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Abstract

We provide a computer-assisted proof of the holomorphy of the quartic and the octic meromorphic
differentials arising in the main theorem 4.11 of our paper 'The Classification of Branched Willmore
spheres in the 3-Sphere and the 4-Sphere’ (arXiv:1706.01405), using the free mathematical software
Sage.
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Chapter 1

Introduction and organisation of the
paper

1.1 Description of the results

For a broader picture on the motivations, we refer the reader to [4].

By a classical theorem of Robert Bryant (see [2]), there exists a holomorphic quartic differential 2z

associated to any Willmore immersion d : X2 - $3 from a closed Riemann immersion ¥2 with the
following property : if 25 = 0, then there exists a stereographic projection 7 : .S 3\ {p} — R? from some
p € S3 such that the mean curvature of the composition

Tod: ¥\ B ({p}) > R?

vanishes identically. In particular, if 32 is a topological sphere, we thereby deduce by Riemann-Roch
theorem that 2z must always vanish identically. At this point, this is not hard to show the following
theorem.

Theorem (Bryant, [2]). Let & : S2 — S3 a conformal Willmore immersion. Then ® is the inverse

stereographic projection of a complete minimal immersion VAR \ {p1, -+ ,pm} — R3 with embedded
planar ends.

Let us now consider branched Willmore immersion ® : 2 — $3. It was showed by Tobias Lamm and
Huy The Nguyen ([3]) that the quartic differential 2z is only meromorphic, and may have poles up to
order equal to 2 at each branch point. Let {p1,--- ,pm} C X2 these branch points. That 2z has poles
of order at most 2 at p1,--- ,pm is equivalent to say that it is a holomorphic section of the holomorphic
line bundle

Z = K§2 oy ﬁ(2p1 + -+ 2pm)a

where Ky2 = T*¥? is the canonical bundle of the compact connected Riemann surface ¥2. If ¥2 has
genus g, then the degree (or the first Chern class) of £ is given by

deg(&) = 4deg(L) + 2deg(O(p1 + -+ + pm))
=4(2g — 2) + 2m.
In particular, if g > 1 or m > 4, then deg(.¢) > 0 and by Riemann-Roch theorem, the space H°(%2, %)
of holomorphic sections of £ has positive dimension.

However, if ¥2 has genus 0, and m < 3, we deduce that
deg(Z) = -8+2m < -2 <0,

so all holomorphic sections of 2 must vanish identically. In particular, we have 2z = 0, and this easily
implies the following theorem.



Theorem (Lamm, Nguyen, [3]). Let & : S2 — S3 a branched Willmore immersion with less than 3
branch points. Then ® is the inverse stereographic projection of a complete minimal immersion ¥ :
S2\ {p1, -+, pm} — R® with finite total curvature.

By performing a precise Taylor expansion of 2z and obtaining informations on the first ([4]) and
second residue ([5]) of wariational branched Willmore immersions, we were able to show that 2z has
poles of order at most 1. Furthermore, for 6y < 3, we showed in [4] that poles are completely removable.
This shows that

25 € H(S? Ko ® O(p1+ -+ + pm))
and we have
deg (K& @ O(p1+ -+ pm)) = —8+m <0
for m < 7. Therefore, we obtain in particular the following improvement of (1.1).

Theorem A ([4]). Let ® : 52 — S q variational branched Willmore immersion with less than 7
branch points. Then ® is the inverse stereographic projection of a a complete minimal immersion ¥ :
S2\{p1,- -+ ,pn} — R3 with finite total curvature and zero flux.

However, as we shall see this is almost impossible to check by hand that 2z has no poles at branch
points of multiplicity 8y > 4. The goal of this paper is to show that there are indeed no poles. This
permits to obtain the following result, which is a combination of [4] and of the forthcoming computations.

Theorem B. Let n > 3 and ® : D2 — S™ a branched Willmore sphere with a unique branch point
at the origin of multiplicity 8y > 1. Assume that & is a true branched Willmore disk for 1 <6y <3,
and provided 0y > 2, the second residue r(0) € {0,---,00 — 1} satisfies r(0) < 0y — 2. If the quartic
differential 2z defined by

—N-> . = - . =N=- 1 = - -
2;=g7'® (aNaNh0®ho — 9Nk, ®8Nh0) +4 (1 + |H|2) Fro & ho
is meromorphic. Then Zg is holomorphic, and the form of degree 8

_ 1, Ne=N= - N=N= S 1, N - N No . -No
G5 =92 {4(8N8Nho @V ho) ® (ho & ho) + 10V R &0V ho) @ (@ ho©8" ho)

- %(aNéNﬁo 2N ho) @ (3" ho & ho) — %(aNéNﬁo ®3" ho) ® (0N ho & ho) + %(aNéNﬁo & ho) ® (0 ho ®aNﬁo)}
1 =2 1 1 NN . = - N7 - 7 =N . = 1 N7 -~ =N = . =
+Z(1+\H| )g ®{§(8 0 ho®ho) ® (ho®@ho) — (0" ho®ho) ® (0 h0®ho)+§(8 ho® 0 ho)®(ho®ho)}
1 S oN2 7 . o2
+ o7 (LHIHP)” (ho & ho)”

s bounded, i.e.
Oz € L™ (D?). (1.1.1)
In particular, Og is holomorphic once it is meromorphic.

Therefore, we deduce the following special case.

Theorem C ([4]). Variational branched Willmore sphere in S* are inverse stereographic projection of
complete minimal surfaces in R with finite total curvature and zero flux.

Indeed, by [4], variational branched Willmore spheres are true and the condition on the second residue
is satisfied by [5], [6].

Finally, as the analysis is codimension free, the computations involving only the meromorphy of the
quartic form will imply also that the poles of order a priori equal to 4 of Montiel’s octic form Oy are
completely removable.



Theorem D. Let & : §2 — S* be variational branched Willmore surface. Then d is either the inverse
stereographic projection of a complete branched minimal surface in R* with finite total curvature and zero
fluz or the image by the Penrose twistor fibration of a (singular) algebraic curve C' C CIP3.

Furthermore, the two possibilities coincide if and only if the algebraic curve C C CP3 lies in some
hypersurface H ~ CP? C CP3.

1.2 Description of the argument

The notations are consistent with [4] and will not be reintroduced again here.

First, recall that the quartic form has the following structure for immersions @ : £2 — R3
-1 NNy - 7 N7 - sN7 R
95 =g ®(a 5" ho & ho — N0 @D ho)+Z\H| hio & ho
—a e 1 - - e g
= g_l ® (86h0 ® hg — Ohg ®8h0) + <4|H2 + hO%/VP) ho® ho + <H,h0>2.

In particular, the expression makes sense for immersions $:¥2 - R" for any n > 3, and if n > 4,
then the quartic differential 25 need not be holomorphic. Therefore, if we compute its Taylor expansion
for arbitrary codimension immersions, there shall be some non-meromorphic components appearing,
which must therefore vanish once we suppose that 2z is meromorphic. Furthermore, one of the main
achievements of this paper is to show that the relations furnished by these cancellations are non-trivial,
and show the holomorphy of 23, once we combine them with the conservation laws.

Indeed, we show that for any branched Willmore disk ® : D? - R" with a unique branch point of
multiplicity 6y > 3 at 0, there exists A;,C; € C™ such that

o o odZt - - o - .. - =
2 = (00— D)0 = (A1, Gy = 6(60 — 2) (|41 (41, Cr) — (A1, Co)(Ay, An)) 7 dz?

300—2) /1 0, ~ = = 4
+ (;)To) (‘Cl|2<A1,A1> — <A1,Cl><A1,Cl>) 2:00 52_90 dZ4 + O(‘Z|3)

If we suppose that 2z is meromorphic, then we obtain (see (2.8.13))

o o= L (1.2.1)
IC12 (A, Ay) = (A1, Ch) (A4, Ch),
Remarking that is a linear system in ((A7, 1), (A1, A1), we can recast (1.2.1) as
AP (AL G | [ (A Gy
- =0. (1.2.2)
—(41,C) |G (A1, A)
Thanks of Cauchy-Schwarz inequality, we obtain
AP AL L =
det . = |A1| |Cl| — |<A1,Cl>| Z 0. (123)
—(41,Ch) [Tk
Therefore, if the determinant is positive, we obtain
<g17 C_;1> = 07
and the holomorphy of the quartic form, and if the determinant vanishes,
Ay and C; are proportional. (1.2.4)



Furthermore, in the case 8y = 4, we obtain
o oo d2? > 9, v = = 2,7 v\ ,4
25 = 6(41,C1) =~ 12 (|A1| (A, Ch) — <A1,C’1><A1,A1)) Zdz

3/ = - o 5 =, o o 3 o o —=—=73
+ 5 (IGUP (A1, A = (A, o) (AL, Gy 2% 2% det = 2( A3, 1) (Cr, Cr) = log [2] + O(121).

so we obtain the additional

<E1761><61761> = 07 (125)
which implies by the preceding argument, that
<g17 C_;1> = 07

along with the holomorphy of the quartic form. So we can suppose that 8y > 5 in the following.

Now, the final argument is to combine the invariance under inversions of the Willmore energy, which
translates into the conservation law

dIm (fi; (aﬁ +|H[?08 + 29 @ (H, ho) ®5<I3) —g'® (5@2 ® ho — 2(®, ho) ®5<f>)) =0
where for all X € C™, we have
Is=|PPX - 2(3, X)®
and gives as coefficient in 29°T3dx; A dxo, by supposing that
|E1|2<g17 C_;1> = <X17 C_”1><‘LY17 g1>
the following quantity (see (4.6.35))

400=4) 2z Ay
g AP Gy =0 (1.2.6)

Finally, as (1.2.6) trivially shows that
(A1,C1) =0
we also obtain the holomorphy of the quartic form 2.

Finally, let us mention that there is a result on the removability of poles of a 8-differential for
branched Willmore spheres with values in S*. The removability of these poles does not necessitate
additional analysis as one can see in chapter 5.

1.3 Heuristic argument

We can see easily that for a true Willmore sphere with branch points of multiplicity 8y < 3 the quartic
form 2z is holomorphic, as the coefficient ¢ € C in

cdz*

95 =

+0(1)

is a function of the first residue 7y, which vanishes whenever the first residue does. For branch points
of multiplicity g > 4, we can even remove the hypothesis as (A},C_’E) is independent of 4y. In this
case, the coefficient has no geometric meaning, and this fact is general, as for any holomorphic function
h : D? — C such that h(0) # 0

h(z) dz*

z
there exists a local coordinate w around 0 such that

4 4
hz)dz" _ dw” (1.3.1)
z w

We refer to [1] for more details on this.



1.4 On notations

In order to obtain an extremely readable format for the code, a function
F(z) = MA2°2" + A\,B2°Z%10g” |2, M, A €C, A, BeC", ab,c,deZ, peN.

will be written as the following matrix

ﬁlegabo
N B ¢ d p

and in the case p = 0, we will simply remove the last column of zeroes and write instead

Fo(M A a b
X B ¢ d
All program shall deal with matrices of this type, and as logarithm terms only appear at branch points

of multiplicity 8y < 4, this will be very convenient to remove this last column to speed up computations.
The error in O(|z]*) will be most of the time omitted for simplicity of notations.

We used this notations as in the Sage code, all variables are complex or real numbers, so to keep
track of the order scalar product arise, this notations is quite convenient.

Finally, we will indicate with a red cross scalar products which vanish, while the scalar products
which cancel will be indicated by a blue cross. For example, we have
<ffo,go> =0, </T17A‘1> + 2(/?0,/1’2> =0,
so we will write in expressions involving several scalar products
(Ao Ao), (A + 2045 As)
to indicate to the reader which cancellation we have used.

Finally, remark that there are hyperlinks to any equation in this document.

1.5 The code

The Python code from Sage is available on the personal website of the first author at the following
address:

https://people.math.ethz.ch/ alexism/publications

The link is available under the name Sage source code, which can be found after the
link to this present paper.

The Sage version we used is the version 7.3 ([7]), and at the end of the project, ETH’s Sage version
moved to version 7.6, which did not create compatibility issues in the last computations, which were
performed with this more recent version.

Remark A. The code was runned on ETH’s supercomputers, and some programms needed around 3
hours to finish (on the model described below), especially for the last order development of the quartic
form and the last order development of the conservation laws. The last order of the Weingarten tensor
also took some time (less than one hour though), so we do not know how much time it would take (if
it can terminate) on a personal computer. Nevertheless, the first two steps of the code (in the two files
Code_Classification_1.txt and Code_Classification_2.txt) are not very resource demanding, and
one shall be able to run it on a personal computer. As an indication, the strongest machine we had access
to had the following characteristics:

Type : Superserver 1027TR-TF
CPU : 48 x Intel(R) Xeon(R) CPU E5 — 2697 v2 @ 2.70GHz
RAM : 256GB


https://people.math.ethz.ch/~alexism/publications

For more informations on the hardware aspect, we refer the reader to the following link:

https://blogs.cthz.ch/isgdmath /central-clients/


https://blogs.ethz.ch/isgdmath/central-clients/

Chapter 2

The direct verification of the proof

2.1 Step 1 verification : upper regularity and poles of order 2

First, recall that by the very first development of the four tensors is
0.9 = Apz"~" + 0(|2|")

g =272+ 0(l2/**"1)

- c . (2.1.1)
=t <9> +O(|=P~%)

One can check that each development made in [4] has an error in O(|z|**17¢), where « is the maximal
order of products of z and Z. From now on, we will not write these errors to simplify notations. With
Sage, we define

dzphi = matrix([1,a0,n-1,0])

g = matrix([1,n-1,n-1])

ginv = matrix([1,1-n,1-n])

H = matrix([[1/2,c1,1-n,0],[1/2,c1b,0,1-n]])

with obvious notations (here n corresponds to the multiplicity 6p), and using the latex() function with
the function

latex(dzphi),latex(g),latex(H)

yields
(1 Ay 6—-1 0),
(1 -1 6—1),

Ci —0p+2 0
Cy 0 —6p+2

SIS

which we interpret as
9.2=(1 A 6—-1 0)
g=(1 6—1 6,—1)

Gy =6y +2 0
61 0 —6g+2

SIS



In these notations, the first column is a numerical constant in C, the second the vector coefficient in C™
(if the matrix has 4 columns), and the two last columns are the power in z and Z respectively.

Remark A. From step 5, as logarithm will appear in the developments, the scalars will have 4 columns
and the vectors 5. This shall not create confusions as we will consistently come back and force between
this matrix notation and the more traditional one from [4].

We will systematically omit all dz,dz?,dz>, dz*, dz%,|dz|* factors in the following expressions. In
particular, scalars have 3 columns, and vectors 4.

We will always write first the result given by Sage, then the transcription in correct mathematical
notations, so that one can check consistently each step. We will also indicate to which equation one
needs to compare with.

Assuming that the second residue satisfies 7(0) < 6y — 2, we start from the expansion obtained in [4]
- - - - 1 = 1=
8z¢ _ Aozeoq + AleU + A2290+1 + Eclzzt% + gclzt%flEZ + O(|Z‘90+275)
0

& (2.1.2)
H=Re < ! >+O(|z3905),

500 —2

obtained by direct integration of

1

. L1 5
0: (0.8) = 5 = 3= (14 O(J2)) x (Re <C> +0<|z3-9°-6>>

1 -
= SRe (olzzf’o*l) + O(|2|f0+1—2)
15 1=
= 10177 4 G Tz 4 0|2 ),
using the first order expansions of €2* and H in (2.1.1) (and using Proposition 6.7. of [4] to integrate it).

As (8.8,0,®) = 0, we find directly

(Ao, Ag) = (Ao, A1y =0, (&, C) = (Ao, C)) = 0. (2.1.3)
Now define
ag = 2(4y, Ay),
ap = 2<ATO7 D)
As |j0\2 = %, (2.1.2) implies that

e = 2]0,8|? = |2|*% 2 (1 +2Re (apz + 12%) + 2|41 2|2 + O(\z|3_5))
which is coded as

1 0071 0071 (0%} 00+1 0071
e = 2 |A1|2 0o 0o ag bOp—1 0o (214)

(o)) 0o 0y —1 a; 6p—1 6p+1



as expected. We now compute

,92 ;()2 c, 0 6
4 Ay 6 0
—2ay Al 6 0
ho = 208 —4ay Ao 6y 0| TO(z"T) (2.1.5)
2 Ay B—1 0
—2ap Ay Bo—1 0
4|4 +2a0a Ao Op—1 1

to be compared with
}_7:0 =2 (A'l — aogo + (2|/T1|2 — ‘Oéo|2>/foz) Zeo_l +2 (21@2 — Oéo/Yl — (20(1 — Oéé)/fo) 290

(0o —2)
20y

Ciz% + O([=| 1)

so we see that both developments coincide to this point. We also check that

95 = (0o~ )00~ 2(A. ) 1 o)

as in the code, we have
g = (—((Olog(g) —3apby + QQO)AO - (9(2) — 3600+ 2),41)01 1 0) +0(1)

and as (A, C1) =0, and (6y — 1)(fy — 2) = 62 — 36 + 2, we indeed recover the same formula.

2.2 Step 2 verification : higher development for 6, > 4

From now we suppose that 6, > 4.

Let us sum up the different developments we obtained so far. From now, we can be much faster and
check directly the important steps, that is the development of @, H, 9,®, e2* and hy.

As previously, Q is such that

e

0Q = —|HP0® — 297" ® (H, hy) © 0

and @ has no anti-holomorphic components of high singularity. Now, as H = O(]z|?>=%) and 9.% =
O(|z]%~1), we have

|H[20® = O(|z>~%) (2.2.1)
and (see del11H3)
gl e (H 0o = A Ao o2 0} 1+ o(z2-%) (2.2.2)
1-C1 Ay 0 —6p+2

which checks.

10



While it is not used in this step, we will need the development of |ﬁ \285 in the next one, so we check
that

i Cﬁ Ay —0p+3 0
|H?P0® = | % 010% Ao I —0o+2 (2.2.3)
167 Ay Op—1 —20p+4.

In particular, thanks of (2.2.1) and (2.2.2), we see that |H|29® is an error, and we obtain

2 ((050(9() — 1) — aoeo)Aocl + A101)

. Ay —0p+3 0
0= 0o — 3

-2 (040(90 — 1) — 04090)140?1 -2 Ala AO 1 *60 + 2

and as (Ay, Cy) = (ATO, Ch) = 0, this reduces to
24,.G,

G- = —0o +3 0

—2A;-C4 1 —0p+2

a(ﬁ-2¢i+%log|z|—c}') -0

2 2

and as

there exists @2 € C™ such that
s e G G s
H—2ZL+’7010g|Z| = W—F 2907_3 +Q
2 ((040(90 — 1) - 04090)14001 + AlCl)
N 0o — 3
—2 (a0(00 — 1) — aooo)Aoa — 2A1a Ao 1 —90 +2

B OTl CTQ Ay —0p+3 0
- 29072 + 50073

so taking the real part we get

(ap(Bo — 1) — apbo) ApCr + A1Cy T

o —bo+3 0
9()—3
0o — 1)ag — Ogag)AgC1 + A1C
) é, ((6o — Dag — o) AgCt1 + A1Ch Ao 0 0y +3
H=Re |5 |+ 0o =3
zb0— _ o
—(ao(fo — 1) — apbp)AgCr — A1C1 Ay 1 —0p + 2

—((0p — L)ag — boag)C1Ag — C1AT Ay —0p+2 1

!
1

so using again (Ag, C1) = (ATO7 C1) = 0, we finally obtain

% G o 0o — 2 %3 A —6o+3 0
g é Ci 6o—2 0 g;f;l Ao 0 —6o+3
S D 0 —e3| | 4G A 1 —ee+2
% Dy —0o+3 0 G- A Ay —0p+2 1
so for
=D :00 —gtn G, (2.2.4)



we obtain

, c C. I e
H = Re (2;901—2 + 2902_3 +Blzeo—2> +O(|Z‘4 fo ) (225)

2.3 Upper development for 6, > 5

From now on, all computations are exclusively computer generated.

Reinserting the new development of H allows one to obtain for some D, € C"

— 61 62 53 ﬁ4
A = Re <290_2 s + 290_5> (2.3.1)
Aoag — A1) Cy
_(000—31)1 A0 b3
- 0—9 ___ _ N
2 ((0702 —071)140 —A1070+A2)01 - (Aoaio— Al)cz
0 —4 Ao 0 —0y + 4
o _
m Ao 0 —0y +4
(Aoco — A1)Cr Ao 1 —00 + 2
Aotio — A1) B1 + (2|A1[*Ao — 2 a0 Aoain + ao A1) Cy
_( 0000 1) 1 ( | ;| (; 0Aocio 0 1) 1 Aq 1 9,43
6o —-3
Agag — A1) C
_% A1 a3
o —
(Aoao — A1)Cr Ay 1 —0o +3
(2 AolA1]? = 2 Apcoas + Al%)a+ (Aoag — A1)Ca Ao 1 —0o +3
—701(9%; 2)C Ao 2 —0p + 2
o
1 _ s .
5 (Aoao — A1)B1 — ((050 — Oé1)A0 — Arag + Az)cl Ao 2 —0y + 2
Cc? —
10 Ag —2600p+4 0o
n o (2.3.2)
(/Toaio - TI)CI Ag —bo+2 1
_01(908‘—9{—2)01 Ag —0y +2 9
o
1, _ . _
3 (AOOTO* AI)BI — ((0702 *CTl)Ao — A1070+A2)C'1 Ao —00+2 2
_(Aoaeoigl)cl Aio _00_"_3 0
o —
Apag — A1)Bi + (2 Aol A1]? — 2 Apawan + Aran)C1
7(00 1)B1 ( 001 1|3 00 xlo 10) 1 o 0043 )
o —
e, 5 s
o —
(Aoa — A1) Ch Ay —60+3 1
(21411*Ag — 2004000 + a0 A1) Ch + (Aoao — A1)Ca Ao —bo+3 1
2((a2 —a1) Ao — Arag + A2)Ch — (Ao — A1)C __
(( 0 1) 0 1 ;0_42) 1 — (Ao 1)Ca T 60+ 4 0
02
8(971_4) Ay —0o+4 0
Oc—z
_ﬁ Ao 90 _290+4

12



so for some C3, By, B3, E4 € C™ we have

2002 " L8o—3 ' L4

— C_:l 62 C_:g - z . 72 — K 50
H =Re ( + + +B1290_2 +32W+B3Z%7_3 +O([z]"7).

or on the code

Ci —0+2 0 C; 0 —6y+2

Cy —6p+3 0 ?2 0 —0y+ 3

C; —6y+4 0 ﬁg 0 —0p + 4

]
1

B —6,+2 1 Bl 1 —6y+2

By —6,+2 2 B, 2 —0y+2

By  —0p+3 1 By 1 —0p+3

NI =N =N =N =N =N =N =
IR T N N S N O ORI

Ey —2600+4 6 Ey 0y —200+4

We will only need the precise expressions of B; and Ej. First, recall that (2.2.4) we have

— —

By = —2(A;,C1) Ay

1)

while by (2.1.3), we have

— —

(Ao, &) = (Ao, &) = (Ay,Cy) = (&, Cy) = 0.

Therefore, comparing (2.3.3) and (2.3.1), we obtain the expression

(Apag—AT)By + (2 AetAT]” — 2 Apagag + A1a0)Ch ——
— Ay —0p+3 1

0o — 3
—_A _
- _ Hoan — A1)Cy A —0y+3 1
15, fo — 3
2 —_ —
(A(Oéf—fh)cﬁ Ay —6y+3 1
(24P — 200580 + ag A1) Cy + (Agio — A1) G2 Ay —60+3 1
Ty . 1 - o T = o - - = o
= 0 (A1, O Ao + o (A1, C) Ay — (A, Gy Ay + (ao (A1, C) — (A3, C))
0o —3 0o —3

while we trivially have

1~ o2
2E1<_4910 Ay —20p+4 90>
1 - o =

_—%<Ch01> 0

Now, we have as (ATO, By) = —(A;,Ch)

C1(6y +2)C _
1. —71(%9 )G Ay —bp+2 2
5_82: 0

1 _ . _
5(140070—A1)B1—((0702—071)140—1410704-142)01 Ay —0p+2 2

13
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Op+2), = = 1 = 5 = o - o o
— -2, + (-5t Co) + (A, G} - (Fa, Oy ) A
0
0o + 2 = 1_ = = = = -
:_( 80, )|C > Ao + (040< 17C1>—<A2,C1>) A
so we obtain
- Oo+2), = = = - o -
By = _%|01|2A0 + (OZO<A1,01> - 2<A2,C1>) Ag
o
_, = 2 -5 o T 200 o = - - o -
By = —2(A;,C1) A + 007_3@41, 1AL+ % _03<A1701>A0 +2 (CY0< 1,Ch) — (A, C >) Ay (2.3.4)
. 1 = = .=
E,=—(C,C
1 290< 1,C1) Ao
Integrating the equation
- e .
0= (0.8) = -1,
one obtains for some A},, A, € C" the development
1
10 Cs 3 6o
a
1 Ao Bo—1 0 1, @03 B
ag
1 A 6 0 100 C: 3 %o
1
1 Ay Oo+1 0 500 E; —60+3 2600
1 _
1 As Oo+2 0 3 By ) 2
1 _
1 Ay 6o+3 0 g [e7) 4 0o 2
1 i —
4790 Ch 1 6o 12 Bs o 3
1 L - 5
B - @o By 0o 3
10, +1) Lol 112
ag — Ca 6o 3
C 1 6 1
160+ 1) 1 o + 112
B 1 AP G 6o 3 ~
0:% = | TG0 7 9) B: 1 6p+2 6 : B +0(|2)™7%) (2.3.5)
10,12 ot . _
& 13 Cy 6p—1 3
o+ B b t2 1
’) 5 O 6 -1 3
o G 2 0o | B
a 0 E C,j 6() - 1 4
ﬁ Cl 2 00 1 o
10 E()Tl Ch 0o —1 4
——— B3 2 6o +1 _
4 (95}— 1) %6070 Co 0o —1 4
Qo
C: 2 0o+ 1 _
400 +1) ? 0 é B: fo+1 2
ap
-———— B 2 1 __
4(90+1) ! 0o + %Oﬂ (&3] 0o+ 1 2
|As|? 1 —_
o+ 02 Gl sao B o+l 9
10— 1) B 200—1 —6o+4



Throwing all terms of degree more than equal to 6y + 2 yields

1 Ay 6p—1 0

1 A 0o 0

2= 1 A 6,+1 0
1
— 10
10, Ch o
Lo b-1 2
8 1 0

so we recover (2.1.2). The next step is to look at relations given by the conformality of ®. We have

A2 26 — 2 0

2 AgAy 200 — 1 0

A2 42 ApA, 26, 0

2 A1 A5 +2 AgAs 200+ 1 0

A3+ 2A1A3 +2 AgAy 260+ 2 0

/;09001 " 6o

AoCrag + AgB

0021(3211)0 : b b+l

8 AgB1b6pag + 8 AgC16par + 8 AgBoby + C1(00 + 2)a

0 0o + 2
16 (03 +260) 0 o+
Aga + A1)Cy + AyC
(Aoao 212 1 0C2 - .
0
= {0 5 0 (I; — AOCQOéiO"' (AOOZO +A1)B1 +AOBS + (2AO|A1‘2 +A10470>Cl
e Oo+1 Gp+1
2(0o+1)
(Ajag + Agag + A2)Ch + (Agag + A1) Co + AgCs )
o + 2 0o
20,
4 AgEr10 + CF
T 2 26,
AoB1 + - (Aoao + A)Cy 20, — 1 )

AQBlao + = AoBg + = (2 A0|A1| + Alao)Cl + = (A()Olo + A )ﬁ 2600 —1 3

1 A001 209 — 2 2
1 — 1 —
- AQCloéo + = A()CQ 2600 —2 3
A()CQCY() + = A001a1 + C1 + = A()Cg 200 — 2 4
1
Z (Aoao + A )Bl + - AOBQ + - (A10éo + Agag + AQ)O 26 2
A()El
Sy S——r 360p—2 —0 4
20 — 4) 0 ot

Most of these relations are trivial or uninteresting, and we will only need besides the previous ones (as
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(4o, Ch) = (Ao, C1) = 0)
(A1, Ay) +2(Ap, Ay) =0, (A, Ch) + (Ao, Co) =0, (Ap,C) =0, (2.3.6)

furnished by the lines (26, 0), (6o + 1,00), and (26p — 2, 3). Therefore, we deduce that

1 — 1, — 1 — 1 —— 1 == 1, - =
0= 3 AoCoag + 3 AoCrar + o1 Chv + 3 ApCs = 674<01’CI> + §<A0703>
SO
(Cy,Ch) +8(Ay, Cs) = 0.
We now stress out all relations we shall need in the sequel
(Ao, Ao) = (Ao, A1) = (Ao, C1) = (Ao, C1) = (Ao, C) = 2.37)
<g17 H1>+2< H07 ﬂ2> :07 <g17él>+ <A'01 ﬂ2> _07 <61701>+8<1I0763> =

16



As 2 = 2(9,®, 0:B), we compute

2

2 AgAg
2 Ag Ay
1
2A0A2+1A001
1, 1
2 ApAs + B (2 Aoag + 3A1)Cl + 5 AoCo

- 1 — —_— —_—— 1, — _—— 1
2 Ao As+ 5 (4 A1a0 + 3 Aot + 6 A42) Cr + o1 (3 400 +4 A1) Cz + ¢ AoCy

5

200
AoboBi + (Aoaobo + A1 (60 +1))C1
2(02 + 6o)

1

AeCras + AdCa

o . 260 o o
AoboBrag + AoboBs + (2 A090|A1|2 + (906?04-@70)141)01 + (Aocaobo + A1(60 + 1))C>
o ., 2 (9(2) + 6o) o o L
8 (00071 — 4&71)‘4001 + (00 — 4)01 +8 (00070 — 4a7())A()CQ +8 Ao(eo — 4)03 — 8609 ApFn

16 (62 — 400)
1

460
1 1 —_
1 AoCrowo + 1 AoB1 +2A2A

1 1 1 1 —_—
&Aoot + 5 (2 Aoao +3 A1) Br + ¢ AoBs + 15 (4 Ao Au]” + 3 41a0) O +2 Az Ay
iAOCH +2A2A0

1 1 _
1 (2 Aoao +3A1)C1 + 6 ApCa + 2 A3A
1

1 1 —_
ﬂ (4 Aiag +3 Agar + 6A2)C1 =+ ﬂ (3 Aogag + 4141)02 =+ g AgCs3 +2 A4 A,

p2
012(00 — 4) — 8 AoE100 + 8 (05190 — 40[1)011470—&- 8 (0[000 — 4040)021470 + 803(90 — 4)1470
16 (93 — 400)

2 A1 A

2A1 A,
1 S R
1 aAoCrL +2A1A2 + 1 AoB1

R 1, e 11 _ N
5 apAoCs +2A1As + 1 (2A0070+3A1)Bl + EAOB3 + 1 (4\A1|2A0 +3a0A1)C1

0

L 26 .
B16oAg + (6o Aot + (60 + 1) A1) Ch

2(62 + 6o)

3

Cragfo + Cofy
L L L 2600 L L L
BiagboAg + BsboAg + (200] A1|*Ag + (aobo + o) A1) C1 + (6o Aotig + (0 + 1) A1) Ca

2(03 + o)
0
4600

17

0o — 1
0o — 1
0o — 1
0o — 1
0o — 1
2600 — 1
260
2600+1
2600 — 1
260
2600 —1
3600 —1
0o +1
0o + 2
0o + 1
0o + 2
0o + 3
0o +1
3
6o
6o
o

0o

0o —1
0o
6o +1
0o + 2

0o+ 3

—600+3
)
6o

0o — 1
0o — 1
0o — 1
0o + 1

2600 — 1

0o — 1
6o
0o + 1
0o +2

2600 —1

26y

2600+ 1

200 —1

260

—0p+3 360—1




where

1
M= 5003 1302 + 26,)

{ (65 + 60) Ao Bz + ((cw0b + aobo) Ao + (65 +260) A1) By
+ (0165 + a100) Ao + (o8 + 2 o) A1 + (65 + 360 + 2)142)01}
71 AR, —_— -
Ho = o5 7 {8 0FAgBy + 8 AgB102ag + 8 AgCh0%an + 8 AgBa0 + 64 Ax03 Ay + 802 Ao By

+ (8au62A5 + (62 + 4)01)01}

1
13 = 9003 + 302 + 20,)

{(93 - 00) Ba Ao + (6335 + Ooti0) Ao + (63 + 260) A1) By

+ (0507 + boarr) Ao + (50 + 2 6000) A1 + (65 + 360 + 2),42)01}.

=

As E; € Span(Ap) thanks of (2.3.4), we have

(Er,A9) =0

2390—1

903> in the Taylor expansion of e2*. Also, thanks of (2.3.7), we
z

so there is no coefficient in Re (*

know that
<"Z1'07 él> =0
the coefficient in Re (¥2z%2% 1) also vanish. Also, by (2.3.7), we have

(A, Ca) =0

so the coefficient in Re (¥2222%°~2) also vanishes.
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Finally, we have

2 Ag Ay 0o — 1 0o — 1
2A0A71 00 -1 90
2A0A72+3A001 0o —1 0o+ 1
1, S
2A0A3+E(2A0cTo+3A1)Cl+gAOCQ Bo—1 6p+2
— 1 — —— 1, e 1
2A0A4+ﬂ(41410[70“!‘314005714‘6142)01“"%(3A0a70+4141)02+§14003 0o — 1 0o + 3
AoboBi + (Aoaobo + A1 (60 +1))Cr
2 26y 1
2 (90 + 6o)
J25% 200 + 1 1
AoboBraig + AoboBs + (2 Aobo| A1) + (900670-1-670)‘41)071-%- (Aocobo + A1 (6o +1))C2 20 )
_ ., 205 +00) - B ’
8 (900(71 — 40471)14001 + (90 — 4)01 +38 (900(70 — 40470)14002 + 8A0(90 — 4)03 — 869 AoEn
200 — 1 3
16 (02 — 400)
1 1 _
1 AoCiag + 1 AoB1 +2A2A; Oo + 1 0o

1 1 1 1 —
6A002(70+ﬁ(2140a0+3141)31+6AOB3+E (4A0|A1\2+3A1070)C1+2A3A1 0o + 2 0o

e = iAOC1+2A2A70 bo+1  6o—1
1 1 —_
E(2A0a0+3A1)01+6A002+2A3A0 0o + 2 6o — 1
1 1 1 —_
ﬂ(4A10zo+3A0a1 +6A2)C1 =+ ﬂ(3A0a0+4141)02+§A003+2A4A0 6o+ 3 O —1
2 0o + 1 0o+ 1
012(00 — 4) — 8ApE100 + 8 (05190 — 40[1)011470—"- 8 (0[000 — 40(0)021470 + 803(90 — 4)1470
3 200 —1
16 (62 — 400)
2AlAi() 90 00 -1
2A1A; o o
| IR
ZOéOAocl +2A1A + ZAOBl 0o 0o+ 1
R 1, e 1 1 _ O
5 0040z +2 A1 As + o (2400 + 3 A1) Br + ¢ AoBs + 15 (414140 + 300 A1) O o Oo+2
B160 Ao + (901470070 + (60 + 1)1471)01
2 1 200
2 (90 + 90)
M3 1 200 +1
Biawbo Ao + Bzbho Ao + (2 90|A1|2I0+ (a0bo + ao)AT)Cl + (901470070—!— (6o + 1)I1)Cz
2 2 290
2(65 + 6o)
for some uninteresting 3 € C. First, recall that by (2.3.4)
_, 1 = = .=
Ey=——-(C,C1)A
1 290< 1,C1)Ag
while by (2.3.7)
(Cy,Cy) + 8(Ay,C3) = 0,
so we deduce that
W—8A0E100+8(a190—4a1)%5+8(a090—4040)%—1—%:_ 0o (Ay, Br)
16 (02 — 46,) 200(0p — 4) !
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1 " L L=

1 — 1 .~
= 551 o 3y oG ) = gy (O (239

I
as |Ao)? = ok

?=

- 1
In particular, recalling that |Ag 3 we see that there exists some constants

BeER, az a3 a4,as5, a6, 07,08 a9 €C

such that

62)\ — |Z‘290—2 + 2‘A1|2|Z|290 +/B|Z|200+2 + 2Re (aozeozeo—l + alzGO-‘rlzGo—l + QQZEQQO +a3Z90+2290—1 +a4290+3290—1

+ Oé5290+1§90 + a6290+2300 T 057232290_1 + 058225290 + agzz290+1) + O(|Z|290+3—6>

so that

204 6 b
a5 Oo—1 6
B B+l Go+1
a; Op—1 65+1
(670} 90 90—1
%) 20, 1
a7 90+1 9071
as 6p—1 6p+2
(65 1 26‘0
o az; Op—1 65+3
e = o3 Oo+2 6y—1
as 0o 6o+ 1
Y 0p+3 6Op—1
a6 o 0o + 2
as G +1 0o
a7 20 —1 3
(675 90+2 90

as 26, 2
o 3 20)—1

Qg 20p+1 1
ag 2 290
Qo 1 26p+1

In these coefficients, the only interesting ones are \/Y1|2, ap and ag. As we need the exact formula for

o, we first recall that

—

= o - - 1 -
By = —2(Ay,C1)Ag, |Ao]* = > (Ap,C1) = 0.

We deduce that

and finally
B B0y Ay + (BeAoaio + (60 + 1) A1) Cy B 1 - -
e 2 (03 + 0o) " 200(6 + 1) (_90<A1’Cl> + (0o + 1)<A1701>)



= (4,,C 2.3.9
while by (2.3.8), we have
(C1,Ch). (2.3.10)

Now, we have

1 1 _
053—E(m+3Al)Cl+6AOC2+2A3AO
1 - = 1 - = - 1 - = =
= 1(1417 1)+ 6<A0’C2> +2(Ag, Az) = E<A1’Cl> + 2(Ao, As)

Finally, we have (using the result not proved yet that cg = 0, but ag does not enter into play in this
proof at the reader may check)

| —

Qg —

1 1 1 _
AoCoop + T (2 Agap + 3A47) By +ﬁ%+ T (M‘f’ 3A105)C1 + 2 Az A,

Now, we also have as (A1, Cy) 4 (Ay, Ca) = 0 by conformality

0 = (Arag + Agar + Ap)Cy + (Agag + A1)Cy + AgCs = (Ay, C1) + (A4, Co) + (Ay, Cs)

and the development

1 1 1 —
oy = ? (4A10£0 +B,A0’Oﬁ+ 6A2)01 + ﬂ (3A00&0 + 4A1)02 + g Aoc’g + 2A4A0

A LRV T IO B . — .
= 6040<A1;01> + 1<A2,C1> - §a0<A1,Cl> + 6<A1’C2> -3 (<A2,C1> + <A1702>) +2(Ap, As)
1 = o~ 1. L - .
= ﬂa0<141701> + ﬂ <3<A2,Cl> + <A1,CQ>> + 2<A0,A4>.
041:2@‘_1’0,[1'2)
1 =
= Y
1 . . P
as E<A1701>+2<A0a143>
R T . - .
o = grao( Ay, ) + o7 (304, Cr) + (A1, Ca) ) + 2(Ao, A) (2:3.11)
a5_2<g17 _‘2>
Qg = <_'17 _‘3>
L (GG
aq 880(90 _4) 1,“1
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btain
W O
We no

6

8
90 -2
20,

90 -2
2(6o +210)70
Ooarg — )

2(6, +21
0y —
2(6, +22a)7

900[1
D) (90 + 2)7
By — 20)40
- 2(6, +32
00 -
20
01090 — 20(0
26,
0y —3
72 (90 +31a)70
Bog
-~ 2(6, +21o)¢0
agly —
C2(60+1)

2—6%0070
( 2 290+1)|A1‘
2 (65 —

2(65 + 6o)
O — 4
20
2702041
a1t
206,
01090 — 30é0

22

Ay
Ay
Az
Ay

Gy

C1
Bo
C1
By
C
Ch

B3

0y —1
to
0o+ 1

0o + 2

—0p + 2
0o — 1
Op — 1
Oy — 1

0o —1

6o

to
Op+1
0o+ 1
Oy + 2
Oy + 2
Oy + 2
0o
0o
O+ 1
O+ 1
Op+1
O+ 1
0o
o
0o

26,




L Bl 200—2 —0p+4

2(60—4)
—4| A1) + 2000 Ay Op—1 1
—4|AL ] + 2a0a0 A 6 1
—4| A, + 2 apap Ay fo+1 1
Ha Ag 0o 2
—2 Ay Oy —1 0
—2 g Ay 0o 0
—2ap Ay Gg+1 0
—2 Az Oy +2 0
2a(2) — 4oy Ag 0o 0
208 —4ay A Gp+1 0
202 — 4y Ay O +2 0
2a96) —4as Ap 0 O+ 1
20900 — 4 s Ay 1 Oy +1
—4a890+2a8+6a0a1—6a3 Ay Oy+1 0
—4@890+20¢8+6a00¢1—6a3 Al Oy +2 0
20[3—4—4048011 —|—4a%+8a0a3—4(aé+3a3a1)90—8a4 Ay 6y+2 0
—12a2bpag + 8ol A1) + 8 adag + 4arag — 4as Ay by 1
—12a26pag + 8ao|A1|* + 8 adag + 4ajag — 4as A fo+1 1
s Ay Hy+1 1
20700 — 8y Ao 2 fo
6 apas — 2 (agas — ag)by — 6 as Ap 1 Oy +1
—2 (o — ag)bp + 4wy — 4 ayg Ag 0 Oy + 2
—20p0; — 20 Ay 20p—1 —0p+2
—20003 — 203 A 200 —6p+2
—40p° + 4ag® Ay Oy —2 3
—46pa0° + 4ag° A 6y —1 3
dag! + 12ag%ar — 4 (" + 3agan)bo Ao 6y —2 4
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—12 apboan? + 4| Ay ag + 10 g 4+ 2y — 2@ Ao g —1 2
—12apbog? + 4 | A1 ag + 10 g 4+ 2apar — 205 A1 6 2
e Ay Gyp—1 3

—2 6y Ao 200—2 —0p+4

2 (paz — @)y + 2000 — 20 Ap 200—1 —60+3

2 (o — @9)o + 4 gz — 40 Ag 20  —Op+2

where
pa = 8| A" + 18 adag? — 16 (3 aofo@ — 2 ao@o)| A1 [* + 8 ardp? — 12 (2adag? + ardn? + alar)fo
+4dasan +4 (208 + ar)ar +dagas — 48
M5 = 10 0480170 —12 (2 01(2)00 - Oég - Oél)|A1|2 + 12 Qo1 + 60[00[5 -8 (2 (180470+ 30[00&10&70)90 + 60[3% - 60[6

ue = 14 0400703 —4 (6 900702 — 50&702 — 071)|A1‘2 + 20 agagag — 8 (2 04001703 + 3&0040051)90 + 2 apag + 2apas — 2 Qg

Throwing all terms of order larger or equal that 6y + 1, we obtain

2 A 6h—1 0
4 Ay B O

_9;;02 Cy 0 0o

ho=| —4]4\ + 20035 Ao Go—1 1
—2a, Ay Ohp—1 0

—2 Ay to 0

202 —4dar Ay Oy 0

which agrees with the previous development (2.1.5).

2.4 The conservation law associated to the invariance by inver-
sions

Finally, we have thanks of the third conservation law
dtm (|8Pd - 28, @3 — g~ @ (Fo @ 98P — 2(f0, 8) © 5) ) =0
if

a=0H + |H?08 +2¢9" @ (H, ho) ® 99. (2.4.1)

As the form



is a C"-valued 1 differential of type (1,0) (in Spanc.(dz)), we write for some F : D* — C™,
B = F(z)dz, (2.4.2)
and we have 85 = 0. Therefore, we have
df =09B+ 03 =98
and by (2.4.2), we deduce by linearity of imaginary part that
dIm (ﬁ) =1Im (55) =1Im (8;13(2) dz A dz) = —2Re (%ﬁ(z)) dxy ANdxe =0
as

dz Ndz = (dzy — idx) A (dxy + idxs) = 2idxy Adxe, and Im(i-) = —Re ()

In particular, we have dIm (5) = 0 if and only if

Re (a;ﬁ(z)) —0. (2.4.3)
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Qu

We first compute

—2A0C1a0 +2A:C4
-2 A()ClOéo +2A,Cy
2A001a(2) + 2 (ag — 20(1)14001 — 4141010(0 — 2140020(0 —|— 414201 —|— 2A1CQ

2 AoCrapag — 2 (2 |A1|2 — aooTo)AoCl —2AoBiag —2A1Ciag + 2 A1 B

~Ci(0 —2)
26,

—2 ApaoC1 +2A:C1
—2 ApapCh + 2 A:Cy
2 ApalCy — 2 Apap By + 2 (ag -2 al)Aoa —4A100C1 +2A1B; +4A:Cy

2 ApayCrog — 2 (2 |A1]? — QO%)Aoa —2AoaoCy — 2 A1 Crag + 2 A1Ca

 Ci(60—2)Cy
200

As & is Willmore we have with the command

Ch

Co

By
By
Bs
Er

By

—00+1
—60 + 2
—60+3
—00+1
—6o+1
—60 + 2

—2600 + 3

0o — 1

—0y + 3

0o — 1
—6o + 2
—6o + 2
—60+3
—60 + 2

—2600+3

—0g +1

latex(matrix_sort(matrix_full_simplify(real_part(diffzb(alpha)))))

26

0o
—0o + 2
—00 + 2
—00+3

—2600 +4

7904»2

—200 +4

bo
—6o +2
—6o+3
—6o+2

—0o + 3




the identity

—% 6o+ 1 By 0 —0g+1
((cobo — 2 9) Ag — A1 (6o — 2))C Ay 0 —t+1
—% 6o + g B; 0 —0y + 2
— (Ao — A1) Cy Ay 0 —0p + 2
(0o — 3 g)Ag — A1 (6 — 3))C1 Ay 0 —0p + 2
1 Ay 0 —0p + 2
~(Agao — A1) By — (2141 Ao - 20005 + a0 A1 )Tr Ay 0 Gy +2
—0p + 2 By 1 —0p+1
Vg Ay 1 —0p+1
—02 + 26, Ey —20p+3 6y—1
0 = Re (85) = ;?5(902) Ag —200+3 61
-3 0o +1 By =6y +1 0
((Boarg — 27ag) Ag — (60 — 2) A1) Cy Ay —Op+1 0
By + 2 By —fp+1 1
(63 —4‘;)00101 Ay —Op+1 1
V3 Ay —0p+1 1
—% 0o + % By —0y+2 0
((Boarg — 3ag) Ag — (6 — 3) A1) Cy A —0p+2 0
—(Apap — A1)Cy A —0p+2 0
vy Ay —0p+2 0
—(Apap — A1) By — (2 Aol A1 ? — 2 Agagas + ,41070)01 Ay 0 +2 0
—03 + 26, Ei 0—1 —200+3
_% 0y — 207 Ay Op—1  —20+3
where

v = (2 Ao(8 — 3)|A1]? — 2 (awboan — 3 ) Ao + (Goco — 3070)141)?1 + (oo — 3 ag)Ag — A1 (6 — 3))Ca
va = ((aofo — 29) Ao — A1 (80 — 2))B1 +2 (205 — (af — 1)bo — 201) Ao + (o — 2 9) Ay — As(fp — 2))Cy
vs = (oo — 2@0) Ao — (B0 — 2)A1) B — 2 (((@0” — @1)bo — 2a0” + 27) Ag — (oo — 2@0) A1 + (B — 2)A2) O
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vy = (2 (90 — 3)‘A1|2A70 -2 (()409()0[70 - 30&0@70)1470 + (06090 - 3@0)1471) Ci + ((00070 — 30[70)1470 - (90 - 3)A71) Cs.

Taking one order less in the expansion, we get

1 1
—590—}—1 C7 —0p+1 0 —590—}—1 C7 —60p+1 0
1 3 1 3
—— — - 2 —— — - 2
290+2 Cy 0o + 0 290+2 Cy 0o + 0
1 1
G +1 Bl —6+1 1 —Z0o+1 B, —fg+1 1
&= 2 — 2
1 — 1 _
5 By 0 —0p + 2 B B, 0 —0p + 2
—2A0C100 +2A1Cy Aio —0 + 2 0 2A,Cy Aio —0 + 2 0
-2 ApayC1 +24:C1 Ap 0 —0y + 2 24:C1 Ao 0 —0y + 2

as (Ay, C1) = (Ay,Cy) = 0.

We will prove thanks of the invariance by inversions that
Qg = 2<AT(), /Yl> = 0
What follows is valid for all 8y > 4, as we do not use the complete developments of tensors. We compute

4 (02053 + 2 6gag® — 3a°) Ao

Ay —1 6p+2

to
4 (02ag® + 2 60pag° — 3a0° ) Ag Ay __
_ (an + 26000 ao) 0Ao g —1 6p+2
o
2 A7020470 — 4 AgAq Aq 0 0o
—2 A()OLQAio +2 AlAio Ail 0 90
4 \*41|2Aio2 — donAg T + Ao Ag Ay Ao O 0o

—4 Aol A1 [P Ag + 4 Apag Agaig — 2 A1 Agag — 2 (Ao — A)AT Ap 0 0o

DY A0 -1
0 =Re (&zﬁ(z)) = 2040?02 AO 0 90 -1
—2 AgangAg +2 A1 4, Ay 0 fy—1
A1 Ay 0 Hy+1
A2 Ag 0 Gp+1
—2

(03 + 260 — 4) Ao _
— 107 B 0 6p+1
—2 (a@” — oTl)ATJQ Y4 A Aan — 2 A, — A Ay A, Al 0 fp+1
—2 AgagAp +2 A1 Ay Ay 0 Gp+1

—4A0|A1|2A70+4A0a0A70070—2A1X0T0—2(A0a0 —Al)Ail Ail 0 6y+1
(2.4.4)
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- — —A()Cl
0410
4A2
4A1€¥090A0
0
ovo
2 CV1>
4(&0

A3

A4 B
Ay
Agag — Ao
= 20,

)
C

)9 Oq)Ao

0

aq

( 0 (QO

o
Ao(b —
05

‘a5 — 8 Ao A,
1A, @

AgAy
80&0
2 + .
Al
A7 — 8(10140 (90 ! 2)A0
"4 e
T 1)00 Ao
2_a
8 (af

2 6o
——2
—4 Ay

—2
4 aoAO

0
(% 4A10(0A0 2

0

( 1)

4 ao )

As

A6

—_ —_ —_ 2 Cl
)
AO
* (00— 2)
))AO
2 ((00&() -2 (674
02) A, —
2 (%)
63 —
2 (0[2

2(60 +1)
2
,G/TO
2
6 g Ao
Lo
- ApagAg 4-742
B (6o —2) Ao
26y

03

ApA;
(63 — 60 — 2)

ap — 27p)Ag

(B

2 (65 + 6o)
A7

2
Ay
3603 + 60+ 2)
(65 —

2(63 + 93))1%
2
9 _
B C;((e% +6)

’)a
2 (A()Oéoz‘To2 — A1 A

9 2
0o — g)fTO
( 26y

ApAy
AoAoag + 2
-2

—4A0A;
2A(2)OLO

29

Ay
As
Ay
C

Gy

Ag

2

2
—90+1

—0p+1

—6p+1

—6p+1

—90+1

—b6p+1

—0y+ 2
—0y+ 2
o

o

bo
o
o
o
fo
o
fo
0o —1
0y — 1
O —1
6 — 1
Op — 1
O —1
O —1
0y — 1
0o —1
6 — 1
260y —1

2600

260

2 6o

260

260

200 — 1
200 — 1
0

0




1) 1
A Ag+4A 2(A0a0 A)A
AleOlo

OAQOAO 2

[0

| | 0 0

1

4A0

- A (7))
4140 1
4 +
Q)
|A | 4 0®0
1

A9

Ay §
e 0o As — A
- Pl +4 Ay
: Apbp Ao
Ay —4

) Ao Ag i -
— 2 ar 3
4 (ozo . 098

— 8404
41480[0

Alao
8A0
|2 — 8Agaooz0 +
2
8 A5l A, o
AOAl
AQA()CYQ + 2
-2

— 2 *O — 2)01
A290 A0(90
o%0
8 (0402 al) :
—4 Ag

4 AZag .
4 AgArag +
1) AgAy —
2 041)
4 (OTO Ao

&
AHQ_mp%+%
ar)bo + o ;

(4 ((@* — 1) e

| —6 A3

: ApAy
! AOAioaio + 1
E 6 Ajao
A12

A3 »
24200 —4
(65 i3

30

)

o

to
o
bo
o
o
o
O — 1
O — 1
Op — 1
O —1
Op — 1
O —1
6 —1
Op — 1
O —1
6 — 1
O —1
O —1
0y — 1
O+ 1
O+ 1

O +1




—2 AgAgarg + 2 Ag Ay Ay Gy+1 0

=2 (af — 1) A§ + 4 AgArag — 2 AT — 4 Ag A, A Op+1 0
—4 Ag| A1 [*Ag + 4 Agag Ao — 2 A1 Agag — 2 (Agag — A1) AT A1 6+ 1 0
_4(0480(2) +2058090 *3048)1401470 Ay Oy +2 1
4(04898—1—20;830 —3048)14(2) Ay O +2 -1
0
’43(29(;0_2) Tr 200—1 —f+1
2 (A?JAOOKOGJ A1) G Ag 200-1 —0p+2| (245)
W Cy 20p—1 —0p+2
2 (635 — 263) 43 <<aoeo;— 20043 - B0 - .
0
~ (onfo —2 ao)é%(;g%f%i; B0 — 2) AoAr Ci 200 —6+1
Ais Ao 26, —0o+1
ity =31 now e
3 2 2
(90 - Z(eggiegg"; 2) Ag By 260, —6y+1
where
A = 4103{8 (@0? — @1) A163 Ao + 16 (2 Aoh3 Aoars — Aob2 A1) | As|?

-8 (6 aobyan” — 6 aboto” + (3 oo — 2 aoar + 075) 98)A0A70 + (9(2) + 260 — 8)AOBl

+8 (2 Apanbian — A193070)A71 -8 (Aoaoeg - Alag)z‘Tz +4 ((a090 +2 Oéo)z‘loz‘To2 — A (6o + 2)1402)01}

Ao = —93 {4(1090140141060 — 0509014712 —2apb0pApAs + 4 (9014702070 — 90AOA1) |A1|2
o

— (6awbian” — 6 aoan” + (3 o’ — 20&0061+CM5)90)1402}

-1
~ 302

— 8 (3ap65a0 + 3 agbois — (3ajan + 21T — a5)63) Ao Ao — 8 (65 Aoaig — 63 A1) As

)\3 {16 Alaoe(Q)Aioaio + 4 (QQGS + 0129(2))14(2) + A()Bl (00 — 4) + 16 (2 A()OL()@(Q)IO — AIHS/TO) ‘A1|2

+2 (4 AFAgas — 4 AFAL + Aoboaig) Cr + 8 ((af — an) Aobl — Alaoeé)m}

1 _ _ _ _
Ay = 202{32 aOOS\A1|2A02 + 16 (ag — a1)9(2]A()A1 +4 (aQOS’ + azeg)Avo — (93 — 4)B1A0
0

— 8 (3ab03a0 + 3 a0 — (305a0 + 201as — as)03) Ao + (B0 Actio — (63 — 00) A1) Cl}

02(6'0 — 3)A7()+ 4 (2 ag@g -+ 60[8 — (5 OLS + 6 o — 3&3)90)14702 + (4 A()&()Aio2 -+ 040(901470 — 4A1A702) C1

As = 200

Ao = 419{24 (@6 — a1) A16o Ao — 24 Asaofo Ao — 8 (20005 + 6 o — (5af + 6 aoar — 3as)fo) Ao Ao + 24 Asbo Ao
0
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— (A0a090 - A190)Cl}

1 4 3 2 2
=——-<4 - -2 ApA — 4600 —4)B1 A
A7 5 (03 n 0(2)) { (OQ@O Otz(go 05290) 0Ao + (3 90 6o ) 1Ao
_ (4 (980{0 — 00050 — QCVO)A()AO2 —4 (98 — 90 — Q)AvoAl — (93&0 — 290&0)140) Cl}

1

As = =
MY

{8 (@0” — @) A165 Ao + 16 (2 Aofp Aoars — Aoy Ar) | As|?

— 8 (30003a0° + 3 aotedn” — (3a0d0” + 20001 — 65 ) 07) Ao Ao + 4 (6005 + 63az) Ao + (60 — 4) Ao B
2 2\ 2 2\ 2 - T2\~

+ 8 (2 A0a0€0a0 — Aleoao)Al -8 (A()CM()@O — A100)A2 + 2 (4 AoagAg” + apgbpAp —4 A1 Ag )Cl}

Ao = —2102{32 A303| A1 [Pag + 16 (a” — o) Ao A1 — 8 (3 awboain” + 3 anboti” — (3awdin” + 2 anain — 5 )05 ) Aj
0

+4 (93072 + 9(21072)1401‘To - (9(2) - 4)A0§1 + (Aooé()@o - (93 - 90)141)01}

4(26500° + 6a0° — (5ag® + 6@oar — 3@3)60) Af + Ao(B0 — 3)Ca + (4 AFAoag — 4 A3 AL + Aofoais) Cr
200

)\10 -

A1 = 410{24 (0702 — 071)14090.471 — 24 AoeoAiono -8 (2 930703 + 60703 — (50703 + 6o — 3073)00)1401470
0

+ 24 Aoy Az — (0o Agarg — 90141)01}

Az = {16 Araot Agaig + (03 + 200 — 8) AgBi + 16 (2 Agaof Ag — Ar165Ag) | Ay |?

R
102
— 8 (6a300a0 — 6 agboao + (3agan — 21T0 + as )03 ) Ao Ao — 8 (05 Aoaio — 05 A1) As

+4 ((90070+ 2070)143‘470 - A%(Go + 2)E)C1 +8 ((ag - 041)A09§ - Alozo@g)Al}

2
Mig = — - {4 Ao Aragboais — AT0oain — 2 Ao Az00a0 — (6 agbiain — 6 apan + (3agan — 20 + a5 ) 0o ) Aj
0

—|— 4 (Agozoao — AOA190) A1|2}

1

=~ 4(0iaz — Oham — 200az) Ao Ao 3 —40) —4)AoB;
A14 2(93+0(2)){ (90a2 Oz anz) 0 0+(390 0o ) 0B1

— (4 (01003 — 05090 — 2&0).431470 —4 (93 — 90 — Q)AoAlAio — (04003 — 20(090)140)6’1}

The only interesting coefficient is

FH0+2
z
. I
which is as (Ao, Ag) = 0 and |4y|? = 3
4 (03a5° + 2 6p° —30703)%/ N L oo
0o - 0
=1 g (grast + 20 g 3a0°) Ao Ao
0“0 oo — 0 0410 ——
- Ay -1 6y+2
90 0 0 +
2 s
=% (6 + 260 — 3) &> Ag

2 =
= —?(90 + 3)(90 — 1)(1703140
0
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=0 (2.4.6)

as 02 +20p — 1 = (6o + 3)(6p — 1). As p > 4, and Ay # 0 by the very definition of a branch point of
multiplicity 8y > 1, we obtain

g = 2(Ag, A7) = 0. (2.4.7)

However, the rest of these expressions all vanish identically by previous results. Therefore, we have

= Op+2) = o= 1 = - - -

32:—%|C1|2Ao+(*6k 1, 1>—2<A2701>)A0

_, = o - 2 - o T 200 - == - = o -
By = ~2(A), ) Ay + 5= (A0 O Ay + g A G A 42 (st Cr) — (41.6) 4o
_ 1 = = .=

Ey = —%<C1,C1> 0-

SO

46
2 L= = . (2.4.8)
Bs——2<A1,C1>A1+m< 1,C1) A1 — 2(Ay, () Ag
By =~ 55 (G, G,
2.5 Relations given by the meromorphy
We have

16 Ao Az|A1|” — 8 ApAras — 8 (2 A5 — AT)| Ay Op—1  —6p+1
48 Ay As| A1 |” + 48 Ag A3 | A1 |* — 24 AgArag — 48 (AgAran + Afas) | Ay 6o —6+1

wo 0 1
w1 6o —1 —6o +2
wa 200—1 —2600+2

(65 — 560 +6)A1Co — 2 ((165 — 201600) Ag — (65 — 260) A2) Cy 0 0

ws 1 0

9z =

2(205 — 700+ 6) A1 —0 +1 0o

wa -1 2
4 (05a7 — 50507 + 400a7) Ao A1 + (05 — 00) A1 By 200—-3 —200+4

ws —1 1
—8 (Bga — Oooiz) Ag| Ax|* + 4 (05as — 2050 — 3600 ) Ao Ay 200—2 —260+3
4 (650 — 050 — 2000 ) Ag A 200 —2 —260+2

(05 — 360 +2) A1 Ch -1 0
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where

1
Wy = —— 2 03 — 692 + 11 90 —6 A002|A1|2 -8 05104204 — a1a293 — 20&10(292 A2
00 0 0 0 0 0 0

+4 (sl — 4 as03 + as03 + 6 aslo) Ao A1 + 4 (a2l — by — 2203 ) AT + 8 (a2 — 26y — 2 207) Ag Ao
— (05 — 565 +660)A1Bs + 2 (a0 — 20163) Ao — (05 — 265) As) By

+2 ((98 - 298 + 36y — 6)A1|A1‘2 + (04593 — 30&598 + 20&590)140)01}
2
Wy = _00{ 16 AgA100| A1|" + 8 Ao Ooais — 8 (aniy — B) Ao A1y — 4 A300a5 — 8 Ag Asboas
+ (2 0otz — 503as + 5000 — 2072)14001 — A100Ba — (Agar by — A290)Bl}

wy = —8 (a1f3az — 2010505 — 1000 + 2 naiz) AY + 4 (03000 + O — 4 0otis — 479) Ao A4
+ 4 (050 — 260503 — Ooaz + 203) AT + 8 (o — 26505 — Boiz + 203) AgAp
ws = —4 (a70) — Taz03 + 12 ar60) Ag A1 + (65 — 760 + 12) A1 Cs
— (3 (363 — a3 — 23) Ag + 2 (105 — 4 1) A1 — 3 (05 — 0y — 2) A3) Cy
-2 ((oqﬂ% — 410y + 3a1)A0 — (9(2) — 40y + 3)A2)C’2
1
T R(02+ 00)
— 32 (a9 — 5 gy + 4 agly) Ag A1 + 8 (8 — 265 — 05 +26) A1 Bo

{64 (04268 - 20&293 - 06298 + 20&29(2))A3|A1‘2 — 16 (93 - 303 + 29(2))A0B1‘A1|2

— (8 (6905 — 4035 + 3 650%s + 4 0o0s — 4av5) Ag — (0 — 4605 + 365 + 46, —4)31)01}

2 .
Wy = 90{ (08 - 49(2) + 500 — 2)A001|A1|2 + 4 (04203 - 20[208 - 0420(2) + 20[290)140141 - (08 - 308 + 200)A1B1}

The only non-trivial component is as (A1, Ay) 4 2(Ay, Ay) = 0

1 .
wo = 90{2 (98 — 69(2] + 11 00 - 6)A002‘A1|2 -8 (0110[293 — 0 0410420(2))14(2)
+4 (agé‘g —4dagh? o+ 60[890)140141 +4 (a294 — 8 = 05293)14% +8 (01293 — 3 a200>A0A2

08— 503 +600) A By + 2 ((aa0 = 2ert03) Ao — (0 — 203) 42 ) By

+2 ((93 — 202 +300 — 6) A1|A1|* + (as03 — 3562 a590)A0> 01}

= —{ —2 (0 — 665 + 1160 — 6) A1 C1|A1|> — (65 — 505 + 660) A1Bs — 2(63 — 205) A2 By

—2(65 — 263 + 30 — 6) A101|A1|2}.

Recall that

— —

By = —2(4,,C1) 4,

- Op+2) = = - o
By= 26 0T o, G A

40,
- = o - 2 o o TS = o -
B3z = —2(A,,Ch)A; + m<A1701>A1 —2(A;1,Cy) A
_. 1 = = =
Ey = ——(C4,Ch)Ay.

