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Abstract : The paper is devoted to study the Dirichelet energy of moving frames on 2-dimensional tori
immersed in the euclidean 3 < m-dimensional space. This functional, called Frame energy, is naturally
linked to the Willmore energy of the immersion and on the conformal structure of the abstract underlying
surface. As first result, a Willmore-conjecture type lower bound is established : namely for every torus
immersed in R™, m > 3, and any moving frame on it, the frame energy is at least 272 and equalty holds
if and only if m > 4, the immersion is the standard Clifford torus (up to rotations and dilations), and the
frame is the flat one. Smootheness of the critical points of the frame energy is proved after the discovery of
hidden conservation laws and, as application, the minimization of the Frame energy in reqular homotopy
classes of immersed tori in R3 is performed.

Math. Class. 30C70, 58E15, 58E30, 40Q10, 53A30, 35R01, 35J35, 35J48, 35J50.

I Introduction

The purpose of this paper is to study the Dirichlet energy of moving frames associated to tori immersed
in R™, m > 3. Moving frames have been played a key role in the modern theory of immersed surfaces
starting from the pioneering works of Darboux [9], Goursat [14] , Cartan [5], Chern [7]-[8], etc. (note
also that in the book of Willmore [42], the theory of surfaces is presented from Cartan’s point of view
of moving frames, and the recent book of Hélein [16] is devoted to the role of moving frames in modern
analysis of submanifolds; see also the recent introductory book of Ivey and Landsberg [18]). Indeed,
due to the strong link between moving frames on an immersed surface and the conformal structure of
the underlying abstract surface (see later in the introduction for more explanations), the importance of
selecting a “best moving frame” in surface theory is comparable to fixing an optimal gauge in physical
problems (for instance for the study of Einstein’s equations of general relativity it is natural to work in
the gauge of the so called harmonic coordinates, for the analysis of Yang-Mills equation it is convenient
the so called Coulomb gauge, etc.).

Before going to the description of the main results of the present paper, the objects of the investigation
of the this work must be defined.
Let T? be the abstract 2-torus (seen as 2-dimensional smooth manifold) and let $: T2 < R™,m >3, be
a smooth immersion (let us start with smooth immersions, then we will move to weak immersions). One
denotes with T®(T?) the tangent bundle to ®(T?2), a pair & := (&, &) € T(T®(T2)) x T(TD(T?)) is said
a moving frame on ® if, for every z € T2, the couple (é1(x), @2(x)) is a positive orthonormal basis for
T,®(T?) (with positive we mean that we fix a priori an orientation of ®(T?2) and that the moving frame
agrees with it).

Given ® and € as above we define the frame energy as the Dirichelet energy of the frame, i.e.

- 1
F(d,¢) := 1 /W |dé|? dvol,,, (L1)

where d is the exterior differential along 6, dvol, is the area form given by the immersion 3 (this can
be seen equivalently as the restriction to ®(T?) of the 2-dimensional Hausdorff measure on R™, or as
the volume form associated to the pullback metric g := ®*(ggrm ) where ggm is the euclidean metric on
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R™), and |dé] is the length of the exterior differential of the frame which is given in local coordinates by

def? = 37, [déx]? = Zij,k:l 9"10y,€y - O, €x; in the paper @ - ¥ or (&, ) denotes the scalar product of
vectors in R™.

Let 7 be the unit simple m — 2-multivector giving the normal space to ® in terms of the Hodge duality
operator in R™

0y, ® A Oy, P
T_i = *Rm % . (12)
|02, D A Oz, , P

In R3, for instance, it can be written in terms of vector product

Oy P x (’)m(f)
|02, D X Oy, P|
Let 7p : R™ — th('HQ) and 7z : R™ — N<I_5(']T2) the orthonormal projections on the tangent and on the
normal space respectively. Recall that the second fundamental form I of the immersion ® is defined by

-

L = m:(82 , ®) (1.4)

i

and the mean curvature H is given by half of its trace

i 1 i
H := 59]]11']‘

(I.5)
Notice that, writing de; = wr(dé;) + 77(dé;) = (dé;, €i+1)€ir1 + T7(de;)-where Zs-indeces are used-, the
frame energy decomposes as

. 1 1 [ -
F(®,¢) = —/ €1 - dés|? dvol, + —/ 1| dvol, . (1.6)
2 ’]1‘2 9 4 ']1‘2

The tangential part
- 1
Fr(®,é) := 5/ €1 - dé3 |2 dvoly, (L7)
T2

is equal to the L2-norm of the covariant derivative of the frame with respect to the Levi-Civita connection,
whereas the normal part corresponds to the Willmore energy after having applied Gauss Bonnet theorem:

- . 1 -
W(®):= [ |H|?dvol, = Z/ T dvol,, (1.8)
T2 T2

where the above defined W is the so-called Willmore functional, we get
F(8,8) = Fr(8,8) + W(B) . (L9)

Let us observe that the frame energy F is invariant under scaling and under conformal transformations
of the metric g, but not under conformal transformations of R™ (to this purpose note that, by definition,
the moving frame has to be orthonormal with respect to the extrinsic metric, i.e. ggrm, but the norm of
the derivative as well as the volume form is computed with respect to the intrinsic metric g). Therefore,
even if natural on its own, F can be seen as a more coercive Willmore energy where the extra term Fr
prevents the degenerations caused by the action of the Moebius group of R™ and the degeneration of the
confomal class of the abstract torus. More precisely we have the the following proposition.

Proposition I.1. For every C > 0, the metrics induced by the framed immersions in F~1([0,C]) are
contained in a compact subset of the moduli space of the torus.

Let us mention that the proof of Proposition I.1 is remarkably elementary and makes use just of the
Fenchel lower bound [13] on the total curvature of a closed curve in R™.
Combining Proposition I.1 with the celebrated results of Li-Yau [21] and Montiel-Ros [25] on the Willmore
conjecture, we manage to prove the following sharp lower bound (with rigidity) on the frame energy.



Theorem L.1. Let ® : T2 < R™ be a smooth immersion of the 2-dimensional torus into the Euclidean
3 < m-dimensional space and let € = (€1, €2) be any moving frame along P.
Then the following lower bound holds:

F(®, &) := i/ \de? dvol, > 27° . (1.10)
’]I‘Z

Moreover, if in (1.10) equality holds then it must be m > 4, <I_5(']I‘2) C R™ must be, up to isometries and
dilations in R™, the Clifford torus

Tor:=S'x S'cRYcR™ (1.11)

and € must be, up to a constant rotation on T(@(TQ)), the moving frame given by (%, %), where of

course (0,¢) are natural flat the coordinates on S* x St.

Remark I.1. Let us mention that, thanks to (1.9), in codimension one, the lower bound (1.10) follows
by the recent proof of the Willmore conjecture by Marques and Neves [22] using min-maz principle; the
approach here is a more direct energy based consideratton. Indeed from their result mon just the frame
energy, but the Willmore functional W(q_;) is bounded below by 27% for any smooth immersed torus, and
W(if)) = 272 if and only if disa conformal transformation of the Clifford torus. Curiously, our lower
bound seems to work better in codimension at least two, where it becomes sharp and rigid; clearly, in
codimension one it is not sharp because of the nonexistence of flat immersions of the torus in R3 and
because of the Marques-Neves proof of the Willmore conjecture.

Let us also mention that Topping [37, Theorem 6], using arguments of integral geometry (very far from
our proof), obtained an analogous lower bound on an analogous frame energy for immersed tori in S3
under the assumption that the underlying conformal class of the immersion is a rectangular flat torus.

For variational matters the framework of smooth immersions has to be relaxed to a weaker notion of
immersion introduced by the second author in [30], that we recall below.

Given any smooth reference metric gy on T? (the definition below is independent of the choice of a
smooth gg), the map ® : T? — R™ is called weak immersion if the following properties hold

1. d e Whoo(T2 R™) and the pullback metric 9z = d*grm is equivalent to go, i.e. there exists a
constant Cg > 1 such that

Cs Y95 <90 <Cgzgz as quadratic forms

2. denoted by 7 € L>°(T?, A™~2R™) the normal space defined a.e. by (I.2) (or more simply in R* by
(1.3)), it holds & € W2(T?2); or, equivalently, the second fundamental form I defined a.e. in (1.4)
is L? integrable over T2.

The space of weak immersions ® from T? into R™ is denoted by £(T2,R™). Recall also that given a weak
immersion, up to a local bilipschitz diffeomorphism, we can assume it is locally conformal so it induces a
smooth conformal structure on the torus (this result is a consequence of a combination of works of Toro
[38]-[39], Miiller-Sverak [26], Hélein [16] and the second author [30]; for a comprehensive discussion see
32)).

Let us remark that Proposition I.1 and Theorem I.1 holds for weak immersions as well (for more
details see Section V).

In order to perform the calculus of variations of the frame energy, in Section III.1 we establish that
the Frame energy is differentiable in £(T?, R™) and we compute the first variation of the tangential frame
energy Fr which, combined with the first variation of the Willmore functional [28] and with (I1.9), gives
the first variation of the frame energy F. As for the Willmore energy (as well as for many important
geometric problems as Harmonic maps, CMC surfaces, Yang Mills, Yamabe, etc.) the equation we obtain
is critical. Tt is therefore challenging to prove the regularity of critical points of the frame energy.



Inspired by the work of Hélein [16] on CMC surfaces and of the second author on Willmore surfaces
[28] (see also [24] for the manifold case and [32] for a comprehensive discussion), in order to study the
regularity of the critical points of the frame energy we discover some new hidden conservation laws:
in Subsection III.2 we find some new identities for general weak conformal immersions, and then in
Subsection II1.3 we use these identities in order to deduce a system of conservation laws satisfied by the
critical points of the frame energy. In particular, this system of conservation laws yields to an elliptic
system involving Jacobian nonlinearities which can be studied using integrability by compensation theory
(for a comprehensive treatment see [29]). Thanks to this special form, we are able to show regularity of
the solutions of this critical system, namely we prove the following result.

Theorem 1.2. Let & be a weak immersion of the disc D? into R? and let € = (€1, €2) be a moving frame
on @ such that (®,€) is a critical point of the frame energy F. Then, up to a bilipschitz reparametrization

we have locally that ® is conformal and € is the coordinate moving frame associated to @, i.e. (€1,€) =
( 0:, B 8., P
18z, |7 |0y P|

). Moreover, there exist p € (0,1) such that §|BP(O) is a C* immersion.

Let us observe that for sake of simplicity of the presentation, this work is more focused in the codi-
mension one case; the higher codimensional case will be the object of a forthcoming paper, many of the
arguments carry on in a similar way.

