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A VISCOSITY METHOD FOR THE MIN-MAX CONSTRUCTION
OF CLOSED GEODESICS*

ALEXIS MICHELAT' AND TRISTAN RIVIERE!

Abstract. We present a viscosity approach to the min-max construction of closed geodesics on compact
Riemannian manifolds of arbitrary dimension. The existence is proved in the case of surfaces, and
reduced to a topological condition in general. We also construct counter-examples in dimension 1 and
2 to the e-regularity in the convergence procedure. Furthermore, we prove the lower semi-continuity of
the index of our sequence of critical points converging towards a closed non-trivial geodesic.
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1. INTRODUCTION

1.1. General framework

This article intends at motivating the approach developed by the second author in [45] in the simpler case of
the construction of closed geodesics. We present first the general framework of problems this method aims at
tackling.

Suppose we want to construct a critical point of a C' function f : X — R, where X is a complete C'!
Finsler manifold, which we interpret as the energy of a geometric or physical problem. A critical point x € X
of f is non-trivial if its energy is positive, i.e. if Df(x) = 0 and f(z) > 0. If inf f(X) = 0, we cannot simply
minimise f to search for a non-trivial critical point, so we use a so-called min-max method. Let us denote
P*(X) = P2(X)\ {9} the set of non-empty subsets of X and choose some &/ C Z*(X). We define the
min-max

f= f 223“9”)'
Thanks of general theorem such as the “mountain pass” (see for example [47]), if 5 < oo and if the function f
satisfies the Palais—Smale condition on X, under suitable assumptions on &7, (§ is a critical value of f. So if
B > 0, we get a non-trivial critical point of f. We recall that f satisfies the Palais—Smale condition at ¢ € R if
for all sequence {z,}, . C X, such that
fzn) — G and Df(x,) —— 0,

n—oo
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there exists 2 € X and a subsequence of {x,}, .y converging to z. In general, a lack of coerciveness can prevent
the energy to verify the Palais—Smale condition. The viscosity method consists in approximating f by a function
satisfying the Palais—Smale condition. If g : X — R, is C', we set, for all o > 0,

fo(x) = f(x) + *g(),
and define

B(o) = inf sup fo(x).

Acd pcA

If for all o > 0, f, verifies the Palais—Smale condition, and (o) < oo, then we can get a critical point z, € X
such that

fo(ze) = B(o).
We can easily see that

Blo) — B(0) >0,

o—0

and at this point if we can construct a sequence of positive numbers {oy,}
critical points associated to { fs, }, <y such that

nens and a sequence {x,, }, oy of

o 9(20,) —— 0,
n—0o0
if we manage to extract a subsequence of {:Egn}neN converging in a sufficiently strong topology to an element
r € X, such that

f(zo,) —— f(z), and Df(z,,) —— Df(x),
n—oo n—oo
then x € X will be critical point of f of non-trivial energy 5 = 5(0) > 0.
One new feature of our work is the absence of e-regularity, as the counter-examples shows in Section 10. The
convergence is assured instead by the existence of a quasi-conservation law.

1.2. Construction of closed geodesics

The problem of the construction of closed geodesics on compact manifolds is an ancient problem which has
stimulated great developments in the field of calculus of variations, dynamical systems [5,21] and algebraic
topology [10,49]. After the pioneering work of Hadamard [22] and Poincaré [43], the first existence results on
2-dimensional spheres equipped with arbitrary metric were obtained by Birkhoff in 1917 [8] and in 1927 for
the general case of spheres of higher dimension (we refer to [16] for a modern proof). We refer to [2,11,51] for
historical developments, and to [10] for a more mathematical treatment of the subject.

Let (M™, h) a compact Riemannian manifold of class C¥ (v > 3). Referring to the notations in the beginning
of the introduction, we let X = W22(St M), where

W22(SY, M) = W2(SY, M) N {u:u(t) € M, and iu(t) #0 for allt € S'} . (1.1)
Write f = £ the length of curve functional, such that for all u € W2(S1, M),

L(u) = /S a| .2

*Note that this makes sense thanks of the Sobolev imbedding W2:2(S1, M).
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and g = k2, where

U

K(u) = ‘v

0 —
ral |4

is the geodesic curvature of a curve u € W?22(S1 M). We then consider for all o > 0, the energy F,:
W22(S1 M) — R, defined for all u € W22(S1, M) by

B, (u) = /51(1 + 02k2 (u) ] d.2L

Of course, we can replace f by the Dirichlet energy, which verifies the Palais—Smale condition: it is a classical
way to construct a closed geodesic on compact manifolds (see for instance [47]). However, we are interested in
the application of this method to the min-max construction of minimal surfaces, and the Dirichlet energy does
not satisfy any more the Palais—Smale condition in dimension 2. Therefore it makes sense to consider first a
simpler case, to see if the method works correctly, and where are the difficulties. Indeed, there are three issues
that we might encounter.

Firstly, we need to construct an appropriate min-max method, giving a 3(0) > 0. Secondly, if {uy}, oy is
a sequence of critical points associated to {Es} (where {o,}, .y is a sequence of positive numbers converging
to 0)

liminf [ o2k?(u,)dL' —— 0.
n—oo [q1 n—oo
Thirdly, passing to the limit in the Euler—Lagrange equation is delicate, as we loose the estimates on the
second derivative.
The first problem can easily be solved, using basic properties of the injective radius of compact manifolds.
For the second one, there exist indeed counter-examples, and we use a general technique coming from an article
of Michael Struwe [46] to construct an “entropic” sequence of critical points, in the sense that

1
E,, (un) = B(0on), and 02 k% (up)dLt < —
St log o

Finally, the limiting procedure depends on a quasi-conservation law of the Euler—Lagrange equation, corre-
sponding to the general scheme of Noether theorem (see [25]).

We are almost in the position of stating our main result. We first recall that the index of a critical point
u € W22(SY M) of E, (0 > 0 arbitrary) is the dimension of the maximal vector subspace of W2:2(S1, M)
where the second derivative D?E, (u) is negative semi-definite.

For the definition of admissible sets and of the families of maps o7, .27, we refer to Section 6.

Theorem 1.1. Let (M™,h) a compact Riemannian manifold of class C¥, (v > 3). If there exists an admissible
set o/ for W22(SY, M), then there exists a sequence of positive numbers {on}pen converging to 0 and a sequence

of critical points {un},cy associated to {E,, }, o, such that
n) = inf sup FE, (u) < oo, 0) = inf sup £(u) > 0,
8(on) = inf, sup By, () <o, 6(0) = faf sup £(u)
1
B, () = o), 0% [ Wunliald " <
St loga
uniu, and U, —“ 0 (1.2)

n—oo n—oo
where u is a closed non-trivial C¥ geodesic of length 3(0) > 0. Furthermore, we have lower semi-continuity of
the indez, i.e.

Ind(u) < liminf Ind(uy,).

n—0o0
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FIGURE 1. Canonical sweep-out of S2.

Proof. The proof is made of the reunion of Theorems 6.4, 7.1, 8.1 and 9.3. In particular, the remark after
Theorem 8.1 shows that the hypothesis is satisfied if M is two-dimensional. O

Methods of viscosity were already successfully used in the past in various contexts: in elliptic partial differential
equations [46], hyperbolic partial differential equations [52,53] harmonic maps from surfaces [29, 30, 48], and
recently by the second author for free boundary problems [17], Yang—Mills equations [54]. One general feature
in these pieces is the e-regularity that one can get independently of o. For example, in [29], the authors consider
immersions of a Riemannian surface (M?2,h) into spheres S¥ (k € N, and k > 2), with

E,(u) = /M (IVul® + 0| Aul?) dvoly,

then the e-regularity means that there exists ¢ > 0, and § > 0, such that for all x € M, and r > 0, there exists
a constant C' = C(r, ) such that for all o > 0, for all critical point u, of E,, the inequality

/ (IVue > + 0%|Aug|?) dvoly <e,
B, (x)

implies that for all £k € N, for all 0 < o < 1,

[t lcro(Bs, () < O,

and this ensures that the limits of {us},., are smooth, using classical results on the resolution of singularities
for harmonic maps (see the references cited in [29]). One new phenomena is the absence of e-regularity in our
construction, as the following counter-examples shows (see Sect. 10 for the proof). We first define the canonical
sweep-out of S? by Figure 1 (see the proof of Thm. 8.1 for a precise definition).

Proposition 1.2. On S? equipped with its standard metric, let o/ the admissible set of curves given by the
canonical sweep-out on S%. There exists a sequence {O’n}neN of positive real numbers converging to 0 and a
sequence of critical points {un}, o Of {Eo, }pens and a curve u € WH2(S1, M), such that

T

Bo(wn) T2 PO =m - Blun) T2 5
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and

oo

L wh?2 . .
Uy — u strongly, and u, —— u weakly, w, —F/— U a.e.

n—oo n—oo n—0o0

Furthermore, there exists a negligible subset N C St such that {1, (t)} has no limit point for allt € S'\ N,

and for all open interval I C S,

neN

L(ull) < liminf £(un|T).
n—oo

Due to the absence of e-regularity, we had to exploit quasi-conservation law issued from “almost Noether
theorem”, in order to apply technics from compensated compactness to get the strong convergence in (1.2).

Finally, we note that our approach can also be applied for the construction of non-compact manifolds admit-
ting non-trivial closed geodesics thanks of the article of Benci and Giannoni [6].

2. ANALYTIC AND GEOMETRIC PRELIMINARIES

Let (M™,h) be a compact Riemannian manifold of dimension m greater than 2, and of class C¥ (where
v > 3). We always assume that M is equipped with its Levi—Civita connection V (we refer for definitions in
Riemannian geometry to [26,31,40], and to [19] for the definitions and notations on measures). Let us recall the
definition of Sobolev spaces used in the following. One possible construction is to embed isometrically M into
an euclidean space R? (¢ € N) thanks of Nash isometric embedding theorem, which we can apply here because
M is a C* manifold and v > 3. Hence in the following, we can suppose that M is a submanifold of RY. Let us
denote S' =CnN{z:|z| =1}.

Definition 2.1. The Sobolev space W22(S1, M) is defined as follow
W22(ST M) = W>(SY, M) N {u:u(t) € M forallt € S'}.
The space of Sobolev immersions W2:2(S1, M) is
W22(St, M) = W»2(S', M) N {u:u(t) #0forallt € S'}.
Finally, the vector space of tangent vector fields along an immersion v € W22(S1, M) is denoted by
W22(SY, TM) = W»?(SY, TM) N {v:v(t) € T,uM for allt € S}

Remark 2.2. All these conditions make sense, because of the Sobolev embedding theorem, there is a continu-
ous injection W22(S1 RY) into the space Cclz (S, RY) of differentiable mappings with %—HA@lder continuous
derivative.

We first remark that W22(S1, M) has a natural C? complete Finsler manifold structure, modelled on the
Hilbert space W22(S1 RY), as it is an open set of the Hilbert manifold W22(S!, M). Furthermore for all
u € W22(S1 M), the tangent space of W22(S1, M) can be identified with W22(S1, T'M). For more precisions
about the properties of W22(S1, M), we refer to the Appendix.

Definition 2.3. The covariant derivative along an immersion « € W22(S* M) induced by the Levi—Civita
connexion V with be denoted D; when there is no ambiguity on the curve.

We recall that an immersion u : S' — M is said to be a geodesic if

Dyt = 0.
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We now make some remarks on the geodesic curvature. We first recall Fenchel’s inequality [20]: for all
u € W22(S1,RY), we have

/ wga (u)|i] LT > 27,
S1

Therefore, as we suppose (M™,h) isometrically embedded into R?. In particular, if V is the Levi—Civita
connection of R? equipped with its flat metric, recalling that V = V" is the Levi—Civita connection of (M™, h),
we have

V="

where T is the tangent part. Therefore, as the second fundamental I = I, form of the immersion M"™ — R? is
defined for two tangent vectors X, Y € I'(T'M) by

I(X,Y) =1(Y,X) = (VxY)~,
we have if u € W22(S1, M), and [i] = 1

ke (u) = [Vaul* = (Vo) " + (Vo) ' |* = [Vai + I(d, @)
= wihr(u) + [I(a, @)]* = £ (u) + [I(a, @)

Then, if {e1,..., e} is a local orthonormal frame in M, we define the norm of the second fundamental form by
2 =) [Ieise)l
i,j=1

so by compactness of M, there exists a constant 0 < Ap; < oo such that
Mat e ary < An.
Then, by Fenchel’s inequality, we have for all u € W22(S1, M)
21 < /51 (K% (u) + A%M)% lu|d.Z?
and by Cauchy—Schwarz inequality,
4n® < £(u) ([ql(/@2(u) + A§4)|u|d.$1) < (14 A%)8(u) /51(1 + 12()) i d.2"

therefore for all u € W22(St, M)

472

— 2 w2 (u))|w L .
o < () [ 0+ R)lilae (21)

3. FIRST VARIATION OF ENERGY

For all o > 0, let E, : W»2(S, M) — R be given by

B, (u) = /31(1 T (3.1)
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for all u € W22(S', M), where & is the geodesic curvature defined in the preceding section. If o = 0, then Ej
coincides with the length of curve and we note

£(u) = Eo(u) = /S |u|d.Z?

for all w € W22(S1 M).
We will state and prove some elementary lemmas before we proceed with the derivation of the first and
second variations of the energy.