200
We first have

— — —

(A}, Bs) = —2(A,,C))(Ay, Ay) +

0o — 3
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and finally
1

wo = _9{ —2 (03 — 665 + 1169 — 6) A1 C1|A1|> — (65 — 505 + 669) A1Bs — 2(63 — 203) A2 B,
0

—2 (0 — 265 + 300 — 6) A101|A1|2}

1 2 o
- _9{ <_2 (05 — 663 + 11600 — 6) — (65 — 563 + 660) 7312 (65 — 203 + 360 —6)) |A1|2(A;, Ch)
0 o —

+2 (—(63 — 562 + 609) + (63 — 260)%) (Ar, Ci) (41, A’g}

1
o

= —6(00 — 2) (| 4124y, C) — (A1, Co)( Ay, Ay

=0

{690(90 — )AL 2(AL, Gy — 60(0 — 2) (A, (31>}

N—

SO
Ay (), Cr) = (A, Cr)(Ay, Ay) (2.5.1)

In particular, if A; # 0, we have by Cauchy-Schwarz inequality |</T1, /fl>| < |/f1|2’ so we obtain

< (A1, Ch)). (2.5.2)

As A} = 0 would finish the proof, we can safely assume that (2.5.2) holds.
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2.6 Another conservation law

We check that the scaling invariance is trivial, as it is algebraically trivial. Here, if

2i0L =a = 0H + |ﬁ\25$+29_1 ® <ﬁ,ﬁo> + 0 (volog|z]),

it corresponds to

()

(Ao4o) ((24:C1))
()
()

(Ao A1) ((24:C1))

(Ao A1) ((24:C1))

(AoA0) ((~4 40141 Cr +2 4:73) )
(40B2) ()
(1)

(A()Ao) ((—4 Aoala +2 A1E + 4 Aga))

((anr) (i) @

(£140) (=00 +2))

o ((-12)
() ((—; by + 1))
(B14y) ((—; 6o + 1))
(C14o) ((—; 0o + 1))
IE)
(B ) ((-; b + 1>>
(B2Ap) < f%eo + 1))
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0 1
0 1
0 2
0 2
0 2
0 2
0 2
1 1
1 1
1 1

—

1

—2600+3 20p—1

—200+3 26001

0o+ 1 0o

0o+ 1 0o

Op+1  y—1
—Oo+1 Gp+1
—Oo+1 fp+1
—Oo+1 Gp+1
—Oo+1 fp+1




We fist look at

B((AeD) e
(Bs70) (( Lot )) ot b
(Ao A1) ((24:C1)) —0p +2 0o
(o) ((24,C1)) —0o+2
(AOAO (( 44,C |A1|2+2A131)) G2 b
<(90+ >) Op+2 fp—1
(o) (2 4:C1)) “Oo+2 fh—1
texe (; <—200 + 1>> “Oo+3 Oo—1
(03/10)<(;90+2>) G431
(A07) ((i cf)) 0p+3 G—1
(Aodp) (4 AgCran +4A2C1 +2A41Ch)) —0g+3 6y —1
(A,E) ((;90» bo—1 —6p+3
(A7) ((icﬁ)) b1 —0+3
(AoB5) (;) 0 2
(A5 (;) 0 2
b (A7) ((24:60)) 0 2| ="
(o) ((244C7)) 02

—

As <A0,14’0> =0 and <EQ,A’1> =

but

SO

Now, we have

so everything is in fact trivial.

(Aodo) (440l PCT +24,T3)) 0 2

=

(Ay, A1) =0, and B, € Span(Ay), we have

' = §<A0,Bg> =0
= o - 2 o o = o -
By = —2(4,,C1) A + - 3<A17C1>A1 —2(41,C2) Ao
(Ao, Bs) =0
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2.7 Next order developments of tensors

Up to harmonic factors, we have

T

A Cy
. 0o=3
2 (Ao — A3)Cy — A,C
90 —4
CT2
8 (6 — 4)
3 (Avan + Ao — A3)C1 + 2 (Agan — A3)Ca — A1 Cs
0o — 5
CiCs
4(60 - 5)
Cy
8 (6o —5)
A1Cl
8 (6o — 5)

-A:Cy

2|A1|*A,Cy — A1 By
h 6o — 3
A0y
0o — 3

-A:Cy

2 Ao|A1°Ct — A1 C>
2 (70071 — Iz)a — A1Cs
— _ _bo—4 —
2|A1|"AoCy + 2 (A0071 - AQ)BI — A1Bs +2 (2 |A1]" A1 + Ao@)cl

_ _ 0o — 4 o
16 Ag (0o — 4)|A1]*C — 8 A1 (6o — 4)Cs + (8 (o5 — 45) Ao + 8 (Boarr — 4aw) Ay — (00 — 6)B1) Ch

8 (00 — 4)
—-A:Cy
2 A0|A1|2a - Al@

_ 01(90 + 2)01
869

1 — __
~5 A1B1 + (Aoar — A2)Ch
_2]|Ai[*A0Ch — A By

b —3 _ _ _
16 (90‘A1|4A(]B1 —8609A1Bs + (03 — 0y — 6)0102 + (8 as0pAo + 8 a1 A + (9% — 209 — 4) Bl)C1

8(62 —360)
e
fo—3

1 —
~3 A1B1 4 (Aoon — A2)Ch

- 1 — _ _
A0|A1|231 -3 A1 B3 + (2 A1|A1‘2 + AOOZ5)C1 + (Aoar — A2)Cs
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—0 + 3

—0y +4

—0 +4

—00 + 5

—00 +5

—b0o +5

—00 +5

—00 + 2

—0 + 3

—0p + 3

—00 + 3

—00 +3

—0 +4

—0 +4

—0y +4

—0 +4

—0y +4

—00 + 2

—00 + 2

—00 + 3

—00 + 3

—00 + 3

—0p + 3

—00 + 3




(63 +400 +3)C2C — (12 (6503 + boaz) Ao — (63 +460) B1) Cs
12 (62 + 60)
A1Cq
1260

C1(60 + 3)C1
126¢

1
—— A C
YRRt

% (boaz +a2)ApC1 + g (Agay — A2)B1 — éAlBQ + (A1a1 + Agaz — A3)Ch
CQ
_ 1
4600 o
(260 + a2)C1Ag — E1 Ay

0o +1
C1Aq

4 (92 +00)
( (ag@ + asby )Ao — B1 490 + 1))C
8 (02 +00)
_CP(2600 +1)
8 (02 +60)
70102(2 90 — 5) — 2A1E190
2 (202 -500)

—C141
_ Ci(60 +2)C1
860
(A70071*A72)C1 — %Blz‘Tl
(63 + 400 +3)C1C2 — (12 (203 + a260) Ao — (62 +460) B1)C1
- 12 (02 + 6o)
_AG

12600
B 01(90 + 3)01

126
L oAy
o4 1M

2 - o T
(04290 +a2)AgCh + = (Aoal AQ)BI + (A1071+ Agoz — A3)C1 —3 B Ay

A1Ch
o — 3
240G AP - A1 By

2C1|A1|*Ag — Ca A7
24001 |Ai* — A1 By
0o — 3

16 Ao B10o| A1]* — 8 A1 Ba0p + (62 — 00 — 6) C2C1 + (8 A160a + 8 Agbos + (02 — 2600 — 4) B1 ) C1

8(02-36)
A101
0o — 3
(Aot - A2)C1 — 5 B

_ . _ _ 1
B1|A1 %40 + (2 |A1]?A7 + A0075)C1 + (A0071 — A2)02 ~3 B3 A
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—260g + 4
72004»4

—260p+4

72004»4

—260p +4

72004»5

—0y + 2
—0g + 2
790%»2

790+2

—0p + 2
—0p + 2
—0p + 2
—0p + 2
—0p+3
—0p+3
—0p+3
—6o +3
—0p+3
—0p+3

—00+3

—90+3
—0 + 3

—0p + 3

—0g + 2

—0p + 2
—00 +2
—0p + 2
—60 +2
Oo
0o + 1

6o+ 1

90+1

6o +1

0o




2 (Ao — A2)Cr — A1Co
0o — 4
Ct
8(60 — )
2 (A()Otl - A2)Cl - AIC2
0o — 4 ) c
2 ApC |A1|2 + 2(AOCM1 — Ag)Bl — A1B3+2 (2A1‘A1| +A00¢5) 1
o2 B
. A Ay — 8 (a1 — 401) A1) Ch
C (9 4)‘14 |2A70 — 803(90 — 4)I1— (31(90 — 6) — 8(01590 — 40(5)140 (011 0
16 C2 (60 — 1

8 (6 — 1)
—C1A;

2 Cy|Ar[*Ag — C2 AL

3 (A1a1 + Apas — A3)C1 + 2 (Aoa1 — A2)CQ — A.1C3
B 6o — 5
C1Cs
4(00 - 5)
ct
8 (6o — b)
A1Ch
8 (9(:25)
Ch
~ 0 -
(260 — 5)C1Cs — 200 A Ey
2(262 —56o) o
(B0 + a2) AoCr — AL By
6o +1
A1Ch
463+ 60) o
(4 (98072+ 90072)1470 — (460 + 1)31)01
8 (6% + e(iz
(2 0o + 1)01
8 (6% + 6o)

40

Ao

Ay

—0o + 4
—6o +4
—0o + 4
—6o +4
—0p + 4
—6o +4
—0o + 4
—6o+5
—0o+5
—6o+5
—00 +5

bo

to
0o+ 1
0o+ 1
0o+ 1

0o+ 1

—20p +4

—260+5

—2600 +4

—20p +4

—2600+4

—2600 +4




which we translate for some 64, §4, §5, Eg, 5727 E3 € C" as

% C,  —0+2 0 % c; 0 —0p + 2
% Cy —0p+3 0 % Cy 0 —0p + 3
% Cs —bp+4 0 % C; 0 —0o+4
% Cy —0p+5 0 % Cy 0 —0o+5
% By —0p+2 1 % B 1 —6p +2
% By  —0p+2 2 % By, 2 —0p + 2
H= % By —6+3 1 % B; 1 —0p+3
% By —0p+2 3 % B, 3 —00 + 2
% Bs —0p+3 2 % B 2 —0p+3
% Bs —0g+4 1 % Bg 1 —0y +4
% By —260,+4 6 % Ey 6 —200+4
% E, —200+4 65+1 % Ey 6p+1 —26p+4
% By 20045 6 % Bs 60 —200+5
We have as
1 = o 1 S =
a2:m<141,01>, a7:m<chcl>
word
g@ﬁmﬁ—% Ay —2600+4 6o+1
142: _zl(ecgfm C1 —200+4 6p+1
2 W@OJQ%MQ Ay —2600+4 Oo+1
—m A —200+4 Op+1
SO
By = —asCh — 2(260 ;OIJ)F(?O —4) ard; (2.7.1)
Finally,

; C1Co(200 — 5) — 2 ArExlly )
= | _ Ay —2
3 ( 2(298—500) 0 0o +5 6y
1 = = .=
= _%<01702>A0
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So

., = 2200 +1)(0g — 4) —
EQ:-OZQCl— ( 090 4)—(10 )Q7A1

, 1 - = . =
Es = —9*<C'17C2>A0
o

Now, we have as B € Span(/fo), and By € Span(/To,ATO)

(63 + 400 + 3) 105 — (12 (0263 +-cx305) Ay — (03 +465) B )T _

— 12(0(2)+00) Ay —6p+2 3
A1Cy
— —6 2
) 126, ¢ ~ot2 3
“B,= C1 (00 + 3)Cy -
4 1\Yo 1
- A — 2
2 190, 1 —6+2 3
1 .
—ﬂClAl Ci —6+2 3
1 2 — — R _ 1
3 2 001-i-§(z40671—1‘12)31-1-(141671-&-;‘k@f—z‘l?})cﬁ—5}32ﬁ1Z Ay —0p+2 3
(60 4+ 3)C1C2 —_
W AO 90+2 3
G
126, Cy —0p+2 3
- (60 +3)|C1[? 5
TQO A] 90+2 3
0y (0 1 __
70(0+ )Otg Cl 7904,2 3
12
9 - . .
g (A()Ozil — Ag)Bl + (A10471 — A3)01 Ay —6y+2 3
as

1 - o
- - (A
{0‘2 200(00+1)< 1O

Co = (A4, Cy).

As él = —2<A1761>g0, and

so finally
N 0p+3) = == (o = Op+3) = o= 0O0g(0g+1) —= = o = o -
B, = _ )<Cl, Ca)Ap — Cicl - (07)|01|2A1 - MO&QCl +2 (a1<A1701> - <A3701>> Ap
690 690 690 6
Then, we have
1~
2P =
72 10 1| B—A’I/BI/ A —00+3
0o —
16 AeBrig{Ai]” — 8 ArBatig + (05 — 0o — 6)CoCh + (8 A1foin + 8 Agtiodis + (03 = 260=4)B1)C1
_ Ao —00+3
8(02 — 300)
A1Cy —
0 —3 As —0p+3
S 1
(Ao’cﬁ—z%)Cl —2*/31714? A —0p+3
_ o _ _ 1
BI|A1|2AO + (2 |A1|2A1 +A07O§>C1 + (A(Cﬁ— AQ) Csy — ) B3 A Ao —00+3
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(83 — 60— 6)CaCi + 8boaice Ao —6o+3 2

8 (02 —36o)
G2 -
Ay — 2
_ % —3 2 0o + 3
—AxCy A —60+3 2

— — — 1 —
BilAi[* Ao + 2| A1 [PALCL — AsCo — 5 BsAL Ay —00+3 2

As
B, = —2<A'1,C_:1>1‘Y0
_, O +2) = = = L. o
B, = _ b )\Cl|2A0 —2(A,,C1) A
40,
— 2 - o S > o -
Bz = —2(A;,C1) A + m< 1,C1) A1 — 2(Ay, () Ag
_ 1 = = =
E, = 72790<Cl’01> 0
we have

> o e 2 [ ==
(A1, Bs) = =2| A1 (4, Ch) + By — 3 (AL, C1){A1, Ay)
9 7 = 1 = = - — 1 o o = 2 - o P
|A1]*(Ao, B1) — (A1, B3) = — LC)— 52 1,Ch) + (A1, C1)(Ay, Ay)
2 2 0y — 3
1
__90_3<A1701><A1a141>
1
—90_3COC2
where
Co = (A1, Ay)
so we finally have as
ar= — 1 _(X,,Cy)
2= oo+ 1)

the identity

(93 — 6y — 6) CyC1 + 80gar (s

— Ay -0 3 2
8(62 _360) I
G -
) A —0p+3 2
%BS _ - 2 o
—AyC4 Ay —6p+3 2
o 1
490(90 + 1) |A1|2a2 — AxCy — 0y — BCOCQ Ay —6y+3 2

and finally

2 (s
0o — 3

- Oy +2) = = 2 - - - o -
By = - (OGO e ) Tt gy - 20 Gl
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+ (890(90 + 1) AP an — 2(A5,Cy) — 3€oCQ> Ay
Finally, we have
1 >
2B =
556
_Z(Aﬁtﬁ eAi)Zl A1Co A 0o+ 4
2A002‘A1| +2(Aﬂ’a/ A2)Bl AlBg+2(2A1‘A1| +AQ‘OC/) N
) 1 Ao —0y + 4
o —
16 C:- 1‘ Ao—gcg 90—4 Al—(M Qs Ao—8(0¢190—40¢1)A71)Cl
A —6o +4
80— 1) 0 o
—C1 A, Ay —00+4
2CHATP Ay — CoAr A —6o+4
M AT —Gp+4 1
0o — 4 ,
_72A231 7AlB3+2|A1| ACq A—O 0o +4 1
0o — 4
= —A1C5 + 1 A1 Ch Ay —0p+4 1
7290(00 -+ 1)0[2 A2 *90 -+ 4 1
—CoAq A —fGh+4 1
We have
2(As, Br) + (A1, Bs) = —4(A1, Cr) (Ao, Ao) — 204, Cr) (A, A1) + 97|A1\ (A1, Ch)
2 -
90—3|A1|< 1,C1)
so we finally have
—243B1 — A1B3 + 2| A1?A1C1 1 2 50, =
— - 9074( 0073) A 24, Gy (2.7.2)
2 22,7 =3
= ——" _|Ai]7{(A1,C 2.7.3
9073| 1]7(A1, C1) ( )
and
Bo= 29 X - L Ao, T, Cs) + 46 (6 Ao — 400(0 Ay —2(A, ) A
6—0 — - 90_3| 1|7C2 A0 + | —2(A1, C3) + 400(00 + Vs | Ao — 400(00 + 1)z As — 2(A1, C2) Ax
Finally,
- 0o + 3 — = 0o +3), = 27 6o(0o+1) = _ = = = = -
B4 = ( 0 )<Cl702> C2 C — ( 0 )|01|2A1 — MagCl +2 (a1<A1,Cl> — <A3,Cl>> Ao.
660 660 6
- 0o + 2 2 =
Bs = — <( 0t )(C1,02> 7 301(2) Ao+ @ A2*2<A2701>
) —
+ (890(90 +1)\g1|2a2 —2<AT2, é2> - 36@) Ao
_ 2 = 4 - - = = - - = -
Bs = o <54A1 7 3|A1\2C2A0+ (*2<A1,03>+490(9o+1)a1a2) Ao —400(0o + 1)z Az — 2(Ay, C2) Ay
_ o —
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Ao
Ax
Az
As
Ay
As
1

B

Ca

B3

C1

Bs

C1

0o —1
bo
0o +1
0o + 2
0o +3

0o+ 4

0o

0o+ 1

6o + 2

0o + 2

6o+ 3

6o +3

6o+ 3

0o+ 3

to

0o+ 1

0o+ 1

6o + 2

6o + 2

6o + 2

0o + 2

to

bo

0o+ 1

0o+ 1

0o+ 1

45

| A4
2 (90 -+ 1)

4(260 + 1)

4(260 + 1)

|~ |-
‘ ‘

o
o

[y

| —
- = =l-

=)

—60 + 3
—00+ 3
—6o + 3
—6p + 4

0o

o

6o

0o

o

6o

o

0o —1
0o —1
0o —1
0o —1
0o —1
0o —1
0o —1
0o+ 1
0o+ 1
0o+ 1
0o+ 1

0o+ 1

0o+ 1

0o

bo

0o

200 +1

200 +1

260

26o




0=(0.9,0.P)

—_
M

o
S
oy

| — 0o =
xi= Q‘ o el
& §

-2

~4(6p — 4)
~4(0o —5)

400 —4)

az

~4(6p — 4)

2600 —1

200 — 1

46

0o+ 1
Oo + 2
0o +2
0o + 2

6o + 2

260

260

—0y + 4

—0g +5

—0y+4

—0y + 4

(2.7.4)



463 + 00) Ao E + (4 (263 + a2lo) Ao + B1(260 + 1)) Ch
8(263 +362 + 6o)

4 AgE160 + 012

1662
2A1FE160 +2AgE300 + C1Co
862
AoCh
26
AoB1
2 (6o +1)
8 AgC1oarr + 8 AgBabo + C1 (60 + 2)Ciy
16 (62 + 200)

A1

A1C1 + ApCy
26q
2 AoC1|A1|” + A1 By + AoBs
2(6o +1)

A2

(A()Cll + Ag)cl + A1C2 + AoC3
269
2A(JC2|Al|2 + (Aoa1 + A2)B1 + A1Bs + Ao Bs + (2 Al|A1|2 + A0015)Cl
2 (6o +1)
(A1a1 + Apaz + A3)C1 + (A()Otl + AQ)CQ + A1C3 + AoCy
269

A3

1 —
1 AoCh

1
— AoC
g AoC2
1 — 1 —2 1  —
L aCiar+ L 14
3 001a1+6401 +8 0Cs
L oGz + = (24 Agar +5C1)Ts + — AoCh
10 oL 13 240 01 1 2 10 oL4
2 AgA;
1 — 1  —
ZAOBI+ZA1C1
L+ Lam+ L ag
3 0 1 1 6 003 6 12
L Aol A12Cs + L AcBraT + L AT + = (4 Ayt + 4 Agas + Br)Cr + + AiCy
7 AolAi["C + 2 AoBran + ¢ AoBs + o 10 005 + B1)C1 + 2 A1 Cs
2A1A2 +2A0A3
1 1 —_ 1 - 1  — 1 _
1 AoCraz + i (Aoar + A2)B1 + i A1By + i AoBa + i (Aron + Aoz + A3)Cy

A3+ 2A1A5 + 2 AgAy

47

to

to

to

to
0o+ 1
0o +1
0o+ 1
0o +2
0o +2
0o+ 3
2600 —2
200 — 2
200 — 2
2600 — 2
200 — 2
200 —1
260 —1
200 —1
200 —1
260 +1
200 +1

200 + 2

200 +1

2609

2609

6o

9()+1

0o + 2

0o+ 3

)

0o+ 1

0o + 2

0o

0o+ 1

6o




2A2A3 +2A1A4 +2ApAs 200+ 3 0
AoEr
_m 3600—2 —09+4
AoEs3
,m 360—2 —6p+5
AoCiaz + A1Ey + AoEy
— 2(0074) 3600—1 —09+4
A3 + 2 A0Ay 26 0
1, — 1 — 1 —
1 A1B1 + 1 AoB2 + 1 (Aoar + A2)Ch 200 2
1 b 1, — 1 — 1 2 1 _
§A0|A1\ B1+6A1B3+6A0B5+6(2A1|A1| +A0a5)01+6(A0041+A2)Cg 200 3
where
1
A\ = 24 (05ar7 + Ooar) Ao By + 24 (05 + 60) Ao By + 24 (653 + Ooaiz) Ao C
1 48(98+498+390){ (oal Oal) 0b1 (0 0) 0D4 (0043 0043) o1

+2 (65 + 460 + 3)C1C2 + 3 (8 (28] + a2fg) Ao + (65 + 3 90)31)01}

1

Ao=—
> 16 (62 4 26,)

{16 AoB16o|A1]* + 8 A1 Boby + 8 Ag B3y + (8 Aot + 8 Agboais + (0o + 2)B1)Ch

+ (8 Aoyt + (Ao + 2)01)02}
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or

2
(&

C14o
20
(62 + 80) BaTAo + (63 +200) B Ax + (G + Boa) Ao + (63 + 360 + 2)A2) C
2(63 +362+260)

i
B16o Ao 4 C1(60 + 1) Ay
2(05 + o)
Cy Ay
269

H2
20190|A1|2/To+ B30 Ag + Ca(Bo + 1) A1
2 (62 + 6o)
C%(eo — 4) — 8 ApoE100 + 8 (O¢1(90 — 40&1)6114704— 803(00 — 4)1470
16 (0(2) —46o)

"3

Ha

E1 Ao
_ 460 _
2C1a200A0 + 2 E500 Ao + E1(2 0o + 1)A1

4(262 + 6o)
E3Ay
469
2A1 A,

24140
I
2A1A2 + 1 AoB1

1 N e ) [,
3 |A1|2A001 +2A1A3 + 1 A1 B+ 6 Ao Bs

1 P — _— 10— ——=— l—a— 1 — 1 P— —_ =
1 |A1| AgCo +2A1A4 + 3 (Aoa1 + 2A2)B1 + 614133 + ngBG + 2 (8 |A1‘ Al + 3A0a5)C’1

2 Ag A1
2 AgAo
2 AgA; + + 4,0y
4
I I [
2 AgAs + 1 A1C1 + 6 AoCo
1 _—— e 11—
2A0As+ = (A0071+2A2)Cl + - A1Cy+ = AoCs
8 6 8
S PR U S NN (O
2 AoAs + 0 (5A1a1 +4 Apaz + 10A3)C1 + 30 (3AOCM1 +5A2)C2 + 3 A1Cs + TOAOCAL
iAOBl+2A2A71

i ApC1 +2 AxAg
8 AgCh03ar + 8 AgB26% + 64 A3 Ay + 8635 A0 B2 + (8 o103 Ao + (9(2) + 4)01)?1
3202

49

3

4

200 —1
200 +1
2600 +2
260
200 —1
200+ 1
260
2600 —1
200

200 —1

—0g+3 36y—1

—00+ 3

3 6o

—0g+4 360—1

fo
)
to
to
)
0o — 1
0 — 1
0o — 1
0o — 1
0 — 1
0o — 1
0o+ 1
0o+ 1

9()+1

bo

0o — 1
0o +1
0o + 2
0o + 3
bo

0o —1
0o +1
0o + 2
0o +3
0o +4
bo

0o —1

00+1




s 0o +1 0o + 2

1 1 1 —_
§AOCI|A1|2+1AlBl+6AOBS+2A3A1 0o + 2 0o
3141014-%14002-&-21431470 0o + 2 0o — 1
e 0o + 2 0o +1
1 , 1 1 1 1 ) —
ZAOCQ|A1| + g(AOOCI +2A2)Bl+6AlBS+§AOBG+ﬂ (8A1|A1| +3A0a5)cl +2A4A4A1 6p+3 0o
1 1 1 —
g(AOOél +2A2)C1 + 6A102+§AOC3+2A4A0 0o + 3 0o — 1
1 1 1 1 —_
ZO(5A1a1+4A0a3+10A3)C1+%(3A0a1 +5A42)Cs + §A1C:3+TOAOC4+2A5A0 0o + 4 0o — 1
AoCy
2600 —1 1
260 fo
AoCh 260 — 1 2
_ 260, _ -
8 (90&71 — 4071)14001 4 (90 — 4)01 +4 8A0(90 — 4)03 — 8609 AoE1
200 — 1 3
16 (02 — 4 60)
%4 290 -1 4
(63 +200) A By + (65 + 00) Ao Bz + (163 + a100) Ao + (65 + 360 +2) A2) Cy oo i1 1
2(03 +362 +260) 0
M8 26’0 +1 2
H9 290 + 2 1
AoEy
49& 300—1 —0p+3
AoEs
6h—1 —0 4
16, B 300 o +
AgboB1 + A1(6o + 1)Cy 20 1
~ 2(63+6o) o ’
2A090|A1\201 + AoboBs + A1(60 + 1)Co
2 290 2
2(05 + o)
H1o0 260 3
_ NE _
2 ApboCraz + A1(2600 + 1)Er + 2 Agbo E 36, 0o+ 3

4 (2 9(2) + 90)
where

1
M= 508 1 663 + 1102 + 660)

{ (65 + 3065 +260) BaAo + (65 + 465 + 360) B2 Ar + (265 + 326 + 2 a260) Ao Cy
(0 + 308t + 200) Ao + (6 + 502 + 6 00) 1) By + ((08013—#393%—1— 2 053) A0

+ (65ax + 4 65ax + 3 60ar) A1 + (05 + 665 + 1190+6)Ag)cl}

1
M2 = 903 ¥ 302 + 260)

{2 (93 + 90)31\A1|2A70+ (93 + 90)351470-5- (9(2) + 290)B3A71

+(2(60 +260)| A" A + (6505 + 6oa5) Ao) C1 + (0501 + Goar) Ao + (65 + 360 + 2)142)02}

1
H3 = 1603 — 362 — 460)

{16 (0(2) — 490)02|A1‘2A70 -8 (9(2) + eo)AoEz +8 (aleg — 40&190)311470—"- 8 (03 — 490)B6A70

+38 (9(2) — 36 — 4)031471— (8 (0[208 + 05290)140 — (2 9(2) — 76y — 4)B1 -8 (()559(2) — 40[500)1470 -8 (04193 —3a16 — 40&1)141)01}
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1
48(63 — 962 +2060)

pa = {24 (05 —5060) A1 E1 + 24 (05 — 400) AoEs — 24 (38 — 9 asflo + 20 a3) C1 Ag

—24 (05 — 960 +20)CaAo — (5 (65 — 960 + 20)C1 + 24 (165 — Y10 + 20a1)/1())02}

1

3 2 2 o 3— 2 3 2 3— 22—
M = e T8 {32 (65 + 63)|A1|* Ao B1 + 24 (6501 + 05a1) Ao B1 + 24 (65 + 03 ) Ao Ba + 24 (0505 + 05a5) AoCh

+192 (05 + 05) A2 As + 24 (05 + 05) A1 B2 + 16 (605 + 03) AgBs + (24 (00205 + 203 ) Ao + 3 (05 + 05 +460) B

+ 16 (05 + 563 ) Ao + 24 (an 5 + aleg)Al>C1 +2((65+ 65 +660+6)Cr + 8 (ar; + aleg)Ao)cQ}

1

3 2 2 3 2 3 2 3 2 A
e = 96wg+63){32 (65 + 65) AoB1| A1 |* + 24 (65 + 63 ) A1 Bz + 16 (65 + 65) Ao Bs + 192 (65 + 65) As As

+ 24 (Oqeg + a19(2))AoBl + 24 (93 + 98)14034 +24 (06398 + 0439(2))14001 + (16 (98075-1- 9(2)075)140
+ 24 (05a1 + O5ar) Ay + 24 (0o + 0oz ) Ao + 3 (05 + 05 + 4 00)31> 4

+2 (8 (5o + 5am) Ao + (05 + 05 + 600 + 6)01)02}

1
HT = 4803 — 962 + 2060)

{24 (05 — 96005 + 20@5) AoCh + 24 (63 — 960 + 20) AgCl — 24 (05 — 560) A1 En

— 24 (65 — 460) Ao Es + (24 (05 — 9 oart + 20a1) Ao + 5 (65 — 960 + 20)01)02}

1
K8 = 503 + 302 + 260)

{2 (98 + 90)A0|A1|2§1 + (9(2) + 290)A1§3+ (93 + GO)AOE

—+ (2 (93 —+ 200)A1‘A1|2 + (Ck59(2) + a590)A0)a+ (((1193 + 01190)140 + (98 + 3600 + 2)142)6’2}

1
B S 6F + 608 + 1162 + 6 60)

{(03a2+303a2+ 20003) AoCi + (03 + 405 +300) A1 B + (03 + 305 +260) AgBa
+ ((0419(3) + 30¢193 + 20&190)140 + (93 =+ 5@3 + 690>A2)E+ ((agﬁg + 30&30(2) + 20(390)140

+ (aleg + 46!193 + 3a100)A1 + (93 + 693 + 1160 + 6)143)01}

1
F10 = 16 (03 — 302 — 400)

{16 (05 — 460) Ao| A1>C + 8 (050 — 4 000) Ao B1 + 8 (05 — 4600) Ao Bs
+8(05 — 300 —4) A1C5 — 8 (05 + 00) Ao E2 + (8 (6605 — 460as) Ao + 8 (5ax — 36oan — 4ar) Ay

— 8 (050 + Boaiz) Ao + (205 — 760 — 4)31)01}
The precise expression of these p is irrelevant. The only strange new powers of order 26y + 3 are

2 E>00Ao + E1 (200 + 1) Ay

4202 + 00) —fo+3 36
E3Ao
10, —0g+4 367—1

and their conjugate. As E; € Span(go), E, e Span(ffl,él) and E5 € Span(go) , they vanish and there exists
@10, @11, 12, 13, 14, A15, A16, € C such that

2) 200—2 T 121,120 200+2 00500—1 00+1200—2 20 00+2-00—1 00+3500—1
e = 27907 4 2| AL )P |2*% + Bz T —|—2Re<aoz 070071 4y 290129072 4 0527290 4 3% 127007 40030

00+1-0

60+2-06
ZU-I—an o+

—26 1
zY0 + a7z o+

3-200—1 226
2707 L agz®Z” 0 + g2z

+ a5z

o1



_260+2 2_200+1 326 4-209—1 60 —1=60+4 00=60+3 60+1=60+2 200 +4—¢
+ 10227 T + 0112727 F 122”27 F 1327270 a4z 0T 20T T 152 02 0T gz 0T 20 >—|—O(|z| 0 )

(2.7.5)

which gives in Sage

1 0p—1 6o—1

214117 6o 6o
ar 0o —1 0o+ 1
B 0o+1 6o+1
Qo 200 1
(o751 6o+ 1 0o —1
as 0o —1 6o + 2
(6%) 1 290
a4 0o —1 0o+ 3
s 6o + 2 0o —1
as Bo 0o + 1
(a7 6o+ 3 0o —1
ag ) 0o + 2
as 0o+ 1 0o
ar 200 —1 3
o 0o + 2 0o

o asg 260 2
e = [0%4 3 290—1
g 209 +1 1
asg 2 290
a0 260 +2 1
Qg 1 2600 +1
arr 2600+ 1 2
@10 1 200 + 2
[e3P) 260 3
11 2 200+ 1
a1z 200—1 4
a1z 3 2600
ara Bo+4 6p—1
13 4 290—1

ais  0o+3 0o
a1q Oo—1 6p+4

ate Bo+2 6Oo+1
Q15 0o 6o + 3

Q16 6o+ 1 6o + 2
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0o — 2
26,
o — 2

2(0o +1)

204290—40(2
0o — 2
72(90-%2)7
Ooar — 21
~2(60 +2)
201990—40[9
0o — 2
_2(00+3i
Ooars — 203
B 2(90+?i
Ooar — 21
B 2(90+3)2a2
ageg—ay%—

4 (00 +3)

a1 —4aio
aq

(a2t — a10)0o + 4 2

-2 Q2

6o — 3
260
90—31
2 90+3 )
92—2(90+1 |A1‘
(0 6% + 6,

20&800 — 6045;

20(290—4&2
0o — 3
72(90—5-2)7
Ooar — 3
"~ 2(60 + 2) -
as — 20005 +
93&5 2+290) 2
: 922—(9900—1)|A1|
(003+36‘0+2

205990 — 4(19

a1
4201160 — 6
(260 — 3 2) | As|

—4 (6 %)

0o — 4
26,
06190 — 20[1

B 200

2(1700 — 8(17
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Ch

By

Ao
By

Ch

Ao
Co
Bs
Ci

Ao

Bs

Ca

Ch

B

Ay

Cs
Ch

Ao

6o
B0 + 1
B0+ 1
0o + 2
0o + 2
0o+ 2
0o + 3
0o+ 3
0o + 3
0o + 3
0o +3

6o
0o + 1
0o+ 1
0o+ 1
0o + 1
0o+ 2
0o + 2
0o + 2
0o + 2
0o + 2
0o + 2

6o

6o

o




0o — 4
2000+ 1)
05190—20)41
20 +1 o,
5 —2as6 +

BEICETy o
_ 5 —360+1)]
(90 6% + 6,

205800 — 6a8
2&200 — 4&2

—8ai2
o

2 (102 — a12)

8&10(2 —

0o — 5
26,
04300—2613

26
—3(11
o
- 200

205700 — 8&7

Q13
2 a1300 — 10

0o — 2
_290+12
0(290 —20[)
2(2934—00

0o — 2

200

200 — 5

46,

4

—4 a1
—4 (0%

2
—4| Ay
1

2

—2as

1
| 1|

Qs

S SOy

2
Ly
6 a3 — 4 aie
+4oasar +4 a1
a5
8| A4

4|A a7 — 2@
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Bs

B

Ch

Ca

Cs
Ay
Ao
E>
Cy
FE

E3

—00 +2
—0y + 2

—0o + 2
—6o+3
o
bo
bo
o
bo
bo
o
bo
bo
o
bo

bo

0o+ 1
0o + 1
0o + 1
0o+ 1
0o+ 1
0o+ 1
0o+ 1
6o
0o
6o
6o
6o
2600+ 1
2600+ 1
260

260




—1|A1|2
6

4|A|*or - 2%

—2a1s
4 |A1|2073+ PASTYT

6

—6 as

o5 —6ais
|A1]? + 6 asar + 6 a1as
120(5 1

8|A1|4+4o¢1071—4ﬂ

8
—6 a3
—4 a1

40@ — 8oy
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Cs
Ao
As
Ao
Aq
Ay
As
Ao

By

0o — 1
0o — 1
0o —1
0o — 1
0o —1
0o —1
0o — 1
0o — 1
0o — 1
0o — 1
0o — 1
0o —1
0o +1
0o +1
0o+ 1
0o + 1
0o +1
0o +1
0o +1
0o+ 1
0o +1
0o +1
0o +1
0o +1
0o + 2
0o + 2
0o +2

0o + 2




—4 as Ao 6o + 2 1

—4 A, Az 6o +2 1

16 a3 A1]* + 8 s — 8ars Ao 6o +2 1

1200 |A1]* —6as Ay 6 +2 1

10 As  6o+3 0

—6as Ay 6o+3 0

—4 o As 69+ 3 0

10 0nas — 10ams Ay 6o+3 0

402 —8au A1 00+3 0
*ﬁ Ei 200—-2 —0p+4
—2 6o Ay 260—2 —6p+4
f% Es 200—2 —6p+5
—20an3 Ao 200—2 —0o+5
—26pas — 2@ Ao 200—1 —6p+2
—20005 — 2as Ao 200—1 —6o+3
—% B 200-1 —6p+4
,93@;(32?47) 20 Ci 200—1 —6+4
—2 67 Ay 200—1 —6o+4

2 (araz —an2)bo +2a1az — 2oz Ao 26p—1 —6p+4
—20p0ig — 4 g Ay 200+1 —0p+2
—20p0i — 202 As 200+1 —09+2

2 (anaz — a10)0o + 6 vz — 6ano Ap 200+1 —69+2

—26pay — 4o Ay 200  —0p+2
—20p05 — 203 Al 200 —6p+2
—26as — 205 A 200 —00+3
4 (0o + 203)|A1> — 20panr —4air Ao 200 —0p+3
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2.8 Order 2 terms in the quartic form

We have
2

gO_1 ® Q(ﬁ0)|9072—90 = 0
0

{32 A%90|A1|4 + 48 A0A10590|A1‘2 —24 A(Z)Oége()@ +8 (3 a3 + 105 — 30‘716)14014190

+ 16 (v a1 — B) ATy — 8 Ay Ax0ais + 24 AgAsboas — 2 (05a — 40303 + 2030 + 4 0otz — 3az) AgC
+3A100By — (2 (050 — Oas — 4030 + 4 000i) Ao + (20505 — 4030 — 20503 + 3oz + 203) A1) Cy

+ 3 (410160 + Apazfy — Aseo)Bl}

Then

(93 —590+6)A102 —2((0[10(2) —205190)140— (93—200)142)01 0 O
].6 A()A2|A1|2 - 8A()A10[5 — 8 (2 Agal + A%)|A1‘2 0(] -1 —9(] + 1
90" ® Q(ho) = w1 1 1
4 (05a — 03z — 2000i2) Ag Ay 200 —2 —26p+2
(05 — 360 +2) A1 Ch -1 0
where
w B _2 (98 — 49(2) + 590 — 2)A001‘A1|2 + 4 (062061 - 20&238 - 0520(2) + 20&290)/10141 - (98 - 39% + 290)A1B1
1= 90
1 “Op+1  —fy+1
—214, 1 1
—2|A,7 —6o+2  —6+2
—Q 2 0
—a —0p+3 —0p+1
- —0p+2 6p+1
—Qi2 —2600+3 2
—Qs3 3 0
—Qs3 —90 +4 —90 +1
672" — 1= —ars 9 1 , 672A —
—aQs —0p+3 —0p + 2
—a7 0 2
—0a1 —0p+1 —6p+3
—Q2 Oy +1 —0p + 2
—Qip 2 —2600)+3
—Qs 0 3
—Qg —6o+1 —bOp+4
—a5 1 2
—Q5 —0p + 2 —0p+ 3

(7" —90") @ Q(ho) =
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w1 1 1
—32 Ao As|As|" + 16 AgArais|Ar | + 16 (2 A5 + AT) | As|* — (0532 — 3000 + 263) A1C1 o —0o +2
wa 0 2
—8 (0502 — Ogaz — 20002) Ao A1 | As | 200 —1 —260+3
—2(65 — 360 +2) A1 Ch| As |? 0 1
w3 2 0
—16 AgAzan |A1|* + 8 ApAranas + 8 (2 Ajaf + ATon ) |As | Oo+1 —bp+1
—4 (onb5on — ar1b3a — 2a16082) AgAr 200  —260 +2
— (163 = 3a16o +201) A1 Ch 1 0
— (203 — Bzl + 202) A1 Cy —6o+1  fo+1
—16 Ao Az| A e + 8 AgArasar + 8 (2 Aganan + Afan ) [Ay|? 6p—1 —6+3
w3 —1 3
—4 (05an0n — Opoman — 200010z ) Ao A 200 —2 —26p+4
— (051 — 3001 + 2a7) A1Ch -1 2
where
w1 = 791—0{2 (03 — 562 + 600)A1C’2|A1|2 —4 (a1a20§ — 2aiasbh — arasbs + 2a1a260)A0A1

+ (O¢19(3) — 30619(2) + 20(100)14131
— {2 (3 ()4193 — 80&193 + 5109 — 2&1)A0‘A1|2 —4 (08 — 29(2))A2|A1|2 — (01598 — 30&593 =+ 20&590)141}01}

w2

1
= 9{8 (azeg — 20[293 — azeg -+ 2(1290)A0A1|A1‘2 -2 (08 — 39(2) + 290)AlB1‘A1|2
0

— (65aw — 5050 + 6 oo ) A1 Ca + {4 (05 — 465 + 500 — 2) Ao| A1|* + 2 (awb5ar — 2 anb3an) Ao
— (03 — 3050 + 20005 ) A1 — 2 (05 — 29§m)A2}cl}

w3 = *(aleg =5 a0 + 6a1)A1CQ + (2 (afé)g - 20{%90)A0 — (a39§ —3asfy + 2a3)A1 -2 (algg — 204190)/12)01

1
wi =g {4 (aafioan — 2 asb3an — asbian + 2 asboan) AgAr — (05ar — 305 + 20oan) A1 By
0

+ (2 (60an — 465071 + 5 6o — 2a1) Aol As|* — (653 — 365 + zeoas)Al)Cl}

then
5
(147) (5z¢8) 2 0
5
442 (—cc) 0 0042
5 omos .o 1 101 0 o
JVH[*ho & ho = (1.43) 156 B (2.8.1)
(14) (5 00) b0 —te+2

(4 A7) (1%?12) 200 —2 —200+4
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(A1C1) (ALCy) 2 0
Lo ) 0o —00 + 2
(H, )2 = (2.8.2)
) Oo —00 +2

(A1C1) (AiCY) 200—2 —260p+4

and finally

16 A3|Aq? Op—1 —6p+1
—64 AgAra1|Ar|* 4 64 A1 As| Ar | + 16 Alas 0o —60o + 1
K1 O+ 1 —6o+1

—8 AZaz(fo + 1) (60 — 2) — 8‘4101(920_ 2)1 A" 0 1

Ko 0 2

K3 1 1
64 A7 A1|° — 16 AT|As [P — 96 AgAr | A1 |*6 + 4 A1 | A1 |*By — 24 (2| As|*ar — @) AT Go—1  —60 + 3
—~Kgho® ho = —64 AgA1| A1 [* + 16 A bo—1 —0o+2

K4 6o —0y + 2

32 AgA1(00 + 1)(00 — 2)| A1 >0 — 32 (Goaz + az) Ao A1| A1 —8 AT (0o + 1) (o — 3)as 2600 —1 —26p+3

 0)2 200 o)\2 2
4A101a2(¢90 -+ 1)(00 2) n Cl (00 2) ‘A1| 0+ 1 00 + 1

6o 62
—8 Az (6o — 4)6o 2 0
—~8 A} (6 + 1)(0 — 2)az 200—1 —200+2
32 AgAran (6o + 1) (00 — 2)am — 32 A1 Aa (0o + 1) (60 — 2)az — 8 AT(60 +2) (0 — 2)as 200  —260 + 2
—8 A%(0o — 4)0oair 200 —2 —200+4

K1 = 64 Agoz%lfhf — 80 A%Oé1|A1|2 — 128 A0A2a1|A1|2 — 96 A0A1a3‘A1|2 — 64 A0A1a1a5 +4 64 A§|A1‘2
—|— 96 A1A3|A1‘2 — 24 (2 0[1‘141‘2 — OCG)Af + 641411420(5

16 AgC1 (6o — 2)| A1)
o

ko = 32 AOA1a2(00 =+ 1)(90 — 2)|A1|2 + — 814%0(9(00 + 2)(00 — 2) + 32 (04290 — 2052)A0A1|A1|2

_ 8A1B1(90 — 2)|A1|2 B 814101(00 — 2)075
0o+ 1 0o

16 A001a1(00 — 2)|A1|2

K3y = 32 AOA10é10é2(90 =+ 1)(00 — 2) — 32 A1A2062(90 + 1)(90 — 2) — 8A§a8(90 + 1)((90 — 3) +

0o
- 16 AQC1(90 — 2)‘A1|2 o 8A1Cz(90 — 3)|A1‘2 . 814101045(90 — 2)
0o 0o o
2
R4 = 128 AgOé1|A1|4 — 96 A?‘A1|4 — 128 A0A2|A1|4 — 128 A0A1a5|A1|2 —|— 4A101(00 + 1)(00 2) @2 — 64 A0A1a1a75

bo
=32 (2|A]" + awar — ) AT + 64 A1 Aps
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9o

Finally, the coefficient in 2202279 dz* in the Taylor expansion of the quartic form 2z is

Op =
0 %

+16 (a1t — B)ATf0 — 8 A1 A2005 + 24 Ao Asboas — 2 (65 — 4050 + 2050z + 4 000z — 3a3) AoCh

2
- {32A%00A1|4 + 48 A Arastig| AL]” — 24 Aarstioas + 8 (3 csar + ands — 3ar6) AeATbo

+3 A160Bs — <2 (66as — O3as = 40505 + 4 60a5) Ao + (2050 — 4 65a3 — 265 + 3 000 + 2m)A1>cl

+ 3 (Are1to + Aoasbo —A390)Bl}

— 32 AgAs|As[* + 16 ApArasiAr[” + 16 (2Agan + A7) [A1]* — (0532 — 300aa + 2a3) A1Cy
5 = - . - = = =

+§\Cl|2<A1:A1>+2<A17C'1><A1701>

4 A1C1 (00 + 1)(6o — 2)°az
+ 128 AZarfA " — 96 A7|A1|* — 128 ApAs|A1|* — 128 T4 + — 1(”0)( 0 =26 gy as
0
— 32 (2]|A1]" + anair — B) AT + 64 Ay Asas (2.8.3)

2
== {32 AT0o| Ar|* + 16 (Jaa|* — B) AT00 — 8 A1 AxB0ais + 24 Ao Asbotis — 2 (0 — 405 + 205 + 400 — 3 )2 AeCs
0

+3A100Bs — ((205 — 465 — 2603 + 3600 + 2)azA1)C1 + 3 (Ao — AgGO)Bl}
— 32 Ao Az | Ar|" 4+ 16 (AT)|Ar|" — (05 — 360 + 2 ) a2 A1 Ch

|G, Ay + 204, G (A, G

4 A1C1 (00 + 1) (00 — 2)°a2

o
=32 (2|A1]" + | |* — B) AT + 64 A Arai. (2.8.4)

— 96 A3|A1|* — 128 AgAs|Ay|* +

Let us first look at the coefficients
|A1|* (A1, A))  and |4, [*(Ay, As).
We see that these are
30 (3200|As [ (A1, Av)) — 32| A1 [*(Ao, Ao) + 16| A1 |* (A1, Ay) — 96| Ay |* (A, Ay) — 128| 4, [ (A4, Ay) — 64|43 (A, Ay)
= —80|A1[* (A1, A1) +2(A0o, A2)) = 0.
Then, the coefficient involving |az|? — 3 is

% (1660far|* — B) (A1, A1) — 32 (Jau|® — B) (A1, A1) = 0.

Finally, the coefficient involving a5 is

2

0 ( 8000{5(141, AQ) + 2490&5<A0, A3>> + 640175<A’1, /TQ) = 480(75 (<A’1, /TQ) =+ <14‘07 1‘?3>) =0.
0

Therefore, we deduce that (using (A1, Ch) 4 (Ay, Ca) = 0)

2
_9{W+W—W+W—2(%—4eg+zog+490—3)0@A002
0

+ 3A190E — ((2 (93 — 498 — 29(2) + 309 + 2)0(72141)01 +3 (A0a390 — A390)Bl}

— 32 AgAatA[" + 16 (AN — (63 — 300+ 2) @ A1)

5—' - - - = TS T
+ 5GP AL Ay) + 24y, G (A, G)

96 AT — 128 dpaf T LAC D0~ 2
o
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— 32 (2]|A  +Hoqt> = B) A2 + 64 ArAzTis

2 - S
=% { (05 — 405 +265 +40) — 3)azA1C1 + 3 A100B, — ((205 — 4605 — 203 + 30, + 2)azA1)Cy

=

P 5, = - o - o TS
+3 (Aoa390 — Ageo)Bl} — (93 — 3600 + 2)0&7214101 —+ 5‘01‘2<A1,A1> + 2<A1,Cl><A1,C1>

4A101(90 + 1)(90 — 2)2072
+ 0

Now, recall that

(2.8.5)

B (63 + 46y + 3)C1C3 — (12 (203 + c260) Ao — (63 + 460) B1)Cy

12 (62 + 6o) Ao —fo+2 3
_4G C, —6p+2 3
5 01(9102503)?1 71 "
5B = R TT A —0y+2 3
_iclfl Ci —6+2 3

1 - 2 —_— _ — S | —
g (04290 + OLQ)A()Ol + g (Aom - Ag)Bl + (Alch + AoOéig - Ag)Ol - g BQAl AO *00 + 2 3

and for some unimportant A;, Ay € c , we have

By = MAo + Ao Ay — 67@ cncy = Wot3) a7 2<AT1, )G (2.8.6)

— —

As (Ag, A1) = </_1'0,A71), we obtain

= Oo+2)= == 0o +3), = 5
(A1, By) = Lo )<A1,01>01 - (07)|01|Q(A1,A1>. (2.8.7)
126, 66,
Now, as ag € C is defined by
1 - = = o
as = 75 (A1, C1) +2(4p, A3), (2.8.8)
we have
- 1 - =
(azAg — Az, Ag) S (A, Ag) = ﬂ(Al,CH),
SO
- - = - = - - = 1 - = - =
<043A0 — A3,Bl> = —2<A1,Cl><a3A0 — A37A0> = _E<A17CI><A1301>- (289)
Finally, as
1 - =
=—— (A 2.8.10
% 290(90+1)< 1,Ch), ( )
we get
0y — 2 ((93—403+20§+400—3) C(Bo+2) 205 — 465 — 265 + 360 +2 90>
0o 00(0p + 1) 4 200(00 + 1) 4
02 — 36p + 2 2(0g — 2)? 2 (00+3)> 5} S
20 0T 2o B0 % LA GVA,LC — —+|C|7(A1, A
200(6p + 1) Tt 02 (A, 1>< LCy 90 2 +2 (LA, A)
300—-2) - =, - = 300 —2), = - o
S U ) A7 AoN W G AT A
200 290
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B
_ (STO) (1GP(Ay, Ay — (A1, Co)(Ar, Gy
=0
SO
|C_:1|2<14'1,121'1> = <g17071><g1’é'1>

If we suppose that 23 is meromorphic, then we obtain

{M@, ) = (Ay, C1)(Ay, A1)

Remarking that is a linear system in ((Ay, C1), (A1, A1)), we can recast (2.8.13) as

|A'1‘2 _<A’17C_:1> <A’1761> 0
—(41,Cr)  |Gh? (A1, Ay)
Thanks of Cauchy-Schwarz inequality, we obtain
AP AL -
det = |A1|2|Cl|2 — |<A1,Cl>|2 Z 0.

~(4,C) |G
Therefore, if the determinant is positive, we obtain
(A41,Ch) =0,
and the holomorphy of the quartic form, and if the determinant vanishes,

/ﬁ and C_"l are proportional.
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Chapter 3

Return to the invariance by
inversions

To obtain the next order development, we need to develop

f=s56) -g'® (ho © 9|82 — 2B, 7o) ® acp)
where
G =0H+|H?00 +2¢ ' @ (H, ho) ® 0P
I5(X) = |’ X - 2(8, X)®,

up to an error of order 6 + 4.

3.1 Computation of the order of development of tensors

We first need to see at which order we need to develop tensors to obtain the next order development of
. We should obtain an error in O(|z|%*4).

To obtain such error, we need to develop & and d up to order 3, for the component
I3(6) = I3 (aﬁ +|H?P0% + 297 @ (H, ho) ® 5@3)
where for all X € C™, we have
I5(X) = |8]2X — 2(8, X)d.

As we perform this order 3 development, we get

&= _(002—2) Zéglfl 4o O(|2[4%)
and
B = gl= (14 + O(=F)
SO
|(i>"20—2 _ (9029—2 2) Crzz% + ... + O(|z|90+4)
0
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and likewise
(B,8)D =+ O(|2| ™)

so the developments of & and @ are sufficient for the part

-

I5(@) = B2 d — 2(®,d)d.

Furthermore, we have

- 0y —2) C 2 -
(@, @) = <( 02 )ze o+ O0(|24%),Re (9Aoza°) +O(Z|9°+3)> =+ 0(|z]*).
0 0

We indicate the order of the errors in the partial developments so that one can check when
we throw higher order terms with the throw function that the order is correct.

However, we need to develop 5, g and ﬁo up to order 4 for the other part
—g'® (5|<i>’\2 ® ho — 2(®, h) ®5<f>) .
Indeed, with

ho =2 A1 2% 1d2? + - 4+ O(|z]|7*?)
g =P (14 + 0(12)

- 1
B = 5|2 (1 4 O(2[")
0

we obtain
0|3% = %Mzeo—z (zdz +---+ 0(|2]))
SO
g'® Ho = 214_1'121700% N O(\z|5*90)
and

- o 2 .
g ' ®0|9>®ho = ?Alzeo dz + -+ O(|2] %),
We also have

- o o 2 .
gt @ (ho, ®) = <2A1z1_9°§j + -+ 0(]2[°"%), Re (0A0200> + 0(|z|90+4)> =+ 0(]z]").
0
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3.2 Development of & and |®|> up to order 4

We first recall that

1
% A() 0 90
L Ay 0 O +1 ! C 2 0
90 +1 ! ot 890 ' 0
1 — 1
B 2 O+ 1
b0 12 As 0 Oy + 2 80+ 1) 1 0
1 — 1
. Az 0 6o + 3 Cy 3 6,
(I)(Z) — 90 if— 3 12190 + O(|Z|90+4)
— A 0 0 —— By 6y+1 2
b0 o7 8Oy +1) - 70
1 1 _
A 6p+1 0 C 0 2
90 +1 ! 0 89() ! 0
1 1 __
Ay O+ 2 0 0
bo+2 2 ° g, 2 % 3
1
B0 13 Az 6y+3 0
= Re z141'02‘90 + A, 2ot + i[fgze“” + ngzeﬁ‘g + Lc_"leEQU + Légz3§9°
bo o+ 17" 0o + 2 0o + 3 46, 66,
A+ 1)§122200+1> + (")

Recall that
1 -

- - (A
a2 200(90+1)< 1 C1)

SO

— —

Bl = 72<A1, 61>/YO = 7490(90 + 1)0(214’0. (321)
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Now we compute

2404,
984—90
(62 +200) A" +2 (62 + 200 + 1) Ag Ay
0 + 4603+ 5035 + 26,
2((03+360) A1 Ay + (65 + 3060 + 2) AgAs)
05+ 663 +1162 + 66,
0
%
B14p + C1 Ay
4 (65 + o)

98 + 6o
8 Aoy Az + (0g +2)A5Cy
4(63 +262)
12 (03 + 462 +362)
2A1Ay

03 +26) + 1
8 A160 Ay + (Bo+2)AoB1
4(63+362 +26)
AgCilby+2) 4 8 Ayl Ay
4(63+2632)
AoBr{85+2) + 8 Aoy A
4(63 4363 +26))
3 (03 +360)A1C1 + 2 (05 + 4600 + 3) AgCa + 24 (03 + 0) AsAg

12(03 + 4602 +362)
2 AqAT
984—90

AoBy + A1Cy
4(63 + 6o)

(63 +260) AT +2 (03 +26) + 1) Ag Az
0a + 4603+ 503 + 26,
2((63+360) A1 Ay + (65 + 360 + 2) AgAs)
03+ 665 +1162 + 66,

Al

=
)
oN

&

(=)
>
o

66

to

o

o

to
Op + 1
O+ 1
0o+ 1
0o + 2
Oo + 2
0o+ 3
20, + 1
2600+ 1
26y + 2
2600+ 3
20,
20,

2 6o

2600+ 1
200+ 2
200+ 3
20,
20, + 1
20,
20,
to
0+ 1
0o + 2
0o+ 3
o
O+ 1
0o + 2
to
0+ 1

0o




(03 +2600) 41" +2 (63 + 260 + 1) Ao Ay
05 + 403 +560% 4206,
2 ((03 +3600) A1 Az + (03 + 3060 + 2) AgAs)

0 260+2 (1)

0 26 3 2
08+ 6OF + 1102 + 66, o3 (2)
Bi A + C1Ay

_—— 2 200+ 1 3
NUEDY o @
244 o 6 @

007

8 ApAs

Aot o Bo+2 (5
1(07 +20,) o otz (8)

24 (03 + 00) AgAs + 3 (03 +300) A1C1 + 2 (03 + 40 + 3) AgC>
12(08 +402 +362)
24,14,
03 +26p + 1
8 A160p A2
4(03 4+ 362 +200)
8 A26p Ao
4(03+263)
8 A200 A1
4603 +36%2+26,)
3(02+3600)A1Cy +2 (02 + 4600 +3)AgCa + 24 (63 + 6p) AsAg
1203 +463 +362)
AQEJrAla
4(62 +00)
(024 260) A3 +2 (63 +260 + 1) Ag A,
05 +465 +503 420,
2((05 +360) A1 Ay + (05 + 360 + 2) Ag As)
05 + 663 + 1162 + 66,

0o 6o +3 (6)

O+ 1 O+ 1 (7)

bo+1 6o+2 (8)

0o +2 6o (9)

bo+2 6Go+1 (10)

bo+3 6  (11)

200+1 2 (12)

200+2 0  (13)

200+3 0 (14)

Furthermore, we can further simplify this expression with

— — — — — —

(Ay, ALY +2(Ag, Ag) = 0, (A1, Ay) 4 (Ag, A3) =0, (A1, C1) + (Ay, Ca) = 0.

We now define (y, (1, (2 € C such that

Co = (A1, Ay)
G = (4, Ay) (3.2.2)
G2 = (A1,Cy)
which gives
(13) = (03 +2600) A3 +2 (03 + 200 + 1) AgAy 2( Ay, As) . (A, Ay)
N 05 +405+503 420, 08 +403 4502 +200 03 +463+502+20,
_ —Go
05 +4635 4503 +20,
(14) = 2 ((62+360) A1 Ay + (03 + 360 + 2) AgAz) 4( Ay, Az) B —4(Ay, Ay)
B 03 + 665 + 1162 + 66, 04603 +11602+60, 0 +603+11602+606,
—4G

- : 3.2.3
05+ 663 +1162 + 66, (3:2:3)
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Now, recall that

ap = 2</YO,A2>

1 - o
2= 200(00 + 1) Ry

1 R . -

az = E(x‘h,cﬁ +2(Ap, A3)
as = 2(A;, Ay)
ag = 2(A;, As)

1 .
= Sgeldo — 4y 1V

SO

3 (03 +360)A1C1 42 (63 + 4600 + 3) AgCa + 24 (03 + 6p) AsAg
12 (0 +463 +362)
~ 3(0543600)A1Cy — 2 (605 + 400+ 3) A1Cy + 24 (65 + 00) As Ay
- 12(04 +463 +362)
(303 + 960 — 202 — 80y — 6) A1Cy + 12 (69(60 + 1)) (a3 — 1541 C1)
12(04 +463 +362)
—6A;01 +1200(00 + 1)z~ —A1C1 +200(0p + 1)z —Co + 20p(00 + 1)as

(11) =

1200 +4603+3602) 2(08+463+362) 2008 4+ 4603 +3062)

Then

— =y — — — —

(Ao, By) = (Ap, —2(A,C1) Ap) = —(A;,Ch)
S0

AoBl +A1C1
12)=""1— """ —
(12) 4(6%2 +00)

Now we directly have as as = 2(14?1, ffg) the identity

(10) = 8 Ax00 A1 _ Qs _ Qs
403 +3602+2600) 02+300+2 (0o+1)(0o+2)
Likewise,
(9) = 8Ax0h Ay aq
403 +202)  00(6o+2)
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Therefore, we finally obtain

—Co
200+2 (1
0o A0+ 50, 120, ot2 (1)
_4a
2 2
62 + 663+ 1162 + 66, 0 6o+3 (2)
1
92 B0 b (4)
0
ar
TR 0, 6o + 2 5
0o(0o +2) 0 0 (5)

~Co 4+ 200(00 + 1)az
2004+ 4603 +363)
2|A; 7
B(2)? = (60 +1)?
Qs
(90 + 1)(90 + 2)
e5]
90(90 + 2)
(6%
(6o +1)(6o +2)
—Co + 200 (0 + 1)as
2004 + 463 +362)

o Oo+3 (6)

bo+1 6Go+1 (7)
0o+ 1 0o+ 2 (8)
fo + 2 0o (9)

0o+2 6Oo+1 (10)

bo+3 6  (11)

93+498f§0§+290 200 +2 0 (13)
96‘+698:r41%93+600 260 +3 0 (14)
= 918|Z|26° + (920|A:L1|12)2|Z|2‘90+2 + 2Re (90(0?12)2(90”2:00 + M%Z(’oﬂzaoﬂjL
* _ffegieiégofg%?g S G +<0593 T a o ﬁwg + 660 Z290+3> +O(=*)
1 2| Ay |2 —Co 4 200(0p + 1
} |Z|200{93 ’ <90|+1|1>22'2 ke (90(9?1 5 Tt 1??90 gttt 24(293++ 29(30:393%?3 3
- T T - w0l )
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to be compare with the right-hand size in the next equation

Another test to check that our quantity is real.

—Co
0o + 405 +505 + 26,
—4G

05 + 6035 + 1162 + 66
1
03
a
o 90(90 + 2)

—(2 + 200(00 + 1)z
2005 + 463 + 362)
2|47
(90 + 1)2
Qs
@ + D60+ 2)

a
0o(00 + 2)

Qa5
(0o + 1)(00 +2)
_CQ + 290(90 =+ 1)0&3
2(0¢ + 4603 +363)
—Co
03 + 403 + 503 + 26,
—4G

05 + 663+ 1162+ 66,

—Go
05 + 405 + 505 + 206,
—4G

05 + 6035 + 1163 + 66y
1
03
ap
90(90 + 2)
—Ca + 200(00 + 1)
2004 + 463 +362)
2|A;?
((90 + 1)2
as
(6o +1)(0o +2)
aq
90(90 + 2)
Qs
(8o + 1)(60 +2)
—CQ + 290(90 + 1)0&3
2008 +463 +363)
—Co
03 + 403 + 503 + 206,
—4¢

03 + 663+ 1162+ 66,

0

0
o
o
bo
6o+ 1
O+ 1
0o + 2
0o + 2
0o+ 3
200 + 2

200 + 3

0

Bo
o
to
6o+ 1
O+ 1
fo + 2
0o + 2
0o+ 3
200+ 2

20 + 3

200 + 2
200+ 3
to
0o + 2
B0 + 3
O+ 1
Oy + 2
0o
0o+ 1
0o
0

0

200+ 2
200+ 3
bo
0o + 2
B0+ 3
0o+ 1
0o + 2
0o

O+ 1
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(1)
(2)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(13)

(14)

(1)
2)
(@)
(5)
(6)
)
(8)
9)

(10)

(11)

(13)

(14)

Go
COE 403+ 502 +26,
4G
0+ 6603+ 1102 +60,
1
[
a
((90 + 2)90 o
2 (6o + 1)boaz — (2
2(04 +463+362)
2|4,/
(60 +1)°
as
(0o +2)(6p + 1)
!
(60 + 2)6o
a5
(6o + 2)(90 +1)
2a3(00 + 1) — G2
2(08 +463 +362)
B o
05 + 4635 +56035 420,
4G

0+ 603+ 1102 +60,

G
0o + 405 + 5065 + 26,
4G

04663 +1162+66,
1
%
aq
03+2600
20205 + 2 6oas — Ca
2(08 +463 +362)
2| Ay *
02 +260+1
a5
02 + 300+ 2
!
03 + 26
Qa5
03 + 36y + 2
20302 +2a30) — (o
2(08 +463+362)
B Go
05 +463 +5603 420,
4G

08+ 603 + 11602 + 66,

o

o
o
o
6o+ 1
6o+ 1
fo + 2
Oo + 2
6o+ 3
20, + 2

260+ 3

0o +1
0o +1
6o + 2
o + 2
0o +3
200+ 2

2600+ 3

20, + 2
200+ 3
0o
0o + 2
0o+ 3
0o+ 1
0o + 2
0o
6o+ 1
to
0

0

200 + 2

260 +3

0o + 2

0o+ 3

6o+ 1

0o + 2
0o

6o+ 1
o
0

0




3.3 Development of ¢7! ® ﬁo up to order 4

We directly compute

g~ ® ho

and indeed we have a development of g™ @ kg up to an error in O(|z[>~%).

8|4 a1 — 275
4
—4 o
—4 s
~8A4;?

1

2

—das

—dag
16]4,)" + 8ayar — 4

6

—6 a3

—6 a1

—6as

—12|A,?

