢ al/2¢

where we recall

T g = [@0 (A1 = (=800 = (=8)1Q] 0 = [ EU=FD (u(y) + o(aly
(IV.1)
= /R I:Kdl/ZQ(.T,y)U(y) - Kdl/zQ(y,ac)v(ac)] dy

We denote the corresponding Schwartz Kernels respectively by Kre, Kre, K 79 and K e

Let Q € HY/2(R,Sym,, (R)). Observe that for any v and w in S(R,R"™) we have , using the fact that
(—A)/* as well as R send real functions into real functions

(v, (R? = Lw) = (v, R0 (Qo (~)/* = (1)1 Q) w) (1v.2)
— (1. (Qo (~A)/* = (-A) /40 Q) o R w)
= (0, (Qo (-1 (a0 Q) w) — {((-A)7 0@ - Qo (~A)) v, %)
== {((-2)"10 Q- Qo (-0)/*) o Rv,w) + (Ko (—A)/ 0 Q= Qo (-2)"/*) v,w)
~ e

w, (—A)V4 = (=A)10 Q) = (Qo (—A)1 = (~A) 0 Q) 0 Ru)
—{w, ( RQ LQ v). (IV.3)
The estimate (IV.2) implies that (R — L?) is formally anti-self-dual for the L? scalar product i.e.
(RP — L9)* = —(R? — L9). (IV.4)

Translating this identity at the level of Schwartz Kernels give

(Kpe — Kpe)(z,y) = —(Kpe — K1) (y,2). (IV.5)
We have s s
1 d —(d
T Jr r—y
(the integral (IV.6) is always meant in the sense of principal value) and the calculations give
1 [ _dz [Qy) —Ql) Q) —-Q()
K =— — . Iv.
7a(%:4) W/R?U—Z{ ly — a3/ |2 —y|3/2 -7)

5< . > denotes the L? scalar product

11



On the other hand we have

Kialoy) = 1 [ 2 |SE=CB)] (v.s)

T Jry—z| |lr—=z[32
Since @ is symmetric clearly we have
(Kpe(z,y)! = Kpo(z,y) and similarly  (Kpe(z,y)) = Kre(z,y). (Iv.9)
Hence (IV.5) becomes
(Kre — Kpo)(@,y) = —(Kpe — Kreo)(y, ). (IV.10)

We next prove Lemma 1.3. For the simplicity of the presentation we shall restrict to the case ¢ = 2
and we will simply write A} for A ,.

We set
SQ(Z’,y) = KRQ (Z',y) - KLQ('rvy)'

A priori Sg(z,y) doe not belong to the space A;1/2+1/p(R2). One has to add to the operator R? — L@
a suitable quantity in oder to have a new kernel satisfying the desired property.

The search of the term that makes the machinery works is one the most challenging
issue. In this particular case we will see that one can add

Ro (-A)V1Q) — (Ro ((-A)V1Q)" = Ro ((-4)*Q) + (-A)/*Q o R.

We observe that
1 1 Qly) — Q) / Qz) — Q)
S il
s+ | [ S [
is the Schwarz-Kernel of Tg - (Tg )*. Actually we have we have also

120Vu(2) — (dV/20)w ) —0O(z
gue) - L [ @I @I [ [ 2= )

T r—y

L[ @PQua) -~ (@Qul) 1 [ Ay [QW-Q()

77T/R o dy 7T/M_y/R o 42 (IV.11)

1 1 Qly) —QE) .

+7T/Rw—y/R ly — z|3/2 dz v(y) dy.

Hence
_ 1 [ dz [QUy)—-Q) Q-QE)] 1 1 Qly) ~ Q)
KT,?(-Tay)—W/RzZ[ |y_$|3/2 |z—y|3/2 ]+7T56y/R |y_z|3/2 dz . (IV.12)

In particular

1 dy Q(z) — Q(y) 1 dy Qy) — Q(2)
/RKTI‘%’(z’y)dy’*w/Rx—y/R |z — y[3/2 dz+7r/uw—y/ne ly — z[3/2 * (IV.13)

= —2R((-2)"'Q)(x) |

and
/ K o(x,y) de=0. (IV.14)
R R

12



IV.2 Preliminary estimates of the Kernel of R? — L9

In this section we estimate the kernel
11 Q) — Q») / Q(r) — Q=)
S il
Q(z,y) + P UR P + T

which is exactly the kernel K .o (z,y) — K e (y, ) of the operator Tg — (Tg)*, in particular we are going
R R
1/2+1/p (R2)

to show that it belongs to the functional space A, for every p > 2.
Step 1. Estimate of K o (z,y).
R

To that aim we decompose

where
Frglow) = %/2|z—z|<|z—y| fcdjz {QISJ);IC?’?/(? - Q|(Zy)—y|(;?/(22)}
+%x i Y /Zz—zw—y % 4
Krglon) = %/mwma = {Qf;)—_xg/(f . Qéy)—;g/(j)}

1 1 Qly) — Q=)
+= W) — %)
/21y<zz ¢

TXT—yY ly — z]3/2

Estimate of WK;Q (z,y)
We have :

. Qw-Qw[ 1 1
ﬂ-KTg (:C7y) B /2:6z<zy r—=z |:|y - ‘T|3/2 |Z - y|3/2:| dz

(IV.15)
o Q) it 1 QW) - Q) .
do—zi<lo—yl T2 2=yl T =y Jojazicio—y |y — 232
Hence we have
_ Qz) —Qx)  d=z
TrKTQ (ZL', y) - / _ 3/2
A 2z—z|<lo—yl T—Z  |r—yl
1 1 |z — z|
< Q) — Q)] dz
2e—zl<le—y| [T — 2|y — 232 |z —y|
(IV.16)
1 — 1
S Q) - Q) |, _ _
|1' - y| 2 |lz—z|<|z—y| |‘T - Z| ‘1 4oz=z
z—y