Lemma 3.1. For all o > 0, the energy E, : W22(S', M) — R is a C*~! function.

Proof. Indeed, if P : M x R? — T'M is the orthogonal projection, then is it a C*~! function. If F, : M x RY\
{0} x R? is the mapping defined by

(@,9,2) = Fol,y,2) = (1+ 0 (Po(2), Po(2)),) (4,1)2

then F, is a C¥~! function. The claim is therefore a simple consequence of Lebesgue’s dominated convergence
theorem, as

E,(u) = / Fy(u, 1, i)dZL?.
S1
This concludes the proof of the first lemma. O

We will now derive formulae for the derivatives of the curvature and other geometric quantities. A variation
of a curve u € W22(S1 M) N C3(S', M) is a map v € C3(I x S', M), such that I is an open interval of
R containing 0, and v(0,-) = u, and for all s € I, y(s,-) € W22(S' M). The variation vector field v €
W22(SL TM)NC?(St, M) is defined as

v = 0s7v(s, )] s=0-
As a consequence, if X = W22(St M), we have

d

DE,(u)-v = (DEs(u),v) . x rx = ds

Eo(7(s,°))]s=0-

We denote D; (resp. D;) the covariant derivative along the curve t — v(-,t) (resp. s — ¥(s,)). We have the
following commutation result.

Lemma 3.2. Under the afore mentioned hypothesis, we have
D;0sy(s,t) = DsOyy(s,t)
for all (s,t) € I x S, and if |-,-] is the Lie bracket, then
(05, 0¢y] = 0.

Proof. If v = (y1,...,7vm) be the local expression of v in a local coordinates system,

m d
05y =Y 0Ok, Oy =Y Oy
k=1

k=1
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Thanks of the defining properties of a connexion, we have

m

Dy = > (0% + 057 Oy T) Ok
i,4,k=1

D0y = Z (agt Ve + Ovi Osyj FZ;) Ok
i,7,k=1

as the connection is symmetric, i.e. I“Z’c = Z, if suffices now to exchange the index 7 and j of one of the two
preceding lines. And by Schwarz lemma we have 02y = 07 7, so the first part of the lemma is proved.

Dt887(57 t) = vat’y(s,t)asf}/(sa t)7 Dsat’Y(Sv t) = Vas"/(s,t)at’}/(sa t)

we deduce that

[85'7(3’ t), 8157(87 t)} = Dtas'y(sa t) = v@t'y(s,t)as'y(sv t) - vas‘y(s,t)at'y(sa t)
= D0s7(s,t) — Ds0yy(s,t) =0,

which completes the proof of the lemma. O

We will denote in the following, if (z,v) € TM,

o] = Vga(v,0) = V/(v,0)s.

We now aim at calculating the first variation of the curvature.

k(s t) = ‘Dt (21223) \atv(ls,t)\ ‘

where D, is the covariant derivative along the curve ¢t — (-, t). As v is extensive for s close enough to 0, we
have

Ory(s,t)
V opns.
ws,t) = ‘ BT [0y (s, 1) 10y (s,8)] |
To i . . . . _ — Oy
o simplify notations, let us write v = 0y7y, 75 = 057y, and 7 = EXl
¢

Proposition 3.3. Under the preceding hypothesis, we have the following identities
L. Os|vel = (Vqy.7s: T2) = |y, where o = <V;t'ys,7t>,

2. [757%} = - <V77’ysv%>% = —OZ%,

3. Ok? =2 <V%%, Vi) — 4ak? + 2 (R(ys, )7, Varre) (o = (Vys, 7e))-
Proof.

1. We have

1 _ _
Os|e| = o (Dsvesve) = (Dievss V) = (Vo Yos V) -

2. Indeed, thanks of Lemma 3.2, we have

Oy Oy 1
—V o4 Os Dy Vv ' 0,
w‘a 'Y‘ \gt’vl 7= ‘8t’}/| |8t’Y| 0y Us”Y
DOy 05|00 Dy, o
- B Oy — =—(V3 Ex)
|0¢ ] |0y |2 ¢y EX < ¥, Y ’Yt>%

['Vsaﬁt} = v"/sﬁt - v% vs =V
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3. Finally,
9sk% = 2(DsV5,71, V5, 71) = 2{V~. V7,76 V5, 7¢)
and V, %, = V5, vs — o7, therefore

Ook® =2 <v%v%7t — V3,V — V['ysﬁtﬁtv vﬁﬁt> +2 <v%v%7ta v?ﬁt>
+2 <V[’ys 7l Ve v?ﬁ»
=2(R(¥s,7e)7e> V7, 7¢) + 2{V5, (V5,7 — 1), V5, 7e) + 2(V—a5,7s> V7, 7¢)
=2 <R(’Ysa e Ve Wt7t> —dak® +2 <v% V5, Yss v7t7t> -2 <d9(7t)7ta v7t7t>
=2 <R( e Ve Wt7t> — dak® +2 <v% V5, Yss v7t7t>

as [7,] = 1, we deduce that 0 = d (7,,7,) - 7, = 2{(V5, 7. 7s)-

This calculation ends the proof of the proposition. O

Therefore, a standard approximation argument gives the following theorem.

Proposition 3.4. If u € W22(S* M), L = £(u), and v € W22(SY, TM), then
L L
DE,(u) -v :/ (Dyw, i) d.Z1 —|—02/ 2(D}v, Dyiv) — 3 (Dyv, i) k*(u) + 2 (R(v, 0)i, Dyi) dL. (3.2)
0 0

if R is the Riemannian curvature tensor on (M™, g).

Proof. Thanks of the preceding lemmas, if 7 is a variation of u such that 9s7|s=o = v, then we have
EEU(V(S,)) :/ 02(8sm2(s,t))|8t’y(s,t)\dt—I—/ (1 + 0?K%(5,1))04] 04y (s, t)|dt
51 st
L L
=’ / <v%v%%, Viﬁt> — dar® + 2 (R(Ys, v )ve, Dey) L + / 1+ o?*k?)ad2?!
0 0
L L
:/ (Dyv, 1) +02/ 2(D}v, Dyit) dL" — 3 (Dyv, i) k*(u) + 2 (R(v, 0)1, Dyit) d.L°.
0 0
So we have the desired result. O

If w is a critical point of E, of at least class C3, then

d

L
=B (1(5.9)) = / =20 (V5,79 V27, ) + (V5,7 (1 = 36%62)7,) + 2% (Us, R(V=,7,, 70T,) dr

L
- / <20—2v%t7t + th((30'2I<L2 - 1)715) + 2U2R(v7t?7t)ﬁt7 'YS> dT
0

as <R(75,7t)7t,vqﬁt> = <75,R(V;ﬁt,7t)7t>. As a consequence (3.2) is equivalent to the following
Euler—Lagrange equation

Dyt = 0* { Dy (2D740 + 36%0) + 2R(Dyu, )it} (3.3)

in the distributional sense. According to the forecoming part 7, this equation implies that u is a C*~! function.



A VISCOSITY METHOD FOR THE MIN-MAX CONSTRUCTION OF CLOSED GEODESICS 1291

4. SECOND VARIATION OF ENERGY

We recall that the second variation or Hessian is defined as follows. Let u be a critical point of E,. For every
v e W22(SLTM),if v: I x S!isa C? variation of u such that 9sys—g = v, we define

D2Eg(u)[’l}, ’U] = %Eo(’}/(sv ))

s=0

and this definition is independent of the variation.
Proposition 4.1. If u € W22(S', M) is a critical point of E,, then for all v € W22(S', TM), we have
L
D2E, (u)[v, 0] :202/ |D20]? + |R(v, @)al® + 2 (4 (Dyv, @)? + 2 (Dyv, @) — | Dyv]? + (R(u,v)v,u>) K2(u)
0

— ((D2v, @) + (Dyv, Dyit))? — 8 (Dyv, i) ( D?v, Dyit) + (V. R(v, it)v, Dyis)
+ (Vo R(v, )i, Dyit) + (R(Dyw), @)v, Dyti) — (R(Dyit, v)v, Dytt) + 3 (R(v, 1) Dyv, Dyt
+ (R(t, Dyv)is, Dyit) + 2 (R(v, @) Dyv, Dy} — 6 (Dyv, @) (R(v, @), Dyir) .21

L
+ 40? /O (Dyv, 1) ((Dfv, Dytr) — 2 (Dyv, 4) £°(u) + (R(v, ©)1, Dytt)) d.ZL*
L 2,2 2 .\ 2 . . 1
+/0 (1 + 0%k2(u)) (|Dtv| — (D, ) —(R(u,v)v,u)) 5% (4.1)

Proof. We may then choose a variation vy such that

D,0sv=0
7(0,) =u (4.2)
857‘3:0 =v

Indeed, as u is critical point of E,, it is a C? function (as v — 1 > 2). The Cauchy—Lipschitz theorem asserts
the existence of a local C? function defined on an open neighbourhood of {0} x S' of this differential system.

0
Let us denote with a slight change in the notations v; = ww i Vs = 057, a = (V4,7s, 7). We will make
£Vt
constant use of the following identity
V3 Ve = V5, Vo + R(vs,m) — aVsy,. (4.3)

which is a direct consequence of 3.3, as R is defined such that
R(vs,m) = V4, Vq, = V3,V — Vieml-

As [vs,7t] = —am, the preceding equation is equivalent to (4.3).
We shall also use the notations D; = V,,,, D; = V.. As a consequence (4.3) reads

DsDt = DtDs + R('ysa'yt) - <Dt'753'7t> Dt
with a = (Dyvs,v¢). Finally, one has [ys, 7] = —ay:, so in our new notation, this gives
Dsyy = Dyys — (Divs, v) v = Diys — ays.

Recall that
K% = (Dyye, Diye) -
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We shall now proceed with the calculus of the second derivative of 2. By compatibility of the metric with V,
we have

92k% = 2(D2Dyve, Diyi) + 2 (DsDyye, D Dyyy) = 2{(1) + (2)} .
now

DsDyye = DiDsyi + R(vs, v )7 — (Divs, 1) Deve

= D¢ (Diys — (Divs, ) ) + R(vss ve)ve — (Deys, ) Dive

= D775 — ((D7ys,7) + (Diys, D)) ve — 2 (Dyys, 1) Deve + R(vs, ve) e

= (I) — (II) — 2(III) + (IV).

We split the computation into four parts.
Dy(I) = DsDfys = DD Diys + R(ys, 1) Divs — D7 s
= Dy (D:Dygvs + R(vs, %) 7s — @Divs) + R(7s, 7¢) Diys — aD2,
= D¢ R(Vs,7t)Vs + R(Divs, 7e)Ys + R(vs, Deye)vs + R(7vs, v¢) Dy
— (Or) Dyys — aDivs + R(7vs,vt) Diys — aDi s

=D R(Vs, V) Vs + R(Dys,ve)vs + R(vs, Deve)vs + 2R (s, ve) Diys
— (0ra) Dyys — 20D} 5.

We recall the notation av = (Dyys, V). As (II) = Grarye,

Dy(IT) = 0s0ray; + draDgyi
= asatcwt + atCEDt’}/S — a@tcwt

Furthermore,

asa = <D5Dt’}/5,’}/t> + <Dt'}/sa Ds'7t>
= (D¢Dsvys + R(vs,74)vs — aDyys, Vi) + (Diys, Diys — aye)
= [Diysl? — 202 = (R(71,7s) s, 7t) -

Recalling that (III) = aDyvy:, one has

D(IIT) = (|Devs|* = 20% — (R(ye,76)7s: 7)) Deye + aDoDyy
= (IDyys? = 202 — (R(7¢,7s)7s, 1)) Deve + a {Dfvs — (9e)ve — 2aDyye + R(ys, )1t }
= (|Dyys|” — 40® — (R(ve,75)vs, 1)) Deve + a { Divs — (8:)ve + R(Vs, i) 11 } -

According to the defining properties of the Riemannian curvature tensor R, we have

Ds(IV) = Ds(R(vs, v)vt) = DsR(7vs, )% + R(Dsvs, ve)ve + R(vs, Dsye)ve + R(vs, ve) Dsye
= DsR(Vs, ve)v: + R(vs, Divs)ve + R(vs, ve) Deys — 2aR(vs, 7e) Ve

as Dgyy = Dyys — ayy. If || = 1, we have

(v¢, Dive) = 0.