24&1|A1‘2 - 6&6

—6p+1
—0p + 2
—0p + 3
—6p +3
—0p + 3
—b6p +4
—by + 4
—6p +4
—6p +4
—0p +1
—6p+ 1
—6y +2
—0p + 2
—60o+3
—bp + 3
—0p + 3
—60o+3
—0p +1
—6p+ 1
—6p+1
—0p + 2
—6y + 2

—6p +2
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8
-8 Q3
-8 (05]

8&%—80[4
6o — 2
26,
90—2

26,
6o — 2

S 2(6)+1)

20&200 740[2
_f=2
2 (60 + 2)
foor — 20y
03 + 26
20(9(90 —4@9
63
26
__bo=3
2 (60 + 1)

(6o — 3)| Ay |*

984—90
20(890 — 60(8
20&200 - 60[2

64
20,

20[700 - 80[7

—26p0 — 20

—26pag — 20y

__ B
2(0p — 4)

—2 007

—20prg — 4y

—26p0 — 4y

Ch
Ao
Cy
Bs
Ch
Ao

Ay

Ao

Ao
Ao

Ay

3

3
—20y)+3
—0g+1
—0p+1
—0p+1
—0p+1
—0p+1
—0p+1
—0p + 2
—0p + 2
—0p + 2
—6 + 2
—0p + 2
—0p +3
—0p+ 3

to

o
0o — 1
0y —1
O+ 1

0o+ 1

—0p +1
—6p+1
—0o +1
—0p +1
6o+ 1

1

—200+3
—200 +4
—200+5
—200+5
—200+3

—2600+3




3.4 Development of & up to order 3

Now we need to do some preformating, and we first compute

1

2
2A4,Cy

1

2
2A4:Cy

1

1 —
5 Ci1Ch

—0 + 2

_Ci(6 —2)
260

1
——6o+1
5 o +

1
——0 1
5 o +

1
—=0 1
5 o +

C1(0o — 2)Cy
260
3

1
20+ 2
50t 3

2A,.C1

1 3
gty

2A,.C4

Qu
Il

1
—= 6o+ 2
5 o +

1 o
-C
7“1

1
-0
5 %o

1 _——2
-C
14

—4 Ao}ATPTh + 2 A,C2

M—ZI(M—AQ)a

—4 ApCr{AL [ + 2 ABY

—4 (Agar — A2)C1 + 2 A1Cs

Most of the coefficients here cancel. Indeed, recall that

B 0 —0o + 2 1
Ao 0 —6 + 2 2
2A:C1
Bs 0 —00 + 3 1
a0 —00 +3 2
2 A:C1
Ao 0 —6o+3
2A:Cs
By 1 —0 + 2
1
Ag 1 —0y + 2 1
- CiCh
Ao 1 —6 + 2 2
4 AxCh
FEy —-200+3 Bo
—0p + 2
Ao —200+3 0o 012(00 _2)
Ch —0g +1 0 200
—-00+1
B1 —0y+1 1
= —-00+1
B> —60g +1 2 1
o —3 0o +1
Ay —bOp+1 2 Ch (60 — 2)T1
Co —0y + 2 0 1 200 3
— ity
Ag —0o+2 0
2A,C4
Bs —60p+2 1 1 3
— 3 ta
A —0y + 2 1
2A:Cq
Ay —0o+2 1 1
—500+2
Cs  —00+3 0 2
11
Ao —0y + 3 0
4 AC1 +2A:C
Ay —6p+3 0 1
Z 6
Bi 0—1 —200+4 2
19
Ao O —1 —200 +4
By = —2(4,,Ch) A,
B’2_7(90+2)|C_V’1|2A 2<A2,C_;1>Ao
46¢
Bs = —2(A;,C1) A1 + 90i3<£1, Ch) Ay — 2(Ay, Ca) Ao
B = —%whc VAo

72

Ey

Ao

1

1
—260+3
—260+3
—00+1
—6o+1
—6o+1
—00+1
—6 + 2
—6 + 2
—00 + 2
—6 + 2
—60+3
—00+ 3
—60+3
0o — 1

0 — 1

—0h+2 (1)
—h+2  (2)
—0o+3  (3)
—0o+3  (4)
—0o+3  (5)
—0+2 (6)
—0o+2  (7)
—0o+2  (8)

6o (9)
0o (10)
0 (11)
1 (12)
2 (13)
2 (14)
0 (15)
0 (16)
1 (17)
1 (18)
0 (19)
0 (20)
0 (21)
—200+4 (22)
—200+4 (23)
(3.4.1)




Therefore, we have

% Bi 0 —6+2 (1) —-ACi Ay 0 —6o+2 (1) o
—_ — - - _<AIC1 Ag 0 —0p+2 (1))
214101 0 0 —90 + 2 (2) 214101 AO 0 —90 —|— 2 (2)
:(290(004-1)0(2 Io 0 —6p+2 (1))
and
1 — 1 ==~
— Bs 0 —6y+3 (3) <A1, C1> A1 0 —6p+3 (3)
2 o — 3
24:C7 AL 0 —6+3 Q)] = A Cy Al 0 —6o+3 (4)
2A4:Cy Ay 0 —60+3 (5) A1C Ao 0 —6o+3 (5)
g Ar 0 —60+3 (3)
6o — 3
200(60 +1)az A1 0 —6o+3 (4)
G A 0 —6+3 (5)
if
G = (A1, Ca).
Then

1 By 1 —6o+2 (6)

. O +2) = - - == 1, = - - = =
Yoo 40 1 —t0+2 (1) (—(190 )|01|2Ao—2<A2701>Ao+5\01|2Ao+4<A2,C1>A0

)

4A,C1 Ag 1 —60+2 (8)

- ((9046_2)@2/{0 + 2(&,01%) 2720
0

6o — 2
( 0 )|Cl|2 Ag 1 —6o+2 (6)
46,
2(s Ag 1 —6o+2 (8)
if
G = (A2, Cr)
Now as E1 = 7L<CX, él)ATO, we have
260
—0p + 2 Eir —200+3 6o (9) %00 Ei 6o—1 —2600+4 (22)
=0
2 —_9 . ’ .
7%@) Ao —200+3 6 (10) icf Ao Oo—1 —200+4 (23)
0

Then, we have

—%90+1 C —0o+1 0 (11) _
1 80 — 2)

Ci —+1 0 (11)

—5f+1 B —G+1 1 (12) — Bi —6+1 1 (12)
—% 0o+1  Ba —0o+1 2 (13) - (9(’; 2 B, g1 2 (13)
— o8 P — 2 —_—
_Ci(6 —2)Cy Ay —6o+1 2 (14) _ (6o = 2)|C1 " A —b6o+1 2 (14)
260 260
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Finally, if

recalling that

we obtain

4 A,C +2A,C

Cy —bo+2
Ay —bo+2
Bs  —0o+2
Ar =60 +2
Cs —00+3
Ao —0o+3
Ay —6o+3

0

0

0

(15)
(16)
(17)
(18)
(19)
(20)

(21)

-3

2(
63
2¢
64

2

290 (00 — 4)0(7

2¢s5

We sum up her the new coefficients ¢ that we have introduced

74

—6o + 2
—0o + 2
—0o + 2
—6o + 2
—0o + 3
—00 +3

—00 + 3

(15)
(16)
(17)
(18)
(19)
(20)

(21)

(3.4.3)

(3.4.4)



Finally, we obtain

QL

——0 1
D) o +

C1(60 — 2)C1

2600

1 3
2+ 2
g0ty

2A.C4

1 3
20+ 2
g0ty

2A,.C4
1

—= 2
B 0o +

1 o
-C
7“1

4 AC1 +2A,05

1

V0

1

-1

Ao

Er

1

1
—2600 + 3
—2600+3
—0o+1
—00+1
—0o+1
—0o+1
—60 + 2
—0o + 2
—00 + 2
—0p + 2
—00+ 3
—00 + 3
—0o +3
0o — 1

0o — 1

—Oo+2 (1)
—0o+2 (2
—0h+3  (3)
—0h+3  (4)
—0o+3  (5)
—0h+2  (6)
—bo+2 (7)
—0+2 (8)
0o 9)
0 (10)
0 (11)
1 (12)
2 (13)
2 (14)
0 (15)
0 (16)
1 (7)
1 (18)
0 (19)
0 (20)
0 (21)
—200+4 (22)
—200+4 (23)

(0]

200 (00 + 1)z

C2
0o — 3

2600(00 + 1)az

(s
(6o —2)
460

|Cy[?

—00+1
—00+1
—00+1
—00+1
—00+2
—0o + 2
—00 +2
—00+2
—0o +3
—00+3

—00 + 3

—60 + 2
—00+ 3
—0o +3
—00+ 3
—00 + 2

—0y + 2

(1)
(3)
(4)
(5)
(6)
(8)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)

(21)




which once translated again into code yields

200(00 + Doz Ao 0 —0+2 (1) 2(00 + ooz Ao 0 —00 +2
QE 5 A 0 —0+3  (3) QE 5 A 0 00 +3
200(00 + )az Ay 0 —6+3 (4) 2(60 + 1)foaz Ay 0 —60o +3
(s Ao 0 —0o+3  (5) Cs Ao 0 —6o+3
(919‘0 i 4 1 —0o+2  (6) % A 1 —Gp+2
2Cs Ao 1 —0o+2 (8) 2Csa Ao 1 —6p +2
- w”; D o —+1 0 @y ~Sh+1 G G+l 0
- (902_ 2) B —fy+1 1 (12) —% 6o+1  Bi —6o+1 1
a = - (902_ 2) By —6p+1 2 (13) 7% 6o+1 By —6+1 2
—% Ao —0o+1 2 (14) _% Ao —0o+1 2
—(QOQ_ ¢ —et+2 0 (15) —%eo +g C —0p+2 0
2¢o Ay —6p+2 0 (16) 2¢o Ao —0o+2 0
—(90;3) Bz  —6p+2 1 (17) —%904% Bz —p+2 1
2¢a Al —0p+2 1 (18) 2¢a Al —0p+2 1
_ O 2_ 4) Cs —6o+3 0 (19) f% 6o+2 Cs —6o+3 0
200(00 — 4)ar Ay —6p+3 0 (20) 2a7(00 — )00 Ay —0p+3 0

2¢s Ao —00+3 0 (21) 2¢s Ao —00+3 0

Left TEX right Sage.
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2 (boaz + a2) AG 0

(00 — 345 Cs + 2 (20303 — 563a3 — 300a3) AcAs + AAAoCa .
02 — 30,
 Ac€i(6o — 2) )
26,
_AeBi(6 — 2) 1
- 26 B
4 40(B0 — 2)|C1 o — 320045 G+ 8 (6 — 2600) AoBs + (63— 200)CiCh
B 16 62
4 Ao(00 + 1)C2Ag — (63 — 2600) A1C1 — (63 — 200 — 3) AgCs )
2(63 + o)
4 Ao(Bo+1)Co A — (03 =200)ATB1 — (03 — 200—3)AoBs )
2(63 + o)
A 3
L2y M
(@, ®) = ,02790 o+ 1
<270 R
(65 — 60 — 2) BiAg + (63 — 260)C1 Ay bt 1
2 (03 + 6o) 0
Ao —0y +1
Calbo=3)A0 —AGAT ;
- —00 +2
200 o
4(200+ G A0 AL — (03 — 200 — 3) BsAo — (03 — 300) C2 A
—0y + 2
2(03 + 0o) _
012(90 — 2) — 32 (OWQ% — 40(7003140140 + 803((90 — 4)A0 *M
- —00+3
16 6
2 (o0 + @z) Ao Ao 0o
Ag(Bo — 3)Agls + 2 (9SW+M
2 fo
— 02 — 360
W+W +8 Ao Acla oo i1
0

where

bo

0o+ 1

6o + 2

)

0o+ 1

to

—0 +2

—00 +3

—00 +2

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

7)

_ 1 2 2 T 4 3 — 2
)\1—2(08+398+290){W+4(90+390+2)A0C5A0+4(a790 a7, 705 — 8.azb) Ap

— (65 — 05 —200) A2Cy — (05 — 05 — 6600) A1C — (05 — 0 — 100 — 8)AoC3}

Ay = —

2(08 + 362 +202)
Therefore, we have

1)=(2)=0B)=#)=(7)=(9 =012).
Now, recall that by (2.3.7) and (2.3.11)

1

= 0@ — 1) TV

(Cr,C1) +8(Ag,C5) =0, ar

- 1
so as |Ag|> = 5

C2(00 — 2) — 32 (a2 — 4arbo) Ao Ao + 8 C3(00 — 4) Ao — 3265 A0

7

(68408 =460=)[C1PA0” + (05 + 03 — 463 — 400) B2 Ao + (04 = 403)Bi AL + (08 — 0 — 203) 1A,




= C7 (00 —2) — 1660 (6o — 4 )ar +8C3(0y — 4) Ay
= (8o — 4)(C1, C1) + 8(60 — 4)(A, Cs) = 0
SO
(14) = 0. (3.4.5)
Now, we compute

4140(90 — 2)|01|2A70— 32 90;0 5—‘:— 8 (03 — 290)AOB2 + (9(2) — 200)01@
= 2(00 — 2)|C1|* + 800 (60 — 2)( Ao, Ba) + 00(60 — 2)|C1|?

= N 0 2) - o= = o
~ (0, —2)((eo+2>|cl|2+seo <Ao,—( A —2<A2,01>A0>)
=0
P 1
as |Ao|* = 3 Therefore, we have
(5) =0.

Now, we have as (3 = <g1, C_"1> and (/Yh C_"l) + <A'07 C_”2> = 0 the identity

4140(00 +1 Czro— (9(2) — 290)A101 — (0(2) — 260y — 3)A002

)
=2(00 + 1)A1Cy — (63 — 260) A1Ch + (65 — 260 — 3) A1Cy
= (200 — 1)(A;,Ch)
= (200 — 1)(o.
and
©) = 4 Ao(00 + 1)¢2Ao — (05 —200) A1C1 — (68 — 200 — 3) AoCa (260 — 1)Ca (3.46)
o 2 (98 =+ 90) o 290(90 + 1) o
Now, recall
CO = < _’17*A_'1>
G = (A1, Ay)
G = (A1, G)
— (3.4.7)
(3 = (A1,C)
C4 - <A727 C_:l>
G5 = 2(Aa, C1) + (A1, Co)

In particular, as

we have

_ 1 2 2 - 4 3 — 2
A= 2(98+393+200){W+4(%+300+2)A0C5Ao+4(a760 az 02— B arfo) A2

— (05 — 05 —200) A2Cy — (05 — 05 — 660) A1C> — (605 — 0 — 106 — 8)A003}

1 2
— 2 2
2(03+39§+290){ (0 + 360 +2)Gs

— (65 — 05 —2060) A2Cy — (65 — 05 — 6 60) A1Ca + (05 — 05 — 106 — 8) (A2Cy + Alcg)}

1
= {2(98 + 300 + 2)C5 — 8(90 + 1)14201 — 4(90 + 2)14102}

T 2(03 43602 +200)
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1 2
= 2 2)(s — 4 1)(s — 4A
1
= 200(0 1)(5 — 4
2(98+398+290){ o(6o + 1)¢s C6}
where
Go = (A1, Ca).
Therefore,

1
(8) = ACESEST) {290(90 +1)¢ — 4(:6}«

—

Then, we compute as B1 = —2(14T17 C_"1>Ao

(10) = — (98 — 00 — 2)31I0+ (98 - QQO)Clx‘Tl _ ((9(2) — 6o — Q)x‘TlCH - (9(2) - 290)011471)
; 2(63 + o) B 2(05 + 6o)

(B —2)(A4,C)
= —290(90 T 1) = (90 - 2)0[2.

Then, we have

= = 0 2) o o = o - > o
(o, 82y = (o~ P BTy - 20, ) Ao ) = (B
0

SO

— _ _
(11):A2:_(03+92— =4)[C1[*Ag” + (65 + 03 — 465 — 460) Bo Ao + (05 =465)B1 A1 + (65 — 0 — 205)C1 Az

2(08 + 362 +202)

(66 + 05 — 465 — 400) Az Cy — (05 — 05 — 2603)C1 A,

2(02 + 363 +202)

(205 =265 —400)A2C1 (6o +1)(00 —2)A2C1 (00 + 1)(0p — 2)A5 C1 (6o — 2)A5Cy
T 200813031208 (63+302+200)  6obo+1)(0o+2)  6o(fo+2)
_ (6o —2)C

00(00 +2)°

Then, we have

= o = = oo 2 - o TS = oo = o
(Ao, Bs3) = <A07—2<A1,C1>A1 +3 3<A1,C1)A1 - 2<A1,CQ>A0> = —(A;,Cy)
o —

SO

(13) = 4(200 + 1A Ar — (03 — 200 — 3) Bs Ao — (63 — 360) Co AL

2(03 + o)
(08 —200 —3)A1C2 — (05 —360)C2Ar (0 — 3)A1Ch
- 2(62 + 6o) T 200(00 + 1)
_ (B0 = 3)¢s
290(90 + 1) ’
Finally, we trivially have
(15) = 2 (ooz + a2) Ao Ao = (60 + 1)aa. (3.4.8)
then
(16) = Ao(Bo — 3)AoCs + 2 (OSWJrM _ & (3.4.9)
90 -3 90 290
while
Aoz + A3 (Be—2)[Ci[” Als G
(a7 _ 8 A AL + A 2IC +8 b Aoy _ G (5.4.10)
403 0o
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Finally

(200 — 1)C2
Y N7 R 2 0 6
2600(00 + 1) (6)
1
2(93+39§+290){29°(9‘)H)C5 4<ﬁ} 3 0o (8
(0o — 2)ar —6o+1 6o+1 (10)
(0 —2)C
= D0 Lo —0o+1  6o+2 11
(@,®) = 00 (00 + 2) 0 o (11)
(00 —3)¢s
Y7 T —0p+2 6Op+1 13
290(00 + 1) 0 + 0 + ( )
(00 + 1)@ 0o —0g + 2 (15)
G _
200 bo 0o +3 (16)
& bo+1 —6o+2 (17)
6o

In particular, we see easily that if
(@,®) = f(z)dz,

Indeed, see test_scaling in the code. We can also check it directly. Indeed, we have

(00 =+ 1)(00 — 2)&2 —90 + 1 90 (10)
(0o = 2)C g 2)s —6o+1 6Bo+1 (11)

0
(o —3)Gs —0o + 2 o (13)

8:1(=) = 20
—(90 — 2)(00 + 1)0&72 6o —0g +1 (15)
_OL)(;T_O?))CE 0 —0o+2 (16)
M 6o+1 —6o+1 (17)

0

) z% (90 — 2)(4 Zoo+1 (00 — 3)C3 z%
= 2Z Im ((90 —+ 1)(00 — 2)0&27 + 00 Z9071 + 290 29072

so O=f(z) is purely imaginary, as expected.
Then
Re (0zf(z)) =0,
as expected. We also define

1
G = 2(03 + 302 + 200) {290(90 16 - 446}
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so that

3.5 Development of FLO up to order 4

971 ® <}_7:07q_)‘> =

(260 — 1)¢2

290(90 =+ 1)
¢r
(90 — 2)&2

(6o —2)Ca
6o (90 + 2)
(6o —3)Cs

200(60 + 1)

(6o + 1)z
G
200
G
0o

—6p+1
—0p+1
—6o+2
6o
6o

0o+ 1

0
0o+ 1
0o + 2
0o+ 1
—6o + 2
—0o +3

—00 + 2

81

(6)
(8)
(10)
(11)
(13)
(15)
(16)

(7)

(200 — 1)¢2

2 (90 + 1)90

¢r

a2 (00 — 2)

(6o —2)Ca
((90 + 2)90
(6o —3)¢s
2 (6o + 1)0o

(6o + D)oz
G
200
[

0o

—0y+1

—0g +1

—0y + 2

o

o

0o+ 1

0o+ 1

6o + 2

O+ 1

—0 + 2

—b00 + 3

—00 + 2




2ATA,

_ 6
2(240(60 + 1)|Ai[*Ag — A16AY) 2|4,
02 + 0o ERCIE)

75

)

_ 8Aoeritio Ao + AoCify=2) — 8 Azt Ao
263

13
Ha
M5
I

wr
Ev(8o=2]Ag
262
Ci(86—2)A
262
4 (0203 — 0200 — 2002) Ao Ag — Blbg—2)Ag — Cilfo—2)A1

2 (65 + bo)

JIe

Ca(b—3)Ay

202

tho

012(90 — 2) + 8 Ao E1 (90 — 2) — 32 (a79§ — 40(790)A0A70+ 803(00 — 4)1470

16 62
2 AgAT
6o
4 A2AT

- 90
_ 8(00T + 3) Ao Ao + 8 AoATTT + 8 ARTE — A1 — ACr
400

M10
4 (Goar — da7) Ao Ao + AgFr
2 (6 — 4)
2(2 ar) A — 2 AgAs (6o + 1) — Afbo)
B 6% + 6,

14(ﬁ&bﬂLﬁigdqujﬁzﬂ§:+iQﬁﬁ&%fagigg>

03 + 6o

H11

12

82

3

1

—2600+3 2600+1

—00+1

—0p +1

—00 +1

—0 +2

—0y + 2

—00 +3

bo

to

0o+ 1

0o+ 1

6o + 2

0o+ 1

o + 2

0o+ 3

0o+ 1

6o + 2

O+ 1

—0y +1

—0y + 2

—60 + 3

—0y + 4

—0y +5

—0g +1

—0 + 2

—0y + 3

—0y+1




113 0o + 2 —00 + 2

U4 0o + 3 —00+1
| 4007 — ATE) S + AcEr 200 —1 —260+5
2 (0o —4)
2 ((90079 +2a) A + 2 (Boaz + @)M)
_ 200+1 —260+3
)
_2(803z £ aa) Ao 200 —200+3
to
_ 2000 + ) Ao 200 260 +4
o
2|Aq)?
—_ 0 2 1
6o (60 + 1) 1)
H1 0 3 (2)
I 0 4 (3)
o i > @
Ha 1 3 (5)
s 2 )
e 2 > (M
7 3 1 (8)
M —fo+1 0o + 2 (9)
)
s —0o+1 6o+3 (10)
Ho —0o+2 0o+2 (11)
 Ci(f0—2) + 8 AoEr (0o — 2) — 32 (003 — 4 az60) AgAg + 8 C5(60 — 4) Ag 0+3 G+l (12)
16 62
,M o —6+3 (13)
o
W10 0o —0y + 4 (14)
4 (Qoar — dar)AoAg + Ao Fr
5 (00 — 4) 0o —1 0o+ 5 (15)
242
—_— 0o+ 1 —6 1 16
6000 + 1) 0 o + (16)
H11 bo+1 —6o+3 (17)
H12 0o+2 —60o+1 (18)
H13 6o + 2 —0p +2 (19)
H14 6o+3 —6o+1 (20)
where
1 2 25— 2 o=\ T 2 o=\ 4. T
=— 1 2600)Ao|A1|"A 2 AgA 2 Al A
M1 4(98+30(2)+260){ 6(90+ 90) olA1] 1+8(000¢5+390a5+ oc5) 0 0+8(90a1+390a1+ al) 140

-8 (93 +90)A1I2— (98 + 360 +2)A031}
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1
12 (02 +603 + 1102 + 60,

—2(05 + 665 + 1160 + 6)|A1|*AeCy — 24 (0505 + 6 053 + 11 600 + 6a5) Ao Ag
— 24 (65 + 6 053 + 11600 + 63) A1 Ao + 24 (65 + 365 +260) A1 As + 3 (65 + 565 +660) A1 By

po = ) {96 (050 + 6 030 + 11000 + 6a1) Aog| A1 |*Ag — 48 (05 + 405 + 300) Ao A1 Ay

+2 (65 + 665 + 1160 +6) Ao Bs — 24 (0505 + 5655 + 6 6oas ) Ao + (G5ar + 5 05ar + 690a1)A1)Al}

16 A1(90 + 1)|A1|2A70+ 8A00¢190A71 —4 (Oé293 — ool — 20(2)143 + Ao B1 (90 — 2) +8 (04590 + 045)1401470 — 8A290A71

e 2(03 + 0o)
1
16 (03 + 363 +262)

+ 32 (ol + gy — 4 aolly — 4o A — 8 (0 — 05 — 260) Ao Bs + 16 (00 — Boar — 2a1) AgCh
+64 ((20na1 — B)05 + 3 (2cn@i — )0 + 2 (21 — B)fo) Ao Ao — 64 (0505 + 30505 + 2 00a5) A1 Ao
— 64 (050 + 305 + 20001) Ay Ag — 64 (s + 20505 ) Ao Ar + 8 (65 + 305 + 200) AoB2 — (6 + 0 — 460 — 4)C1Cy

pua = {256 (05 + 305 +2600) Ag|Ax|*Ag — 128 (65 + 203 ) Ar| A1 [P Ay

64 (04190 + 04100).40 (93 + 08)142)142}

(05 —500) A1C1 +2 (05 — 200 — 3) AoCh + 24 (05 + 360 ) Ao Ag + 24 (163 + 1) ArAg — 24 (63 + 60) As Ao
re 1(05 +03)
N S
4(08 263 +02)
+48 (65 + 2065 + 60) A2 | A1|*Ag — 8 (s — sy — 5 sy — 3asbo) A + (05 — 563 ) AB1 +2 (65 — 265 — 360) AoBs

e = — {2 (98+590+6)A001‘A1|2 — 96 (04108 +2a103+a100)A0|A1|2A70 (351)

+ 24 (05698 + 20469(2) + 04600)1401470 — 24 (98 + 93)1431471 -8 <(2 agﬁé — 20¢298 — 70&29(2) — 30[200)140

-3 (05508 + 2&593 + 01500)Ao> AL+ 24 ((a368 + 0439(2))140 =+ (05198 + 04193).41),41}
1

603 1363 1262

—3 (65 — 05 — 1060 — 8) AoCs + 48 ((af — ca) 85 + 3 (of — )6 + 2 (a — 0a)0) AgAg (3.5.2)

— 48 (05393 + 30530(2) + 2 Oé390)A1A70 — 48 (04198 +3 alég +2 aleo)AQIQ + 48 (93 + 39(2) + 290)A4A70

wr = ] {12 (0705 — a7 — 10 70 — 8oz ) A — 2 (05 — 365 — 10600) A1 C

-3 ((041(98 —+ 3&193 —+ 20[19())140 —4 (9(2) + 90)142)01}

1
B8 = 905 + 108 + 503 +202)

{4 (a908 + 20(993 — 3&998 — 80(99(2) — 40(990)1401470 — (93 — 39(2) — 290)321470

4 (200 + 26 — 4 a2y — 4265) Ao Ar — (65 — 465) BiAr + (2 (05ax — 3 6oar — 2a) Ao — (65 — 365 — 290)@)01}

1

He = 2(984—08){201 (90 — 3)|A1‘2A70+ 4 (05893 — 20180(2) — 30(800)1401470"‘ 4 (agég’ — 204203 — 305290)1411470

(3.5.3)
— (63 — 360) Bs Ao — (63 — 300)02,41}

48 AJ| A1 |*ar — 4 Ao|A1|*Cr — 12 Ao Avaz — 12 (Bodis + @s) Ao Ao — 12 AgAras — 12 Ajas + AoBs + A1Cs
6 6o

Hio =

1
pii1 = 2(02+0){32 A3 (00 + 1)|A|* — 4 AT0oar + 8 (2anar — B)fo + 2a1dr — B)Af — 8 (ot + an1) Ao Az
0 0
— 4 (050 + 3000 + 205) Ao Ao + A100B1 + Ao(0o + 1)Bs — 4 ((3 s + 2a5) Ao

+ (%@Jr 36000z + 2CM2)AO) A1 — (@160 + a1) Ao — A2(00 + 1))01}

84



B 2 (3 (agég + 3asz0y + 2043)14% =+ (5 ()61(9(2) + 13160 + 60(1)140141 — (3 9(2) =+ 590)141142 -3 (9(2) + 360 + 2)140143)
paz = 02 + 302 + 20,

2 2 2 2 2 2
iz = 93—‘,—303—{—290{4 (2 90 + 5600 + 3)AOA2|A1‘ +3 (Cm@o + 3agbo + 2516)140 -+ (5&500 + 13 a560 + 6045)A0A1

—4 (3 (0165 + 301600 +201) A — (65 + 290)A$)|A1|2}

s = — +21102 - 600{4 ((a? - 044)08 + 6 (a% — 0@;)08 +6a2+11 (a? — a4)00 — 6054)14(2)
0 0 0

— (70&308 + 39 agﬁg + 62 asz6 + 24 a3)AoA1 -3 (alﬁg + 50(193 + 605100)14%
—2 (30165 + 160165 + 25100 + 1201 ) Ag Az + 2 (05 + 465 + 300) A3 +2 (205 + 965 + 1060) A1 As

+4(05+665 + 1160 + 6)A0A4} (3.5.4)

We will not need all these p at all.
Now, recall that

1 =~ = - 1 - = = o - -
a7 = m<chc’1>7 El = —%<01701>A0, <Cl701> —+ 8<AO’C3> = ()
so that
.. 1 = =
(Ao, B1) = —15-(C1,C1) = =2(0p — 4)az
0

Therefore, we have

012(90 - 2) +8 AOE1 (90 — 2) —32 (05798 — 40[790)1401470 +8 03(90 — 4)1470

(12) =~ 1662
1 I 200 —2) = = JE
= - ((90 —2)(C,,C) — %@,Cﬁ — 1660 (60 — 4)orr — (6 — 4)<01,01>)
0
1 S o 260-2) 4 A . L
— 152 (100~ 201.01) - 28=246,,6) - 2060.60) - (80 - 4)(C, )
0
(0o—2), 5 = (60 —2)(60 — 4)
= g (G = (3.5.5)
as
2000-2) 2 gy 4 22
(o —2) = === = - = (B —4) =224 5 — o = o
Then
_ 4(Ba7 —4a7)AgAg + AgEr 1 I B B
(15) = 2(0074) = 2(9074) (2(90 4)&7 2(90 4)(17) =0

Finally, we have (the p coefficients do not seem to vanish so easily, even if there are numerous cancella-
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tions)

Code check the right. Observe that Sage enjoys mirror symmetry.

3.6 Second order development of the cancellation law

Finally, if

where as usual

we have

2|A,?
60(0p + 1)

231
M2
H3
22!
s
He

Hr
(90 — 2)0&2
to

"8

Ho

(6o —2)(00 — 4)ar

05
(6o + D)az
o

H10

2¢o
60(0p + 1)

Hi11
H12
H13

H14

2

3
—0p+1
—0p+1
—0p + 2
—0p + 3

6o

to
0o+ 1
Op +1
Oo + 2
0o + 2

0o +3

2

1
By + 2
0o+ 3
0y + 2
0o+ 1
—00+3
—00+ 4
—00+1
—00+3
—fo+1
—0 +2

—0p+1

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(16)
(17)
(18)
(19)

(20)

2|4
(6o + 1)

M1
2
M3
Ha
s
He

Hr
042(90 — 2)
to

"8

Ho

az(0o —2)(0o — 4)

05
(6o + Daz
o

H10

2o
(6o + 1)

Hi11
H12
H13

H14

B:Jg@y—y4®(a®5%—ﬂ§ﬁ@®55):ﬁ@ﬂz

a=0H + |H|?0® +2¢ @ (H, ho)

Re (9:F () = 0,

86

0 2

0 3

0 4

1 2

1 3

2 1

2 2

3 1
—0p+1 6y+2
“o+1 Oy+3
—0p+2 Op+2
—6p+3 6Gp+1

B —0p+3

B0 —6o+4
Op+1 —0p+1
0o +1 —0y+3
Oo+2 —0p+1
o+2 —bp+2
0o +3 —6p+1

(3.5.6)




and

Re (9:F(2)) =

w162 + 2 p160 + 205

0,
#193+5M193+2(§m +@5)00 + 6as
93+290
03715 — 4 (6o + 3)|A1|°Co + 363713 + 200713
03 + 3062 +200
03712 + 3627012 + 200012 + 4 (2600 + 3)C1
03 +362 +26o
1203 + 6 n263 + (11 po + 30603 — 2 (303a7 + 13 6oar + 1241 )|A1|* + 3 (22 + 3G6)00 + 6 a6
03 + 3062 +200
0o — 1
202
w302 + usbo + 2 as
0o
2(&298 —Ocz)
e
0o — 1
5
w363 + 3 362 + 2 (a5 + ps3)bo + 4as
62 + 6o
agaé + (ag — ZE)QS -2 (2 g +m)9(2) + 4(110057 4 gy + (9(2) — 6y — 2)(4
03 + 02
400405 + 12 pa6f — 32 (63 +202)|Ar|* — 8 (2011 — 2 8 — pa)03 — 16 (nax — B)03 — (63 — 360 — 2)|C1|?

404 +03)
260 — 3
462
20803 — 2 (2as + 3110)02 — 6 asbo + (6o — 3)(s
; 2062
peb2 — 6 ar]A1|* + pebo + 3 ae

0o
2 0426’(2) — 260 —3az
0o
2503 — 4 ps03 — 6 us6% + (560 — 12)C2
2 (03 —303)
24503 + 2 502 + 32
2 (02 +00)
1703 — 00C7 + (s
0o
(019 — 2/"8)98 +2 (019 — 3#8)9(2) — 4(049 =+ /1«8)00 =+ (90 — 2)<4 —8ag
9(2) +290
_2 (ag — 2/.1,9)93 —2(ag + 3/.1,9)9(2) —2(5ag + u9)bo + (6o — 3)¢3 — 6as
2 (02 +60)
0o — 4
46y
04798 —8arly + 16 ar
0o
0o — 1
202
0373 + Oofiz + 205

o
2 (980&2 — Ocz)
_T

87

7904»1

—0p + 2

—60 + 3

—60+3

o

0o

fo

0o+ 1

0o +2

0o +2

90+2

90+2

0o

0o

o

90+1

0o +1

0o + 1

90+1

0o

0o

)

0o

o




_290—3

Bz 0 2
462 3 0
_ 26%as — 2 (3p10 +2a5)05 — 660as + (0 —3)C3 - , )
20(2) 0 0
20603 — O — 3o i 2
— 1 0
0o
76\A1|2a793m700m73afﬁ A ; )
00 o 0 0
20805 — 40305 — 60375 + (5600 — 12)(2 " ; )
P 1 0
2 (03 -363)
20375 + 2602705 + 32 A o1 )
0 0 —
2(6F+00)
08T — 00Gr + G5 Ao 6o —1 3
2 00
62T + 2601 + 2
1 +200p1 +2as Ay Gy+1 0
0o
6o — 1 —
_’0 5 Bs 0o+ 1 1
90
0373 + 30313 +260(a5 + 1i3) + 4@5 A Gg41 )
08“1‘90 1 0
03as — (211 — @5)03 — 2 (a1 + 2@9)02 + 400Coar — 4 00T + (02 — 0o — 2)Ca = i .
63 + 62 o
4037z — 32 (03 +2602) | A1|* + 120473 — 8 (2001 — 28 — )03 — 16 (nax — B)02 — (03 — 360 — 2)|C1|? P .
0 0
4(03 +03)
0371 + 50201 +2 (a5 +311)00 + 6 as A Go42 0
93+290
M1398—4(90+3)C0\A1|2+3,u139(2,+2p1300 y v 0
63 +362 + 260 o
p1203 + 3 11202 + 2 1260 + 4 (260 + 3)¢1 I 6y +2 0
02 +3602 1200 v
04T + 6 0372 + (3ae + 11712)03 — 2 (301603 + 13100 + 1201 ) |A1|* + 3 (3 + 272)00 + 6 s ae oo .
03 +362 + 260 0o
6o —4 —
Ei 260—1 —6p+3
, 100 1 0 o +
62a7 — 80oary + 16 a7
07 ga7+ a7 Ao 260—1 —6o+3
- 0 —_—
_ 03(as — 278) + 203 (a9 — 3718) — 400(a + 55) + (60 — 2)Ca — 8ag de 201 by
9(2)4»29() .
263(a8 — 279) — 263(a8 + 379) — 260(5@s + i) + (o — 3)G3 — 6as Ao 200 0y 2
2 (62 + 60)

One can check that all relations of this order are trivial.

88




Chapter 4

Last order in the inversion

4.1 Development of o

|B(2)* =
2 A0A;
03 + 6o
(63 +200) 41" +2 (03 + 260 + 1) A Az
03 + 463 + 562 + 260
2 ((03 +3060) A1 Az + (03 + 300 + 2) Ao As)
03 +663+ 1162 + 660

0 200+1 (1)

0 200+2  (2)

0 260+3 (3)

A1 0 200+ 4 (4)

—2

A—‘; 0 200 (5)
B1Ag + C1 A

L0 2 200+1 (6)

(65 +260 +1)BaAo + (65 +260) BiAs + ((03a + 260ar + @) Ao + (63 + 260 + 1) A2) Cs
4(03 + 403+ 502 +200)

2 200+2 (7)

C14y
10 2 26, (8)
2C1|A1[* Ao + BsAg + Co Ay
3 20, 1 9
6(02 1 60) ot+1 (9)
C2 Ao
502 3 260 (10)
Ci (00 —4) + 8 (c1bo — 41)C1Ag + 8C3(6p — 4)Ag — 16 Ao Ex 4 200 (11)

64 (63 — 462)

E1 Ay
T 463 —462) —6o+4 36 (12)
2‘402’40 6o fo (13)

90

2 Ag Ay

62 + 6, bo 6o+1 (14)
8 Apbo Az + (60 + 2)AoCy

- 103 120 b Gtz (15
24 (03 + 60) AoAs + 3 (65 +360) A1C + 2 (65 + 460 + 3) Ao C> ; br3 (16
12 (00 1463 + 302 0 o+3  (16)
Ao fo bo+4 (17)

2 A1 A0
7+ 0o 0o+ 1 6o (18)
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24 A,
02 +260+1
8 A160 Az + (00 + 2) Ao By
4(03 +362 +2860)

4(03 + 4600 + 3)| A1[*AoC + 24 (65 + 00) A1 As + 3 (65 + 360) AL B1 + 2 (03 + 460 + 3) Ao Bs

12 (05 4+ 563 + 7602 + 360)
AoC1(0p + 2) 4+ 8 A200 Ao
4(03 +2062)

AoB1 (0o +2) +8 Az6pA;
4(03+363 +26)

A3

3(05 +360)A1C1 + 2 (03 + 400 + 3) AgCa + 24 (65 + 60) As Ao
12 (03 + 463 + 362)

4(03 + 400 +3) AoC1|Ar|* + 3 (05 +3600) A1 By +2 (05 + 460 + 3) AoBs + 24 (63 + 00) As Ay

12 (05 + 563 + 7602 + 360)
A

2 Ag Ay
9(2] + 6o
AoB; + A1Cy
4 (65 + o)
2 Ao|A1|°Ci + AoBs + A1 Cy
6 (62 + 6o)
(03 +260) AT +2 (63 + 260 + 1) Ao Az
0} +4603+562+26
(05 +260) A1 By + (03 + 200 + 1) Ao Bz + (0165 + 2160 + o) Ao + (65 + 2600 + 1) A2) Cy

4(05 4+ 403+ 5062 +260)
2 ((63 +360) A1 Az + (63 + 300 + 2) Ao As)
03 +6063 +1162 + 660

As
AZ
2
AoCy
162
AoCs
662
8 (oarr — 4a7) AgCh + (B — 4T + 8 Ag(6y — 4)C — 16 AgEy
64 (03 —462)
AoEr
403 -462)

where

1

A2

0o +1

0o+ 1

G+ 1

G0 + 2

0o + 2

0o + 2

0o+ 3

0o+ 3

Oo +4

200+ 1

2600 +1

200 +1

200 + 2

200 + 2

2600+ 3

200+ 4

260

260

269

260

3 6o

bo+1 (19)
bo+2 (20)
b +3 (21)
6o (22)
bo+1 (23)
o+2 (24)
6 (25)
bo+1 (26)
b (27)
0 (28)
2 (29)
3 (30)
0 (31)
2 (32)
0 (33)
0 (34)
0 (35)
2 (36)
3 (37)
4 (38)
—6o+4  (39)

(65 + 8063 + 1965 +1200)A72+2(93+898+209§+ 16 00) A1 Az + 2 (05 + 8603 + 2305 + 2860 + 12) Ag Ay

05 + 12605 + 5504 + 12063 + 12467 + 486,

1
2465+ 763 +1463 +862)

+3 ((05ar + 7057 + 14 6par + 8ar) Ao + 2 (65 + 503 +490)A2)Cl}

90

(4.1.1)

(4.1.2)

(4.1.3)

{48 (65 + 365 +260) AgAs +4 (65 + 665 +860) A1Ca + 3 (65 + 765 + 1460 + 8) Ao Cs




. 1
PT32(00 + 463 +462)

{64 A205A2 +8 (93 + 290)14032 +8 (93071 + 290071)14001 +8 (9(2) + 290>AOBQ

(4.1.4)
(634400 +4)C1 + 8 (083 + zaleO)AO)cl} (4.15)
1 3 2 3 2 3 2 a
= - 4 A 14 A 4 2600)ALA
Ag 24(98+798+1498+898){ (65 +6065 +860) ArCa +3 (65 + 765 + 1460 + 8) AoCs + 48 (65 + 365 + 260 ) A4 Ao
(4.1.6)
+3((a198+7a19§+14a100+8a1)A0+2(98+50§+490)A2)Cl} (4.1.7)

(05 + 805 + 1905 +1200) A3 + 2 (05 + 865 + 2005 + 16 60) A1 A + 2 (65 + 805 + 2305 + 2800 + 12) Ag Ay
05 + 1205 + 5504 + 12003 + 12463 + 480,

5 =

(4.1.8)
Recall by REF that
G
200+2 (1
6T A6 1502 120, fot2 (1)
_46
08 + 603+ 1102+ 60, 0 200+3  (2)
1
% 00 00 (4)
o1
@ 0 b+2 (5
90(90 +2) 0 o + ( )
—C2 + 200(00 + 1)az
2000 + 463 + 307) o Ht3  (6)
2|A 7
. -_— 0o+ 1 O+ 1 (7)
Bz = (6o + 1)*
as
S N Go+1 6Bo+2 (8
@+ 1)(00 + 2) 0 otz (®)
aq
@ 0o + 2 9 9
8000 +2) b + o 9)
a5
S N Go+2 6Bo+1 (10
G +1)(60 + 2) o + o + (10)
—C2 +200(60 + 1)as
0 0 11
2008 + 463 + 302) o+3 o (b
7<'0
200 + 2 1
i1 463 1502 20, o 0 (3
_4C1
2 14
68+ 663 + 1162+ 66, fo+3 0 (14)
1, 20, 2|4, |2 20042 o1 00+2-0 as 00+2=00+1
g —_ 2 S 0 0 - 0 0
i e el Bl (o sy R s 3T ) LA
—C2+200(60 + Das _gy13_00 Co 200+2 4G 200+3 200 +4
o0 1407 1302) © © 034407 1+ 502 + 200" 07+ 602 + 1102 + 660 +OU=)
1 2| A |2 a as _ —C2 + 200 (00 + 1)as
11200 2 2 2 3
- S 2R
17l {eg t oo TR Gt T DT 2 T 20 408 + 36
_ o 0o+2=—00 4G 00+3=—00 4
T 520" ©  oirentueies” ) TOUD)
where
Co = (A1, Ay)
C_.-l = <*A_'17 _‘2>
G = (A1, Ch)



so we need only consider powers of order equal to 20p + 4, which correspond to the lines

(4),(7),(9), (11), (12), (17), (21), (24), (26), (27), (30), (32), (34), (38), (39).

and this is thanks of

By = —2(A,,Ch) A,
., 0, 2) 5 2 = AR
By = ! 12_ )|Cl|2Ao —2(A2,C1)Ao
N TO JE N 2 - o = - o - (4'1'9)
By = —2(A1,C1) A1 + ﬁ(Ah Ci) A1 = 2(A1, C2) Ao
o —
. 1,4 ~.=
E1 = *%<01701>A0-
some words
A 0 200+4  (4)

(08 +260+1)B2 Ao + (63 i 1+W+M)CI
4(05 +463 + 50602 +206)

2 kAT Ao + BoAy + CoAL 3 200+1 (9)
6 (62 + 00)

200=1) + 8 (oo —401)C1 Ap + 8 Calf—1]Ag —
Cbr=4) +8(a 1)C1 4o + 8 Ao — 16 AgEr 1 20, (11)

64 (03 — 462)

2 200+2 (7)

0

IO —6o+4 360 (12)

A2 0o 0o+ 4 (17)

4W+24 03 + 6, AI+W+W
(0 1|7 Aol (0 o) 143 0)A1D1 0 053 9o + 1 fo+3  (21)

12 (03 +503 + 762 + 360)
As bo+2 Oo+2 (24)

4(03 +4 CiAs[* +3 (03 +305) A1 B1 + 2 (03 +460+3) A0 Bs + 24 (03 + 00) As A1
(63 0C1 A 1B1 o 0Bs (65 + 60) As Ay bot3 ol  (26)

12(05 + 563 + 702 + 360)

A 0o + 4 0o (27)

4
2 Ao ATT*Th + AdBs + AT 200+1 3 (30)

6 (05 + 6o)
(68 4-2600)ATTr + (63 -+ 200+1)705s + ( (63 4 2arbra1) Ao + (63 260+ 1) 75 ) O

4(08 +463 +5602+260)

260 + 2 2 (32)

As 200 + 4 0 (34)

o 8 Ao(f5=4)C5 —
8(0 A0Cs + (Go—4TC1” + 8 Ts — 16 AoFn 20, i ()

64 (03 —4062)

1

i 300  —6h+4 (39)

92




A1 0 200+4 (4)

—16 Ao Fr
— 4 2 1
64 (05 — 463 b (D

Ao 0o 0o +4 (17)
24 (03 + 00) A1 A3
12(03 +503 + 762 4+ 360)

0o +1 6o+ 3 (21)

= A3 6o + 2 6o + 2 (24)
24 (9(2) + 90)A3A71
12 (03 +563 + 7602 + 360)

fo+3 fGo+1 (26)

A 6o+ 4 Oo (27)
A5 200 +4 0 (34)
16 AoFy 26, 4 (38)

64(03 — 462)

A1 does not simplify much and as d is real, we have A5 = A\;. Then, we also have A, = \o, and finally,

1 _ o .
+ ((93 +4600 +4)Cy +WQ}

_ 21 112 214 12 1 D
- 320(2](90+1)2 {646‘()|A2| +(00+2) |Cl‘ +1600(90+2)Re (<A0,BQ>)}

Now, we have

PO - Oo+2), 5 97 = a7 6o+2) =
(Ao, Ba) <Ao, 022624, - 2<A2,01>A0> =Bt D g
0 0
SO
(6o +2), 5

1600(90 + Z)Re (</Y0, §2>) = 1690(90 + 2)<g0,§2> = 1690(90 + 2) (— |Cl|2> = —2(00 + 2)2|C_;1‘2

86,
and finally

1

- s 21 1712 214 12
As = 3202(6) + 2)2 (649()"42‘ (60 +2)7ICh )

Now, recall that

= oo =B

- 1 - = = -

E1 —ﬁ<C1, Cl> 0= —4(90 - 4)a7A0

0
. 1
so as |Ap|? = 5
<1‘T07E:1> = —2(0p — 4)ar
and
B —16 AOE1 _ 1 _ (%4
(1) = &1 @105~ 12, -1 2 Aar) = 202

93



To keep consistent notations, we define

(s =M\
Co=As
Co=hg = o (646314 — (60 +2)°C?)
32020y + 2)2 0
i = (A, A3)
where A4, A5 are given by (4.1.1), so that
A1 0 200+4 (4) ) 0 200 +4 (4)
—16 AOE1 ar
—_————— 4 2 11 —
61(03 —467) b (1) 20 1 20) (1)
A2 0o 0o +4 (17) G 0o 0o +4 (17)
24 (62 + 60) A1 A3 2¢n
bo+1 6+3 (21 ——>= Oy +1 H+3 (21
12000 + 502 + 702130 0 (21) GoiDors Tt fo+3 (2
A3 0o+ 2 0o+ 2 (24) = (10 Og+2 0y + 2 (24)
24 (9% + 90)1431471 2(11
Oo+3 6Ho+1 26 — Gy +3 Op+1 26
12000 + 502 + 702130 0 (26) GoiDors T3 G+l (26
A4 0o+ 4 0o (27) € Oy + 4 0o (27)
As 200+ 4 0 (34) Gy 2600+ 4 0 (34)
—16 AgE ag

as
(66 + 505 + 765 +300) = 0o(00 + 1)*(6p + 3)
so that
24 (05 + 600) As Ay o 200(00 + 1) (11 2C11

12 (93 + 598 + 768 + 390) n 90(90 + 1)2(90 + 3) - (90 + 1)(90 + 3)

Now we compare the Sage transcription on the right to the expression we computed on the left

Co 0 200 +4  (4) G 0 200 + 4
2%72 4 20, (11) 2“—072 4 26,
0 0
(s 0o Oo+4 (17) (s 0o 0o + 4
2C11 2C11
I 1L 1 B L1
Gor D +3) Ot fots (D Gy ottt o3
(10 0o+ 2 0o+ 2 (24) , C10 0o+ 2 0o+ 2
2C11 2Cll
L b+1 (26 .1 S
Gy TP Pt (29 G 36ty ot ot
s 0o+ 4 o (27) s 0o+ 4 0o
Co 200+ 4 0 (34) Co 200 +4 0
ar ar
27 20, 4 (38) S 20, 4
202 202
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and we see that both expressions coincide. Adding up with the previous computations, we obtain

&
— 20 + 2
i 1463150220, O ot
4¢
_ 9
G603 +1102+66 bo+3
1 Co 2 4
1 0, 0, Co 0 0o +
% il 4 20
o 2 0
et S 0 0 ) 20
@ + 2)0, 0 o+ 0
2 1oz — (o ¢ 0 0o + 4
Got D56 g gyt " o
2(05 +405 +305) 2¢n
2 ol 41 hp+3
2| A4 (Oo+3)(0+1) ° 0
ﬁ 90+1 00+1 0 0
|®(2)|* = (Oaig, ) C1o Oo+2 Hp+2
s Oo+1 0y +2
(60 +2)(00 + 1) ot o %
0o +3 Op+1
o (90 + 3)(90 + 1)
o+ 200 o+2 o
(60 +2)6o (8 Oo+4 0o
as
_ 0o+2 0y+1
(60 +2)(6o + 1) ° 0 Co 20,+4 0
2a3(6p +1)0) — (2 _
2 (02 + 463 +302) bo+3 b 20‘772 20, 4
Co 0
_ 20 + 2
BT 46 156228, 07 0
4
G 2600 + 3 0

6603 +1162+66,

4.2 Development of &

QL
Il
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DN | =

2A4,C1
1

2
24,04

~4 Al ATy + 24, C

1

2
24,01

_ _ 1 _
~4 Aot Ty — 2 A1 1t — 240675 +  BrCh + 241G
—4 A} ATTL +2A4,C

1
1 _
3 C1Cy
—4 AgariCy + 2A1B; + 4 A0y

1
1 1 i
5&@#56@
—4 AgariCy + 2A1B, + 4 A,Cy

—4 Ag|A1°By — 8 A1|A,|’Cl — 4 AqasCr — 4 AgariCy + 2 Ay By + 4 A3Cy
3

2
A1Ch

20,
yexe
iz‘ha
L Lo
—W— 4 Agay By — 6 A1, 0] — 6 AgasCy + 4 Ay By + 2A1B5 + 6 AsCy

96

—6p + 2
—0p + 2
—6y + 3
—bp + 3
—0p+ 3
—b6p +4
—6p + 4
—b6p +4
—b6y +4
—0p + 2
—6p + 2
—0 + 2
—0p + 3
—6y + 3
—6p +3
—6y + 3
—6p + 2
—0p + 2
—6y + 2
—6y + 2
—6p + 2

—0p + 2

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)

(22)




—0y + 2
~Ci(0o—2)
26
—0p + 2
Ct (6o — 2)

209

/ﬁ¥%/ﬂ B1Cilbs—2)
2 (azfp —2a3)AcCy — 200+ T) 2%,

5
0o+ 3

C1C2(0p —2)  C1C3(6p — 3)

2AET — 50 - 20,

1

——0 1
5 o +
1

—=0 1
5 o +

1
—Zfy+1
5 0t

Cilbo - 20Tt
26,
1
G0 — 2T
26,

2 (aofly —203)A9C1 — "*430”227?7’ C1(6o — 2)Co
ol 90+1 260y

1 3
— P+ 2
5015

1
——=0y+2
5 o +

1
1O

—4 AgC7an + 4 A5C1 +2 A0

97

—2600+3
—2600+3
—2600+3
—2600+ 3
—2600+3
—2600+4
9200+ 4
—0p+1
—0p+1
—0p+1
—0p+1
—0p+1
—0y+1
—0p+1
—0p + 2
—0o + 2
—0p + 2
—0o + 2
—0p + 2
—00 + 2
—0o + 2
—0o + 2
—0p + 2
—00+3
—00+3

—6o+3

bo

0o
Oy +1
O+ 1
Oy +1

0o

0o

(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)

(48)




1
5 b0 +2 Bs —fo+3 1 (49)

1

5 BréT Ay —0p+3 1 (50)
—4 Ag€1a1 +4 A301 +2 A1Cy Al —6y+3 1 (51)
—8ALC1|AL]* — 4 AgCo| Ay |* — 4 AeBra; — 4 AeCras + 4 AgBy +2ABs Ay —0y+3 1 (52)
—%90—&-; Ci —fh+4 0 (53)
%Clcz Ag —bp+4 0 (54)
i c? A —bp+4 0 (55)
i 4Gy Ci —8o+4 0 (56)
—6A1Ch 01 — 4 AgCoary — 6 AgCras + 6 AsCy + 4 AyCy + 2 A, Cs Ay —6y+4 0 (57)
élecol C: 6 —260+4 (58)
1 1 _
3 0o + 5 B, 0o —200+4 (59)
%@2 Ay to —200+4 (60)
% - Ay 6y —20,+4 (61)
~2 (005 +3) Ao + 2ATEr Ay 6 —200+4 (62)
%90 B -1 —200+4 (63)
%ﬁf Ao Op—1 —200+4 (64)
%90 E; 6 —1 —20,+5 (65)
%m Ao Bo—1 —200+5 (66)
where
Cia = 4 Ao BT ~ 2 A1CHTT — 2 40 + 2405 + | Oy~ LB Gl 291G,
(el
We have as
1 = 5 1 I
= mmh G ar= 860 (0o — 4) Gnly
word
Wﬁ_f’% Ay —200+4 Oy+1
13_ —4(96:%1;41190) C1 —260p+4 6p+1
2 @@MQ;‘)({)’%OJQ%MCI Ay —200+4 Oo+1
_6;12((;391;0;) A —20p+4 Op+1
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a2 = (290 + 1)(90 — 4) —

=50 o + 1 ards
SO
= = 2(290 + 1)(90 - 4) =
= — — A 4.2.1
FEs asCh o+ 1 Q7 Ay (4.2.1)
Finally,
1= C1C2(2600 — 5) — 2 A0, — )
“By= (- A 26 0
27° ( 2(2602 — 50,) 0 05 b
1 - = =
= —%«71702%40
So
=3 = 2(290 + 1)(90 - 4) =
By = — _
2 as Cy B0+ 1 arAy

_ 1 = = .=
Es = *9*<61702>A0
o

we have Thanks of the previous development we need only compute the terms of degree 4 — 6y, and they
correspond to the powers

1 —
590 FEs 0p—1 —-260p+5 (65)

11—
500 Ay b1 —200+5 (66)

Then, we have

A Oy _
14 Ci 6y —26,+4 (58)
20y
1 1 _
5904-5 Ey 0y —20p+4 (59)
1__
1012 Ay 6y —200+4 (60)
% A Ao 0o —200+4 (61)
—2 (Qoaz+a3)A0C +2A7E; Ay 0 —200+4 (62)
— 0, 1 -
2(90+1)®Ol+ ( 0; )E2+290(90— )0177141
= (6p+1 = 2200+ 1)(6p—4)__ - o
— (0 + Dzl + 0 ><—a201— (20 +1)(6 )047A1>+290(90—4)047A1
2 0o+ 1
O +1)__ = - -
= ( O;_ )047201 — (29()+ 1)(90 —4)0[77141 +290(90 —4)&77141
_(Oo+1)__=

axCy — (0o — 4)07714'1

Then, we compute

—0 + 2 Ey —2600+3 60p+1 (25)
2 —_ -
_CGilh=2) A —200+3 Oo+1 (26)
26
BCHr=7) BC=
= - Ay -2 1 (2
W 30+ 1) 50 0 0o+3 6o+1 (27)
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- 2(200 +1)(6p — 4) — i
:—(90—2) <—04201— ( 00 )(O )Q7A1>—4(90—2)(90—4)Q7A1
o+1
- 2(0g—2)(0y —4 =
= (60 — 2)aCy — (6o 901(10 ) ar &,
and finally
5
o+ 3 By —20,+4 6, (28)
C1C5(0g — 2 C1C5(0g —3) —
2AET] — 1 2(0 )— 1 2(0 ) Ay —2600+4 0 (29)
290 290
200 — 5) = 200 —5), = = .=
:—( 02 )Eg—( ;90 )<Cl,02>Ao
200 — 5 1~ 2=\ (200—5) ~ ~ .=
__(%=9) (_%<cl,02>,40) S oAV S
=0

Finally, we see that the new powers of order 4 — 6 are

0 —o+4  (6) — (9)
1 —0o+3 (13) — (16)
2 —Bo+2 (17) - (22)

—200 + 3 O+ 1 (25) - (27)

—6p + 1 3 (34) — (36)
—0y +2 2 (42) — (45)
—6y +3 1 (49) — (52)
—0y + 4 0 (54) — (57)

b —200+4 (58) - (62)
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so for some By, Bg, By, B1g, B11, B12, B13 € C", the new powers are

1 B; 0 —0p+4  (6)—(9)
1 Bs 1 —0o+3 (13) — (16)
1 By 2 —0p+2 (17) — (22)
(6 — 2)as Gy —200+3 6p+1  (25)—(27)
_ 20— 2)(60 — 4) ar Al —200+3 Oo+1 (25)—(27)
0o + 1
1 By —f0+1 3 (34) — (36)
1 By —f+2 2 (42) — (45)
1 By —6y+3 1 (49) — (52)
1 Bis —fo+4 0 (54) — (57)
Btls: @ e mra (58) - (62)
— (60 — 4)a7 Ay fo —200+4 (58) — (62).

to be compared with the Sage version

1 By 0 —0h+4  (6)—(9) 1 By 0 0y + 4
1 Bs 1 —0o+3 (13) — (16) 1 Bs 1 —6+3
1 Be 2 —0h+2  (17) - (22) 1 B 2 —6) + 2
(6o — 2)ars Ci —200+3 6o+1 (25)—(27) (0o — 2) Ci —200+3  fo+1
7%” A 20043 Go+1  (25)—(27) | | =2 0‘7(909;i)§9° YA 20043 Op+1
1 By —f6o+1 3 (34) — (36) 1 By —0p+1 3
1 Bu  —0+2 2 (42) — (45) 1 B —0o+2 2
1 Bis —00+3 1 (49) — (52) 1 Bis  —0p+3 1
1 Bis  —0p+4 0 (54) — (57) 1 Bis  —0p+4 0
(90; Vs [ 6o —20p+4 (58) — (62) % (60 + 1)az (e} 0o —2060 + 4
— (00 — d)a7 A %o —200+4 (58) — (62). — (00 — )7 Ay 9o —200 +4
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Using the previous development of & up to order 4 — 6y, we obtain

2 (6o + 1)boaz
(2
0o — 3
2 (90 + 1)90@

(s
(60 —2)|C1|?
46y
2Ga
1
S t1
290+

1
—=0 1
B o +

QL
Il

1
—=0 1
3 o +

260

1 3
20+ 2
g0ty

2(
—Z9 2
B o +
2 (2

1
—=0 2
3 o +

2 0[7(90 — 4)90

2¢s

(00 — 2)|C4[?