Now let us discuss an application of the tools developed in this paper to the study of regular homotopy
classes of immersions.

Let us first recall some classical facts about regular homotopies, starting from the definition: given
a smooth closed surface Y2, two smooth immersions f,g : £2 < R™ are said regularly homotopic if
there exists a smooth map H : ¥2 x [0,1] — R™, called regular homotopy between f and g, such that
H(-,0) = f(:), H(-,1) = g(-) and H(-) := H(-,t) : % < R™ is an immersion for every ¢ € [0,1],
everything up to diffeomorphisms of X.2.

In his celebrated paper [35] of 1958, Smale proved that any couple of smooth immersions of the 2-
sphere into R3 are regularly homotopic, i.e. homotopic via a one parameter family of immersions (see also
[36] for the higher dimensional results). The same is not true for immersions of the 2-sphere in R* where
indeed there are countably many regular homotopy classes. An year later, Hirsch [17] generalized the
ideas of Smale to arbitrary submanifolds and in particular he proved that the regular homotopy classes
of immersions of any fixed smooth closed surface in a Euclidean space of codimension higher than two
trivialize, i.e. every two immersions of a fixed surface are regularly homotopic (this follows from the fact
that the second homotopy group of the Stiefel manifold Vo (R™) is null for m > 5 ).

Remarkably, the case of tori immersed in R3 differs from the one of the spheres. Indeed, as proved by
Pinkall in 1985 [27], there are exactly two regular homotopy classes of immersed tori in R3: the standard
one (the one of a classical rotational torus, say ) and the nonstandard one (a knotted torus, for an explicit
example we refer to [27]). One could address the question of a canonical rapresentant for each of the two
classes.

As an application of the tools developed in this paper, we prove the existence of a smooth minimizer
of the frame energy within each of the two regular homotopy classes; such a minimizer can be seen as
a canonical raprensentant of its regular homotopy class. It is proven below that the notion of regular
homotopy class extend to the general framework of weak immersions (see Proposition V.7). The following
is the last main result of the present paper.

Theorem 1.3. Fiz o a reqular homotopy class of immersions of the 2-torus T? into R3. Then there exists

;P 8, ® )
~ |80, @7 |02y P
the coordinate moving frame, the couple (®,€) minimizes the frame energy F among all weak immersions
of T2 into R3 lying in o and all W2 moving frames on ®(T?):

a smooth conformal immersion T2 — R3, with P e o, such that, called € := (€1, €3) := (

F(®,8) = min {]—‘((f,é‘) LB e (T2 RY), b o, dc wh3(r2)}. (112)



Let us conclude the introduction with some comment and open problems. As already observed in
Remark I.1, from Theorem I.1 it follows that the global minimizer of the frame energy for (weak) immer-
sions of T? into R™, for m > 4, is the Clifford torus; instead it is still an open problem to identify who
is the minimizer for immersions into R2. We expect it to be the Clifford torus as well. We also expect
the minimizer of the nonstandard regular homotopy class of immersed tori into R? to be the diagonal
double cover of the Clifford torus proposed by Kusner in the framework of the Willmore problem [20,
page 333]. Both of these are open problems, as well as the existence of a minimizer of the frame energy
among regular homotopy classes of tori immersed into R*; indeed, in codimension two, there is an extra
difficulty given by the possibility of having loss of homotopic complexity in the concentration points of
the frame energy (to exclude this, in our argument we use Lemma V1.9, which is not true in codimension
two). Notice finally that in codimension greater or equal to three, by the aforementioned result of Hirsch,
there is just one regular homotopy class of immersed tori, and by Theorem 1.1 the global minimizer is
the Clifford torus, up to isometries and rescalings, with rigidity.

The paper is organized as follows.

Section IT is devoted to the proofs of Proposition I.1 and Theorem I.1, namely the bound on the conformal
class and the lower bound (with rigidity) on the frame energy.

In Section III it is established the system of conservation laws satisfied by the critical points of the
Frame energy; more precisely, in Subsection III.1 we establish the Frechet differentiability of F' in the
space of weak immersion and compute the first variation formula, in Subsection II1.2 we discover some
general conservation laws associated to a general weak conformal immersion, and in Subsection III.3
these conservation laws are used to obtain a system of conservation laws involving jacobian quadratic
non linearities satisfied by the critical points of the Frame energy.

In Section IV the peculiar form of the aforementioned system is exploited in order to deduce the
regularity of the critical points of the Frame energy via the theory of integrability by compensation,
namely Theorem 1.2 is proved.

In Section V the above tools of the calculus of variations are applied to prove the existence of a
minimizer of the Frame energy in regular homotopy classes, namely Theorem I.3.

Finally in the Appendices we recall some classical geometric computations in conformal coordinates
used in Section III, a Lemma of functional analysis used in the proof of the regularity theorem, and a
Lemma of differential topology used in the proof of Theorem I.3.

II A lower bound -with rigidity- for the frame energy in R, the
analogue of the Willmore conjecture

II.1 Reduction to conformal immersions of flat tori and coordinate moving
frames

Let & : T2 <5 R™ be a smooth immersion of the torus into the euclidean 3 < m-dimensional space.

The goal of this section is to prove Lemma II.1: namely to reduce the problem of calculating the
infimum of the frame energy among all smooth immersions of T? into R™ and all moving frames, to the
case of coordinate moving frames associated to smooth conformal immersions of tori lying in the moduli
space of conformal structures. We will proceed with consecutive reductions.

Reduction 1: € satisfies the Coulomb condition. Since in this section we are interested in giving

a lower bound on the frame energy F, we can assume that the frame ¢ minimizes its tangential part

Fr = % |12 |6, -dé1|2 dvoly; this is equivalent to say that & is a Coulomb frame, i.c. it satisfies the
Coulomb condition

d*s (51, déé) =0, (1113)

which reads in local isothermal coordinates as div(e1, Vés) = 0 (for more details about Coulomb frames
and the Chern method see [16] or [32]).

Reduction 2: € is a coordinate moving frame. Recall that, by using the Chern moving frame method
and the fact that € is Coulomb, we can can cover the torus T? by finitely many balls {Bj}k=1,.. n such
that for every ball there exists a diffeomorphism fx : By — By such that ® o fi is a smooth conformal



immersion of By into R™ and .
9,30 fi)

102, (B fi)|
Le. the moving frame € is the coordinate moving frame associated to the smooth conformal immersion
.

Reduction 3: the reference torus is flat. Now the local conformal coordinates on T? define a smooth
conformal structure on T? therefore, by the Uniformization Theorem, there exists a diffeomorphism 1)
from a flat torus ¥ (i.e. ¥ is the quotient of R? modulo a Z? lattice) into our T? such that f, ' o) is
a conformal diffeormorphism; it follows that P o P = P o Jrofr !0 4) is a smooth conformal immersion
of ¥ into R™. Moreover, recalling that the property of being Coulomb for a moving frame is invariant
under conformal changes of metric (this property is a direct consequence of equation (I1.13) and of the
invariance of the Hodge operator *, under conformal changes of metric), we get that €o ¢ is a Coulomb
moving frame on X.

Now observe that we have another natural Coulomb frame on the flat torus ¥ given by the conformal
immersion @ o 1, namely

i (I1.14)

- Dy, (B o)
T 18y, (B o)

where y1,ys are standard coordinates on ¥ and A = log(|8,, (® o 1)|) is the conformal factor. Clearly, we

. satisfying fi - dfs = *d)\, (IL.15)

can the two moving frames € and f via a rotation in the tangent space, i.e.
€1 —+ Zgg = ew(ﬁ —+ ’Lf;)
for some smooth function 6 : ¥ — S1. Observe that, using (II.15) and integrating by parts we get

/|€1-d€2l2dy=/ |f1-df2—d9|2dy=/|ﬁ-dﬁ|2+|d9|2—2<ﬁ-dﬁ,d9>dy
) ) >

Fr(®,8)

/|fl-dfg|2+|d0|272<*d/\,d9>dy:/|fl-df2|2+|d0|2dy
> >

Fr(®,f) (IL.16)

with equality if and only of € is a constant rotation of f (this will be useful to prove the part of the
rigidity statement involving the frame).

Y

Reduction 4: the flat torus lies in the moduli space of conformal structures. As last reduction, we want
to reduce the problem to the case when ¥ is a flat torus in the canonical moduli space M of conformal
structures of tori composed by the parallelograms in R? whose edges are (1,0) and 7 = (71,72) € M
where M is the strip

1 1
M :={r=(n,m) €R?: 7 >0, —3<n<s3, 7| >1and 1 > 0if |7] =1} . (IL.17)

Indeed a classical result of Riemann surfaces (see for instance [19, Section 2.7]) says that up to composition
with a linear transformation which preserves the orientation (more precisely up to composition with
a projective unimodular trasformation in PSL(2,Z)), the conformal structure of our flat torus ¥ is
isomorphic to the one of a flat torus described by the parallelogram given by (1,0) and (71,72) € M,
where M was defined in (I1.17). We can finally summarize the discussion in the following lemma.

Lemma II.1. Let T? be the abstract torus (i.e. the unique smooth orientable 2-dimensional manifold of
genus one).

Call B7* > 0 the infimum of the frame energy ]-'(q_s, €) among all smooth immersions o of T? into R™
and all the moving frames €= (€1, 2) along 3.

Denote also 55" > 0 the infimum of the frame energy ]-'(cfﬁ, j?) among all smooth conformal immersions
® of any flat torus X described by any lattice in R? of the form ((1,0), (11, 72))-where (11,72) € M s
defined in (11.17); here fis the coordinate moving frame associated to @, i.e. f; 1= Oy, <f)/|8zjq_5|, ji=1,2,
(21, x2) being flat coordinates on X.

Then 7" = B5*. In other words, in order to compute the infimum of F among all smooth immersions
of tori and all moving frames, it is enough to restrict to coordinate moving frames associated to smooth
conformal immersions of flat tori lying in M, the moduli space of conformal structures of tori.



11.2 Proof of Theorem I.1: lower bound and rigidity for the frame energy

From now on we will work with a torus as in the reduced case: ¥ = R?/(Z x 7Z) is the flat quotient of
R? by the lattice generated by the two vectors (1,0), (71, 72)-where (71, 72) € M is defined in (IL.17); we
will denote

2
Os. := arccosT € ﬁ, il , (I1.18)
373
where the interval (Z,28) comes directly from the definition of M as in (I1.17).

One of the key technical results of this paper is the control of the conformal class in terms of the
frame energy, namely Proposition I.1; this is implied by the following lower bound.