In s = 0, we have

(Ds(I1), Dyrye) = Ora (Dyys, Diye) = (<Dt2757'7t> +(D¢s, Dt%)) (D¢, Diye)
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and
<DS(III)? Dt’}/t> = (‘Dt75|2 - 2@2 - <R(’7tv’ys)’}/sv'yt>) Hz + <Dt%,%> <D152'Ysa Dt7t> .
The first term of the second derivative is

(1) = (DeR(vs, 1)vs + R(Devs, ve)vs + R(vs, Deve)vs + 2R(vs, ve) Diys, Deve)
— (D7, 7e) 4+ (Devs, Dive)) (Devs, Deve) — 2 (Divs, ve) {Divs, Deve)
— (D7, 7e) + (Devs, D)) (Deys, Dirye)

-2 (\Dt%l2 — 4(Dyys, 1)* - <R(%,%)%,%>) K2 = 2(Dyvs, 1) {Divs, Deve)

+ (DsR(vs, Ye)ve, Deve) + (R(Ysy Divs)ves Dive) + (R(Vs, 7¢) Divs, Dirve)
-2 <Dt’Ys, %) <R(’Ys, %)%, Dt’Yt>

while

2
= |D}vs — ((Di7s, 1) + (Devs, Dive))ve — 2 (Diys, 1) Dy + R(vs, ve)ve|

= |D2[? + (D27, %) + (Divs, Deve))? + 4 (Dyvs, 1) K62 + | R (s v2) e
=2 ({Dfvs, 1) + (Divss Deve)) (Divs, ve) — 4 (Divs, ve) {Divs, Deve) + 2 (R(vs, i)yt Divs )
—4 <Dt’Ys> %) <R(’st %)%, Dt%>

We deduce that in s = 0, we have
92K% =2|Dys|* + 2| R(vs, ve)wel* + 4 (4 (Deys, 1)* + 2 (Diys, we) — | Deysl® + <R(%,%)%,%>) K?

(< Vs e + <Dt%,Dt%>)2 — 16 (Dyys, 1) (D7s, Diye )
2(DtR(7s,7t)7s> Dive) + 2 (DsR(vs, ve) vt Deye) + 2 (R(Diys, 1) Vs, Dive)
2 (R(vs, Deve)vs, Deve) + 6 (R(vs, v6) Deysy Dive) + 2 (R(ve, Diys)ve, Dive)
<R (Vs )Vt t’Ys> —12(Dyvs, ve) (R(Vsy ve) Ve, Dye)

Now
dst® = 2(D}v, Dyi) — 4 (Dyv, i) k% + 2 (R(v, @), Dyid)

and

[ aroryeniaz = [ (+0)o. (9,0, 2 Yaz
St S1

:/ (1+U K ) {<V'YeD'Yf737 B >+< v Vss ’YG’Yt> < 'yf’YSa_<V%’YS7’Yt>l3>}d$1
st |7 |74 7]

1293

= [t {(9 50 2 4 (R ) 19 Pl = (9 )l b
St el |7l

As Dgvs =0, at s = 0, the preceding equation is equal to

L
/0 (1+0%K(u)) {\Dtv\2 — (D, a)* — (R(a, v)v,d)} 4zt

Furthermore 2
@Eg(ry(& ) = /1 028§K2|’}/t| + 2028s/@283|’yt\ +(1+ 02n2)8§|’yt\d$1
s
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Finally, we deduce that

L
D2E, (u)v, v] :202/0 |D20|? + |R(v, @)al? + 2 (4 (Dyv,@)? + 2 (Dyv, @) — | Dyv]? + (R(u,v)v,u>) K2 (u)

— ((D?v,4) + (Dyv, Dyit))* — 8 (Dyv, i) { Dv, Dy} + (Vi R(v, @)v, Dy i)
+ <V1;R(U, U)U, Dtu> -+ <R(Dﬂ)), {L)U, Dtu> — <R(Dtu, U)’U, Dtu> + 3 <R(’U, ’L.L).Dﬂ), Dtu>
+ (R(it, Dyv)it, Dyit) + 2 (R(v, @) Dyv, Dyit) — 6 (Dyv, 1) (R(v, i), Dytt) d.Z"

+ 402 /L (Dyv, 1) ((Djv, Dytt) — 2 (Dyv, 0) 5% (u) + (R(v, 0)1, Dyir)) d.L*
0
L
—I—/O (1+ 0°K*(u)) (|Dtv| — (D, 0)” — (R(u,v)v,u)) d.Z (4.4)

which concludes the proof of the proposition. O

We will use later the result to investigate the index of the curves in Section 9.

5. PALAIS—SMALE CONDITION
We recall the definition of the Palais—Smale condition.

Definition 5.1. Let X be a Finsler C* manifold (v € NU {c0}), and f € C1(X). We say that f satisfies the
Palais—Smale condition at the level ¢ € R if for every sequence {w,}, .y C X, if

@) —— ¢, and Df(a,) —— 0

n—oo n—oo
then there exist a subsequence of {x,,}, y (strongly) converging towards an element z € X.

However, as our Lagrangian F, is invariant under diffeomorphisms, we only have the Palais—Smale condition
up to re-parametrisation (see also [34]).

Theorem 5.2. Let 0,c > 0 two positive real numbers, and {un}, .y a sequence such that

E,(u,) —— ¢, DE,(u,) ——0 (5.1)

n—oo n—oo

Then there exists an immersion u € W22(S, M) and a subsequence of {un}, oy (still denotes {u,}, cy), and a
sequence of orientation-preserving C*-diffeomorphisms {pn}nen C Diff ¢ (SY) such that u, op, —— u strongly
n—oo

in W22(S1, M).
Proof. Let {un},cy € WH2(S', M) a sequence such that

E,(up) —— ¢, and DE,(u,) —— 0
n—oo n—oo

The second hypothesis should be interpreted as

lim sup {DEg(un) v, v € W(S', TM) and [vllwz2(s1) < 1} =0 (5.2)

n—0o0

where we recall that for all w € W22(S, M) and v € W22(S1, T M)

DE,(u)-v = / (202 { Dy, Div) + (1 = 30°K*(un)) (tin, Dyv) + 202 (R(Dyi, i )i, Dyv)) [i|dZ" (5.3)
S1
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For all n large enough, we have
E,(u,) <2c

so we suppose that this assumption is realised for all n € N. Then thanks of (2.1)

20?2 1
LJQ—SS(UH)SQC for alln € N,
(1+A45)) ¢

so the length cannot degenerate and there exists a constant € > 0 such that

e

Lo = £(up) = / lin|dZ? >~ and B, (un) < 2¢
Sl

co?’
for all n great enough. We may then assume this property for all n € N, and that L,, —— L > 0. As the
n—oo

manifold (M, g) is compact,
Sup [[tn ||, g1y < 00,
neN

so obviously
sup [|un 2 (g1) < 00.
neN

Then, re-parametrising {u, }, oy at constant speed (but keeping notations), i.e. |i,| = £(u,), we have
[ [l 00 (1) < 2¢

so as L, < 2c¢ for all n € N, we have
l[dn |21y < .

We deduce that
sug ”“n”WM(Sl) < 00. (5.4)
ne

Then, by Cauchy—Schwarz inequality, for all (z,y) € S x S!,

< Viz =yl llinllzs) -

[n (%) — tn(y)| = ] [ intaz's

so the sequence {u,},  is equicontinuous, and likewise

lin (@) = tn(Y)] < V|2 =yl [[Ditin 251y (5.5)

and this gives the Sobolev embedding W22(S, M) ¢ €%z (S, M). Therefore, by Rellich—Kondrachov (resp.
Arzela—Ascoli) theorem there exists u € W#2(S1, M) such that {uy},cy converges weakly (resp. strongly) in
W22(S1 M) (resp. WHe°(S1, M)) to u. So we have
Up — u  weakly in W22(Sh),
Up — u  strongly in L>°(Sh), (5.6)
U, — U strongly in L>(Sh).
Furthermore, as {u,},y is at constant speed parametrisation and, by uniform convergence, if L = £(u), we
have

L, ——L
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and we deduce that u is parametrised at constant speed on S*. In particular, u € W22(S1, M).
In particular,
nlLH;o Hun - ’LLHWl,g(Sl) = 0. (5.7)

By compactness of S*, we deduce that {D¢ftn },, e converge in L2(S*, M) to Dy if and only if
/ | P(un) (it — )| |in|dL" —— 0.
S1 n—oo

As {up}, oy is bounded in W22(S1 M), we deduce that if v, = P(uy)(u, — u), then
lim DE,(u,) v, =0

and
DE,(u,) - vp = /31 (20% ( Dy, P(uy,) (i, — i) + 2D P(wp,) (i) (tn, — @) + D> Pt ) (tn, @) (un — u)))  (5.8)
+ (1 = 30%k%(un)) (1, P(tn) (U — 1) + DP () (1) (un — u)) (5.9)
+2 (R(Dyfityy Uy iy P (1) (1 — 1)) [t |[dZL1. (5.10)

As (M,g) is a C” compact manifold, and P is C*~' and {u,}, oy is bounded in W'>°(S* M ). This ensures
the existence of a constant ca = co(M) > 0 independent of n € N such that

[DP (un ) (tin = )| o0 51y < €2 [[lnll o0 g1y [[tn — bl g1y
[DP (un)(tin)(un = w)llpoe g1y < €2 [[tnllpoe g1y [lun = tllpoe g1y
[DP () (tin ) (e = )| 251y < €2 [|tin oo (g1 [[ttn — @2
| D? P () (i, i) (i, — HLz(Sl) < e Hun||Loc(31) [un = ullg 251 -

Now { Dty },,c is bounded in L2(S', TM) so by Cauchy—Schwarz inequality,

/S Dy, 2D () i) i )+ D? Pat) s i)t — ) i 2"

. . 2 . . .
< 2 I Dstinllgs sy il e sy (2 litm = llagsny + litnllioe sy lin = wllasay ) === 0

n—oo

We can estimate (5.9) as follows:

/51 (1 + 302”2(1‘71)) (g, P () (Un) (U, — w) + DP () (1 ) (r, — 1)) ‘ﬂn‘dgl

. 2 . 3 . .
< ¢ (14302 DriinlFas, ) NimlEagsny (litn = @llagsny + llun = ullasn)) —— 0.

— 00

Finally, the metric g is C¥, so the (3, 1)-curvature tensor R is C*~2, its components are bounded on the
compact manifold (M, g) in the following sense: if we write

/ (R(D it i, Pt (1, — ) [l d.2* = / S R Dy i (Putn) ( — ) fig A2,
St i,7,k,l=1
and define ||R|;«ny =  sup ||R” k||L°C Ay then || Rl p < o0, and

1<4,5,k,I<n

1
2
<Rl sy IDrinlsgon ([ il 1P~ w02

<co ||R||Loc(sl)HDtunHL2(sl) ||UnHLoo(sl) ||“n_“HL2(sl) P 0.

/S1 (R(Diyy U )y P (g, — w)) \ﬂn\dfl
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The first member of (5.8) is equal to
/ (D, P () (it — i) |ty |dLt = / (1P (un ) (iin, — it)[* 4 (P(up) i, P(up) (il — i0))) [y |d-Z"
51 st

As { Dyt },, oy converges weakly towards Dy in L?(S*, TM), and {P(uy)ii}, oy is bounded on L?(S*, T M), we
have

lim (Dyu, P(uy)(ity, — it)) i1, |dZL* = 0.

n—oo Sl
We finally deduce that
lim | Dy, — P(uy)iil?|t,|dL* =0,

n—o0 Jg1

so thanks of (5.6)

Jim fjug, = ullyyz.2(51) = 0

This concludes the proof of the theorem, up to the following remark: as on compact manifolds, the Sobolev
spaces do not depend on the Riemannian metric (see [3]), and {un}, .y converges in the W22 norm to an
immersion u € W22(S*, M), then {u,}, oy also converges to u for the Finsler distance d on W22(S*, M) (see
the appendix for the definitions). d

6. MIN-MAX CONSTRUCTION OF ADAPTED SEQUENCE OF CRITICAL POINTS

We aim in this section as constructing a sequence of critical points {u,}, .y associated to {0} where

{0n},en 18 @ sequence of positive numbers converging to 0, such that

neN?

UZ/ 2 (un ) [t | AL —— 0.
Sl n—oo

The principle of proof is adapted from a result of Michael Struwe (see [46]).

Definition 6.1. A family of non-empty sets o/ C Z*(W22(S1, M)) is admissible if the three following condi-
tions are realised by «7:

(1) For all A € o7, for all u € &, either u is a constant curve either u € W22(S1, M),

(2) For every homeomorphism ¢ of W22(St M) with itself isotopic to the identity map, for all A € o,
¢(A) € A,

3) There exists a positive integer k € N such that for all A € o7, we can write A = {u »» and the map
( g t ]

}tE[O,l

[0,1]F — W22(S, M)

t»—>u24

is continuous.