Ao
Ay

Ay

Ao

0

1
—6p + 1
—6p + 1
—6p + 1
—6p + 1
—0p + 2
—6p + 2
—6o + 2
—0p + 2
—00+ 3
—6o + 3

—0y + 3

—0p + 2

—00+3

—00 +3

—00+ 3

—00 + 2

—0p +2
0

1

4.3 Development of (@, D)

We have
(@ @) =

_2(17(9() — 2)(90 — 4)

1
1

(6%) (90 — 2)

102

90+1
1

1

Bz

Bg

—2600+3

—200 + 3

—00+1

—00 + 2

—6p + 3

—0 + 4
o

o

—6o +4
—6o+3
—00+2
0o +1

0o+ 1

—2600 +4

—200 +4




2(fodz + @2) Ao
(80 — 3)A0"Cs + 2 (20353 — 503a3 — 300a3) Ao AL + A1 AcCa
62 — 36
C13

_ AoCi(fo — 2)

200
_ AoB1 (90 — 2)

260y

4 Ao (60 — 2)|C1[*Ag — 3260 A0°Ca + 8 (62 —260) Ao B2 + (63 — 260) C101

16 62
C14
4 Ag(00 + 1)¢2 Ao — (03 —260) A1C1 — (03 — 209 — 3) AgCh
2 (93 +60)
4A0(90 =+ 1)4214717 (93 — 290)14131 — (93 — 260y — 3)14033

2 (02 +00)
15
¢r
C16

C17
(ageg — aigfy — 2042)011470 -2 (a70(2) — 6a70y + 8&7)AOA1

05 +60
~ Ca(8o — 27

260 _
(02 — 00 — 2) BiAg + (62 — 200) C1 A
2 (62 + 60)

A2

(18
Ca(0p — 3)Ag — 4 CAo
- 260p o o
4 (2 6o + 1)42140141 — (9(2) — 26y — 3)B3A0 — (9(2) — 390)02141
2 (02 +00)
C19
~ C}(00 —2) =32 (a3 — 4 azb0) Ao Ao +8C5 (0o — 4)Ag — 32 (s Ao”
16 6g
¢20
~ C10a(560 — 13) —12C1¢2 A — 48 Bi3 Ao
48 6o
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4

—260p+ 3

7904»1

—0 +1

7904»1

7004»1

—0p + 2

7004»2

—0p + 2

—0p +3

—0p + 3

—0p + 4

200 +1

)

0o +1

90+2

90+3

0o

90+1

0o +2

0o

6o +1

0o

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(1)
(18)
(19)
(20)
(21)
(22)
(23)

(24)




2 (foaz + @z) Ao Ao 0o —0p+2 (25)
Ao (0o — 3)AoCs + 2 (03az — 203a3 — 300az) Ao AL + AoA1Ca

[% —0, 3 26
730, o o + (26)
4 (bpar — dam) A1 Ag — (03072—&— 300z + 2072)14001 —4AoB7

_ " 0o —6p+4  (27)

o __

8 A103 Agaz + A2(00 — 2)|C1|? + 8 Aphp A
103 Agoz + A3 ( 0492)| 117 + 8 ApboAoCs Go+1 —6o+2 (28)
0

A200C5 + (02 — 360) A1AoCs + (03 — 200 — 3) Ao Bs + 2 (04az — 2030z — 303a3) A1 Ay
63 — 262 — 360
(63 — 4) Ao AL|C1I* +8 (63 +260) A AoCa +4 (03 + 300 +2) Ao Bo + 8 (63a2 + 263a2 + 0303) A2 Ao
4(03+302 +260) B
_ 2(6oa7 —4a7)AoAr — (foaz +a2)AeCh

bo+1 —6o+3 (29)

6o +2 —0p + 2 (30)

20 20p —2600 + 4 (31)
0
(4.3.1)
where
1 - — -
i3 = 04”’269{(93 ~ 760 — 6) By Ay + 2 (6502 — 7050z — 603az) A1~ + 2 (652 — 69 — 56502 — 305a2) Ao As
(R

(63 +200) G + (03— 03 — Gao)m)m}

1

C14 = 48(0ﬁ—|—9){12 A0(90 — 2)|C1|2A71+ 96 90AOA1C4 + 48 A()Blo(90 4 1) + 48 Bg(@o =4 1)1470 -3 (03 — 0y — Z)Bla
0 0

—2(65 — 60 — 2)0102}

1

15 = 15 (62 + 00)

{8 A1(6o — 2)|C1|*Ag — 4 (6o + 1) AoCh + 8 (63 — 2600) A1 Bz — 16 AgBua (6o + 1)

16 Bo(B + 17 + (63 — 2600 — 3)CoTr — (4 (653 + 2 033 + 0oa) As — (63 — 290)31)01}

4 (93 + 290)A1C2A71* (98’ -0 — 290)A2B1 +2 (93 +3600+ 2)AOB12 - (98 - 05— 690)A133
2(03 +362+260)

(16 =

— (65 — 05 —260) A2Cy — (05 — 05 — 660) A1C — (65 — 0 — 106 — 8)A003}

1
Gr = 2(03+ 603 +1162+66)

— (66 + 05 — 465 — 460) AsCy — (65 + 05 — 965 — 9600) A2Ca — (6 + 05 — 1465 — 2460) A1 Cs

{4 (05 + 465 +300) AsCaAg + 2 (05 + 605 + 1100 + 6) AgBis

+4((65 + 565 +660)¢5 Ao + (arlg + arby — 14 a7 — 24 a79§)A0)A1}

(63 + 63 — 460 — 4)[C1|*Ag” + (63 + 63 — 463 — 460) B2 Ao + (04 — 462) BiAs + (68 — 63 —262)C1 A,
2(04 +3603 +262)

2 = —

1

8 = G+ 608 + 1102 + 660)

{(93 +305 — 4600 — 12)|C1[*Ag Ay — 2 (65 + 665 + 1160 + 6) Bio Ao

+ (05 + 365 — 405 — 1200) B2 Ay + (65 + 205 — 565 — 6600) BiAs + (05 + 65 — 463 400)01143}

4 (93 +290)C2A712 +4 (93 +90)C2A0A2 +2 (9(2) +360+ 2)3111470— (98 - 03— 690)331471— (98’ —26; — 390)C2I2
2(603 +3602+260)

C19 =

1

Ca0 = 16(0%_’_00){16312(90 =+ 1)1470— 8 (9(2) — 4(90)031471—"- (16 (()529(2) — ooy — 2&2)A0 — (29% — 360 — 2)B1)C’1

+32 (60¢5 Ao + (ary — 5ty + 6 arlo — 8 a7)AO),41}
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4(03 +2600) A1C2Ar — (63 — 03 — 260) A2 By + 2 (63 + 360 + 2) Ag B2 — (6

3 — 62 — 660) A1 Bs

G16 = 2(03 + 362 +26,)
4(03 +260) A1 A1 — (03 — 63 —2600) A2 By + 2 (63 + 360 + 2) AgB12 — (6

5 — 03 —660)A1Bs

2(03 +362 +26)

Now, recall that

(2600 — 1)¢a
— = 2 0
20 + 1)y
Cr 3 0
a(00—2) —0p+1 Oy + 1
Oy — 2
Go=2 "1 got2
@ 5) _ (90 +2)6
7 (6o — 3)C3
-2 —fp+2 Op+1
5 (60 £ 1)00 o o
(00 + 1) 0o —0o+2
Cs
260 ) 0o + 3
2] bo+1 —6p+2
o

so we need only consider the order 4 in (4.3.1). Now, recall that

B, = _2<A'1761>j0

- Oy +2) = ;= - - - - -

By = —w|01|2140 + (070<A1,C'1> - 2<A2,O1>) A
40,

~ = . - 2 o = 2m
By = —2(A;,C)Ay + (A, C)A; +
0o —3 0

o —

R R Yy S R LR Ny S R
By = T ap V1T A - ——F
s 660 (C1Ca)Ao = o-Cr — == |C1 P Ay
" Oo+2) =5 = 2 T 1.
Bs = — w<01702> + 1o Ao + Cz A2 - 2<A2,Cl>
4 0y — 3 o

- = o 2 — -

= 26 =
36’90 1 0o

B - GO,
= - 2200+ 1)(6p — 4) —
Ch— 00+1 a7A1
1 = = =
b3 = —9*<Cl,c2)140
o

The new powers of order 4 are

(3),(7), (10), (12) — (14), (18), (21), (23) — (24),(27), (29) -

105

3(/?1,61)1470-1- 2 (Ozo<AT1, é1> — (4

11, Ca)) Ao

0sCr +2 (ar( Ay, C) — (43, Cr) ) A,

4 - - = o - - - -
— 142G Ay + (—2(A1, Go) + 460 (60 + asaz ) Ay — 400(60 + Das Ay — 2(A1, Co) Ay

(31).



or

C13 0
C1a 1
C15 2
Ci6 3
Q7 4
(W— 2 (a792 —6 a7 ) AgAq
0(2) T —260+ 3
C18 —60g +1
C19 —00 +2
¢20 —0p + 3
C1C2(560 — 13) —m— 48 BlSTO
- —6o + 4
48 Oy
4 (6gar 7 A1A707 (93&72%»3 o as ) AgC1 — 4 Ao By
- 40 o
0

A300C2 + (03 = 380)AT 0G5 + (03 — 200 — 3) AoBs + 2 (932 — 260303 — 303a3) A1 AL

03 — 262 — 360 ot
(08 =) AoATCIT + 8 (63 +200)ATAoCs + 4 (63 + 360 +2) AoBo + 8 (04 + 2633 + 03z) A2 o
o + 2
4(03+3062+26)
2 (foaz —4 @) Ao A1 — (Yo@s +a3) 4001
_ 2(boa 7)Ao A1 2)A0C1 26
2 6o
13 0 4 (3)
(14 1 3 )]
C15 2 2 (10)
Ci6 3 1 (12)
G7 4 0 (13)
C18 —6+1 6p+3 (18)
C19 —0o+2 6o+2 (21)
¢20 —00+3 6Go+1 (23)
C102(56p — 13) — 48 B13 Ao
- —00 + 4
1500 o + 0o (24)
AoB7
o 0o —0o+4 (27)
_ 0 _
A200Cs + (02 — 200 — 3) Ao Bs + 2 (04as — 20353 — 303a3) A1 AT o1 o
5 207 — 30, o+1  —bo+3 (29)
4 (03 + 3060 +2) Ao B + 8 (94az + 263a3 + 0303) A2 Ao
0o +2 —60p + 2 (30)

4(03 +303 +260)

106

290+1

6o +3

6o +2

6o +1

o

—90 +4

—0p +3

—90+2

—290+4

(3)
(7)
(10)
(12)
(13)
(14)
(18)
(21)
(23)

(24)

(27)

(29)

(30)

(31)




so for

1 [ = o
(o1 = ~ 180 <(590 —13)(Cy,Cs) + (Ao,Bm))
1 - o
(o2 = 6T<A0,B7>
o

CoCs
(6o +1)(00 — 3)

1 - = 0o(0p + 2
C24=%<A0,B9>+M

Co3 = + (Ao, Bs) + 2|4, *an

we obtain as matrix of powers of order 4

o +1 12
Cis 0 4 (3)
Cia 1 3 (7)
G5 2 2 (10)
G 3 1 (12)
C17 4 0 (13)

Gis —bo+1 6p+3 (18)
Clo —b6o+2 6o+2 (21)
Co —6o+3 6Oo+1 (23)
G —bo+4 b (24)
Co2 o —6p+4 (27)

(a3 O +1 —6o+3 (29)

Ca 6o+2 —6+2 (30)

At this point, no risk of mistakes...
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TEX on the left and Sage on the right

Finally, we have

i3
C1a
G5
Cie
G
C18
C1o
G20
Ca1
C22
Ca3
Ca4

O+ 1
—0p + 2
—0p+ 3
—0p+4
6o
Op + 1

0o + 2

(200 — 1)

2 (6o + 1)6o

Cr

(65 (90 — 2)
(60 —2)¢4
(90 + 2)90
(60 —3)¢s

2 (6 + 1)6,

(90 + 1)072
G
260

a
to

0o+ 3
0o + 2
Oo+1
o
—0y+4
—6o+3

—0p + 2

—6p+1
—6p+1

—0o + 2

0o

o

0o+ 1

(3) | |G
(M ||
(10) | | G5
(12) [ | G
(13) | | 7
(18) | | Gis
(21) | [ G
(23) | [ C20
(24) | | ¢
(27) | | Co2
(29) | | Ces
(30) ) \Caa
6o + 1
fo + 2
0o + 1
—6o + 2
~60+3
—6o + 2
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O+ 1
—0p + 2
—0p+3
—0p+4
6o
O+ 1

0o + 2

C1o
G20
Ca1
G2

—6y+1
—0p + 2

—b0p+ 3

0o

Oo + 3
0o + 2
Oo+1
to
—0g+4

—0p+ 3

—0p + 2

0y + 3
0o + 2

—00+ 4 o

—0y+ 4

(23
<24

0o +1

0o + 2

—0p+3

—0 + 2




4.4 Next order development of EO

We first have

8|4 [*ar — 2@

[\
e e
7
(%))

=l

L
—— A
= |41

8|A:[*as + 4aias — 295

4

—4 (e%]

16\A1|4+8a1a71—45
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—6p+1
—6p + 2
—6p +3
—6y+ 3
—0p + 3
—6p + 4
—6y + 4
—6p + 4
—6p + 4
—6p+5
—6p+5
—6p+5
—6p+5
—6p+5
—6p+5
—6p+ 1
—0 +1
—6p + 2
—6p + 2
—6p +3
—6p + 3
—b6y +3

—0p+3




B 1 —0p+4

—Aas Ay 1 —fy+4
1 _

—6 (0753 Cl 1 —00+4
1 I

—g\A1|2 Bl 1 —fy+4

16 |Ay|*05 + 8asar + 8ajas —4ag Ay 1 —fp+4

16 |Ay|*ar — 40 A 1 —60y+4
6 As 2 —6y+1
—6 g Ay 2 —6Oy+1
—6 aq A1 2 —00 +1
—6as A 2 —0p+2
—12]A,? Ay 2 —by+2
240&1‘A1|2 —60[6 A() 2 —90+2
3 J—
Z B4 2 —90 + 3
3 (foaz — 23)

_ C; 2 —6y+3

10, 1 o+
—6 Qg Ay 2 —0p+3
—6ay As 2 —6)+3

24a5|A1|2+12043071+12a1075—6a716 Ay 2 —0p+3

24| A1) +12a1a7 — 68 A 2 —6y+3
8 Ay 3 —6p+1

—8as Al 3 —6+1

—8a Ay 3 —Og+1

8a? —8ay Ay 3 —bhy+1

—8 ars Ay 3 —0p+2
—~16]A,? As 3 —b0p+2
32as]41|° + 16 s — 8475 Ay 3 —0p+2
3201 |4:° — 8 ag Al 3 —by+2
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10
—10 Qs
—10 (03]
Q14
20 103 — 10

1007 —10ay
6y — 2
20,
0y — 2
_290+12a2
agﬂg — a290

293+905
2007
46,
0o — 2
26,
9072
2(60+1)

204290 —4042
0y — 2
2(6o +z)
foor — 20
984—290
20&990 —40[9
0o —2)
_2w0+3202
98 —04200 —
Q2

4 (6 +23)CTS)
a3 —
359(095 +36p)
900[71 — 20&13
98 + 40y +

)
2(2 QoY « ‘9) “Fé;(yz(]f 4(1

0y —3

20y
90—31)
_2(90 + )
(00 — 3)|A4|

6‘%—1—90

2048(90 — 60(8

20&290 - 60[2

111

As

Ay

Ao
Aq
Ey
E>

Gy

A

A

Ay

—260,+3
—20p+3
—20,+3
—20p+4
—0o + 1
0+ 1
—00 + 1
—0p+1
—6o+1
0o+ 1
=00 +1
—0p+1
—0p+1
—60p+1
—0p+1
—0p+2
—0p + 2
—00+2
—0p + 2

—0 + 2

0o+ 1
=0 +1
Gy +1
—0o+1
—0p+1
0o+ 1
0o + 2
0o + 2
Op+1

1




90—3)

~2(6 +2)
Boos — 305
02 +260
90071—230a1
02 + ) )

<0003>|A12

02 + 36, +
0

20&990 — 60(9

— 6o
to
*y2an

0 73()42)‘A1| +

*8 (O[Q 0

0o — 4
26,

20&790 780&7
0o —4)
C2(6)+ 1
01590 —40&)5
2 (0% + 6o ,
(60 — 4)[A4]
9(2)+90

2 05890 -8 ag
2 0&200 -8 [65)

—8ai2
bo
2 (2 a1 — 0412)
16 109 — 90 .
26,
7
20[700 — 10«

a13
2&1390 —10
—260pan — 20

—260pag — 2ag
0o+ 1
3 (90;42 -
02ag — 900424)
- 4(6y —

—20pa7r — 207

—2a1;
102

a)by +4@

Qg —

2(2@1

112

Bs
Gy
Cy
By
Ay
Ao
Cs
Ao
Bg
C1

Cy

Ay

Ay

—0p + 2
—0p + 2
—0 + 2
—0p + 2
—0p + 2
—0p + 2
—0p+3
—0p+ 3
—0p+3
—0p+ 3
—0p+3
—00 +3
—0p+ 3
—0p+ 3
—0p+4
—0p +4
—0p+4

o

o

o

o

bo

o

—26p+3
—20p+4
—2600+5
—260p+5
—260p+5

—260p+5




0o
2(0p —4)

—2 6y

o
" 2(6) —5)

—20p0a3
—268pag —4ag
—20p0 — 40

—26pas —4ag

8 (Boas + 2@3)|A1|* — 260pary — 4anT

—20pag — 69

—26pa — 6

2 (20103 —amq)b + 12maz — 6
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b — 1
b — 1
b — 1
b — 1
b + 1
0o + 1
0o + 1
b + 1
O + 2
B0 + 2

0o + 2

—200+5
—200 45
—2600+6
—2600+6
—200+3
—200+3
—20y +4
—20y +4
—2600+3
—200 43

—2600+3




2 A1 Ao

90 2 0 190 1)
1)|Aq|
2 (2 Ao(fo + ggA goA A160A

V1
V2

V3

00 Ao
—8As

0o

Ao + AoCi(

8 Apa10o Ao + Ao o

Va4
Vs
Ve
v7
Vg
V9
V10
r

: E Ay
_ 00)
A | -
L Ao — (205 — 363
il 200) B2 Ag —
(08 — 05 — )
)ClAio - 2(294 = _;LTZ
— 20[2 ) ; -
| } 20,
2(a208_3a2 ,E3(—49(2) Ao Ay
0 1
C1(6o — 2) e
2 (6o —2)Ao —
o
AoAo — By
o) 2(63 + 0o)
0% —
4 (Oéz

13

V14

A
02(00 — 3) 0
202

V15

— — 4)140
+ 0o
8 Cs(
o 40(790)AOA0
32 (aﬁ%
2= 02
E1(6o o
8 Ao
— 2) +
Cf(@o
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3

4

2

1

1
260 +
3
—200 +

2
2600 +
3
—260 +

1
2600 +
4
—2600 +

—00+1
—60o+1
—6o+1
—6o+1
—00 + 2
—0 + 2
—6 + 2

—00 + 3

0o+ 1
0o +2
6o+ 3
6o + 4
0o+ 1
0o +2
6o +3

0o +1




_ 2
V17 0o+ 3 0o +
— 1
Vig 0o + 4 0o +
2 ApAq 6o —b0o+1
0o
_AA A o —00+2
6o ) _ _
8 (foaz + @2) Ao Ao + 8 Ao Aran + 8 Ajas — AgBr — A1Cy 9 0y +3
- 460
— 4
Vio 0o Oo +
Voo 0o —0o +5
4 (Qoarr — 4ar) AvAo + Ao Er Oo—1 —bp+5
- 2(60 — 4)
Vo 0o—1 —6o+6
2
2 (2 (0100 + 1) A — 2 Ao A2 (60 + 1) — Al60) Go+1 —+1
B 62 +290 ,
4 (A()A1 (3 00 + 2)|A1| + (04590 + a5)A0) 00 +1 _90 +2
a 03 + 6o
Vo 0o +1 —60+3
Vs Oo+1 —Op+4
Vo4 0o +2 —0o + 1
Vo 0o + 2 —6 + 2
Va6 0o + 2 —0o+ 3
Vo fo+3 —6o+1
Vos 6o+ 3 —0p + 2
Voo 0o +4  —6p+1
4 (o7 — 4a7) A + AoEr 200 —1 —200+5
B 2(60 — 4) o
4 (Boos — 5as) A + AoEs 200 —1 —20p+6
N 2 (6 — 5) o
2 ((oas + 209) Aj + 2 (Goz + @2) Ao Ar ) 200+1 —200+3
N 0o L
2 (4 (B0t + 202) A3| A1 |* — (B0t + 2001) Af — 2 (6otis + as) Ao Ar) 200 +1 —200+4
0o
Vao 200 +2 —260+3
_2(607z + 32) A 200 —260+3
0o
2(6oas +35) A 200 —200+4
_ 0
Vs 20, —200+5

where
1

= ——{16 (65 +200) Aol A1|* A1 + 8 (63a5 + 300a5 + 2005 ) Ao Ao + 8 (05a + 3boat + 2a7) A1 Ao
4 (03 +302 +260)

—8 (08 +00) A1 Az — (03 +3060 +2)A0B1}
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1

v2 = 4 3 2
12 (04 + 663 + 1162 + 60

] {96 (03aT + 6 03aT + 11 0o + 6a1) Ao| A1|* Ao — 48 (67 + 403 + 3060 ) Ao| A1|* Az

—2(605 + 6605 + 1100 +6)|A1[*AC1 — 24 (030 + 6 0305 + 110006 + 606 ) Ao Ao — 24 (0303 + 6 0305 + 110003 + 6a3) A1 Ag
+24 (03 + 303 +2600) A1 Az +3 (03 + 563 + 600) A1 B1 + 2 (6§ + 603 + 1100 + 6) Ao B3

— 24 (03 + 56305 + 6 60a5) Ao + (0301 + 5 63T + 600071)/11)71}

1
24 (05 + 1003 + 3563 + 5003 + 240,

V3 =

] {96 (08 + 703 + 1463 +860) Ag| A1 A3

+2(08 + 1063 + 3503 + 5000 + 24) | A1|*AoC5 — 192 { (03as + 10 03as + 35 03as + 50 603 + 24@5) Ao Ag

+ (05T + 9 03aT + 26 63ar + 24 oan ) AOAT}|A1|2 — 48 {(QW —a15)04 + 10 (2aTas — a15)03 + 35 (2aqas — a15)02

+ 50 (275 — a1s)bo + 48 @ras — 24a15}A0AT)— 48 { (ar? —@1) 03 + 10 (a7 —@a) 63 + 35 (a” — 1) 03 + 50 (a1 — @) 0o
+24ar? - 24074},41?0 — 48 (05 + 605 + 1103 +600) A1 Ag — 4 (65 + 963 + 2603 + 2400 ) A1 B3

—3(05 + 1003 + 3503 + 5000 + 24) Ag Bs + 48 { (0535 + 9 03as + 26 036 + 246006 ) Ao

+ (08as + 96373 + 26 03as + 2400a5) Ar }Aﬁ+ 48 { (6das + 8 03a + 19 6235 + 1260075 ) Ao

+ (0dar + 863ar + 190%aT + 12 eoa)Al}/TQ

+3 { (08am + 10 63aT + 35 63aT + 50 6oar + 24a1) Ao — 2 (05 + 805 + 1963 + 12 90)E}E

+ (4 (05 + 965 + 2665 +24600) | A1 |*A7 + 3 (0535 + 106305 + 3503a5 + 50 6oas + 24075)%)0*1}

16 A1(60 + 1)|A1‘2A70+ 8Aoa190A71 —4 (Ozgeg — aofy — 2042)148 + AoBi(60 — 2) + 8 (as60 + a5)A0A70 — 8A290T1
2(02 +6o)

Vg =

1
Vs = 4 3 2
16 (0 + 363 + 263

] {256 (05 + 363 +200) Aol A1[*Ag — 128 (6§ + 263 ) A1 | A1 [*A7 + 32 (a90] + cgb — 40903 — 4 a9 ) A3

—8(05 — 03 —200) AoBs + 16 (03T — Goar — 27 ) AgC1 + 64 (21t — B)05 + 3 (2an @1 — B)03 + 2 (2enar — B)0o) Ao Ao
— 64 (03a5 + 302a5 + 20005 ) A1 Ag — 64 (0531 + 303aT + 200071 ) A Ag — 64 (503 + 2a503) Ao A1 + 8 (67 + 363 +2060) Ao Ba
— (03 + 63 — 400 — 4)C1C1 — 64 (165 + 0163) Ao — (65 + 03)A2)T2}

1
48 (03 + 603 + 1103 + 6063

Ve

] {768 (08 + 505 +603) Ao| Ar|" AT — 16 (05 + 603 + 1103 + 600 ) |A1[*Ag By

—96 ((2 Q@ — 010)05 + 4 (2 281 — a10)05 — (2 28T — a10)03 — 16 (2 2@ — @10)03 — 12 (2 081 — 0410)90)143
+48 (03a — 460a1) AgB1 — 24 (05 + 03 — 403 — 400) Ao Ba + 72 (0305 + 63as — 40005 — 4a3) AoCh
+768 ((05a5 + 6 0335 + 11035 + 6 605 ) Ao Ao + (6gaT + 6 05am + 11 03a1 + 6 foar ) A1 Ag )| Av|?
+192 (20501 + 20103 — a16)03 + 6 (25871 + 2 a1@3 — a16)0) + 11 (2507 + 201@3 — a16)05 + 6 (2501 + 201a3 — a16)00 ) Ao Ag
— 192 (03as + 6 03a6 + 11 03a6 + 6 00as ) A1 Ag + 24 (05 + 505 + 603) A1 Bz + 16 (63 + 665 + 1163 +600) Ao Bs
—2(05 + 465 — 03 — 1660 — 12) C1C2 — 192 ((05a5 + 6 033 + 1103a5 + 6 60as) Ao + (05aT + 5 05an + 603a1) A1) Ao
+192 (((2ar@r — B)03 + 5 (20nar — B)03 + 6 (2enar — B)03) Ao — (0535 + 5 03as + 603as) A1) Ax
— 192 (2 (08 + 405 +303) A1 A1|* + (@503 + 4503 + 3 as03) Ao) Az — 192 (@168 + 30103 +20103) Ao — (05 + 307 +203) A2) A3
+ (24 (205 + 3205 — 20203 — 12203 — 8az0) Ao — 3 (03 + 305 — 405 — 1200) B1 — 8 (505 + 6 503 + 11 as03 + 604590)?0)?1}
(02 —500) A1C1 +2 (63 — 200 — 3) AoC2 + 24 (03 + a360) AgAg + 24 (103 + @160) A1 Ag — 24 (63 + 00 ) A3 Ao
4(03+03)

vy = —

1 p ; N ; N
v = 74—32{2 (03 + 500 + 6) AgC1|A1[* — 96 (163 + 22103 + a160) Ao|A1[*Ag + 48 (65 + 263 + 60 ) A2| A1 Ag
4(04 +2063 +602)
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— 8 (as0) — ast — 5503 — 3asy) A + (05 — 563) A1B1 +2 (65 — 2603 — 360) Ao Bs + 24 (e + 2603 + a600) Ao Ag
—24 (98 + 93),4314717 8 ((2 azeé — 204298 — 70&298 — 3(12190)140 -3 (a56’8 + 2&598 + a590)A70)A1
+24 ((a398 —+ aseg)Ao + (04198 + aleg)Al)z‘Tl}

1
©32(04 +3603 +263

) {768 (08 + 39(2) + 290)A1|A1‘4A70— 16 (98 —+ 690)A031‘A1|2 + 64 (aneé — 70&119(2) — 6&1100)148

—8(03 —5063)A1B2 — 16 (03 — 205 — 360 ) Ao Bs — 256 { (a2 — 7263 — 6 a260) A% — 3 (@503 + 30503 + 2 as00) Ao Ag
-3 (63 + 2a193)A0E}|A1|2 +192 {(2 3@ + 2onas — a16)d3 + 3 (2asar + 2@ — aip)03

+ 2 (2 asgaq + 2a1as — m)go}AOI0+ 24 (08 + 39(2) + 290)14034
+64 (20000 — 1109603 — 6 0900) Ao + 3 (2011 — B)03 + 3 (2enar — B)03 + 2(2ar@n — B)f) Ag) A
—192(2 (0§ +263) | A1 |7 A1 + (6505 + 36305 + 200a5) Ao ) A2 — 192 ((05aT + 30307 + 26007 ) Ao — (63 + 03 ) Az2) As
— (8 (08a5 — 03a5 + 100005 + 1235 ) Ao — 16 (03a1 — 500a1 ) A1 — 24 (03a3 + 03az — 4600z — 4a3) Ao + (05 — 303 — 1069) B1) Ch
+2 (16 (90(1717 260pa1 — 3(171)140 — (90 — 76y — 6)01)02 — 192 ((a690 + 2(1690)140 + (a590 -+ 2(1590)141)/41
— 192 ((a3¢98 + a39§)A0 + (06193 + 04103)141)1472}
m{lz (ar03 — az03 — 100703 — 8aro) AZ — 2 (05 — 362 — 1000) A1Ca — 3 (63 — 63 — 1060 — 8) AgCs
+ 48 ((Oél . 014)90 +3 (al . a4)00 +2 (Oél . 044)90)AOA0 — 48 (a300 + 304390 + 2&390)A1A0 — 48 (a190 + 301190 + 2a100)A2A0

vio =

+ 48 (98 +398 +200)A4A70—3 ((alé'g’ +3Dt198 +2a16‘0)A0 —14 (09(2) +90)A2)Cl}
1
6 (03 + 468 + 563 + 2062

vii = — ] {2 (08 + 03 + 803 + 3200 + 24) AgCa|A1[* + 96 (65 + 465 + 563 +2060) As|A1|*Ag

+12 ((2 ajag — 0112)98 —11 2o — a12)98 —18(2aia — alg)eg —82aiaz — alg)GO)Ag —12 (04298 — 7a298’ — 60@08)14%

+2(05 — 365 —1063) A1 Bs +3 (65 — 03 — 1003 — 800) AgBs — 192 { (a0 + 4303 + 5 0303 + 2360 ) Ao Ag

+ (0105 + 40165 + 501603 + 2a190)A1AT)}|A1\2
— 48 ((2 al1as —Tw)aé + 4(2 a1os — Tm)eg +5 (2 alas —Tw)eg +2 (2 a1 — 04715)90).401470
— 48 (90 + 300 + 290)A4A1 —24 ((CMSQS — 904898 — 12 ag@% — 404800)140 -2 (01693 + 4a698 + 5&698 + 20{600)1470)A1
— 24 (@268 — Ta20) — 100208 — 40200 ) Ao — 2 (0503 + 4 as03 + 5 as03 + 2a500) Ag — 2 (@165 + 301605 +20103) A1) Az
+3 ((01608 + 30165 +20103) Ao — 4 (05 + 03) A2) Ba
( ( +390 +890 + 1290)A1|A1‘2 +3 (04500 + 3a500 + 604590 + 12 a56g +80¢5)A0)Cl
— 48 (((041 — a4)90 +3 (al - a4)00 +2 (041 — a4)90)A0 - (O¢300 + 304390 + 2a390)A1)A1}

1
24 (05 + 603 + 11603 + 603

Vg = ) {48 (1365 + 213608 — 19 01303 — 49 1303 — 30 a1z ) AF — 3 (305 — 205 — 6763 — 10200) A1 Cs

—12 (08 + 05 — 1905 — 4900 — 30) AgC4 + 240 {(2 o3 —@11)04 + 6 (2o — @12)08 + 11 (2103 — a@ia)03
+6(2ara3 — m)eo}AofTo — 240 (03 + 6 a303 + 11 as03 + 6 azb) AsAg — 240 (103 + 62103 + 110103 + 6 a100) Az Ag
+240 (05 + 603 + 1163 +660) As Ag + 48 { (20705 + 2705 — 33 a7 — T3 03 — 30 a7 ) Ao

+5 (03— as)0 +6 (a? — aa) 6 + 11 (o — aa) 6 + 6 (03 — as)00) Aa  As

—3(6 (308 + 6 2303 + 110303 + 6 a300) Ao + 5 (105 + 6 103 + 112103 + 6. a160) Ay — 2 (05 + 1665 + 4103 + 2600 ) A3) C1

—4(2 (165 + 6103 + 110163 + 6 a160) Ao + (65 — 905 — 4963 — 3900),42)02}
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1 { 5 4 3 2 A 4 2 A
Vi = 4 (a9l + 290y — 3 gy — 8 g5 — 4 gl ) AgAg — (0 — 305 —2600) B2Ag
2 (03 + 464 + 563 +262) (200 0 0 ? ) (06 -3 )

+4 (a20] + a20f — 40203 — 40203) Ao A1 — (05 — 403) Bi A1 + (2 (03a1 — 300an — 2a1) A9 — (05 — 3065 — 290)72)01}
1 { { — 5 — 4 — 3 — 2
Vg = — 8< (2agaq — a10)0p + 4 (221 — @10)05 — (221 — a10)05 — 16 (2 a2ar — a10)6,
4(03 +604+ 1163 +662) ? 0 0 ?

—12(2asar — alo)GO}on‘To—i- 2 (08 + 035 — 403 — 400) By Ao — 8 (903 + 3 a9 — 4l — 12 a903) Ao AL

+2(03 + 07 — 603) BoAL — 8 (205 + 2268 — 526 — 6 2203 ) Ao Az — (20f + 22603 — 323 — 84203 — 4aablo) ACr
—2 (2 (03071 - 460071)%— (93 +63 — 663)72)31 —2 {3 (98073+ 023 — 46003 — 4073)ATO+ 2 (98’071+ 027 — 690?1)?1
— (05 + 065 — 463 — 490)1?3}01}

1

vip = W{Q 01(90 — 3)‘A1|2A70+ 4 (ageg — 20489% — 3“800)AOTO+ 4 (Ozzeg — 2(129(2) — 304290)1411470

— (03 —360) BsAo — (65 — 390)0271}
1

Vg = — 16 a265+a294—7a293—13a292—6o¢290 Ag A1|2A70—2 93—292—390 Bi1|Ax 2A70
2(93+403+593+293){ (2205 0 0 0 ) 4o (06 - 265 ) |

— 4 (1165 + 011608 — Ta1103 — 1301103 — 6 a1160) Ao Ag — 4 (9l + 90 — Tagty — 13903 — 6 ago) A1 Ao
+ (05 — 05 — 503 —300) Bs Ao + (05 — 05 — 663) Bs Ay — 2 (65 — 03 — 600)| A1 A1 + (65a5 — 63a5 — 500a5 — 3a5) Ao ) Ch
— (2 (68ax — 03a7 — 500a1 — 3a1) Ag — (05 — 05 — 505 — 300) A2)Co
—4 ((ageg - 704898 - 60489(2)).40 -+ (a298 - 704293 - 6&293)141)1471}
1 _
V7 = m{s (203 — 700 — 4) Ca| A1|*Ag — 8 (63 — 03 — 260) Ao Ea

2Q2aiaz — alg)%l -5Q2aiaz — alg)ﬁg —112a1a2 — alz)ﬁg —42ar1a — alg)GO)AOTO

(20808 — 5 sty — 11 as03 — 4asfo) A1 Ag + 16 (20208 — 5z — 11203 — daablo) A2 Ag — 4 (205 — 703 — 4600) BsAg
(20705 — Tart — 40703) AgAr — 4 (2605 — 703 — 400) Cs Ay
+ (2 (20208 + 3203 — 5203 — 14l — 8az) Ao — (205 — 303 —200) B +4 (20503 — 7 asbo — 4a5)AT))Cl}

1

vig = — TR {(593—2893+1990+52)0102+12(293—1193+1790)A1E1+12(293—110§+790+20)A0E3
48 (04 — 363 — 402)

— 96 (1305 — 81303 + 11 1303 + 20 a136 ) Ao Ao — 96 (705 — 8z + 11 a763 + 20 o) A1 Ag + 24 (03 — 863 + 1160 + 20) C4AT)}

48 AZ|A1|*a — 4 Ao| A1 |°Ch — 12 Agfo Araiz — 12 (0o + as) Ao Ao — 12 AgArais — 12 A2ag + AgBs + A1C2
vig =
6 6o

1 { 2— — — 2 2 2 2~
768 (05 — 20pai3 — 8z ) AG|A1|* — 40 (605 — 260 — 8) Ap|A1]°Ca
96 (63 — 262 —860) (% )48 (% )

V20 =

+192 ((2a1as — @15)03 — 2 (2@105 — a15)00 — 16 G705 + 8a15) Aj

+192 ((2araz — a12)0; — (2@10z — @12)03 — 10 (2@1az — a12)0o — 16a1as + 8@13) Ao Ag

— 192 (03as — 2035 — 860as ) Ao Ar — 192 (03az — 303a3 — 400a3) Ao Az — 12 (03ar — 200ar — 8@1) Ao By

+12 (63 — 2600 — 8) AgBs + 12 (63 — 200 — 8) A1C5 — 48 (03 + 300 + 2) Ao B

+192 (((a1® —a@7)65 — 2 (a1 — @) 6o — 81> + 8a1) Ao — (6ar — O5ar — 10607 — 8a7) Ag) Ay

-3 (12 (93075— 20pas — 8075),40 +4 (98071— 200a1 — 8071),41 +8 (98072+93072— 4 0o — 4072)ATJ— (03 — 200 — 8)?1)?1}
1

vor = — 4 (0313 — 80%ans + 116003 + 20a3 ) Ao Ao + 4 (03 — 96%ar + 20 0gavr ) Ao AL
2(93—893+1190+20){ (% ¢ ) (% 0 )

+ (02 —500) A Er + (63 — 300 — 4)@}
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1
Voo = m{?ﬂ AZ(00 4+ 1)|A1|* — 4 AZ00aT1 + 8 (2017 — B)fo + 201 a7 — B)AZ — 8 (foar + ar) Ag A2
0 0

— 4 (03as + 30005 + 2@5) Ao Ao + A100B1 + Ao(00 + 1)B2
— 4((300a +25) Ao + (0502 + 300a3 + 2a3) Ao) A1 — (@160 + a1) Ao — Az (6o + 1))071}

1

Vo3 = *W{Aoﬁ 00 + 2)|A1>B1 + 12 A20pa — 24 (2 asar + 2a1@s — a16)bo + 2 asar + 2a1as — anp) A2
0 0

+ 24 (60a + @3) Ao A2 — 48 (2 (0005 + @5) AF + (36001 + 2a1) Ao A1 + (0303 + 30003 + 2a3) AgAg )| Av|?

+12 (03aaT + 300at + 2@i1) Ao Ao — 2410085 — 2 Ao(fo + 1) Bs + 12 ((3 60a + 26) Ao + (050s + 3000 + 2a5) Ag) Ay

+12 ((03as + 260a9) Ao + (6302 + 20052 ) A1) A1 + (A1(500 + 6)|A1|* + 4 (a5 + a5) Ao ) C1 + 2 (a1 + a1) Ao — Az (0o + 1))07}

2 (3 (0430(2) + 3aszby + 2043)143 + (5 Oq@g + 13160 + Gal)AoAl — (39(2) + 590)141142 -3 (0(2) +360g + 2>A0A3)
e 03 + 362 + 20,

2

_ 2 2 2 2 2
V25 = *W{4 (2 0y + 560 + 3)A0A2|A1‘ +3 (0‘600 + 3agby + 2a6)A0 + (5 as0y + 13 as60 + 6a5)A0A1

— (3 (068 + 3arb +201) 45 — (65 + 260) A7) 40 |

1 { 3 2 4 3 2 20412
Vg = —————————— 132 (563 + 1363 + 660) AgA1|A1|* + 96 (0363 + 3562 + 2 a0 ) A2| Ay
4 (64 +363 +262) (568 ’ ) | (0508 + 3505 )4l

+24 (20307 + 201@5 — @16)05 + 3 (231 + 20135 — @16)03 + 2 (2301 + 201@5 — G16)00 ) AF — 16 (03a5 + 20375 ) A
— 24 (03am + 363a1 + 20007 ) Ao A3 — (0502 + 032 + 20303 + 140053 + 12a3) AoCh

+8((2enaz — @m0)05 + 6 (201@3 — @10)03 + 11 (2013 — G10)03 + 6 (2132 — @10)00 ) Ao Ao
+ (303 +503) A1 B2 +3 (05 +303 +200) AgBa + 8 { (5(2anar — B)O; + 13 (2anar — B)03 + 6 (2ca@r — B)0o) Ao

— (630 + 6639 + 11 62ag + 69079),47}A1 -8 {2 (203a5 + 560305 + 3000 ) Ao + (30507 + 503a1) Ar

(
+ (05a3 + 6033 + 11 03a3 + 60072)70}@ — (2(103 +20103) Ao — (305 +503) A2) Br
— (3 (0@98 + 30&398 + 204390)140 +2 (0193 + 40419(2) + 30&190)141 -3 (98 + 398 + 290)143)?1}
2

Vo7 = 98+698+119(2)+690{4((a%7a4)98+6(a% 7a4)9(2)+6a%+11 (a% 7(14)9076&4)143

— (7(1398 + 39 a39[2) + 62 asfp + 24(]3)140141 -3 (aleg + 50&193 + 60{190)14% -2 (3 aleg + 16 aleg + 25160 + 12 al)AoA2

+2(05 +403 +300) A3 +2 (205 + 905 +1000) A1 A3 +4 (65 + 663 + 1169 +6)A0A4}
2

— _ 3 2 2 _ ——\p3 _ ——\p2
vog = 9§+698+1198+690 {2 (590+2790 +4690+24)AOA3|A1| 4{(2051&5 a15)90+6(2a1a5 0415)90 + 12a1a5

+ 11 (2 al1as —Tm)@o — GTw}Ag + (7()‘698 + 39 05698 + 62 agby + 24 ch)AoAl +3 (04598’ + 5a5€g + 604500)14%
—4 (4 (04398 + 6(139(2) + 11 azbg + 60&3),4% + (7&198 + 390&198 + 621600 + 24&1)AOA1) ‘A1|2

+2((505 + 2303 +2400) A1]A1|* + (35603 + 16 5603 + 25 a0 + 12 a5)A0)A2}

2

= 59 (2 — D) +10(2 —a2)03 +35(2 —a1)0? + 48
V29 08"‘1003"‘3598"‘5093"‘2490{ {( aras —a12)l + 10 (2aras —a12)05 + 35 (2a1as — a12)05 + 48 ar1as

+50 (2103 — a12)bo — 24@}A3 + {9 (af — )05 + 86 (af — aa) 03 + 279 (0F — 04 ) 0F + 1207 + 346 (aF — 0 )00
- 120 a4}A0A1 — 4 (303 + 9 asbf + 26 303 + 24 o) AT + (5600 + 42605 + 11563 +10200) A1 As
+5 (05 + 106 + 3503 + 5000 + 24) Ao A5 — {2 (40308 + 37 303 + 116 a303 + 143 300 + 60 az) Ag

+ (7163 + 600103 + 1610163 + 132a100)A1}A2 - {(mleg + 640103 + 2032163 + 266 0100 + 120 a1 ) Ag
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- (503+3898+8593+5290)A2}A3}

2

YT R 302+ 26,

{((za@ — @100 + 6 (2137 — T10)63 + 11 (20133 — a10)00 + 12133 — 6a10) A3

— (205as +1063@s + 15 60as + 6a5) Ao A1 — (05az + 40502 +40002) AT — 2 (93@+49§@+69@+3@)A0A2}

1

=——————{8((2mnaz — an)fy — 2 (2a1az — a12)03 — 7 (2ar0z — ouz)fo — 8anaz + 400z) Aj
4(93—393—490){ ( 0 0 )43

V31
— 8 (203a7 — 663ar — 700a7 — 4ar) AgAr — 2 (03am — 03az — 50063 — 3a3) AgCr
— (2608 + 00 + 1) AvEr — 2 (03 + 260 + l)AOE}

Now, recall that

214,
fﬂ 0 2
(90+1)90 o —0p+2 642
0 3 0y —2)(0 — 4
21 (s 02)( 0 ) Oo+3 Oy+1
0
2 0 4 0 Vas
*(O—gﬁ 0o —0o+3
113 1 2 0
H10 o —0o+4
B - 4 1 3
g 1®<h07<1)> 727C0 Op+1 —bOp+1
s 9 1 (6o + 1)0
H11 Oo+1 —60+3
He 2 2
12 O +2 —6p+1
25 3 1
6y — 2 JGE: bo+2 —b+2
% —Oo+1 6O +2
’ H14 0o+3 —6o+1
s —6o+1 6p+3
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so we need only look for powers of order 5. They are

6]

Ve

Vg

V11

V12

Vi4

Vie

it

vig

V20

V21

Va3

V26

Vag

V29

V30

V31

4
—0p+1
—0p + 2
—0p + 3
—b0p + 4

90
0o —1
0o+ 1
6o + 2
0o+ 3
0o +4
200 + 2

20,

1
0o + 4
0o + 3
0y + 2
O+ 1
—6p+5
—0p+6
—0p+4
—0p+ 3
—0p + 2
—0p+1
—200 + 3

—200+5
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H15

Hi6

M7

H18

H19

H20

H21

H22

23

H24

H25

26

27

28

H29

30

H31

3

4
—b0p+1
—0p + 2
—b0p+3
—0p + 4

00
0o —1
Oo+1
O +2
0o+ 3
0o+ 4
200 + 2

20,

1
0o+ 4
0o + 3
Oy + 2
Op+1
—0p+5
—0y+6
—0p+4
—00+3
—6y + 2
—6p+1
—200 + 3

—200+5




to preserve notations we write the new terms with {u;}, . <j<31- In Sage, we have

115 0 5 115 0 5
H16 1 4 M6 1 4
H17 2 3 H17 2 3
118 3 2 i 3 2
19 4 1 19 4 1

p2o —Og+1 Hp+4 oo —Oo+1  Op+4
po1 —Oo+2  Op+3 po1 —Oo+2 G +3
po2 —Oo+3  Op+2 po2 —b0o+3  bp+2
oz —bop+4  Op+1 o3 —bOg+4 Gy +1 (4.4.1)
fh24 o —0p+5 24 0o —0p+5
pos Op—1 =6+ 6 pos  Bo—1  —0p+6
p2e  Go+1  —0g+4 p2e  Go+1  —by+4
por O +2  —6p+3 por  Bo+2  —0p+3
tos  Bp+3  —0p+2 tog  Bp+3 —0p + 2
p29  Oo+4  —0p+1 p2o  Bo+4  —0Og+1

u3o 200+2 —200+3 tzo 2600+2 —260p+3

31 26q —260yp +5 131 26, —260y+5

where
15 =8 = 0005 + 1002 + 3508 + 5002 + 246)

{96 (03 + 705 + 1402 +860) Aol A1 | A3
+2(03 41063 + 35602 + 5000 + 24)| A1 |* Ao Cy — 192 ((ogag + 10 0503 + 35 0503 + 50 Opavs + 24@3) AgAg
+ ((930471-"- 993&71—5- 26 9%04714— 24 900{1)140141) |A1|2 — 48 ((2 a1 — 0415)93 + 10 (2 Q105 — 0&15)98

+ 35 (2 a1l — 0415)93 + 50 (2 a0 — 0415)90 + 48 ajas — 24 a15) A()Aio

— 48 ((ar® — )0y + 10 (o — @) 0 + 35 (a” — ag) 05 + 50 (a” — @) b + 24 07> — 2405) A1 Ao
— 48 (03 + 605 + 1103 +600) A Ay — 4 (05 + 965 + 26 6% + 24 60,) A1 B3

— 3 (65 + 1065 + 3505 + 506 + 24) Ag B + 48 ((9§%+ 9 05 + 26 030 + 24 6y ) Ao

+ (6503 + 90305 + 26 5 + 24 90&;3)141)141 +48 ((ega5 + 80305 + 196505 + 12 0pa5) Ao

+ (050 + 865 + 19057 + 12 Qoal)A1>Ag +3 ((agal + 106307 + 35 05a1 + 50 oy + 24 7) Ag
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—2 (65 + 865 + 19<9§+1290)AQ>B1
! (4 (65 + 960 + 2665 + 2460) | Ar[* Ay + 3 (655 + 1065a5 + 35 635 + 50 a5 + 24045)140)01}

We will not need the precise expression of the other p; coefficients for 7 > 16, they are just written for
completeness.
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4.5 Final development of the tensors related to the invariance
by inversions

2 (0om2Co + (03 + 360 +2)Ci3) _

_ A 0 6 4
03 + 302+ 26, 0 ot
0y —2
- 29(2) Cip 1 0o
Oy — 2
— 293 B 1 6+1
2 (ol — 2
_M Ay 1 6o+1
o
Oy —2
- By 1 6p+2
29(2) 2 O+
(0 — 2)|Ca|” -
_ 20 Ay 1 6p+2
Opaq — 2 a7
e et S Ci 1 6y+2
2 (02 + 200) ! ot
2 (0o —2)C4
—_ A 1 6 2
03 + 263 0 ot
1
7 Bio 1 6p+3
0
2
20 Ao 1 0p+3
o
|B|2d — 2(a, B) B = _Q% A 1 0+ 3
0
Ck290—20[2 —_—
- C 1 6 3
10, 1 o+
Opar — 2@y
At St X B 1 6,+3
2 (02 + 200) ! ot
20303 — 20%a5 — 40z — (0p — 2)(
- - C 1 6 3
107 +406% +3062) ' ot
0o —3
T Cy 2 6
3(2 —
A 2 0
03 + 62 0 0
0o —3
— B; 2 1
20(2) 3 90+
2(@290—20[2)
_— = A 2 0 1
0o 1 1 1 o+
(6o — 3)C3
—_ A 2 6 1
6+ 02 0 ot
(560 +2)C2 —
o A 2 6 1
0L+ 263 + 62 ! ot
(60 — 2)[44|”
2 T Ci 2 6y+1
62 126, 1 1 ! 0
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Bll 2 00+2

03

26w Ay 2 Op+2
0o

foas — 205

R B a—— cCi 2 0 2
2(02 +36 +2) ! ot
boorr — 31
—_ 2 0 2
2 (02 + 26p) Cs 0

2((00 + 2)C15 — Gea) —_—

— A 2 6 2
02 + 20, 0 ot
2(00 —2)(4

—_— A 2 6 2
62 + 362 + 20, ! ot
(2600 — 1)¢2 —_—

—_— A 2 0 2
6% 1362 + 20 2 0
(60 — 2)| A1 |
_ B 2 0 2
02 +260 +1 ! 0t

Oy — 4
- 298 C3 3 0o
2 (6oC7 — ¢5) —_—
_ 267 — 65) a
7 o 3 b
2 (Oz790 —4 047) AO 3 00
o
(1190—20[1
- c; 3 0
2 (02 +26p) ! 0
1
2z Bia 3 6p+1
0
2(7 —_—
—90+1 A1 3 6+1
260 Ay 3 6y+1
90
2(0[290—2042)
- = A 0 1
0o + 2 2 3 o+
01100720[1

—_ B 7 1
2(62 + 260) 1 3 bt
05590—2045

_——— Ci 3 6 1
2(02 4360 +2) ! o+

2 (2600141 = (63 +260+1)Ci)
— Ao 3 Oo+1

63 1202 + 6,

(0o — 3)C3
—_—— A 1
03 1+ 202 + 0, b3 b
(60 — 3)| A
S 1 1
62 + 200+ 1 Gz 3 bt
1
- Bz 4 0o
0%

_Za Ay 4 6
0o

2 ((6o +2)C17 — a1(2) -

— A 4
02 + 26, 0 B0
05190—3OZ1

- 4 0
2 (02 4 26o) 2 0

740[39(2) - 805390 + (2 90 + 1)<2 Cl 4 00

8 (05 +363)
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2 (01290 -2 042)
9—0
2 (()&290 -2 062)
G+l
(6o —2)Co

2005 +463+560%+26))
2 (00 —2)Ca
05 +205
2(18
s
2(0[26‘0 — 20(2)
T hr2
2(00 —2)C1
0%+ 663 + 1162 + 66,
(6o —2)Co

2(05 +403 +5603+26,)
_ 206 —2)¢
03 + 302 +26,
(0o —3)Cs
05 + 03

2 (65 +463 + 5600 +2) 19 + 200)

05 + 405 + 505 + 2060
(60 — 3)Co

2(05 +4603 +560% +200)
__(Bo=3)G
03 + 2602 + 0
az0% — 6 26y + 8 g
B 462

2 (04798 —6arfy + 8 047)
03 + 62
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@9)00 — 2 (1 + s —
11 — :_
o otz — 8 (2a1ar — 28
Y 112080
o +263) A
oma — 32 (63 +
400114

4(08 +63)
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Ao
Az
Ao

Ao

Bz

Cy
Ao

Cy

o
o
0o
o
o
o
o
o
0o — 1
0o —1
0 — 1
0o — 1
0o — 1
0o — 1
0o — 1
0o — 1
0o + 1
0o+ 1
0o+ 1
0o +1

O+ 1




3
5
0o + 2
202
0o — 5
40,
0376 — 6 (Boar + 2a1)| A1|? + 3603756 + 260 (306 + Tig) — 6 60Ca1 + 66
03 + 6o
Ogcis — 3111105 — (3 p11 + T@s)00 + 6 (ot + (0o + 1){s — 630
B 0% + 6o

A4
20575 + 6 0575 + 40575 — (205 — 00 — 6) &2
2(63 +63)

)\15

O5mr + 360377 + 2 (s + 33 +10)03 + 2 (as + 3 p3)bo + 12 a5
865 + 07)
(260 — )| A
C2(62 4260 +1)
0371 + 50377 + 2 (as + 371)00 + 6 s
6% + 206,
111308 — 4 (60 + 3)Co| A1|” + 3 p1303 + 2 p13bo
03 + 362+ 26,
w1205 + 3 1205 + 2 pa26o + 4 (260 + 3)C1
03 +362 + 260

05tz + 6051z + (3a + 11112)05 — 2 (30163 + 13 a6 + 121 )| A1 | + 3 (3 + 27i2)00 + 6 a6

03 + 362+ 260
1
%
6o+ 3
202
6o — 5
400
0373 + 40313 + 00 (205 + 373) + 65
6% + 6o
04190 — 1
- 2(62+26)
2 (11303 — 4 (00 + 3)Co| A1|* + 3 1363 + 2 11360
03 + 3602 + 260
2 (Mueg + 3 1203 + 2 p260 + 4 (260 + 3)(1)
03 + 362+ 260

2503 + 21505 — (65 + 60 = 3) (>
4(05 + 63)
1 1

—Z0s — =
1 002 4112
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Ao

Ch

6o+ 1

0o +1

O+ 1

0o+ 1

0o+ 1

0o+ 1

O+ 1

O+ 1

0o+ 1

0o+ 1

0o + 2

G0 + 2

G0 + 2

Oo + 2

0o + 2

0o + 2

o + 2

G0 + 2

G0 + 2

0o + 2

6o + 2

0o + 2

G0 + 2

O + 2

0o + 2

G0 + 2




3o

B 0,
4(03+462+56,+2) v ot
037 + 60371 + 2 (a5 + 471)60 + 8 s
A 0,
98"'290 2 o+ 3
111403 + 3 111403 + 2 11400 — 2 (0160 + 4 an)Co — 2 (05 + 965 + 2805 + 3665 + 16 60) Co T ot
03 + 362426, b
u280§+6,u2808’—8(203—1—1100+12)§1|A1|2+11u2803+6,u2800—2(a56§+7a500+12a5)§0 T 6o +3
0 + 6603+ 1162+ 60, o
Alg A 6o+ 3
A20 Ao 6o+ 3
0o — 4 —
Ey 260p—1
10 1 0o
2— — —
90a7 8b0oa7 + 16 a7 Ay 200 —1
0o
0o — 5 —
Es 2600—1
100 3 o
—60 (015 — 27iz3) + 5ois — 2 (a1 Ao 260 —1
_06(a5 — 27%) +206(05 — 37s) — 400(a0 + i5) + (B0 — 2)a — 89 Ao 20041
00+290
263 (as — 27i5) — 802Tig — 260(7 a5 + 27i9) + (60 — 3)Cs — 1205
— A 2600+ 1
2(63 + o) P
A21 Ao 200+ 1
[ Y Qg e\ _ — o\ 19—
_90(049 2us)+00(3a9 7#8) 2200(2049+3H8)+(‘90 2)(4 12 g Ay 200 +2
90+200
A22 Ao 200+2
113005 + psobs — 4 pi3003 — 4 p3obo — (593072—490072—12072)C0 T 26042
03 + 362 + 20, 020
M129§+M1293—4M1298—4M1290+4(298—90—6)C1 o 20,42
10113063 +2062) e
(6o —2)Co -
B 2 2
108 + 403 1562 +200) 200+
203 (as — 2Ti9) — 203 (as + 379) — 260(5as + Tig) + (0o — 3)(z — 68 1 0
- 5 0 o
2(05 + o)
0o —5 _
490 E> 290
foaz — S an —
_ 20,
10, B Ch o
(i — oz + 27122)08 — (3aianm — 3z — fia2)0o + (0o — 4)Ca2 — 4oman — (200 + 1)Ca0 + 4 @12 A 26,
0o
2050 — 17030 + 316007 + 20 @7
2 A1 290
2(65 + 6o)
—p3160 + 4 p31 Ay 26,

where the \ coefficients are given as follows.

A2

1
A1

T 0663 + 1162+ 66,

{mg + 10 pabg + (35 2 + 4a5)05 + 2 (25 u2 + 12a5)0;5

— 2 (305a1 + 250501 + 64 6oar + 48 [A1|* + 4 (6 2 + 1136)00 — 2 (05 + 305 +260)Cux + 24%}

1

T 0T+ 663+ 1102+ 60,

{/1459(5) =+ 10 }141503 — (4 15 — 4&15 — 35 ,LL15)98 -2 (16 15 — 12 15 — 25 /L15)0(2)

— (86505 + 60 0505 + 136 0oais + (0o + 2)C2 + 96 a5) | Ax|* — 4 (19@7as — 11 ars — 6 15)00
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0

0

—0y + 3

—0y + 3

—00 +4

—0y + 4

—0y+1

—0 + 2

—00 + 2

—0g +1

—0g +1

—0g +1

—00+1

—0g +1

—0y + 2

—0y + 3

—0o + 3

—0y + 3

—6o + 3

—0o + 3




— (66 + 1065 + 3505 + 5000 + 24) (13 — 48@1as — (05a3 + 70503 + 1200a3) o — (605 + 665 + 1160 +6) 6 + 24a15}

_ 1 4 2 4 3 _ 2 __
A3 = WM{M4GO -8 (00 + 509 +6)|A1| +6M400 — (40[10(1 — 65 — 11/1,4)90 —2(8&1&1 — 9B —3”4)00
—12a1m—2(9§+50§+89§+4eo)m+12ﬂ}
A= S 111605 + 6 11605 — (6 50t + 6 a1 — 6 ong — 11 116)05 — 4 (30505 + 13 6oais + 1275 ) [As |
03 + 362 + 260
—2(13 o501 + 913 — 9ane — 3 pu16)00 — (65 + 605 + 1160 + 6)C1a — 24 a5 — 120103
—2(65 +360 +2) (15 + 12a16}
1 _ _ _ _ _
As = 03 + 362 +260 {(awtl - 0610)96l +2(3azar — 2010 + ,u27)93 + (3 gt + auo + 6N27)93
—2(T ozt —8aio — 2727)00 — (0 + 665 + 1160 + 6)(1s — 12 asan — 4 (s + 3 5)C0 — 8 (210 + 3 1)1
—2 (05 + 300 +2)Caa + 12a10}
1
A6 = _M{aneg — 2 (a2 + 302l — 100200 — 12 002) |Ax|* — 36576 — (7 a1 + 37526)00 + (05 + 360 + 2) 1o
0 0

+6CM3C0+3(90+1)C2360¢11}

1 )
A7 = 93’—1—92{”1708 + 37l — 2 (Basar + 3ands — pir — 301716)0(2) — 12 (0459(2) + 201590)|Al|2
0 0
— 6 (o3 + on@s — @16)0o — (00 + 305 +2600)Cus + (0501 + Ooar — 3G1)C2 — 3 (65 + 90)414}
1
g = 62{((11&2 — 0412)93 + Boaiae + a2 + 4@)9(2) — 1612 —2(Taras —5a12 — 4722)00
5+ 26
— (9(2) + 3600 + 2)C20 —4 (00 + 2)C22+8a12}
1 5 4 —\p3 —\p2
)\9 = W{ﬂlgeo + 4,“41800 — (40[1(15 — 5,LL18 — 4&15)00 -2 (6 105 — W18 — 6(115)00
-2 (40(398 +12 O¢39(2) + 8 azlp — (93 + 29(2) — 260y — 4)C2>‘A1|2 -8 (041045 — Tm)@o -8 (O¢29(2) + azeo)CO
- (e§+493+59§+200)q16—4(93+303+200)g13}
1
Ao = 57— (o7 — a10 + 2 1120)05 4 (T c2@r — 310 + 7 pi20)05 — 2 (3 it — 2 10 — 3 p120) 6o
90 +260q
— (265 + 760 + 6)C1s — 24 ot + (65 — 4)Coa + 12a10}
1 4 3 2
e E— -2 2 —4 - 1
At 98+393+200{(0¢11 p21)0p + 2 (a1 p21)8p — (7T + 10 po1)6g
-2 (a208 + 4a293 — 70(203 — 34 axby — 24042)|A1|2 —4 (50(11 + ,Ll,21)90 +2 (93 +40§ + 560 + 2)<19 + QCQCT)
— (05 — 760 —6)Cas — 12a11}
1
g = M{(alag—am)eg + (3aran + 4 poa + 12)05 — 2 (Tanaz — 4 pioa — 5a12)00 — 4 (o + 2)Caz
0 0

—16a1az — (05 + 360 + 2)Ca0 + 80412}
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1 5 4 _ 3 _ 2
= 4 — (4 —dags — -2 - -
Ais 07 1368 120 {90H18+ Oopiis — (4aias a1s — 5 s )b (6 @ras — 6 s — Ti1s )6
—2 (46505 + 120505 + 860tz — (05 + 205 — 200 — 4)(2)[A1|* — 8 (@ — ans)0o — 4 (05 + 365 +260) Cis
8 (0Bas + 0oiz)Co — (00 + 403 + 503 + zaom}
1 P
Mg = _M{QSQH— 3 2605 — 2 (050 + 30502 — 10 0a — 1203 | A1]* — (3 pas + 7a1)00 + 3 (60 + 1)Cas
0 0

+6 Coas + (03 +390+2)419—6om}
o 1 4 3 — — ——\p2 2—— — 2
A5 = B Ootrir + 3 0p7 — 2 (3asar + 3andas — 3are — fiar)0y — 12 (90a5 + 290045) | A1
0T Y

— 6 (as0q + a1a3 — a16)bo — 3 (93 + 90)(14 - (93 +365 + 290)& + (0419(2) + a1t — 3041)@}

1 Y/ 3 — J— JE— —\pn2 2 2
)\16 = 98’—}—398—}—290{00'”16 + 600#16 — (6 Q301 +60¢10¢5 — 6&16 — 11#16)‘90 —4 (30[500 + 130{500 + 12 045)|A1|
—2(9asan + 13 01d — 9ais — 37i16)00 — 2 (05 + 300 + 2) (15 — 12001 — 24 10
— (63 + 66 +1100+6)<14+12a16}
A7 = S 8 (05 + 5600+ 6)|A1|* — 057tz — 6 051z + (4cadr — 68 — 117ia)05 + 2 (8o — 98 — 37ia)0o
03 +302+200

+2(05 + 505 + 865 +460)Cio + 121071 — 12B}

1 . _ - _ __
Aig = 93""39(2)"'29(){(0[10[2 — @10)05 + 2 (3araz + por — 2@10)05 + (3 araz + 6 p2r + @10)05
—2(T 1@z — 2 par — 8@10)00 — 4 (000 + 305)Co — 8 (20007 + 3a1)C1 — 2 (05 + 300 +2)Cos — 120000
— (63 +6063 +1160 +6)Cis + 12a10}
1 5 4 —_\p3 .\ p2
A1g = 0, 106 4 35 6 2(12 25 6
19 9§+603+119§+600{0u2+ ofiz + (4 ae +35T2)00 + 2 (12 a6 + 25712)0;
—2 (3@198 + 25&193 + 64 o169 +480¢1)|A1|2 +4(11 ag +6m)00 -2 (08 +39(2) +290)C11 + 24046}
1 5 4 _ ;3 _ 2
A0 = 0, 106 —(4 —4 — 0y —2(1 — 12 -2 [%
20 93—!—6984—11934—690{ of1s + 100gu1s — (daias a1s — 35701s)6;, (16 a1as ai1s 5015)00
— (8 asb + 60 as + 136 aso + (6o + 2)C2 + 96 as) |A1]? — 48 ancvs — 4 (19 s — 11@15 — 6 7i15) 0o
— (0208 + 7 263 + 12 a260) Co — (65 + 665 + 1160 + 6) a6 — (65 + 10605 + 3505 + 50 6o +24)Cl?)+24al5}
1 4 — 3 __ 2 __
Ao = ————< 0 -2 20 —4 —05(7 10
21 98+39(2)+290{ b (a1 121) + 205 (ant 121) o(7an1 + 10 fiz1)

— 2 (050 + 40502 — 7050m — 34000 — 2403 | Ar|* — (05 — 7600 — 6)Cas — 400(5 a1 + Jizn)
P20 A6 500 +2)T + 205 mau}

1

Az = o

{(alaz—alw 27120)05 + (7 1@z — 3 @10 + 7H20)05 — 2 (3onda — 210 — 37i20)00 + (05 — 4)Caa
— 24 onas — (205 + 700 +6)Cis + 12am}

‘We shall only need the precise expression of \,.
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Also, recall that

1

G = s | O 700 6) 578 + 2 (v — 705 — 605m) 7 + 2 o — a5 — 35 Ay
0o 0~ 0

+ (05 +260) Ao+ (05 — 05 — 6 ao)m)Al}

1 — [N __
Cia = TS 7 RRTRY 12 A0(90 — 2)|C1|2A1 + 96 90AOA1C4 + 48 AoBlo(90 + 1) + 48 Bg(@o + l)Ao
48 (65 + 00)

—3(05 — 60 —2)B1Cy — 2 (05 — 60 — 2)0102}

1

Cls == _16(0%{—90){8 A1(90 _ 2)|Cl|2A70 — 4 (90 + 1)(214001 + 8 (0(2) - 200)14132 - 16 AOB11(90 + 1)

— 16 By (60 + 1) Ao + (65 — 260 — 3) C201 — (4 (6502 + 2650z + Ooaz) Ao — (65 — 290)31)01}

1
Gi6 = 2(03 +302+2060)

{4 (02 +200) ArCo g + 4 (62 + 300 +2) Ao + 4 (2702 — a0 — 10 ar63 — Saurfo) A3

— (65 — 05 —200) A2Cy — (05 — 05 — 6600) A1C — (05 — 0 — 1000 — 8)A003}

1
03+ 663+ 1102 + 600)

— (60 + 65 — 465 — 460) AsCy — (6 + 05 — 965 — 960) AsC — (6 + 0 — 1465 — 2460) A1 Css

Cir = T {4 (05 + 465 +300) A2Ca Ao + 2 (05 + 605 + 11600 + 6) Ao Bis

+4((05+5065 +600)Cs A0 + (b5 + oz — 14 05 — 24 a79§)A0)A1}

(05 + 65 — 460 — 4)|01|2/T02 + (05 + 05 — 463 — 4600) BoAg + (05 — 463) BiAr + (05 — 05 — 265)C1 Ay

Ge =~ 2(0+ 363 +202)

1

19 = S G+ 608 + 1102 + 6.00)

{(98 +365 — 460 — 12)|C1|*AgAr — 2 (05 + 665 + 11600 + 6) BioAg

+ (66 +365 — 405 — 1200) B2 A1 + (05 + 265 — 5605 — 660) BiAz + (05 + 05 — 46 —490)01&,}

4(03 +260) A7 +4 (63 +00) Ao Az +2 (63 + 360 + 2) Bin Ao — (63 — 62 — 660) Bs Ay — (63 — 262 — 360)C2 Az
2(03 +3602+260)

G20 =

1

§21 = 16(0%—|—90){16B12(90 +4 1)A70— 8 (65 —490)031471-5- (16 (04293 — by — 20(2)140 — (298 — 309 — 2)31)01

+ 32 (90(51470 + (01798 -5 0470(2) + 670 — 8 OL7) Ao)Al}

Here, we will only need (i3 and (i5.
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4.6 The coefficient in (0, 6p+3) in the Taylor expansion of Re (8:F(z)) =

0
The coefficient in z%73 in the Taylor expansion of Re (8zF(z)) = 0 is
3G
4(03 4403+ 500+ 2)
110y + 6 1165 + 2 (4 1 + a5)00 + 85
934—200
0871 + 3 05 Tina + 2 60fia — 2 (oo + A1) o — 2 (65 + 965 + 2865 + 3665 + 16 60) o
03 +362 + 200

037is + 6 037izs — 8 (203 + 1100 + 12)| A1 |°Ct + 11 63773 + 6 0ofizs — 2 (03as + 7 0oaws + 12a5) Co

03 +603 + 1162 + 6060

A1

A2

where

1

A =
YT 01603+ 1102 +60,

{mag + 10 120 + (35 p2 + 4@6)05 + 2 (25 2 + 12a5)65

— 2 (305a1 + 250501 + 64 0pa + 4871)|A1|* + 4 (6 2 + 1136)00 2(93+39§+290)gn+24a6}

1
04 4+603+ 11602 +6060

— (86505 + 60 055 + 136 oavs + (6o + 2)C2 + 96 a5) | A1 |* — 4 (19 @705 — 11 ars — 6 pa5)00

A2

0 6o+3
0 6o+3
0 6o+3
0 6o+3

0 6o+3

0 6p+3
(4.6.1)

{}1456(5) + 10 ,u1598 — (4 a105 — 40115 — 35 /.Lls)gg —2 (16 a105 — 12 15 — 25 M15)93

(1)
(2)
(3)
(4)
(5)
(6)

— (05 + 1005 + 3505 + 5000 + 24) (13 — 48 awas — (05am + 70503 + 1260002)Co — (05 + 605 + 1160 + 6) 16 + 24a15}

Now, recall that by (3.5.1) and as
> 9 1
|AO| = 57 Qa5 = 2<A17A2>7

we obtain

1 2 = 2 S o 2 =Y
= — 1 A 2 AgA A1 A
1 4(93+303+290){ 6 (6g ol A1 | 1+8(90a5+390a5—|— a5) 0 0+8(00a1+ a1)Ai1Ao

- 8(63 +00)A1&—W}

_ 1 > o
T 4(63+363+260) {4(90 + 360+ 2)a5 — 4(60 + eo)aa}

1
=— 4(26 2)as
4(93+393+290){ (280 + 2)a55}
2(60 + 1) _
= = Q5
(03 +362 +200)
__ 2+l
90(90+1)(00+2) °
2 _

- 790(90 + 2) s

Then, we have

03 + 608 + 80y = 0o (0o + 2)(Ao + 4),
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SO

03 + 6 1163 + 2 (441 + @5)0 + 85 1 3 2 _
= 0 60 8 2(6, 4
9%+2e0 90(90+2) (0Jr 0+ ):LL1+ (07L )a5
1 2
=—— <600 +2)(0g+4) | ———a5 2(0y + 4)as
3 oo+ 2000 -+0) (~ ) + 200+ 4y
=0
and in (4.6.1), we have
(2) =0 (4.6.2)
Therefore, we obtain by (4.6.1)
3% - 05713 + 3 0 Fna + 2 00fia — 2 (oo + 4ax)Co — 2 (65 + 9605 + 2865 + 3665 + 1660 ) Co
1031402156, +2) T 03 1302 1 20,
00M28+690M28—8(200 +1190+12>‘A1| Cl +1190u28+690,u28—2(90a5+700a5+12a5)C
02+ 663+ 1162 + 60, 0
+AMAL+A2A =0 (4.6.3)

Furthermore, as
(Ao, Ag) = (Ao, A1) = <E(J,AT1> =0,
we deduce that ATO is linearly independent with /Yo, ffl and ATh and as we also have
B, = —2<Z, CH)/YO € Span(/fo)
the linear relation in ATO in (4.6.3) must be trivial, so that
3G
4(08 +460% +560 +2)

B1 + AaAg = 0. (4.6.4)

The rest of the proof will amount at computing this coefficient in front of ATO in (4.6.4), which must
cancel as Ay # 0 by the very definition of a branch point of multiplicity 6y € N.

