Lipschitz conformal immersions from degenerating Riemann
surfaces with L?— bounded second fundamental forms.
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Abstract : We give an asymptotic lower bound for the Willmore energy of weak immersions with
degenerating conformal class. This lower bound is used in several other works. It is for instance one of
the ingredients used in [Ri3] for providing an alternative proof of the one by L. Simon of the existence
of a smooth torus minimizing the Willmore energy. The main result of the present paper has been
independently obtained in [KuLij.
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I Introduction

In [Ri3] the author introduced a suitable framework for proceeding to the calculus of variations of Willmore
Lagrangian of a surface. To that aim he introduced the space of Lipschitz immersions with L?—bounded
second fundamental forms.

Let go be a reference smooth metric on . One defines the Sobolev spaces W*P? (3 R™) of measurable
maps from ¥ into R™ in the following way

k
WhP(S,R™) = {f meas. ¥ — R™ s.t. Z/ |Vlf|50 dvolg, < Jroo}
1=0 7%

Since ¥ is assumed to be compact it is not difficult to see that this space is independent of the choice we
have made of gp.

First we need to have a weak first fundamental form that is we need &* grm to define an L°° metric
with a bounded inverse. The last requirement is satisfied if we assume that ® is in W1°°(2) and if d®
has maximal rank 2 at every point with some uniform quantitative control of "how far” d® is from being

degenerate : there exists ¢y > 0 s.t. . .
|[d® Ad®|g, > co >0 . (L.1)

where d® A d® is a 2-form on & taking values into 2-vectors from R™ and given in local coordinates by
20,® A qu; dx A dy. The condition (I.1) is again independent of the choice of the metric go . For a
Lipschitz immersion satisfying (I.1) we can define the Gauss map as being the following measurable map
in L*°(¥) taking values in the Grassmanian of oriented m — 2-planes in R™.
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We then introduce the space Es of Lipschitz immersions! of ¥ with bounded second fundamental form

as follows : . .
O c WHe(Z,R™)  s.t. @ satisfies (I.1) for some co

Eyy =
and / |dﬁ|§ dvoly < +00
)

Where ¢ := o grm is the pull back by $ of the flat canonical metric grm of R™ and dvoly is the volume
form associated to g.

It is proved in [Ril] that any Lipschitz immersion ® in Es; defines a smooth conformal structure on .
A conformal structure c being given on the two manifold ¥ we define £, to be the subspace of £ made of
weak immersions which are conformal with respect to ¢. The conformal class to which ¢ belongs to will
be denoted [c].

Let ® be in &;. Denote by 77 the orthonormal projections of vectors in R™ onto the m — 2-plane
given by 7iz. With these notations the second fundamental form

VXY € T,% I,(X,Y) = m7,d*3(X,Y)
2 The mean curvature vector of the immersion at p is given by
I .
H = 5 t?“g(ﬂ) = 5 |:H(51,€1) +]I(€2,52) s

where (g1, €2) is an orthonormal basis of T),% for the metric gg.

In the present paper we are mainly interested with the Lagrangian given by the L? norm of the second
fundamental form :

E(®) := / 2 dvol,
b
An elementary computation gives
E(®) ::/ L2 dvolg:/ |diig|? dvol,
b b

This energy I can be hence seen as being the Dirichlet Energy of the Gauss map 7y with respect to the
induced metric gg. The Gauss Bonnet theorem implies that

E(®) ::/ 12 dvol, = 4 / |H|? dvol, — 47 x(2) (1.2)
by by
where x(X) is the Fuler characteristic of the surface X. The energy
W(®) := / |H|? dvol,
b

is the so called Willmore energy

In [Ri3] we studied the existence minimizers of W in &, with or without constraints on the conformal
class c realized by ®. We provided in particular a new flexible approach for proving L.Simon’s result of
the existence of a minimizer for ¥ being the torus. Following [Si] we denote

Bg" = inf {W(d;) ; ® is an immersion of the genus g closed surface }

IWe will also simply call these immersions : weak immersions.
2In order to define d?®(X,Y’) one has to extend locally the vector X or Y by a vector-field but it is not difficult to check
that w7 d?>®(X,Y) is independent of this extension.



and

P
w;”:min{47r+2(ﬂgz47r) S og=git g 1§9i<9}
i=1
In [BK] it is proved that for g > 2

Byt <wg' . (I.3)

In [Ri3] we gave the existence of a smooth minimizer of the Willmore energy in & for an arbitrary closed
2-manifold ¥ provided the conformal class defined by some minimizing sequence is not degenerating.
This fact is then garantteed by the following result which has been proved first for m = 3,4 in [KS1] has
also been independently proved in [KuLi] for general m.