We now fix an admissible set & C 2* (W*2(S*, M)) such that
0 < B(0) = AII€1£{ sup £(A) < oo.
We then define the family o € 22*(W22(St, M)) from & by

oy ={Ag, A € of and Ay # O},



1298 A. MICHELAT AND T. RIVIERE
where for all A € &7,

0

AozAﬂ{u:S(u)z @}
We remark that if ¢ is an homeomorphism of W22(S1, M) isotopic to the identity, in general, p(Ag) # p(A)o.
For all o > 0, we define

= inf E,(Ay) < .

G(o) ,nf sup (4p) < o0
Indeed, the function £ is continuous on W#2(S', M), and for all Ay € o, Ag = {u¢},c;, where I is a closed
subset of [0, 1], so the application I — W22(S' M), ¢t — u, is continuous thus

sup E,(Ap) = suE)Eg(ut) < 0.
te

and f(0) < 0.
‘We now observe that

Blo) —— B(0).

n—oo

To prove this claim, remark that for all o > 0, 3(c) > 3(0) so by definition of 3(0), for all £ > 0, there exists
A € o/, such that

sup £(u) < B8(0) +«.
ucA

Therefore

sup E,(u) < B(0) + &+ o? sup / K2 (u)d.ZL < B(0) + &+ Co?
u€Ag u€Ag J St

so for Co? < e, we have
B(0) < B(o) < B(0) + 2

and [ is increasing, so the claim is proved.
As (3 is monotone, Lebesgue theorem ensures that this real function is differentiable %' almost everywhere.
In particular,

1
§= limi(r)lf <0 log —5/(0')> =0. (6.1)
o— g
Let us argue by contradiction. If § > 0, then for all ¢ > 0 small enough, we have
7 1./[9 d
50) =50 = [ Feps= 50 [ =
0 2 o S log 3

which gives the contradiction.
These observations allow to introduce the following definition.

Definition 6.2. Let o > 0 a fixed positive real number. We say that the function [ satisfies the entropy
condition at a point o if it is differentiable at ¢ and

(6.2)
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A formal derivation under the min-max would give a sequence of positive {o,}, .y converging to 0, and a

sequence of critical points {uy}, .y associated to {0y}, <y, such that

1
oplog ——""(u,) — 0 when n — oo,
o, do

which in turn would imply that

lim ag/ 12 () 11| 2" = 0.
Sl

n—oo

The preceding intuition can be made rigorous thanks of the following proposition.

Proposition 6.3. There exists a constant C = C(83(0)), such that for all0 < o < C(B(0)) for which § satisfies
the entropy condition (6.2), there exists a critical point u, € W22(SY, M) of E, such that

1

Ulog%

Ey(us) = B(0), and 0,E,(u,) < B (o) + (6.3)

Proof.

Step 1. Estimation of the derivative of F,.

Let € > 0 a positive fixed constant. We consider a sequence {0y, }, o strictly decreasing to o > 0. Let Ag € %
and u € Ag, such that

E,(u) > B(0) — (o, — 0)

and
E,, (u) < B(oy) +e(on —0).

Such a pair (u, Ag) always exists, for n large enough. As f is differentiable at o, we have
Blow) < B(o) + (8'(0) +&)(on — 0)
for n large enough, from which we deduce that
B(o) —e(on — 0) < Eo(u) < Eo, (u) < B(0) + (8'(0) + 2¢)(0n — 0) (6.4)
If u satisfies (6.4), then

Ea', - EG’

)= Baw) g

Op—0

so according to the mean value theorem, there exists o’ € [0, 0,], such that
05 By (u) < (o) + 3e.

But

/

Oy Bor (1) = / 20" K2 (u)|i]d. L = %agEg(u)
Sl

so for all u € W22(S1, M) satisfying the inequalities (6.4),

0o E,(u) < ('(0) + 3e. (6.5)
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Step 2. Existence of almost Palais—Smale sequences.
We want to show that there exists a sequence {uy},y satisfying (6.4) and such that
IDEs., (un)|| — 0 (6.6)
n—oo
We shall be careful to distinguish this condition from the Palais—Smale condition for E,, but we will show in
the next step that it implies Palais—Smale condition for F,.

We argue by contradiction, supposing the existence of a positive constant 6 > 0 such that for all immersion
u € W22(St M) satisfying (6.4), we have for n large enough

|DE,, (w)]| > 6.

Let XU a pseudo-gradient vector field (see [47].) for E, , i.e. a locally Lipschitz bounded function X? :
W22(S1 M) — TW22(SY, M), such that for all w € W22(S1, M) such that DE,, (w) # 0,

X5 (w)l < 2min {|| DE,, (w)], 1}
DE,, (w) - X,(w) > min {|| DE,, (w)||, 1} | DEs (w)]].

Let ¢ € Z(R) a positive non-decreasing cut-off function such that 0 < ¢ < 1, suppy C Ry, and ¥ = 1 on
1, 00[. We define " for all n € N,

() = ¥ (E”(“) — A7)~ #on - a))) w(ﬁ?()) e_? (‘W B @> )

e(on —0)
Let ¢, the global flow associated to —X,, = —,, X0, defined by
ot () = ~ Xl (w)
de™" " (6.7)
pn(u) =u

Note that ¢, is C* from respect of the first variable, and that for all t € R, ¢! : W22(S1 M) — W22(S1 M)
is a locally Lipschitz homeomorphism. We remark that o7 is invariant under the action of ¢,,, and that for all
Ag € oy, for all t > 0, ¢! (Ag) = ¢, (Ap)o. We have

d

T E(@n(w) = =¥n(w)DEy, (u) - Xn(u) < =0t (u) <0

We would like to show that ¢t — E, (¢! (u)) is also decreasing. Consider, u € W22(S1, M), v € W22(SY, TM),
L
DE, (u) v = / (202 (Dyit, D20) — (302k(u)? — 1) (i, Dyv) + 202 (R(Dyit, )i, v)) d.2"
0
L
— DE, () v+ (02 — 0?) / 2 (Dyit, D20 — 3x(w)? (i, Dyv) + 2(R(Dyity )i, v)d.2"
0

where L = £(u) (recall that the arc-length parametrization where |4| = 1 is possible because our Lagrangian is
invariant under diffeomorphism). As a consequence, we have

|DE;, (u) v — DEg(u) - v| < (0721 - 02){2 ”DtaHL2([O,L]) HD?UHLz([QL]) +3 ||DtU||Loo([o,L]) HDtu“?ﬁ([O,L])
+ 2[RIl 00 (ary 1Dt 2 g0, £ 101|100 (0, 2 }

< Cu)(op = o) vllwz2si rary:

*Note that we use a different cut-off function from the original paper [46].
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Furthermore, the proof of Theorem 5.2 (where we prove Palais—Smale condition), shows the existence of a
continuous function fas : R} x Ry — Ry increasing in each parameter, depending only on (M™, g) such that

Cu) < fu(on, Eq, (1))
so for all u satisfying (6.4),
C(u) < far(on, B(o) + (B'(0) + &) (on — 7)) (6.8)

therefore C'(u) is uniformly bounded by a positive constant independent of u. We deduce that

sup {|(DEs, (u) = DEy(u)) - o], [ollyzzs gany <1} — 0. (6.9)

n—oo
Now we can estimate the derivative of ¢ — E, (¢!, (u)) as follows:

d t

31 B (Pn(w) = DBy (7, (w)) - X (2}, (w)
< ~n(h, () DE, (¢}, (w)) - X (¢, (w) + C ey, () (0, — 02)HXS(SDZ(U))\lwi»f(u)(saTM)
< =2n (i, ()3 + 2C (7, () (07, — %) (6.10)

For all n € N, let us a fix an element A,, € 4 such that

sup E,, (u) < B(on) +e(on — o).
u€A,

For all u € A,,, the map t — E, (¢l (u)) is decreasing, so for all ¢ > 0, according to (6.8),

E,, (90;(“)) < E,,(u) < B(on) +e(on —0)
C(#h(u)) < f(on, By, (¢5,(u) < f(o0, B(a) + (B (o) + 2¢) (00 — 7))

By invariance of .27 under the action of the semi-flow {@f’t}tZO’ for all £ > 0, we define

Ba, (t) = Sup Eq(py,(u)) > B(0)

t

! (u) satisfying (6.4), and for such a uf,, we have

and By, (t) is attained only at points ul, = ¢
B(o) —elon — 0) < Eq(uy) < o, (uy,) < B(0) + (8'(0) + 2¢) (00 — 0).

Furthermore,

0y Ey(ul) < B'(0) + 3¢,

—1
1
so if we choose € = (80 log —> , as [ satisfies the entropy condition (6.2) at o, we have by (6.5)
o

L1
~ 8log

/ o2k (ul)) ut |d.L?
Sl

o
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0| =

so for all 0,, — 0 <

S(ul) > B(o) — e(on — o) — / o212 (ul Yort 4.2
Sl
> 60) -
3
> Zﬂ(o)

for 0 < C(B(0)) = e A Therefore, for all o < C(5(0)), and n large enough such that 8(¢,, — o) < 1, we have
P (ul) =1, so thanks of (6.10), if n is large enough,
d
—B4, (t) <=0 6.11
3 Ban () < (6.11)
thus
Ba, (t) < B(opn) +e(on —0) =t
so for t large enough, B4, (t) < (o), contradicting the definition of §(o).
Step 3. Convergence and conclusion.
Thanks of Step 2, we can choose a sequence {u,}, .y € W22(S1 M) satisfying (6.4), and such that

lim ||DE,, (uy)|| =0
n—oo
Furthermore, we note by (6.5) and the proof of second step that for n large enough, we have
3
So (6.9) gives

sup B, (up,) < oo, and ||DE;(uy)|| — 0 inf £(uy,) >0
neN n—oo neN

As a consequence, {uy}, y is a Palais—Smale sequence for E,, we can suppose thanks of Theorem 5.2 that
there exists u € W22(S1, M) such that

u, — u strongly in W»?(S*, M)

n—0o0

In particular, thanks of (6.4), we have

B(o) = lim E, (u,) = Ey(u)

and
05 Ey(u) < liminf 0, E,, (u) < 3'(0) + 3¢,

which concludes the proof of the proposition. O

We now come to the main result of this section.

Theorem 6.4. There exists a sequence {0, } of positive numbers converging to 0, and a sequence of critical

points {un}, ey Of {Eo, fnen such that

neN

06(0) < Ey, (un) = B(on), and lim 0721/ K2 () |in | AL = 0.
n—oo g1
Proof. Choosing a sequence {0}, .y converging to 0 such that for all n € N, the function 3 satisfies the entropy
condition (6.2) at o, (which is possible as 3 is differentiable .#! almost everywhere and satisfies (6.1)), the
theorem is now an easy consequence of the preceding proposition. O
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7. LIMITING PROCEDURE

Theorem 7.1. Let (M™,h) a Riemannian compact manifold of class C¥ (v > 3), such that there exist an
admissible subset o C 2*(W?2(St, M)), and define <y as. For all ¢ > 0, we define

B(o) = Aéngo ZggEg(u) (7.1)

If for o small enough, B(c) < oo and B(0) > 0, there exists a sequence {0y}, o of positive numbers converging
to 0, verifying

%whmﬁﬁéﬁmﬂ<l

- loggL

and a closed non-trivial geodesic u : S* — M such that {un}, oy converges to u strongly in L>(S', M) and
{tn}, cn converge to i almost everywhere.

Proof.
Step 1. Quasi-conservation law and length convergence.

Let {un},cy & sequence given by the Theorem 6.4, in arc-length parametrization. We define, for all n € N,
L, = £(uy). Let {v,},cy defined by

Vp = Uy — 02 (2D 20, + 362 (1)1, ).

A priori, v, belongs to the dual of W2:2(S', TM). However, thanks of (3.3), we have
Dyvy, = 202 R(Dytly,, Uiy )i, € L2(S1).

Thus v, € W,2(S', TM), and

(Up,vp) =1 — 0721 (2 <Dfun, un> + 3/@2(un)) (7.2)

=1—02k*(uy)

as |t,| =1, so 0 = 2 (D4, Uy), and we have
0 = (D, itn) + (Dytin, Dyitn) = (D}, ttn) + K> (un).
Remark that v,, € W2([0, L,,]) implies that u,, is in C*~1([0, L,], M). Indeed,
202 Dty = 1y, — vy, — 302 6% (un )ty € LH([0, L))

so D?u, € LY[0,L,]), and u € W3([0,L,]). An immediate bootstrap argument implies that wu, €
wr(Sst M) c Cv=1(SY, M) and v, € WY=b(SY M) c Cv=2(St, M). Furthermore, Dyv, — 0 in L?(S?1).