We recall that

a5 = = |A1| AgCy + 2 A1 A; + = (A0a1+2A2)Bl+ A,B;+ - AOBG+ (8|A1| A1+3A0a5>0

while
By = —2(A,, Gy) Ay
_, 0 2) o o = o = o -
B, = _{ ‘11; )16y P, + (mm,cg _ 2<A2,01>) A,

2a0

_, 2 - o TS = o = = -
Bs =—2<A1701>A1+ﬁ<A1,01>A1+9 3<A1701>A0+2<040<A1701>—<A17C2>)A0

5 (90-1-3) G o= (6o +3)

- o= 00(0 1 = = o = o -
By = 0 <01,CQ>A0 — 701 600 |Ci 2 Ay — MQQCl +2 (071<A1,C1> - <A3,Cl>) Aop.
o
= (% 2 2 -
By = <( Bt G 6+ _Balgg) Ao+ g 262 Ty — o(A, Cr) A
+ (800(90 L)AL Pas — 2(As, C) — 3?0(2) Ay

- 2 4 - - = o - - = -

Bo= <54A1 |G + (—2<A1, i) + 48(00 + 1)a1a2> Ay — 400(00 + 1) Ay — 2(A1, C2) Ay
_ o —

. 1 = = .=

El = _T%<CI’CI>AO

2 = 2(290 + 1)(90 — 4) =

E2 = (6%) Cl 00 T 1 047141

_ 1 = = .=

E3 = ——(C1,C%) Ao
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From now on, we assume that

A4, ) = (A1, Cr) (AL, A)) (4.6.5)

thanks of the meromorphy of the quartic form (see (2.5.1)). As

1 -
— (A, C
200(90+1)< G,
o = (A1, Ay)
C2:<Elvél>

Qo =

(4.6.6)

this also implies that

| A2

(A4

,él> = |/Y1|2C2 = 200(90 + 1)(00[2 = 200(90 + 1)</T17/T1>012 = <1‘Y1,A1><A17 Cl> (467)

In particular, we have as (A;, A) + 2(Ay, As) =

(Ay, By) = (Ay, —2(Ay, Cy) Ay) = —2(Ay, Cy) (Ao, Ap) = (Ay, Cy)(Ay, Ay) = | Ay 2. (4.6.8)

Then, we have

as

(A1, B3) = —2(Aq, 1><1I1,1‘I1> + 77|A1|2<A1,Cﬂl>

- 77_— |A1 2, (4.6.9)

. 1 Lo Lol
Now, we compute as |Ag|? = 3 and (A1, Ay) + 2(Ao, Az) =

(Ao, Bs)

_00

= <14TO; CS /Il o —3 |g1|2C2g0 + (—2<El7 é3> + 490(90 + 1)0[10[2) fi‘() — 46‘0(90 + 1)&2E2 — 2<E17 02>
—ﬁ\ffﬂ%z — 4000 + 1)az(Ag, As)
o —
2 . Lo
———[A1*C2 + 200(6 + 1)z (A1, Ay)
0p — 3
)i
90 —3 117¢2
0

—

Finally, we have as (A3, C1) 4 (Ay, Cy) = 0 and thanks of- (4.6.8), (4.6.9) and (4.6.10)

Q15 — — |A1‘ AQCQ+2A A4+ (A@ﬁf+2A2)Bl+ A Bg+ AOB6+f(8|A1| A1 +,344ﬁ64?>

1
:—Z‘Aﬂ C2+2<A17A4>+1<A2,Bl> <A1,Bs>+

<A07B6> §|A1| (o

8
S = 1 1 1 (90— 1 b — 95 1 1712
=2(A;, A —— 4+ -+ - — - -] |A
(A1, 4>+( 4+4+6x( 903> < (03>+3>1|C2
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= 390*7

— 1 127
= 2(A1, Ag) + 2400 = 3) [ A1[*Co- (4.6.11)

Then, we have

1
05— 762 — 60,

+2 (050 — 650 — 5030 — 3050m) Ao Az + (05 +260) ArGa + (65 — 07 — 690)Ao<3)Al}

2

Gz = {(93 — 700 —6)BrAg + 2 (052 — 705 — 605am) A

and
o = 4(02+260)A1GArT — (03 — 63 —200) AsB1 + 2 (63 + 3600 + 2) AgB12 — (03 — 63 — 660) A1 B3
1o 2(63 + 362+ 26,)
(4.6.12)
Co = (A1, Ay)
G o= (A1, A)
G = (A1, Ch)
- - (4.6.13)
43 = <A17 2>
Go= (A3, Ch)
G = 2( 427041> + (x‘f1762>

Then, we have

N |

Be 0 —0p+4 (6)

2A,Cy 2 0 —6p+4 (7)

A A ATT, — 2 MOy — 2A0ETTs + 3 BiCr +240T5 Ao 0 —fo+4 (8)
—4 AptATTTY 42 4,0y Al 0 —6o+4 (9)

SO
(Ao, Br) = 5 (Ao, Bo) + 24, Cr) (g, A)

= 5 (Ao, By) — (A, Oo) (A, )

= (A0 Bo) - 141G,
Then, we obtain by (4.6.10)

(Ao, Bs) = (Zz—:g)l&l%
SO
(o, Br) = 50— 1AG - 141G
2((9900))|A 26 (4.6.14)
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Finally, we obtain as 2(Ay, A3) = —(A;, Ay)

Ciz3 =

as

1
95— 762 — 60,

+ 2 (65 — O — 5 05 — 3030) Ao s + ((03 +260) A1 +Wm}

= : AU RS Iy A
= 90(00+1)(90+2)(903){(90+1)(90+2)(90 3)( 2(0073)|A1| C2>

(2005 78— 00) — (6 — 0 — 56} — 308) ) o + (o + 241

{(ag 70y — 6) By A, + 2 (0537 — T — 66%03) AL

1 1 - _
" 00(80 + 1)(0 + 2) (60 — 3) { = 5(60 = 1)(00 + 1)(8o + 2)| A1[*C + 65 (60 + 1) (60 + 3) (60 — 3o

+6o(0o + 2)|A’1|2<2}

1 1 1 p—
= Bo(60 + 1)(00 + 2)(0y —3) { = 500 = 1)(f0 + 1) (60 +2) + 5006 +3)(o — 3) + bo(00 + 2)}|A1| G2
(260 — 1)

" 00(60 + 1)(60 + 2)(6p — 3) A (4.6.15)

2005 — 703 — 602) — (05 — 03 — 503 — 3602) = 02(60 + 1)(6p + 3)(0o — 3)
_ 1= - = 1 - —
0o(00 + 1)Coaz = §<A1,A1><A1’Cl> = §\A1|2<2

1

1
- 5(90 = 1)(00 +1)(0o +2) + 590(90 +3)(0o — 3) + 6o (0o +2) = =20 + 1

Now we recall that

1

—590+2 Bs —6y+3 1 (49)
1
. §BT€1/ Ay —6p+3 1 (50)
Bio =
—4 AgE7an +4 AsCy +2 A1Cy A —6y+3 1 (51)
—8 A1C1|A1]* — 4 AgCo| Ay |* — 4 AgBray — 4 AgCras + 4 A2By + 2ArBs Ay —6p+3 1 (52)

Furthermore, remark that (A5, —240) = (A}, A7) so by (4.6.5)

SO

— 8 A1C1| AP — 4 AgCo| Ay |” — 4 AeBra, — 4 A6€7a5 + 4 A2 By + 2 ArB;
= 4|4 (A1, Cr) + 4( Ay, —2(A1, C1) Ap)

= 4|4, P(A},Ch) + 4(Ay, Ci) (AL, Ay)
=0

(52) =0 (4.6.16)

and by (4.6.10), we obtain

(Ao, Bia) = — (002_4) (Ao, Be) = — (002_4) <(ZZ : g) /Y1|2C2> = _(002_(;(3)(—903)_5)@”2(2 (4.6.17)
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We deduce by (4.6.8), (4.6.9), (4.6.10) and (4.6.17) that

4(03 +200) A1 Ay — (05 — 05 —260) A2 By + 2 (03 + 300 + 2) AgBra — (05 — 65 — 660) A1 Bs

G16 = 2(03 + 302 +200)
1 (6o —4)(60 — 5))
= 400(00 +2) — 00(00 + 1) (0 — 2) x 1+2(0g + 1)(0p +2) x | - 170 2
200(00+1)(90+2){ 0(00 +2) —0o(0o +1)(00 —2) x 1 + (o+)(o+)><< 50 —3)
2(0p — 4 -
~to(t + 200 - 3) x (220 ) Lz e,
2003 — 62 — 60p — 10) | =
_ iy 4.6.18
Bolbo + D00 +2)(6 —3) 1 (1619
as
0o — 4)(0p — 5
400 (0o + 2) — 00(Bo + 1)(6 — 2) x 1+ 2(6g + 1)(fy + 2) x (_W)
o
2000 —4)\ 40  4(65 — 05 — 660 — 10)
_ 1 4 3 2 27—
Hs = 24(03+1003+3503+5003+24(90){96<9°+79°+149°+800)A0|A1| Ao

+2 (05 + 1065 + 3505 + 50 6p + 24) | A1|* A, C — 192 { (05ais + 10 055 + 35 050 + 50 o + 24 a73) Ao Ag
+ (66ax + 9 05ax o T 24 90041)Aoz‘11}|141|2 — 48 {(2a1a5 — ai5)05 + 10 (2@1a5 — a1s)0 + 35 (2a7as — a15)65
+ 50 (2aas — ais)0o + 48 T — 24a15}Avo —48 { (@i — )05 + 10 (aa® — )0y + 35 (aa” — o) 05

+50 (an” — az)bo + 24 a7 — 24044}4%— 48 (05 + 665 + 1165 +660) A1 As — 4 (65 + 965 + 2665 + 2460) A1 Bs
(4.6.19)
—3 (65 + 1065 + 3565 + 506 + 24) Ag Be

+48 <(9§aa + 90 S0 + 240005 Ao + (600 + 9050 + 26 O + 24 00a3)Al>Al

+48 (6o + 86505 + 196505 + 12605 ) Ao + (foar + 865ar + 19 §gar + 12 6oar) A1) Az

+3 ((e§m+ 10 050 + 35 5@ = 50 Goarr + 2401 ) Ao — 2 (65 +89€;+199§+1200),42>B1

+ [ 4(66 +965 + 26065 +2460) | A1 |* A1 + 3 (a5 + 100505 + 00005 + 24@5) Ao

g

1 4 3 2 2
. 14 Aol A A
24(03+100§+3563+5063+2490){96<0°+790Jr b0 = 80) Aol s[4

+2 (05 + 1065 + 3505 + 50 6o + 24) | A1|* A, C — 192 { (05ais + 10 655 + 35 650 + 50 Ooais + 24a3)Avo} |A:|?

— 48 {(2 105 — 0415)03 + 10 (2 a105 — a15)03 + 35 (2 a1 — a15)0(2) + 50 (2 Q105 — 0415)90 + 48 aras — 24 015}140140

— 48 (05 + 605 + 11605 +600) A1 Ay — 4 (05 + 9603 + 2605 +2400) A1 Bs

—3 (05 + 1065 + 35605 + 5000 + 24) A B

+48(03as + 905 + 26 05as + 2400a) A1 Ay

+48 (6o + 86505 + 196505 + 1260as) Ao + (foar + 865an + 19 9gar + 12 60an) A1) Az
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—6 (05 + 805 + 1905 + 1200) A2 By

+4(9§+993+266§+2490)|A12A101} (4.6.20)

Now, recall that

a1 = 2<g03 2>

az = 24y, A3) + —(4;,Ch)

Qs = 2([1'1’ _‘2>

- = 30, 7T
ars = 2(A1, Ag) + 24(900 3) |A1%¢;
so we have

= 1 1
(Ag, As) 503 ﬁCz

- T 1 390 -7 o2
<A1, 4> 50415 - mh‘h‘ <2~

We will compute separately each term in (4.6.19). We first have

(I) = 96 (03 + 703 + 1402 + 800) Ao| A1 |* A3 = 96| A, | (05 + 705 + 1462 + 8 6,) (;% - 21442>
= 48(03 + 703 + 1402 +860) | A1 |*az — 4(05 + 703 + 1462 + 80,)| A, . (4.6.21)
Now, as (A1, Cy) + (Ay, Ca) = 0, we deduce that
(I1) = 2 (03 + 1063 + 3562 + 500 + 24)|A,|*ACy = —2 (63 + 1063 + 3562 + 500, + 24) | A,|* A, Cy
= —2 (08 + 1063 + 3502 + 500 + 24) | A |*C. (4.6.22)

- 1
Then, we have as |Ag|? = 3 the identity

(1) = —192 { (0503 + 10 63avs + 35050 + 50 oz + 24 a3) AOAO} 1Ay 2
= —96(03 + 1003 + 3562 + 500, + 24 )| A, a3 (4.6.23)
Similarly, we have
(IV) = —48 {(zalag, — ay5)05 + 10 (2aras — ais)0s + 35 (2aras — ai5)0; + 50 (2aras — ais)bo
+ 48 aqras — 24 a15}A0AO

= —24 (63 4+ 1063 + 3503 + 500, + 24) (2a0q05 — a15) (4.6.24)

Then, we have

(V) = —48 (6 + 665 + 1165 + 6 60) Ay Ay = —48 (65 + 665 + 1165 + 66o) <;a15 - g’fg@_g)ﬂlﬁg)
= 24 (04 + 6603 + 1162 + 660)ars + (05 + 665 + 110093_4;)6 00) (300 — 7) 4,125 (4.6.25)
Now, recalling by (4.6.9) that
A By = -2 a g,
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we obtain

8(65 + 963 + 2663 +246,) (60 — 4)

(VI) = —4 (65 + 965 + 2603 +2460) A, B3 = e
-

|A1%C. (4.6.26)

Now, we have as by (4.6.10)

|A’1|2CQ7

o o (6p — 5)
Ay, Bg) =
< 05 6> 90 —3

the identity

=3 (65 + 1063 + 35603 + 5000 + 24) (6o — 5)
0o — 3

(VIL) = —3 (63 + 1065 + 35603 + 506 + 24) AgBg = |A1%C,
(4.6.27)
Then, we trivially have

VIII) = 48(0%as + 903az + 26 02a3 + 24 0paz) A1 Ay = 48(02 + 9603 + 2602 +246,)|A;|%a5. (4.6.28
0 0 0 0 0 0

The next coefficient is as

word

(IX) = 48 ((6gavs + 8655 + 190505 + 12 g5 ) Ao + (6o + 865ar + 19 05ar + 12 garr) A1) Ay
= 48(0g + 865 + 1965 + 126, ) orovs (4.6.29)

Then, we have by (4.6.8)

(X) = —6 (05 + 803 + 1903 +1200) A,B; = —6 (65 + 863 + 1962 + 120,) |4, G (4.6.30)
and finally
(XT) = 4 (03 + 903 + 2602 +24600) | A1 [*A, 01 = 4 (03 + 903 + 2607 +2460) | A1’ (4.6.31)

And by the very definition of u15, we have

1
2405 + 10602 + 3563 + 5002 + 24.6,)

pis = {(I) + (II) + (III) + (IV) + (V) + (VI) + (VII) + (VIII)

+ (IX) + (X) + (XI)}

Now, remark that

3o = 3</T171‘T1><1‘T170?1> = 3| A11%C, =

By =— Ay =—
A3 14624500 +2) ' 2003 +462+500+2) 0 2063+ 462+ 560 +2) °

As the coefficient in ATOE("O“'S in the Taylor development of
Re (8;13 (z)) =0

is

Y S Vy P (. .|| R b
2003 + 462 + 50, +2) ' 20 2003 + 462 + 50, +2) )0
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while the coefficient in /Yg vanishes, and the vectors are

while

we deduce that

_ R
2(03 + 462 + 560 + 2)

+ Ao = (4.6.32)

Now, we only need to compute

1
03+ 6605+ 11602 +606,
— (863az + 60 0205 + 136 0oz + (6o + 2)C + 96 @3) | A1 |° — 4 (19@7a5 — 11 ars — 6 u15)60

Ao {uweg +10 1505 — (4aqas — 4ans — 35 u1s)0s — 2 (16 aras — 12 ags — 25 1u15) 02

— (03 + 1003 + 3502 + 500 + 24) (13 — 48T — (F3as + 70%as + 12 00az)Co — (03 + 662 + 116, +6)C16+24a15}
B 1

03+ 663 + 1162466,
— (863 + 60 0%az + 136 gaz + (0 + 2)C + 96 @3) |A1|* — 4 (19@7as — 11 ars — 6 f115)6o

03 + 760 + 12
(0 1083+ 356 + 5060 + 24) Gy — 8y — 0T T P12
2(00 + 1)

{/.L15(98 + 10 /,L159§ — (4 105 — 40415 —35 /,615)93 -2 (16 Q105 — 12 Q15 — 25 ,U15)9(2)

|A112C — (05 + 6605 + 116 +6)<16+24a15}

Here the only change between the two lines is to write

(03 + 7600z + 1272)
2(00 4 1)

(05 + 7 0%as + 120003) o = 14172

as
200(0y + 1)aaCo = (A1, Ci)(A1, Ay) = |A12(A1, Cr) = | 412G
We emphasize the new development of Ay here

1
T 08+ 663 +1162 460,
— (863a3 + 60 0%az + 136 gaz + (0 + 2)C + 96 @3) |A1|* — 4 (19@7as — 11 s — 6 f115)00
(02 + 760 +12)
o 2(00+1)

)\2 {,U,1508 + 10 ﬂ159§ — (40[10[5 — 40515 —35 ,u15)08 -2 (16 105 — 12 Q15 — 25 ,U,15)98

— (65 + 1065 + 3565 + 50 60 + 24) (15 — 48 aras — |A1?C — (05 + 665 + 116, +6)g16+24a15}

(4.6.33)
Now, we will code each term and compare with the expression with obtained, to finally obtain the

expression of the coefficient which we shall not name (2, as it did not bring us any luck so far. Sage
version

1
Ao =
2T 2(08 +663 + 1162 +606,)
— 4 (16a7as — 1215 — 25 ju15)02 — 2 (80503 + 60 03a3 + 136 Oyaz + (0o + 2)C2 + 96a3) | A1 |
(62 + 760 +12)|A1*C2

_ 1 —8(19aras — 11 ays — 6 pu15)00 — 2 (g + 1065 + 35605 + 5000 + 24) 15
0

{2;”503 +20 150y — 2 (4anas — 4ars — 35 pas) 0

—96aras — 2 (03 + 605 + 116, +6)<16+48a15}
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1
Sage decided to factor the — coming from the last line and changes the order of some factors, but one

can nevertheless check that both expressions coincide. We also check that (the left -hand side is our
expression and the right-hand side is the Sage expression - the attentive reader will check that Sage
always puts spaces between numbers and symbolic characters)

B 3141%G Q= 3141°G
2(63 + 462 + 560, + 2) T 203+ 462 +50,+2)

Then, we have

1
15 = 94 (03 + 1068 + 3503 + 50 62 + 24 6,)

{(I) + (IT) + (III) + (IV) + (V) + (VI) + (VII) + (VIII)

+ (IX) + (X) + (XI)}

1
= — 51 (98 10 93 35 ‘98 750 9(2] Y 00) {romam -+ romanyg + romaniy + romans + romans + romany

+ romans + romang + romany + romang + romang}

where for all 1 < j < n, we have roman; is the corresponding Roman numeral to the Arabic numeral j.
Now, we have

_ —(200 — 1) T2
G13 = 0o(6o + 1)(60 + 2)(6p — 3) A1l
(200 - DIAPG
(6o +2)(00 + 1)(6o — 3)b
and
(B2 60y —10) |~
C16 = |A1]7C2

00(6o + 1)(0o +2)(00 — 3)
~2(03 — 03 —60) — 10)| A4 [°Cy
~ (80 +2)(6o + 1)(60 — 3)60

Finally, we have (the first line is the TEX , and the second one the Sage version)

(1) = 48(03 + 705 + 1402 + 800) | A1 | %5 — 4(03 + 703 + 14602 + 800)| A1 G
= 48 (04 + 703 + 14602 + 800) | A [*a5 — 4 (08 + 703 + 14603 + 805)|A,[°C
(IT) = —2 (6% + 1063 + 3502 + 500y + 24)| A, *C,
= —2 (68 + 1065 + 3562 + 5000 + 24) |4, °G
(IT1) = —96(03 + 1063 + 35602 + 500 + 24) | A, a3
= —96 (05 + 1063 + 3562 + 500, + 24)| A, |*a5
(IV) = —24 (63 + 1065 + 35605 + 50 6 + 24)
= —24 (05 + 1065 + 3565 + 500 + 24) (2 a0 — ay5)
(04 + 663 + 1162 +660) (360 — 7)
0o — 3

(20&1015 — 0415)

(V) = —24 (04 + 603 + 1162 + 660) ass + A PG

04 + 603 + 1162 +660) (300 — 7)|A1*Ca
:(0+ 6+ 1165 +660) (360 — 7)| A4 CQ_24(9§+698’+1198+690)a15

b — 3
8(04+ 903 + 2602 +2400) (0 —4) - ,—
(VI) = G ° ) 03 o)t )|A1\2C2
o
804+ 963 +2602 +2400) (60 — 4)|A1|*C
= b — 3
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—3 (06 4+ 10603 + 3563 + 5000 +24)(6p —5) , - 4—
03 [A1]°C
o —

3 (03 +1063 + 3563 + 5000 + 24) (6p — 5)|A1[°C

6o — 3

= 48(05 + 9605 + 2662 + 24.6) | A, %o

48 (05 + 963 +2602 + 240,)| A T

=4

(VII) =

(VIII)

8(0 + 865 + 1963 + 1260 )aavs
48 (05 + 803 + 1963 + 126 aras
(X) = —6 (05 + 865 + 1962 +1200)| A1 *C,
= —6 (0 + 865+ 1902 +1260)|A:’C
=403 + 907 + 2603 +240,) | A1 2
=4(05+ 963 +2602 +240,)|A:[°C

4
4

0
Ay

And finally

2 (00 — 4)| A1)’

0=—
0% 362

=0.

where (o = (/Tl, C_"l) This works for 8y > 5... Therefore, we obtain the relation

5_  2(60—4)

o209 50 éy o
7,3 Ay

To get this relation, we have used the meromorphy of the quartic form to obtain

|42 (Ay,Ch) = (A, Ch) (AL, Ay).

4.7 Conclusion

Thanks of (4.6.35), we obtain
(A1,C1) =0
and the holomorphy of the quartic form, as

25 = (0~ 16~ 2)(41. Gy o).

Furthermore, notice that as

we have C; = 0 or (A}, A1) =0, and (A, A;) =0 or (41,C) =0.
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Chapter 5

Removability of the poles of the
octic form

As the holomorphy of the octic form &g does not follow trivially from the asymptotic expansion of ﬁo,
we will need a normal derivative free expression, which is the content of the following proposition.

Proposition A. Let ®: 22— S g smooth immersion. Then we have

Oz = —ig_?’ ® 0 (Eo ®/_70) ® (5505950) & (Fbo®ﬁo>

v o {5 (00 00970 ) o (Fo o) + 1 (90 0 ) o (303

— 5 (90 & 010 @ (B0 & o) — 5 (990 ©8H0) @ (9o @ Fo) + 1 (900 &) @ (90 & Do)

— {2(8,8R0) © (B @ fi) + (H,0%0) © 0 (o & Fo) + (A o) @ (0 & Do) } & (T o)

+ 1 (83 ((RodoFo) o)) (3R o) + 1 (.0 ((Ro o) o)) @ (960 7 |

+ o7 o { (0000 o (. o) — (7,000} & (7.0} ) & (R o)

(0o @ o ~ 0ty 3 o (ol i o + (. Fo)?) |

+ 41l @ (000 0 o) @ (o o o) = § ol { (90 0fo) @ (. — (o) @ (7, o)
1

+ 6 {(|H0|12/VPHO®HQ)2 + |]—_I'|2 (ﬁo®ﬁo) ® <ﬁ,ﬁo> +2|f_io|%,vp <H0®Ho) ® <ﬁ750>2}

+ i (1 + ‘ﬁ|2) g—l ® {; (8550@50) & (ﬁo@ﬁo) - (850@50) &® (EFL()@EO + % (8}_1'0 @5]_{0) ® (HO®FLO)}
e L (18R) (Faoh) © (Fadhn) = & (olivp Fo o+ (. 7)?) (5.01)

Proof. We first remark that for any two tensors @, 3, and any two differential operators Dy, Dy € {0,0},
we have

DiaeDYi= (B - Dl )aé (By-D])F
_ Dy@é Do — Draé Dy f— Dl aé Dufi+ Dl a6 Dy
= D1a® Do — Dl ac D] B (5.0.2)
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as D1@® DJ 3 = &@® DJ 5. Now, recall that

® (ho & h ) ® 0P
e . (5.0.3)

{aTﬁo——<ﬁ,EO>®6<ﬁ—gl (
9 ho = —lholtyp g© 08 — (H, o) ®

*641

As & is conformal, g = 0© 0% and |l_io|%,vp =¢?® (ho ® ho we obtain

0 ho®D ho = (|h0|WP ho® ho + (H, o) )

1l
2
8T ho® 8 ho = (H, ho) ® (Ho ®EO) (5.0.4)
3 ho®d ho = |holfy p g° @ (H, ho) = (H, ho) @ (Eo ®/_70) -
Then we compute thanks to (5.0.3)
NV Ty = N (55 + o2 9% + (H, 7o) © 0%
0= 0 oliwyp g ® 0P + (H, ho) @ 0P
= ONOhg + |hol3yp g ® ONOD + (H, ho) @ OV 0D
.1 . . L L
= Noho + 5 9© (|h0|%vp hro + (A, h0>H) (5.0.5)
In particular, as ﬁo is normal, we have
N> . = oo 1 - - - S o
D" i & o = Do 6 o + 590 (|h0|3vp Fio & o + (A, h0>2) : (5.0.6)
Then, by (5.0.4) and (5.0.2), we have
o N . o T L1 - e
ONho @D ho = Oho @ Bho — 0T ho® 8 by = Oho & Bho — 598 (|h0|%vp Fro & o + (A, h0>2) . (5.0.7)
Therefore, we finally obtain by (5.0.6) and (5.0.7)
(aNgNFLO ® Eo) ® (Eo ® Eo) + (5NH0 ®5Nﬁo> ® (Eo ® HO)
= ((9550 ®Eo) &® (ﬁo@ﬁo) + ((9]_7:0 ®5]_7:0) ® (Eo ®f_£0) .
which shows by normality of ho that
1 —“N=> . = - - - - . =N= -
—1 1 (aN _(aN N
e {2 (070" o o) @ (o @ o) — (9o @ o) @ (8" o @ o) + (a o8 ho) @ (ho®ho>}

= oo {5 (B0 o) & (o o) ~ (960 i) o (TR o) + 3 (960 93H0) & (R o)

so we can simply remove the normal derivatives. Then, we have almost by definition
8Ty =2 @ (aﬁﬁo ®5<f>) 03 +247 10 (aéﬁo & aé’) 9. (5.0.9)

Recall now that

-

= 21(0.8,0.8)d=? = 2 (afcf) - 2((’)Z)\)8z<f>) d22

>
<)

We have as hq is normal the identity

I I 1 Lol
(Ohg, 0®) = —(hg, 00®) = —599® (H, ho)
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so by Codazzi identity, we have
a7 =4 1 TaNN a7 25 2
(00ho, 08) = 50 (g ® (i, h0>) — (Bhy, 028) ® d=

1 — = — = — - e —
5 ((09) ® (H.,Fo) + g (08, o) + g & (H,0h0) ) — (@ho, 96) © d=*

. _% ((99) @ (H, o) + o, o) + g @ (H, 0ho) ) — (Bho, 028) @ d= (5.0.10)
but
Oy, 028) ® d2? = %@ﬁo, o) + 2(0 ) (Do, 0.8 @ d=2 = % (@0, Fio) — (D NN, o) @ d=2 ® d=
= % (Bho, ho) — %az(eﬂ)df ® dz ® (H, ho)
% (@0, Tro) — %(ag) % (i, Fio). (5.0.11)

Therefore, by (5.0.50) and (5.0.67), we have

1 —» - 1 g
80ho @ 0B = — (W+ (Bho, ho) + g © (H, ah0>) <2 (Oho, ho) — 2W>
- .- 1 .
= —0hog®hg — B g ® (H,Ohyp). (5.0.12)
Now, we have again by normality of EO the identity

(Bhy, 0B) = —(ho,d 0B) = —= ho & hy (5.0.13)

(5h0 ® ho + ho ® 8h0) <5507 85@}

1 L.
Oho & ho + o & 8h0) — 59 (H,dho). (5.0.14)
Putting together (5.0.9), (5.0.12) and (5.0.14), we obtain

0o = — (971 @ (ko & ho + ho & Dho ) + (H,0ho)) 08 — (297" @ (ko & o) + (H, o) )
(

This relation implies immediately that
0T Bho &0 o = g (g7 @ (9o & ho + o & Dho ) + (H,Dho) ) @ (297" @ (ko a0 ) + (H, Ohio))
(5.0.16)
By (5.0.2) and (5.0.16), we have
OND Ty @ 0N ho = (8N8h0 +5 . 9® (|ho|wp ho + (H, ho) ﬁ > (3N3flo + %9 ® (|Eo|%vp ho + (H, flo>ﬁ)>
= ONBho N Ohy + g ® <|h0|WP 90ho & ho + (H,99h0) & (H, ﬁ
+ 3670 (IFolly o & o + | AP (H o) + 2ol p (7, Fo)?)
— 00ho © 80hy — 0T Ohy @ 8T Dho + g ® (|h0|WP 8o & o + (H.,80h0) & (H, h0>)

1 - g = — — = — — =
+ 162 ® (ollyp B & o + | H*(H, Fo) + 2ol p (4, 7o)?)
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= 9Bhy @ 0hy — g ® ( (aho & ho + ®6770) + <ﬁ,5ﬁo>) ® (2 e (550 @HO) + <Hr,aﬁo>)
+9® (|hO|WP 80ho & ho + (H, 3350) ®(H, flo)) + 392 ® (‘Horll/VP ho & ho + \H|*(H flo> + 2\Ho|%/vp<ﬁa ﬁo>2)
(5.0.17)
Now, we have
9@ (974 @ (9ho & o + ho & 0ho ) + (H,0ko)) @ (297" @ (Dho @ ho ) + (H, 0ho) )

:29—1®(aﬁo®ﬁo) <8ho®ho) 297 @ (8h0®h0)®(550®ﬁo)+g®<ﬁ7aﬁo>®<ﬁﬁﬁo>

+2(H, Bh) ® (550@‘950) (H,0h0) ® (8h0®h0> (H,0h) (afTo(z'o ﬁo) (5.0.18)

As
® (|Eo|%/vpagﬁo ®Ho) =g® (9_2 ® (f_io ®7To) ® (agﬁo ®Ho>) =g'® (5550 ® Ho) ® (ﬁo ®i70) ;
(5.0.19)

we finally obtain by (5.0.17), (5.0.18) and (5.0.19)
N 1o ©OND" ho = 09ho & 9Dhg
g7t (000 i) @ (o To) ~ 2 (960 & T) o (30 ) -2 (R0 & o) @ (oo ) )
- <2<ﬁ,8ﬁ0> ® (Eﬁoébﬁo) + (H,0ho) ® (850 ®ﬁ70) + (H,0ho) ® (8%®HO)>
+g® (<ﬁ,aaﬁo> & ([, To) — (F,0h0) @ (H, aﬁ0>)

+ 4g ® (|h0\wpho®ho+|ﬂ| (H ,To) + 2|0l p(H, o) ) (5.0.20)

Remains only to compute
VD" ho©0Vhy, and OVD ko ©d" ho
Thanks to (5.0.2), we have
NaN7y o oN7 NB7 1 T2 7 7T\ N7
N9 o & 0N ho = (OVOho + 5 g (|h0|WPho+ <H,h0>H) A
=2 . - 1 - - L= S o g
= ™Blio &0k + 5 9 (1Bl 0o G o -+ (H,0F0) @ (H, ho)
L o = . - 1 - 5> Lo S o -
— 00 & 0o — 0 Oho @0 ho + 5 9 @ (|h0|%vp OFo & ho + (H,0ho) @ (H, h0>) . (5.0.21)
Now, by (5.0.3) and (5.0.15), as g = 29® © 9P, we have
O Tofo 07 R = { ~ (5 (o0 + o o) + (.3} 03
- (29_1 & (550 ®Eo) + (ﬁ,&ﬁ@) 3‘5} ®{ - <ﬁvﬁ(]> ® 0P — g'® (ﬁo ®ﬁo) ®35}
1 N IR oo
=5 (957 @ (9ho @ ho + o ©Bho ) + (i, Do) @ (o & Fo)
Lo S 1 Lo L
+ (H, o) @ (Do & o) + 599 (H,000) @ (H, o). (5.0.22)
Putting together (5.0.21) and (5.0.22), we have

NG oo & OV oo = 90T o Oy (; (a7 @ (90 & B + B ©Bho) + (.90 ) © (o & o
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o - . —_— . = 1 — - = 1 - . o — — —
+<H,h0>®(5ho®ho)+*g® 0 H’h0>>+29®(| ol p Oho @ ho + (H , ho)
— - 1 . = - . e - .o

2
— 93l & Oy + % e { (afzo o) @ (o & o) — (0o @) @ (o & o) — (9o &) ® (o & Fio) }
- % CENCEDIN (5.0.23)

Finally, we have by (5.0.21) (indeed, we just need to virtually replace Ohy by 550)

Ne N~ e o T | o e I Lo
NG Tro &8 ho = O0ho & O — 8T Dl © D hio + S9® (|ho|%vp Oho & Fo + (H,h0)  (H, ho) )
5.0.2

Now, by (5.0.3) and (5.0.15), we have
5B o = { — (57 (0l o+ o 570) + (8,50 0
0® 0= g @ (Ohg®hg + ho ® Ohg +<H,8h0> 0P
- (29-1 ® (51}'0@50) + <ﬁ,aﬁo>)a<i>’} ®{ hol2yp g ® 0B — (H,ho) aqé}
1 - - L L o 1 N g
= 5971 ®<H,h0>® (8h0®h0+8h0®h0> +§g®(H,8h0>®<H,ho)
= . - - . S 1 — - - . =
+971 & ((9ho ®h0> ® (ho ®h0) + =(H,0hp) ® (ho ®h0> (5.0.25)
2
as |hol% p 9% = ho & ho. Finally, by (5.0.24) and (5.0.25), we have
—_N-> .—-N=- s L= 1 N - .S > . o 1 Lo =
NGV o 8" ho = 90ho @ Dhy — {2 g @ (H, o) ® (8ho & ho + Oho & h0> +ig® oy @ (H, ho)
S N P L= 1 e .
+9l® (8ho®h0> ® (ho®ho> + 5 (H,0ho) @ (ho®h0> } +59® (|h0\€vp Bho & ho +M@1ﬂ,’h@
1 e I L Y
= 00y ©0ho — 597 ® <6h0 & ho> ® (ho ®h0) -5 <H P ((ho ®h0) h0)> (5.0.26)
as
9@ (1RoliypBho@ho) = g7 @ (Bho& o) @ (o & o )
1

S a7t @ (H Fo) © (9o & Ry + 0l & ) + 2 (. 0F0) @ (Ro @ o) = 2 (.0((Fo@Tio) o) )

We see that in O, the part that we need to express without normal derivatives is
~ 1 =N- . =N > - o 1 - . - —~N- .—=Ngx
Og=97%® {(6N8 o & OND o) @ (o & o) + (0o & 9Nho) @ (B o & ho)

—N= . - 1 —~N-> . —=N= P
— (VD Ry &N ho) ® (8Nho®ho)—5(8N€)Nho®6Nho)®(6Nho®ho)

M\H[\.’)M—l

+ @V Ry & ho) ® (aNﬁoéoaNﬁo)}
2o ltm e tan — tam L 1
—g ®{ 1D+ (1D = S0 - Z(AV) + S (V) ¢, (5.0.27)
We first have by (5.0.20)
(1) = (0¥0"ho @ 0V9" ho) @ (o @ o) = (99ho ©00ho ) @ (Bl ) +97' @ ((aaﬁo®ﬁo) ® (Fio @ fo
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—2(6%0@%)@( ) 2(37_70®h0) <8h0® )>®(HO®EO)
+(H,8

(Haho®(ao®ho) + (H, 0ho) @ (Do @10 ) + ¢

o

)
+g® <<H d0ho) @ (H, ho) — (H,dho) ® (H, afm) ® (Eo®ﬁo)
+ ig ® (\ho|WP hio @ Bo + |H2(H, To) + 2|02 p EO>2) ® (ﬁo®ho). (5.0.28)

Therefore, we have

39_2 ® (1) = 39‘2 ® (8550 ® aaho) ( 0 ®ﬁo) - i\ﬁo\%p g ® (5550 ® Eo) ® (FLO & ﬁo)
5000 (Roehn) @ (B i) ® (od )
- 107 {2100} & (9o @ o) + (. 00) @0 (o o) | & (o o)
+ oo ((.0000) & (. Ro) ~ (.00} @ (,9F0) ) @ (o 0 )
+ i {(|ho|Wp h0®ho) + | H? (Fio ®ﬁo) ® (H, o) + 2|hol3y p (Fio ®/?£0) ® <ﬁ,ﬁo>2} (5.0.29)
Then, by (5.0.4), we have
Ty @3 o = Ao & Do — %g & (1ol p o @ T + (1. o)?)
ONFo @ N by = dho @ Oho — (H, ho) © (EO ®Eo) (5.0.30)
9" ho @ ho = Dho & Oho — (H, ho) ® (73’0@170) .
Therefore, we have
(11) 8" o) = (0ho & 0ho) @ (Do & Do )

—(H R ® {(aho®aho) (h0®ho) + ( ®5i20) ® (FLO@EO)} F(H ) ® (FLO®HO) ® (ﬁo ®l70)
(5.0.31)

—

N & aNho) ( o &

and

39*2 ® (I1) = ig* ® (aﬁo ®aﬁo) ® (550 ®5i_io) - i|ﬁo|§vp<ﬁ, Fio) ® (aﬁo ®aﬁo)

Lo (Ho) @ (3R &ho) @ (Ro o) + Hiolive (Fo@ho) © (. Fo)? (5.0.32)
Then, we have by (5.0.23)
(1) = (AV3 oo © N Fro) @ (B Fro & ) = (aah()@aﬁ ®(Eﬁo®ﬁo)
wg07 e { (hdin) o (o) - (0 oT) o (Fo i)
~ (ohaoio) & (R in) f o (O io) - 5 (A9 ((Radh) ))& (i) (.03
s

9o () =~ g7 @ (007 © o) & (B Fo) — Lliolir o™ @ (90 @ io) @ (@ o)
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+ 10700 (Roeho) ® (Fhoeio) @ (Foeh) + 1o @ (A,3((Roh) i) )@ (Fooi).

(5.0.34)
Now, we easily have by (5.0.26)
(IV) = (aNéNﬁo®5Nﬁo) & (aNﬁo®ﬁo) _ (6N5NEO®5NEO) ® (aﬁoe'g)iio)
= (s &3 ) @ (91 & o) — %97 ® (90 o) @ (o & 7o) @ (o iy
- % (.0 ((Fo&ho) ho) ) @ (9ho 7o) (5.0.35)

S0
h ofivp g™ @ (ko & o) @ (Do & o)
1 _, - - LT o .
T19 ®<H,3((ho® 0)h0)>® Oho ® ho (5.0.36)
As by (5.0.30), we have
N N e ] e
O Fo &9 ho = Do & o — 5 g © (|h0\WPho®h0+<H,h0> )
and by (5.0.6)
N*N*‘ = — = . = 1 o2 - .o =77 \2
00 hg®hg = 00ho® hg + §g® <|hO|WPhO®hO+ <H,h0> ) ,
we readily obtain that
(V) = (aNENEO & Bo) ® (aNﬁo & ENEO) - (35/3‘0 & Bo) (6h0 ® aho)
h

1 (N e - - L - —» - S Lo I 2
~59 (aah0®ho —ah0®ah0) ® (|h0|%VP hio @ ho + (H , o) ) 28 (|h0|%vp Fro & Fro + <H,ho)2> :
(5.0.37)

%Q*Q ® (V) = %g’Q ® (8550 ®Ho) ® (850 ®5i_io)

1 o - oL Lo 1/~ Lo Lo N2
-397'® (88h0 & ho — Oho ®8h0) ® (|h0|%VP ho & ho + (H, h0)2) -3 (\ho\%vp Fro & Fro + (H,h0>2)
(5.0.38)

and we see that we recover the main term of the quartic form 2. Putting together (5.0.29), (5.0.32),
(5.0.34), (5.0.36), (5.0.38), we obtain

~ 1, . — . == —— 1 .- . - — .-
ﬁq; = g_2 & {(aaho ®88h0) ® (ho ®h0) + *(6]10 ®6h0) ® (8h0 ®8h0)
- - 7 ]. — . = P
(38h0 ®6h0) ® (3h0 ® ho) — —(aaho ®8h0) ® (Oho ® hg) + 5(38/10 ®hg) ® (Ohg ®3h0)}
- - __— 1 - = - ———
+ Z|h0|%/vpg ( ho ® ho) ® (h0®ho) — 5973 ®0 (ho®ho) ® (6h0®h0) ® <h0®h0)
*9_2 ® {2<ﬁ,8ﬁo> (9 (550 ®EO> + <I‘_j,aﬁo> ® 0 (Eo ®]_1’70) } ® (Eo@i_io)
4
1 — —— e — - - —— - . -
+ Zg_l & ((H,@@ho) ® (H,ho) — (H,0hg) ® <H78h0>> & (ho ®h0)
]_ - - . - 2 — - . > - - - . - -
T {(|h0|12/VP h0®ho> +|H[? (h0®ho) ® (H, ho) + 2| o[y p (h0®ho) ® (H, h0>2}
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—

— Vol ot o) @ (90 & 0F0) — 972 @ (A, o) ® (B0 &) © (o & o)

Al (o) o L. Yl 7 o) & (PR )
o®ﬁo)®(ﬁo®ﬁo)+§g—2®<ﬁ,5((ﬁo®ﬁo)ﬁo)>®(5;;0@%0)
i) gt (@0 ((oR) n)) o (05 o)

— =

S Vo 2
— 97 @ (00ho @ o — Oho ©Dho ) @ (IFofiyp o & Fio + (H, o)) — (\ho\wp o & o + (H, To)?)
(5.0.39)

g3 ®0 %@E)@(Eﬁ

Finally, we obtain by (??), (5.0.8), and (5.0.39)
05 =G5+ 1 (1418P) o7 & {5 (0B o) @ (o 0 o) — (00 o) @ (3o T
+5 (Oha 0} & (Ros o) b+ op (1418P) (Rodia)
which concludes the proof of the proposition. O

We recall that

—4 A Ay to 1
O — 2

- C: 0 0 _
20, 1 0 2 A1 0p—1 0
T2 g 41 4147 A 6h—1 1

2000 +1) ! 0 —4|A4] o 60—

1 __

209000 —4as Ag 0 6Op+1 1 B: O — 1 2
hy = 700 -3 Cs 1 0o —2as Ag 0y —1 2

20,

4 Ay Gy 0 6 As Gy +1 0
—4ay Ao 6 0 —6as3 Ay bOp+1 0
—4 (6% A() 90 1 _4041 Al 90 +1 0

—20ga; — 205 Ay 20p—1 —0p+2
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Now, we compute

(03 — 460 +4)C?

0
102
 2(A10a(00 — 3) — 2((a160 — 201) Ag — Az (6o — 2))C1) )
0o 0
24 -
_2A:101(60 — 2) 0o — 1
0o
2 (2 (62 — 60 — 2) AoC1 | A1 |” + 4 (263 — 202 — 2a200) Ao A1 — (02 — 200) A1 B1 ) ,
-1
62 + 6o 0
4 A2 200 — 2
ho ® hg =
—16 AgA;]A;|? 200 — 2
16 AZ|A1|* — 8 AgAras + A1 By 200 — 2
—16 AgA1a1 + 16 A1 Ao 2600 — 1
—32 A0A2|A1|2 — 16 AgAi1as + 16 (2 Agal — A%) ‘A1|2 2600 — 1
—8 (Bpaz + az)Ap A1 3600 —2
16 A2a? — 16 A%a1 — 32 AgAzar — 24 AgAras + 16 A2 + 24 A A3 2600
dho & by =
(02 =300 +2) A1Ch
_ i
2 (08 —260%2 — 6+ 2)A001\A1|2 +4 (ag@é —2a208 — 202 + 201290)A0A1 — (98 —362+ 290)14131
62 + 6o
7A102(90 — 3) +2 ((a1€0 — 2a1)A0 — A2(90 — 2))01
4A%(60 — 1)
—16 AgA1(6g — 1)|A1|?
16 A2(00 — 1)|A1|* — 8 (foas — @5) Ao A1 + A1 (6 — 1) By
—8 (2 a1y — Ocl)AoAl =+ 8A1A2(2 6o — 1)
—16 AgA2(200 — 1)|A1|* — 8 (2as80 — a5)AgA1 + 8 (2(2a100 — a1)A§ — AF(200 — 1))]A1|?
16 A(Q)a%é)g — 16 A%aleo — 32 ApgAza160g — 24 AgA1a360 + 16 A%@o + 24 A1 A3y
—4 (303a3 + 6oz — 2a3) AgAs
Bho & ho =
02 — 40y +4)C?
(0—)1 0 200 — 1
400
7A102(90 — 3) + 2 ((01190 — 2a1)A0 — A2(90 — 2))01 6o 6o — 1
2 (02 — 00 — 2) AoCh| A1 |* + 4 (2603 — 2202 — 2a200) Ao A1 — (03 — 260) A1 Ba A ,
% o — o
—A1C1(60 — 2) 0o — 1 6o — 1
—8AgA1]A1]? 260 — 2 0
16 A2|A1|* — 8 AgAras + A1 B1 200 — 2 1
716A0A2|A1‘278AQA10¢5+8(2A30(17A%)‘A1|2 200 —1 0
4 (6333 — 6oz — 232) Ao Ay 300—2 —60+1
Oho ® Ohy =

165

20p

0o

0o

6o +1

—0p + 2

0o — 2
0o — 2
0o — 1
2600 — 3
200 — 3
200 — 3
200 — 2
200 — 2
26p—1

3600 —3

0o

6o+ 1

0o

—0 + 2




2 (Gg — 46 -1—3)14102

- 5 60 —2 6o
4(03 — 260 +1) A} 260 — 4 0
—16 (68 — 200 + 1) Ao A1| A1 |? 200 — 4 1
16 (03 — 200 + 1) A3|A1|* — 8 (03a5 — 200a5 + @5 ) Ao A1 + (63 — 260 + 1) A1 B1 260 — 4 2
~16 (103 — a160) Ao A1 + 16 (63 — 60) A1 A, 260 — 3 0
—32 (0§ — 00) Ao A2|A1|* — 16 (as03 — asb0) Ao A1 + 16 (2 (0103 — a160) A3 — (63 — 00) A7) |A1]* 260 —3 1
16 A3a63 — 32 AgA20163 + 16 A307 — 24 (303 — az) Ao A1 — 16 (@163 — a1 ) AT +24 (65 — 1) A1Az 260 — 2 0
-8 (20502 — 0333 — 20003 + &2) Ao Ar 30p—4 —f0p+2
Bho & Oho =
3(03—460—1—4)0% 0 260 — 2
—%(4(a208—3a203+4a2)A0—(08—400+4)Bl)01 0 260 — 1
%(93—560—1—6)0102 1 260 — 2
4 A0Cs(00 — 3)|A1]* + 4 (A1(00 — 2)|A1|* + (asb0 — 2a5) Ao ) C1 6o 6o — 1
16 (0268 — asfo — 2a2) A3| A1 |2 + 4 Ao B (60 — 2)| A1 |2 + % (860 — 2a5)40 — (60— 2B1)C1 Go—1 6
4 AgCy (00 — 2)| A1 |2 6op—1 -1
16 A2|Aq[* 200 — 2 0
32 AZ|A1|%a5 — 4 Ao|A1|*Br 200 — 2 1
32 AgA1|Ar|* + 32 Afas| A1 |* — 2 (0302 — 3033 + 4a3) AoCh 200 — 1 0
—16 (033 — Ooaz — 2a3) A3| A1|? 30p—2 —f6p+1
Bho ® Bho =
2 (6§ — 360 +2) AoC1|A1|* + 4 (26§ — 20203 — a2l + 2a2) Ao A1 — (03 — 300 +2) A1B1 g — 2 6o
— (03 — 360 +2) A1y 6o —2 6p—1
— (03 — 460 +3) A1C2 + 2 ((a163 — 20160) Ao — (63 — 2600) A2) C1 6o—1 6p—1
—8 AgA1(60 — 1)| A1 |? 200 — 3 0
16 A2(60 — 1)|A1|* — 8 (foas — @5) Ao A1 + A1 (o — 1)By 200 —3 1
—16 AgA200|A1|* — 8 (a5l — a5) Ao A1 + 8 (2 AJanblo — AT (60 — 1)) |As|? 200 — 2 0
4 (03a3 — 2033 — 6oz + 233 ) Ao A 3600—3 —0p+1
BBho ® ho =
2 (02 =300 + 2) AgC1| Av|? b2 "
)
—A1Ca(6p — 3) 6o—1 6p—1
—8 AgA1(fo — 1) Ay 26p —3 0
16 A3 (00 — 1)|Ax|* — 8 (o5 — @5) Ao A1 + A1 (60 — 1)Br 200 — 3 1
—16 AgAa(fp — 1)|A1|* = 8 AgAras00 + 8 (2 (arflo — 1) AF — AT00)|A1[* 2600 — 2 0
4 (20303 — 30303 — 30003 + 2a3) Ao A1 3600—3 —0g+1
0ho ® Bhg =
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—(03 — 4060 +3) A1 Cy bo—2 6o —1
—8 (05 — 260 + 1) Ag A1 | A1 200 — 4 0
16 (62 — 260 + 1) A3|A1|* — 8 (635 — 2605 + a5 ) Ao A1 + (02 — 260 + 1) A1 B1 200 —4 1
0 0 0 0

—16 (03 — 00) Ao A2| A1|* — 8 (503 — asf0) Ao A1 + 8 (2 (0163 — 100) A5 — (03 — 60) AT)|Ar]* 260 — 3 0

4 (203a3 — 56305 + 50003 — 203 ) Ag A1 30p—4 —0p+1
0ho ® Bhg =

3(03—500—&-6)016’2 0 260 — 2

A 6o — 2 6o
2 (0§ — 360 +2) AoC1| A1 |? 6p—2 6o—1
2 (65 —360) AoCalA1|* +2 ((63 — 260) A1| A1 * + (@563 — 25600 ) Ao ) C1 bo—1  6p—1

16 A2(00 — 1)| A1 |* 200 —3 0

32 (Qois — a5) A2 A1 — 4 Ag(6o — 1)|A1)°B1 200 — 3 1

16 AgA1 (2600 — 1)|A1|* + 16 (2as00 — a5) A3 A1|* — (2053 — 70305 + 3630z + 860az — 4a3) AgC1 200 — 2 0
—8 (303a3 — 50333 — 40053 + 433 ) AF| A1 360 —3 —0p+1

Al =-8 (OQ@S — 20&298 — agby + 20{2)A(2)|A1‘2 +2 (9(2) — 360 + 2)A031|A1‘2

+ i (8 (03a5 — 36005 + 2a5) Ag — (03 — 300 + 2) B1)Ch

4(03 — 400 +3) AgCa| Av|? 0o—2 6p—1
16 (03 — 200 + 1) AJ|As|* 260 — 4 0
dOho & 89ho = | 30 (03a5 — 200a5 + @5 ) AJ|A1|* — 4 (03 — 200 + 1) Aol A1 [*B1 26, — 4 1
32 (63 — 60) AoA1|A1|* + 32 (as63 — asbo) A3 A1 200 — 3 0

—16 (203a3 — 50305 + 5000z — 203 ) AJ| A1 30p—4 —6p+1

We have for some constants o € C and /To, /Tl, ffg, 61 € C™ the development

g = [af22)dz

T C_;l —0o
H =Re <29—2> +0(|2*~") (5.0.40)

(60 —2)

C1z%d2* + O(|z|*?)
20,

EO =2 (/Y1 — 2|AT1|21‘Y05) 2001 +4 (A’Q - alffo) 200d2% —
In particular, we have

Ohgy = (2(90 —1) (/Tl - 2|E1|2,¢T0§) 29072 44 (/TQ - alffo) 2‘90_1) dz® 4+ 0(|2%) = O(|z|%~2)

- - 0o —2) ~ .
Ohg = (_4|A12Aoz"01 = (02)012901> dz2®dz + O(|z|%) = O(|z|%~Y)

00y = —4(0y — 1)| A1 |2 Ap2%2 + O(|z|% 1)

Now, recall that




we obtain
(65 — 460 +4)CF

102
2 (A1Cs(00 — 3) — 2 ((aufle —207)Ag — Az(60 — 2))C1)
0o
_ 2A:€1(00 — 2)
)
2 (2 (9(2) — 9 0 1‘A1|2 + 4 (04298 — 2 04290 AoAl —W)
62 + 6o
o 4 A2
ho ® ho =
—16 AgATAT]”
16 AMHATT — 8 Aghvras + Ay
—16 AgATon + 16 A1 Ao
~82 AoAstATT” — 16 Aqrtrers + 16 (24301 — A7 ) |41
—8 (Qoaz 43 ) A Ar
16A3a; — 16ATa — 32 AgAzan — 24 AgATas + 16 A3 + 24 A As
(05 — 460 +4)CF
~ 2 1
162 0 b (1)
2(A103(00 — 3) + 2 (00 — 2)A2C)) o o (2)
0o
= 4 A3 200—-2 0 (3)
16 A1 Ao 200—1 0 (4)
16 A3 + 24 A1 A3 26, 0 (5)

Then, we have
Oho & ho =

(08 = 306+2)AC160

2 (98 — 292 — ()C1|A1|2 +4 (agé)é — 20[203 = o+ 20[200)A0A1 — (98 -3 2 o) A1 B

02 + 0o
—A1C5(00 — 3) + 2 ((enfo—201)Ag — Az(60 — 2))Ch
4 A3 (00 — 1)
16 Ap A= T)A,|*
16 A0y —=D)TAL" — 8 (0o —&) Ao Ar + Aslbo— 1By

—8 (2a 1 0A1 —+ 8A1A2(2 90 — 1)

16 43030, — 16 A0 — 32 AgAsaify — 24 AgAralo + 16 A0 + 24 A1 Asbo

—4 (3 030 ey =202)AoAL
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~164 = Mﬁ—gaﬁwﬂﬁmﬂ+ﬂgbwfﬂﬁfaﬁ@%ﬁﬂMd

0 26,

0o 0o

0o — 1 0o

Bp—1 6p+1

200 — 2 0

200 — 2 1

20p — 2 2

200 — 1 0

200 — 1 1

3600 —2 —6p+2

26, 0
(5.0.42)
(5.0.43)
(5.0.44)
0o — 2 0o
0o — 2 0o +1
0o — 1 0o
200 — 3 0
200 — 3 1
260 — 3 2
200 — 2 0

2 200 — 2 1
200 — 1 0
3600 —3 —00+2




7A102(90 — 3) -2 (90 — 2)A201 0o — 1 0o (1)

4 AT(00 — 1) 200—3 0 (2)
— (5.0.45)
8A1A2(2600 — 1) 200—2 0 (3)
16 A300 + 24 A1 A36, 200—1 0 (4)
Now,
Bho & ho = (5.0.46)
(05 — 460 +4)Ct
~—~_— 200 — 1
160, 0 0
—A1C2(00 — 3) + 2 ((erfo—2a1)Ag — As(6o — 2))Ch 0o 6o — 1
2(98—9 0 1\A1|2+4(a298— 2 0(290 AoAl —W
0o —1 0o
o
— A1 Cib=2) 0o —1 o — 1
-8 1 2600 — 2 0
16 AHALT — 8 AgATas + ABL 200 -2 1
16 ApdstATT” — 8 Avras + 8 (2431 — A )| 200—1 0
4 (0503 — Bodir=2002) Ao As 360—2 —0o+1
_ 0\22
(0o —2)°CY 0 200—1 (1)
= 460 (5.0.47)
—A1Co(f0 —3) —2(60 —2)A2C1 6y b —1 (2)
Then
dho & Oho =
2 (63 — 460 + 3) A1 C
— 6o — 2
0o
4(05 — 2600 + 1) AT 26 — 4
—16 (65 — 2 oAi] A ? 260 — 4
16 (62 — o\A1|4—8(93075— a5 F a5 ) Ao A1 +W 2600 — 4
—16 (a1 03 —ea105) Ao A + 16 (05 —05) A1 Az 200 —3
—-32 92— 0 2A1|2—16 « 92 500 A0A1+16W—W‘A1|2 200 —3
16 ASaT0; — 32 AcAzai®; + 16 A307 — 24 (asbh—as) Ao Ay — 16 (aabf—ar ) AT + 24 (65 — 1) A Az 200 — 2
—8 (2 980&72 — 927 a2 + @)AoAl 3600 —4
2 (03 — 460 +3)AC
_2(0 =400 +3) MG b—2 6 (1)
o
= 4(05 — 2600 + 1) A 200—4 0 (2) (5.0.48)

16 A305 +24 (05 — 1) A1 A5 260—2 0 (3)
Now

Oho & Dho =

169

to

—0 + 2




2(937490+4)05 0 200 — 2
—5 (4 (2208 = 308 F Taz) Ao — (63 = 400+ 1) T ) O 0 2001
3 (68560 +6)C10s 1 2002
4A =3)[A1]° + 4 (AL(Bo—2)ALT” + (0500 —205) A0 ) Ch 0o o —1
1 _
—16 (a2 — —2a A§|A1|Q+W+§M—Mcl 6o — 1 6o

4A =2)[A, | Op—1 Op—1
16 AgtA, 200 — 2 0
32 AgtAT a5 — 4 Aol A1 |* By 200 — 2 1
32 AgATIAL]" + 32 Agers{A]” — 2 (6502 — 3657+ 1az2) AcCh 200-1 0
—16 (0502 — foar—2703) Ag| As | 300 —2 —0o+1
TE@-a6+9CE 0 200-2 (1)
(5.0.49)

_ |1
= | 5 (66-500+6)C1Co 1 200—2 (2)
800(00 + 1)| A1 Pz 200 — 2 1 (3)

as
. 1
o 290(90 + 1)

(Ao, Br) = (Ao, —2(A1,C1) Ao) = — (A1, C1) = —200(60 + 1)as. (5.0.50)

(A1, Ch)

Qa2

Now, we have
dho & Dho =
2 (‘9(2) -3 oC1|A:|? +W—W 0o — 2 0o
(05 = 360+2) A C1. fo—2 Bo—1
—(03 — 460 +3) A1 Cs + 2 (103 = 2itig) Ag — (05 — 260) A2) Ch fo—1 6p—1
—8 Ao As(f—=T)[ A" 200 — 3 0
16 A3 (Be—=1)A1[" — 8 (0oT5 — %) Ao A1 + AulBo—1)B1 200—3 1
—16 AgAzf5TAT]” — 8 (asfo—as) Ao A1 + 8 (2A5aily — AJBo=T1))|A: [ 200 — 2 0

4 (03a: — 20505 —050m + 203) Ao A 300—3 —f+1
= (—(03 — 460 +3)A1C2 — 2 (63 —260)A2C1 6o —1 6o — 1) (5.0.51)
Then
0ho @ ho =
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2(63 -3 0C1|Ar)?
)
—A1C5(00 — 3)

-8A =1)[A, |
16 A5 (8o—="1[A1|" — 8 (boas —a5) Ao A1 + Ar(be—1)B1

~16 A =T)[A1|° — 8 AoArasto + 8 (2 (asbo—aa) A — AT ) |Av|?
4 (2 980[72— 3927 002 + 20[72)140141

= (—A102(90 —-3) 6o—1 06— 1)
while
09ho & dho =
— (65 — 460 +3) A1 Co

—8 (05 —2 oA AL)?

4 (20502 — b 5am +5t6an — 203) Ao A

=<—(0§—400+3)A102 0o — 2 90—1)

Now
90ho ® Oho =
i (65 =560 +6)C1Cs
X
2 (605 —3 oCh|Aq|?
2 (03 = 380y A0CT A" + 2 (603 =280 AT + (363 —2r565) Ao) s
16 Ag(o—"1)A, "

32 (Ooois —as ) Ap| A1 |* — 4 Ao (60 — 1)| A1 [* By

—8 (30502 — 5050 — 4050z + 4az) Aj|Au|?

T(B-500+6)CiC: 0 2002

860(0o + 1)| A1 [*az 260 — 3 1

as

16 (02 — ol A" — 8 (03as — 2680as + a5 A0A1+W
—16 (05 = o} A5A3[A1]” — 8 (503 —erso) Ao Ar + 8 (2 (a1 —arfio | A3 — (63~ AT )| Au[?