1
- Qly) —Q dz.
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Using the inequality of |1 — W < € |2=| in the range |z — y| > 2|z — 2| we have
B
K | Q- o= | 11000
Q ’ ~
TR 2a—sl<lo—y| T2 |w—yl¥? |z — y[3/2

(IV.17)
1
F T L 0@ QG 10w -G dz]

Estimate of WK;I? (x,y). We use the fact that

/ dz Qly) -~ Q) _, (IV.18)
2 |z—y|<|z—2

T —z |y —x[3/?

and
{2z —y[ <l|z—2[} S{lz —yl <y — =2}

We write

Kt (x, ‘ =
‘ Tg( y)

/ dz Qy) —Q(z) | 1 / Qly) ~ Q) .
2 2|z—y|<|z—z|

lz—y|<|z—z] T — % |Z - y|3/2 r—=y |Z - y|3/2

dz_|QW) Q) 1 Q) - Q)|
< R 2 d
- /lryl<lyz| w2l Je—yP? w—y/zy<yz = —yprz
1 1Q(y) — Qy +v)|
< d V.19
S /|v>zy |v] {1 + WT*‘?!\} v]3/2 v ( )

1 1Q(y) — Qy +v)|
— dv.
|$ - yl /v|>|9cy|

|’U|3/2

Estimate of WK;Q (z,y)
R

We have WK;,I? (x,y) = ﬂ'K;g(x, y) + WK;’?_ (x,y) where

Kb T, =
re (©:9)

- / dz_Qy) — Q=)
{

_ _ 3/2
2 ly—z|<|o—z| {2~ [o—y|<|z—2|<2|o—y|} T — 2 |2 —y[¥

1 Qly) —Q(2)
373 dz
T =Y J2|y—z|<|z—z|}n{2- ! |z—y|<|z—2z|<2|z—y|} |Z - y|

1 dz Qy) — Q(z)
s o+ €, =
K g (z,y) /{

TR _ _ 2l3/2
R lz—z|<2|y—z|}N{2-! |z—y|<|z—z|<2|z—y|} LT "~ % |y ‘T| /

+

and

l d=_ Q) - Q)
{

— —_ l3/2
lz—z|<2|y—z[}n{2- 1 |z—y|<|z—z|<2|z—y|} T — Z |Z y| /

1 / Qly) —Q(»)
T =Y J{lz—z|<2y—z|}n{2- ! |z—y|<|z—z|<2|z—y|} |z — y|3/2

dz .
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We have obviously

rict )| < ¢ BD=GWN gy yj-or2 / Q) - Q=) d= . (1V.20)

3/2
|z —yl*/ 21z —y|<[e—2]<2|z—y|

o0 [ 1, 1],
/Qy—2<ac—z |ny|3/2 ZL'*Z+:L'7y o

and

rKho z,y)| =
| T}g( Y)|

(IV.21)
< QW) — Q)
N |:C - y|2 2 |y—z|<|zx—2z| |Z - y|1/2
Step 2: Estimate of 7(K o (z,y) — K e (y,))
R R
In (IV.17) we have subtracted [, lo—z|<|z—y] Q(Z;:S(z) ‘17‘53/2. Since we are considering ﬂ'(KTg (z,y)—
KT]%;) (y,x)) this means that we have to estimate
/ Q) —Qx) _ dz _/ Q) -Qly) _ dz
2 z—z|<|z—y| r—z |£L'7y|3/2 2 ly—z|<|z—y| Yy—=z |£L'7y|3/2

ey T e —y PR

7/ Qz) —Qz)  d=z Jr/ Qz) —Qy)  d=
2 |lx—z|>|xz—y| r—z |':ny|3/2 2 |ly—z|>|z—y| r—z |$7y|3/2'

Therefore we first estimate

/ Q(z) — Q@)  d=z / Qz)—Qy)  dz
2 |z—z|>|z—y| 2 |ly—z|>|z—y|

r—z lz—y[32 y—=z v —y[3/2

1) (@)
We define the following sets:
Ar=27 e —yl < lv -zl <2z —yl}, Azi= {20z -yl <l -2, |z -yl <|y— 2| <2z —yl}

and
Az =By :={lz —z|>2[z —yl|, [ —y| > 2]z —y|}

and in a similar way
B =27 e —y|<|y—z| <2z —yl} Ba:={2z—yl<|y—2z| [z —yl<|z—2|<2z—y|} ,

We split (1) as follows:

/ Q(z) ~ Q) dz|/ y Q) - Q)  ds
2 y[3/2 Ay T —

e PR

o—zl>la—y] T2 |z—

Q(z) — Q(x) dz / Q(z) — Q(x) dz

T—2z |z — y|3/2 * 2 |z — y[3/2

+ (IV.23)
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The following estimates hold:

[ (Zi — ?(x) - _dZ|3/2 S e y|*5/2/A 1Q(2) — Q(x)|dz. (1V.24)
(2) = Q(z) dz Q(z)—Q(z) Qy) —Q(x) dz
A, T —z |z — y|3/2 S /,42 { P — yx — } P (IV.25)

1 1Q(z) — Qy)|
_ — "= dz.
|:C - y|3/2 /295—y>y—z |y - Zl :

In an analogous way we find for (2) the following:

Q) —Qy) _ dz

B Y=z |-y

<o -y /B Q) — Qy)d=. (IV.26)

Q) —Qy) _ dz

< / {Q(Z)Q(y) 7 Q(x)Q(y)} dz
B, T—Z le —y[32] ™~ | /g, y—2z y—2 |z — y[3/2
_ 1Q() = Q)]
|z — y[3/2 /“y>zz o — 2| dz. (IV.27)

In order to estimate fAs Q)=0@) __dz__ o need to put it together with fAs Q=)-Q) ‘17‘53/2, which

T—z |z—y|3/2 y—z
is a sort of compensation effect.