Indeed (recall L,, = £(u,)),

L’!L

Ly,
| RO )i PALT < [ Rllmagy [ 02D AL = (Rl [ 6 wnlinld 2,
0 0 S
We deduce that

1
2
Dy < 2RIy on (@ [ 2ulialaz?)” — 0

n—o0
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In particular, there exist v € M such that

[vn = Dl 00 (1) 2.0

1
If we set 7,, = — vpd 21, this is equivalent to
2 g1

an - m”[,oo(sl) njo)o 0,

which in turn implies that
Ln Ln Ln
/ Uy - Tpd L = / [T ?d.21 +/ (v — Tp) - Tpd Lt
0 0 0
Ly
= L, |7, +/ (Vp — Tp) - Trd ZL*
0

and

Ly
En = / (Un - W) Wd-ﬁfl < Ln|m‘ H'Un - m”Loo(Sl) — 0.
0 n—oo
On the other hand,
L, L, Ly, L,
/ Uy - Tpd L :/ Uy - Tpd Lt — 305/ 52 (U ) - Tnd LY < Lyp|vy| +3ai/
0 0 0 0

SO
Ln\vn|2 +eéen < Lylvn] + 30721/ KQ(un)\an\d.jfl.
g1

Now, L, > (3(0) pour tout n € N, so
o] < 1—|—i02/ w2 ()| |dLT — 1.
- B00) s oo
And we get
1 [
[7] = lim —/ v, |dZt < 1.
Ln Jo

n— 00 n

Step 2. Weak convergence

The sequence {uy, },, oy is bounded in Whee(S1 M), as (M, g) is compact, and {Ln}, ey is bounded. Therefore
Arzela—Ascoli and Banach-Alaoglu theorems imply that we can extract a subsequence from {uy}, .y (Which is
still denoted {un },,cy), such that {uy}, o in L> and weakly-* to a function u € W°°([0, L], M). In particular
{tn}, ey converges almost everywhere to 1, for all interval I such that for n large enough, I C [0, L], we have

/(un,m)dfl —— [ (u,7)dL?!
I

n—oo I

and according to (7.2),

oy, 1 2.2 1
gl(])/1<u”’v”>_1 —9%1(])/10"” (up)d ¥ — 1.

/{2(un)d$1\vn|

(7.4)
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Furthermore, as [t,| = 1, and {1, }, .y converges almost everywhere to i so || < 1. According to (7.4), [0] < 1,
so thanks of Cauchy—Schwarz inequality, we have || = 1, and [7] = 1. We deduce that

L :/ lu|dZ! = lim L, > £(0),
g1 n—oo

As B, (un) = B(0y), and (o) — £(0), we get L = $(0). Indeed,

5(0) = Blow) +o(1) = L+ [ o2 (w)liald 2" + o(1).

so L, —— ((0).

n—0oo

Step 3. Limiting equation.
We wish now to pass to the limit in the Euler—Lagrange equation. We need the following technical lemma,
stated separately for the sake of clarity.

Lemma 7.2. Let v € W2%(S*, TM), and for all n € N, v, = P(up)v € W22(SY, TM), where P(uy) is the
orthogonal projection on T, M. We have

(1)
LOO
Vp —— U
n—oo

(2)
2
{Dvn}, ey is bounded in L> and Div, LN Dy,
n—oo
(3)
Ly
/ o?|D?v,|dLt —— 0.
0 n—oo

Proof of Lemma 7.2. If n is a normal vector field to M, the orthogonal projection P(u,) : R — T, M is
given by

P(up)v =v —n(un) (n(un),v) = v —n(uy) (M(uy) — n(u),v)

and u, — u in L, so P(u,)v —— v in L.
n—0o0 n—oo

Dy(P(un)v —v) = — Dn(un)[in] (n(un) — n(u), v) — n(un) (Dn(un)[in] — Dn(u)[i], v)
—n(u,) (n(uy) —n(u), D).

Therefore, Di(P(uy)v) is bounded in L°°, and converges into L? to D;v. Finally,
DZ(P(un)v) = D*P(uy) [, itn)v + DP(uy)[Dytin]v + 2P (up) [in) Dyv + P(u,) Div

and P is C*~! (and v — 1 > 2), so there exist a constant C independent of n such that

=

Ln

Ly
/ U?L|D?(P(Un)v)‘2d$1 S CO’EL HU||W2»2(5'1) + CO’n ||'UHL2(S1) </ ai;ﬁ(un)dfl) n—)QQ 0.
0 0 N

which completes the proof of the lemma. O
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For all o > 0, define F, = DE, — DEy. We have

Ly
02 F, (un) - vy = ag/ 2(D}vp, Dyity) + 36 (up) (ttn, Dyvy) + 2 (R(Dytin, )b, vy) AL
0

1 1
Ln 2 Ln 2 Ln
<2</ 03|D§vnd$1> (/ aiDtund$1> +3\|Dtvn\|Lm(Sl)/ o2 k% (up)d.L?
0 0 0

1
2

Ly
+2HR||Loc(M) ”'UnHLz(S1)0'n (/0 03K2(un)d$1> — 0

n— 00

whereas

L, L
/ (D, 1) ALY —— | (D, d) d.2L7.
0

n—0o0 0

As for all n € N, u,, is a critical point of E,_, we have
Ly
DE, (up)-v, = / (Dyvy, ) ALY 4+ 02 F,, (up) v =0
0
so we deduce
L
/ (Dyv, ) ALY =0
0

for all v € W22(SY TM), i.e. u is a distributional solution of

d2

ok +I(4,4) =0 (7.5)
2

where I is the second fundamental form of the immersion u : S* — (M™, h). This implies that ETP ke €

L>([0, L], M), sou € W2*°([0, L]), and by a immediate bootstrap argument, we get that actually u € C* ([0, L]),

af =1,

d? .
Dyu = ok + I(w,u) =0 (7.6)
We conclude that u is a non-trivial closed geodesic of length 3(0) > 0. O

8. ADMISSIBLE FAMILY CONSTRUCTION

Theorem 8.1. Let (M™,h) a compact Riemannian manifold of class C* (v > 3). We assume if M™ is simply
connected that the first non-trivial class of higher homotopy group is homotopic to an immersion. Then there
exists an admissible set </ in W22(S*, M), in the sense of Definition 6.1.

Proof. Since M™ is a compact manifold, H,,(M™,Z) ~ Z hence there exists k < m such that =, (M) # {1}.
According to Hurewicz theorem, if 1 (M) = 1 (otherwise, we can minimize directly on a non-trivial homotopy
class), there exists and integer k such that H;(M) = {1} for all i < k, Hx(M) # {1}, then m;(M) = {1} for all
i < k,and Ty (M) ~ Hi(M). As H,,(M™,7Z) ~ 7, there exist k < m such that 7, (M) # {1}. Let f: S¥ — M
a continuous homotopically non-trivial. We may assume that f is of class C¥, because according to Whitney
theorem, every continuous map between manifolds is homotopic to a regular map (see [24,55]). We further
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assume by hypothesis that f is an immersion. On S¥ let us consider the following canonical sweep-out (see
Fig. 1)

{1‘3 =1- 2t3,. oy 41 = 1-— th+1} (81)

where t3,...,t51 € [0,1]. This gives a map g : S¥ — S* of degree 1. Write, for ¢ € [0,1]*71, u; : S* — S* the
circle defined by (8.1). Then for all but finitely ¢ € [0,1]*7!, u; is an immersed curve. We define

o = {{(p o fouttiepp-1,9 € Homeoo(W%?(Sl’M))}

where Homeo o(W22(St, M)) is the set of locally Lipschitz homeomorphisms of W22(S1, M) isotopic to the
identity map. The manifold (M™, g) being compact, its injectivity radius inj(M) is positive. Let us show that
for all ¢ € Homeo(W22(St, M)),

sup  L(po fouy) > inj(M). (8.2)
te[0,1]k—1

We argue by contradiction. If if (8.2) is not satisfied, for all ¢ € [0,1]*~!, the curve p o fou, : S — M is
null-homotopic. This implies that ¢ o f o g is null-homotopic. Now ¢ is isotopic to the identity map, so po fog
is homotopic to f o g. But as g : S¥ — S* is a degree one map, and f : S¥ — M homotopically non-trivial,
fog:S* — M cannot be null-homotopic. We deduce that

. o
p0) = jnf sup L(u) > inj(M) >0,

which concludes the proof of the theorem. O

Remark 8.2. We remark that in case of m = 2, if M? is not simply connected, the existence of closed geodesics
is trivial, and otherwise, M? is diffeomorphic to the two-sphere S2, so and using the same argument furnishes
an admissible family. Furthermore, if the first non-trivial map f : S¥ — M™ is such that 2k < m, as immersions
are generic [24], the hypothesis is empty. We also remark that one could replace this construction by a more
elaborated one using regular homotopy: if there exists k& < m such that 7;(Imm(S*, M™)) # {0}, then we
can also produce an admissible family by an immediate adaptation of this argument. We do not know if this
condition always holds for a simply connected compact manifold M™.

9. LOWER SEMI-CONTINUITY OF THE INDEX

Motivating by the construction by a min-max viscosity method of minimal surfaces of given index, we aim
at proving here that the index of the constructed curves in lower semi-continuous.

Definition 9.1. Let 0 > 0, and u a critical point of E,. The index of u, noted Ind(u) € N U {0}, is equal
to the dimension of the larger subspace of W22(S1, T M), on which the second derivative D*E,(u) (defined
by (4.1)) is negative semi-definite.

The proof of the index lower semi-continuity will be an easy consequence of the following lemma.

Lemma 9.2. Let {0}, @ sequence of positive real numbers converging to 0. If {un}, .y is a sequence of
critical points associated to {Es, }, oy, such that {u,}, .y (resp. {tn}, cn) converge in L (resp. almost every-
where) to a closed non-trivial geodesic uw € W*2(S', M) (resp. to @) of length L > 0. If {vy}, oy s a sequence

) 2
verifying v, € W22(S', TM), v, L ve W22(S1. TM), Dy, ., Dyv, {vn},cy s bounded in L>°, and
3 n—oo n—oo

/ 022 ()it AL —— 0, / 02| D20, Plin|d. LY — 0.
Sl n—oo Sl n—oo
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Then
L
D2E0n (un)[vn, vn] —— D2E0(u)[v,v] = / (|Dtv|2 - <Dtv,ﬂ>2 - (R(u,v)v,iL)) 4zt
n—oo 0

Proof. The hypothesis implies that {v,}, .y is bounded in L>(S', M), and in W2(S' M). Furthermore,
Theorem 7.1 shows that {u,,},, .y converges to LP(S*, M) (if L, = £(u), we have L,, —— L) forall 1 < p < oo
n—oo

according to Lebesgue’s dominated convergence theorem.
All estimates are elementary, using only Cauchy—Schwarz inequality, and otherwise, R being a C¥~2 (v —2 >
1) tensor on the compact C¥ manifold (M, g) implies that

max{|| Rl ar) > VRl e (ar)} < 00
As for all n € N |, | =1,
sup ([ Va, Bllpe (ar) < VRl e (ar) < 00
neN

sup ([ Vo, Bl (ary < VR Lo (ary SUP [[vn[ 00 (g1) < 00
neN neN

We have

n
n—0o0

Ly Ly
02 /0 |Dt2vn‘2 + ‘R(’L}n,ﬂn)ﬂn|2d$1 < /0 O—Z‘D?vn|2d‘$1 + JEL HR”LOC(M) ”U’ﬂH%P([O,Ln]) —0

We write

3 Ly :
K, = (/ aim2(un)und$1> = (/ 0721/@2(un)d.$1> ——0.
st 0 neo

We estimate the other terms as following.