Proposition I1.2. Let ¥ = R?/(Z x 7Z), with 7 € M as above, be a flat torus. Let d:Y s R™, m > 3,
be a smooth conformal immersion and let € be the coordinate frame associated to ®: €j = 8Ij§/|8mj§|,
ji=1,2, (x1,22) being flat coordinates on X.

Then the following lower bound holds true

19
/ e {<1 4+ 8 9) 2, +sin2002, + 4c0529ﬁ?2} + [(1 4 cot? 0) (de, &, )2 + (day &, 61)2] dvol,
b))

sin?
1
> 47 <72 + —) ,
T2
(H.19)
T 27

where 0 := Oy := arccosT; € (g,?), dvoly is the area form on ¥ induced by the pullback metric
g = ®*grm, and A = 1og(|8zi§|) is the conformal factor. In particular (11.19) implies the following lower

bound on the frame energy of (P, é€):

" 1 1 in?
F(8,8) = Z/ \de1? dvol, > 72 (TQ + —) (%) . (I1.20)
b))

Ty sin? 0 + cost 0

Proof of Proposition I1.2
First of all recall that by the classical Fenchel Theorem (the original proof of Fenchel [13], see also [10],
was for closed curves immersed in R?. The result was generalized to immersions in R™, m > 3, by Borsuk
[4] with a different proof), given a smooth closed curve 7 : S < R™ one has

/ kds > 2w, (I1.21)
,ﬁ/’
where k := |%*’y’(s)| is curvature of §-here s is the arclenght parameter. The strategy is to apply Fenchel

Theorem to the curves 7, := ®(7,(-)), 7, := (7, (-)) where v,(-) : [0,72] = £ and 7,(-) : [0,1] = % are
given by

Yo (t) == (z+tcot0,t), ,(t) = (ycotd+t,y) (I1.22)
for every € [0,1] and y € [0,72]. Notice that v, and 7, are nothing but the parallel curves of the
vectors generating the lattice of ¥. Now applying Fenchel theorem to ¥,, recalling that ® is conformal
with A := log |8, ®| = log |9, ®| so that 8, = e*&, we have

L(3,) L(%) 1
2wg/ k:ds:/ ds:/ |de~lé’1|ds:/ |dz, &1| eMdx
Ty 0 0 0

where L(¥,) is of course the length of the curve ¥, (). Squaring the above inequality, using Cauchy-Schartz
and integrating with respect to y € [0, 72| gives

d

ds Y

T2 1
4Py < / / |de &) e dady = / |de, 1% dvol, . (11.23)
o Jo b

Analogously, called & := (cosf €}, sin 6 €2), observing that 4, /|5.| = €2 we get

L(¥z) L(vz) 1 T2
27r§/k:ds:/ ds:/ dgeég‘dSZ : /
Vo 0 0 2 Sln9 0

d .
ds%c




Again, squaring the above inequality, using Cauchy-Schartz and integrating with respect to = € [0, 1]

gives .
% < 5111129/0 /OTZ dge?l|  dydz = sileH/g d | dvol, (IL.24)
A straightforward computation using the definition of & gives
0| "N 0 =)\ 0 >\
degés| = ﬂﬁ(dé-geQ)’ + (dé-geQ,el) + (dé*g€2,€2) (I1.25)

= e {0054 017, + sin 012, + 4sin? 0 cos> 9]_1?2] + cos? 0 (dz, @1, @) + sin? 0 (dz, &, &1)°

Combining (I1.24) and (II.25) we obtain

4 0 4
/ e~ [C?SQ 2, +sin? 012, +4cos29ﬁ?2] + [Cot29 (de,@1,8)° + (de, @, 61)%] dvoly, > —=.  (11.26)
s sin” ¢ -
Observing that |dz, & |2 = e *2, + (dg, €1, @)? and putting together (IL.24) with (IL.26) gives the first
claim (I1.19).
In order to obtain (I1.20), let us recall that

2
det? = " Jde e = e B + By + 2]?%2} +2(dz,@1,8)° + 2 (ds, @2, 81)° . (11.27)

4,J=1

Observe also that by the definition of M as in (II.17), we have 6 € [r/3,27/3], therefore we get that
4cos?f <1 and 1+ cot?d < 3 < 2. Now, combining the last trigonometric estimates with (I1.20) and
(I1.27), we conclude that (I1.20) holds true. |

Now we can prove the lower bound (and the rigidity statement) for the frame energy of immersed tori
in arbitrary codimension, namely Theorem I.1. Notice the analogy with the Willmore conjecture (proved
by Marques-Neves in codimension one but still open in arbitrary codimension).

Proof of Theorem I.1. First of all, thanks to Lemma II.1 we can assume that

e the reference torus is flat (so, following the notations above, it will be denoted with ) and is given
by the quotient of R? via the Z? lattice generated by the vectors (1,0), (11, 72) with (71,72) € M
defined in (II.17),

e the immersion ® : ¥ < R™ is conformal,

e ¢ is the coordinate moving frame associated to $: ¢ = %.
Once this reduction is perfomed, we proved in Proposition I1.2 that the lower bound (I1.20) holds, namely
- 1 1 in® ¢
F(8,8) = Z/ \déT? dvol, > 7 (72 + —> <Sm7) : (I.28)
b

T2 sin? 6 + cos* 0

where # = 6y, = arccos7;. Notice that the expression above is symmetric with respect to the map
71— —T1, SO it is enough to consider (71,72) € M T, where M+ := M N {r; > 0}.
From now on we denote with f : M+ — R the function

f(72,0) := (Tg + i) (ﬂ) . (I1.29)

Ty sin? 6 + cos* 0

A first attempt would be to prove that f is bounded below by 2 on the whole M*. However, by an
elementary computation, it is easy to check that

fle=1,0=7/2)=2 and f(r2 =sin6,0)<2for € [r/3,7/2) ;

or, in other words, except for 7 = (0, 1), on the arc of circle S N M+ we always have f < 2.



In order to overcome this difficulty let us recall that, by equation (I1.9), we can write
F(®,&) = Fp(P,&) + W(P) (11.30)

where W (&) = Js [Hg|? dvoly is the Willmore functional of & and Fr-defined in (1.7)-is a non negative
functional. Let us denote

2
1 1
Qrymg = {(71,7'2): (7'1—5) +(T2—1)2§Z}QM+ ,

and recall that if 7 € Qpyar the Willmore conjecture holds true (see [25, Corollary 7]; this remarkable
result of Montiel and Ros extend a previous celebrated result of Li and Yau [21]), namely one has

W(®) > 272 for every smooth conformal immersion ® : R?/(Z x 7Z) with 7 € Qry mr. (I1.31)

A direct computation shows that

Flocuyn > 2 with equality if and only if 75 = 1 and 6 = g (I1.32)

where, of course, 0Qry g = {(71, To) : (71 — %)2 + (12 — 1)2 = i} N M™T. Observing that the function

To > f(72,60) is monotone strictly increasing for 75 > 1, the lower bound (I1.32) implies that
flv\Qry s = 2 with equality if and only if 75 = 1 and 0 = g (I1.33)

The claimed lower bound for the frame energy (I.10) follows then by combining on one hand (I1.28),
(I1.29) (I1.33) and on the other hand (I1.30) with (IL.31).

Now let us discuss the rigidity statement. From the work of Montiel and Ros (in particular combining
Corollary 6 and the estimate (1.11) in [25]), we already know that

W(®) > 272 for every smooth conformal immersion ® : R?/(Z x 7Z) with 7 € Qry Mg, (I1.34)

where Ly MR is the interior of the region Qryar as subset of M ™. Therefore, combining on one hand
(11.28), (11.29) (I1.33) and on the other hand (I1.30) with (I1.34) we get that if F(®, &) = 272 then & is a
smooth conformal embedding (recall that if ® has self intersection then by [21] one has W (®) > 8x) of
the flat square torus-i.e. 72 = 1,0 = - into R™.

At this point the rigidity statement would follow by the work of Li-Yau [21], where they prove that
the Clifford torus is the unique minimizer of the Willmore energy in its conformal class. In any case,
below, we wish to give an elementary proof of the rigidity.

Observing that the flat square torus lies in Qpy g, we have again by (I1.31) that

27T2:‘F((f)aé‘):W(§)+IT(§76‘)227T2+‘FT(556_‘) ;

and since Fr is non-negative we obtain

- 1 . . . .
Fr(®,e) = 3 /[0 " €1 - d€2|§ dvolg, =0 = & -dé;=0on [0,1]°. (I1.35)

A simple computation shows that € - déy = %,dX (which, in our setting writes more easily as €1 - Véy =
—V+)\), where A = |log(d,, ®)] is the conformal factor. Therefore the conformal factor of the immersion
d is constant and, up to a scaling in R™, d is actually an isometric embedding of the square torus into R™.
At this point, repeating the proof of Proposition I1.2 we observe that now § = 0 so the curves 7, and
are the coordinate curves. Moreover equality must hold in Fenchel Theorem (II.21); it follows that ¥y, 7,
are planar convex curves with curvatures respectively k;(-), ky (). Since also in the Schwarz inequality
bringing respectively to (I1.23) and (I1.24) there must be equality, it follows that the curvatures k(-), ky (+)
are constant, so ¥, and ¥, are two planar circles of constant radius one whose plane may depend on x



and y respectively. Finally, we claim that the plane is indenpedent of x and y. Indeed, since § = 0 and
€1 - déy = & - dé; = 0 by (I1.35), the estimate (II.19) reduces to

1
2m? < 1 /[0 - e [ﬁ?l + ]EQ} dvol, . (11.36)

But, on the other hand, using (I1.6), (I1.35) and the energy assumption, we have that

B} 1 , 1
on? = F(®,¢é) = —/ IT|2dvol, = —/ e~ {ﬁ?l FI2, 4 2]1?2} dvol, . (IL.37)
4 [011]2 4 [071]2

Combining (I1.36) and (I1.37) yields I, = 0 which, combined with (IL.35), implies that

4
dx

R = = d -
’Yx(y) = ailxgq) = 82 b =— y(x) =0 on [05 1]2

T2y dy

We conclude that the plane where 4, (resp. 7,) lies does not depend on x (resp. y) and then, up to
rotations, ®([0,1]?) = S! x S! Cc R* C R™.

Let us conclude by discussing the rigidity of the frame. From the discussion of Subsection II.1 it should
be clear that if (®, ) attains the minimal value 272, then the frame € must be a Coulomb frame (this
is because in particular it minimizes the tangential frame energy Fr); moreover, called f = (%, %)

—

the flat coordinate moving frame on S x S, the estimate (IL.16) gives that Fp(®,&) > Fp(®, f) with
equality if and only if € is a constant rotation of f. This was exactly our claim. O

III Geometric systems of conservation laws associated to the
Frame energy

II11.1 First variation formula for the frame energy

For simplicity of presentation, and since our applications are in in codimension one, here we present the
formulas of the first variation to the frame energy for weak conformal immersions in the euclidean three
space R3; the higher codimensional computations are similar but notationally more involved and can be
performed along the same lines as in [28].