We have
(2) — Q(x) dz B Q(z) — Qy) dx
As T —z |x7y|3/2 " y—2z |xfy|3/2
1 1 dz
=1/, Q(z) — Q) [z 2 y— Z] FEEE (IV.28)

1

§|75/2/ 1Q(2) — Q(z)|dz .
€ y| |z—z|>2|x—yl|,|ly—z|>2|z—y|
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Combining (IV.15)-(IV.28) gives

‘W(KTg(x’y)_KTg(y’x))‘g |QI(:U— |3/(2 ol IDQQ'(x)— |3/(;2( )

+

Q(z) — Q(x) dz B Q(z) — Q(z) dz

r=z oy TR

o -y / Q) — Q)] dz
27 z—y|<|z—z|<2|z—y|

-y / Q) - Q)| d=
27 z—y|<|ly—z|<2|z—y|

1 1
- - _ d _ d
- |:C - y|5/2 /2|z—z|<|z—y| |Q($) Q(Z)| ot |1' - y|5/2 /2y—z<m—y |Q(y) Q(Z)| ‘ (IV29)

! Q) - ar) Q) Q)| .

PRI 2=l
+
|z—2|>2]z—y|

Q) -0k QX -Qw)| d
L [lew) -Qu vl 0w — ],
+/v|>|z ol [o] [ [ ]

T —z y—z |z — y|3/2
=y T TR

1 90 ~0+ ), o) O+l ,

2 =yl Jjo1> 10—yl |o]?/2 |v]3/2

Using (IV.29) we shall now prove lemma 1.3 which is the goal of the present subsection. We aim at
proving that
6Q($,y) = KTlg (:Cay) _KTlg (y,.’L') (IV3O)

satisfies for any p > 2 the following bound

1/2
|\6Q(x,y)||A;12/2+1/p = [/R RSO, + b2 dh| <Gy 1@l 172w, - (Iv.31)

The estimates (IV.31) will imply that Tge defines an abstract multi-commutator satisfying the
compensation property of lemma I.1. It is explicitly given by®

Tea = Ro(Qo(-A)Y'—(-A)/*0Q—(-1)""Q)
—(Qo (7A)1/4 _ (7A)1/4 0Q — (*A)1/4Q) o

—2(-A)4Q oM — 290 ((—A)V4Q).

6We are using (IV.13) and (IV.14). In particular we have that

/ 69y, z)dy =< TR — (TF)*(x),1 >= —2% o (—A)/4Q.
R
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Proof of Lemma 1.3. We bound the A;;/Hl/p norm of each terms in the r.h.s. of (IV.29). We first

have
h2 2/p |Q :C + h)| d 2/;0 dh o dh h 2
|h|3p/2 x = Jo hi2lp 1Q() = Q(+ A1

(IV.32)
HQHQW(R) Cy QU125 -
‘We have also
_ RQ(z) — RQ(x + h)|P1*/* dh
h““@/' dh:/ RQ() — RQ(- + h)||2,
/]R [ = REZE TiF2p IRQ() = RQ(-+ 1% (1v.33)

_ 2 2
= I1RQI gy < o QU5 < Co 19Ny

We have

/h2’2/?’ /h75p/2
R R
< / h=3-2/p dh
R Lp

< [ [/ 10 <+th>|mdt1 ah (Iv:34)

<2 /dt/h”/f’ 1QC) — Q-+ th)|2, dh
1/2

<C [ W10 ~ QU+ My dh < Cy 11 5y < Co 1@y

P 2/p
dz] dh

/ Q@) - Q)| d-
2-1h|<|z—2|<2|h]

2

/1/2|Q(~) — QU+ th)| [h] dt

where we have used successively Minkowski integral inequality and Cauchy Schwartz inequality.

We have
P 2/p
/ p2-2/p / |h| 2P / Q+h) - 612/(22) dz| dx dh
R R 2 |z+h—z|<|z—z2] |$+h*2’|
P 2/p
R \th|<|h] Ithl (IV.35)

2

< / pi=p [ / %nQ(-)Q(-Hh)nm] an

Lodt s
o —-1-2/ D) . 2 2
< [ s L0772 1Q0) = QU+ s d(th) < Cp QU ey < G Qo

18



We have also

/h272/p
R
</h*3*2/p
=L .
2

1/2
—1-2/p A .
S/Rh [/ Q) Q<+th>|mdt1 dh

2
dh

B—5/2 x) — 2)| dz
/2 ECERCE!

Lr
2

1/2
/O |Q() = Q(-+th)| |h| dt|| dh

(IV.36)
</ " [ 10 - Q-+ e, dn
—Jo R Lr
1/2
< [ [ 1QE) - QU+ ) dith)
0 R
<C /Rh—l‘”” 1Q() = Q(-+h)|7, dh < C HQH,QB;’/;(R) <C IIQIIEI/Q(R)-
Using the fact that
/ Q) ~ Q) dz=0 (IV.37)
20y—z[>n] YT Z
we have
/hH/p hfs/z/ Qz) —Qx) Q(Z)Q(:Hh)‘ ol an
R |lz—2[>2]h| T -z r+h—z o
2
p—1=2/p — [ LI 1 } d dh V.38
</ /|“|>2h| Q)= Q) |75~ s | | (1V.33)
P 2/p
p2=2/p h—5p/2 - dz| d dh
+f [ L eE Qe 4

The second term of the right-hand side of (IV.38) has already be controlled in (IV.34). Hence we bound
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now

dz dh

Lp

[ U

1 1
2) = Q) {xz_anhz}
—-1-2/p
g/Rh

2
) I
/u_zw Q) - Qa)| g

Lr

dh

1]

2
- /p _
[ /twm'Q(‘””h) Q)| ppgth)

dh

Lp

2 (IV.39)

/ ~2/p [/2 t2t |Q(m+th)—Q(9U)||LP] dh
dt T d
<C

/2 e [0 1QU+ th) — QI dieh)

<C ||Q||2Bl/2p(R) <C HQH§'{1/2(R)'

Combining (IV.38), (IV.34) and (IV.39) we finally obtain

/ h272/p h73/2/
R |z—2z|>2|h|

To conclude the proof of lemma 1.3 we have to bound

P 2/p
B2-2/p 1 1Q(y) — Qy +v)| dol d dh
/]R </]R /|v>h| v [1 + M} |v]3/2 o

[v]

Q) -QE) Q) - Qa+h)

T—2z T+h—z

2
’dz

Lp

o’ \ 2/p (IV.41)
+/ nRe / / 1 Q) ?/(230 - U)ldv dx dh .
R R |J[o> ] || [1 + %} v
and N
p P
/h2—2/17 1 |Q( 3/(2y+v)|d’U dx dh
R ® | oj>(n Bl |v] IV 42
1 P 2/p (IV.42)
+/h2*2/p 1Q(x) — 3/(25“*”)'@ de| dh.
R & [Jjo>nf 17 |v]

We are going to estimate only the first term in (IV.41) (the other terms can be estimated in a similar
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way). Let fix 0 <e <1/2—1/p.