2

On

Ly
/ (4 (Duv ) +2 Dyt i) — Dol 4 (Rl v ) ) 52 (1) A2
0

2
< (4 DevnllLec o,2,1) T 2 1DevnllLee o,1,)) + 1Bl (ary VnllLec o,2,.)) K;
[0,Ln] [0,Ln] [0,Ln]

2
n

LV,L Ln
o2 | [ (DFvnsn) + Dy, Duin))* A2 <2 [ 0 Dol 1, + 2 1D10 [ o0, K
0 0

2

Ly,
o2 /0 (Vi R0 )0, D) L2 | < 0 VR 1y Nmllioo. gy 190 120,21 Ko

2

e < on || Bll e (ary 1vnllLee jo0,2,0) IvnllLz(o,0,)) Kn

Ly
/ (V. R(0ns )i, Dyi) 12"
0

2
n

< on [[VR Lo (ar) 1vnllLee o,2.,,7) 1Pevnlliz o, 1, Kn

Ly
o / (R(Dyvy, tip )0p, Dytiy,) d.ZL1
0
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2

On

Ln
/ (R(Dytip, v )Up, Dyt ) d.L7
0

2
< HRHLOO(M) an”LC’O([O,Ln]) KZ

2

Ly
On /0 (R(vn, i) Dyvn, Dytiy) Lt <o, HRHLoo(M) H”n”Loo([o,Ln]) ||Dt”nHL2([0,Ln}) Ky,
Ly
‘7721 / (R(tin, Devy )ip, Dyt ) dZ <o, HRHL‘X’(M) HDtUnHL?([O,L"]) Ky
0
Ln
o /0 (R(vn, in) Dyvn, Dyitn) AL | < 0 || Rl oo (a) 1m0 0, 2.0)) D0 122 (0, 2,7) Eon

2

On

Ly
/o (Dyny in) (R(0ny n )i, Dytin) AL < 0 (| Rl (ary [0nllpoe (p0,1,7) 1P#0n |12 (p0, 1,7 K

2

On

Ly
/ (Dyvn, tn) ((Dfvn, Dyt ) — 2 (D, ) 62 (ug) + (R(vn, )i, Dyt )) AL
0

2 2
< o0 [1D1nllL o.2,1) 107 0n |2 g1y Kon + 2 [ Dvnllfo o,2.,1) K

+ 0n [ Bllpe ar) vnllLee 0,2,y 1Pe0nllL2 o, 2,7y Kn

2

On

Ly
/ (‘Dtvn|2 - <Dtvm un>2 - <R(una Un)vna un>) Hz(un)dgl
0

2 2
< (1Dl 0.,y + 1Rlloe any ol e o2, ) K2

Finally, the unit vector sequence {1, }, y converge almost everywhere to 7 (which is also a unit vector), so we
can apply Lebesgue’s dominated convergence theorem to get

. 2 . .
/ ‘V""invn|2_ V"‘invnaﬂ - R ﬂavn ,Un71.1/_" ‘u"‘d"gl
g1 Taim | [ton | |Un| |Un| ‘un‘
2 ] ;
., ‘VLU‘2—<VLU,1'L> AR(L,v) v, =) alde?,
n—oo  Jq TaT Tl ] ||

which completes the proof of the lemma. O

Theorem 9.3. Under the hypothesis of 7.1, if {un}, cy is the sequence of critical points associated to {E,, },
to a non-trivial closed geodesic u € W22(S1, M), we have

Ind(u) < liminf Ind(u,).

n—0o0
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Proof. If v € W22(SY, TM), and P(u,) is the orthogonal projection R — T, M, if v, = P(u,), la suite
{vn},en thanks of Lemma 7.2, {v,},  satisfies the hypothesis of Lemma 9.2. If v vl € WH2(ST M) s
a free orthonormal family in L2(S!, M) such that D?E is negative semi-definite on Span {vl, e ,vI}, then, if
vl = P(u,)v?, the family {v}:,..., v} is free in W22(S*, M), for n large enough. As D?Eq(u)[v?,v’] < 0, we
have

D?E,,, (un)[vn, vn] —— D*Eg(u)[v?,v7] <0

n—o0

so for n large enough, D?E,  (uy,)[vn, vs] < 0, and {v},... v} is free, thus

I <liminf Ind(uy,).

n—oo
This implies that

Ind(u) < liminf Ind(u,).

n—oo
which concludes the proof of the theorem. O

10. COUNTER-EXAMPLES

10.1. Counter-examples in dimension 1

Let (M?,h) a compact C® Riemannian surface of constant Gauss curvature Kj; € R (which is just equal to
the sectional curvature in our convention). Let o > 0, and u, a critical point of E,. We know that u is C? and
satisfies (10.1)

Dyiv = 0® { Dy (2D74 + 3k%0) + 2R(Dyis, 01) 11} (10.1)

Let v a normal vector to the curve u, and k the signed curvature, defined as

Dt’ll =kv
As (D, u) = 0, k is well-defined. Moreover, Frénet equations in dimension 2 imply that
DtV = —k"LL,

SO

D24 = kv — k%,

Dt = kv + k(—ku) — 2kki — k2 (kv) = kv — 3kku — k.
As

Dy(k?0) = 2kki + kv
the equation (10.1) is equivalent to
kv = o%(2k + kv + 202kR(v, 0)4

Taking the scalar product with v, we get

ko (t) = 02(2ko (t) + K2 (t) + 2K prko (1)) (10.2)

We can explicitly solve this equation thanks of the Jacobi elliptic functions (see [13,33]).
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Let 0 <p <1, we define f, : R — R

(10.3)

K de
fp(t) = /0 4\/@
and Jacobi elliptic functions sn,cn and dn as
sn(t,p) = sin fp_l(t)
cn(t,p) = cos f;l(t)
dn(t,p) = /1 — psn?(t)

and the function ¢ : [0,1[— R by

A (p)

™ 2 do
= f (_) S A

2 0 +/1—p?sin“f
The functions sn,cn, are 4.7 -periodic, and dn is 2¢ -periodic. If we write sn, = sn(-,p), cn, = cn(-,p),
dn, = dn(-,p), we have

sn, = cn,dn,
cny, = —cnpdn,
dﬁp = —p2snpcnp
and if dn =dn(-,p) (0 <p< 1),
dn + 2dn® — (2 — p?)dn = 0.

The function ¢ — u(t) = adn(bt, p), u is a solution of the differential equation

b 2
u+2<—> ud =32 —p*u =0
a

Fix 0 < p < 1, we have

1 2(1— 202K\ 1— 202K\ 2 ¢
ko(t) =+ (ﬁﬁ) dn ((ﬁ) ;,p) (10.4)

and

If C(0) is the constant
1— 202Ky )
Clo)=| 5
= (3o

Then, k2 is a 20C(0) =1 (p(o))-periodic function and L(o)-periodic (L(o) = £(u)). Thus there exists m(o) € N
such that L(o) = 20m(c)C(0)~ ¢ (p(o)). In particular (see [33], p. 19),

L(o) H (o)
/ o?k2(t)dt = 8o m(o)C(0) / dn? ) (t)dt
0 0

= m(o w : — p(0)2sin?
= dom(o)| [0 | V= stopsintoar
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If {on},en is a sequence of positive numbers converging to 0 such that

L= lim L(o,) >0,

n—0o0

if p(oy,) —PE€ [0, 1], we have & (p(oy)) —— A (p) € [g,oo> and

n—o0

Llon) 2.2 - 2L(0,,)C(0)? 2 2
/0 o ks, (t)dt = o) /0 \/1 — p(oy)? sin®(t)dt

n—oo (2 _ptl)’%(p) /05 \/TSinQ(t)dt >0, (10.5)

which give a family of counter-examples, as we will see in next section.

10.1.1. Explicit counter-example on S?
The goal of this section is to prove the following result.
Proposition 10.1. On S? equipped with its standard metric, let </ the admissible set of curves given by the

canonical sweep-out on S%. There exists a sequence {on},en of positive real numbers converging to 0 and a
sequence of critical points {un}, o Of {Eo, }pens and a curve u € WH2(S1 M), such that

7r
Eon (un) — ﬁ(o) =T, S(un) — 5
n—00 n—oo 2
and
L wi-2 . .
Uy, — u  strongly, Uy —— u  weakly, and w, —F— 0 a.e.
n—oo n—oo n—oo

Furthermore, there exists a negligible subset N C S* such that {u,(t)}, o has no limit point for allt € S*\ N,
and for all open interval I C S*,

L(ull) < liminf £(u,|I).

Proof. The shortest closed geodesics on S? equipped with the standard metric are of length 7 (the great circles).
We choose p = 0 in and define

t t\ (1207 2
ux(t) = % cos ((1 - 202)%—> ,sin ((1 — 202)%—> , ( o) jp— 5
(1 —202)2 o o o 1—-20

then |1i,| = 1, and on S2,

Dyt (1) = i (t) = — _i" ) o)
Py
k(o 1)) = 127

and u, is a critical point of E, for all ¢ > 0. And for all {o,}, . converging to 0,

Ug,, L (Oa 07 1)
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and as C(o) = %(1 —202)z, #(0) = E, we have

2
E,(uy) = 2L(0)(1 — 0?) = 4mm(a)i
M (1-202)3’
where m(o) is an arbitrary integer. So if we choose
1
Tn = 1 m(o,) =n
then writing u,, = u,,,,
s 0
Er () —— 7= 8(0),  L(u,) — = = 20
n—00 n—oo 2 2

while

unqu(0,0,l)

n—0oo

and according to Riemann—Lebesgue lemma, {i,}, .y converges weakly in L2 to @ = 0, and if we consider
{tn}, cn as a sequence of functions on R (extended by periodicity), for all t € R/Q, {u,(t)}, cy has no limit
point (as for all o € R/Q, {cos(na)}, oy and {sin(na)}, . are dense in [—1,1]). So finally, we have

U, — u  weakly in WH2(S1, 5?)

n—0o0

and for all open interval I C S,

n—oo

0= £(u(l)) < liminf &(u, (1)) = gfl(l).

which concludes the proof of the proposition. O

10.1.2. Surfaces of Constant Gauss Curvature

Proposition 10.2. Let (M?,h) a compact Riemannian surface of constant Gauss curvature, and (3(0) is the
length of the shortest closed geodesic in (M?,g). For all 1 < 2¢ < 2, there exists a sequence of positive numbers
{0n}nen converging to 0, and a sequence of critical points {un}, .y associated to {Es, }, oy such that

Eoy (tun) —— B(0),  £(un) ——> 6(0)

and
L wi-2 . .
Uy — u Strongly, w, —— u weakly, and U, —F— u a.e.
n—oo n—oo n—oo
and

L(u) < liminf £(uy,).
Proof. We fix 0 < p < 1, and recall that Kj; € R is the Gauss curvature. We consider a sequence {un}, oy
of critical points of {Es, }, .y given by (10.4) (i.e. the solutions of Dyit = kv, where we choose {o,}, .y and
{m(on)}, ey such that

Eq,, (un) —— B(0)

n
n—0o0
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The sequence {un}, oy is bounded in W'2(S*, M), so we can extract a subsequence (still denotes {uy}, o)

strongly converging in L>°(S*, M), and weakly converging in W2(S* M) to a function u € WH2(St, M).
For all interval I C [0, L] such that I C [0, L,] for n large enough, we have

2
L(ulr)? = (/amgl) < |1|/\u\2d$1 < |1|1iminf/\un\2d.$1
I I nTee Jr
and {un},y is in arc-length parametrization, so

L(un)? = |I|/mn\2d$1
I

and
Lulr) < hnniio%f L(un|r)- (10.6)
Furthermore, we have
L(u) < liminf £(uy,). (10.7)
n—oo

We prove this assertion by contradiction. Assume that we have the equality in 10.7, then {#,}, . converges
almost everywhere to 4, and in particular,

L, = £(u,) —— £(u) =L,

n—0o0

and u € W22(S', M), as we can pass to the limit in the arc-length expression |i,,| = 1. Thanks of the proof of
theorem (7.1), for all v € W22, if v,, = P(u,)v we have

u

L, L,
/ (i, Dyvn) = —3 / 022 (uy) {itm, Dy + o(1) (10.8)
0 0

and {D;v,},y is bounded in L, so {(in, Div,)}, oy is bounded in L and is a sequence of continuous

functions, while {o2x? (un)}n ey converges weakly in L2 to 1. Indeed,

1

201 — 202K 2 2(1 — 952K 2] — 952 3
Uiﬁz(uﬂ):<—%2M) (1_17_) +P<—03M)0np <<—Unz KM)> 2
2-p 2 2—-p 2—p o

and the last term converges weakly in L2 to 0 according to Riemann—Lebesgue theorem. So we can pass to the
limit in (10.8) to find that

L L
/ (i, Dyv) = —3 / (i1, Dyv) d.2*
0 0

so u is a closed geodesic. As we have chosen {o,} and {m(c,}) such that

neN?
By, (un) —— B(0),
n—00

then

. -1
4 2 2 Q3
L= €(p)ﬁ(0) = (1 + m/{) \/1—p blHQ(t)dt> ﬁ(O) < 5(0)

so u is a non-trivial closed geodesic of length strictly inferior that the length of the shortest closed geodesic,
which yields the desired contradiction. Finally as 0 < p < 1, and

e(p) ! e(p) — 1,

—
p—0 2 p—1
this completes the proof of the proposition. O
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10.1.3. General Surfaces

In the case of a general surface, we get
o (t) = 0% (2o (1) + K3 () + 2K (a(2), w(2) k(1)) (10.9)

where K (4(t), v(t)) is the sectional curvature of the 2-plan (t) Av(t). Let K, (resp. K;;) the maximum (resp.
minimum) of sectional curvature of (M, g). If s is the sign function

; L3 stka(t) 1
- 4 _ >

ko (t) + Qka(t) + <KM 552 k,(t) > 0,

i lis —s(ko(t)) _ 1
= K, 7 — — <0.

o)+ 4200 + (163 ooy ) k(1) <0

. 1—202K L . . . .
If we write C(0,K) = m , an elementary application of comparison principle implies that there

exists a solution k., of (10.9) such that

%o(a, Ki)dn (o(a, KL)%, p(a)) < ho(t) < %o(a, K )dn (o(a, K&)g, p(a)) . (10.10)

Furthermore, thanks of a result of Joel Langer and David A. Singer [33], we can extend this procedure to
get counter-examples in any dimension m > 2. Finally inequality (10.10) permits to extend the result of the
general result of the previous subsection.