Since by equation (1.9) the frame energy is the sum of the tangential frame energy Fr and of the
Willmore energy W, and since the first variation formula for W is well known (see for instance [40] for
the classical form of the equation, and [28]-[32] for the divergence form in R™, and [24] for the divergence
form in Riemannian manifolds), here we compute the first variation of the tangential frame energy Fr.
This is the content of the next proposition. Before stating it let us introduce some notations.

Let ® € £(D% R?) be a weak conformal immersion, A = log(|d,, ®|) = log(|0s,®|) the conformal
factor and € := (&],&) = e 9y, B, D, ®) the associated orthonormal frame.

- -

For any smooth vector field @ € C°(R3,R?), we call ®,(z) := ®(z) + tw(B(x)) € (D2, R3) the

perturbed weak immersion and we consider the following orthonormal frame associated to ®;:

—

€1t =

™y

Y X iy = & + te N (8,0, ) A+ oft), (I11.38)
where, in the second equality, we used (VI.115); the second vector of the frame is therefore
ot = —C1y X Ay = €+ te ™ (Dp, W, 7M) + o(t). (I11.39)

Proposition IIL.3. Let & € £(D?,R3) be a weak conformal immersion, A = log(|0y, ®|) = log(|0., ®|)
the conformal factor and € := (€1, €3) = e (0, ®, 0., P) the associated orthonormal frame.
Then, for any smooth perturbation @ € C(R3 R3) with w|<f>(6D2) =0, called ®,(z) = D(z) +

ti(B(z)) € E(D?,R?) the perturbed weak immersion and & := (&14,,) the associated moving frame
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defined in (111.38)-(II1.39), it holds

d_ - d[1 L
(@, @)(0) = - [5 /D ) (o - der ), dvolgt] (0)

_ /D (@.d [Ty (@, den) +d oy [[(@,de) @ (&, der) = 271 (@ - den)? gL, b))

- (m,div [JTLg(gz,vLa)(gz,vLa) (@, V&), V8) + 5@, va)vis|) |
g

(I11.40)
where in the last formula we use the following notation: div is the divergence in R? with euclidean metric,
VLt = (=0u,,0u,), (@,7) or i - T denotes the euclidean scalar product in R® and < u,v >, denotes the

scalar product in (D?,g), where g = @*gRs is the pullback on D2of the euclidean metric in R3. In the
second formula, *, denotes the Hodge duality with respect to g, d is the Cartan differential, and L, is the
restriction of forms with respect to g.

Proof. Using the expression of €; given in (II1.38)-(I11.39) we compute

d . d i (2 N ~
pn (Ea dére)” = T > 9t (@, 00,810) (Ea, D, E1t)
ij

We have in one hand

(Coty 0p,C1t) = (E2,04,81) +te > (g, W, 1) (D, €1,7) +te > Dyyw (&2, Oy, )
(€2, 02,E1) +t (g, ) Iy €™ —t (8,0, 7) Lig e +o(t) . (IIL41)

Hence using (VI.118) we obtain

d . _ o e
e (Enden )} (0) = = Y7 [(00,8,00,0) + (00, 8,00, 0)| (e 00,81)(E2, 01, 81)

267 (@2, 02,61) (O, W, 71) Tni — (Do, W, 77) Ins]
- —2<[(€2,d€1)®(€2,d€1)] Lgdé,d@ —2<E’Lg(52,é'1),*gdw> . (I1L.42)
g g

Combining now the variation of the volume form (VI.119)-computed in the appendix-and (II1.42), we
obtain

d -
QE.FT((I)t,Gt)(O):/

DZ

1 . .
lzq(@,da)@(@,da)§|g2,d51|29] Lgdcp,dw> f2<]1Lg(€2,51),*gdw> dvol,
g

g

The thesis follows with an integration by parts recalling that by assumption |5( op2) = 0. O

I11.2 Some general conservation laws for conformal immersions
The goal of the present section is to prove the following Proposition.

Proposition I11.4. Let & € £(D%,R3) be a weak conformal immersion, A = log(|0y, ®|) = log(|0a, ®|)
the conformal factor and € = (€1,6) = e *(0s, @, 0., ) the associated coordinate orthonormal frame.
Then the following identities hold

(+,dB) - []ﬂ_g(gz L dEY) + *, ([g2 LdEy ® & - dey — 271 |6 - dey|? g]L, d(f))] =0 (I11.43)
and
<(*gd<f>)A []ﬂ_g(ég L dEy) + % ([52 ey ® & - dey — 271y - dé]? g] L, d(f))b = — < #yd\,dD >,
g
(II1.44)
where B B
dD = —IL, +,d® A7 . (IIL.45)
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The rest of the section is devoted to the proof of Proposition II1.4. We start by computing
(+d®) - []ﬂ_g(ég - déy) + ([52 LdEy @ & - ey — 27 |E - dé)? g] L, d(f)”
- <[g2 L&y @& - dey — 2718 - dé 2 g] ,d§®d<§> (IT1.46)
g
= <[52 d€1 ®€2 d€1 - 271 |52 'd€1|2 g} ’g>g =0

where the upper dot means a contraction in the R? coordinates; this gives the first part of the thesis,
namely (111.43). The second identity of the thesis is more subtle. We compute

<(*dq3)A [ﬁLg(é'Q L&) + * ([52 e\ ® & - dey — 27118 - déy|? g] L, d(f))D
g
= =0, 8 A (T (B2 02,8) + 112 (B2 - 0,7 ) + € P 00, BN (To1 (B2 - 03,71) + o2 (72 - D))

+(dB 1 ([6-d8s @ -8y — 27118 - d&i | gL, dB) )
! (I11.47)

An elementary computation gives

<d<f>A ([52 ey @& -dey — 271 |e - derf? g] L, d(f))> -0 (IIL.48)
g

Hence (for the moment the following formula is not used but it will be useful later in the section)
<(*dci5)A [L,(@ LdE) + * ([52 ey @& - dey — 271 - der|? g] L, d(f))]> - <(*dci>’)m,]1|_g(€2 : d€1)>
g g
(I11.49)

Using that € - dé) = *d\ = —1e® x de=?*, from (IIL.47) we get

[E—

),

<(*dq3)A [}TLg(é'Q - dEy) + * ([52 ey ® & - dey — 27118 - déy|? g] L, d(f))
=271e P 9, B AT (~Ih1 Opye ™ + 11206 2) =271 e 9, BAT (o1 Dpye 2 + Top Dy e )
=271e P 9, O AR (19 Opye + 19 Dy e 2 + 2H I, \)

271" 9, AR (13, Bppe — 19 Opye™ — 2H D, M)
(IIL.50)

So we have established the following

<(*d<f>)A [}TLQ(@ L&) + * ([52 ey ® & - dey — 27V |E - déy|? gL, d(f))Dg

=271e P 0, B AT [0, (19 e72) + 8, (D, e=2M)]

27 e 9, O AT [0,,19 e — 0,19 e + 2H 9, )] (IIL.51)
—27 e 9y DA [~y (19 €72Y) — 0, (19 e=2)]
—271e" P 9, BAT (05,03 e + 0y, 19y e — 2H 0, M)
Using the expression of H° (V1.124) and Codazzi identity (VI.126), we obtain
<(*dq3)A [}Tl_g(ez -dey) + x ([52 ey ® & - déy — 27118 - dey|2g] L, d(f))} >g
(I11.52)

2712, BN [0y, HY + Oy, HY] — 2710, ® A 70y, (e H)

—271e7229, @ A7 [0y, HY — 0y, HY] — 271 05, ® A 710,, (e" 2 H)
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Hence, using that (the first two equalities follow from (VI.124) and the others from the definintion of I)

D, (€722 0, ®B) — By (€722 0,,8) = 2 H

Oy (€722 8,y ®) + O,y (€722 0, @) = — 2 HY

Op, ® N Ot = =0y, ® N Oyl = — € 1205, D A 0y, @
Oy, ® A Oy i1 = € 11 0y, D A 0y, @

Oy, ® N Oyt = — € My 0, B A O, B

we get
Y [amcii A O, 7+ Oy ® A Oy i| + H 0y, B A Byt — HY O, B A Oy,
(ITL53)
= e HY (I —I2) 05, P A 05, +2 e HY Tiy 0, N 05, @ =0
since again HQ = 271 €2* (I3; — I32) and HY = —e?*I15. We then deduce
2 <(*d<f>)A []ﬂ_g(ég - déy) + ([52 LdEy ® & - ey — 27 |@ - dé)? g] L, d(f))bg
. {e*” 00, ® A [H — HY + 72 0,8 A ”g} (IT1.54)
—0,, [e*” Op, ®ANH + 72 9, A [H + ﬁg]]
Thus using (IT11.49) we have proved so far
2 <(*dci>’)A [m_g(ea Ldey) + # ([52 ey @& - dey — 27118 - dey|? g] L, d(f))]>
g
=2 <(*d<f))/\ﬁ,11|_g(€2 : d€1)> (I11.55)

g
— 9, [e—“ [amq? ATy — 8,8 A JT12H — o, [e—“ [— 0py ® ATya + 0y B A JTHH

Now we want to use the second equality in order to write the right hand side in a more convenient way.
Observe that on one hand

2 <(*dci>’)m,11|_g(€2 : d€1)>g = 20y O\ By, B AT e + 200y Oy N Dy, B AT e
2115 Op A Oy ® AT ™ 42141 Opu A 0, ® AT e (IIL56)
On the other hand it holds
By, [e—‘ﬂ [a,;f) ATy — 8,8 A JT12H + o, [e—‘ﬂ [— 0py @ ATyo + 0,y ® A JTHH

— e 209, [e—% [amq? Ay — 8,8 A JT12H Fe 2, [e—% [— Oay ® AT + 0y ® A JTHH
(IIL57)

—2T9p Oy A Oy, AT e+ 2115 Oy A 0, B AT e

12151 Op,\ Oy, B AT e — 2111 Oy, A Dy, ® AT e

Combining (II1.56) and (II1.57) gives

8951 {6_4)‘ {8951(5 N ]TQQ — 89525 AN E12:|:| + (912 {G_ZM {* (%clq_; A\ ]T12 + 8952(5 A\ EH:H
— €—2A azl |:€_2A [8116 A ]T22 _ 812(5 A ]T12i|:| + 6—2)\ 812 |:e—2)\ |:_ 811(5 A E12 + 8126 A ]T111|:| (11158)

) <(*dci>’)m,mg(€2 : d€1)>

g
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Thus putting together this time the second equality of (II1.55) and (II1.58) we have obtained the following
lemma

Lemma II1.2. For any smooth conformal immersion the following identity holds
e 22 0,, {e*” [amé Ay — 8,,® A ]T12H +e 2o, {e*” {— O, ® N + 0y, ® A ]THH =0
(I11.59)

which also tmplies

Bs, [e—” [am(f) Ao — 05,8 A ]T12H — 0, [e—” [f 00, ® AL1p + 0y, & A JTMH . (IIL60)

Let D be the two vector given by

8I1D = 672/\ |:* 8931(5 A\ Tflz + 8932@_5 AN E11:|

(ITL61)
78125 = 6_2)\ |:ax1(f) AN EQQ - 8962(5 AN ]_1‘12i|
Using D, we can rewrite (II1.55) as
9 < o m e g B 1|2 =2 2
(xd®)A |:]I|_g(€2 - déy) + * ([62 -dé1 @ @y - déy — 277 |éy - dé| g] Ly d@)}> (111.62)
g .