0o — 2
6o —1
200 —3
2600 -3
200 —2

3600 —3

A= —8 (a293—2a292— o+2a2)A8|A1|2+2(9§—3 0 1|A1|2

—+

8 (050 — 3605 F 205 ) Ao —M)Cl =0
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0o

6o —1

—0g +1

(5.0.52)

0o—2 6p—1

200 — 4
2600 — 4

2600 —3

300 —4 —60p+1

(5.0.53)

0
0o — 2
0o — 2
0o — 1
260 —3

2600 —3

16 A o= D[A1[* +16 (2« 5)A3 A1 — (20505 — 7050 + 305@ oam —4a3) AoCr 2600 — 2

3600 —3

(5.0.54)

200 — 2
0o
0o — 1

0o —1

—0o+1




Finally,

4(05—4 0Ca|A1]? 0o —2 6Oo—1
16 (65 — H 200 — 4 0

00ho & 00ho = | 32 (03a5 — 2065+ a5) AL Ar|* — 4 (02 — 200 + 1) Ao AL[*Br 200 —4 1
32 92* 0 1A1|4+32 (15627 0 0|A1|2 260*3 0

—16 (26505 — 5 0oz +5 50z — 203 Ag| As|® 360 —4 —fo+1

= (890(00 —1)%(60 + )| A1 @y 260 —4 1) (5.0.55)

thanks of (5.0.50). Finally, thanks of (5.0.42), (5.0.44), (5.0.46), (5.0.48), (5.0.49), (5.0.51), (5.0.52),
(5.0.53), (5.0.54), (5.0.55), we have (omitting the dz, dz to simplify notations)

ho & ho = 4( Ay, A1) 22002 4 16( A, Ap)2200~1 4 (16@2,@ +24<A’1,Z3>) 2200
2 L o —2)2 - -
0 ((90 — 3)(Ay, Co) +2(6p — 2)(As, Ol>> |22 + %@H, C1)Z2% + O(|2[**)

Oho & ho = 4(0y — 1)( Ay, A;)2200=3 4 8(200 — 1)(Ay, Ay)2200~2 1 6, (16<A2,A2> + 24<A1,A2>) 2200-1

|
VS

(80 — 3)(Ay, Ca) + 2(80 — 2)(Aa, Cn) ) 227 12% + O(|2**)

(0o — 2)?
46,

Ao & Oho = 4(0p — 1)2 (A}, Ay)2200—4 ¢ (1603@, Ao +24(00 — 1) (60 + 1)<A‘1,A’3>) 2002
20— 1)(0 — 3)

Do o = — (60 — 3)(A1, Co) +2(0 — 2)(A, C) ) 2705~ 4 (C1, Gy~ + 0(|=™)

(A1, Cy)z%0725% 4 O(|2|20~)

0o
Bho & Dho = (00 —2)%(C, Gy %(90—2)(90—3)(61,62>z2290—2+890(90+1)|A’1|20722290—2z
JFO(|Z|290)
dho @ Ohg = — ((90 — 1)(00 — 3){ Ay, Ca) + 200 (6 — 2)@2,51» 22772 + O(|2* )
00ho @ ho = — (6o — 3)(A1, Ca) |22 + O(|z[** 1)

d0hy @ Oho = —( o — 1)(90 3)(Ay, Ca)2P02z% =1 1 O(||*%~2)
aéﬁoebéﬁo_ (9072)(9073)<01,02> 7200=2 1 800 (60 + 1)| A1 205227 3% + O(|2*% 1)

00hy & OOhy = 800(90 —1)2(6y + V)| A [Pazz2004z + O(|2]202).
(5.0.56)

We can easily check that the only potential singular term in O is

—

0(in) =57 & {§ (900 0070) & (Fa o) + 1 (950 & 07a) @ (9 27
~ 5 (0B 070) o (o & o) ~ 5 (900 3a) (9 ) + 5 (00 0T 0 (0 ) |
We have by (5.0.56)

(99ho & 09h0 ) @ (Fio & Fo )
= (860(80 — 1)(00 + 1|4y Pz~ 12 + O(|2272) ) - (4(Ay, A1)z2072 4 0|z 1))
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= 320000 — 1)%(0 + 1)| A1 [Paz (A}, A1) 240707 4 O(|2|400—4)
= 16(6p — 12|41 *(Ay, Cr) (A1, A1)z =02 1 O(|2|*0 ) (5.0.57)
but
|Gy [*( Ay, A7) = 0 (5.0.58)
so either C; = 0, or (/Yl, /T1> =0, so that in all cases
(A1, C1)(A1, Ar) =0, (5.0.59)
and by (5.0.57) and (5.0.59)
(aéiio ®a§ﬁo) ® (ﬁo & EO) — O(|2]*0—4). (5.0.60)
Now, we have
(a/‘io ® a/‘io) ® (550 ®5f‘io) - (4(90 C)2(A,, A2 0(|z|29o—2)) x
(5000 - 220Gy 4

= (60 — 1)*(60 — 2)° (A1, A1)(Cy, C1) 2> 422072 4260 — 1)° (60 — 2) (00 — 3)(A1, A1)(Ch, Co) 200 —P7%00 2
+16(00 — 1% A [*( Ay cT> (A, Ay) 240067 4 O(|z] 4%

= O(=™™ (5.0.61)
thanks of (5.0.59) and as by (5.0.58), we have

(B0 — 2)(00 — 3)(C, Ca)2z2%~2 4 80y (0 + 1)| A1 |*azz% 2z + 0(|z|290))

(Ay, A1)Cy =0,
so that
(A, A))(Cy, Ch) = (A, AN (Ch, Co) = 0. (5.0.62)
Then, we compute
(990 & 0ho ) @ (Do o) = (= (B0 — 1)(6 — 3)(A1, ()220 4 O(|2 "2 ) x
<— (60— 3)(A1, Co) +2(8 — 2)(Aa, C) ) 2P0z 4 (904;02>2 (Cy, Cryz* " + O(|z29°)>
= O(|2[?%72 - |2[P% 1) = O(|2|*" ). (5.0.63)

The next term is thanks of (5.0.58) and (5.0.62)
I L 1 . - -
(aaho & aho) ® (6h0 & ho) - (4(90 —2)(By — 3)(Cy, Ca) 72902 4 889 (B + 1)| A, [2a322% 3% + 0<z|290—1)> X

(4(90 — 1)( 4y, Ay) %070 O(|z|200*2>

— (B0 — 1)(80 — 2)(80 — 3)(Ay, AHCT, Ca) 22003220072 1 16(0y — 1)| A1 [2 (A4, CrrtAL, A1) 2% ~52 4 O(|2[*% )

O(|z[*%=%) (5.0.64)

Finally, we have
(90ha &250) © (90 & o) = (=(80 = 3)(Ar, Co)l=2 -2+ O(1s2 1)
(= (B0 = )00 — 3)(A1, Ca) + 200 (6 — 2)( A, Cr) 2202 + O(|2* 1)) )
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= O(|z[*00~*) (5.0.65)

Finally, as g = [2]?%~2(1 + O(|z])), we have
|Z|47490

o dz

- (1+0(=*)

and thanks of (5.0.60), (5.0.61), (5.0.63), (5.0.64), (5.0.65), we have
. 1/ o . o o 1/ -« . - . —s
— 42 - _
Olhy) =g~2 ® { ; (88h0®88h0> ® (ho ®h0) +5 <8h0 ®8h0) ® (ah0®ah0)

(980 0B ) @ (o & o) — & (900 ©io) @ (90 & o) + L (900 & ) @ (050 &y } € 12(D?)
(5.0.66)

1
2

Now, if we suppose that 0 is holomorphic, then

Now, recall that
R 0 {5 (070 o) o (Ro o) - (0Tada) & (3" Fad o) + 5 (008" Ra) & (o o) |
= i o {5 (PR ha) © (Fod o) - (o o) o (o o) + 3 (00 570) & (o Fo) |
(5.0.67)
We compute thanks of (5.0.56)
(99h &R ) @ (o & o) = (= (B — 3)( Ay, Ca)[=12 72 + O(2* 1)) x (41, A1)z=2 4 O(|220 7))
= O(|2| "),
(070 & 0ho) @ (Bho & R ) = (4(60 — 1)(Ar, A1)z2 % 4 O[22 ~2))

y (_ ((90 _ 3)@1762) +2(6p — 2)(/@,01)) SHozbo—1 4 (604;02>2

(G, Cryzt 4 o(|z|29“>> — 0(|[14)
(850 ®550> ® (EO ® HO) _ O(|Z|400_4)

and as

H =Re ( Gy ) +0(|2]>7%) = O(|2)*~%)

we have |H|? = O(|z[*~2%), so that
LR 0 {4 (0900 To) o (o ) — (00 7o) (B o) + 5 (0710 0M) & (o) | = O(1F)
and a fortiori

R 0 {5 (0000 o) o (o ) ~ (0 @) @ (3o ) + 5 (0 3T) o (o o) | € £(07)
(5.0.68)

One can check the other bounds similarly, which proves the holomorphy of &z once it is meromorphic.
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Chapter 6

The special cases of low multiplicity

Op = 2,3, 4

6.1 The case where 6, =4
In this case, we already have by the holomorphy of the quartic form the relation
AuP (A, Cr) = (A, G (A, Ay)
and we can show that the coefficient in 2072 %dz* = 2*z72dz* in the quartic form is
0 = 2 (1G2 (s, dy) - (4, O} (4, Cy) =
so we obtain
(Cu2(Ay, Ay = (A4, Cr) (A1, Ch).

Coupling this equation with (6.1.1), we have recovered the system

Q

1)(Aq, Ay)
1><E1a C_:1>a

Q

IC1|2(Ay, Ay) = (4,

{A‘1|2<A‘1,6*1> (A1,

— — —

Remarking that is a linear system in ((A1,Ch), (A1, A1), we can recast (6.1.3) as

|A'1‘2 7</T17C_:1> <14’1,C_:1> 0
_<gl7él> ‘6l|2 <g17g1>
Thanks of Cauchy-Schwarz inequality, we obtain
N e}
det = |A1|2|Cl|27|<A1,Cl>|2 ZO

—(4,,C) |G

(6.1.1)

(6.1.2)

(6.1.3)

(6.1.4)

(6.1.5)

and the determinant vanishes if and only if (by the equality case of the Cauchy-Schwarz identity) there

exists A € C such that

(6.1.6)



If the determinant in (6.1.5) is strictly positive, then we are done. Therefore, suppose now that (?7)
holds. If A = 0, we are also done, so we can suppose that A £ 0 and that the relation

Ci =\, (6.1.7)

holds. Then, the conclusion will follow immediately by remarking that the only non-trivial coefficient in
(=14 1)or

=4

= log 2|
z
in the Taylor expansion of the quartic form is
3 o 2~ ==- 3\, - =
0 = —§<A1701><01,Cl> = §\<A1,Cl)|2 =0. (6.1.8)
As X # 0, we immediately obtain
(A,,Cy) = 0. (6.1.9)

Therefore, in all cases, (6.1.9) is always satisfied, and we are done in the case 6 = 4.
Now, let us present the details of this argument.

As we will have to integrate functions of the type
297" log? |2

for a,b € Z, with a # 1 and p € N, let af, -+ ,ab € R and

o) = 15 (S ogr i
j=0
such that
0. fp(2) = 2777 log” |2|.
As

1 1
9, (szaﬂzﬁ log |z|) = 227" log |2| + mzo‘fﬁ,

we deduce that

SO

1
ap=1, ai= 2a+1)
In the general case, we have
1 = :
0. fo(2) = 297 Zaplogp I( ) + Mot 1)20‘?3 j_o(p—j)a?log’”ﬂf1 |2]

= 297" log” |2|
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if and only if

ab =1
apz_m p j=1,-,p. (6.1.10)
J 20 +1) IV T
In particular, we obtain
. pl 1 .
b = (~1) j=0,-,p. (6.1.11)

(p— )2 (a+1)7"

As for a = —1, we trivially have

2
— =0 1ooP 1
_1(2) = Z" lo zl,
f-1(2) pt1 g" |2
one can check that the function intz precisely gives these formulae. Indeed, fixing some arbitrary any
ai,as, aq, by, bs, bz, by € 7 for example

2
§b2k¥£gkj

+ \32%7% log | 2| + Ngz® 25
2

h(z) = A 2 2% log? 2] + Ag

then a primitive f of h is given thanks of (6.1.11) by

At

M log®
] og” 2] +

flz) =

3 3
Za+1§b1 <10 4 Z| — 710 2 Z| — 710 z + >
e (@ +1)2 % 12l (a1 + 1)3 g 2| 2(ay + 1)

ML ai+igh, (6.1.12)

2 A3 1
i —=bo 1 3 I S az+1=bs 1 _
+3 22"% log” | 2| a3+1z z og |z| s £1) +a4+1

and using the code
var (’lambdal,lambda2,lambda3,lambda4’,domain=’complex’),var(’a,b,p’, domain=’real’)

def intz(v):

length=0

for i in range(v.nrows()):

if bool((v[i,v.ncols()-3]+1).is_zero()): # if the coefficient is z {-1F\z"{b}\log™plzl,\\
the primitive has only one components

length=length+1

else:

length=length+v[i,v.ncols()-1]1+1 # if the coefficient is z~{a}\z"{b}\log~plz|\\
with a\neq -1, then the primitive has p+1 components
m=matrix(SR,length,v.ncols())

n=0

if v.ncols()==4:

for i in range(v.nrows()):

if (v[i,1]+1).is_zero(): #integration of 1/z
m[i+n,0]=2*v[i,0]/(v[i,3]+1)
m[i+n,1]=0

m[i+n,2]=v[i,2]
m[i+n,3]=v[i,3]+1

else:

if v[i,3].is_zero():
m[i+n,0]=v[i,0]/(v[i,1]+1)
mli+n,1]=v[i,1]+1
m[i+n,2]=v[i,2]

else:

a0=1/(v[i,1]1+1)
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m[i+n,0]=a0*v[i,0]
m[i+n,1]=v[i,1]+1
m[i+n,2]=v[i,2]
m[i+n,3]=v[i,3]

n=n+1

for j in range(v[i,3]):
a0=-(v[i,3]-j)/(2x(v[i,1]+1))*a0
m[i+n,0]=a0*v[i,0]
m[i+n,1]=v[i,1]+1
m[i+n,2]=v[i,2]
m[i+n,3]=v[i,3]-j-1

n=n+1

n=n-1

return m

else:

for i in range(v.nrows()):

if (v[i,2]+1).is_zero(): #integration of 1/z

m[i+n,0]=2*v[i,0]/(v[i,4]+1)
m[i+n,1]=v[i,1]

m[i+n,2]=0

m[i+n,3]=v[i,3]
m[i+n,4]=v[i,4]+1

else:

if v[i,4].is_zero(Q):
m[i+n,0]=v[i,0]/(v[i,2]+1)
mli+n,1]=v[i, 1]
m[i+n,2]=v[i,2]+1
m[i+n,3]=v[i,3]

else:

a0=1/(v[i,2]+1)
m[i+n,0]=a0*v[i,0]
mli+n,1]=v[i, 1]
m[i+n,2]=v[i,2]+1
m[i+n,3]=v[i,3]
m[i+n,4]=v[i,4]

n=n+1

for j in range(vl[i,4]):
a0=-(v[i,4]-j)/(@2x(v[i,2]+1))*a0
m[i+n,0]=a0*v[i,0]
m[i+n,1]=v[i,1]
m[i+n,2]=v[i,2]+1
m[i+n,3]=v[i,3]
m[i+n,4]=v[i,4]-j-1

n=n+1

n=n-1

return m

ml=matrix([[lambdal,a,b,4], [lambda2,-1,b,2], [lambda3,a,b,1], [lambdad,a,b,0]])

latex(intz(m1))
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yields

A1
ar+1 b1 4
al;Al 1 1 2A 0
—ﬁ a1+1 b 3 3A2
al 3
3\ w1 et
fz) = — a+1 b 2
(a1 + 1)3 —7>\3 asz +1
3\ 2 (az + 1)
—W a1 +1 b1 1 A\
al 4
_— 1
31 as +1 a4t
Sy ML O
1

which coincides with (6.1.12).

From now on, we assume that 6y = 4. We remark that the developments (2.1.2), (2.1.4), (2.1.5) and

(2.2.5) and the relation ap = 0 (see (2.4.7)) hold for all 6y > 4, so that

1 Ay 6—1 0 1 6—1
1 A 6 0 21417 6o
. 9=
2= 1 A, 6+1 0 o 6o
L ¢ 16 ar O —1
400 1 0 aq 0 —
1 N
3 Ci 6h—1 2 % C1 —6p+2
2 Al 0—1 0 % Cr 0
CAJAL? Ao -1 1 Y e —ess
d=12
ho = 4 A b 0 % Ca 0
0o — 2 1
—;00 Ci -1 0 3 B —bo+2
1 N
—4 oy Ao 6o 069 5 B 1
where by (2.2.4),
G = Byt —2 (A, C1) Ay
2 — 2 90 _3 1,V1 05

Taking 0y = 4, we obtain
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0o — 1

to

0 — 1

bo

0
—6o + 2
0
—60+3

1

—0y + 2

(6.1.13)

(6.1.14)



and

1 4 3 0 0
1 33 0
1 A 4 0 0
. 21417 4 4 0
8z(1):1A2500 g =
. a5 30
~ 0140
v a 350
s 01320
Lo 29 0 o0
2 2 A4 300
5 G0 =20
. 4 Ay 4 0 0
S -1 0 of . .
Hzf ho=| —= ¢, 0 4 0
5 G o0 -1 0 4
I —4|A) Ay 3 1 0
5B -2 1 0
%7 —day Ay 4 0 0
5 Bio1 20

In some sense, the result is much more mysterious when we fix the parameter 6y, as the coefficients
allowing the different cancellations which were polynomials in #y become random constants. This explains

why the computer is so convenient in this special case.

In the following expressions, the fifth column will indicate the logarithmic power, as

indicated in remark A.

If § € C>(D?\ {0},C") is as usual the anti-meromorphic free function such that

0Q = —|H[?0® —2¢ ' @ (H, ho) ® 0,

then we have

—— A -4 4 0
116 B Yo
—3 O A -2 2 0 o
—24,C,
24,0, A -1 0 0
. 4 Ag|ALPClL — 2 A1C
Q= 2A,C AT -1 1 0

N e
74A001|A1|2 +2A1B; A9 -1 1 0 - L -
2A00¢101 — AlBl — 2A201

1 —2
717601

—%cf A 0 0 1

8A0010¢1 —814201 —414102 Aio 0 0 1

and as

p——

) (ﬁ — 2L + 7y log \z|) = —|H[?08 - 297" ® (H,}o) ® 03,

there exists 52, 133 € C"™ such that

— —

- - Ci Dy = = _
H—2zL+’yOlog\z|2521+?2+D3+Q+0(|2|1 °)
z
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Ao

Ay

Ao

Ao

Ao

(6.1.15)



and
D,

B c L
H + 9 log|z| = Re <Z21 +— +Ds +Q> +O0(l2'79)

so we obtain
L G Dy =
H+'yolog|z|:Re<Zl+Z2+D3>+

1

TS ct Ao -4 4 0
—C1 A Ao -2 1 0
—% C.Ch A, =2 2 0 —-ACy
__ 1 __
CirAsar — iM— C1 Az Ao -2 2 0 A1Cy
A1Cy A -1 0 0 —2|APAC: + AcBh
A1Cq A -1 1 0 —A,Cy
—2 ACTHAL” + ArBrT A -1 1 0 2 AoATPCL — ALCe
—C1 Ay A -1 1 0 _3 CiCy
16
_ 1 — _
2C 1 Ao — CA, Ao —1 1 0 M— 5441%1/— AQC1
1 —2
1 _—
A1Ch Ao O 0 6 Cy
M*iC%*ZC’QI*ﬁlAzCH Ao O 0 1

M—uga—ml@—icﬁ? A 0 0 1

There are some cancellations, here, as

— — — —

(Ao, A1) = <E0,E1> =0, (4o, Ch)= <1‘T0751> =0
and thanks of (6.1.14),
(A1, B1) = (A1, B1) = 0
so with (we just need to multiply the corresponding coeflicients in (6.1.16) by 2)
Cy=Dy+ 2<E17 61>ATO
Cs = Re (Ds)

3 2 0> =
By = —§|Cl\2A0 —2(Ay,C) Ay
43 = *2</_1'1, _’1> _’1 + 2<A'1,51>1‘T1 - 2<A'1,52>A’0
- 1 - = .=

1= —§< 1, C1) Ao

. . 1~ = == ==\ » n
71 = — — Re {<2<Cl,01> +8(A2,Ch) +4<A1702>> Ao} €R

and we obtain

. ¢, C =~ =2z 57 sz =7
HZRG <1+2+C3+312+322+Bg+E14> +'7110g|2’|+0(|2:|1_
z z z z z
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(6.1.16)

(6.1.17)

(6.1.18)

(6.1.19)



The notations were chosen to be consistent with the higher development of the previous chapters. Trans-

lated into code, this is

H=
Now, as
we deduce that

1 A 3 0
1 A 4 0
1 Ay 5 0
1 A3 6 0

8= 1 4, 7 0
1
— 1 4
T
1
— 2 4
6
1
- C3 3 4
8 3
1
— B 1
20 ! g

NI~ NN~ N~ = N= N

Ch
Cs
Cs
B
B

B3

[\’)\HG‘HOO\HOOM—AG‘HOO\»—!%‘»—A%‘HS\Q‘»—!

-2 0 % (e}
-1 0 % Ca
0 0 % By
-2 0 % By
-2 0 % Bs
G|l E
—4 0 1 m
. 2X
o <8Z<I>> - i,
By 1 0
By 2 0
E, -1 0
C1 3 0
C, 3 0
B 4 0
B, 5 0
B: 4 0
¢
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Y1

71

Ch
Ch

C1

(6.1.20)

(6.1.21)



and by conformality of 5, we obtain

A? 6 0 0
2 Ag Ay 7 0 0
A% 42 A0A, 8 0 0
2A1A2 +2A0As 9 0 0
A2 4+ 2A1A5 + 2 AgAy 10 0 0
1
ngcl 4 4 0
1 1
§A101+§AOCQ 5 4 O
1 1, — 1 1 1 1 1 ——
~A ZACian+ = A —A S ACs— — A — 4
g 0010(1"!‘8 001a1+8 QC1+8 1CQ+4 0C3 32 071+64C1 6 0
iAoBl 4 5 0
O:<8255825>: A()Cloél+ A()BQ+ Clcl 4 6 0
7A001|A1\ +15 AlBl—f— A033 5 5 0
ﬁCl AoEl 2 80
ZAOC1 6 2 0
%Ao@ 6 3 0
1A §+1A? 7 20
4 0D1 4 1U1
1Aa?+1A§+1A§+1Aﬁ 8 2 0
4 o1 L1 4 101 4 0D2 4 201
1 — 1, — 1, —
= Ag|A1)PCL + = AoBs + = A1 Cy 7 30
3 6 6
AoEr 10 0 1
1
ZA()’Yl 6 4 1
(6.1.22)

We already know that the only interesting relations are

—

<A‘O7A‘0> = <"LY07 1> = <A0 g > <A07 _01> = 07
(A, ALY+ 2(A0, Ao) = 0, (Ay, Ao) + (Ay, A3) = 0 (6.1.23)

,A
(Ao, Cr) = (Ao, Ch) = (Ao, ) =0, (A1,Ch) + (Ao, Co) = 0.

<~

2

where we added the previous </Y0,ATQ = (/_1'0, ATQ> = 0 coming from the upper regularity. The rest of the
cancellations in (6.1.22) is either trivial or useless.

and

e = (6.1.24)
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2 Ao Ao 3 3 0 1)
2 Ao Ay 3 4 0 (2)
2A0A; + im 3 5 0 (3)
2A0A7+1m+ém 3 6 0 (4)
= C’loqu + = A001a1 +2 C1 + - C’sAo - 312 iAo+ 2 AgAs + EMJF %m 3 7 0 (5)
ngCT 71 0 (6)
%Ao@ 7 2 ol |
1 1, — 1 1 1

3 AoCron + 3 AoCraom + 1 AsCr + 5 A1C2 + 1 AoC3 — Ao’Yl +2A4A0 +a Cl 7T 3 0 (8)
iAoE+ lAlCT 8§ 1 0 (9)
Aoa101 + 15 A131 + 35 L 405 + éAza 9 1 o0of|@o
gAo|Al\ o +EAOBS+éA1@ s 2 ol |ay
1—16AOET 11 -1 of|@2
i AoC1 4+ 2 A4, 5 3 0f]@3)
iAlc1 + %A002+2A3A7 6 3 of]|qa
1 AoB1 42 A Ay 5 4 0f | @5
1 a1 AoCh + — AOC1CM1 + - A032 +2A4A; + — AoBz + Eg C1Cy 5 5 0 (16)
3 A001|A1\ +7 A1B1 +5 A033 +2A3A; 6 4 0 7
AoE: + i’hz‘To 3 7 1]||@s
%A(m + AoEr 7 3 1| [ @9
2 A1 Ao 4 3 0| ] (0
2 A1 Ay 4 4 0 (21)
2A:14; + im 4 5 0f| 2
%|A1|QM+2A1£+im+ém 4 6 0| ](23)
lclAT) 17 0] (29
E BiAo+ = C1A1 1 8 o0f](25)
— Cleal +5 BQAO +15 Lp a4t 01A2 19 of](6)
ngz‘To 2 7 0of |27
Loam+ L B+ L oar 2 8 0| (28

5 10 8
1—16E1/T0 -1 11 0 (29)

(6.1.25)
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We see easily that

(2), (6), (7), (12), (20), (24), (27), (29)

all vanish. Therefore, for some

g, (3, 04, A5, g, 7, O], Olg € (C, Co S (C, 6 € R,

. 1
we have (recall that |Ag|? = 2), with TEX on the left, and Sage on the right

1 330 1 330
2412 4 4 0 214 4 4 0
ar 3 5 0 ar 3 5 0
B 55 0 B 5 5 0
a 8 1 0 a 8 1 0
(05] 5 3 0 o 5 3 0
az 3 6 0 az 3 6 0
as 1 8 0 a1 8 0
o’ ai 4 5 0 a: 4 5 0
e*=1| a3 6 3 0 as 6 3 0 (6.1.26)
a; 4 6 0 a; 4 6 0
asr 5 4 0 ar 5 40
ag 2 8 0 ag 2 8 0
as 6 4 0 as 6 4 0
a1 90 a1 90
as 8 2 0 as 8 2 0
G 3 71 G 3 71
(0%4 9 1 0 (0% 9 1 0
G 7 3 1 G 7 31

At this point, this is easy to see that the first non-trivial logarithm arising in the quartic form will be
given by the expression in the beginning of the chapter, so we are done. First, a3 is the coefficient in
(6 3 0) in (6.1.24), which is the coefficient corresponding to the line (14), that is

1 1 — 1 - = - o
a3 = 1 ACr + 6 AgCo + 2 A3Ay = E<A1, C1> + 2<A0, A3>, (6127)
where we have used (A1,Cy) + (Ay,Cs) = 0 in (6.1.23). Then, oy corresponds to the coefficient in
(5, 4, 0), i.e. to the line (15), giving

1 —_— -
gy = 1 A()Bl + 2A2A1 = 2<A1, 2> (6128)
as By € Span(/fo). Finally, as corresponds to (1, 8, 0), (25)
Lo+ Loy = - LA, én 4+ LA, 6y = L (A6 (6.1.29)
o = — _ _ — — = — ..
2= 7o Prdo+ g G4 1o\ G+ g (A1, C) = 15 {41, Ch

as
<ATO, By) = <ATO, —2<ATM 61>A)0> = —(4,,Ch).

Gathering (6.1.27), (6.1.28) and (6.1.29), we obtain

az = — (A1, Ch) + 2(Ay, As) (6.1.30)



We now check that our transcription in Sage was made without mistakes.

2 A 3 0 0 )
4 Ay 4 0 0 0
—%IAHQ Ci 1 5 0
6 A3 5 0 0 )
- Ci 3 3 0
8 A 6 0 0 o
1 *1011 01 2 4 0
-7 G0 40 1
1 50 Ci 0 6 0
—= (O 1 4 0
f —4| A Ao 3 1 0
—— B 0 5 0
. ‘;’ —4| A Al 4 1 0
ho=1—-= B, 0 6 0
¢ —4]A,? A, 5 1 0
—15 Bs 1 50 \
1 8|A1| +4oa1 —4p8 Ao 4 2 0
-—— E -2 8 0
b —day Ao 4 0 0
-~ B 3 20
T —day AL 5 0 0
= s 4 20
? o —40&1 A2 6 0 0
5 5 3 30
4o Ao 0 5 0
4 E 6 0 1
. 4o Al 1 5 0
3 B 6 00

We have so

—6 [6%:3

—6 as

—4 a4

—4 Q4

12041‘141‘2 — 60[5

—10 g
—12 ar
_SCO
4af — o
—10az

—100az

4|Ai)’a1 - 2@

0 0
0 0
1 0
1 0
1 0
-1 0
-2 0
0 1
0 0
-2 0
-2 0
2 0
2 0
3.0
5 0
6 0
4 0
(6.1.31)

Let Q : QD(D?,C") — C be the function defined on the C-vector space of C"-valued quadratic differ-

ential @D(D? C"), such that for all @ € QD(D?,C"), we have
Q(a) = 90d® d — 0d ® Od.

Then we have

. , 12y o L
25 =9"'®Q(ho) + (4|H|2 + |h0|%/VP> ho ® ho + (H , ho)?

As for all g > 4, we have

—

H=0(z""), ho=0(z"")

we have
1 2ge = =
PR @ Fo + (H ho)* = O(I*)

while

ol phio & o = (|HI? = Ky ) o & o = =K yho & o + O(|2I?)

Then we compute

9 ®@Q(ho) =

186

(6.1.32)




—16 AgCra + 16 AC1 42 A, C
—30 AgChas 4+ 8 AgA1o + 30 A3C1 + 6 A2C2 — 6 (4 A1C1 + AgC)an — Aimn
20 A1 E;

w1
A2

192 AZas| A, | — % AoBi| A1 | — 3 AgChat — 144 Ag Ay + 6 A1 By + gclzﬁ

—24 Ao Ao + 12 A1 By
—16 Aja1| A1 — 8 AT|A1]* + 16 AgA2|A1]* — 8 AgAras
16 AgArar|A1]* — 48 Ajas|A1]® — 16 A1 Az| A1|® + 48 Ao As| A1 |* — 16 AT ey — 24 ApAras
—9 AgCh|A1|> =120 ApAraa + 6 A By
—480 AZ| A1 |*az + 80 Ao Aras
240 AgArar — 40 (6 Ajar — 5 AT — 6 AgAs ) oz

160 Ag A1

6 A1Cq

where

4

)\1 =—-15 A101|A1|2 - 3A002|A1|2 — 16 A()BlOél —12 A001a4 —40 A0A1a76+ 16 AQBl + 2A1.Bg

+ 80 (4 A(Q)Oq — A? — 4AQA2)042

)\2 =32 A()Al |A1 |4 + 16 AoAlalOéil — 16 A()Alﬂ + 2 A()OqE — 105 AOC’lng -2 A2E + 2 AlBig

—8 (2481 + A} —2AgAr)ay

Then we have

16 A7 A2 3 =30

—64 A0A1a1|A1|2 + 64 AlAz‘A1|2 + 16 A%Om 4 -3 0

—Kgho® ho = —4A;Ch| A1) — 80 A2a 0 1 0
—64 AgA1|A1|* 4 16 AT 3 =20
—80 Alaz 7 —6 0

and we finally obtain as [H|2ho @ ho = O(|2|?) and (H, k)2 = O(|z]?)

2z =

187
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—16 AgCra1 + 16 AxC1 +2 A1Cs 0 0 0

—30A0C1a3 + 8A0A1C70+ 30A3C; +6A:C2 — 6 (4 A1C1 + AOC’Q)Oél — Aim 1 0 0

20 A1 B4 -3 4 0
J%51 0 1 0
12 3 -2 0

4 N
192A30¢2‘A1|2 — €8A031‘A1|2 —3A0C 10 — 144 AgAra7 + 6A1BQ+SC1B1 -1 2 0
—24 AgA1Co + 12 A1 Ey 5 —4 0
(6.1.36)
—16 Aja1|A1|* + 8 AT|A1]* + 16 AgA2|A1]* — 8 AgAras 3 -3 0

—48 A0A1a1|A1|2 — 48 A(2)Ot3‘A1|2 + 48 A1A2|A1|2 + 48 A0A3|A1‘2 — 24 A0A1a5 4 -3 0

—9 AgC1|A1|> =120 ApAras + 6 A By -1 1 0

—480 AZ| A1 |*az + 80 Ao A1 6 -5 0

240 Ag Aoy — 80 Aja — 40 (6 Ajan — 5 AT — 6 Ag Az )iz 7 -6 0
160 Ao Aroz 6 —6 0

6 A:C, -1 0 0

where

H1 = —19 AlCl\A1|2 - 3A002‘A1| — 16 A()BlOél — 80 A1a2 —12 A()ClOé4 — 40 A0A1()L76+ 16 A2B1 + 214133
+ 80 (4 A%O&l - A% - 4A0A2)a2

Ho = —32 A0A1|A1|4 + 16 AgAiaiaq — 16 AgA1 B+ 2 AOO[]E — 105 AgCras + 16 A%@ -2 AQE +2 A1F2
—8 (2451 + AT — 2 AgAr)an

It is easy so see that all relations coming from the meromorphy of 2y are trivial, besides

w1 =0.
As
(Ag, A1) = (Ao, Ch) = (A1, A1) + 2(Ay, Ay) =
we have
p1 = —19 A, C1|A1)? — 3 AgCa| Ay > — 16 AgBrag — 80 Ay — 12 Ag€ais — 40 AgATaig + 16 Ay By + 2 Ay Bs
+ 80 (AAA%ﬁ— AT — 4 AgAz) o
= —19|41|*(A1, C1) — 3| A1 [*(Ao, Ca) + 16(As, By) + 2(A1, Bs) — 15| A1 [*(4;, Cy) — 160 (%+2A074?)
= —19| A, |? <,Il,(71> — 3|41 2(Ay, Ca) 4 16(As, By) + 2(A1, Bs) — 15|A1|*(A;, Cy)
= —16|4,|2(A}, C)) + 16(Ay, By) + 2(A4,, Bs)

as

—

(A, Ch) + (Ay, Ca) =0
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Then, recall that

Cs = Ds
B, = _2<[1'17C"1> 1
= 3 o = — o
By = —*E\QAO - 2<A2,01>A07 B (6.1.37)
§3 = —2<A'1,C;1> _’1 + 2<g1;él>gl - 2<Ela62>g0
N 1 = o =
E, =—-(C1,Ch)Ap
]. — = — — — = —
71 = —% — Re {(2<C17C1> +8(A42,Ch) + 4<A1,02>> Ao} cR"
In particular, we have
Ao, By) = —2(A,, Cy)( Ay, Ay) = (A, GV Ay, A
<ﬂ2 q1> <Tl q1>< qo ﬁ2> ( i 1>f i 1) (6.1.38)
(Ay, Bg) = —2(A;, C1) (A, Ay) + 2| A |2 (A, Cy)

and

= = 16|y (A1, Cr) + 16(A1, Co)( Ay, Ay +2 (=2( AL, Cr)(Ay, Ay + 2140 2(A), C))

= —12|/T1|2<1‘T1761> + 12<A’1,(71)</Y1,/T1> =0
so we recover as expected
|A1|2(A1, Ch) = (A1, Ci) (AL, Ay) (6.1.39)
In particular, looking at (6.1.38), we see that
(A, By) = |A1]2(A1,Ch), (A1, Bs) =0 (6.1.40)

Then we get for some 54 eCn

L ¢, D
H + Aolog |z| = Re <221+ 2

z

+ Ds +154z> +
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E Cl AO —4 4 0 (1)
9 2 —_—
L acias - L Bio Ay -4 5 0 (3)
5 AoCiaz = 0 5101 0
1 —
A —4 4
30 C144 Cy 5 0 (4)
CronAg — é Ei Ay Ao -4 5 0 (5)
—% C1Ca + éAlEl Ao -3 4 0 (6)
—C1 AL Ao -2 1 0 (7)
3 = _
- Ag -2 2
16 Ci1Ch 0 0 (8)
CiAoan — % By Ay — CiA; Ao =2 2 0 (9)
[ _
18 Ci1Ch A -2 3 0 (10)
—_— 2 7 _
AogaxCr — 5 B:Cy — 18 C1C, Ay -2 3 0 (11)
1 —
T A1Ch cCi -2 3 0 (12)

§a2A0C1+CIA70a73*éBQA717%BlA72701A73+%(2B1A7()+ 3CiA)ar Ay -2 3 0 (13)

_i O AL i -2 3 of|@a

A1Cy Ay -1 0 0 (15)

A1Ch A -1 1 0 (16)

—2A0C1|A1]> + A1 By A4 -1 1 ol |amn

—-C14; A -1 1 0 (18)

20| AP Ag — CoAT Ay -1 1 0f ] @9

2 A0By|Au[? — AyCha — AoChai + AyB — éaE— 13’60251 L -1 2 ol (0
A1Cy Ay -1 2 0 (21)

—2A0Ch|AL]* 4+ A1 By A -1 2 0] ]2

By A1 Ao + 2 | AL [* AT + CoAvar + Ci Agas — %BgAT—CQAi A -1 2 o] | (23
Cr Ao — % Bi1A; — C1 Ay A -1 2 0 (24)

A Cy Ag 0 -1 0 (25)
4Mm—icf—4m—2m Ao 0 0 1] (26)

4 AoCray — 4 AsCy — 2 A1 Co — %@2 4 o o 1]

—%CTQ A 0 1 0/ \(28)
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A1

—C1 A7

20| A1|*Ag — Co Ay

—% B1Cy — 2y Ay
8 A1C1|AL|? +4 AgCa|A1)® + 4 AgBran +4 AgCroy — 4 Ay By — 2 A1 By
4 AoCrar — 4 AsCy — 2 A1 O

e
ACy

—2|A1[*ACy + A1 By
e

2 Ao|A1|*Cr — ATy

A2
-ACy
2 Ao|A1|*Cr — ATy

1 ——
—2 Al'y1 — 5 Blcl

8 |A1‘2A101 + 4 |A1| AOC2 + 4AOBIO¢71 + 4AOC(lO¢74 - 4A2Bl - 2AlB3

4 AoCrag —4AxCr —2 A0,
3
T C1Ch

N 1 J— N
AoalCl — 5 AlBl — AQCl

—2|A1]"AoB1 — s AgCr — 0 A1 Cy + A1 B — éB1ﬁ1— % C1C
A Cy
—2|A1[*AoC + A1 By
Aol A1]*By + 2 A1| A1 |°C1 + AoauCr + Ao Cz — % A1Bs — A0y

Ao C — % A1 By — AxCy
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Cy
Ao
Az

Aq

(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)

(57)




7

74—80151 A 3 =2 0) [ (58)
_ 2 7T
ClAOOTQ—BCHBl—ECQCl Ao 3 -2 0 (59)
1 _
—EA1C1 cCi 3 -2 0 (60)
A00sTi + 3 AoCrz + 3 (24P +3 AiTh) o — 2 AT — 3 ARy — AsCi Ao 3 —2 0| | (61)
1 __
—ﬂAlcﬁ c; 3 -2 0 (62)
Ll Ao 4 -4 of ] (63)
16 1 0
féClCQJr%AlEl Ao 4 -3 ol | (64
9 ——
_9 A —4
16001 1 5 0 (65)
L gom - Y e Ao 5 —4 0] | (66)
2 obi1a2 160 11 0
1 — __
— 55 4101 Ci 5 —4 0f |7
Aoﬁlaﬁ—%AlE Ay 5 —4 0] \(68)

where

_ __ __ _ 1 __ __ _ _
A1 = 2CQ‘A1‘2A() + CragAg + Cro1 A + 3 AgCraz — g B1C1 —2C3A1 + ’}/1141 —3A3C, —2A50,
+ (3 A1C1 + 214002)071
Ao = 2A0|A1|2072+ 3A0C1a3 + A1Chiaq + AoChag — 3 A3C1 —2A2Cs —2A,C5

1
+ (3A1C1 +2A0C2)ar + A1y1 — 3 B.1Cy

The new powers arising are

-4 5 0] (-1 2 0
-3 4 0 1 00

-2 3 0/ \1 01

so there exists 64, 54, §5, Eg, Eg, o € C™ such that

. ¢, Gy = N | L N1 oL N1 o
f=Re |5+ +Cizt (Biz+ Bz + Biz*) 5 + (Boz+ Bsz?) - + (Biz* + Bo?®) S + By
z z z z z z

+ Gy + 71 log |2| + Re (72 z) log 2| + O(|2[27%). (6.1.41)
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First, we check that the mean curvature given in the code coincides with (6.1.41) (recall that Cs e R™).

%01—2001
. 5 Bs -1 1
5 G -1 0 0|7
S By —-1 2
103000%
o, 5 B4 4
H=fo41oo1
% 5 B —4 5
S B -2 1 0|7
f 5 B =34
S B, -2 2 0
2 1
5 Bi —2 30

We see that 75 corresponds to twice the lines

(48), (49) (50)

SO

IR T N NN N O

=

Yo = —2 (4<A27 Ch) + 2(A, é2>) A+ 4<1‘Y17’70>ATO

as by (6.1.38) and (6.1.39), (A}, Bs) = 0 and by (6.1.23)

[

8|A1|*A,Cy + 4|A, P AgCy + 4 AgBray + 4 AgCrag — 4 A B; — 2 A1 B3
= 4|4, (A1, Cy) — 4(Ay, Cy) (A1, Ay) = 0.

Now we have for some 55 eCn

. G, Dy - & .
H+7*ologIZI=Re<221+;+D3+D42+D5z2)+
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7
——C1FE
96 1
1
16 *
iCQ
160 '
17
— AgC - — B C
oCraz — 2o Bi1Ch
1
—— (C1A
0 1
ClagAioffElAl
1 1 1 11 3 7 —
— AoB — C?a7 + = AgC1ar — — B? — — ByCy — — E C
201a2+96 1a1+201a7 a0 Ot 3221 9611
5 o
96 1
1 47
— ApC - — B1C
5 AoCraz = 220 BiCh
1 _
-— G4
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We see that the new powers are as (Cy, E1) = 0 (recall that E; € Span(Ay))

and their conjugates, so there exists 65, C_"ﬁ, §6, §7, E4, E5, o € C™ and 44 € R™ such that
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We can easily check that both developments coincide. Then, we have
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By conformality of <f>7 we have
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1 1
— — A B AoBi + A
o1 0Y2 + o= 32 BiCi + = ( oB1 + 101)Oé1

1 1 — 1 — 1 1 1 1
p2 =7 Ao|A1*Bs + 1 A1\A1| Cs — a AoC1o + 3 AoBCt + 5 Aoa4cz + 5 A4C1 + 5 A3C2 + - AzCzs t3 A1Cy

€
32

1 1 .
+ 3 AoCs + 3 <4 A2C1 +4A1C2 +8A0C3 + C1 )al + = (A1C1 + AoC2)as — —= (Aooél + Ao
1 1 1
6 Arye — 61 Aoys + 51 Bl + 33 ByCi + = (AlBl + AoBs + AQC’1)011 + - (A()B1 + A1C'1)
1 1
L3 = — AQC1\A1|2 + - A1C2\A1|2 + - AoCa\A1| i A071|A1| t 51 \A1| ) ST AOB1Ot3 + Aoclas

+ — A002a4 + — AOC1a5 + AsB1 + A2Ba + - AOCG + (AlBl + AoBg)a1 + (AlCl + ApCo)ay
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1
- % Aovs + ZS B3Ch + — 18 B102 + — A104 + (A()B3 + A102)CM1 + — (AOBl + A1C1)a3 - A1%

fa = — Aooé202 + — A031073+ 173 AoCrar — AOC1C0 + AOB6 + T% s+ 7 0103 + A2E1 + A1E3

1 1
+ = 128 (01 +8AOE1)Ot1 T2 01’71 + *3201 + BiCa+ — 384 (24A032 + 70101)071

Us = = A032|A1| —|— — AoB1a4 —|— — AoC1a5 + AOC1C¥6 —|— A1B4 —|— AOB7 —|— (AOBI + A1C'1)a2 + — 20 BlBl

+ 0133 + — (11C1]A P + 3B3)C1 + 0202 + (AIBI + AOB3)C¥1 + (A101 + AOC2)

1
240 (
He = 01|A1| + = A0E1|A1| 1 Aocloéa +— 60 B;Ci + — 60 B1Cs + A1E2 + AoEs 1 (A101 + AoC2)az

1

pr =< A1C’1\A1| + - AOCQ‘AI' + AoBlOtl + A001a4 + AOCQQI + - A001a3 + A231 + AlB3

1 _
+ — 18 C1Cs + — 0 AOC4 00 Aoz

1 1
pg = 6 A1 By A + AoBg|A1\2 1 AOB1CM4 1 AOC1/3 1 AOC20é3 AOC1C0 1 A2B2 T AlBS

+ — (814032-1—30101)(11

96 2304
1

n @ (16A201 416 A1Co + 32 AgCs +3ﬁl2)aﬁ+ ~(ALCh + AoCy)ai — ﬂ ATz

Ho = 7 AOC1C¥7 - — A0§OC1 + - A0E1a1 + - (AlBl + AoB2 + AQCl)Oél + - (AOBl + A101)a3 + - ABBl + - AQBQ

1
Z A1B4 fAB fA -
+414+406+4 401+4(

1 — 1 — 1 — 1 1 — 1 — 1
Mo =3 A1|A1\231 + 3 AO‘A1|2B2 +3 A2|A1|201 + = AOCIQG + = AO(X5C1 + = A0a302 + = AoBlcTz

(32 Aot + 9C1)’Y1 + — o 0231 + a C1B2 + 0301 + 02 + Aocs

A1Ch + AoCo)az

1 1
(AOB:; + A1Cz)a1 + = (AOBI + A101)Oé4 + = 5 AsBs + — A1B5 + = AOB7 + = Ascz

Then we compute the metric

o2 —
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2 Ap Ao
2 Ag A1
2 Ao A3 + ; AoC
2A&G+lﬁﬁﬁ+lﬁﬁg
= C’1a1A0 + = 5 AOC1a1 + 01 + = C3A0 - %VlAO +2A0A4 + - A201 + = G A1C2

v

1 1 — 1 1 1 1 J— 1 —o2
- ApC — ApCiag + — AsC - A1 C - ApCs — — A 2 A4A — C
3 01a1+8 01CV1+4 21+6 12+4 0C3 32 oY1 + 40+64 1

v3
V4
vs
1 — 1 —
— AoB - A1 C
0 0 1+8 1C1
1 — 1 J— 1 — 1 —
EAooqcl+*A131+onBz+*A2C1
1 — 1 1
ﬁA0a301+ﬂA00172+Sj(6A031+7A101)a1+ A2Bl+ A132+onB4+ A3C'1
ve
1 — 1 — 1 —
= Ag|A1*Ch + — AoB3 + = A1C
50|1\ 1+ 75 AoBs + o ACa
L Aol AL PB4 L AL ALPTT 4+ L Aol + = AoanTa + = A1Bs + — A0Bs + — AT
2 2 = Ao = Aoa = = 2
g AolA1"Br+ - A Ar["Cr + 5 AoauCr + 5 AoonCa + 75 A1Bs + o AoBs + £ A2Cr
vy
1
— AgE
1 oE1
— Aoclaz + — A1E1 + AoEz
*0A0a701+*A00z1E1+*A2E1+ A1E2+ A0E4+ 150 (9A0E+10A1a)72
1
— AoEs
16 Aobs
Ly |A1|%Er + L AoasTr + = AoToas + — A1Fs + — Ao
Z = Anas 2 T 4 — = .
g AolA[TEr + T2 AoasCh + -2 Aot + 1o A1Es + = AoEls
1 _
ZA071+A0E1
— 1
A1E1+§A0’72

1 1 1 _ 1
— (pAgC — AgC — (16 Agar +3C Ao E — Ao7s
4C0 0 1+8 0 1Co+64( oot + 1)v1+ 2 1+8 073
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10

11

12

13

11

12

(1)
(2)
(3)
4)
(5)
(6)
(7
(8)
9
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(7)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)

(28)




2 RN 1 — 1
5 Aov1]A1)? + A1 Craz + 5 Aova + A1E2 + 3 A17ya
1 _
ZA001+2A2A0
1 1 _
1 A1C1 + G AoCa + 2 Az Ap
v
vy
1 __
ZAOB1+2A2A1
! AC+1AC*+HMLMAZ41AB+506’
-« - a1 + - - —
7 140G + 1 AcChar + 1 AoBe 24z + 7 AoBy + o0 C1Ch
V10
v11
1 , 1 1 _
ngcl\Aﬂ +ZA131+6A0B3+2A3A1
V12
V13
1
A0E1+ZW1A0

1 — 1 —
AoCraz + AgEs + 1 Y141 + o Aoy2

1 ——— 1 J— J— 1 — 1 — 1 —
AoBraz + AoErar + AgCrar + D AoC1¢o + Ao By + T (2 Apat + 3A2)W1 + A E1CrL + 0 A1z + ' Ao7s

Viqg
V15

_ 1 1 _
AoCraz + 1 Ay + o Aovy2 + Ao B2

1

12 10

1 1 _ 1 _ 1
— C1(0A - AgC AsFE — (161 A 3C —v3A
S 1¢o o-l—4 0C1G0 + A2 1+64( a1Ao + 1)714—8% 0
1 — 1 —
— Ao C — C1F
6 0G0 1+16 1By
2A1 40
2A1A;
1
2A1A3 4+ - AgB1
4
1 - _ 1l — 1 ——
5 |A1|>A0Cr +2 A1 A3 + 1 A1By + 5 Ao B3
1
A1E1 + - 7240
8
2 —_— 1 — 1 —
5 y1]A1[*Ag + A1Craz + A1 E2 + 5 YaAo + 3 Y2 A1
1
gClAD
1 — 1 J—
— B1 A - C1A
0 1 0+8 141

1 J— 1 J— 1 — 1 I
— C1Apaq + — B2 A — B1A - C1A
12 1 0041+12 20+10 1 1+8 1A2
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1 1 1 1
AoC1¢o + arAoC1 + a1 AgEy + AgBiag + T (2Apa1 +3A2)71 + — A1 + T Aovs + 3 C1E1 + AoEy

(29
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
(57)

(58)




1 _ _
T O(QAOCl -|— — 01A0a3 + — B4A0 + B2A1 + — B1A2 + - 01A3 =+ 87 (6 B1Ag + 701141)0(71 1 10 O (59)

Vi 1 11 0 (60)
1 —_— 1
— C1A — C1FE 1 11 1
1601 0Co+1601 1 (61)
1
2 A, 2 7 of | (62
8
1 —_ 1 — 1 —
2 C1)A1|*Ag + — B3Ag + = C2A; 2 8 0 (63)
5 10 8
1 — 1 o 1o 1 111
631\A1| A0+BC’1|A1\ A1+EO2AOQ1+EclA0a4+EBSAO+EB3AI+ 802A2 2 9 0 (64)
vt 2 10 ol | (5)
1
L ra 1 11
16 140 0 (66)
— Clocon + — EQA() + E1A1 -1 12 0 (67)
1 — 1 J—
270E1A0071+27001A0077+ 180 (981A0+1001A1)a2+ E4A0+ E2A1+ 6E1A2 -1 13 0 (68)
—EA 0o 11 0 69
16 340 (69)
*E1|A1\ Ao+f02a2Ao+fC1AOOé6+fE'sAoJr E3A1 0 12 0 (70)
where
n =1 ColA |2I+icaf+iA Cras + o BiC +i(4B Ao +5CiA)a + L Oy — = 2 Aoy
175210 1 Ao 0C1a3 + o5 Bl + 15 140 1dr)on + 7 Csdr — o 0As
1
+4A301+ AQC2+ AOC4+*(5A101+4A002)041—7A0’Y2
1 . )
1/22633|A1|2A0+702|A1|2A1+fclﬁA0+fC2AoOé4 ﬂAOC&Co-i— 0B1+19 ByCy
1
+ 755 (1OBon +12B1 Ay + 15C1A2)a1 + 5 (5Ble +601A1)a4 - ﬁ (4Aoar + 9 Az)m + £ CSAQ
+2A0As + o 5 EiCy + A4Cl+ A302+ A104+ AOO5+960 (2501+16003A0+120A201+96A102)c71
60 (6 A1Cr + 5A002)a3 - OO Az — m Ao7s
1 1 1 1, — 1, — 1 1 —_
vz = g A101|A1|2 + - A002|A1|2 + § AoBiai + 3 AoCrag + 3 AoChan + 3 AoChas + 1 A2B1 + 5 A1Bs +2 A4
A A E A ey
+1920102+ oC4+ obs — o Ao

1 1 _ 1 — 1 — 1 S
Vg = — AlB1|A1| + - AoBg‘Al‘ + = A()Bla4 + = A()C1ﬁ + - C’loz7A0 + - angB1 - — COAOC1 + = CQAOTQ

+4 é AoOQOég —_ — A()C1CO 4+ - AQBQ 4+ = AlB5 + — (48 AoB> + 96 AOBQ + 23 0101)051 (16 Agoq + 301)

384

1 - 1 —
+2A4A2+ CzB1+ 9 Cle+4AoBﬁ+6 0301+ 02 +§AOC5+§A1E3
1

+ — (9614201 +64A1C5 +96 AgCs + 901 =+ 96A0E1>0£71—|— i (414101 —+ 3A002)C¥74— i Ao%

512

384

1 1 2 1
Vs = = -4201|z41|2 + - -4102|z41|2 + - A()C3|Al|2 - — 1‘10’Y1|Al|2 \A1| C1 + |A1| AoEr + — AoBlas

240

-I- — A001a5 + = aﬁAOCI + = A002a2 + — A002a4 + A0010t5 + - 1 ASBI + = AzBs + = AOCG

3 1, —
+ — 40 (5A By +4 AoBs)a: + (5 A1Cy + 414002)044 - A074 +2A5A4; + @ B3C1 + 960 B.1Cy + 3 A1Cy

1
+§AOE5+ (4AOB3+5A 02)041+ (4AOB1+5A C1)Q37*A1%

Vg = — A001a7 AoCocl + AOE10t1 + — 336 (24 A1B;1 + 21 AgBs + 28 AQCl)Oél + — 112

+ — 10 ASBI —|— A2B2 + — 14 AIB4 + AoBe + = A4C1 + ClEl + — 112 (814101 + 7A002)072

V7 = — A1\A1\ Bi + = A0|A1| By + = A2|A1| Cy + Aoclas —|— A0a501 + Aoa302 + — AoB1a2

(7 AoB1 + 8 A1a) as

84 (6 AoBs + 7A16’2)a1 + = s (6 AoBy + 714101)&4 + A2B3 + A1Bs + AOB7 + < A3C2
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1
=z Ag|ALPCa 15 AoC1a3 2 AOC1C¥4 + A3C1 + = A2Cz + = A103 + =

1
——A
39 T 0

1
= EAO‘AI‘ Bs + 5A1|A1| Cy —

0 AOC4 + — (5 A1C1 + 4 AgCa)an

9
Aoya +2A5A0 + —— 320 B:1Cy + <4A0B1 +5A1C1)Ot1

14

OCICO + Aoﬂol + A00¢402 + - A4Cl + = A302 + - 4 AQC:', —|— A104

©

)
144
112 AoCs + ﬁ (120 AsC1 +96 A1C5 + 160 AgCs + 25 C1 )Oé1 4+ —
1

100 m
1 _ _
—|— — (5 AoB1 + 614101)074

(6A101 +5A002) (4A0a1 —|—9A2)

60

— 1 =2 5
A0’73+2A6A0+%B1 + — 192 B2C1 + — 256 01E1+120(

288

Arye — 12 A1 B1 + 10 Ao Bz + 15 A:Ch ) ax

1
Vigp = \A1| AoBy + = A0a201 + 5 @1 AgCr + = AOBlal + - A001a5 + = AoB4 + (3 A1Cy + 2A002)a1 +2A5A3

+ - Ale + - AoBs + — 3101 + C1C2

4 80
1 1 — 1 —— 1 — 1 1 —
v =g \A1| A1By + = |A1| AoBs + = C2a3A0 - — ClCvo + 3 BACL + 1 AgaxCs + 1 AoBias + 3 AoBiog
1 — 1
+ Z AoChar — Aocho + - A0B6 + 02 + 0103 + - 3 A1Es

1 1
+ = 384 (9CT + 96 AgEr + 96 C5Ag + 96 A2C1 + 64A102)a1 + 54 (414101 + 3A002)a4 — 515 (160140 +3C1)m

1 1 7
+ 3 C5Ao - 67473140 +2A2A, + 1 AQBQ + 3 A Bs + @ B.Ch + @ B0y + @ (9614032 +48 AoBs + 23 0101)

1 1 1 1 3
vi2 =g AOBI|A1|2 + - 06114031 + 1 azAoCL + - 01140072-1- 5 A001074 + 1 Ale + 5 AOB5 +2A3A; + 20 C1By

1] —
+ = AOB4 + 0201 —|— (3 A101 =+ 2AOCQ)

4
1 1
Vi3 = AoBz|A1| + = |A1| AoBs + ~ C1a6Ao + = 5 asAgB1 + 3 azAgC1 + ~ AoB1a4 + = AoC1a5 + = AoC1Oéo

1 _
+ = 1 A1Bs + = AOB7 + (3AlB1 + 2AOB3)Otl + — (2 AoB; + 3A101)Ot2 + — (3 ACr + 2A002)a3 + 2 A3As

29 13

B1B:1 Bs A1 B, Ao B 4 A B A1 B 2A0B

+800 1 1+48 C1 3+4 14+6 07+480(Cl\ 1|+ 3)Cl+11520202+ (3A1B1 + oBs)ar

1
+ E (2 B Ay + 301141)&2 + (3 A1C1 + 214002)013

5 1 1 —_
Vig = \A1| ACy+ = \A1| AgCs + = Czale + = ClaBAO + = AoBlal + = AoC1a4 + — 192 C:1C2 + 5 AoEs + 3 CyAo

1
—@72A0+2A1A4+ A231+ A1B3

7C1|A1| +A0E1\A1| +503\A1| Ao — *’71|A1| Ao+ = \A1| AxC1 + = \A1| A1Cs + = AOC2062+*C2Q4A0

240
+—C A*+iAB*+iAC *+7AC*+£BC+2?)BC+ AE+1(
1540 ob1a3 obias 2 oLi1te 480 3“1 960 1v2 045 40

1 —_— 1 , — 1 1
+ ZO (4 Bi1Ag+5 C1A1)C¥3 + = CﬁAO 0 ’Y4Ao + = C4A1 ~ 61 vo AL +2 A1 A5 + 1 A3Bi + 5 AzB3

+ Z (5 A1 B + 414033)&1 + — (5 ACr + 414002)054

V1

ot

4 BgAO +5 CQAl)al

1 -
Vie = E Ei01 4o + — A001a7 - — Cl AoCo + 8 CiEr+ — 112 (814101 + 7AOC2)OC2 + = 6 BGAO + ﬂ BiA,

BQAQ"’ BlA3—|— 01A4+ 2132A0+24B1A1 —|—28C’1A2)a1 4+ — 7B1A0+801A1)C¥3

10 336 ( 112 (
B T T
V7 = z B2|A1| Ay + 5 B1\A1| Al + 3 C1\A1|2A2 + 1 asAoB1 + 11 CaAoas + ﬂ C1Aoas + AoC1CM6 + B7A0
1 01— 1 1 _ 1 _ —
+ 1 Bs A + 0 B3 Ao + 3 CrAsz + 31 (6 B3 Ao + 7C2A1)Ot1 + 31 (6 B1Ao + 701141)@4

There are some non-trivial cancellations which we used to rule out the dual (22) — (67), which comes
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from the fact that thanks of (6.1.43), we have

9 9 —
2 A —4
1 17 _
1. 5%*@% Ay —4 5 0 (4) 9 <C—; é
2t = P ~ i@ G
O C, —4 5 0 (5)
80
1
CragAy — cEcAL Ay —4 5 0 (6)
so that

<14T0,E2> = </15,E}) =0.