P 2/p

/]R /]R /|v>h| ] [1 + M} |v]3/2 o

[v]

P 2/p

B S ] NS TR ER VAN R I
R R [Jt>1 |th] {1 + %} [th]|

P 2/p

— [ 12/ 1 |Q(z") — Q' + th)|d dr’ dh
/]R /]R /t>1 1t [1 i ‘Tﬂ |t]3/2 oo
2
< [ 12 ~3/2110(-) — O(- )
<[ p([xt 1Q0) Q<+mmL)dh

< —-1-2/p —1-2¢ —2+42¢ D X 2
,wéh ([Mt ﬁ)l;t 1Q() — Q- + th)|2,dt
S (oo 17272 ([ (th) =205 2/01=1|Q () — Q(- + th)||2 ,d(ht)) dt

(IV.43)

= (fima 1727220t (fo(th) = 2/7(1Q() — Q( + th) | 7,d(ht))
5 C;D HQH2B;/ZP(]R) S CP ”Q”iIl/Z(]R)

We observe that the integral [, t=272¢=2/Pdt in (IV.43) converges since & < 1/2 —1/p.
Combining (IV.29), (IV.32), (IV.33), (IV.34), (IV.35), (IV.36), (IV.40) and (IV.41)-(IV.43) we obtain
(IV.31) and lemma 1.3 is proved O

Remark IV.1. We already knew that Tge is a multi-commutator since it is given by

R o Tk = Tk oy © R —2(=A)*QoR —2%R0 (-A)*Q)
(1)

and (1) maps L? into the Hardy space H(R) since for f,g € L2(R) one has the Coifman-Rochberg- Weiss
commutator

al/2¢

1/ R(g) + R() gllrrwy < C Iz g2z

Nevertheless, the information provided by (IV.31) and the A} o bound is new and in particular, thanks to
lemma 1.2 , it permits to generate new multi-commautators. Indeed, for any function P(x) € L*=(R, Sym,,)
we still have obviously

1P(2) 6% (@, y)l s-17241 < Cp [IPllocl|Qllgr1/2 sy -

If then one considers
W(z,y) = P(z) 6%(z,y) — (P(y)&°(y,2))" = P(x) 6%(z,y) + &% (z,y) P(y)

this generates obviously a new multi-commutator O

As a matter of illustration of the previous remark, starting from

Qy) — Q(x)

P(z)Kdl/zQ(z,y) = P(z) |z —yl3/2
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one considers

FEFTEERNNN e
which is the Schwarz kernel of
POd1/2Q +d1/2Q oP
We compute fR P(x Q‘(Iy)yg(f) + ﬂ(j‘)yﬁfﬁp( ) which is given by

Qy) — Qy
lép@)| P” w | u—yWQ‘””dy

= —P(2) (,A)1/4Q+/R Qy) P(y) — Q) P|E:)_J;|(;2/(2z)P(z) — Q(z)P(y) "

=P (-2)"'Q— (-A)HQP) + Q (-4)/*P
Then we deduce the following lemma

Lemma IV.1. Let Q € H'/2(R, Sym,,) and P(z) € L®(R, Sym,,) then the following operator

Veg = (PQ)o(=A)* —Po(-A)/*0Q
+ Qo(=A)*oP— (=)o (QP)~ P (-A)/1Q — (=2)VH(QP) +Q(-A)/'P.
is mapping continuously L? into B;pl/(iig}; for any 2 < p. Since B;pl/(iig}; < H~Y2 we have in

particular for any v € L*(R)

IVeQ)lla-172@) < C [Pl QN2 I0]lL2m) - (IV.44)

IV.3 Generating multi-commutators from % o d'/2(Q) o fA.

In this section we are going to generate a multi-commutator starting from 2 o d'/2Q o .
Let Q € HY?(R) we consider
Rg =RoQoR

We have
1 Q(2)
T) = — ——— dzv(y) d 1V.45
== ] e et (1V.45)
We shall denote for x # y
1 Q(2)
Rol(zx,y) = — — _dz , 1V.46
own) == [ TH2— (1V.46)
where we observe first that
Ro(z,y) =Rq(y.x) (IV.47)
and, for z < y,
0= lim _dE ) iy = (IV.48)
=0 JR\ B, (z)UB. (y) (x—2)(z—y) €20 J(—oo,(x4y)/2)\ Be(z) (z—2)(z—y)

‘We have indeed

. dz . 1 1
lim = lim + dz=0
€20 J(—e=1,(a+y) /2)\ B () (x—2)(2—v) T—Ye=0J(_c=1 (z4y)/2)\Be(z) LT —2 2Z2—Y

(IV.49)
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and hence, the singular integral (IV.46) has to be understood in the following sense for x < y (analogous
considerations hold for x > y):

o) e L QF-Q@ , 1 QR -Ql) .
Raol@.y): us /z<(m+y)/2 (x—2)(2—y) et />(m+y)/2 (x—2)(z—vy) dz- (1v-50)

We shall now compute and estimate the Schwartz Kernel associated to

Ryr/20 = dY*Rg = Ng o (~A)/* — (=A) /4o Rg.