Theorem 1.1 Let (X,c) be a sequence of closed riemann surface of genus g but with degenerating
conformal class [ci] diverging to the boundary of the Moduli Space of ¥.. Let @y, be a sequence of conformal
immersions in s, then

. . T 2 : m
ggig/qu;J dvolg. .., > min{8r,w;"} . (I.4)

O

This result plays a crucial role in [?] for proving the compactness of Willmore surfaces below min{8, w;"}
modulo the action of conformal diffeomorphisms.

One of the main tool we are using for proving (I1.4) is the following consequence of Simon’s monotonicity
formula with boundary which was probably known by the experts in the field but for which we still give
a proof below.

Lemma 1.1 Let ¥ be a compact surface with boundary. Let ® be a weak immersion in Es then the
following inequality holds
H(OM)

4 < ﬁzd [ Qe
”—/M' " dvoly 2o ALy

(I.5)
where HY(OM) is the 1-dimensional Haussdorf measure of the boundary of the immersion OM and d is
the usual distance® between two sets. (]

Observe that the inequality is optimal since it is an equality for M being the flat 2 dimensional disc.

II The normalization procedure.

The aim of this section is to prove the "normalization” result proposition II.1 . This result asserts that
a sequence of conformal immersions B, of Ex realizing a degenerating sequence of conformal classes on
¥ being given, either (I.4) holds or, for any connected component ¢ of the limit 3 topologically obtained
from ¥ by removing collapsing geodesics for the constant Gauss curvature associated to (3, <I_5,*C grm ), One
can find a sequence of M6bius transformations = of R™ such that , away from possibly finitely many
blow up points on ¢, the sequence of immersion Zj o ®;, converges weakly on o in W22 (W) (with
respect to some reference constant Gauss curvature metric) to a non constant conformal immersion of
the component o.

3Let A and B be two sets in R™ we define

d(A,B) := sup inf |p—q|+ sup inf |g—p
(4,B) = sup int Ip | + sup in g ~p



The proof of this normalization result will be a consequence of Deligne-Mumford’s description of the
loss of compactness of the conformal class for a sequence of riemann surfaces, the three point renor-
malization lemma A.1, the Simon’s monotonicity formula with boundary and Miiller-Sverak-Hélein local
control of conformal factors.

First we recall Deligne-Mumford’s description of the loss of compactness of the conformal class for a
sequence of riemann surfaces with a fixed topology (see for instance [Zh] and proposition 5.1 of [Hum]).
We restrict below in the presentation of the proof to the more complex case where genus(X) > 1, the
case of tori is following the same lines and is easier to present.

Let (X2, ck) be a sequence of closed riemann surface of fixed topology ¢g(¥X) > 1. Denote by hy the
hyperbolic metric associated to c;. Let P, a sequence of immersions in &; with uniformly bounded
energy. Then, modulo extraction of a subsequence, there exists

e i) an integer n € N*

e ii) a sequence L = I} ; i =1---N of finitely many pairwise disjoint simple closed geodesics of
(X, hy) with length converging to zero.

e iii) a closed riemann surface (3,¢).

e iv) a complete hyperbolic riemann surface (,h) with 2n cusps {¢'}ic1... = {(¢,¢5)}ic1om -
or punctures - and no boundary such that 3 has been obtained topologically after removing the
geodesics Ly and after closing each component of the boundary of the open surface ¥\ Ly by
adding a puncture ¢ at each of these components. Moreover Y is topologically equal to ¥ and
the complex structure defined by 7 on ¥\ {¢;} extends uniquely to @ (i.e. there exists a conformal
diffeomorphism from (X \ Ly, h) into (X \ {g'}iz1...n, ).