=9, [e*” amﬁ] 8., [e*” azlﬁ]
We conclude observing that

Dy, (672 0y, D) — By, (€72 8y, D) = —2 =2 [amwmzﬁ - amwmﬁ] =2 < xgd\,dD >

(IIL.63)
Plugging (111.63) into (II1.62) we obtain (IT1.44).

II1.3 A System of conservation laws involving Jacobian nonlinearities for the
critical points of the Frame energy.

Observe that the 2-vector D defined in (II1.45) (notice that D is unique up to constants and in the
following we will just be interestes in VD), using the more standard notation in R?® of vector product
instead of the wedge product of vectors, can be identified (and we will do it) with the vector defined by

VD =1L, V& x 7. (I11.64)

Notice that VD € L?(D?).

Let us start by noticing that if the pair (<I_5, €), where d is a weak immersion of D? into R3 and € is
a moving frame on <f), is a critical point for the frame energy F then, up to a reparametrization, we can
assume that & is the coordinate moving frame associated to ®, i.e. &= (&),&) = |V—‘/§|(GZ1<I;, 9., ®). This
is the content of the next lemma. Let us also explicitely remark that when we say that (<I_5, €) is a critical
point of F we mean with respect to every normal perturbation of $ and any rotation of the moving frame

—

€.

Lemma II1.3. Let ® be a weak immersion of D? into R® and € a moving frame on ) (we stress that here
€ can be any moving frame, i.e. we do not assume a priori that € = (€1, e2) = \v—\/;(azl(f)’ Dy, ®)). Assume
that (q_;, €) is critical for the frame energy F. Then there exists a bilipshitz diffeomorphism 1) : D* — D?

such that the new weak immersion ® := ®o1) is conformal and € is the coordinate moving frame associated

to®, ie. €= (61,8) = 2 (9,,8,0,,3).
V3|
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Proof. For the moment fix ®. From the criticality of the moving frame € for the frame energy F- or
equivalently for the tangential frame energy Fp-with respect to rotations (i.e. with respect to variations
of the type €; = €€ for § € [0,27]), a simple computation shows that the frame € satisfies the Coulomb
condition div(€; - Véz) = 0. At this point the existence of the reparametrization ) can be performed
using the so called Chern moving frame methos and it is well known (see for instance [32]). O

From now on, if (_’ ®, ¢€) is a critical point of the frame energy F, we will always assume that € is the
coordinate orthonormal frame associated to <I) this is not restrictive, up to bilipschitz reparametrizations
of <I> thanks to Lemma III.3. Therefore when saying that d is a critical point of F we will mean that
( é’) is critical, where € is the coordinate orthonormal frame associated to ®.

We remind that by identity (1.9), we have F(®, &) = Fp(®, &) + W(®); combining the first variation
formula of the tangential frame energy Fr computed in (II11.40) with the first variation of the Willmore
functional W we obtain the one of F. Let us recall that the first variation of the Willmore functional
W(<I_5) := [z H?dvol, on a weak conformal immersion $ of a disk D? into R3 with respect a smooth
vector field @ € C°(R3, R3) with u_j|<i>(aD2) = 0 is given by (for more detail see [32])

. 1 . .
O W(P+ ta) = / ~div [VH —3VHA+Viax H| a0 | (I1L.65)
dt [t=0 D2 2

so that, we obtain

. 1/ - .
o F@tta) = / div [— (VH — 3VH i + Vi x H) (I11.66)
dt ‘t:O D2 2

- - 1 -
I, (& -V4iey) — &y - Ve (6 - Ve, V), + 51e2 Ve ivie| @
So we obtained the following proposition.

Proposition II1.5. Let d be a weak conformal immersion of the disk D? into R3. Then ® is a critical
point of the frame energy F if and only if

1 B}
d1v[ (VH 3VHn+VLﬁ><H)7HI_ (6 V4&) — & VEE (6 Vé, V), + 31é - Va V] = 0
(IIL67)

Lemma IIL.4. Let ® be a weak conformal immersion of the disc D? into R? critical for the frame energy
F. Then there exists a vector field Ly € Li;io(DQ) with VLg € L*(D?) such that

. 1 . .
ViLe = (Vi -3VHG+V5ix )
- N . . I . - 1. . -
7H|_g(62 . VLel) — €2 - VLel (62 . Vel, Vq))g + §|62 . Veﬂzvl(l)
Proof. By the first variation formula (II1.66), we know that if ® is critical for the frame energy then
dlv[ (VH SVH @ + Vi x H) (I11.68)
. oy = I L. oo =
—]“_9(62 . V 61) — €9 - V e (62 . Vel,th)g + §|€2 . V61|5VL<I>} =0
So by the weak Poincaré Lemma (more precisely, one takes successively the convolution of the + of the
divergence free quantity above with the Poisson kernel (27) ! log r, then taking the divergence and finally
subtracting some harmonic vector field one gets the conclusion; for more details see the beginning of the

proof of [31, Theorem VII.14]; in particular, the L% regularity of Ly follows by a classical result of
Adams [1] on Riesz potentials) there exists Ly as desired. O

Lemma ITL.5. Let ® be a weak conformal immersion of the disc D? into R? critical for the frame energy
F and let Lr given by Lemma II1.4. Then the following system of conservation laws holds:

div (<EF,VL§5>R3) —0

div (EF X ViE + AVLD + Hvlé) —0

(I11.69)
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1,(2,00)
oc

Therefore there exists a function Sp € W,
fying

(D2, R) and a vector field Ry € Wllo’f’oo)(DQ,Rg) satis-

VSp = <EF, V<I>’> (I11.70)

]RB
VRrp = LpxV®+A—\)VD-HV® |, (IIL.71)

where X is the mean value of X on D?.

Proof. Combining Remark I11.4, the definition of Lp in Lemma II1.4, and Theorem VIL14 in [31] (in
particular see equations (VIL.187) and (VII.204)), we have

<VEF,VL<I>’> —0
g

<VEF x qu3> F<VAVEID >, + < VH, VL3 >,=0
g

Since div o V4 = 0, the last system is equivalent to the desired system (II1.69). The existence and the
regularity of Sp and EF is analogous to the existence of L r in Lemma II1.4. O

Proposition I11.6. Let ® be a weak conformal immersion of the disc D? into R® critical for the frame
energy F and let Sp € VV;’C(ZOO)(DQ,R),RF € Wh(2>) (D2 R?) be given by Lemma IIL5. Then their
gradients satisfy the following system:

VSp = — <VLJ§F, ﬁ> (A=) <vL5, ﬁ>

VRp =i x VERp + VESp i+ (A= X) VD + (A — ) (<v$ﬁ, 52> & — <vL5, 51> 52) .
(ITL.72)

Therefore (Sg, Rp, D, ®,\) satisfy the following elliptic system
ASp = — <VH§F, Vﬁ> + div [(A Y| <V¢ﬁ,ﬁ>}
ARp = Vit x V*Rp + VS Vit
+div [(A — N VD+(A—2N) (<vi5, é’2> & — <VL5, é’1> 52)}
(I11.73)

AD = div (1L, V48 x i)

AN = —(V'té,Véy)

As a consequence, we have that Sp € WZIO’E(DQ,R) and Rp € VVllo’CQ(DQ,Rg).

Remark III.2. A natural question arising from Proposition II1.6 is if actually the system (I111.73) is
equivalent to the frame energy equation (I11.67); in analogy with the situation in the Willmore framework
(see [2]-[31]-[33]) we expect this not to be the case. More precisely we expect the system (II1.73) to be
equivalent to the conformal-constrained Willmore equation. A second observation is that we expect the
conservation laws on Sp and Ry to be the associated, via Noether’s Theorem, to dilations and rotations
(transformations that preserve the frame energy, as observed in the introduction); this remark in the
context of Willmore surfaces is due to Yann Bernard. We will study these questions in a forthcoming
work.

Proof. Recall that we use the notation

DL
X
D
I
3u

(I11.74)
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so, taking the scalar product in R3 between (I11.71) and 7 and observing that

<6zlép,ﬁ> _— <EF,€2><52 X E1,7) 4+ (A — ) <61113,ﬁ> - <LF, » > < Ilﬁ,ﬁ>
<8I2§F,ﬁ> = <EF,€1> (&1 % &, ) + (A — A) <8125,ﬁ> <LF,az1<1>> < D ﬁ>
we get
<vép,ﬁ> - <EF, VL<f>> F(A—N) <v5,ﬁ> : (IIL75)

recalling (II1.70) and the fact that (V+)+ = —V, the last identity gives
VSp = = (VEEp, ) + (A= N) (V4D,7). (IIL.76)
Analogously one computes <V§F, é}> which, combined with (I11.75), gives
VERp = <EF, vlq3> 7i— <EF,ﬁ> Vid+ (A -\ VD . (11L.77)
Taking the vector product of (IIL.77)* with 7 gives
V4iRp x it = <LF, >VL<I> F(A=N) (<VLD 62> <VLD 61> ) (IIL.78)
which, plugged in (IT1.77) together with (IIL.70), gives
VRp=iix VRBpr + VESp i+ (A= A\) VD + (A — ) (<v¢5, 52> & — <vlﬁ, €1> 52)
Apglying the divergence and recalling that div(V+) = 0 we get the first two equations. The very definition
of D gives the third equation. In order to obtain the fourth equation compute the vector product between
V1@ and Ry as in (IIL.71):
(V48 x VEp) = (V48 x (L x V8)) + (A= ) (V-E x VD) . (IIL.79)