We have ) o(2)
1/2
d* R (v //R z,y) Z|3/2ddz
p (IV.51)
z
—/Rm [/RRQ(QC’Q) v(y) dy—/RRQ(Zay) v(y) dy
Hence the corresponding Schwartz Kernel is equal to
Rq(z,y) — Ro(x, 2) /RQ — Ry, )
R1/2 y = dz dz . 1V.52
a1/2q(2,y) /R ly — 2|32 + |z — 232 < ( )
We set y = x + h and we decompose
7—\)‘dl/ZQ(l' :L'+h) Rd1/2Q(x7x+h) +R;1J;2Q(:C,:C+h) +R;172Q(:L',ZL'+}L) +R;1/2Q(:E,z+h) )
where ) )
R 20 y) = Ralz,y) / [ - dz
@/2Q 2 hi<lo—s| LIy — 232z — 232
R R
_/ cz(%;/)2 i +/ cz(y,:/)2 &
2|h|<|z—z| ly — 2| 2|h|<|z—z| |z — 2|
and

R- (.T y) ::/ [RQ('T’Q)_RQ(‘T’Z)] dz+/ RQ(yaz)_RQ(y’x) dz
aEQT 2o—z|<|hl 2|z—z|<|h| | ’

y— " PR
and
R ’ - R B R s — R ,
2 Jy—z|<|h|~|z—2z| ly — 2| 2 ly—z|<|h|~|z—2| |z — z|
and

- Ro(z,y) — Rg(z, 2) Ro(y,2) — Ry, z)
R, (2,y) = / [ @D : dz + : — dz.
a2Q ly—z|~|h|~|z—2| ly — Z|‘°’/2 ly—z|~|h|~|z—z]| |z — Z|‘°’/2

1. We first bound HR;;’_1/2Q||A—1/2+1/;J
P

Lemma IV.2. Under the above notations one has

/]Rh2 YIRS (- + W dh < C |\Q|\129;’/2p. (IV.53)
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Proof of lemma IV.2. To that aim we estimate

1 1 p2/p
hH/P/R z, 7+ h)P / [ ~ } dz| dz|  dh
/ [Raasnr || o
Ih| P 2/p
g/RhH/P /R|RQ(x,x+h)|p / PR dz| dx| dh (IV.54)
2 |h|<|z—2z|
2/p
g/hH/P /|RQ(x,x+h)|p dz|  dh.
R R
We shall now prove the following intermediate lemma
Lemma IV.3. Under the previous notations one has
2/p
/hl‘Q/p /|RQ($,x+h)|p de|  dh < C Q|3 (IV.55)
R R p,2
O
Proof of lemma IV.3.
1 Y 2/p
— [ n'7? /|RQ($,$+h)|p dz|  dh
™ Jr R
2
P P
1 — — h
<L fws|f]) A=) _ g, Q) =Qa+m [ "
™ JR R |Jz<z+h/2 (x—2z)(z—x—h) z>x+h/2 (r—2)(z—x—h)
<2 [wei|f|f Q) -Qw)
™ Jr R |Jx—h/2<z<z+h/2 (x—2) (2 —x—h)
PoE
+/ QR —Qeth) b gl g
z+h—h/2<z<x+3h/2 (:L' - Z) (Z —T—= h)
P
2 _
+5 /h“% / / QR —QW gl an
™ R R |Jz<z—h/2 (x—2)(z—2—h)
2
P b
2 — h
+= /hP% / / QR QL 41 gl g,
T R R |Jz+3h/2<2 (x—2z)(z—x—h)
(IV.56)
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We have on one hand, denoting y :=z + h

P z
hl_% Q(Z)fQ(Z') d Q(z)iQ(y) d d dh
/]R /]R /zh/2<z<z+h/2 (x—2)(z—y) Z+/yh/2<z<y+h/2 (x—2)(z—y) ¢ ’
L Q) - Q) Q) -Qu+n I [
h1% 2 dz— d d dh
= /]R /]R /ach/2<z<m+h/2 (z — ) : /yh/2<z<y+h/2 (z—v) : !
P
h 1— % |Q(Z)_Q(.’L')| d |Q(Z)_Q(y)| d d dh
+/]R / /m—h/2<z<ac+h/2 R Z+/y—h/2<z<y+h/2 R i
2/
g/h”/P/m Q)(z + h)]P dx pdh
R
Q2 -Qw) Q) -Qu+h [ [
—1-2/p ) — &) WE) T d d dh
+/1R< / /{z<z—h/2}u{m+3h/2<z} (z — ) (z—z—h) © v
D 2/p
p1-2/p h) — d h) — dt| d dh
+f / /|/ QG+ th) = Q@) de+ [ QU+ th) - Q)| di] da

[t|<1/2
2

1/2
<R/ + / holoRp / |Q(z +th) — Q(z)|[r + |Q(z + h+ th) — Q(z + h)||L» dt| dh
P.2 R —1/2
0w -0e) Q@ -ow | [”
+/h—1—2/P// L 2__ =2 Yodz| de|  dn.
R R |/ {z<z—h/2}U{y+h/2<z} (z—2) (2 —y) (z—vy)
(IV.57)
Using the fact that
d d
/ SEN / = log3 (IV.58)
{z<x—h/2}U{z+3h/2<z} #Z — L — h h/2<u<3h/2 W
we deduce
2
P B
R R |Jz—h/2<z<z+h/2 (r—2)(z—y) y—h/2<z<y+h/2 (x—2)(z—vy)
gt P 2/p
<@y, + [we| [ Q@) — Qa+th)] ———| da| dn
P2 R R |J{t<—1/2}u{3/2<t} |t| |7f - 1|
< C QI
(IV.59)
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Now we treat the two last terms of the r.h.s. of (IV.56). First we have

L /m_m @ © S)(z_ e m“

</h*172/p /dz
R R

~1-2/ dt 3Ol
< [rre| [ 0 - et ml,

2/p
dh

p

dzx

2/p
dh

p

[ wn-gwim,
t>1/2 t(1+1)