Furthermore, as by (6.1.43), we have

1= 1 1 . 1 - =
2E3=<—80102+3M A, -3 40 (13)>:_8<Cl’02>

so that (see (24) — (69))

(Ao, Es) = (Ay, Es) = (41, E3) =0
The relation for (27) — (54) we used is
<A07%> =0

and comes from the line (46) of (6.1.46). The new powers of order 11 are

while the ones of order 12 are

13 -1 0

7 5 0
12 0 O

6 6 0
1 1 0

9 3 1
10 2 0

8 4 1
9 3 0

7 5 1
8 4 0
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Remembering that

1
2|A,
e2X — B
aq
Qs
(0%
we see that there exists
[ePS C,
such that
1 3 3 0
214112 4 4 0
2N
e =
I} 5 5 0
) 6 6 0

W
.
o

8<j <19,

+ 2Re

0468

a79

¢ €C,

(65) 1
Q3 6

Oy 5

(6753 8
(674 9

Qg 10

a3

4 0
a5

4 0
a1

2 0
as

1 0
G

3 1
ar
5 0/
0

1<j<4,

3 0 13
8 0 Q14
3 0 Q15
4 0 16
4 0 Q17
2 0 18

1 0 19

1o Co
20 G
3.0 G
4 0 €
5 0 Ca

8§ 1 0
3 6 0
4 5 0
4 6 0
2 8 0
1 90
3 71
0 €R,
13 -1
120
11 1
10 2
9 3
8§ 4
7T 5
7T 3
8 3
9 3
8 4
7T 5

(6.1.47)

(6.1.48)

Comparison TEX (left, we do not write the complex conjugate part of the real part arising in (6.1.48))
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and Sage (right)

a9
Go
G
G
Gs
Ca

13

12

11

10

Co
G
G2
Gs
Ca

13

12

11

10
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11
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Then we have

Ey

E,

E,
E,y

Ch

By
e}
By
Cy
Ao
Bs
B,y
Cs

Bs

3 —
Tao SO0
_128<

4ozt —4orar +4as

+ 2an6
| A7 — 2 anois — 2@
—41A;

214

dar
—4052|A1\2 + 2ag
1
14
Al
12

11
= = @
12 [ArPar - 56
1

38—&6

2

—dazar +4as

Cs
Bs
Cy

Ay

B
Cs
C
A

Ao

Bs

By

B3

By

Ch

C1




dar
—das) A’ 4 2am
—12a7’ +a@io — G2
2

—4|4)?
1

4

—201

1 2
“Ha
6| 1]
1

6
4|A T - 2a5
1

— AP
1 4]

3

D
=~

8

[l Reel N R
Q
w

0|
| 9|

|

I
Q
N

4|Ar|*as + 2@r0s — 2an
—Co
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Ch

Az

Cy
Ao

Ay




18 CB
-
[ 1 1 1 0 2a3a3 20{3&4-‘1—2() 5 6
6|A|a +2A + + | (e +2(l(¥ 2(¥
10
1

5
4141%C0 — 2Gs

4
—4 1
—4|A

—4 Qg

1

2
8|A1‘4+4C¥10¢71—4B

1

3
Liap
6

1

— =y

6
ar —2as
4|A1\2a1 2
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Y1
B3
B

Co

71

Y4

Ao
Az
Ao
Ar
Ao
By
Ao
Ay

Bs

en

Ay




8|A:1[*am + 4t + 4onds — 402

1
32

B~

414 [*aE + 2aran — 2a7

—160 | A1 |*ar — 40 anan” + 8| A1 |*a5 + 4 Ban + douds + 28 + 1o — 4@ — G

\
o

[l BN TS

40(1674(74

—4 oy
—6 a3
—4|A)?
—4 oy

12 a1|A1|2 — 6a5
3

4
a1

2

O — x| =

8|A1‘4+4C¥1(171—4B
12Ot4|141|2 +6asar +6a1os — 612
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A 0

3

Aq
Ao
Az

3




—112|A1|® — 168 1| A1 |*a7 + 12 B A1 |* + 6 asa + 6 aadiz + 6 asds + 6 asds + 6 ards — 66

4|A1|2071* 2as

8|A:1|*aa + 4oudr +4onas — 4o

o N =

—4day
—6 a3
4ai —Go
4
—8 CO
—4|A]?
2
—4day
1200|417 —6as
16 az|A1|> + 8 aras — 8oy

1

8|Ai|* +4aiaq —48
12 aq| A1 |* + 6 azar + 6 araa — 6 arz
—176041|141|4 + 16045|z41\2 —dafar + 40+ 81+ Coar + 8asas — 8aig — (4
Yo
8Coar — 8
—10a2
—10 g
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Ch

Ao
Az

Ar
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—6a3
aras + 10araz — 1010 — (1
10 40f -G
5

Saz

—4|A,
—40é4
12 a1|A1|2 — 60¢5

11
|A1]* + 8aias — 8a
16 a3| Ay

T — (s
— 100418
a1 + 10azas
0a6a1
+10a1as + 1
2 + 10 gy
2 +2¢|A|
—92a7| A1 > +

—2| A

20 Col A1 > = 103
—12 a7
—10az
—10as

24| A Paz — 12 a9
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E,
As
Ch
Az
As

Ao

Es
Cy
Ax
Ao

Es




Now, we have

97 ®Q(ho) =

—4 (6%]

—6 as

101z + 10aiaz — 1010 — G1

4ai — o
6
4 oy
6 ar
6az
—8¢o
—10¢:
120160 — 12¢2
—12 a7
14 1oz — 14 ag
—10a2

—10 (673

—1603 + 24 as|A1)* + 603 + anlo + 12 azar + 120mas — 1217 — G

24| A1 |Paz — 12 a9

28 ar|A1]? + 14 onas + 14 aads — 14 aae

—12 [0%4

14 0410(72 — 14 as

16 crar + 16 s — 16 a5

—100a2
—18 14

100722 — 20 a3
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Er
Ch
B
Az

Ay

Aq
Ao
As
Ao

Ao

11

12




—16 AgCra1 + 16 AsC1 + 2 A1Co
—30 ApgCras + 8 AgA1{o + 30 A3Cy + 6 A2Ca — 6 (4 A1C1 + AgCa)an — A1m
w1
w2
20 A1 By

—48 AgF1a1 +48 Ao By + 12 A1 E3

9 1 1 1 1
— C?|A1|? =35 AgE1|A1)? — = AgCrag + — BsC1 — — B1Cy + 20 A1 Eo — — (19 A1Cy — AoC
. TI1A1] 0E1|A1] 5 Ao 1Oée+40 3C1— 5 B >+ 1E2 2( 1C1 0C2)az

w3
wa
—% CoEq1 — % ChE3
ws
w6
w7

ws

w9

1
—ZC\E
2 141
S BB -Scim - (5CF +432 A0 E1 )
10 1£&1 9 1482 7 1 0L£4] 2
—48 AgC1{o + 24 C1E1
—480 Agar2Ey + 48 (20 A3ag — Ao B ) o + 24 BI By
wie
2 2 48 2 — — 3 5
192 A0a2|A1\ — E AoBl|A1| —3A9C1ag — 144 AgA1a7 + 6 A1 B + g C1B1
w17
~96 Ao A1 + 48 AgEras + 12 (8 Ao Ara — 8 Ao + Ao B1)Co — 6 B1E1
wi1s

w19

w20
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wa1 6 —4 0
—24 AgA1lo + 12 A1 Eq 5 —4 0

waa 5 -3 0

wa3 9 —6 0

—16 A2c1|A1]? — 8 A%|A1]% +16 ApAz|A1]2 —8 ApArau 3 -3 0

16 AgAra|A;]? — 48 AZaz|A1|? — 16 Ay Aa| A1 |2 + 48 AgAz|A1 |2 — 16 A2ay — 24 Ag A s 4 -3 0
—9A0C1|A1|2 =120 AgA1aa + 6 A1 By -1 1 0

—96 A2¢o|A1|* + 48 Ag|A1 |*Er 5 -3 1

waq 6 -3 1

—720 A3a7| A1 |2 — 1520 AgA1]A1|?@z — 360 AZcsas + 120 AgArag — 20 (6 Aoy —5 A% — 6A0A2)a6 7 -5 0
was 8 —5 0

—480 A2| A1 |*@z + 80 Ap A1 e 6 -5 0

864 Ag Ay g 10 -7 0

240 AgArar — 40 (6 Afar — 5 A7 — 6 Ag Az )Tz 7 -6 0

—240 Aforsaz + 336 Ao Arag — 96 (4 AJar — 3AT — 4 AgAz)ar — 16 (61 AgArar — 35 A1 Az — 15 AgAg)as 8 —6 0
—880 AgA1@z? + 1440 Ag A1 a3 1 -8 0

160 Ag Aoz 6 —6 0

—160 A3¢ooz + 80 Ao Eraz 9 —6 1

6 A1Cq -1 0 0

—6A1C1¢Co -1 4 1

where
w1 =32A0C105 — 4 AgC1Co + 48 AyCy + 12 A3Cy — 2 (16 A2C1 + 5 A1Ch)an — 6 (T ALC1 + 2 AgCa)as + 4 (Apar — A2)m
1 — _
+5 A7z +2C1 B — 32 (Afon — AoAz) o

4 — 4 _ 8 — 8 — 4 _
w2 =—3 AO‘A1|4B1 + 3 A1|A1|4C1 — 336 Ag A1 + 32 A(Z)\A1|2Tl2+ 3 A1|A1|233 -3 AO‘A1|2BS + 3 A2|A1|QC2

+ 16 AgAraz” + 2240 Ajazar + 2 (20 A1Ch + 7 AgCa)as — 70 AgCrang — % AoCi¢1 — 32 AvArars — 28 AgAiCa
+ 70 A5Cy +20 A4C — 2 A2Cy + 2 A1 Cs — ; (2 A0|A1|*Cs + 60 A3Ch + 21 AsCy — 3 AgCy)an

+2(47 AgCron — 27 A2Cy — 9 A1Ca)as + % (60 AgArai3 + 2 AgBs — A1C3) aus + 84 (20 Ajas — Ao B1) s

+2 (24 ApAiaq — Ala)ﬁ + (8A1a1 +9Agas — 9 As)y + % Ay — %
—2(656 AgA1|A1|" — AranCh)an — 16 (2 A5an + AT — 2 Ag Az ) ot + 2—14 (1960 AgCrar — 2240 Ao B2 — 171 C1Ch ) oz

13
(11 A1C1 +4 AoC2)Co + C2Er + 3 CEs

+8 (6 Ajan|A1|* + 5 AT|A1|* — 10 AgAo| A1 |*)as — 2 (32 AF| A1 |* + Apan C7 — A2Ch — 12 (2 A30n + AT — 2 Ao Az )an)aa
—|— 16 (4 A0A1|A1|2 — A3a4)075 —4 (11 AOA10¢1 + 18 Ag()é3 — 2A1A2 — 18 AQAS)CT)

2 1 1
w3 = 520 AoAlag — % AOEQ‘Al'Q — 800 AOA1a13 — AOC’lng + m (22 Bl|A1|2 —|— 5B5)C1 — ﬂ BQCQ + 20 A1E4
1 2 15 . —— 5 2 __ _
=+ § (139A001|A1| — 5414131)(12 =+ § E1B1 + & (Cl — 144A0E1)a4 — (13 A101 — Aocg)a7

Wy = % C1Ca|A1]? — 49 A1 E1|A1|* — 21 Ao B5|A1]? — 48 Ao Ezan — 432 AgAvang — 4 A1Chag + % AoCiCi + 48 A2
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12415 +8(3 AoChan — 3 AsCi — A1Ch)as + — (C1 — 336 AoF ) o — % (20 Aoz — Bi)yi — % O\ s
+ 2 (20 A — AoB1)Go

ws = 288 AJ|A:|*as — 772 AoBa|Ar]? — 1 BI|AI|2€1 — 84 AgF1ai3 — 192 Ag Ao + 1 Alcfo+ 6 A1 Bs + 84 A3 Fy
+30A42F3 — 2(32A1F1 + 15 AoF3)an — = (2016 AG|A1* a7 — 104 Ao A1 [*Ch + 14 Ao Bs + 35 A1 C) aa — i ng
+ = B2B1 + = B1B3 + —

5 280 (
— (AoCiat +4 AoBz)az + ? (20 Afas — AoB1)as + 6 (56 Ao Avar + 16 Agas — 2 AgBy — 3 A1 Ch )ay

1152 AoBl|A1‘2 + 35 Clﬁ)a — ? (3 A()C1|A1|2 — 728 A()Alaz)aie,

1
we = 720 A0A1a2|A1|2 —|— 64 A(Q)‘A1|2(Xiﬁ — 16 AlBl|A1|2 — j A033|A1|2 —|— 8A0010¢10¢71 — 16 AOBQOCI — 8A001,B

64
— 48 A0A1a9 =+ 16 A2B2 —+ 2AlBs 4+ = 5 (98 A0|A1| + 532)01 + — (20 A0a2 — AoBl)Oé4 + = CgBl
— (5A1C1 + AoCo)aia + 96 (4 Ajan — AT — 4 AgAs)air

wy = 144A0A1a1 — 16A0|A1| Cl — @ A2B1|A1| — g A1Bg|A1|2 —+ é Ao‘A1|2% — 15 A49C 112

(13 ACy + 3Ang)a1a1 + 12 A()A C-Q + 30A332 + 6A235 + — 10 (1088A1‘A1| + 75 B4)C1
+ g (64A0|A1| + 332)02 + g (160AoB1‘A1| — 64 A1By — 16 AgBs + Clﬁ)al
— 24 (86 A3a1|A1|2 — 17 A%|A1‘2 — 54 AOAQ‘A1|2)O(2 + 15 (A()Cla71 — 2AoBz)a3
—+ % (187A001|A1|2 + 3200 AOA1052 —98AB; — 24 A()B3)Oé4 + 24 (20 A(%CMQ - A()Bl)as - (13 A1C + 3AQCQ),3
1
* 16 (
—|— 48 (19 A()A10é1 + 15 AOOC3 — 7A1A2 — 15 AoAg)Oé77+ 24 (6 Agal — A% — 6A0A2)0¢79 — %Alﬁ

8 Agas — Bl)’)q + (Cl 720 AoEl)OTQ-i- 2 (9 AoCrar — 3 AxCq — A102)074+ 16 (13 AoAl‘A1|2 + 6A30¢4)O¢76

- 1 (40 ApAiar + 8 Aﬁai — AoB; -2 Ala)g

356 10
wg = — AoBl|A1|4 —+ 80A3|A1‘ g — — AlB ‘A1| — ? AoBs‘A1|2 +4AgCraaz — 16 AgBson — 4 AgCraqz

1 — 1 .
— 56 AgAians +16 As By +2A1B7 + 120 (11 ‘A1| B1 + 40 B5)C1 5 (|A1|201 — B3)CQ
— 2 (464 A5|A1|* — 20 Agar C1 + 9 A1 By + 12 AgBs + 20 A2Ch + 96 (5 Ajon — AT — 4 Ag Az ) o)
1 _ _ 48 ) 3 6
+4 6 (16 AoChiaq — 80 ApBsy — 0101)a4 + g (20 A0a2 — AoB1)/J) +4 % BsB1 + g B1B>
—|— % (25 A101|A1|2 —|— 5AQCQ|A1|2 —|— 72 AoBlal)oTl—l— % (139 A001|A1|2 + 4800 A()Alocg — 90 AlBl — 18 A()Bg)@
- % (5 A1C1 + AoCa)as + (96 Ao Aran + 24 Ajaix — 3 AgB1 — 5 A1C1 )@ + 80 (11 Ao A1 |Av|? + 4 Ajas ) o7
+ 112 (4 Ajan — AT — 4 Ao Ay )ag
w9 = 32 A()Alalcio — 70 A()C1C1 + 35 C1a@ — 32 A0A1C74+ 2 (A()Oél - Ag)’}/z + 2A1’y3 —4 (16 ACL + 5A()CQ)C()
+10C2Er +35C1 Ea
w10 = —15 A101‘A1|2 — 3A002‘A1|2 — 16AOB10¢1 — 12 A001a4 — 40A0A1O¢76+ 1614231 —|— 214133
+ 80 (4 Agal - A% - 4AOA2)CMQ
— 3 45 —
w1l = —12 A(2)|A1‘2C0 — 20A201|A1|2 — 6A102|A1|2 + 5 AO’Yl‘A1|2 - ? AOCICYS + 10 AOA1<1 + 30 ASBl + 6A2B3
+2 (28 AoCh|A1 > — 12 A1 By — 3 AgBs)an + 40 (19 AgAran — 7 A1 Ay — 15 Ag As)as + 30 (20 Ajars — AoB1) s
1 1
— 5 (3T A1C1 +9 AgCa)au + 20 (6 Ajar — AT — 6 AgAs)as — 5 AT

3 -
wig = 32 A()Blaf — 24 A301‘A1|2 — 8A2C2|A1‘2 — Z A072|A1|2 — 36 A001a11 — 10 A()Ang + 48 A4Bl 4 12 A3B3

+ (75 A1C1| A ” 4+ 23 AgCa| A1 > — 32 A2 By — 10 A1 B3 )y — 4 {200 AZod +40 A3 +120 A1 Az + 240 Ag Ay
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— 20 (5 A% + 12 AoAg)al =+ 13 AoE‘l}ag + 3 (29 A()C1‘A1|2 + 440 AoAlag — 14 A1B1 — 4AOB3)O¢3

3
+38 (6 AQC1a1 —3A,Cq — Ang)a4 -3 (11 AC1 + 3A002)a5 =+ 5 (3 A1|A1‘2 =+ 2Aoa4)71 —+ Al’)/4
L%
5
—4(5A0A1|A1]* + 6 Afua ) Co — 40 (AGon — AoA2) &y

w1z = —1472 AoAl|A1|6 + 48 A(Q)a12|A1\2 + 208 A0A15|A1|2 + 6A2‘A1|2E+ 2141|Al|2372 - 6140|141|25ﬁ4‘|’ 6A3\A1|QCT
+ 840 Afanas — 120 AgCrag — 72 AgA1d — 48 ATans — 6 (2 Aol A1[*Br — A1 Bs)on
+6 (24 A A1 e — Ao|A1|°Ch + AoBs) as — 2 (48 A3| A |* — 32 Alaw — A1 Bi) oy

+ 3 (32 AoAloéil -8 Agoﬂ + ADE — Ala) a5 — g (43 A101 + 15 AocQ)O(G =+ % (20 AgOlQ — AoBl)O(7

13  — —_
(20 A%ag — AOBI)CO —+ E B1FE1 +9C1FE5 +40 (7 AoAiaq + 6143043 —2A1A, — 6A0A3)LT(;+ 2 (A()Oél — Ag)%

— 6 A3B3 + 6 A1 Br — 16 (125 AgAron | A1 | — 4 Ay A5 | Ay | + 12 Ag As| A |*) e

+ (269 AoCh| A1 |* + 3952 Ag A1z — 118 A1 By — 42 Ao Bs)az + 24 (2 Afon + 3 Ao Avas) a3

+8 (6 Ajan|Ar|? + 15 AT|A1|? — 6 AgAz| A1 | + 8 Ao Araa) o + 24 (Ao Aran — 3 Ajars — A1 As + 3 Ao As) a5
wia = 192 Ay Az |Ar|* — 192 Ao A3| A1 |* + 240 AgAras| A1 |* + 56 Ag A1 — 10 Agai Br — 300 Aaalo — 96 Ag Ay g

— 189 AgChras — 52 Ag A1 + % Agy10z — 2 (1088 AgA1| A1 [* — 5 A3 By — 4 A1 By + 3 AgBa) oy

+24 (248001 — 3AT — 2 AgAs)onz + 6 (32 A3 Ar|* + 2 A1 By + AgBa + 4 (3 A7 + 2 Ag Az )ain) s

— 8 (10 AJan| A1 |* — 23 AT| A1 |* — 10 Ao A2 | Ay [* ) ova — 3 (55 A1 Chy + 21 AgCl)az

+16 (7 ApAron — 3 Ajas — 5 A1 As + 3 AgAs) B + % (152 Ag Aoy — 8 Agais + AoB1 — 6 A1C1) (o — 12 A4 By

~ 6 AgB; + 6 AT +12 4B — Bl — 16 (34 Ao Avo? — (5 A1 Aa — 3 Ao As)on )T
+2(117 AoCron — 75 A3Cy — 25 A1Ch)ai + 2 (8 Ajad + 32 ATon — 8 A3 + 48 Ao As + AoEh o

wis = 80 AT|A1|* — 32 AgAz|A1|* 4+ 112 AgAraua| A1 |* 4 32 Afanar — 48 ApArana — 144 AgCrar — 32 A8
+2 (16 A5 A1|* + 3 A1 B1)as + 6 (8 AgAran + AoBr)as — 6 As By + 6 A1 By — 5 (25 A1Cy + 9 AoCa)an
+ 16 (AgAron — 3 Ajas — A1 Az + 3 AgAz)aa

wie = 32 AgA1]A1|* +16 AgAronar — 16 Ag A1 B + 2 Agar By — 105 AgChaz — 2 Ao Br + 2 A1 B
—8 (24801 + AT — 2 AgAs)az

wir = 2 AgCi|Av2aT + 240 A2| Ay %67 — 10 Ao Ba| A1 |* — éclml\zci - g AoCiais — 168 Ag A1 + 6 Ay B

_ — 9 — 1 ,—= 18
+3 (96140141071 —3A0B1 — 5A1C1)Ot2 + 20 B1B; + 3 C1Bs + 5

— —_ — 175
wis = —32 A3 A1|® + 16 AGB|A1|” + 2 A1|A1*Br — 2 Ao|A1|*Ba + 2 A2| A1 [*C1 + 24 Ao Arasa — -5 AoCrag

(20 Ajas — AoB1)oa

— 24 ApAr1anz — 2 (AO‘A1|2ﬁ1 — AoBis)OH + (32 ApAiar + AoB1 — Ala) a4 —2A2B3 +2A,1B5
+16 (3 A5on |Ar|? + 2 AT Ay |* — 4 Ag Az | Ay )@ + 98 (20 Ajers — AoB1)aiz + 8 (6 Ao Av| A |* — Ajows ) aia
—12 (2 A5a1 + AT — 2 Ao As) a5

wig = =752 AgA1a7|A1|* — 160 AJano| A1|* + 44 AZC1|A1|® — 32 Aa Az|A1|® + 32 A1 Ag| A1|® + 160 AgAs| Ay |2
+2A1|APE; — 22 Ao|A1|*E2 — 80 Ap Ayazas — 400 Ajamas — 80 AgArans — 58 Ag A1 (s
+ 16 (11 Ay Ag|As|? — 5 AgAs| A1 |* — AgEs)on + 64 (Ajon — AT — AgAz)an

+ 8 (12 Ajan|A1|? + 11 AT|A1|? + 2 Ag o] A1 ) s — 4 {8A§af —10ApAiaz + 8 A3 +8 A1 Az — 16 Ag Ay

—4 (5 A% + 4AOA2)0¢1 + AQEH}OM + 8 (19 A0A1a1 — 12 A1A2)a5 — 10 (24 Agm — 3A0§1 — Ala)ag

+4 (51 AgA1|A1|? + 2 AGoua ) o + 16 A B3 + 20 Ay B + ; (2160 AJ| A1 |*a7 — 113 Ao| A1|*C + 50 AgBs + 20 A, C3 ) a
w20 = 7480 A8a9|A1\2 — 480 A%ﬂ@ - 800 A0A1a2a4 — 60 AOA1C2 — 12 AoagET — 30 AoalEiz
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— 80 (10 AgA1| A1 |* + 3 Afoua ) ais — 30 (8 Ao Arar + 16 Aoz — 2 Ao By — A1Ch ) o7
+4 (37 AgAran + 6 Ajas — 22 A1 Az — 6 Ag Az ) (o + 10 (6 Ajan — 5 AT — 6 AgA2) (1 + 12 A3 B + 30 A2 E
+30 A1 Ey + 10 (288 A3|A1|* — 3 Aoar C1 + 8 A1 B1 + 6 Ao Bz + 3 A2C1 + 4 (18 Agan — 5 AT — 6 Ag Az )an) s
wa1 = —320 Ajae| A1 |* — 320 Afazas — 40 AgA1C1 — 16 Aoon By + 32 (Ajon — AT — AgAz)Co + 16 AsEr + 20 A By
—20 (8 AgAyar — 2 AgB1 — A1Ch)ai
was = 16 AJat|A1|* + 64 ATan|A1]® + 20 A3Co|A1|* — 16 A3| A1 | + 96 AgAs|Ar|> — 10 Ao| A1 |PEr — 48 AgAran
+8(TAoArar — 3 Ajos — 5 A1 As + 3 AgAz)as + 12 (2 Ajon — 3AT — 2 A0 As) o5 + 12 A1 B
w3 = —1088 Ag A1 sl + 20 Aj¢oais + 448 Ao Arans — 16 (91 AgAran + 27 Ajas — 51 A1 Ay — 27 Ao As) ar

— 56 (10 Ajar — 7 AT — 10 AgAz) s + 2 {440 AZa? 4200 A3 + 320 A1 As + 80 Ap Ay

—32 (13 AT + 20 ApAz)ar — 5 AoEl}az

wogs = —160 Ag<1|A1|2 —+ 80 AO‘A1|2€10472+ 16 A1|A1‘2E+ 80 A0|A1‘2E — 80 AOA1C3 + 32 AQOL4E
— 32 (AoA1|A1|* + 2 AZ0u) o

wos = —1008 A3a8|A1|2 — 1040 AgA1iq4a3 — 360 AgascTz + 168 Ag A1 — 8 {61 AoAiar +15 A(2)CV3 — 354145

_15 AOAg}% — 48 (47 AgAv| A1 | + 12 Ao ) o — 48 (4 Agon — 3 AT — 4 Ap As) o
+8 (386 Agan| A1]” — 145 AT A1 |* — 230 AgAs|As |*) a2

Then we have

—K9E0®ﬁo:
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16 A2| A4 | 3 -3

—64 Ag A1 |A1|? + 64 A1 Ag| A1 | + 16 A2y 4 -3

K1 5 -3

K2 6 -3

—4A1C1|A12 — 80 A%a 0 1

8 AgCrai|A1]? 4+ 320 AgAraias — 8 AoC|A1[2 — 2 A1C2|A1]? — 320 Ay Ay — 4 A1Cray —40A%a5 1 1
8 AgC1|A1]* + 384 AgAra] Ay |? — §A131|A1|2 —4A1Crag — 96 A%ar 0 2

K3 0 3

K4 1 2

—40 AgCraias + i C1C2|A1]2 — 4 AL E1] A1 4+ 40 AxCran + 10 A1 Caas + icfm +10A:C1as -2 5
K5 2 1

64 A3|A1|° — 16 AF| A1 |°aT — 96 Ao Ar| Ar a7 + 4 A1 | A1 [P By — 24 (2] A1 a7 — @5) A 3 -1
K6 4 —1

K7 3 0

—128 AgA1Co|A1|> + 64 A1]A1|PEL 6 -3

—64 AgAq|A1]* + 16 A%ag 3 -2

K8 4 -2

K9 5 —2

—64 Ag A1 a1 (o + 80 Alarag + 64 Ay AaCo + 20 A2¢ — 20 Ay Bian 7T —4

K10 8 -5

160 Ao A1| A1 |*az — 40 A%ae 7 -5

icf\A1|2+20A101a2 ~3 5

48 AgChaz| Ay |? — 320 AgAra2 + % B1C1|A1|? + 16 A1 Bias + 20120744- 24 A Chave 3 6
—Z Cian -6 9

320 AgAjaras — 96 A2y — 320 Ay Asaz 8 —6

K11 9 —6

16 A%2¢o 6 —4

—80 Aaz 7 -6

800 A A1 a2 1 -8

where

K1 =64 A3 A1)? — 80 AT |A1|” — 128 AgAsan |A1]* — 96 AgAras| Asl?
— 64 AgAranas + 64 A3 Ar|* 4+ 96 A1 Ag|Ar|? — 24 (200 | A |* — a5) AT + 64 A1 Asou
K2 =192 AgAra7|A1|* + 192 Afaras| A1 |* + 64 AJaTas + 16 (4aF — o) AoAr|Ar|” — 256 A1 Asan | As |?
— 192 AgAgan|Ar]? — 112 ATas| A1 |* — 192 Ag Asas|As|? — 64 AgA1Go| A1 |* + 96 (201 |A1]* — as) ApAron
— 80 Ajanay — 128 AgAsaray — 96 AgArazay 4+ 192 As Az | A1 |* + 128 Ay Ag|A1|* + 8 Ay | AP EL
=32 (205]A1° + aras — a11) AT — 96 (2ca| A1 |* — a5) A1 Az + 64 Ajas + 96 Ay Azou
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32 4 _ _ __ 8
k3 = —448 A3a2|A1|4 -+ E AoBl|A1‘4 =+ g A16’1|A1\2a1 + 12 AOC’1|A1|2a4 + 448 A0A1|A1‘2OL7 — g AlBQ|A1|2
1 — __
— 5 01|A1|2B1 + 80 A%Oé2071+ 224 Ag Ao + 112 (Otgail — OTS)A% +6 (2 ‘A1|2071 — OT5)A1C1 —20A100B1
1
- 36 A1 Biag

44 32
K4 = —768 Aga1a2|A1|2 —+ E A101|A1|4 —+ 4A002|A1|4 —+ E AoBla1|A1|2 =+ 528 A%D@‘Alﬁ + 768 A0A2a2|A1|2
32 8
+ 16 AoC1a4‘A1|2 + 192 A0A1|A1|2a76+ 384 Ap Aoy — E AgBl|A1|2 — g AlB3‘A1|2 + 8 AgCia10

+ 384 Ag A1y + 48 (2 a2|A1|2 - OTQ)A% +8 (2 |A1|4 + aron — ﬂ)Alcl - %6 A1Biroy — Z Ciag — 8 AxCiaz
— 2 A, Coag — 384 Ay Asarr
ks = —320 Ajatas + 8 A1 Cran|AL]? + 4 AgCaar|Ar|* + 12 AgCras|Ar|* — 16 AgA1|A1|*Co + 400 ATan a
+ 640 Ag Az + 480 Ag Ay aaars + 8 AgCranay — 12 A3Ch|Ar|? — 4 A2Co| Ar]? + 2 Avyi|Ar|* 4 160 Ag Ayon @
+6(200]A1]* — a5) A1Cy — 320 ASary — 480 Ay Azas — 8 A2Chrovs — 2 A1Caas — 160 A1 A>T
ke = 256 AgA1|A1|® + 192 AJoua| Av|* + 64 Ao Aron | Ay P8 + 192 AJan | As G + 192 (2| Aa[* + onar — B) ApAx| As |
— 8 A1 |A1|*Br — 64 A1 Az| Ay |Par — 20 AgCy| Ay [Pz — 144 AT| Ay |*ag — 192 Ag Az | Ay |Pa
+96 (2| A1|*a7 — @) AoAran + 8 Ao| A1 |*Br + 8 A1|A1|° Bz — 16 ATouair + 480 Ao A1z — 96 AgAs oz
— 48 (2 |141|2074+ ason + ooz — Oéilz)Ai — 96 (2 |A1|2071 — 075)141142 +10A:C106 +4A104B1 + 16 A1 Bioi

_ _ - 8 — . _
R7 = 64A0A1|A1|4a1 —|— 128 A%|A1‘4O¢4 — 8A0|A1|4Bl — g A1|A1\4C’1 + 128 (2 |A1‘2041 — 055)A0A1|A1|2 — 16 A%|A1\2a3

+ % A1) AP Bs — 16 Alarar — 32 AgAvar® — 32 (2| A1 [’ + aras — air) A2 — 4 A1Cro + 4 Ay B
ks = 128 Ajan| Ar|" — 96 AT|As|" — 128 Ag Ao| Ay |* — 128 Ao Araa| A1 |* — 64 AgArandi — 32 (2|Ax|* + anar — B) AT
+ 20 A1C1az + 64 A1 Asaa
Ko = 448 AgAran |A1]* +192 Adas| Ar|* + 256 Ajaiaa| Ar]* — 320 Ay Az |Ar|* — 192 Ag As| A |*
+192 (201 A1 * — a5) Ao Ar| A | — 176 AToua| A1 |* — 256 Ao Asua| As|* + 64 Ajedas + 128 (2| Ar|* + andar — B) ApAran
— 64 AgAraf — 40 AgCronaiz — 80 Afonais — 128 Ao Az — 96 Ao Arastis — 48 (2| A1 |* + astin + andia — aaa) Al
— 128 (2| A1 [* + anair — B) A1 Az + 24 A1 Crar + 40 A2Chaz + 10 A1 Coti + 64 A3ai + 96 Ay Atz
K10 = —320 Ajan|A1|*az + 192 AgArar|A1] + 304 AT|A1|*a2 + 320 Ao Az |A1|*a2 + 160 Ao Ararag + 160 Ao A1 cuta
+48 (2]A1 %65 — ag) AT — 160 Ay Az
k11 = —320 Ajaiaz + 384 Ag Ao ar + 400 A anas 4 640 Ag Asanaiz + 480 Ag Ay asaz + 112 (e — ag) AT — 384 Ay Asarr
— 320 Ajan — 480 Ay Asaz

Gathering these two terms, we obtain

5 e oo R o o
25— (Z|H\2h0®ho+ (H,h0>2> =971 ®Q(ho) — Kgho®ho =
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—16 AgCra1 + 16 AsC1 + 2 A1Co
—30 ApgCras + 8 AgA1{o + 30 A3Cy + 6 A2Ca — 6 (4 A1C1 + AgCa)an — A1m
T
™2
20 A1 By

—48 AgF1a1 +48 Ao E1 + 12 A1 E3

2 1 1 1 1
£ C?|A1|? — 35 AgE1|A1|% — 5 AoCrG + m B3Cy — m B1Ca +20 A1 Bz + (21 A1C1 + ApCa)az

3
T4

—% CoEq1 — % C1E3
s
6
7
!

™9

10

T14
™15
1
-~ C1E
2 141
3 5 1 R
— = B|E; — ~C1Ey — — (85C% — 432 AgE1 ) o
10 141 9 142 72( 1 0 1) 2
—48 AgC1{o + 24 C1E1
—480 Agar2Ey + 48 (20 A3ag — Ao B ) o + 24 BI By
16
2 2 48 2 — — 3 =
192A0a2|A1\ 7€A031|A1| 73A001a47144A0A10¢7+6A132+§ClBl
17
~96 Ao A1 + 48 AgEras + 12 (8 Ao Ara — 8 Ao + Ao B1)Co — 6 B1E1
18

19

20
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w21 6 -4 0

—24 AgA1{o + 12 A1 Eq 5 —4 0

T2 5 -3 0

T23 9 —6 0

—16 A2a1|A1]? + 8 A%|A1|% +16 ApAz|A1]2 —8 ApAray 3 -3 0

—48 AgAran|A1]? — 48 A2ai3| A1 |2 + 48 A1 Az|A1 | + 48 Ag A3z A1 — 24 ApAjas 4 -3 0
—9A0C1|A1|2 — 120 AgA1an + 6 A1 By -1 1 0

—96 A2¢o|A1|* + 48 Ag|A1 |*Er 5 -3 1

24 6 -3 1

—720 Aa7|A1|* — 1360 Ag A1 | A1|*a5 — 360 AJaudz + 120 AgArag — 60 (2 AJan — A7 — 2 AgAz) e 7 -5 0
25 8 —5 0

—480 A2| A1 |*@z + 80 Ap A1 e 6 -5 0

864 Ao Ay s 10 -7 0

240 AgArar — 120 (2 AJan — A} — 2 AgAs) oz 7 -6 0

—240 Aforsaz + 336 Ao Aras — 192 (2 AJan — A} — 2 A9As)ar — 16 (41 AgArar — 15 A1 As — 15 AgAz)az 8 —6 0
—80 AgA1a32 + 1440 Ag A1 3 1 -8 0

160 Ag A1 a2 6 —6 0

—~160 A%¢oaz + 80 AgEraz 9 —6 1

6 A1Cy -1 0 0

—6A1C1Co -1 4 1

where

T = 32 AoCul% — 414001(0 + 48 A4C1 +12 A3C5 — 2 (16 AxCh + 5A1CQ)(X1 —6 (714101 + 2A002)O<3 +4 (AQOQ — Ag)’}q

1 — _
+5 A2 +2C1 B — 32 (Ajon — AoAz) o

28 — 4 —
T2 =T A0|A1‘4Bl 3 A1|A1|401 — 336 AgArcv@i” + 32 A3|A1‘ a1z + = Al‘A1| Bs — A0|A1| Bs + A2|A1‘ (e

— 16 AgA1@z” 4 2240 Ajazar 4+ 2 (20 A, C1 + 7 AgCh)at — 70 AgCrang — Z Aoclg1 — 32 AgA1ai — 28 Ao A1Cs
+ 70 A5Cy +20 AsC — 2 A5Cy + 2 A1 Cs — ; (2 A0|A1[*Cs + 60 A3Ch + 21 AsCs — 3 AgCy)

2(47 AgCron — 27 A;Cy — 9 A1 Ca)as + % (60 Ao A1z +2 AgBs — A1C2) au + 84 (20 Ajaz — AoB1)as
+2 (24 AgAsar — A1Ch) B+ (8 Avon + 9 Apais — 9 Ag)y + 3 5 Arvs — 1 (19A101 +4 A0C2)¢0 + C2E1 + E C1Eo

(1960 AoChar — 2240 Ao By — 171 C1Ch ) oz

(
-2 (496 AoAl‘Al — Alala)oﬁ — 16 (2 Agoq A2 — 2AOA2)O¢11 + — 2
(

+8 6A0a1|A1 75A2|A1| 710A0A2|A1| )CM3+2{32A3|A1|4A0CM16H+ 2A1E+ AQCT

=+ 12 (2 Agoq Al — 2AOA2) }014 — 16 (4 AoAl‘A1| + A0a4)a5 —4 (11 A0A1a1 + 18 A0a3 — 2A1A2 — 18 AQAg)?
2 320 1

Ty = 200A0A1a2 - — A0E2|A1‘ - 800A0A1a13 - A()Clag 4+ — Y (14B1|A1| —+ B5)Cl - — BQCQ +20A.F4

— % (293 A001|A1| —90 A1B1)042 +4 g ElB1 4+ @ (1701 — 720 AOE1)Oé4 +4 (11 ACy + AOCQ)
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Ty = g ClC’2|A1|2 — 53 A1E1|Al|2 —21 A0E3|A1|2 — 48 ApEran — 432 ApAraia + 6 A1 Cias + %AOCHCTJr 48 A Es
1
+12AFE5 —2 (8 AoCrar — 8 AxCH — Ang)ozz + = (Cl — 112 AoEl)a4 — ? (20 Agas — B1)’}/1 — ZO 01%
9 _
+ = (20A§0¢2 - AoB1)C0
Ty = 288A8|A1| ag —_ AoB4|A1‘ — 1 B1‘A1|za— 84A0E1a3 — 192 A0A1a715+ l A101<70—|— GAlBG —+ 84A3E1
+30A3FE3 — 2 (32 AE1 + 15 A()Eg)al — ? (2016 A0|A1|27 — 104 A0|A1‘ Cl + 14 A()B3 + 35 Alcz)az 4 Cl’yg

+ - B2B1 + = 5 B1B3 + — 280 (1152 AoBllAﬂZ + 35 C1B71)071 — ? (3 A001|A1|2 — 728 AOA1052)073

— (AoCrar +4 ApBo)aa + g (20 ASO@ - AoBl)CT&s—l- 6 (56 AgArar + 16 Adag — 2 AgB; — 3A1071)077

e — 1104A0A1&2|A1|2 —+ 64A3|A1‘ OZG —_ = A Bl‘A1| — E AoBg‘A1|2 —+ 8Aoc1a1a71 — 16A0B2a1 — 8140016

64 1 —
— 48 AgA1ag +16 AsBs +2 A1 Bs + — 5 (138 A0|A1| —+ 5B2)Cl =+ E (20 AooéQ A()Bl)a4 =+ g CoB;

- (9 AC1 + A()CQ)T4+ 192 (2 A%al - Al — 2A0A2)0&77
Ty = 144A0A10713 — 16A(2)|A1|2C71* 28 A231|A1|2 — 8A133|A1|2 -+ §A0|A1|2%7 15 AgC1ra2
_ 1 _ 3 _
3 (7A1C1 +4 AoCQ)OéloTl + 12 AOA1C:2 + 30 A3Bs 4+ 6 A2 Bs + g (416 A1|A1|4 + 15 B4)C1 + g (32 A0|A1‘4 =+ BQ)CQ

+ i (2656 AgB1|A1|* — 960 Ay By — 240 AgBs + 15 C1 By ) an — 24 (118 Agon | Ay | — 43 AT[A;|* — 86 Ao As|A1|?) vz

+15 (ApChag — 2 AgBa)as + = (267 AoC1|Aq|* 45120 Ag Ay — 114 Ay By — 24 AgBs ) + 24 (20 Ajaz — Ao Bi)as
1

= 3(TACy + AoC2)B + 1 (8 Avaa — Bi)m — E (c1 +240 AgEr )as + 2 (13 AgCran — 7T AsCy — 2 A, Co)aig

+ 16 (25 Ao A1 |A1|* + 6 Ajova ) aig + 144 (9 AgAran + 5 Agars — 5 A1 Az — 5 AgAs)air + 72 (2 Agon — AT — 2 AgAs)aig

1 1 — —
— AT - 5 (40A0A1CT1+8A3074— AoBi — 2A1(Jl)§0

452
Ty = —— A()B1‘A1|4 —+ 80A8|A1| g — — A B> |A ‘ - — A()B5‘A1| + 4A0C1a1a3 — 16 AgByax1 — 4 AgCraiz

— 56 AgA1aig + 16 A2 By + 2 A1 By — ﬁ (49]A1*B1 — 40 B5)C1 — ﬂ (|A1°Cy — B3)Ca
—2(688 Ag|A1[* — 20 Ao C1 + 19 A1 B + 12 Ag Bz + 20 A2C1 + 96 (5 Ajar — 2 AT — 4 Ao Az)ar) ez
1 _ — 48 2 3 — 6 —
+4 6 (1614001061 —80ApBs — Clcl)a4 + ? (20A0a2 — AoBl)/B +4 % BsB1 + g Bi1B>
+ % (125 A1C1| A1 |* + 5 AoCa| A1 | + T2 Ao Bron ) o + % (319 AoCh|A1|* + 8160 Ag A1z — 138 A1 By — 18 A Bs )i
= % (17 A1 C1 + AoCo)ais + (96 Ao Aran + 24 Agaia — 3 AoB1 — 5 A1Ch )@ + 16 (83 Ao A1|Av|* + 20 Ajas ) o7
+224 (2 Aj0n — AT — 2 Ao Ay )ag
9 = 32 AOA1041CT) — 70 AOCICI + 35 Cla@ — 32 A0A1C74+ 2 (A()Oél - Az)’yg + 2A1’y3 —4 (16 ACL + 5A002)C()
+10CoE1 4+ 35C1 Ea
™10 = —19 A101‘A1|2 — 3A002‘A1|2 — 16AOB10¢1 — 12 A001a4 — 40 A0A1a76+ 1614231 —|— 214133
+ 160 (2 Ajar — AT — 2 AgAs)an
— 3 45 —
i = —12 A5|A1*Co — 28 A2Ch|Av > — 8 A1 Ca| Ay |* + 5 Aoyi]As|® — < AoCras +10 Ao A1(1 + 30 A By + 6 A2 By
+2 (32 AoCl|A1|2 —12A:B; — 3A()Bg)0¢1 + 120 (9 AogAiar — 5 A1 A — 5A0A3)a2 + 30 (20 Agaz — A()B1)a3
9 1
— 5 (5A1C1 + AoCa) o + 60 (24301 — AT — 2 A0 As)as — 5 AT

T = 32 AoBlaf — 36A3C1|A1‘2 — 12A202|A1|2 — 2A072|A1|2 —36 AgCra11 — 10 A0A1§:+48 Ay4B1 +12 A3 B3

+ (95 A1C1|Ar|* 4+ 27 AgCa| A1 |* — 32 A3 By — 10 A1 Bs)a — {280 AZod +120 A3 + 240 Ay Az + 240 Ag Ay
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— 200 (A% —+ 2A0A2)a1 + 13 A0E1}a2 +3 (33 A001|A1|2 4+ 600 AgA1as — 14 A1 By — 4AoBg)a3

—+ 2 (28 AoClal —_ 16 AQCl — 5Ang)a4 — 3 (13 A101 =+ 3A002)OL5 4+ = (13 A1|A1| —+ 6A0a4)71 =+ A1’Y4

26 13 o N

=+ g (20 A%ag - AOBI)CO —+ g Bi1FE1 +9C1E3 +40 (11 ApAioq + 6A0a3 —6A1A — 6A0A3)CM76
-+ 2 (A()Otl — Az)% — 12 (3 A0A1|A1|2 =+ 2A(2)CZ4)6 — 40 (Agozl — A()Az)a

T3 = —832 AgA1|A1|® + 48 AJav12| A1 + 16 Ao A1 8| A1|* + 14 A2|A1|*B1 + 10 A1|A1|* B2 — 6 Ag|A1|° By + 6 A3|A1|*Cy
+ 72 AgAr1aizaz + 840 A%agaa — 120 AgCrag — 72 AgA16 — 2 (10 A0|A1‘2E — 3A1§3)O[1

+6 (24 A3 | A1 |*ar — Ao| A1 |*C + Ao Bs)as + 6 (16 A Av|* + A1 B1 ) aa + 3 (32 Ag v — 8 Aja + Ao B — Ai1Ch)as

2 (13411 +5 AoCa)ag + O (20 Az — AoBr)ar — 6 As Ty +6 A1 By

_ 16 (97 ApAron | A1 |” + 12 Ay A5 | Ay |* + 12 Ag A3 Ar | )@ + (249 AoCh| A |” + 4432 AgAras — 102 A1 By — 42 Ao Bs) oz

+8 (30 Ajan|A1|* — 15 AT|A1|? — 30 AgAa| A1 |* — 4 Ao Arau)ais — 72 (Ao Aron + Afas — Ay Ay — AgAs)as
s = —384 Ay Ag| Ay |* — 384 AgAs|Ar|* + 48 AgAras| AL |? — 8 AgAra] — 10 Apai By — 300 Ajaalo — 96 AgA1ang

189 AoChas — 52 Ao ArCs + ? Agi@s — 2 (544 Ao A1 | As|* — 5 A2 By — 4 A B3 + 3 ABi)an

+24 (24501 — AT — 2 AgAs)onz + 6 (64 AG| A |* + 2 A1 Br + AoBa + 4 (AT +2 Ao As2) o) s

+88 (24501 |A1|? — AT A1 | — 2 Ao Az | A1 [*) s — 3 (47 A1 Cy + 21 AoCa)ar

— 16 (AoAran + 3 AJas — 3 A1As — 3 AgAs) B + = (152 AoAvar — 8 Ajaa + AoB1 — 6 A1C1) o — 12 AuBy

— 6A3B2 =+ 6A2B4 + 12 A1Ba — Z BlEl — 16 (26 AoAla? +3 (A1A2 + A()Ag)a1)a71

2 (9714001051 — 55 A4,C1 — 20 Ang)ch—f— 2 {40 Aoal 48 AgArois + 24 Ag + 48 A1 A3z + 48 Ag Ay

— 32 (A% + 2AOA2)al + AOEH}OM

15 = 80 AT|A1|* — 160 Ao Aa| Ar[* — 16 Ao Araa| Ar|* — 48 ApAr o — 144 AgCrar +2 (80 AG| A" + 3 A1 Br)en

+6 (8 ApAiaq + AOE)QB —6A3B1 +6A1Bs — 15(TA1C1 + 3 AoCo)az — 48 (AOA1a1 + Ajos — A1 Ay — AOA3)074
w16 = —32 Ao A1 A1 + 16 AgAranar — 16 Ag A1 B + 2 Agan By — 105 AgChaz — 2 As By +2 A1 Ba

—8 (2451 — AT — 2 A0 A;) e

1 — 3
7 = 2 AoCh| A1 |G + 240 A2| Ay |27 — 10 AgBa| Ay |* — g Cr| A1 PO — 5 AoChi5 — 168 Ao A1 + 6 A1 B
9 18
—|—3(96AOA10¢1 —3AoBl —5A101)O¢2+ 0B131+ ClB3+ (
175

s = 32 A3|A1[® + 16 AJB|A1|* + 6 A1 | A1|* By — 2 Ao| A1|* Bz + 2A2|A1\ Ci+ 24 ApArenas — —= AoCrag

20 Ajaa — AoB1)a

— 24 Ao Avas — 2 (Ao|A1|°C1 — AoBs)an + (32 AgAvar + AoB1 — A1C1)as — 2 A2 Bs +2 A1 B
+16 (3 Afau|Ar|* — 2 AT| A1 — 4 Ao As| A1 [*) @ + 98 (20 AJas — Ao B )az — 8 (6 AoAv|As|* + Afau)as
—12 (2451 — AT —240A:) a5

T = —304 AgA1ai|A1]> — 160 AJaio| A1 | + 44 AGC1| AL |” + 56 Ao Araras + 160 Az Az| Ay | + 160 Ay Ag| Ay |
+ 160 AgAs|A1|* +10 A1|A1|PEr — 22 Ao|A1|°E2 — 80 Ag Arazas — 400 Ajaaas — 80 AgArans — 58 AgAr(s
—16 (17 A1 Ag| A1 | + 17 Ag A3| A1 |* + AoEs)on + 32 (2 Ajan — AT — 2 AgAs)an
+ 8 (36 Ajan|Ar|* — 11 AF|Ay|* — 22 AgAo| A1 [*) as + 4 {8 AGad — 14 AgAras + 8 A3 + 16 Ay Az + 16 Ag Ay

-8 (A? + 2AOA2)0¢1 — AoEl}Oé4 — 10 (24 ASOT4 — 3A0§1 — Ala)aa +4 (31 AoAl‘A1|2 + 2A30¢4)C0

— — 2
+16 A2 By +20 Ay s + 2 (2160 AJ| Ay o — 113 Ag| A1|*Ch + 50 AgBs + 20 A, C3 ) oz

T20 — —480 AgaglAl ‘2 — 480 Aoﬁocig — 800 A0A1a2a4 — 60 A()Al 2 — 12 A()Oé:;E — 30 Ao()élEiz
— 80 (10 Ao A1| A1 [* + 3 Afas) s — 30 (8 AgAvar + 16 Ajas — 2 AgBr — A1Ch) o7
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+12(7 AgAron + 2 Ajas — 2 A1 Ay — 2 AgAs) o + 30 (2 A5 — AT — 2 AgAz) (1 + 12 As B + 30 A B + 30 Ay By
+30 (96 A3| A1[* — AoarCy + 2 Ay By + 2 Ao Bz + A2C1 + 4 (6 Ajan — Af — 2 AgAs)an)az
mo1 = —320 Ajas|Ar|? — 320 Ajamon — 40 AgA1(r — 16 Agar B + 16 (2 Agon — AT — 2 AgAz)Co + 16 A2 By
+20 A1Ez — 20 (8 AgArar — 2 AgB1 — AiCh)as
ma = 80 Agat|A1|® — 96 AgAras| A1|? + 20 AZCo| A1)® + 48 A3| A1 | 4+ 96 Ay As| A1 4+ 96 AgAs|A1|> — 10 Ag| AL |PEL
— 48 AgArany — 64 (AT A1 | + 2 Ao Az | A1) on — 8 (Ao Aran + 3 Ajors — 3 A1 Ay — 3 AgAsz)ou
+12 (24501 — AT — 2 Ao As)as + 12 A1 B
a3 = —608 Ag A1 stz + 20 AgCodiz + 448 Ag Arans — 16 (67 AgAran + 27 Ajors — 27 A1 Az — 27 AgAs) ar
— 280 (2 A5c1 — AT — 2 A0 As)as + 10 (56 Aja + 8 A3 + 16 Ay As + 16 AgAs — 32 (AT + 2 AgAs)an — AoEr )a
a4 = —160 A3C1|A1|* + 80 Ao| A1 |*Craz + 80 A1 | A1 |*Ex + 80 Ag|A1|* Bz — 80 Ao A1Gs + 32 Ago By
— 32 (5 AgA1| A1 |? + 2 Afua) o
a5 = —1008 Ajas|A1|* — 880 Ag Ay cudiz — 360 Ajastia + 168 AgArane — 8 (41 AgAron + 15 Ajas — 15 A1 As — 15 AgAs) s
— 48 (43 Ag A1 | A1 | + 12 Ao ) ar — 96 (2 AGon — AT — 2 Ag Az ) g + 8 (346 Agan | A1 |* — 95 AT| A |* — 190 Ao A | Ay |*) oz

Finally, the extra terms are (we have two expressions in order to determine in which order we take scalar products)

5 — =g P
Z\H|2ho®ho =

5 2y (1 2
1 (44]) (%) 20
5 1 5 1 5 1 5/ 1 1
3 (840t (707) +5 (a0 (30F) + 5 (44]) (5Or02) + 5 (-5 00) (300) 3 0 0
5/ 1 1 s
} () (G0 R
5 1 5 1
5 (@) (§B:6y) + 5 (-8t (67) 2 1 0
> (1a1) (;000) 4 -2 0
5 J R 1 .\ 5 1,
5 (414%) (Z ClBl) +5 (—8140141061) (Z 0101) +5 (8A1A2) (Z 0101) + 5 (414%) (Z 0201) 5 -2 0
5 (—%Al(]l) Gclcﬁ) 1 2 0
5 (442 (LB 8Ao A (Foar) +2 (143 (e 4 10
5( 1)1114-5(— 01\1|)111+§( 1)112 -
> (aa2) (1?12) 6 -4 0
5 l—0+r\ 5 - 5 1—
5 (4 A7) (Z B101> +3 (—8 ApAicn) ( C1 ) 5 (8 A1 Ay) (Z 012> 7 -4 0
5 2 1—2 2 1
2 (—saoailai) (300°) + 2 (1a}) (;0005) 6 -3 0
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5
JAIC
5
2
5 3
_TG AlCl

L5 AgACRar + 5 A ASCE + O ARCHC — % AT

5 AcALCE| AL + gA%Blcl

5

2

—10 AgA1C1on Ch + g AIC1Br +10 A1 A2C1Ch + g A3CyCY

A?Cla

72141012071
5 — 5 _
—10 AgA1C1|A1|*Cr + 3 AlBiCh + 3 AICi O,
5 o—2
1 A3CH
-5 14()141061?12 + g AIB.C, + 5A1A2?12

5 Ao Ay | AL PTRE + g A2TiC,

(A1Ch) (ArCh)

X1

(41Cy) (—% cf) LAY (—é cf)

(=2 40C1|A1[*) (ALC1) + (=2 A0Ci[ A1 *) (ALCh) + (AL B1) (AiCh) + (A1 B1) (A1 Ch)

(A1Cq) (A10T) + (A:Ch) (thT)

X2

(-5) (0) + (-5 €F) (40) + (i) (5 T ) + (i) (5 i)

X3
(A1071) (A1ﬁ1)

X4

(—2 AO‘A1|2ﬁ1) (Ala) + (—2 A0|A1\2a) (A1071) + (Ala) (A1C'72) + (Ala) (A1C'72>
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AiCt 2 0 0
4 AgA O + 4 AL ACP 42 A2C1Co — i ACCS 3 0 0
—% A CY -1 4 0
—4 AgACT AL > + 2 A1B1Ch 2 1 0
2A7C.Cy 4 -2 0
= | —-8A40A41C1a:01 +2ATC1 By + 8 A1 A:C101 +2A3C,C1 5 —2 0 (6.1.50)
,é A CICy 1 2 0
—8AgA1C1|A1|°CL + 2 A1B.C + 2 ATC.Ca 4 -1 0
A2 6 -4 0
—4A0A1arCr + 2 AYB1Ch + 4 A Ay 7 -4 0
—4 AgA;1|AL 2Ty + 2 AZCLC, 6 -3 0

where
X1 = (72 AOC’lal) (A Cl) (
(A0 (A1 Cy) + (ATY) (—0101) (AT (—éaa)
+ (-

x2 = (=2 4001C1) (A1C1) + (=2 Agar C1) (A1Ch) + (A1Cy) (A1By) + (A1Ch) (A1 Br) + (=2 AgCran) (A1Ch)
+ (=2 AC1a1) (A1C1) + (2 A2C1) (A1CT) + (2 42C1) (A1Ch) + (A1C2) (A1Ch) + (A1Cs) (A1Ch)
+ (A41C1) (24201) + (A1Ch) (2 A2Ch)

-2 A0|A1\2071> (A1Ch) + (—2 A0|A1\2071> (A1Ch) + (—2 Aocl\A1|2> (A1Ch)

2A40C101) (A1C1) + (A1C1) (2 A2Ch) + (A1CY) (2 A2Ch) + (A1CY) (A1C9)

X3 = (
+ ( 2 ApCh| A ) (A1C1) + (A1By) (A1Ch) + (A1 B1) (A1Ch) + (A1Cq) (A1C2) + (A1Cq) (A1C3)
= (-

2A00l101) (Ala) + (—2 Aoala) (Ala) + (A1F1) (Ala) + (AlE) (Ala)
+ (A1C1) (2A42C1) + (A1Ch) (2A4,Ch)

We need only 75 for the coefficient in
2907270 gt = 24772 d
which is
m15 = —S80AHATT" — 160 AgAs AT — 16 Ao Areri ;[ — 48 AgAras; — 144 AgCray +2 (S0.A3AT" + 34757 )y
+ 6 (8 AgATaT + AgB1)as — 6 Ag By + 6 A1 By — 15 (7 A1Cy + 3 AgCa)az — 48 (Ao Aran + A3 — Az — Aohs )@
= 6(asAy — As, By) + 6(Ay, By) — 60az (A1, )

Now, recall that

and

. 1 _ —
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SO

1 — 1  — 1 = = 1= = 1 = =
= —B - C = —— C —(A = — C
(o3 0"t 0+8 141 10( 1 1>+8< 1,Ch) 40< 1,Ch)
- - = Qs - o 7i [
(a3Ag — As, 0>f?* 05 3>724<A1,Cl>
- - = 1 - = - =
(azAg — As, 1>__E<A1’Ol>< 1,Ch)
Now, we have
—lCC’ A -2 3 0
R 14 1
AoesTr — = B Gy — 10 do -2 3 0
, 002U 15 101 48 102 0
_ R
5B = ,@Alcl ci -2 30
5 — 1 - 2 — 1 _ _
§a2A001+01A00573—§BQA1—gBlAg—01A3+§(231A0+301A1)a71 AO -2 3 0
1 — _
—-—C1A Ci -2 30
91 “141 1
so there exists A1, Ay € C such that
Br= — |G PA, - 2 (AL GO - (AL G0+ M+ Ay
4= oG AL = oA, G lr = 75{41, O G 140 2A40.
and we have
(v, Ba) = — L |CL 2 (AL, Ay — (A, ) (A, Gy — (A, G (A,
1 4> ﬂ 1 < 1,411 ﬂ 1,1 1,V1 E 1 1< 1 1>
7 = = 1= = —5—=
—fﬂ|C1l2<A1,A1>f§( 1,C1)(A1,Cy)

Therefore, we deduce that

T = 6(0&314}) — /1’3, §1> + 6</_1’1, §4> — 60072</_1’1, 61>

N 7 = - 3. - =, =
<A1,C1><A1aC1>—Z|Cl|2<A1,A1>—1<A1701><A1701>—

11—' = - T
— (A C{ds, G, (6.1.51)

_1
2
T =9, 2 =

= —LIG P, Ay -
Finally, thanks of (6.1.49) and (6.1.50), the coefficient in 24Z~?dz* is
5 = - o - o - =
§|Cl\2<A1,A1> +2(A1,C1)(A1, Cy)

and finally the coefficient in 24Z72 dz* in Dz is

3/ = O 5 o - =
Qo = = (ICL (AL, Ay — (A, G (A, 6 ) = 0. (6.1.52)

z
As the coefficient in — log |z| in 2 is
z

Q1 =-64,C1G
As (A, 71) =0, and
. [T
E = *g(ChCl)Ao

(23)
(24)
(25)
(26)

(27).




o
1 N 1 - =
Co = ZAO'Yl + Aol = *E<01701>-
so we finally obtain
3 - o —=—=—
0 = S(41,C) (G, G =0 (6.1.53)

Thanks of the argument given at the beginning at the section, we are done.

6.2 The case where 0) = 3

Recall the following development valid for all 8y > 3
. - - 1 - 1=
0.® = Az~ 4 A2 4 Ayt 4 Eclzzeo +3G 1277122+ O(|2|% 12 79)
o
X = P = [0 (1 + 2|41 222 + 2Re (q0z + 0n22) + 0(|z|3—€))

fro =2 (A’l — oAy — (2|A’1|2 - |a0|2)/foz) P (Mz — oAy — (201 — a%)/i’o) Zf0

(6o — )C 0 1 O(|2|fo+1—¢) (6.2.1)
20,
H =Re (2901 ) +O(|z]~ %)
25 = (00— (0~ 2)(A1. O 1+ 0(1272).
Also, recall that by conformality of ®, we have
0=(0,9,0,9) = (Ag, Ag)z2%0 "2 + 2(A,, A;) 2%~ 4 (<A’1,A’1>+2<AO,12>) 29°+29 (Ay, C1)|z|?%
ﬁ@ G022 4 0|0+ ~2)
so that
(A, Ao) = (Ay, A1) = (Ao, Cy) = (Ay, Cy) = 0. (6.2.2)

Now, we take 6y = 3 in (6.2.1), we obtain
0.% = Apz® + A 2% + Ayt + icﬁzzi” + 1CTl|z|4 +0(2]>79)
A= J2* 4 2|41 P|2|° + 2Re (0022 + a1 2*2%) + O(]2]779)
fro = 2 (/Tl — oAy — (2|/L|2 - \a0|2)A‘Oz) 242 (MQ — apAy — (204 — a%)[fo) 2 %0123 +0(|2]*9)

H =Re (C;> +0(|2[79)

S o od2t
Qi; = 2<A1,Cl>7 + O(|Z|7E)

And as logarithm will appear in the forthcoming computations, the last column will indicate the power
of the logarithm. Furthermore, as this is a new source of possible mistakes (the algorithms will change
to include logarithms), we will only start from

- - - 1 5 1=
0.0 = Ag2® + A12% + Ayt + 501253 + §01|z|4 +0(]2)°79)

A= |z|4 + 2|g1|2|z\6 +2Re (0402322 + a124§2) + O(|Z|7_e) (6.2.3)
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and recompute ﬁo. First, we check that there is no discrepancy in our transcription.

1 2 2 0
1 A 2 0 0
2141 3 3 0
1 A, 3 0 0 1
- Qo 3 20 . - C;y -1 0 0
.9=1 4, 4 0 0, = c H= 2 (6.2.4)
1 ag 2 30 3 cC, 0 -1 0
0 Ci 1 30
1 . (65} 4 2 0
3 cCiy 2 20
ot 2 4 0
which checks with (6.2.3). Now, we compute the new expression of i_io as
2 Ay 2 00
4 Ay 3 0 0
1
—= cCiy 0 3 0
6 1
ho=|—-4]|4,?+ 20005 A9 2 1 0 (6.2.5)
—2040 A() 2 00
—2 Ay 3 0 0
202 — 4oy Ay 3 0 0

to be compared with

- " . " " " " N . 1o

h,o =2 (Al — OtoAO - (2|A1|2 - |a0|2>A0§) 22 + 2 (2142 - OloAl - (20&1 - Oég)Ao) Z3 - 60123 + O(|Z‘47€).
(6.2.6)

First, there are 7 different terms (of the form A z9%P for some \ € C, Ae 6", a €Z,5 €7Z) in the two

expressions, and we easily check that each coefficient coincide between (6.2.5) and (6.2.6). Now, recall
the fundamental equation

E——

d (ﬁ — 2L + 7 log |z|) = —|H[?0% — 29~ @ (H, ho) © 0 (6.2.7)

If § € C=(D?\ {0},C™) is the unique anti-holomorphic free of the equation

p——

0Q = —|HPod — 29~ ® (H, hy) ® 0

we deduce that

so there exists some 52 € C" such that

H—2L="24Dy+Q+0(z"9).
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so that as L is real, one obtains

e . . e
H = Re <Z> +Re (D2) +Re (Q) +O(|2]*9) (6.2.8)
and we have
2(Agaﬁ—A1)C’1 Ai() 0 0 1 *2A1C1 Aio 0 0 1
R E (7a0 —AT)T A 0 0 1 1 94, A O 0 1 1
Re (Q) = T +0(2]'7%) = - +0(|2[79)
(A@Gﬁ— Al)Cl Ao 1 -1 0 —A101 AO 1 -1 0
(7040 _A)C Ay -1 10 A0, Ay -1 10
= o - 2 - o T
— _2Re << 1,01>AOZ> ~4Re ((A1,01>A0> log |2| + O(|2[*7) (6.2.9)

as (Ay, C1) = (Ay, 1) = 0 by (6.2.2). Therefore, if we define
62 = Re (52) cR”
By = —2(4,,C) Ay e C" (6.2.10)
i =70 — 4Re ((41,C1) 4y ) e R"

we obtain by (6.2.8) and (6.2.9)

" G, =7z -
H =Re <;+Blz> + Cy + 71 log |z + O(Jz]*79). (6.2.11)

This is also something that we can easily obtain by hand, as we only need the first order development
of the tensors. Let us check this.

First, as for all § > 3, we have H = O(|z[2~%), and 8,® = O(|z|?~!), we have
|H 0.8 = O(|z]>~%). (6.2.12)
Furthermore, we have

1 ¢ 130

o =2 (A1 - aodo) 212 + O(|21"),  H = 5773 T 3 zm—z +OUA"™)
so (as (Ay,Cy) = <ATO, C1) =0)
(H, ho) = (A, Cy)zdz + (A, Cy) 2%~ 1227 gz + O(|2[2) (6.2.13)

Now, as
0.® = Apz1 + 0(|2|), € = 2|72 + O(|2|* 1)
we trivially have
e POB = Ayt 4 O(|2[2%0e). (6.2.14)

Finally, by (6.2.13) and (6.2.14), we have

— = p—— — —

g7 @ (H, ho) @98 = (A, C1) Ay~ dz + (A, Cy) gz dz + O(|z>~%)
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so we obtain by (6.2.12) the equation
) (ﬁ — 2L + Flog |z|> = —|H|?03 — 297! ® (H, ho) @ 0B (6.2.15)
= —2(Ay,Cy) 220 — oAy, Cy) Ay~ + O(|2|>~%—%). (6.2.16)
Taking 6y = 3 in (6.2.15) yields
0 (H' — 2L + 7o log |z|) = —2(A;, 61>Ajod*; - 2<1‘Y1,le>df; +O(|2]7%).
so for some DT2 € C™, we have
H — 2L + o log 2| = ~4(A1, C1) Aplog 2| — 241, C1) Ao + O(1=' )

which immediately gives by taking the real part the development in (6.2.11) thanks of (6.2.10).

Now we check that the transcription was correct :

1
3 O -1 001 »m 0 0 1
|1 1
H=|- B -1 1 - —1
5 B 0fl5 Ci 0 0
1 —
L G 0 00)\5 Bi 1 -10

We know from the previous step that we do not have to develop to the next order H to obtain ffl =0,
and by integrating the equation

2
o (0.8) = -
we obtain for some /_1'3 eCr
1 Ay 2 0 0 1
1 A1 3 0 0 1
5 Cy 2 3 0
1 A 4000
EOTO cC; 2 3 0
) 1 45 5 0 0of [} .
8,2(1): 1 — C1 2 3 0 +O(‘Z| 6)
12
: g m 231
6 B: 1 4 0 1
1 3 B 3 2 0
1 — Cl 3 2 0.
= 8
3 Ci 2 20

and by cutting this development to one order less we recover

1 A4 2 0 0

1 A 3 0 0

1 Ay 4 0 0
1
E(11130
1ﬁzzo
81



as expected (see (6.2.4)). As & is real, we also have by direct integration

1 __
3 Ay 0 3 0 1
1 Ay 0 4 0 1 o
1 o Ci 3 2 0
5 A, 0 5 0 1
—— 3 3 0
1 g4t
s A 060 o
1 8 Cy; 3 3 0
. 3 Ag 3 0 0 1 o
o(z)= | ¢ %™ C1 330
1 Ay 4 0 0 1
1 %(Xo 01 3 3 0
3 A, 5 0 0 1
6 A3 6 0 O 1
1 D B 4 2 0
o cCi 2 3 0 1
1 @Olo 1 4 2 0
— B; 2 4
32 F 0
By conformality, we have
e
2 Ao Ay
A3 +2 ApA,

2A1A5+2ApA3
1
- A
5 0C1
1AC’i—i—lAB
] oL1ap S 0P1
1
ZAOCl
L 4oCras + £ (Agag + A)CH + 2 400 — = 4
6 0160 6 00 1 1 3 0“2 18 071

1
-A
3 071

(Apap + A1)Ch

In particular, we deduce that

Remark as (Ay, Ay) = 0 that

0= (Ao, 71) = — <1‘T0,’70 +4Re <<gl,él>AT0)> =— (</_fo,’70> + (A1, Ch)

so for a true Willmore sphere, we have 4y = 0, and

<g1761> = 07
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(6.2.18)

(6.2.19)



which this proves the holomorphy of the quartic form. Now, let us come back to the general case where
no hypothesis is made on 7.

Now, the expansion of the metric is by (6.2.2) (notice that 7; and Cs are real and By € Span(Ay))

24040 2 2 0

240 A 2 3 0

2AOA72+%M 2 4 0
%MJF%CZTO_%%”AOEJ“%(%Jr?)E)a 2 5 0
éM 5 10
%AOEJri(BAAtﬂwaHLAl)a 6 1 0
%Aq6‘1’+2A2;T0 49 0

o2 %MOTO+%M+3AI)01+%AOC2_%M-FQA;;/TO -9 0
%mﬂﬁ%ﬁﬂmzz Lo

2414 32 0

24 330
i(m—&-élAil)Cl_F%BlAfo L6 o

é%XO 2 5 1
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1, — 1 __
g AB1+ o (441)0) 6 1
2A2A70 4 2
|1 1 _
E(3A1)C1+§A002+2A3A0 5 2
2A5,A, 4 3
2A1A70 3 2
24,4, 3 3
2A,A, 3 4
i(4,4*)0 e 16
24 1 1 8 1410
as by (6.2.2)
Lsaye +Lac
12 1 1 3 o2
1~ - 1 - =
1<A1701>**<A1701>:

we obtain

e = |z|* + 2|41 |2|° + 2 Re <a0z322 + o1 2%2 + p22° + a32°7 + a4z423) +O(|z]*79)

= |z|* (1 + 2|41 |2 + 2Re (aoz +o2? +anz 2 +az® + a4z22) + O(|z|4_5))

2 AgAy 2 2
2 Ag Ay 2 3
2 AgAs 2 4

1 — — 1 —
g CyAg +2ApAs + E (3A1)Cl 2 5

ap = 2(Ay, A1)
a1 = 2< _‘0; _)2>
ag = —
2 2 1,Vv1
1 .
a3 = —
D)
e %} =2<1‘T1, 42>7

2 A0 Ay
2 A0A;

2 AgAy
%m +2 AgA;
2*14 A Cy
2 A>A,

% A1C1 +2 A3Ag
2 As Ay
2 A, A
2A1 Ay

2414,
1

51 4G

(6.2.20)

= |2|?%0—2 <1 + 2|41 %|2]* 4 2Re (aoz + 122 + agz? 7% 4 g2 + a4222> + O(|z|4_8))
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which is translated as

2X

1 2
2|A:* 3
(7)) 3
(651 4
(6) 1
Qa3 5
(7] 4
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and we obtain

2 Ay 2 0 0
4 Ay 3 0 0
6 Az 4 0 0
1
—= c; 0 3 0
6 1
1
—= B, 0 4 0
S 1
1% C; 0 4 0
] 0 1
1
- 1 3 0
6 st
! c; 1 3 0
——
6 0 1
1 _
- B, 2 2
4 ! 0
—4| A, + 2 apap Ay 2 1 0
o —4 ‘A1|2 + 20&0()(70 A1 3 1 0
ho =
720[0 AQ 2 0 0
—20{0 Al 3 0 0
—2ag Ay 4 0 0
208 —4ay Ao 3 0 0
208 —4o A 4 0 0
20[2 A() 0 4 0
~10 ) + 6 apay — 6az Ay 4 0 0
SaglAi]* —28a2ag +4aag—4as Ag 3 1 0
—8ay Ay 5 —1 0
—8ap°® Ay 1 3 0
414, *ag — 26 g + 2 g — 20z Ag 2 2 0

Notice that there is no logarithm in this expansion, so we can replace in the case 6y = 3

- = dZ4 e roal dZ4 —€
2g = (60— 1)(60 — 2) (A1, C1) = + O(|2] ™) = 2(41, C) == + O(|2| )

by
S o odzt
2z = 2<A1,01>7 +0(1)
Now, the conservation law associated to the invariance by inversions yields if

a=0H +|H?00 + 297 @ (H, ho) ® 0
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F=|82a-28,@% g 'e (E@P ® o — 2(B, Fig) @5@3)
the identity
dIm (F) = dIm (|<f>|207 2B, -g ' ® (5\«f>|2 ® ho — 2(8, fio) ®5<f>)) —0
which is equivalent if F € C°°(D?2\ {0},C") is such that
13126 — 2(B, )P —g ' ® (5|<i>’\2 ® ho — 2(®, ho) @5@) = F(2)dz
to

dIm () = Im (55) =1Im (%ﬁ(z)d?/\ dz) = —2Re (%ﬁ(z)) dxy A dxs.