A short computation gives

<VL<f> X Vﬁ> = <VL§5 X (HI_QVLE) X ﬁ)>
= L,V'6 (Ve i) — i (L, V6, v4E)
= —2e%Hii=—-Ad . (I11.80)
Observing that
H<V & vq3>:2 =3

e <VL<I3 x (Lp % v§)> —Lr <vi§>’,v§5> —vd <vl<f>,EF> - <V<f>, VLSF> ,

where in the last equality we recalled (IT11.70) and that of of course <VL§, V<13> = 0.Therefore we can
rewrite (IT11.79) as
1—(\—N)]Ad = — <VEF X vlq3> - <vsF,vL<I>’>
The last equation is classical, see for instance [31, (VIL.132)].
The improved regularity of A, Sp and Rp is quite standard, in any case let us briefly sketch the
proof for A and Sr (the one for Rp is analogous). The fact that A € L"O(DQ) follows directly from the

Wente-type estimate of Chanillo-Li [6] (for more details see also [31, Section VII.6.4]). Let us discuss the
regularity of Sp: take any ball B C D? and write Sr on B as

Sp=5S+S51+S5 ,
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where Sy € C*°(B) is the harmonic extension to B of Sp|sp and S, Sy satisfy the equations

AS; = — <VL1%F,Vﬁ> on B
(II1.81)
S1=0 ondB |,
ASy = —div [()\ Y <Vl5,ﬁ>] on B
(I11.82)
SQ =0 on aB

Since by construction Rp € WH(22)(B) and i € W'2(B), by a refinement of the Wente inequality
due to Bethuel [3] (which is based on previous results of Coifman-Lions-Meyer and Semmes), equation
(II1.81) implies that S; € WH%(B). The fact that So € WH%(B) follows instead from Stampacchia
gradient estimates, recalling that A — A € L>®(B,R), D € W12(B,R?) and of course @i € L>(B,R?).

O

IV  Regularity of critical points for the frame energy: proof of
Theorem 1.2

The goal of the next Section V is to minimize the frame energy in each regular homotopy class of immersed
tori in R? and to propose such a minimizer as canonical rapresentant for its own class; to this aim, in the
present section we develop the regularity theory for critical points of the frame energy. The fundamental
starting point is given by the elliptic system with quadratic jacobian non linearities satisfied by the critical
points of the frame energy, namely Proposition III.6.

The strategy is to show that, for every g € D? and r > 0 small enough, the system (II1.73) with
Dirichelet boundary condition has at most one solution in a suitable function space for every 0 < p < r;
then, using a good slicing argument together with properties of the trace and harmonic extension, we
construct a more regular solution of the system (II1.73) having the same boundary condition as the
initial solution. By the uniqueness we infer that the initial solution had to be more regular, namely in
a subcritical space, then we conclude with a standard bootstrap argument that the initial solution is
actually C°.

Before stating the lemmas let us introduce some notation.
In the following, ® will be a weak conformal immersion of D? into R? critical for the functional F. For
any p € (0,1),k € R and p € (1,00) we will denote

EXP(B,(0) = WHP(B,(0).R) x WHP(B,(0), B?) x WHP(B,(0), BY) x WHH1P(B,(0), R?),
EXP(B(0) = WEP(B,(0),R) x Wi (B, (0),R) x Wi(B,(0),R?) x (WP N WL(B,(0), R%)),

Let us define

L(A) = AA + <vié, Vﬁ> _ div [(A Y| <vlé, ﬁ>}
L(B):=AB—Viix V*B-V'A Vi
—div [(A —N)VC+ (A=) (<VLC‘, €2> €1 - <VLC‘, €1> 52)} (IV.83)

L(C) := AC — div (wﬁ(v%ﬁ)Lg VL3 x ﬁ)

L(B) 1= AT + - [(VEx V18) + (VA4 v'é)]

where <I_5, €;,7, \, X are the critical weak conformal immmersion, its normalized tangent vectors, its normal
vector, its conformal factor and the mean value of the conformal factor on B,(0); all this terms are seen
in system (IV.83) as coefficients. Since A satisfies the elliptic equation

AN =—(V+e,Ves),
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from the Wente-type estimate of Chanillo-Li [6] (for more details see also [31, Section VII.6.4]) we have
IAN= M=,y < ClVelzas,onlVeallz2s, o)

Cl

IN

/ |€2-Vé’1|2dac+/ (|ﬁ-Vé’1|2+|ﬁ-Vé’2|2)dx]
B, (0) B, (0)

/ |& - déy |2 dvoly + / |]T|§ dvol,
BP(O) BP(O)

for some C,C’,C"” > 0 independent of 3.

Observe that combining Lemma VI.8 and (IV.84), we get that L is a linear continuous operator from
ELP(B,(0)) to E71P(B,(0)) for every p € (1,00).

The key technical lemma for proving the regularity is the following isomorphism result.

Cl/

IN

: (IV.84)

Lemma IV.6 (L is an isomorphism between Eol’p and E7YP). Let & be a weak conformal immersion
of D? into R3 critical for the frame energy F. Then there exists r > 0 (depending on <f>) such that for
every p € (0,7] the linear operator L is an isomorphism from ;" (B,(0)) onto E~17(B,(0)), for every
p € (1,00). In particular if E € Eol’p(Bp(O)), for some p € (1,00), solves the homogeneous equation
L(E) =0, then E =0 a.e. on B,(0).

Proof. From the discussion above we already know that L : Eé’p(Bp(O)) — £71P7(B,(0)) is a continuous
linear operator. Our goal is to prove that L : &7 (B,(0)) — £ "P(B,(0)) is an isomorphism, more
precisely we prove that there exists r > 0 such that for every p € (0,r) and for every (fa, f;;, f@, f@) €
E~1P(B,(0)), the system L(Ao,éo,éo,@o) = (fA,fé,fé,f@) has a unique solution (Ao,éo,éo,ffo) €
&7 (B,(0)).

First of all observe that for every dy > 0 to be fixed later there exists r > 0 such that

/ & - &1 |2 dvoly + / )2 dvoly < &y - (IV.85)
B (0) B.(0)
From now on let p € (0,7]. Observe that, thanks to (IV.85) and (IV.84), for any o > 0 there exists dg > 0
small enough such that -

IA = Allze=(B,0) < o’ (IV.86)

As ﬁgst step_we establish a priori estimates on t}le sglutions. L

If (A° B°,C° 0% € &7 (B,(0)) solve L(A% B°,C° ¥°) = (fa, f5,f5, f3) then, using (IV.86) and
Lemma V1.8, and the classical Stampacchia gradient estimates for elliptic PDEs, we can estimate (all the
norms are computed on B,(0))

1928 < [l + 194 o + VB 1

IVE°lze < 7 [IV*Elleo + IV s

198 < [1Fglhw-ro +20 (IVAN o + IV B lles + 1910 )
1985 < [IFallw-se + 0 (I94%% 80 + IV B s + 1981 )]

for some constant v > 0. Bootstrapping the estimates above we obtain that
H(AO,BO,CO, ‘I’O)Hg;vp(gp(o)) <9 [EOH(AOaBOa Coa ‘I’O)Hg;vP(Bp(o)) + H(anfgaféaf@)||gglm(3p(o)) :
Choosing p > 0 small enough such that 7'eg < %, the last estimate gives

H(AO,BO,CO,‘I’O)”g(}*P(BP(o)) < 7””(anfgaféaf\i)||gglm(3p(o)) : (Iv.87)

Since L is linear, of course, the a priori estimate (IV.87) ensures uniqueness of the solution to the system
L(AO, BO’ CO’ lI/O) = (an féa f@a f\f/) in the Space 5017P(BP(0))
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We now construct the solution by iteration. Given (fa, fg, f@, f_’:f,) € Sgl’p(Bp(O)), let (Ao, By, Co, ¥o) €
£, (B,(0)) be the solution to

AAy = fa

ATy = 155 [(VBo < V48) + (V40 V48| + f

AG, = div (wﬁ(v2\170)|_g VAR ¥ ﬁ) + fa

In order to define the iteration, let us denote with L : £7(B,(0)) — & "P(B,(0)) the linear operator
such that L = A — L (recall the definition of L in (IV.83)). Now we define (A;41, Biy1, Cip1, Uit1) €
£, (B,(0)) as the solution to

-

AAiJ’_l = i/(Ai; gia 6i) \I]Z)

—

A§i+1 = E(Az, Ei, Ci, \I_;z)

ATy = rlx) [<V§i+1 X VL<13> + <VA1'+1,VL(£>}

AC;, 1 = div (wﬁ(vwm)Lg VLE x ﬁ)
Analogously as for the a priori estimates above, we estimate that
[ Aiz1llwre + | Biallnre < 7€0|\(Ai7§i76i7‘17i)”g[}m
which yelds
[Pit1llwee + 1Cigalwrw < (|\Az‘+1||vv1vv + |‘§i+1|‘W1vP) <o [[(Ai, Bi, i, ¥i)| 1.0

Combining the last two estimates we obtain that there exists v > 0, and for every ¢ there exists r > 0
such that for every p € (0,r) it holds

— —

1(As, Bi, Ci, W)l g1, 0y) < (v€0)" [I(Ao, Bo, Co, Wo)llgio, o) - (Iv.88)

Choosing €9 < 3 and r > 0 accordingly, it is straightforward to check that quantities

UM SRR oF N T oV 130 oF
i=0 i=0 i=0 i=0
are well defined with (A°, B°, % ¥ ¢ Eol’p(Bp(O)), and that L(A°, B°,C0 0°) = (fA,fé,fé,f\f,) as
desired.
O

As should be clear from the lemmas above, for proving the regularity it is convenient to work with
functions with zero boundary value. As we will soon see, to this aim it is enough we add to the system
(IV.83) some £ 1%-terms coming from the data (Sp,ﬁp,ﬁ,tf)). From now on, let » > 0 be given by
Lemma IV.6 and p € (0,r).

Recall that, by Proposition III.6, (SF,EF,B,é) € Sllc;f(DQ) therefore, by Fubini’s Theorem, for
a.e. p € (0,r) we have that Sp € WY2(9B,(0),R), Rr € WY2(B,(0),R), D € W"2(B,(0),R?) and
e W22NWH=(8B,(0),R?). So, let

(So, Ro, Do, Bo) € E14(B,(0)) (1V.89)
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be the extensions to B,(0) of the above quantities defined on 9B,(0) and define (89, R0, DY, 8%) e
£y (B,(0)) as
(SO,RO,EO,éo) = (SF *S(),R’F 7&0,5750,5750) . (IVQO)

Let us stress that (S°, ]%0, 130, <I_50) have zero boundary value on 0B,(0). Recalling that thanks to Propo-
sition IIL.6 it holds L(SF, Rr, D, ®) = 0, we infer that

L(S°, R°,D° 3°) = (fs. fz, f5, f3) on B,(0) (IV.91)

for some (fg, fé, fﬁ, f:I;) € E714(B,(0)) easy to compute from the definition of L as in (IV.83).