2

IV.60
I (IV.60)

dt
——— [ AP Q() — Q-+ th)|? dh
<C /t>1/2t(1+t) /R 1Q() — Q- +th)l;,

<c [ QIR = ¢ Q)
=7 Jisapt(+1) By By

We treat the last term of the r.h.s. of (IV.56) in a similar way and we establish the lemma IV.3 O

Continuation of the proof of Lemma IV.2.
Combining (IV.54) and (IV.60) we have then

/ B2/ / Ro(a, + h)P
R R
<C 1@l

2/p
dh

p

dx

foea [ ) ¢
- z
2lhi<lo—z| LT +h =232 |z — 232 (IV.61)

We have now

el

R R

< 2 /hQ*Q/P
R

+2 /h2‘2/1’
R

2/p
dh

p
2

Ihi<lo—z| [y = 272 |z — 2372

J
J

P 2/p

dz|  dh (IV.62)

1 1
Ro(z, z — dz
/2|h<zz o(@2) L?J—ZP/Q |$—Z|3/2]

P 2/p
/ Ro(y.2) ~ Ro(.2) "
— 13/2 :
2 |h|<|z—z| |z — 2]

dzx
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We have first

1 1 P 2/p
h2-2/p // Ro(z, 2) [ - }dz dz|  dh
/]R R |J2|h|<]e—z| o ly—2¥2 |z — 232
Ih| P 2/p
< h2_2/p// Ro(x,z)| ——= dz| dzx dh
_/]R R 2\h|<|z—z|| a(r.2) |z — 2]5/2

2 00 2
< [-on ans [ [ rot v, | an
A . A 7 p (IV.63)

< C e dt 2P |R R)|1? dh
< 7 [Ra (- +th)l,

+oo
dt
| # Rat+ )

+oo dt L .
: 0/2 M/R(th) P |Ro(,-+th)|l, d(th)
= C/Ihl““’ IRQ(.-+ R, dh.

R

Combining (IV.54)...(IV.63) we obtain that

[l
R R

We have also

2/p
dh < C[QI%,. (IV64)
P2

p
dx

1 1
Ro(x, z — dz
/2h|<|z—z| Q(.2) [ly—z|3/2 |9U—Z|3/2}

2/p
dh

p

1
dx

h272/p// Ro(x,z) ————==dz
/]R R (/2 |h|<|z—2] < |ZE*Z|3’/2
2 2

oo at
< p1-2/p dhg/hl_Q/p [/ — IRa (-, - + th) ] dh
/ Cans | [ IRat -+ b,

oo dt
< c/ s [ B RQC+ th)2 dh (IV.65)
2 R

oo dt
| 5 Rat+ )

+oo dt L .
: 0/2 W/R(th) P |Ro(,-+th)|l, d(th)
s C/Ihl““’ IRG (- + W), dh.

R

In a similar way as in (IV.65) one can estimate
frel
R R

2. We are now bounding R

2/p
dh.

p

dx

1
Ro(y,z) ——==dz
/2|h<m—z |z — Z|3/2

dl/ZQ'
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Lemma IV.4. Under the above notations one has

2-2/p || p= (4 h)_ p-l oy =2
L Rl =t [ R s e

Proof of lemma IV .4.
We have for z < y and = < z

Rat2) ~Rolna) = 22 (P¥ (50— ) @)

o Qe
= )/R@fy)(z—s)(z—s)

dé .

An elementary study of function gives the existence of a € (z,z) and b € (z,y) such that

@ 1 b 1
¢ = d
[ evearo% ™ 7o o0
moreover, since 2|z — z| < |z — y| we have in particular

_ _ b— h—
min{|a 2l Ja Z|}Z7}>O and min{| ul | Z|}27}>0 ,

[z — 2| |z — 2| ly— 21" |y — 2|

g =0,

2
dh< C QI
p P2

(IV.66)

(IV.67)

(IV.68)

(IV.69)

where 7 is a universal constant strictly less than 1/2. We prove now that b is uniformly bounded from
above and from below away from 0. Without loss of generality we can take z =0,y = 1 and € (—1/2,0).

‘We have

(s—né—z)s: (5—11>z [(51z> ‘ﬂ ::culfl) [(51@ - (511>} ‘% L&—

Hence
! dé 1 el L [t
W[ e S ey tl‘ xlg‘ : ‘
We have in particular
part 1 log b(z):c‘ _ 1—b(x)
(1-2) 1—0b(x) b(zx)
This first give b(x) < 1/2. Assume b(z) — 0 as © — 0 we would get
0 > log(b(x) — ) ~logh(x)™' >0
which is a contradiction. We have then
7 (Rot2) - Rof) ~ =3 Ro(i,2)) =
o e@-er Qe -ak)
~@-3 [ ene-ae-0 woae-9e-g “
L [T_ee-ew _ e©-ak)
He=) [ oot Tont-9e-9 *

e [ Q-0 o
=@ >/_m(§fy><z—y><z—s>+( )/b EEDICEGICE)

e [ Q@ -ew
e[ e aea %
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We decompose further the second to last terms in (IV.70) and we write

L e©-06) e e
(= >[m@fm< =9 )A IR
(e Q) - Q) o Q) - QW)
= )/;¢9m< PRI )/;Mthg PICEICE

o Q(6) - Q2) L Qe - QW)
= Z)/MWL@ N —wGe_9 " o E -9 9

M Q) -Q() N Q) — Q)
w0 [ et e e Z)Lﬁ””@—yﬂw—gﬂz—a'

We have

o ) QL o () - Q)
( ’/;¢9W1@yﬂxyxz@** )%;mgﬂﬂgyxzsﬂzo

R(Q)(2) - R(Q)(y)

) T ey
@-2) QO -Qx) [ 1 1
 (r—y) /| A<nin) (2 =8) {(f—y) (z—y)] “
» Q) — Qy) L
= )/;qu €y [u—fﬂz—a u—yﬂz—m]df

I Ol 1 1
+(9U -y) (2 —y) /{£z>n|h}ﬂ{|§y|>n|h} @@€) Q=] [(5 -z) (-

(z —2) / Q) —Q(2)
(z=y) (2 =) Jie—yicnin (€ —2)