Then, we compute

Re (9=F(z)) =
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1——2
— A
6 0
3—2
720
1 —_ 1 ——-
21 Ao o + gAOAl
éCu‘TogOTO* éC1A702A71*2042A702

1 -
—— Ci1A
24 140

%AOCleAl + 2 Apaa Ag — % (16 Aoz‘Toz — 31470) Ciag + % B Ay

Sy}
6 0
2 —2 — 3 2 —2
g AoCﬂlvo — 16 A()A()CM() — g A1C'1A0
16 4, @
—2 Apap Ao +2 A1 Ag
,2A702
2CvoAio2

—2 ApapAp +2 A1 Ag

—4 A0|A1\2A70 — 2 ApapA; +2A141 +2 (2 ApaoAg — Alz‘To)OTo

240 @ — 4 AoA;
4 |141|Zz‘To2 — 404014702070 +4aphoAr
U3
36 7
A1

—2 AgagAg +2 A1 Ag

—4 A0|A1\2A70 — 2 ApapA; +2A141 +2 (2 ApaoAg — Alz‘To)OTo

A2
—2A, a0 + A Ao Avag + 2 Ao @ — 2 A1 — 4 Ag Ay
—4a3A° + 40 Ay + éCU‘To
4 AgalAg — 4 AragAg — 4 Agan Ag + 4 Ay Ay
—4A702

4 Oéoz‘To2

247

C1

By

Ao
Ay

Ao

Az

Ay




1, —
—— ApA B
9 040 1

)\3 AO

_1 ApAoan + Loy C

g Aodoao + & Ao 1
M\ Ao
4 AgadAg — 4 AragAg — 4 Apar Ay — %AOCI +4AsAq Ay
4A702070 — 8 ApgAq Ao

8|A1 |2Aio2 -8 CM()Ai()QOTo + 8 apAoA1 A
—2 Ap Ao + 2 Ag A1 Ao
—2 A} Ay
2 A2ao Ao
—4 Afan” + 4 Ajar + é AoCh Ao

4 AgAgag® — 4 AgArag — 4 Ao Aoar + 4 Ag Ay Ao
—4 A2 Ay
4 Aleiy Ay
s Ao

)\6 AO

LI P v c

7 Aocodo + 7 Ardo 1
1 AoAgag + 1 AgAy C1

7 AoAoto + 7 Ao 1

—6 04814702 + 661114702 - gclfTo Ay
—6 Ajao” + 6 Afar — ngE Ay
—614702 A3
—6 AJ As

—2

60[0140 A2
6 Aeg Ay

—2 AgApain + 2 Ag A1 Ar

—4 Ao|Ay |2A70 — 2 AgapAr +2A1A7 + 2 (2 ApapgAg — Alz‘To)CTo Ao
2 Agao — 4AOA1 Al

4 A3 A1) — 4 (Ao — AoAr) T Ao
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1
—Z AA
9 0410
A7
—lA o Ai-i-lA Ao
6 00X 10 6 1410
Ag
4 AgAoma® — 4 Aoy — 4 Ao Aoart + 4 Ao — % e
4A30¢0—8AOA1
8 A3|A1|” — 8 (Afao — AoAr)ain
11
——A
36 0
Ao
—2 AgAgap + 2 Ag A1

—4 Aol A1 \Qz‘To —2ApapA; +2A, A1 42 (2 AgapAg — Alz‘To)OTo

—2 A2 + 4 AgArap + 2 Aoy — 2 A% — 4 ApAs

1 9
A
6 0
1 2
——A
6 0

30— 2 o 2 o

—16 A()CMOAO —+ g AOA()Clao - g A0A101

16 AZad
5 2
72 40
1 1
~51 Alao + 3 AogA;
%Agaoa - %ASAl(JT -2 Afm
1 __
—— A
51 0
2 A0 A AT fi(16A2A773A)a?+2AAioT+EABi
9 0Aa1Aa00L1 72 0410 0 o1 0102 72 0D1

AgAy Cy € {<A07 0)(Ao, C1), (Ao, ﬂ0><A0761>} = {0}
Mgy € {(A1, Ao) (A, Cr), (A1, Cr) (Ao, Ao } = {0},

and we obtain
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00+2 55
= — in the Taylor expansion is
z

so the coefficient in

1

5 A0 mn -1 5 0
2 o 2 o - 5 o e
= AeCrande’ — 16 AcAes’ — S A€ Ay —1 5 0| = —1614f"a" Ay = —8a°4) = 0
1645 @ Ay —1 5 0
(6.2.22)
= 9 1 .
as |Agl® = 7 Therefore, we obtain by (6.2.22)
ap = 2(Ag, A}) =0 (6.2.23)

At this point, we will rerun our previous computations by plugging ay = 0 from the stage when we
integrate

a;(azqé):iﬁ.
2
We obtain
1
- A, 0 3 0
3 0
1
- A 0 40
4 1
1
1 A 2 0 0 : A& 050
S 1 2 2 0
1 A 3 00 g A 060
. 214:*> 3 3 0
1 Ay, 4 0 0 5 Ao 300
1 a1 4 2 0
1 A3 5 0 0 - A 400
4
1 1 042160
— ;1 30 ~ Ay, 5 00
12 5
z 1 - 1 ox as 5 2 0
0,0 = G B4 O(z) = 5 Ay 6 0 0], e = (6.2.24)
L . s 4 3 0
- 0, 220 — 0, 2 30
8 24 _
1 1 (65) 2 4 0
i 2 3 0 — B, 2 4 0
36 32 ! s 10
1 1 o)
- 0y, 230 — 0, 320
6 24 —
1 1 Qs 5 0
- v 2 31 —= m 3 3 0
6 54 _
. ; a3 4 0
- B 3 20 — Cy 3 30
8 ! 8 2
1
— 1
5 33
L5 49 0
32 1
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2 A 2 0 0) [—414P 4 3 1 0
4 Ay 3 0 0 —4oq Ay 3 0 0
6 A3 4 0 0 —4a; A 4 0 0
1
N - = Cl 0 3 0 2&2 A() 0 4 0
ho = 613 (6.2.25)
—g Bl 0 4 0 —60&3 Ao 4 0 0
1
6 v 1 3 0 —4 oy Ay 3 1 0
1 —
i B 2 2 0 —8az Ay 5 -1 0
—4|A)* Ay 2 1 0 —2a; Ay 2 2 0
1, _
—5 i A -3 3 0
1
—= Ci -2 0 0
2 1
1
- B -2 1
2 ! 0
1 _
_Ecl 1 AO -2 2 0
1
- -1
5 M 0 0
24,04 A -1 0 0
2A,Cy A -1 1 0
—4 AgC1|A)? +24,B, A, -1 1 0
- 1 __
a= 5 B 0 -1 0 (6.2.26)
2A,C1 A 0 -1 0
24,01 A, 0 0 0
1 2
1 i Ay 0 0 0

—4 Ag|A1|*Ct — 4 AgCron +4 4,0, +4A:C, A5 0 0 0

4 Aim A 0 0 1
%Olcﬁ Ag 1 -1 0
—4 Agoy Cy + 2 A1 By +4 A0y A, 1 -1 0
%?f Ay 2 -2 0

Then, we have for some Dy eCn

H+ o log |z| = Cs + Re (ﬁ32>
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1 _

— 5 A -2 3 0 (1)
—C14, Ag -1 1 0 (2)
5 _
—5; 101 A -1 2 0 (3)
_ 1 _
Cedigan — 5 B - Ci A4 -1 2 0 (4)
—24,C, A 0 0 1 (5)
—24,C Ay 0 0 1 (6)
1 _
—gcl2 A, 0 1 0 (1)
2CATT Ay + 2406 a1 — 2054, + A —245C, Ap 0 1 0 (8)
_Cy A, A, 0 1 0 (9)
—2A,C, A, 0 1 1 (10)
AACTAL — 2 ABT A, 0 1 1 (11)
+
—27 Ay Ao 0 1 1 (12)
—A.Cy Ay 1 -1 0 (13)
1
fgcf Ao 1 0 0 (14)
2 AofATCL + 2466707 — 24501 —2A,Co+ Aty Ay 1 0 0 (15)
—A,C A1 0 0 (16)
—24,C, Ay 1 0 1 (18)
4|APAC, — 248, A 1 0 1 (19)
5 __
—57 G0 Ay 2 -1 0 (20)
1 _ _
iC1 — 5 ArB1 — A>Cy A 2 -1 0 (21)
Ll A 3 -2 0 (22)
12 1 0
Now, recall that
1
3 O -1 001 m 0 0 1
3 1 J—
H=|2 _ - _
s B -1 1 of)lo G010
1
1 G 0 00/\5 Bi 1 -10

and we see that there exists 63, Eg, EH,% € C™ such that

. - Lz .z L3 L .
H = Re <zl 4+ Csz + Bl; + Bg; + E122> + Cy + 71 log |z| + Re (Y22) log |z| + O(\z|2_5).
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Then, we have

1 1
- C, -1 0 0} (= 1 0 1
2 1 2 2
1
1 C; 0 00 3 C; 0 -1 0
1 1
— C3 1 00|z C3 0 1 0
2 3 2 3
7+ 1 1
H=|- B -1 1 - Bl 1 -1
2 ! Ofz B 0
1 1 —
- B, -1 2 0]]= 2 -1 0
2 2 2 7
1 1
- B, -2 3 0]]= 3 =2 0
2 ! 2 !
1
Lm0 0 1)\ % 0 1 1
and we obtain immediately
iNoXen Ay -1 2 0 (3)
1= —57; 101 0 — 5
“ By = 24 =——|Cy)? Ay — <A2701>A0
2 — 1 — 24
W—iﬁ—q,ﬁxz Ao -1 2 0 (4)
SO
- 5 = o= = o -
By = _E|01|2A° —2(Ay,C1) Ap. (6.2.27)
Then, we have
A B (6.2.28)
5t = _ECI Ay -2 3 0 (1) 2.
SO
E) = ”<01,01>ff (6.2.29)
Finally, we have
1. S
5 2 = —2A101 A1 1 0 1 (18)

A APAC, —2A7BT Ag 1 0 1 (19)
—2(A, 1) Ay — 2(A1, Ch) A,
SO

Yo = —4(A1, 1) Ap — 4(Ay, C1) Ay (6.2.30)
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Finally, we obtain by (6.2.27), (6.2.29) and (6.2.30)

62 = Re (52) e R"

4
B, = —2</T1,C1>/Yo
. 5 . —
BQ = —E|Cl|2A0 — 2<A2701>A0
1 = = =
E, = ——(C1,C1)Ap

and

1 A 2 0 0
1 A 3 00
1 Ay, 4 0 0
1 A3 5 0 0
Ay 6 0 0
1
— E; 0 6 0
24 !
i0130
0.0 =] 12 !
1
— By 1 40
16 !
i3150
20 2
1 _
2—0a101150
1?220
8 1
1
- 2 30
36’71
1C230
6 2
1
= 2 3 1
671

By conformality, we obtain

0=(0.0,0.P) =

254

=
gl
E

0|
N o 0| =
iy

72
C3
C1

Cq

(6.2.31)



A
2 AgA,
A3 +2A0As
2A1 Ay +2 Ao Az
A2+ 2A1A5+2 AgAy

@ Ci+ 12 5 Ao

1
—A
6 0C1

1
- AoB
801

—AoC1Oz1 -l- AoBz+ 0101

1

- A

1 oC1
1 1 1
—A A —— A
5 1C1+3 0C> 18 071

1
= Ao%

1
ZA()C1\A1| + = AoC1O¢1+ A1Bl+ C1 + = AOC’a 4140%

,A*
S 072

11
ZAOBl"‘ZAlCl

1 — 1 1 1 1
3 A0|A1|QC1 + 5 ApCran + 6 AxCh + 3 A1Cy + 6 ApCs — — A1V1 - == AO’Y2

18
1 1
—A —A
3 1’71+6 072

1 — 1 — 1 — 1 —
Z A ~AB ~ AoB A
1 0a101+4 1 1+4 0 2+4 2C1

1 —
— AoE
5 Aokn
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Now, we obtain

2\

2 AgAg
2 Ag Ay
S I
2A0A2+1A001
loa-L T+2AE+1AC
3 240 1871 0 013 1 101
10|A\2/T+1A0*+10/T—i o+ 240 + L 40 + 2 T00s - L Aoy
7 Gl Ao + 2 AdoCran + 5 Codr — omds 0ds + 7 A0 + 2 AoCs — = Ao
1
EAOEl
1
— A
6 0C1
1 — 1 —
*A031+*A1C1
Aoa101+ A1Bl+ AoB2+ A2C1
iAoC1+2A2A0
1AC +1AC —iA +2A434¢
1 101 3 oL2 18 071 3710
1
- A
3 Aom
L aola2e 4 L acian + Lo v L avc 1 L 400 - L A - L Agye 42400
7 AolAi"Cr 4 g AoCran + 7 A2Cr + 5 A1Ca 4 2 AoCs — o A — 1 Aoy 1A
1 1
—A —A
3 171+8 072
%A031+2A2A71
1
§A001|A1| + = A001061+ A1B1+2A3A1+ C1 + = AngJr AOE1 6A0%
*AO%
106114001-1- Aocloél-i- A032+2A2A2+ A0B2+ 0101
1 _ 1 P
3 |[A1]”AoCt + 60101A0+ 47801 + 5A0E1 + 603140 - %72A0+2A1A3 + 1A1B1
2 A1Ag

2 A1 Ay

2A1A45 + % AoB1
1

12 E1do
G Lo
g By + 5 O
— Cleozl + Bng + = 3 BlAl + = C1A2
1711470

3
1 — 1—
— v A — Aoz
3’71 1+8 072

1 —
= v A
6’Y2 0
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2\

2 Ap Ao
2 Ag A1
S
2A0A2+1A001
1 ,— 1 — - 1l
3 Ca Ao — 17871140 +2A0As + = A1Cl

1 11— 1 —
Zglmfﬁﬁo‘+§,ﬂr@e'ﬁ+§02,41

18 m

1, — 1, =
—ABi+= A
g 0 1—|—6 1Ch
ijmﬁ?+ik?4lﬁyﬁ+lA6’
10 11 ] 1 10 002 6 2U1

1 ApC1 +2AxAq

4
Lo+ tacc— L apm+24.30
41130218071 340
1
— A
3 071
*M-F M-f— A2C1+ A102+ AOC3 Al'yl 4A072+2A4A70

fA 7A
3 1’Y1+8 072

1 AoBy +2A5A,

4
Lerta+ Lagerar + Laesr s 2ai + L6+ L+ L aom - Lagw
AT
u&%ﬂ-ﬁwﬁﬂ-Aﬁﬁa@@+4%&+ 3 ocr
LAA%E37‘+» Lhﬂfﬁ’+—47(h-+ 5 AoB + ¢ C@AO- GJZKX*'QAJZQ*‘EQEEET
2 A1 A,
24, A,

2 A1 A5 + i AoB1
1
EM
1
~C1A
6 C1 Ao

1 — 1 __

§ B1Ao + = ClAl

<Q%ﬁ+ &m+4%r+cm2
1

~ iAo
3'}/1 0
1 — 1—
—vA — Aoz
3’71 1+8 072
1
EM%
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AL+ 24044+ = A201 + = Aocs - *41470%

(1)
(2)
(3)
(4)
(5)

(7)
(8)
9)
(10)
(11)
(12)
(13)
(14)
(15)

(16)

(18)
(19)
(20)
(21)

(22)

(24)
(25)
(26)
(27)

(28)




2 Ao Ao
2 Ag Ay

2 ApAs + i AoCh

1 ,— 1 — - 1l
3 CaAo — 18 v1Ao +2A0As + 1 A1Cy
Lo - L Tioadi+ i mo+ tame - L Ao
32118’Y11 0442180364072
1
— AoC'
g AoC1

1, — 1, —
— AgB —A
3 0 1+6 1Ch

1 — 1, —
— Ao B —A
10 o 2—|-6 2Ch

i ApC1 +2 AxAq

1 1 1 —
Z AlCl + 3 A()CQ — TS AO'Yl + 2A3A0

1
~A

3 071
S
18

1 1
—A —A
3 1’Yl+8 072

i AoB; +2AxA;

1 1 1 1 —
1 ACy + 3 A1Cy + 3 ApCs — — A1y1 — 51 Aoy2 +2 A4 A0

_ 1 —2 1 - 1 —
2A3A1+ZBCI ++6AOCS+§AOE1
LaBy+24m+ tam+ B oo
7 Aob2 242 4+ 7 AoB2 + o500 C1Ch

Ly lam oA voaag
18 U1 T g Aoba + £ Lo 143
24, A0
2A1A;

—_— 1 —
2A1A2+1AOBI
1
—C1A
g G140
1 — 1, —
- B A - C1A
3 B 0+601 1
1 — 1 —
EBQAo—FéCHAQ
1
— v A
3’71 0
1 —  1—
— v A — Aoz
3’71 1+8 072
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(1)
(2)
(3)
(4)
(5)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(18)
(19)
(20)
(21)
(22)
(24)
(25)
(26)
(27)

(28)




Then, recall that

2X _
a2 1 6 0 az 2 5 0
as 5 2 0 az 3 4 0
a4 4 3 0

so we need only look at powers of order 20y + 2 = 8, which are

(17, (711),(26), (62), (261), (621),(35), (53), (44).

Therefore, there exists as, as, a7, (o € C and 8 € R such that (left TEX and right Sage)

1 2
2|4 3
B8 4
o1 4
Qs 1
o2 — s 5
oy 4
as 7
(o7 6
ar 3
G 6

Then, by developing the quartic form

Taylor expansion are

2 0 1 2 20

30 204> 3 3 0
041240

4 0 B 4 4 0
@ 6 1 0

2 0 [e %1 4 2 0
@ 2 5 0

6 0 az 1 6 0
@ 3 40

2 0 as 5 2 0
@ 1 70

3 0 ar 4 3 0
@w 2 6 0

10 as 7 1 0
@ 5 3 0

2 0 as 6 2 0
GO 2 6 1

5 0 ar 3 5 0

2 1 G 6 2 1

up to order 3, the only term involving logarithm

—2(o(Ay, C1)2 log |2|dz* — 28 (A4, C1)Z° log |2|dz*

so we obtain

and as

Then, we have

so we obtain

— —

Co(A1,C1) =0

<j1,71> + 2(1‘_1‘0’5"2> =0

terms in the

(6.2.32)



—

so (A, 61> =0 or (ffh o) = 0, but the last relation does not imply anything useful, as we have

Then, we have

—é Ei -1 6 0 4 Ay 3 0 0

—% C; 0 30 —da Ao 3 0 0

,é B, 0 4 0 —4 A, A 3 1 0

2 o Ao 0 4 0 —day Ao 3 1 0

—%0 Bo 0 5 0 % B: 3 2 0

7%0071 Ci 0 5 0| |8lA*+4mar—48 Ay 3 2 0

205 Ao 0 5 0 —2az A 3 2 0

% vo1 30 6 Az 4 0 0

—%\Alf Ci 1 40 —4ay Ar 4 0 0

% ¥ 1 4 0 —6as Ao 4 0 0

. 2 o A1 40 —4| A Ay 4 1 0
ho =

—Co Ay 1 4 0 % B o4 1 0

2 Ar 2 0 0 —day A 4 1 0

—4| A Ao 2 1 0 1201|A1P =637z Ag 4 1 0

i Bl 2 20 —8as Ao 5 -1 0

—2a; Ao 2 2 0 8 Ay 5 0 0

—%\Alﬁ Ci 2 30 —4day A 5 0 0

Tls Yo 2 3 0 —6as Ar 5 0 0

é C: 2 30 403 —8as — (o Ao 5 0 0

—éoq c; 2 30 —8¢o Ao 5 0 1

4|APar =27 Ao 2 3 0 ~10as Ao 6 —1 0

% v 2 3 1 —8m A 6 -1 0

Now, we need the next order development of the tensors, and we first have for some DyecCn

H +9olog|z| = C5 + Re (532' + 13422) +
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-=C A -2 3 0 (1)

12
7 J—
~ 96 c? Al -2 4 0 (2)
L 4Cias— B BiC Ao -2 4 0 (3)
2 oL1G2 96 1V1 0
1 N
— 5 Ot Ci -2 4 0 (4)
ClazAio — i E1A71 Ao —2 4 0 (5)
~C1 A Ag -1 1 0 (6)
5 . — _
—5; G101 A -1 2 0 (7)
g — 5 BT - O A -1 2 0 (8)
- 1 1 A— _
Aoaz2Cy — 3 Ci1C2 + A1 Er + 36 Cim — Y B:1Cy Ao -1 3 0 (9
féclci A -1 3 0 (10)
1 ———
——A -1 11
36 101 Cl 3 0 ( )
%OéonCH + ChAoas — %Bzz‘Tl— §B1A72—C1A73+ % (2 BlAio+3C1A71)OT1 Ao -1 3 0 (12)
1 _ __
~21 Ci1Ax Ci -1 3 0 (13)
—% Cim Ay -1 3 1 (14)
—2A,C4 Ao 0 0 1 (15)
—2A,C4 Ao 0 0 1 (16)
—é?f A 0 1 0 (17)
201‘A1|2A70+ 2A00171—202A71+71A71—2A201 Ao 0 1 0 (18)
—ChAy Ar 0 1 0 (19)
—2A:C4 A 0 1 1 (20)
4 AoCh|A1)* =2 A1 By Ao 0 1 1 (21)
—2m Ay Ao 0 1 1 (22)
1 —_—
T C1 A1 0 2 0 (23)
Leom-loos Lo A 0 2 0 (24)
] 101 4 2UL1 16 Y101 0
—iA1C1 Ci 0 2 0 (25)
16
A Ao 0 2 0 (26)
C1A700571 — % B1A71 — 011472 A 0 2 0 (27)
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—24,C4
4 AoB1|A1|* + 2 A1Chan + 2 AoChraig — 2 A1 B — % C1B —
4 AgCy| A1) —2 A1 By
2 (Agar — A2)m — %AT%
—A:Cy
_é c?
2 Aog|A1*Cr + 2 AgCron — 2 AsCh — 2 A,C + A1y
—ACh
—2A1m
,Qm
4|A1?4A,CL — 24, B,
A2
A3
2 Ao|A1|*Cr + 2 A0Crar — 24501 — 2 A,C + Ay
—ACy
20| A1|* A + 2 A0Crar — 2CeA; + 1A — 24,0,
—Ch Ay
—2 A1
4 Ao |Ar]? — Az
_2711471
471\A1|2/To— Y2 A1
S Yexen
Ao T —  AiBr — 430
1

2

T
1 1 1 —

—= — ——-B
1 C1C3 + 16 Cim ) 1C1
1
TR
A

MmﬁF%AE—Ma
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5 -
2.0
12 11

(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)

(55)




4 |A1| AoBl + 2&414001 +201A:C1 — % C1’71 —2A1By — % Bla Ao 2 0 1 (56)

1 _
2 (Apar — A2)y1 — 2 A2 Ao 2 0 1 (57)
—2A,Ch Ay 2 0 1 (58)
4|A1|*AoCr — 241 By Ay 2 0 1 (59)
1
- A -2
_é foxen Al 3 -1 0 (61)
CAichlC’Bi—lCCi+i Ci + A E Ao 3 -1 0 (62)
14002 18 1D1 3 201 36 7101 161 0
1 _
—— A -1
36 1C1 ¢ 3 0 (63)

A0a3a+§A00172+%(2140371-5-3141?1)041—§A2E—%A1F2—A3a Ay 3 -1 0 (64)

fﬂAlcT C, 3 -1 0 (65)
_%%a Ao 3 -1 1 (66)
7T —2
- LT A 4 -2 0 (67
96 1 (67)
L dca - Bae Ao 4 -2 0 (68)
2 oL 12 96 141 0
1 — _
——A 4 —2
18 101 Cl 0 (69)
Aoaﬁz—iAlE Ay 4 -2 0 (70)
(6.2.33)

where
p— B U TR 3 1
A = Bi|A1]"Ag +2C1| A" Ay + 5 AoChaz + C1Aoay — 5 (Aoal - A2)’Yl — 2024 — 5 A3Ch — 3 A1Cs
3 (4Co A0 +3A,Ch)an + I dm
2 240 1Gr)ar+ o A
_ _ _ _ - _ 3
Ao = 402\A1|2A0 — 2’71|A1|2A0 +4 |A1|2A101 + CrasAg + Cran A1 + 2 AgBiag + 2 AgChaa — 3 B.Ch
-1 -
- CdAl + 5 ’72A1 — 2A231
_ _ 3
A3 =4 A1C1| AL + 4 AoCo| A1 — 2 Agm| A1) + 2 Ao Bia + 2 AoCrau + A1Cran + AoCrag — 2 A2 By — 3 B.1Cy
1
- ACs + - Az
2
— — 3 — 3 1 1
Mg = A0|A1|231 + 2A1|A1|201 + 3 AoCras + ApaaCr — b A3C1 — 2 A0 — 3 A1Cs + 3 (3A1C1 +4ACh)an
1

1
5 (Aoar — A2)1 + 3 A1z

We see that the new powers are

2 2 23 23 24 2 2
Re(z )7 RG(Z )10g|z|7 Re | — ’ Re ( — 10g|z|, Re 2> |Z‘ ’ ‘Z| loglz‘
z z z
so there exists Cy, By, Eo, 3,74 € C™ and Ey4, 75 € R™ such that
. - . 2z L2 L Lz L P
H = Re <1 +Cs2+Cy+ Bi1= + By— + Bs— + E1 5 + Exy =5 | + Cy + Bylz|?
z z z z z z
5 2 2 2
+utoglz| + Re (Fax-+ 22 + 70 ) tog ol + 7ol log 2] + O ~)
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which gives, once translated in Sage

o — s} o e} o (en) jan} o (en) — — e}
— — — — [\ [\ —

o — | — N I | | I | — N |
Al

| — s} o e} — [aN} [ap) [ap] <t s} o [ap}
< 0 — ) < — N ) — I o~ ) <
g el KB R KK KB K R B B
N = A AN AT AN~ AN NN~ N[N [N~ [N
o o an) o (e} o o [an)} o o — — —
) [e) o [en) — o] ™ — [2e) <t o [en) [an)
Al — i A

re =« _ _ _ - 9 9 o ~ =
— N ) < — N o0 ~ — N — N m
O S S '
SN = A NN NN~ N —~H NN o~ — N[

Now, by integrating
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we obtain for some ffg) eCn

1 A
1 A
1 A
1 As
1 Ay
1 As
1
— E
24 !
1
— E
28 2
1
— C
28 Q2 1
1
2 O
1
— B
16 !
1
. — DBy
9.8 =] 20
1
20 a; C;
1
— B
24 3
1
o4 V4
1 _
ﬂ Qo Cl
1
—o; B
2 g 1
1
51 as Cp
1 _
= C
3 1
1
36 71
1
- C
5 2
1
6 a!
R
128 2
1 _
IS
16 3

é\A1|2 C, 2 40 1
1%071 i 2 40 116@
% w2 41 1614
_Wlo % 2 5 0 1;1'2
% Ci 2 5 0 41
%|A1|2 Bl 2 5 0 18@
1%071 C; 250 fll
—ﬁloai w250 f
210073 G 250 1122
D L
5T G250 '
1 o 6t
o B 251 S
SE o 251 136a
é Bl 3 20 112:
_712 v 3 3 0 1214
1—12 C; 3 30 fi
é\Alf Ci 330 611
%2041 C, 330 i
% w3031 i
—6i4 v 3 4 0 li
é By 34 0f| § 1
—
E\Alf Cy 3 4 0 f:
_?2| P oy 3 40 812
%al Bl 3 4 0 1‘:
%0@ 34 0) VA

Then, we obtain by conformality of the immersion o

0=(9,P,0.D)
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where

A
2 ApAq
A%+2AOA2
2A1A2 +2A0A3
AZ 4+ 2A1A3 +2A0A,
2A2A3+2A1A4 +2A0A5
1 —
— AoE
2 041
L poCram + 2 AEL 4+ L AEs
5 A0 102 5 Akt 5 Aok2
1
ZAOCI
1 — 1 —
- AoB - A1C
1 0 1+4 1C1
1 — 1 — 1 — 1 —
*AOQICI+*AlBl+*AOBQ+*AQCl

*A0a301+ A001a2+ (A031+A1C1)a1+ AoBy + ~ A132+ A033+ A301+ AO'Y4

ngcl
1 1 1
- A1C —AgCy — — A
611+302 13 071
L ol A28 + L aoCrian + L As0n + 2 Avca + L apcs — S A A
2 2 a4 = 2 2 _ 2 2
3 AolA1l"C1 + ¢ AoCron + £ A2C1 + 2 4102 + £ AoCs — 2 Auys — 360’72
A1
1
ng“/l

1 1
) P
3 A+ g Ao
1 1 1
= (Apa1 + A2)v1 + = A1y + = Aoz
3 6 6
1
gA()Bl
1 R 1 1—2 1 — 1
— AgC1|A1? + = AgCrar + - A1B1 + — C = AgC3 — — Aova
n 0C1| 1\+8 o1oc1+8 1 1+64 1-|-8 0C3 — =7 Ao
A2
1
§<AOW§
1 1 1
5 Ao lAnl* + S Aovs + ¢ Aw*z
— AOC1oc1 + AoBz + 0101
A3
(24 Agor + 501)’Y1 + Ao%
1

o2+ L am
144 1+12 o

120

216 12 64
*0171

- AgClag + 3101 + A0E2

A= A0|A1\ B+ = A1\A1| Cr+ = AoclOés + = A0a4cl + = A301 + - AQCQ + = A1C3 + = AOC4

6

+ 5 (A1C1 +2A40C3)an — T8 (Aoa1 + A2)y1 — % Arye — % Aovys
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1
— Aoazcl + — AoB10t1 + — Aocla:s + AoBs + 0102 + A1E1 Cim + — AO’Y4 + — 3101 3

(6.2.35)




1 1 1 1 1 1 = 1 1
Ao = 1 A'41C'1\z41|2 +5 AOC2\A1|2 - 14()71|A1|2 + 5 AOB1CM1 + 5 AOC1064 +t3 AoCrag + 3 AxB1 + 1 AoBa

1
3 Aovs + — 32 B1C1 + - AICS + = (AOBl —|—A101)a1 - = Al’)’z

1
A3 = — A0B1|A1| —|— — AOC10t3 + A001a4 + A By — 3600 (72 Apar + 25 Cl)’h ClBl + 0201 + A004

+ *0 (A1Ch + 2A002)071 — ﬁ Aoz
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while
1 _
— AoFE
12 0L
1 — 1 — 1
— AoCias + — ArEr + — AdTs
14 12 14
1
ngCH
1 J— 1 —
— AoB —A1C
3 0 1+6 101
L AoenTr+ 2 A Br + - AoBs + + ATy
1o 1 1 1
10 01U 8 1D1 10 0D2 6 201

1 — 1 1 J— — 1 J— 1 J— 1 — 1 — 1
— ApasC — ApCraz + — (5 ApB 6A1C - A2B — A1B — AoB — AsC — Aova
2 003 1+12 0 1a2+60( oB1 + 1 1)0414-8 2 1-1-10 1 2+12 0 3+6 3 1+12 074

2 Ao Ao
2 A1 Ao
1 _
ZAOCI+2A2AO
1AC+1AC—LA +2A340
1 141 3 o2 18 071 3410
L Aol AL 2T + L AoCrar + S 400y + 2 Ao + L A00s — = 4 L dovs + 24470
1 1 o+ 1 1 1 _ 1 _ 1
4Ol 1 8011 421 312 803 18 171 64 072 410
M1
1
§A0’71

1 1
- A — A
3 1’71+8 072
1(3A +5A43) +1A +1A
2 o 2 =
15 o0& 2)71 8 172 10 073
2 AgAy
ox 2A1A
1 _
ZA0B1+2A2A1
1 1 — 1 —_ 1 —2 1 R [ 1
~ AgC1|A1]2 4+ = AoCrar + - A1By +2A3A1 + — C1 + = AgCz + = AgEL — — A7z
301\1| 601041-&-411 sdit oG 603+20136072
2
1 _
6140’72
1 1 1
= Agmi]A1)2 + = A = Aivs
5 0v1]A1] + A0+ oA
1
2A0A2+1A001
1
2A1A2+1A031
L Ao+1AC*+1AB+2A/T+1AB+130(T
404101 401041 4()2 2442 402 28811
M3
L (24A*+5(T) +1A*
= & 2
= o1 )7+ 5 AT
1
601140
Loy - 2 T+2AT+1AC
3 240 18'71 0 0413 1 101
L AT + iAo+ 2+ L agm + L esA - L Ao+ 240 As + L ALB
2 2 Ca = 2 2 _ 2 2
3101611048120163036720 13411
a4
1
g’YlAO

1
E’YQAO

1 J— 1 —
= (24a1Ao +501)’Yl + 8’73140
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éle‘To+éC1A71 160
Loy A + 2 AgCiar + £ OoAT — = oy AT 42 Ag Ay + ~ A3C1 + + ATy — — Ao 2 6 0
4 8 3 18 4 8 64
15 3 6 0
S+ A 2 6 1
1 — 1 — 1
571|A1| A0+Z"/5A0+672A1 3 6 1
Lomm+ LA+ imt Lom 170
10 10 8 6
U6 2 7 0
L (3Aoar +5A2)m + = AT + — Ao 2 71
5 8 10
iEuTo 0 8 0
%QQAOCl'f‘*ClAOO%"‘ B3A0+ ’Y4Ao+ OBQA1+ B1A2+ C1A3+60 (53114704-6011471)071 1 8 0

ﬂm+ﬁm+ﬁm 0 9 0

where

1 — 1
= AO\A1|231 + 1 A1|A1|2C1 + — A()Clag, + — Aoa4C1 + - A3C1 + 3 AQC2 + 3 A1C3 + AOC4

1
+ — (5 A1C1 +8A0C2)a1 — (9 Aoa1 + 25 A2)’71 61 A1’72 — ﬁ Aoys +2 A5 A

40 450
1 1 1 1 —- 1 — 1
pz =3 A101|1‘11|2 + 5 A002|A1| -7z Ao’Yl|A1|2 +3 AOB1a1 +3 A001a4 + 5 A001072+ 3 A001074+ 1 Az By
1 7
+ — 1 AoB4 — Ao’Ys +2A4A; + — 192 BiCi + = Alcd + = AOE2 + — (3AOB1 + 4A1Cl)a1 A1%
1 1 1
M3 = AOBl|A1| + - Oé1AoB1 + - Oé3AoC1 + - C1A0072+ =~ AoCrasz + = AoCraa + =~ Ale (24 Aoary + 501)
4 6 6 4 432
+ 2A3A2 + ClBl + = AOB3 + == 7 0201 + = A()C4 + = A1E1 + (3A1C1 + 4A002)OT1— — Ao%—l— 7?0%
1 1 1
Ha = 3 ‘A1| AOBl + = C’1053140 + Z AOQZCI + = O£4AOCI + - 1 A()Blal + - 1 AoCrasz + = A()Bg + 0102 + - B A1 FE,
1 1 1 _
+ — (4 CoAp + 3A101)a1 i (24a1A0 + 501)71 + - AO’Y4 + = C4A0 - 36 ’Y3Ao +2A,A3 4+ = AIBQ + ﬂ B:1Ch
1 7
ps =5 Ca|A1[* A — 6 71|A1\ Ao+ - |A1| ACy + 5 Aocloé2 + 5 01064140 + 5 AoBloél + 5 A001a4 192 B1Cy
1 1 1 1 1
4 _ z _ = z
+ - 5 AoEs + (3 B Ay + C1A1)Oé1 + - B4A0 32 s Ao + 6 C3 A, 36 Yo Ay +2 A1 Ay + 1 A2B1
1 — 1 J— _ 1 — _
He =& Bi| A [P A + C1|A1\ Ay + - A001073+ — C1A0074— 0 (91400714— 25A2)71 + 3 C2Az +2 Ao As
1 1 — 1 —
+ZA301+ A1C3+ AoC4+ (802Ao+5A101)041 - 6*4141%* WA()%
as
T o —
_76C1 A1 =2 4 0 (2)
1 13 —
1~ 5;‘&%—%%140—240(3) 7 = 2= 1 = - =
9 2 = 1 :_%<01701>A1_Z8<A1701>01
-—C14; Ci -2 4 0 (4)
48
1
M‘ZM Ay -2 4 0 (5)
SO
By = -Gy, GV A, — L (A, GG (6.2.36)
2 — 48 1,V1 1 24 1,V1 1 L.
and



Therefore, recalling that

1 2 20

2141 3 3 0
ar 2 4 0

B4 4 0
az; 6 1 0

a7 4 2 0
a 2 5 0

o9 1 6 0
o a; 3 4 0

e = ag 5 2 0
a 170

QY 4 3 0
ag 2 6 0

(073 7 10
a; 5 3 0

Qg 6 2 0
o 2 6 1

oy 35 0

G 6 2 1

we see that the only new powers of degree 9 are
Re (2%2), Re(272?), Re(272%)log|z|, Re(2°2%), Re(292%)log|z|, Re(2°z?), Re(2°z*)log|z|,

so there exists asg, ag, @10, @11, (1, (2, (3 € C such that

1 220
2141 3 3 0| [as 8 1 0 as 1 8 0
a1 2 4 0
B4 4 0||lag 7 20 aw 2 70
a; 6 1 0
ar 4 2 0||aw 6 3 0 @ 3 6 0
as 2 5 0
o az 1 6 0||ax 5 4 0 air 4 5 0
e = a; 3 4 0
as 5 2 0 G 6 2 1 b 2 61
045170
oy 4 30 G 7 21 G 271
ag 2 6 0
as 7 10 G 6 3 1 G 3 6 1
ar 5 3 0
ag 6 2 0 G 5 4 1 G 4 5 1
[0%4 3 5 0
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Let us compare this to the TEX version (on the left, while Sage is on the right)

2\

1 2
2|1A:1* 3
Ié] 4
oy 4
a9 1
as 5
oy 4
as 7
Qg 6
ag 3
asg 8
Qg 7
Qaqg 6
a1 5
o 6
G 7
G 6
G 5

w
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B 4 40
aq 4 2 0
o) 1 6 0
s 5 20
oy 4 3 0
as 7 1 0
o6 6 2 0
a7 350
osg 8§ 1 0
Qg 7 2 0
apg 6 30
a1 5 4 0
Co 6 2 1
G 7T 2 1
G2 6 3 1
(3 5 4 1




Then, we obtain

=l ol Bl Bl

1
3

1
4

sl-

8l

8l

A [?

20
A [?

gl

—_

\
g

@\H&‘»—*)&M—l@

B
By
Ci
B3
Y4
Ci
B
Ch

Y1
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Q
=

R
w

AW W W w| = = o

Q
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8|A1[* +4arar — 48
8|AL* +4anar — 48
—4do
—4day
—4day
—4do
2ap
2002
2 a2
—6 a3
—6a3
—6 a3
—4day
—4day
—4d oy
—10as
—10as
404% —8as — (o
402 —8ag — Co
4|A Par — 27
4)A a7 — 27

1213 — 16 ag

20 |A1‘2a72+ 10 vz — 14 g — C1
16 as|A1|* + 8 arau + 8aram — 1210 — G2

12 4| A1 |* + 6 asar + 6rds — 10001 — s

—8¢o
—8¢o
—14G
~12¢

—10¢3
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Ao
Aq
Ao
Ay

Az




—8an Ao

-8 Ay

—8ag Az

—20u Ao

—2a7 Ay

—2ay Az

205 Ao

205 A

_?0 Ao

*Cio Ap

1200|A > — 637 Ao

1200|A > — 607 Ay

—2az00 — 20 Ao

—dws — (1 Ao

4|A1|*a5 + 20000 + 20700 — 6310 — G2 Ao
8|A1 P +douar + danas —8amm — G Ao
—4¢ Ao

-6 Ao

—8(s Ao

We now come to the last expansion of the quartic form. We first have

1 ®Q(ho) =
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—6 AgCraq + 6 A2Ch — A1y 0

—10A1C1a1 — 12 AgCra3 + 4 Agaryr + 12 A3C1 — 4 Axyy + %fhw 1

w1 2

6 A1F1 —2

T18 C?|A1]? =10 AgE1| A1 — 13*0 A1Cran — éAOOQ’Yl + %A0016+ 6A1E> + % Bivi — % G172 -2
wa —1

w3 0

wq 0

ws 1

we 3

— 80 _ _
—16 Afar @z + 16 (2[A1|* + an@r — B) Ao A1 + 2 Agar Br — 5 AoCraz — 8 A2ag + 16 AgAgaig —2A2B1 +2A,By 2

2 1
48 A2aa|A1)? — 3 AgBi|A1]? — 3 AoCra — 40 AgA15 + 2 A1 B2 + - C1 B -1
wry 4

2 Apgaiya — 20 ApC1{o — 48 A()Alg —2Asv2 +2A173 2

—32 A0A1a1|A1‘2 — 48 A%a3|A1|2 — 16 A1A2|A1‘2 + 48 A0A3‘A1|2 + 24 (2 a1|A1\2 —a77)A0A1 — 16 A?O@ + 6A1ET 3

Lo i
—16 A2a1|A1|*> — 8 A2|A1]? +16 AgAa|A1]? — 8 AgArau 2

_ngcl\Aﬂ? ~ 32 AgAras + 2 A1 By 1

—320 A2a5|A1 |2 — 480 Ag A1 | A1 2@z + 32 A2a1Co — 128 A2ayaz — 32 A2¢o — 32 AgA2lo — 56 AgA1(1 5
—96 A5Co|A1]* — 72 Ag A1 o 4

—192 A2| A1 |*az — 24 Ao A1 ¢o 4

—64 A20na + 80 AgAras + 64 A%a + 64 Ag Asas 5

ws 6

—80 ApA1(3 3

48 Ag Aoz 4

24,01 —1

80 ApA1(1 0

where
w1 = —16 (2 |A1|4 + ar1aq — ,B)A%‘AHQ — 2A0a1|A1|QCT+ 24 (2 |A1|2071 — a7)Aga1 — 2A001a% —+ 2A1|A1|2E

—2A0]A1*Bs + 2 As|A1|°CT + 400 AJads — 8 Ao + 6 (8|A1[*Ga + 4 0udt +4c1as — 8@11 — G3) Ao A

5
+ 12 (2 |A1‘2071 — a7)A% —24 (2 |A1|2071 — a7)A0A2 + 5 (40(% —8ag — Co)A()Cl —8AsCia1 +2A0C301 — 18 A1Chas
4 J— — _
+ 7Aro1y1 + 9 Aoaszyr + 3 AoC1¢o + Apay By — A1ayCy — 25 AgBrag — 32 A0A1(3 +20A4C1 —2A2C3 +2A,1Cy
3
+ (6 ApCrar — 6 A2Cy + A1v1)ar — 9 Asyr + 5 A1y + 8 (2 A§a1|A1‘2 + A%‘A1|2 — 2A0A2|A1|2 + A0A1a4)071
16 16 —

wo = _E AOC'1|A1\2071+ 64A3‘A1|20475— E A()BglAl‘Q + 161480(20(74-1- 48 (a2071+078)A0A1 — 16 AgE1aq1 — 2 Agae By

_ 1 1
—4A1a2C1 +2A1Brar — AgBiag +2A1B3 + 16 AsEq — % Civ2 +2A174 + 3 B1B1
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+ % (440C1|A1[* + 48 AgAraz — 3 A1 By )ax
w3 = —4 AgC1|A1|* + 96 AgAjaa] A1 |? — 12 A2| 411280 + 72 A2y — 2 A1 B1|A1 |2 — 6 AgCranar + 120 A2anas
—+ ZAO\A1|277+ 2 (2 |A1]* + araT — 5>A001 —6A9Baa; — ngBloui +10ApA:1 (4079-&-?1)
+ 5 (440C1IALP +48 Ao Avas — 3 ALB1) [ AL[® + 6 A2C1aT — AT — 5 ACIET + 5 Aoyi — 20 435 — 120 A Az

— 1 — 1  — 1
— 16 AgA1(1 + 6 A3 By — ﬂ v1B1 + Z C1Bsy + (6 AgCra; — 6 A2Cy + A171)071 — 5 A173

16 4 —
wy =96 A2arag — 3 A1C1|AL)? + 3 Aoy1]A1|? —6 AgBran — 16 A% — 96 Ag Asas — 4 AgCra + 8 Ag A1
1
+6A2B1 — 5 A1z
32 16 2 —
ws = —3 A()ClOé1|A1‘2 + 192 AgAr1arae + 192 Agagag —+ ? A201|A1|2 + 2A1"/1|A1|2 — g A0’72|A1|2 — 32 A%OQC()

+8(2a1]A1]* = @7) AoC1 — 8 A1 Bion — 64 A1 Asas — 192 AgAgaz — 12 AgBrag — % ACrag + 2 Agouut
+2(6 AgCrar — 6 A2C1 4+ A171)|A1)? + 2 Agar7z + 32 Ag A2l — 24 AgA1Ca + 12 A3 By
—+ ; (4 AoC1|A1]? 4+ 48 AgArag — 314131)041 + A1vs +2C1E1 — 2 Aoys
we = —32 AgAran@s — 48 AJasag + 8 (12 4| A1|* + 6 a3a7 + 6 1@z — 10011 — C3) Ao Ay + 32 (2] A1 |* + anar — B) A

— 40 ApCras — 40 AgA1(3 + 16 (2 Agal‘A1|2 + A§|A1‘2 — 2A0A2|A1|2 + A0A1a4)|A1‘2 + 6A10¢1B71+ 6A()Oc3Bil
100
3
wr =12 (407 — 8ag — (o) A3|A1|* — 16 ATan|A1|* — 32 AgAgan | A1]* — 96 Ag Aras| A1 |* + 32 AFCo| Ar [

64 I _
A1Craz + 5 Agvyiaz — 16 Ay Asag + 48 AgAsaeg — 6 A3B1 +6 A1 B3 + 6 A17a

— 24 (201 |A1|* —@7) AJon — 24 AJazau — 16 A3 A1|* + 96 Ao As|A1|* — 48 AgAramas — 144 AJaan
+6(1603|41[° + 8104 + 8a7a3 — 12010 — (2) Ao A1 + 36 (2a1|A1]* — @7) AT + 24 (201 |A1|* — @7 ) Ao Ao
— 40 A1 Az0y + 24 AgAsay — 48 AgA1(a — 6 Aga1 E1 + 18 AgB1az 4+ 6 A1 Cras
+8(243a1]A1]? + A3 A1 * — 2 Ao Ao A1 |* + AgAras)an + 6 Ao By + 12 A1 By

wg = —120 A2a1a5 — 176 Ag Aoz — 48 A2asas — 40 (3arasz — 4as) Ao A1 + 100 A2as + 120 Ag Asas 4 176 Ay Asas
+ 48 AgAzaz

Now, we remark as
[H*ho @ ho = O(|2*),  (H,ho)* = O(|z*)

that the development of these two tensors |H|2ho & ho and (H, ho)? up to order O(|z[>~¢) only depends
on their first order terms in their Taylor expansion, and as the following expansion is valid at a branch
point of multiplicity 6y > 3

" c = "
H =Re Zeol_z +0(]27%), ho=24,2%"1d22 + O(|z|")
we can use (6.2.37) to obtain
@) (e 2 0
1 16 1
e (156 Clcl> b —bo+2
Z|H|2h0®h0 = . (6.2.37)
(4 A%) (16 016'1> 0o —b6y +2
o [ O =2
(4 A7) 5O 200—2 —26p+4
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(4C) (AC) b —fo+2 (6.2.38)
(4:C7)

0o —0p + 2

(Ala) (AlCl) 29(] -2 =2 (9() +4

which yields for 6y = 3

%ﬁﬁﬁo ®ho = %A’l,ﬁg@, Ch)z22dz* + g|61|2</fl,[1'1>z371dz4 + §<A’1, ANCY, Cr) 2tz 2dt
(H, ho)? = (&), C1)222dz" + 2(A,, Ch) (A, ) 222 Ldet + (Ay, Cy) 2242 2da? (6.2.39)
Therefore, we need only develop the Gauss curvature, which is
— Kgho®ho =
16 A2|Aq | 2 -2 0
—64 Ag A1 |A1|? + 64 A1 Ag| A1 | + 16 A2y 3 -2 0
K1 4 -2 0
f§A101|A1\2 - 32429 0 1 0
13—6AOC'1\A1|4+160A0A1a2|A1|2 —2A1B1|A ]2 - 2,410@740/‘%75 0 2 0

16 16 8 8
? A()Cla1|A1|2 + 128 A0A1a1a2 - ? A201|A1‘2 + 5 A171‘A1|2 — 128 A1 Asan — 5 A1C1a4 1 1 0

64 A3|A1[® — 16 AF| A1 a1 — 96 Ao Ar| A1 *@ + 4 A1 | A1 [*Br — 24 (2| A1 a1 — a7) A 2 0 0
—64 AgA1|A1|* + 16 A%ag 2 -1 0

K2 3 -1 0

16 A%¢ 5 -3 0

%Cf\AﬂQ—i— ?Alcﬁag -2 4 0

128 AgAjaiag — 40 A2 — 128 Ay Avary 6 -4 0

—32 A%a; 5 —4 0

where

K1 = 64 Agoz?lfhﬁ — 80 A?Oé1|A1|2 — 128 A0A2051|A1|2 — 96 A0A1a3‘A1|2 — 64 A0A1a1a4 + 64 A§|A1‘2 + 96 A1A3|A1|2
— 24 (200|A1* —a7) AT 4 64 Ay Asou
ko = 128 A§a1|A1|4 — 96 A?‘A1|4 — 128 A0A2|A1|4 — 128 A0A1a4|A1|2 — 64 AgA1a1ag — 32 (2 |A1‘4 + a1 — ﬁ)A?

+ 1?)6 A1Ciaz + 64 A1 Asa

Finally, we have

97 ® Q(ho) — Kgho & ho = (6.2.40)
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—6AgCraq1 +6A2C1 — Aim 0 0 0

—10A1C1a1 — 12 A9Cras + 12 A3C1 + 4 (Aoar — A2)y1 + % A1z 1 0 0
™ 2 0 0
6 A1FEq -2 3 0
1 o 12 9 1 — 1 1
6Cl|Al| — 10 AgE1| A1 +2A101a2+gA001C0+6A1E274—8(16A0a2731)717%0172 -2 4 0
o -1 3 0
3 0 2 0
T4 0 1 0
s 1 1 0
6 3 -1 0
7 2 -1 0
48 A2aa|A1]? — 3 AgBi|A1|* — §A001@—40A0A175+2A132+ TIQCIE -1 2 0
g 4 -2 0
—20 AgC1¢o — 48 AgA13 + 2 (Apar — A2)y2 +2 A1ys 2 0 1
—48 AgAra|A1]? — 48 AZai3| A1 |? + 48 A1 Az|A1 |2 + 48 Ao A3 A1 — 24 Ag At + 6 A Eq 3 -2 0
7$ C1Er -4 6 0
—16 A201|A1)% + 8 A2|A1]? + 16 ApA2|A1]? —8 ApAras 2 -2 0
ngoanl\Q —32A0A10a2 +2 A1 B -1 1 0

—320 AJas|A1[* — 480 Ag A1 |As &5 — 128 Afauds — 56 AgA1C1 + 16 (2 Afar — AT — 2 40 42)Go 5 —3 0

—96 A2¢o|A1|? — 72 AgA1(a 4 -2 1
—192 A2| Ay %@z — 24 ApA1¢o 4 -3 0
80 AgAras — 32 (2 AJan — AT — 2 AgAg) 3 5 —4 0

—48 A2ai3a3 + 160 Ag A1ag — 60 (2 AZaq — A2 -2 AOAQ)% —24(TAgAra1 —2A1A2 —2A0A3)as 6 —4 0

—80 ApAi(3 3 -1 1

48 AgAr1ais 4 -4 0

2A,Cq —1 0 0

80 Ag A1t 0o 2 1
(6.2.41)

where
w1 =32 A% A% + 16 AFB|A1|* +14 AoCraf + 6 Ay|A1|*Br — 2 Ao|A1|°Ba + 2 As| A1 |*Ch + 24 Ao A1z
— 18 A1Cras — 20 AgCra — %Aoclgo — 48 AgArant — 38 AgA1Gs + 20 AsCh — 2 A0 + 2 A1 Oy
— 2 (Ao|A1|?Ch + 7 AsCy — AoCs)on + (32 AgArar + AoBr — A1Ch ) — 12 (2 Ajon — AT — 2 AgAz) arr
+ (8A1a1 + 9 Agas — 9 As)y1 + %Awg + 16 (3 A3a1|A1|2 _ 2A§|A1\2 — 4A0A2|A1|2)071
+25 (16 Ajas — AgBi)am — 8 (6 AgAs|As|* + Afou)aa
- —% AoCi| A %G + 64 A2 A 2a5 — % AoBa|A1|? — 16 Ao Eran + 48 AgArais + 2 A1 Bs + 16 A By

_ _ 1 1
+2 (40 AoAror — AoBy — 2A1C1)CM2 ~ 3 Civ2 +2A1v1 + 3 B1B1 + (16 Afas — A031)074
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_ 3
w3 = 320 A0A1a2|A1|2 —12 A%‘A1|2C0 - 8A131|A1|2 +2A0C100a1 + 1 A0|A1‘2% — 6 AgB2ay — 214()01,3

_ 1 — 9

—4ACiog +40 AgAr1ag — 6AOA1<1 +6A3Bs + E (128 A0|A1|4 =+ 332)01 + 5 (16ASO¢2 — AoBl)a4

)

24
4 J—

T4 = —8 A101|A1|2 =+ g A0’71‘A1|2 — 6AoBla1 — 4AoCla4 + 8AOA1<0 =+ 6A231 + 48 (2 A(Z)Ch — A% — 2A0A2)a2

+ 5 (84037 — Bi)o +60 (2 A3 — 43 — 2 Ao Aa)a5 — - A

1 __
- EAI’Y2
5 = —12 A201|A1|2 — §A0V2|A1‘2 —10A1Cras — 8 AgCrarr — 24AOA1§+ 12 A3 B + ; (38 A001|A1|2 — 15 A1B1)041

4 _
—|— 32 (11 AoAlOcl — 6A1A2 — 6AOA3)O¢2 + 12 (16 Ag(XQ — AoBl)ch + g (5 A1‘A1|2 + 2A00¢4)’}/1 —|— Al"}/g) —|— 201E1
+ 2 (Aoa1 — AQ)% — 32 (Agozl — AoAz)g
T = —80 A%‘A1|4 — 160 A0A2|A1|4 — 16 A0A1Oé4|A1|2 — 80 A0A1a11 — 40 A001a5 — 48 AOA1C3 — 28A101072
64 — — — _
+ 3 Aoyiaz + 2 (80 Aj| AL + 314131)6!1 +6 (8 AoArar + AOB1)a3 —6A3B1 +6A183
— 48 (AoAran + Ajas — A1 Ay — AgAs)a + 6 Av7a
Ty = —32 A0A1|A1\4 +16 ApAraiar — 16 Ag A1 8 + 2 Apar By — ? ApCraz —2A2B1 +2 A1 By
—8 (2451 — AT —2 Ao As) o
mg = 80 Al |A1]* — 96 AgAras| A1 — 96 AJas|Ar|” 4 20 AGCo|Ar|? + 48 A3 A1|® + 96 A1 Az| A1|® + 96 AgAs| Ay |?
— 144 Ajoois — 72 ApArano — 54 Ao A1Ga — 2 (32 AT|Ax|? + 64 Ao Az | Ay |* + 3 AoEr ) on
-8 (AoAloél + 3A3013 —3A:14A; — 3140143)&4 +6A2F +12A1E2+ 6 (3 AoBy + Ala)OTQ
+12 (248500 — AT — 2 AgAz)ar
As we will be only interested in 74 and mg, which correspond respectively to the coefficients
zdz*, and 2%7z27% — 3771424,
in (6.2.40), we deduce that we only need to compute Bs and ;. First, recall that by (6.2.31)
62 = Re (ﬁg) e R"
- — 1 = = - N - o T - - =
Cs = D3 — Z<Cl7 C1) Ao + (—4(<A27 C1) + (A1, Cy)) + 2<A17’71>) Ao —2(A1,C1) Ay
By = —2(4,,C1) A4,
. 5, = o= = o -
By = —5|C1fP Ay — 2(4s, 1) 4. (6.2.42)

1~ ==
E, = —6<C1701>A0
’71 = —’70 —4Re (<g1,61>110) eR"

To =~ Ay, 1) Ao — 44y, Cr) Ay
Therefore, as By € Span(Ay), and as by (6.2.34), we have
(Ao, Ao) = (Ao, A1) = (A, C1) =0, (A1, A1) +2(Ap, A3) =0,
we deduce that
{<A’2,E1> = —2(A), Co) (A, A2) = (A, C) (A1, A))
(A1, %) = —4| A1 (41, Ch)
so by (6.2.42) and (6.2.43), we finally obtain

4
1= =8 MO |4 + 5 AoyrtA[ — 6 AeBray — 4 Ao€1as + 8 AgAilo + 6 Ay By + 48 (M—%—M)az

(6.2.43)
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1
A
B 172
- - = = o - - 1 -
= 8|4 [2(A,, ) + 6(Ay, Co) (A, Ay — = (—4|A1|2<A1,Cl>)
= =6 (141241, C) — (41, Cr) (A1, Ay))
=0

Then, we have thanks of (6.2.33)

— 1 1 [A—
A - = A E — - —B

02 Ch 3 CiCy+ A1 By + 36 Cim T 1Ch
1 __
——CiC
1 g L1t
" 1 —

7B3 — 7*14

2 36 101

1

21 C1 Ay
Therefore, we have
AL Ba) = —2|Cu (AL, A — (A, G AL ) - o
— -GG UL, A - S, (A, G
SO
(A, Ba) = —5ICuP A, &) — oA, Gy, G

We also have

SO

and

Also, recall that by (6.2.20), we have

ag = 2(Ao, A1)
Q] = 2< _‘07 _)2>
= o2 (@)
Qg = 2 1,V1
1 - = —
Q3 = 7( 1,01>+2<A0,A3>

4 — 1 — 2 —_ — 1 _ _
g g AgCh + C1Apaz — g By Aq — g B1 Ay — C1As + g (2 Bi1 Ay + 301A1)0[71

(6.2.44)

(6.2.45)

w
e}

(6.2.46)

(6.2.47)

(6.2.48)

(6.2.49)

(9)
(10)
(11)
(12)

(13)




—

In particular, we deduce as |Ag|? = % that
(s g = A, Aoy = T2 — (Ao, A) = 54, G)
(oo — A5, By = ~2(&y, Culas Ao — A5, Ao) =~ (A1, C){ A, G)
6{asdy — As, By) = %@4’1, Ci)(AL, Ch) (6.2.50)

Now, we have by (6.2.42), (6.2.43), (6.2.45), (6.2.46) and (6.2.50)
6 = —80AHAL[" — 160 AoAztAL[" — 16 ApAraaiAr]” — 80 AeAtant — 40 AeCras — A8 AgA1(s — 28 A1Chan
4 — — __
+ %Mw (BOAGAL]" +3A7B1) ar + 6 (8 AoATar + Ao Bi)as — 6 A3B1 + 6 A1 Bs
— 48 (AoAve + A3 — Ardz — AottT) @+ 6 AcTT

- = 1 - = - = - - -
:—28(A1,C’1)CTQ—5(141,01)(/11,01)—2\C1|2(A1,A1>—

=~ (AL O, G = 34 (AL, Or) = 2(Gh (A, A = 5 (A, (A, ) (6.2.51)
= —g@h Ciy(Ar, C) — 2|Ch (A1, Ay (6.2.52)
Now, thanks of (6.2.39), the coefficient in 2%z~ 'dz* in the Taylor expansion of
2 2R & Fo + (. Fo)? (62.53)
is
24, Co) (A, Cr) + 2IG AL, ), (6254

so the coefficient in 23z~ 'dz* in the Taylor expansion of the meromorphic quartic form is
- o - = 5 = - o 1 . - o - o -5 =
Q= m + 2(A1, Cu)(Ay, Cr) + 2IC P (A1, A1) = 5 (IC1P (AL A1) — (A1, C1)(ALL G =0,

and we finally recover the system

Now, as by (6.2.19), we have
(Ao, 7o) + (41, C) =0, (6.2.56)
and for a true Willmore disk, we have 4y = 0, so
(A1,Ch) =0,
the meromorphic quartic differential

L. det
25 = 24, C1)=+0(1)

is holomorphic, and thanks of (6.2.55), we also deduce that the octic form Oy is holomorphic thanks of
the analysis of chapter 5. This concludes the proof of the case 6y = 3.

6.3 The case where 6, =2

In this case, as the proof is very short (only two pages), we do not transcript our computer computations
here. Notice that we cannot show the holomorphy in general if we assume non-zero first residue 7y as
such branch points. As for true branch points of multiplicity 8y = 2, the Willmore immersion is smooth,
the form 2 and Oy are trivially holomorphic.

281



Bibliography

[1] Robert Bryant. Analog of residue for meromorphic quadratic differentials. MathOverflow, 2011.
https://mathoverflow.net/q/80525 (version: 2011-11-14).

[2] Robert L. Bryant. A duality theorem for Willmore surfaces. Journal of Differential Geometry, 20,
23-53, 1984.

[3] Tobias Lamm and Huy The Nguyen. Branched Willmore spheres. J. reine angew. Math. 701, 169-194,
2015.

[4] Alexis Michelat and Tristan Riviére. The Classification of Branched Willmore Spheres in the 3-Sphere
and the 4-Sphere. arXiv:1706.01405, 2017.

[5] Alexis Michelat and Tristan Riviere. Higher Regularity of Weak Limits of Willmore Immersions I.
arXiv:1904.04816, 2019.

[6] Alexis Michelat and Tristan Riviere. Higher Regularity of Weak Limits of Willmore Immersions II.
arXiv:1904.09957, 2019.

[7] William A. Stein et al. Sage Mathematics Software (Version 7.3). The Sage Development Team,
2016. http://wuw.sagemath.org.

282



	Introduction and organisation of the paper
	Description of the results
	Description of the argument
	Heuristic argument
	On notations
	The code

	The direct verification of the proof
	Step 1 verification : upper regularity and poles of order 2
	Step 2 verification : higher development for 04
	Upper development for 05
	The conservation law associated to the invariance by inversions
	Relations given by the meromorphy
	Another conservation law
	Next order developments of tensors
	Order 2 terms in the quartic form

	Return to the invariance by inversions
	Computation of the order of development of tensors
	Development of  and ||2 up to order 4
	Development of g-10 up to order 4
	Development of  up to order 3
	Development of 0 up to order 4
	Second order development of the cancellation law

	Last order in the inversion
	Development of 
	Development of 
	Development of "426830A ,"526930B 
	Next order development of 0
	Final development of the tensors related to the invariance by inversions
	The coefficient in (0, 0+3) in the Taylor expansion of Re(z(z))=0
	Conclusion

	Removability of the poles of the octic form
	The special cases of low multiplicity 0=2,3,4
	The case where 0=4
	The case where 0=3
	The case where 0=2

	Bibliography