Proposition 10.3. If (M?,h) is a Riemannian surface, for all 3 > 0, for all 1 < 2¢ < 2, there exists a sequence
of positive numbers {0y}, .y converging to 0, and a sequence of critical points {un}, oy associated to {Ey, }
such that

neN

Ly, (un) — 3, £(un) — e

n—oo n—oo
and
L wi2 . .
Up —— u Strongly, and u, —— u weakly, U, —F— u a.e.
n—oo n—oo n—oo
and

L(u) < liminf £(uy,).

10.2. Counter-examples in dimension 2

Thanks of an article of Pinkall (see [41]), if u is a critical point of E,, then thanks of the Hopf fibration,
we can create an Hopf torus which is a critical point of the Willmore energy. We will take slightly different
conventions than the article of Pinkall. Let p : S3 — S? the map defined by

p(w, ) = (jwf* = |2, 2u7)

for all (w, z) € S3, where
S =C?n{(w,z): jwf® + [z]> =1}.

We recall that p is surjective, and we see that it is invariant by the action of S' by rotation. It will be
convenient for computations to use quaternions for writing the Hopf fibration. Le ¢ — ¢ is the real vector space
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automorphism such that g leaves 1, j and k unchanged, and which sends 7 to —i. It is easy to verify that the
Hopf fibration is given by

p(q) = qq

if we identify ¢ = (w, z) € S3.
Let v a curve « : [0, L] — S? a closed curve of length L > 0. Let I a lift of vy by the fibration p, i.e. a curve
I':[0,L] — 83 such that po I" = 7. We now parametrize I" by arc-length, and we defined the Hopf torus of 7 as

I(t,0) = "I (t)

and assume that t — F(t) is orthogonal to 9pI". As I # 0, I" is proportional to I" in H: there exists a smooth
function A : [0, L] — H such that

I(t) = Xt)I(t), Vtelo, L]

Moreover, <F, F> = 0 implies that Re A = 0, and as 0, is proportional to dgI, A is orthogonal to ¢ for all

6 € S, so A € Span(j, k). To produce the counter-example, we now proceed with the derivation of the mean
curvature of the Hopf torus I
We have

4 = 2IAT.

so |4 = 2. We should be now careful that v : [0, 5] — S, and I" : [0, £] x S* — 53. We can easily check that
L

n:[0, %] — 5% is a unit normal vector field to the surface I, if
n(t,0) = e \(t)[(t).
If we define the function x by the formula
N =2k,
then
{ om(t,0) = —2k(t)0.I(t,0) — 0pI'(t,0)
Opn(t,0) = —0.I'(t,0)

and k is also the curvature of the curve 7. Indeed,
5 =9I NT — 4~

SO

-

Vi = :i4nfi)\l“zlw

if v is the normal of . If we had taken in the beginning a curve parametrized by arc-length, and if we write g
the new curve in the arc-length parametrization of I, then

Yo(t) = v(21),
and if we now write the curvature with the original curve, we get

{ dn(t,0) = —2k()0I(t,0) — Bp (¢, )

don(t,0) = —0.I'(t,0). (10.11)
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The mean curvature is defined as
H(t,0) = %Tr dn(t, 0)
and the Gaussian curvature by
K(t,0) = detdn(t, ).
With the new convention about x, we have
H(t,0) = k(2t), K(t,0)=—1.
We now define the Willmore o-energy, by
W, (&) = /2(1 + 0% H[?)dvol,
is H is a the average of the principal curvature of an immersion & from a Riemannian surface X in S3. Then &
is a critical point of W, if and only if
2H = 0*(A,H + 2H(H? - 2K)) (10.12)

if Ay is the Laplace operator for the metric g induced by ® on ¥ by the metric of S3, and K is the Gauss
curvature. As |0.I"| = |0pI"| = 1, and 9, I is orthogonal to dyI", we have

d2

AgH(t, 9) = @KZ(

2t) = 4k(2t)
so (10.12) is equivalent to
26(2t) = o2 (4ik(2t) + 2k(2t)% + 4k (2t))
which is equivalent to
k= 02 (2k + &> + 2k).

This last expression is nothing else than (10.1), so I" is a critical point of W, if and only if 7 is a critical point
of E,. And

W, (I') = / (1+ 02(26))dt 6 = 7E, (7).
[0,5]
Furthermore, the second fundamental form |I|? of I" is equal to 4H? — 2K = 4k% + 2, so

A (D) = / (1 + o2 |*)dvol, = / (14202 4 40%K%(2t))dtde
r [0,L]xS1

20
= (1420 7E, e ——
(1 -+ 207y (7) —

and as |I|?> depends only of H, I' is a critical point of A, if and only if it is a critical point of W,/, every
1-dimension elliptic Jacobi function constructed in the preceding section can be lifted to a critical point of A,.
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Proposition 10.4. For all 3 > 0, there exists a sequence {0, }, oy of positive real numbers converging to 0,

a sequence of flat torii {Tﬁ}neN converging to a torus T?, and a sequence {5n : T2 — S3Y,.en of conformal
immersions which are critical points associated to {A,, }, oy, such that

im Ay, ($,) =0, lim &, (T2)) =

n—o0 n— 00

B
2

)

and {‘Ex}neN weakly converges to a limiting map = W2(T2,83), but {95n}neN nowhere strongly converges;
for all open subset U C T?

A2(B(T?NU)) < liminf #%(P, (T2 NU)).

n— 00

Proof. The proof is now an easy consequence of (10.7), as we can lift the degenerate family of critical {uy},

constructed in the preceding subsection in a family of immersions {@,, }nen which are critical points of {Ag, }™",
where for all n € N,

Ly,
T, = [0,a,] x S* =R?/ (a, + 2mi) Z* (an = 7) .

As L, —— L, and the lifted curves are conformal immersions {5n}neN such that
n—oo

‘at5n| = |a9§n‘ =1,

this sequence is bounded in W-2(S, M), so converges weakly to an element & € WH2(S1 M), and thanks of
Proposition 10.1, for all open subset U C T2

A2 B(T*NU)) < liminf %P, (T2 NU)),

n— 00

which concludes the proof. O
APPENDIX A. COMPLETENESS OF THE SPACE OF IMMERSIONS
Let (M™,h) C R? a C” (v > 3) embedded Riemannian submanifold of R?. We recall the definitions

W22(S M) = W>2(SY, R N {v: y(t) € M for £ almost allt € S'}
W22(S, M) = W>2(SY, M) N {y: 4(t) # 0 for £ almost allt € S}

and for all v € W22(S1 M), we define
W?y’z(Sl,TM) = W22(SLRY) N {v: v(t) € TyyM for L'almost allt € S'}.

Then we define for all v € W2(S', M) the following norm for v € W22(S', TM)

1
2 2
[vlly = (/gl (|’U|2 + |V1}‘2 + V%g)dvolg)

where g = v*h (locally g = |¥|dZ"), and V = 4*V" is the pull-back of the Levi—Civita connection V" of
(M™,h). We first make a the following simple remark that this norm controls the L norm of |Vv|,. Indeed,

**Changing the o, of the 1-dimensional counter-example into oJ,.
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we have by Cauchy—Schwarz inequality, taking arc-length parametrisation (where L = £(u))
L
/ |V2v[2dvol, = / V3, v]dt
51 0

1 L
=1/ |vaw<v6mv>|dt>
0

1 2
> ZH|V%U|||LN([0,L])

1 2
i3 H|V,U‘g||Loc(Sl)
SO
3
19 el sy < VE( [ 1902000l ) < 2 ol (A1)
and in particular, the factor \VU|3 is irrelevant, and only added for convenience in the proof of the following
theorem.
Then, by an immediate adaptation of the arguments in the book of Klingenberg for the case W12(S!, M)
([27], 1.2), W%2(SL, M) is a complete C? Hilbert submanifold of the Hilbert space W>2(S1, R?). As W22(St, M)

is an open subset of W22(S1, M), it is also a C? Hilbert manifold and for all v € W22(S1 M) the tangent
space T, W2:2(S* M) is simply

T,W22(S', M) = W22(S*, TM).

Therefore, equipped with the family of norms { -1l N } the space of immersions W22(St M) is

YEWDZ (ST, M)
a C? Finsler manifold taking local trivialisation induced by the preceding Hilbert manifold structure. Then if
Yo0,71 € W22(S1 M), we define

1
d(70,m) = inf { /O 1057 (5, )l s,y ds = v € CH([0,1], WE2(ST, M), 5(0) = 0, 7(1) = wl}

A classical result of Palais [39] asserts that d is a distance on W22(S1, M). However, this construction does not
address the problem of completeness of W2:2(S1, M) equipped with this distance d, and this issue is treated in
the following theorem.

Theorem A.1. The Finsler manifold (W22(S, M), d) is a complete metric space.

Proof. We first need a simple form of Gronwall’s lemma

Lemma A.2. Let f € C'([0,1]), g € L'([0,1]), such that for all s € (0,1)
f(s) < g(s)(1+ f(s)).
Then for all s € [0,1], we have
f(5) < =14 (1 + £(0))elo 997,
Proof. We simply differentiate
F(s) = (14 f(s)) e J5 a7

to get F'(s) < 0. Therefore F is decreasing and F(s) < F(0) for all s € [0, 1], which implies the afore mentioned
conclusion. 0

We now come back to the proof of the theorem.
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Step 1. Uniform control of the W22 Finsler norm.
Let v € C1([0,1], W»2(S*, M)) a path such that

1
= [ 116l 5 < ¢

We want to make sure that under this hypothesis, we have (1) € W2(S1, M) i.e. that no degeneracy can
occur. We first check that 1 has controlled W#?2 norm. This will actually result of an uniform control as the
W22 norm. We recall the notations

Vt

Ve =0, s =057, and7y, = Tl

Then, if u € W22(S*, M), we make the decomposition
2 2 2 2 2 2
ot 3y2.2 51y = /S (W + |Vl + |v2u\g) dvoly = lullZ2gs1y + lullzgst + lulldzz s,
First by definition we have |[Vy|, =1, so

H'YHWl,z(sl)Z/ \Vv@dvolg:/ dvolg:/ |y |dt
St St St

and by Cauchy—Schwarz inequality,

d _
EH’YH%WQ(S“) = /51 <th'Ysa'yt> |y¢|dt
1 1
2 2 2
< (/ |V'ysgdvolg> (/ |%|dt>
St St
< (1957 (s, ')||’y(s,~) ||’Y||v'v1,2(sl)
SO
1 /!
sup. 15 e agony < IO, e agan + 3 103y ds = 1 (A.2)
s€(0

Then we have by (A.2) and (A.1)

d d _
Sy = 55 [ 1Pavol, = /S (207 + D (70, 70) bt

1

1
2
< </ Iv|2dvol ) </ |7, |2dvol > + |l \V%\g [l oo (s1) /S1 m2dvolg
i 1 3
< < 1v] dvol) < [7s] dv01> + I </ VQ’VsdeOlg) / |v[2dvol,.
0 st

so by Young’s inequality

/\

/\

d
Mgy < @+ T 10 Moy (05 M gagsny + I o))

<22+ 1) 10705, ) oy (14 105 )Moy
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while by Gronwall’s lemma, we have

N s, s
sup (Mg < 1 (L IOy ) D et

s€lo,
< (14 170, )i ) 2EHTIEO, (A.3)

Finally we deduce by (A.1) that
d d .
Sl = 35 [, Fanlhelat
= [ 209090 Vo bl =3 [ 19l (V) Pl

: .
=2 [ (T2 ROw 20, Ta2) bl =3 19291 (93,207,

1 1
2/ <%|4 (V2 75, Vo e) + \t\2< (%m)%ﬂw&) |ye| At — / IVQWI (V5,7s: V) Iyeldt

2 2 2
2(/ V2vs§dvolg> (/ V27|2dvolg> +2|R|Lx(M)(/ 'ysidvolg> (/ |V2'y|§dvolg>
St St St St