}df

d¢ —

(z—y)(z—y) Jje- ()

Then, we have first (recall that we are considering |y — z| > |« — 2|/2 and |y — z| > h/2):
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(r—2) Q) —Q(2)
/ 21<n |Al -

(IV.71)
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2/p

p
h2-2/p 71 Q) — Q(=) [ ! — 1 } d¢| d d dh
/R+ /]R/0<2(zm)<h V] —z|h /|§z|<n|h (z=9¢) €-y) (z—vy) S ae
P 2/p

R—2/p _-1/2 |Q(€)_Q($)|d d d dh

S/]R+ /]R /O<2(z—m)<h|x Z| /f—z§7]|h (ny)Q 5 ¢ :
p 2/p

B2/ _ m1/2 Md d d dh

Jr/R+ /]R/O<2(zm)<h|z g /£z<n|h (z—y)? ¢ de !
P 2/p
< p—4=2/p — 2|72 ¢ — de| d dh
</ + / /0<2<H><h'$ A7V2 /f_wlh Q) - Qa)lde | da
D 2/p

hm2m — 2|72 — dz| d dh

+f + / /0<2(H)<h|sc V21Q0) - Q)| ds| da
2 P 2/p
S/]R th/P/R/O |Q(z +th) —Q(z)| dt | dx| dh
2 P 2/p
+/R+h12/p/R/0t1/2|Q(x+th)—Q(x)|dt dz|  dh
2 2
< [ we| Qe e - @Ol | dn
R 0
2

—1/2 h—1—2/p . h) — N2 dh

s/o ‘ / 1Q(: +th) — Q2
2
S/O t_1/2+2/p/R h—1—2/pHQ(.+h)—Q(.)H§ dh§C||Q||2Bl/;.
: (IV.73)
Similarly we have
2/
[ e[| | Q) - QW) L }dg P
Ry R |Jo<2 z—a)<h ]z — 2] [Jie—yi<nin (= 9) (z-8kE-§ @@-y(z-vy)
<C IIQIIQB;/;-
' (IV.74)

30



Regarding the third term in the r.h.s. of (IV.72), we have, denoting w := {|¢—z| > n |h|}N{|E—y| > n|h|}

g 2 w272 1 1 S
h“ » / /Q z) ’ — ‘dﬁdz dxr| dh
/nh ane o=l =g L, 19O QO ey Ty
P 2/p
g/ h‘Q/”// |xfz|_1/2/ [Q©) =9GN e go| ao|  an
R, R |Jjo—z|<h/2 le—z|>nih 1€ — 2
p 2/p
g/ h*Q/P// |x—z|*1/2/ Q@) = QG e o ga|  an
Ry R |Jo—z|<h/2 e—zl>nlnl 1€ — 2]
P 2/p
R, R |J|z—z|<h/2 le—a|>nlh| 1§ — 2l
p 2/p
g/ ffH/p// |z — 2| 7V2Q(z) — Q(2)|dz| dx|  dh
Ry R |[J|z—z|<h/2
P 2/p
+C/ h1—2/p// wdg dz dh
Ry R |Jje—alsninl 16— 7
1/2 p 2/1)
g/ h—1=2/p a Q(x +th)|| dx| dh
Ry
P 2/p
Ry R |/ |t|>n t
12
g/ s at Q(-+th)||,| dh
R4
_1_2 Oodt 2
+C h ZRC) = QC +thlly|  dh
n
1/2
< / dt/ RTI2RQ() — Q(- + th) 2 dh
oot —1-2/p 2 2
+0 [ [ IR0 ~ QU ml dh < C 1l
(IV.75)
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We estimate similarly the last term (IV.72). Now we estimate

L

R R

</ h=22/p

> -

/ h—2—2/p

R+

S/ h7172/p/
R, R

+/ h7172/p /
R, R

< CIR@I, < C QI -

The 4 last terms in (IV.71) as well as the last integral in (IV.70) can be estimated using the same way
as above in order to get

2/p
dh

p

dzx

| Qe - RQ) ) d:
|z—z|<h/2

x — 2|2 h2
/
I

2/p
dh

p

/| ¥I%(Q>(x) —R(Q)(z+h)| dz| dx

r—2z|<h/2 |$ - Z|1/2

2/p
dh

p
dx

_|_

/ %1/2|m(Q)(Z) ~R(Q)(z)| dz
lz—z|<h/2 [T — 2] (1v.16)
2/p

dh

p

dx

1
/5 o Q@) ~RQe+ (5 1) 1) ds

2/p
dh

p

1
/S<1/2 %M(Q)(m—i—sh) ~R(Q)(x)| ds| da

P 2/p
_ 1 (z—2)
|z —y|? 2/p / / ———— |Ro(y,2) — Rao(y,x) — Ro(z,2)|dz| dx dy
/R+ R [Jjo—z|<|o—y|/2 [T — 2]3/2 (z—y)
<C QI
(IV.77)
Now we estimate
P 2/p
B —
/ j2=2/p / / Re(@,z +h) 7;2(5”’2) de| dz|  dh. (IV.78)
R, R |J|z—z|<h/2 |z +h — 2]
We have first
Rol(x, 2) p 2/p
/ K22/ / / — L5 dz| dx|  dh
R, R [Jjo—z|<h/2 [T+ R — 2|3/
1/2 P 2/p
g/ pi=2/p / / |Ro(x,z+th)| dt| dz| dh
R, R |Jo
) 1/2 2
1-2/p ..
< /}R+ h /0 IRq(,-+th)|, dt| dh (IV.79)

1/2
<c. / f“‘“/ W2 R (-, + th)|2 dh
0 Ry

1/2
<c, / 22/ gy / W2 R (-, + h)[12 dh
0 Ry

< C;D HQHJQ_E;U; )
P
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where we have chosen 1 — 2/p < a < 1 and where we have used lemma IV.3. Now we have

fe
Ry R

< / WP | Rg(-, -+ R)|2 dh.
Ry

2/p

dh

p
\

r—2z|<h/2 |$ +h— Z|3/2

(IV.80)