Now, thanks to the Isomophism Lemma IV.6 applied with p = 4, there exists (Ao,éo,éo,@o) €
&' (B,(0)) solution to the system

L(AO’B'O,C'O’@O) = (fs,fg,]%,]%)- (IV.92)

But, since clearly £,*(B,(0)) C & *(B,(0)), the uniqueness statement of the Isomorphism Lemma IV.6
applied this time with p = 2 together with (IV.91) and (IV.92) implies that

(S, R°, D°, &%) = (A°, B°,C°, %% on B,(0) = (S°, R°,D° &°) e £*(B,(0)).
Therefore, recalling (IV.89) and (IV.90), we conclude that
(Sr, R, D, ®) € EY4(B,(0)) . (IV.93)

Now, plugging the information that ¢ € W?24(B,(0)) in the Euler-Lagrange equation of the frame
energy J, we obtain that
AH = F on B,(0)

for some F € W=12(B,(0)), so H € WL2(B,(0)). Recall that A\ = (V&),V1é;) € L2(B,(0)), so A €
W22(B,(0)). Also A® = e~ H € WL2(B,(0)), so & € W22(B,(0)) and in particular & € W2 (B,(0))
for every p € (1, 00).

Now repeating the above argument, we get that & € Wl?;’f(Bp(O)) for every p € (1,00); the same
procedure now gives that ® € VV/Z’CP(BP(O)) for every p € (1,00) and every k € N. Therefore ® is smooth
in a neighboorod of 0 and we have proved Theorem 1.2. o

V Existence of a smooth minimizer of F in regular homotopy
classes of tori immersed in R?: proof of Theorem 1.3

At first, it must be proved that the notion of regular homotopy class extend to the general setting of
weak immersions. This is the content of the next proposition.

Proposition V.7. The notion of reqular homopy class extends to the framework of weak immersions
by approximation. More precisely, let P e E(T?,R3) be a weak immersion; then there exists a sequence
{<f)k}k€N of smooth immersions and there exists a fized reqular homotopy class o of immersed tori in R3
such that

a) &y, € o for every k € N,

b) B — B in W22(T2) N WLoox(T2).
Moreover given any sequence {q;k}keN satisfying the condition b), then for k large enough also condition
a) holds. We therefore define o to be the regular homotopy class of 3.

Proof. The existence of an approximating sequence of smooth immersions {@k}keN satisfying condition
b) can be achieved by a standard convolution argument recalling the two properties defining a weak
immersion (see the Introduction for the definition of weak immersion; more precisely condition 1. ensure
that @ is a smooth immersion and the uniform W*° bound on <f)k, and condition 2. implies that
d e W?22(T?,R3) so that 3y, converges strongly in W22-norm). By the strong W?22-convergence it
follows that the quantity | |dﬁk|2dvol%k does not concentrate. The proof that, for ki, ko large enough,
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two smooth immersions <f)k1 , Cﬁkz are in the same regular homotopy class is then analogous to the proof of
the no loss of homotopic complexity in the points of non concentration of the frame energy, namely Case
I below. The independence of the regular homotopy class on the approximating sequence easily follows
from the arguments above just by merging two approximating sequences. o

From now till the end of this section we fix a regular homotopy class o of immersions of T? into R? and
we consider {®)}ren C E(T2,R3) a sequence of weak immersions, and {& }xen € WH2(T2, &*(V3(R3)))
a sequence of moving frames on ®y(T?2) such that (®y, &) is a minimizing sequence of the frame energy
F among all weak immersions belonging to the class o, and all moving frames on them.

Since (ik, €)) is a minimizing sequence, we can assume that the frame €j, minimizes the tangential
frame energy Fr defined in (1.7), i.e. we can assume that & is a Coulomb frame. Using the Chern moving
frame technique in order to construct conformal coordinates from a Coulomb frame (for more details see
[32]) , we get that the weak immersions @y, induce a smooth conformal structure on T2; moreover, up to
composition with a bilipschitz diffeomorphism of T2, the weak immersion $,, is conformal with respect to
this smooth conformal structure. At this point, analogously to the proof of Lemma II.1, we can assume

that the conformal structure is contained in the moduli space M defined in (II.17) and that the moving

V2
[V®r|

frame is the coordinate one, i.e. € = V&,

Let us observe that the conformal factors Ay, := log(|@,, ®x|) satisfy the uniform bound

sup A = Mell Lo ) + IV AR 22(50) <00 (V.94)
S

where Y is the flat torus corresponding to the conformal structure of <I_5k and )y is the mean value of
A on Y. In order to obtain (V.95) recall that the conformal factors satisfy A\ = — < V4ter, Vés >;
therefore, by Wente estimates [41], we infer

Mk = Al ) + IV AR 2050y < CollVERl L2 IVER I L2(s) < CLF (s 1) < Co

Notice that if we rescale @y, by a factor e we get that the conformal factors of the rescaled immersions
are uniformly bounded in L>°(Xy); since the frame energy F is invariant under rescaling, we can replace
the minimizig sequence with the rescaled one, so that we can assume

21112 H)‘kHLDO(Ek) + ”v}‘kHL?(Ek) <00 . (V.95)
S

Recalling (I1.6), we have that the the second fundamental forms of the ®;’s are uniformly bounded in
L?(%)) and therefore, thanks to (V.95), we infer

sup ||q_5k||W2,2(’]I‘2,]R3) < oo . (V.96)
keN

Now we claim that the conformal structures are contained in a compact subset of the moduli space.
To this aim, observe that the proof of Proposition II.2 can be repeated for weak immersions (just notice
that for a.e. x the curve v, is W22, so we can apply Fenchel Theorem and then integrate in x; same
argument for y. All the other computations in the proof makes sense a.e. so the integrated inequality
holds as well). Since by definition of M we have § € [, 2], if 7, — oo then the right hand side of (I1.20)
diverges to +o0o, which implies the claim. Therefore, up to subsequences in k, the conformal structures
Yk converge smoothly in the moduli space to a limit ¥ = ¥ .

Combining the convergence of the conformal structures and the estimates (V.95)-(V.96) , we infer that
there exists a weak conformal immersion ® = &, € £(T?,R?), with conformal factor A = Ao = log |0, P|
and coordinate moving frame € = €, = e"*V® such that, up to subsequences,

Bj, — & weakly— W2>3(X), & — & weakly—W'2(E), A — A weakly — WH2(2)NL®(2)*. (V.97)

Let us stress that the limit @ is not branched thanks to the uniform estimates on the conformal factors
(V.95), which of course pass to the limit under the above converge.
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Using the conformal invariance of the Dirichelet integral, the lower semicontinuity of the L2-norm under
weak convergence, and the smooth convergence of the conformal structures, it follows that

2 2 2
- 1 — 12 1 =12 . . 1 —i |2
F(®,e) = 1 i:E 1 /Z |désy, dvolgy = 1 ;:1 /z: |Vei|* de < hmkmf 1 ;:1 /Zk |Vey|” dx
12
. . — |2 s 7 -
= hmkmfz E_l /Ek |déy, | " dvolg, = hmkmf]-'(@k,ek) . (V.98)

Since (<f)k, €) is by construction a minimizing sequence, thanks to (V.98), in order to finish the proof
of Theorem 1.3 we just have to show that the weak immersion d is an element of the regular homotopy
class 0. The regularity of ® will then follow from Theorem 1.2 and from the criticality (actually we have
even minimality) of ® for the frame energy F.

In order to prove that there is no loss of homotopic complexity in the limit, we are going to show
that we can cover ¥ with a finite number of balls and that on every ball there is no loss of homotopic
complexity, with good control of the boundary; in oder to do so, we start with detecting the points of
energy concentration for the frame energy.

Let g9 > 0 small to be chosen later; for every z € ¥ and k& € N we define

Pk,z = inf {p >0: / |Véx|? do > 50} , (V.99)
BZP(I)

where Bs,(x) is the ball in R? of center z and radius 2p with respect to the flat metric.
For a given k € N, the collection {B,, ,()}sex forms a Besicovitch covering of ¥ therefore, by the

Besicovitch covering theorem, there exists a finite subcovering {B (2¥)}ier, such that any point in X

P,k
is covered by at most ¢y € N balls, where ¢y does not depend on k£ € N. In fact, from the uniform bound
on the frame energy with respect to & € N, the cardinality of I is uniformly bounded in k thus, up to
subsequences, we can assume that I is independent of k (and finite) and that for all i € T

¥ =, Prazk = Ppi  ask—o00 (V.100)
for some x; € ¥ and p; > 0. Letting
J:={iel: p;=0} and I =1\, (V.101)

it is clear that {B,, (x;)}ic1, covers X; moreover, for the strict convexity of the euclidean balls, the points
in ¥ which are not contained in Ujer, By, (2;) cannot accumulate and therefore are isolated and hence
finite:

{ai,...;an} =X\ Uier, By, (z:) . (V.102)

In order to show that ® is an element of o, we are going to show that there is no loss go homotopic
complexity in the limit. We are going to consider separately the regions of ¥ where there is energy con-
centration and where there is not. Before starting with the latter, observe that we can assume that i
and @ are smooth immersions, indeed, almost by definition (see Proposition V.7), one can approximate
a weak immersion via a smooth immersion without changing the regular homotopy class.

Case I: no loss of homotopic complexity in B, (x;), i € Iy. From (V.97) and (V.99)-(V.100), using
Fubini’s Theorem (and a standard selection argument ensuring the independence of k, see for instance
[34, Lemma B.1]) we have that there exists p € (p;, 2p;) such that, up to subsequences in k, it holds

sup / IVép|?dl <29 and &), — & weakly — W22(9B,,(x;). (V.103)
k JoB,(xs)

Recalling that we can write |[Vex|? = |Viig|? + 2|V k|2, by Schwartz inequality we infer that

/ |Viig|dl +/ [VAk|dl < \/Cegp (V.104)
8B, () 0B, (x4)
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for some universal C' > 0. In particular, called ky the geodesic curvature, it follows that

[ Ik,| dl — 27| < \/Ceop.