2
+ 3[[IVslgllLo(sn) /sl \V27|gdvolg

1 1 1 1
2 2 2 2
<o [ 192uavol, ) ([ 193 Pavoly ) 2l ([ v, ) ( [ 1935,
51 g1 51 g1
1 3 )
+ 30 (/ |V2’ys|2dvolg) / \V27|gdvolg
0 St

so for all s € [0, 1], we have by Young’s inequality

=

d
(s Meagsny < 100705 Mgy (200 + 1R lLo ) 1705 Mlhaagsn + 300 1705, Mipaagsn))
< (14300 + 1Rl (s ) 105765 oy (14 1G5 M agon) )

Therefore, we obtain by Gronwall’s lemma for s =1+ +3717 + HR||LOO(51)

sup 6 iescsny < (14 0 Ry ) 75 < o0 (A4)
S

So finally, we obtain by (A.3), (A.2) and (A.4) for some constant 0 < Cy < oo (depending on &(v) and the
curvature of M)

sup (s fwaast) < Co (14 10 Mzzgsn) ) €2F ) < ox. (A.5)
s I

Step 2. We now want to show that ~; is still an immersion, i.e.

sup log [4(s)ll (s1) < o0

s€[0,1]

We aim at proving the following finite energy inequality

[

82
D01 log [0y (s, t)|| dtds < 0.
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Abbreviating vs = 957, 1+ = 0y7y, we compute by compatibility of the Levi—Civita connection, and its absence

of torsion
9 (0 0 (Vo) 0 Vi
ai (g ozhel) = g (V™) = 5 (T \

= VQL’YSal "Yt‘—’_ VLVva "yt|
[vel "}/t| [vel h/|

therefore by Cauchy—Schwarz inequality

1 < %2 s
//,5‘1 9501 0g |0y(s,t)] ’dtds //,5‘1 me

< [ ([ mdt)é(/ymdt) s [ ([ wniar) ([ par)as

Then by (A.2), we have for all s € [0, 1]

Ivel + |Vl%%lfe(v)m|) dtds

1 1
ct= sw [ 100l = s (9 < O n +5 [ 100050, ds

se€[0,1] J ST s€[0,1]

On the other hand,

1 2

K2 (7) = V5,5 = ”

1
|’Yt‘2 ‘vvt% - W <v"/t7t?’}/t> Tt

1 2 9 1 9 2)
= — | —|V%]? — == (V. %, + —= (V3. %,
h/t|2 <7t|2 ‘Y,’Yt| "yt‘4< vVt ’Yt> "Yt|6 < vVt ’Yt> "Yt‘
1 <v t7t37t>2
= Vol —
|| ||
2
_ ‘V27|2 _ <v"/t’yta'7t>
. Ve
2 2
< [V,
therefore by (A.4)
2 2 £
C3 = sup / K2 (y(s,))dvoly < sup || V( 7')HW2»2(51) < (1+ ||7(0,')||W2,2(51)>ep‘"@(” < 00
s€[0,1] J St s€[0,1]

and

[

and by Sobolev injection, we get the result. Indeed, for .#! almost all s € [0, 1] we have t — 0, log |y:(s,t)| €
WH1(S1) so by Sobolev embedding W1 (S1)  L>°(S1), we have

<
9501 log (‘%7(3,1&)‘ dtds < max {C1,C2} &(y) < 00

1
[ 10108 560 ey 5 < .
Now we define
f : [0, 1] — R+
s+ g [3(5)ll sy
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and for all m € N, and 0 = sg < ... < s, = 1, we have by the triangle inequality

Z |f(t:) — =

110 (50l 1) = o (sl s

\ A

=2
Z\Iloglv( Dl = 1og[3(si-1)| l= (1)
2

/ 95 log [y(s)|ds

Loo(S1)
S SY ARATTIOT
i=1"5i-1
1
= [ 10,108 5l 5y 0

and following [19] 2.5.16, if g : R — R, and —co < a < b < oo, we define the total variation of g between a and
b as

Vog=sup> lg(si) —g(si-1)|
i=1

corresponding to all finite sequences a = sy < ... < s, = b. Then by 2.9.19(2) of [19] if V! g < oo, the derivative
g’ exists £! almost everywhere on (a,b) and

b
[ 0zt <vig <o
a
Therefore, we deduce that f is a function of bounded variation on [0,1] and
1
J

so f € W1(]0,1]) so by Sobolev embedding, we conclude that

1
V()L 51y [ds < [ 1105 10g [(5)] [[Loe 51y < 00
(1) 0

1
sup og (5] loesr) < / 0. 10g [4(5)] [l (s1) < max {C1,Ca} &(7) < oo. (A.6)

s€[0,1

Therefore, ;1 is an immersion. Therefore, this inequality (A.6) together with (A.5) shows the completeness of
the metric space (W22(S1, M), d). O

Acknowledgements. We would like to thank the referee for numerous useful comments and remarks which allowed us to
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REFERENCES

[1] W.K. Allard and F.J. Almgren, The structure of stationary one dimensional varifolds with positive density. Invent. Math.
Springer-Verlag (1976).

[2] N. Anantharaman, L’héritage scientifique de Poincaré. In Chap. 7. Belin (2006).

[3] T. Aubin, Some Nonlinear Problems in Riemannian Geometry. Springer-Verlag (1998).



1324 A. MICHELAT AND T. RIVIERE

[4]
[5]
[6]

[7]

[8]
[9]
[10]
[11]
(12]

(13]

[14]
(15]

[16]
[17]
[18]
(19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
(30]
(31]
32]
[33]
[34]
[35]
[36]
[37]
(38]
[39]
[40]
[41]
42]

[43]
[44]
[45]
[46]

[47]

[48]
[49]
(50]

[51]
[52]
[53]
(54]

[55]

W. Ballmann, G. Thorbergsson and W. Ziller, Closed geodesics and the fundamental group. Duke Math. J. 48 (1981).

V. Bangert, On the existence of closed geodesics on two-spheres. Int. J. Math. 4 (1993) 1-10.

V. Benci and F. Giannoni, On the existence of closed geodesics on noncompact riemannian manifolds. Duke Math. J. 68
(1992).

F. Bethuel, H. Brezis and F. Hélein, Ginzburg—Landau Vortices. Progress in Nonlinear Differential Equations and Their
Applications. Birkhauser Boston (1994).

D.G. Birkhoff, Dynamical systems with two degrees of freedom. Amer. Math. Soc. (1917).

G.D. Birkhoff, Dynamical systems. American Mathematical Society, New York (1927).

R. Bott, Lectures on Morse theory, old and new. Bull. Amer. Math. Soc. (New Series) 7 (1982) 331-358.

K. Burns and V.S. Matveev, Open problems and questions about geodesics. Preprint arXiv:1308.5417v2 (2014).

P. Buser and H. Parlier, The distribution of simple closed geodesics on a Riemann surface. American Mathematical Society
(2004).

P.F. Byrd and M.D. Friedman, Handbook of Elliptic Integrals for Enginners and Scientists. 2nd edition, Revised. Springer-
Verlag (1971).

E. Calabi and J. Cao. Simple closed geodesics on convex surfaces. J. Differ. Geom. 36 (1992) 517-549.

T.H. Colding and C.De Lellis, The min-max construction of minimal surfaces. Surveys of Differential Geometry, IX. Interna-
tional Press (2003).

T.H. Colding and W.P. Minicozzi, A Course in Minimal Surfaces. Amer. Math. Soc. 121 (2011).

F. Da Lio and T. Riviére, A viscosity approach to the min-max construction of free boundary discs. In preparation (2015).
H. Duan and Y. Long, Multiple closed geodesics on 3-spheres. Adv. Math. 221 (2009) 1757-1803.

H. Federer, Geometric Measure Theory. Springer-Verlag (1969).

W. Fenchel, Uber kriimmung und Windung geschlossener Raumkurven. Math. Ann. 101 (1929) 238-252.

J. Franks, Geodesics on S? and periodic points of annulus homeomorphisms. Invent. Math. 108 (1992) 403-418.

J.S. Hadamard, Les surfaces & courbure opposées et leurs lignes géodésiques. J. Math. Pures Appl. 4 (1898) 27-74.

R. Hardt and L. Simon, Seminar on Geometric Measure Theory. Birkhatiser (1986).

M.W. Hirsch, Differential Topology. Grad. Texts Math. Springer-Verlag New-York (1976).

F. Hélein, Applications harmoniques, lois de conservation, et repéres mobiles. Diderot éditeur, Sciences et Arts (1996).

J. Jost. Riemannian Geometry and Geometric Analysis, sixth edition. Springer (2011).

W. Klingenber, Lectures on Closed Geodesics. Springer-Verlag (1977).

S.G. Krantz, Geometric Integration Theory. Cornerstones (2008).

T. Lamm, Fourth order approximation of harmonic maps from surfaces. Calc. Var. 27 (2006) 125-157.

T. Lamm, Energy identity for approximations of harmonic maps from surfaces. Trans. Amer. Math. Soc. 362 (2010) 4077-4097.
J.M. Lee, Riemannian Manifolds, An Introduction to Curvature. Springer-Verlag, New York, Inc. (1997).

Y. Liokumovich, Sweepouts of Riemannian surfaces. Ph.D. thesis (2015).

J. Langer and D.A. Singer, The total squared curvature of closed curves. J. Differ. Geom. 20 (1984) 1-22.

J. Langer and D.A. Singer, Curve straightening and a minimax argument for closed elastic curves. Topology 24 (1985) 75-88.
J. Milnor, Morse Theory. Ann. Math. Stud. Princeton University Press (1963).

J.F. Nash, The imbedding problem for Riemannian Manifolds. Ann. Math. 63 (1956) 20—63.

R.S. Palais, Morse theory on Hilbert manifolds. Topology 2 (1963) 299-340.

R.S. Palais, Homotopy theory of infinite dimensional manifolds. Topology 5 (1966) 1-16.

R.S. Palais, Critical points Theory and the Minimax Principle. Proc. Symp. Pure Math., Volume XV, Global Analysis (1970).
F. Paulin. Groupes et géométries. Lecture notes (2014).

U. Pinkall, Hopf tori in S3. Invent. Math. 81 (1985) 379-389.

J.T. Pitts, Regularity and singulaity of one dimensional stationary integral varifolds on manifolds arising from variational
methods in the large. Convegno sulla teoria geometrica dell’ integrazione e varieta minimali, Instituto Nazionale di Alta
Matematica, Citta  Uiversitaria, Roma, May 1973, Symposia Mathematica, Volume XIV (1974).

H. Poincaré, Sur les lignes géodésiques des surfaces convexes. Trans. Amer. Math. Soc. 17 (1905).

H.-B. Rademacher, On the average indices of closed geodesics. J. Differ. Geom. 29 (1989) 65-83.

T. Riviere, A Viscosity Method in the Min-max Theory of Minimal Surfaces. Preprint arXiv:1508.07141 (2015).

M. Struwe, Positive solutions of critical semilinear elliptic equations on non-contractible planar domains. J. Eur. Math. Soc.
2 (2000) 329-388.

M. Struwe, Variational methods, Applications to Nonlinear Partial Differential Equations and Hamiltonian Systems, fourth
edition. Springer-Verlag (2008).

J. Sacks and K. Uhlenbeck, The Existence of Minimal Immersions of 2-Spheres. Ann. Math. (1981).

D. Sullivan and M. Vigué-Poirrier, The homology theory of the closed geodesic problem. J. Differ. Geom. 11 (1976) 633—644.
I.A. Taimanov, On the existence of three nonselintersecting closed geodesics on manifolds homeomorphic to the 2-sphere. Russ.
Acad. Sci. Izv. Math. 40 (1992).

I.A. Taimanov, The type numbers of closed geodesics. Preprint arXiv:0912.5226v2 (2010).

L. Tartar, Compensated compactness and applications to partial differential equations. Lecture notes (1979).

L. Tartar, From Hyperbolic Systems to Kinetic theory, A Personalized Quest. Springer-Verlag, Berlin, Heidelberg (2008).

G. Tian, M.-C. Hong and H. Yin, The Yang-Mills a-flow in Vector Bundles over Four Manifolds and its Applications. Comment.
Math. Helv. 90 (2015) 75-120.

H. Whitney, Geometric Integration Theory. Princeton University Press (1957).


http://arxiv.org/abs/1308.5417v2
http://arxiv.org/abs/1508.07141
http://arxiv.org/abs/0912.5226v2

	Introduction
	General framework
	Construction of closed geodesics

	Analytic and geometric preliminaries
	First variation of energy
	Second variation of energy
	Palais-Smale condition
	Min-Max construction of adapted sequence of critical points
	Limiting procedure
	Admissible family construction
	Lower semi-continuity of the index
	Counter-examples
	Counter-examples in dimension 1
	Explicit counter-example on S2
	Surfaces of Constant Gauss Curvature
	General Surfaces

	Counter-examples in dimension 2

	Appendix A. completeness of the space of immersions
	References