Finally observe that (for p > 2)

1
Ix*yl2_2“’//
/]R+ R |J|z—z|>|z—y|/2 |z — 2[3/2
Ro(,2)| [
X,z
S/ |n| =2/ // . 17z 7
R, R |J|z—z|>|h|/2 |z — 2|
< [ wpee) [
Ry R

+oo 1
< h1‘2/”/ — |[RQ(,-+th)| dt
_/1R+| | ” \/EH al ),

—+o0
< c, / e / [B[=27 R + th)| dh
1/2 Ry

2/p
dy

2/p
dh

dz| dx

dx

2/p
dh

p

+o0 1
/ (x,x+th)| dt| dx
1

— IR
 ViRe

(IV.81)

dh

+oo
oa— — 2
<Co [ e [ R W R <Gy QI
1/2 R4 P,2
where we have chosen o > 0 such that 1 —2/p < a < 1 and where we have used lemma IV.3.

We conclude the proof of Lemma (IV.4). O

Estimates of R(li’lJ;2Q(x, y) and R(:;7172Q(X, y).

The only delicate term” is given by

Ro(z,y) — Ro(x, 2)
372 dz.
2 ly—z|<|h|~|z—z]| ly — 2|

Without too much efforts one proves

/ h2—2/p / |:RQ($)y) _73?}2(‘/1"”2):| dZ
R 2 ly—z|<|h|~|z—z| ly — 2|

2
RQ(.’L‘,y) B RQ(ZE, Z)
- 3/2 dz
2 ly—z|<|h|~|z—y] ly — 2|

Now observe that the term
/ [Rolo) - Rote.2) .
2 ly—z|<|h|=|z—y] ly — Z|3/2

"The 3 other terms can be treated in a similar way as we did previously.

(IV.82)

dh < C HQH?BI/;
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has already be estimated where the roles of x and y were exchanged and we proved while establishing
lemma IV.4 that ||TQ||A71/2+1/;; S C ||Q||Bl/p where

Raoly,z) —RQ(?J,Z)} 1 / (z = 2)
To(z,y :/ [ dz + Ro(x,z) ——= dz.
Q( ) 2 |z—z|<|h|~|z—y| |‘T - Z|3/2 (:L' - y) R Q( |$ - Z|3/2

Observe the following obvious fact

[ o+ I dh= [ W2 Tl )2 dh= [ BT 4 b dh. (1V.83)
R R R

The previous considerations gives that

Ro(z,y) — Rol(z, 2 1 Yy—z
/ [ Q(@.y) 3/2( >] dz + —— /RQ(y,z) (73)/2 dz <Rl z/r -
2 ly—z|<|h|~|z—y| |yfz| (y—.’L') R |y72| AT L/2H+1/p P2
(IV.84)
Combining all the previous estimates we obtain the following lemma;:
Lemma IV.5. Under the previous notations we have
1
—— [F F < . IV.
[Ravsaten) =~ oy o)+ Fal| ., < @l (v 5)

where

Fo(z) == %/RRQ(,T,Z) % dz. O

r—z
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We observe that Fg(z) = —R[(— A)1/4Q] Indeed:

Fae) = [ e =3 L e e

- =L x() g o= [ [ x<) T e
[ e
- %/R/RQ(") -0 |+ 5 g e

A C R CINCEET: 0 .
- %/R/RQ('Z) Q@ (xiz) E —1y|3/2 ’ %/R/R Q(Z_ffy) g —1y|3/2
— = [ | e - et [ e - et a

= 5 | o QW) - RQ) dy = ~AVIR@() = -RAV Q) O (V.50
7 Jo To = g7

The operator associated to Lq(x,y) := Rai/20(2,y) — (z 5 Fao(@) + Fo(y)] is given by
Lo =Rgo(—A)4 — (A4 oRg — FgoR—NRoFy

where by some abuse of notation we keep denoting Fi the operator corresponding to the multiplication
by Fg. Observe that this operator is anti-self-dual if @) is taking values into symmetric matrices. Hence
Lg(x,y) generates a multi-commutator. We compute

[t = | B | [ 0Dy

(IV.87)

//RQ Iyz|3/2( o W Jr//RQ |z)z|7§/<3(y’z) e (TV.88)

= [Rqo (-a)Y1 — (~a) o mg| (1) = 0.

Observe that

Hence we deduce the following Corollary
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Corollary IV.1. Let Q € H'/?(R, Sym,,, (R)) then the operator given by

RoQoMRo (=AY — (A1 oRoQoR - FyoR—NRo Fy — R(Fy) (TV.89)
is a multi-commutator in the sense that it sends L*(R) into B;pl/(ii%}; (R) — H™Y2(R). O

Remark IV.2. [t was already known that

moQoi)f{o(—A)l/4 — (—A)1/4oi)f{oQoi)f{—£)f{o(_A)1/4Qom
(IV.90)
=90 [Qo (-A)/1 = (-4)/10 @~ (-4) Q)] o

and
Ro [(—A)l/‘*Qoiﬁ—i—%((—A)l/‘*Q)} (IV.91)

are enjoying compensation property (the first one (IV.90) is the adjoint action of the Riesz transform on
a 3-commutator, the second one (IV.91) is the composition between Riesz and a Coifman-Rochberg- Weiss
commutator) . If we sum (IV.90) and (IV.91) we deduce that

RoQoNRo (—A)/*— (—A) /4 oRoQoR —RoFy
has compensation properties. Since Fo = —R((—A)Y*Q) € L? we also have
_Foo % — R(Fo)

is a Coifman-Rochberg- Weiss commutator. Hence it was known that Tz, enjoyed compensation properties.

The novelty in corollary IV.1 is the estimate of the kernel Lg in A;lmﬂ/p which makes it a multi-

commutator enjoying stability by the adjoint actions of elements in L>°(R, M, (R)) for instance. O
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