@4 (0B, (i)

The combination of the last two estimates implies that ék(aBp(xi)) is a graph over a planar simple closed
curve @(-) : S — R3 (which, up to a rotation, we can assume lying on the plane R? = {z = 0} C R3)
and, thanks to (V.103), the same holds for 5(8Bp(xi)). Therefore, up to a regular homotopy, we can
assume that @ is parametring a round circle and that both &, and @ coincide with & up to first order,
ie.

- . = - 0
O() = Pk(-) =a(-) and 9,9(-) = 0, P (") = 5 € R? on OB, (zi) . (V.105)
At this point, Lemma VI.9 in the appendix concludes the proof of Case I.

Case II: no loss of homotopic complexity in the concentration points {ai,...,an}. We are going to
show the claim at a fixed concentration point a;, of course the argument for the other a;’s is analogous.
By definition of concentration point, there exists a sequence of radii py | 0 such that

hrninf/ |Vﬁk|2dz > ep
ko JB,, (1)

Moreover, by the finiteness of the frame energy, it is easy to construct a sequence {Rj}reny with the
following properties:

R . Lh 0 and lim IVé|2dz =0 . (V.106)

i
oo fig k=00 JBp, (a1)\B,, (a1)

Now let us rescale the sequence 3, by defining
f 1 =
D () := R_kq)k(al + Ri(z —a1)) . (V.107)

Observe that, by the invariance of the frame energy under scaling, (V.106) implies that for every § €
(0,1/4) we have

0= lim V& 2de = lim Vi + 2|VAk|2dz, (V.108)
k=00 ) B (0)\Bs(0) k=00 ) B, (0)\Bs(0)

where of course j\k = log |6$1<I_5k|, é’k = e’xkvfﬁk is the coordinate moving frame associated to <f>k and
iy, is the normal vector. In order to compare the regular homotopy type, let us also rescale the limit
® = @, given in (V.97) by the same factors, i.e. we define

fat 1 =
ok = R—(I)oo(al + Ri(z —ay)) . (V.109)
k

Since by (V.98) the frame energy of P is finite, we also have

0= lim Vs ?dz = lim |Vé: [2dz = lim \Vik |2 4 2|VAF |2dz ,  (V.110)

o0
k—oo BRK (0) k—oo B (O) k— oo B (0)

with obvious meaningg of the hatted quantities. Let £g > 0 small to be fixed later. Combining (V.108) and
(V.110), analogously to Case I (using Fubini’s Theorem, a selection argument and Schwartz inequality),
we get that there exists p € (1/4,1) such that, up to subsequences in k, it holds

/ [Vitk| + [V k| + VAL | + [VAE |dl < & . (V.111)
0B;(0)

Now,analogously to Case I, we get that for £y small enough-or, in other words, for k large enough-
®;, and ®*_ are graphs over a planar simple closed curve; hence, up to a regular homotopy, we can
assume that they coincide up to first order with a planar round circle as in (V.105). By using Lemma
V1.9, we conclude that i | B,(0) and Cﬁzo | B,(0) are regularly homotopic with good control on the boundary

homotopy; therefore, rescaling back by Ry, we obtain the same statement for <I;k |BﬁRk (ay) and 600 |BﬁRk (a1)s
as desired.
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Remark V.3. As a side remark let us observe that, by refining the estimates of Case II and by a cutting
and filling procedure-adapted to the frame energy-analogous to the proof of [23, Lemma 5.2], it is possible
to prove that actually Case II does not occur. Indeed it is possible to replace @k(Bpk (a1)) by a flat disk
without changing the regular homotopy type and saving £0/2 > 0 energy. This would clearly contradict
the assumption that By is a minimizing sequence. Since this argument is not needed and it is a bit more
complicated than Case II discussed above, we decided to present this simpler proof.

Summarizing, we proved that ®; and ®., € £(T2,R3) are elements of the same regular homotopy
class 0. Therefore, by the lower semicontinuity (V.98), $ . is a minimizer of the frame energy F in his
regular homotopy class among weak immersions and W'2-moving frames. In particular $. is a critical
point of F, and by Theorem 1.2 we conclude that $. is smooth. This completes the proof of Theorem
1.3. |

VI Appendices

VI.1 Appendix A: some classical computations in conformal coordinates

In this appendix we consider a weak conformal immersion ® of the disk D? into R3. We will denote
with g the pull back metric on D? induced by the immersion $. We will use local positive conformal
coordinates z*, 22 on D? and we will call (&1, &) the local orthonormal frame such that 9,, ® = ¢* &, and
0y ® = X @; A := 0,1 ®| = |9,2B| is called conformal factor.

VI.1.1 Variation of classical geometric quantities

The computations in the present subsection are rather classical, we repeat them here mainly to fix the
notations. Given a vector field w € C2°(R3,R?), consider the one parameter family of weak immersions
of D? into R3 given by 3, =P + tad.

The normal vector i, of ® is given by

Oy By N D, ® . B
77Lt = *R3 % = 1(t) X 62(t) s (V1112)
|0z, Pt A Or, Py
and can be expanded as
it =7+t (a1 81+ a2 @) +o(t) . (VL.113)
Since 7i; L 8Ii<f)t and incﬁt = 811.5 + t 0y, W, we have
(0p, W, 7) +a;er =0 . (V1.114)

Combining (VI.113) and (VI.114) gives then

iy =7t — t < (di, @) 7T, d® >4 +o(t) (VL.115)
which gives
dn -
%(0) = — < (d@,7) 7, dD >, . (VL.116)
We have g¢;; = (ini)t, Oz, 5,5), thus
d - .
79i7(0) = (00,0, 02, %) + (00,8, 0, ). (VL.117)

Since Y°, g g;; = k; and since g;;(0) = e?* I where I is the 2 x 2 identity matrix, differentiating we
get

d . d q }
29" (0) = =P Zgiy = — e |01, am]@)ﬂamk@,amjw)} . (VL.118)

We also have
dgi1 dga2

+ —:| dl‘l AN dl‘g

dt dt

d d -
— (dvolg,) = — (det(gij))l/2 dzy A dze = 27" (det(gi;)) V2 e { dt dt

(VL.119)
=< d®, dii >, dvoly,
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VI.1.2 Codazzi identity in complex coordinates

Called z = x1+ix5 the complex coordinate associated to (21, z2) and 9, = 2-1 (Oz, —1 Oy, ), the Weingarten
form of the weak conformal immersion ® € £(D?,R?) is defined as

W= 2m5(0%®) dz@dz (VI.120)

the scalar Weingarten form (in case of codimension one immersions) is h" := 2(7, 8325) dz®dz.
Now let us state and prove the classical Codazzi indentity using the complex coordinates.

Lemma VI.7 (Codazzi identity). Let h° be the scalar Weingarten form defined above and denote gc =
e®* dz ® dz. Then it holds

0h’ =gc®@O0H . (V1.121)
O

Proof. First of all observe that
R = 27m7(0%®) dz @ dz = e H* dz®@dz (VI.122)

where
A% =20, (e*”azii) =27l P (%8 — 02,8) — i e ma(02,, ) = [HY +iHY| @ . (VL123)

T1x2

This gives

(VI.124)

We have

O-H = 2020, (e—% azé) — 920,02 (e—2A azé)

= 40, (e—% ) azé) +20, (e—% ajzé) = 40, (e—% D=\ azé) +2719, (e—% A(f))
Hence we have obtained the following identity
O-H® = —40. (e*” ) azé) 0.0 - 0.8

(Notice that the term ,® comes from the fact that for @ : T2 < S3 C R* we have Le 22 Ad = H — &;

on the other hand if ® : T2 < R3 one has %e‘”‘Ad; — H so the term 9,9 is not present). Taking the
scalar product with 77 gives then
O:HY = —20:\H° +0.H

from which we deduce
0z (2 H%) =e** 0.H (VI.125)

which is the thesis. Notice that the identity can also be rewritten locally as

00, 19, + 0,19 = e** 0, H
(VI.126)
02,19, — 8,19 = —e* 0, H
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VI.2 Appendix B: a lemma of functional analysis

In this appendix, for the reader’s convenience, we recall the following (known but maybe non completely
standard) lemma of functional analysis which plays a key role in the proof of the regularity.

Lemma VL.8. Let b € WY2(D?) and p € (1,00) be given; then for every a € WHP(D?) there exists a
unique solution p € WP (D?) of the equation

Ap = 0,adyb — 0yadyb on D?
(VL127)
=0 ondD?

moreover tha linear map LP(D?) 3 Va — Vo € LP(D?) is continuous.

Proof. As first step let us assume p > 2. By Hélder inequality, we have that Va V+b € Lotz (D?) so by
2
classical elliptic theory there exists a unique solution ¢ € W25+2 (D?) and ||¢|| 2 < C||Val| e VD] 2.
P

We conclude by Sobolev embedding.
Now let us assume p < 2. Let @ be the mean value of @ on D2. Observe that the system (VI.127) is
equivalent to the following one

Ap = 0, ((a —a)dyb) — y((a — @) dyb) on D?
(VI.128)
¢=0 ondD?,

By the Poincaré-Sobolev inequality we know that ||a — dHL 2o < Cllaf|e, so by Hélder inequality we get
that
IV((a—a)V=b)lzs < Clallzo|lb] 2

and we conclude with classical elliptic theory.
Finally, the continuity of the map L?(D?) > Va — Vi € L?(D?) follows by the classical Riesz-Torin
interpolation Theorem. o

VI.3 Appendic C: a lemma of differential topology

In this subsection we recall the following well known Lemma of classical differential topology; we wish to
thank Brian White and Yasha Eliashberg for an helpful discussion about this point.

Lemma VI1.9. Let us identify R? with {z = 0} C R3. Let D? be the unit disk in R2 and ® be a smooth
immersion of D? into R3 such that ®|pp> = IdaDz and 0,®|gp> = 5 € R2.

Then there exists a regular homotopy from d to the identity map of D?, Idp, relative to 0D?; in
other words there exists H(-,-) € C1(D? x [0,1],R?) such that for every t € [0 1] the map Hy = H(~, t):

D? — R3 is an immersion satisfying the boundary conditions Hy|gp2 = Idype, (0rH)|gp2 = 6T, and
moreover ﬁo = (f, ﬁl = Idp>.
Proof. Let us sketch the main idea of the classical proof. The work of Smale [35]-[36] reduces the
classification of the regular homotopy classes of immersions of the disk D* into R™ (fixed near the
boundary) to the computation of the homotopy group (V% (R™)), where Vi (R™) is the Stiefel manifold
of k-frames in R™. For k = 2,n = 3 we have m2(V2(R3)) = m3(SO(3)) =

This reduction is performed by the so called h-principle. The main references are the classical paper
of Hirsch [17] as well as Gromov’s book [15] and the recent book of Eliashberg-Mishachev [12]. O
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