(3, h) is called the nodal surface of the converging sequence and (X,7) is it’s renormalization. These
objects are related with another by the mean of a sequence of continuous maps ¢y from (3 \ U;q%, h) into
(3 \ Lk, hi;) such that

o [1] ¢ realizes a C°. diffeomorphism from (X \ Usq¢?, h) into (2 \ Lk, hr),

loc

o [2] hi = @i hi, converges in C. topology on ) \ Uiq® to h.

loc

Now, under the notations above, the aim of this section is to prove the following proposition.

Proposition II.1 Let (X, cx) be a sequence of closed riemann surface of fized topology g(X) > 1 with
degenerating conformal class cy. And let D), be a sequence of weak immersions of ¥ with L?—bounded
second fundamental form (i.e. ®y € Ex). Then either

. . 7 2
1}619332’/2|H5k| dvolq;zgmm >8r . (IL.6)

or, if this is not true, then for any connected component o ofi and there exists a subsequence still denoted
P and a subsequence of Moebius transformations =, of R™ such that

2k 0 ®1(Zk) C Br(0) (IL.7)
moreover . .
H(Zx 0 Px(Zr)) < C R?*sup W(dy) (IL.8)
k
where R and C only depend on m, and there exists at most finitely many points {a1,---,an} of o such

that, if we denote Ek =5 0 (I;k o ¢, then

—

& Agoo weakly in Wﬁof (Jﬁi\{a1,~~~,aN}U{q1,~~~,q"},i~L) (I1.9)



and moreover, for any compact K C o NY\ {ar---an} U{q', -, qn} there exists Cx > 0 such that

sup 110g [dék| sz nell 2~ (x) < Cx < +00 . (IL.10)
S

and the limit f_;o is an element of ES : it realizes a non constant weak conformal immersion of (o MY, )
into Br(0). O

Proof of proposition II.1.
We work of course under the assumption that

/E|Hq;k|2 dvolg, . <87 (IL.11)

Let P;, P, and Ps be three distinct points in a given component & of X\ {¢',---,¢"}. We apply the
3-points renormalization lemma A.1 to ®; on X for the three points ¢r(Py), ¢ (P2) and ¢ (Ps) and we
obtain the existence of a Mobius transformation Z; such that

Zk 0 B (Zk) C Br(0) (I1.12)
moreover . .
Vi#j |Exo®rodp(P) —ExoProdr(Pj)|>r>0 (IL.13)
and . .
H? (g 0 Bi(Z1)) < C R%sup W(Py) (I1.14)
k

where R, r and C are positive constants depending only on m since (I1.11) holds.

We denote f;C the conformal immersion from (f], hy = ¢} hi) given by Ek = Z,0d 0 ¢r. Let § > 0 be
a small positive constant and denote by 35 := ¥\ Uz»’:lB?(qj) where B! (g7) is the geodesic ball in (I, 1)
of radius ¢ and center ¢. On B there exists an L bounded smooth function / such that h=éh.

To each p € X5 we assign p, > 0 such that

diiz |?  dvol; :/ driiz|? dvol, =8r/3
/B,’},,(p)| €k|hk i pr(p)| Sl o /

where B?p (p) is the geodesic ball in (X, ﬁ) of center p and radius p, and gy = EZng.

We extract a Besicovitch covering : each point in Y5 is covered by at most N of such balls where N
only depends on (X3, h). Since Iz |dﬁ|§k_ dvolg, is uniformly bounded independent of k the number of
balls in the extracted Besicovitch covering has to be uniformly bounded independently of k.

Let (B, (pi.))ier be this finite covering (we shall omit now the superscript h). We can extract a
subsequence such that I is independent of k, such that each p} converges to a limit p’  and each pi

converges to a limit p_. Let '
Iy:={iel st p,=0}

Let Iy := I\ Io. It is clear that the union of the closures of the balls Uies, B,:_(ps,) covers ¥s. Because

of the strict convexity of the balls (the metric h has constant curvature either 0 or —1) the points in ¥;
which are not contained in the union of the open balls Uier, Byi_ (pL,) cannot accumulate and therefore
are isolated and hence finite. Denote

{a1---an} = S5 \ Uier, Byi_ () - (IL15)

We prove now that the following claim holds.



Claim 1. On the connected component ¢ of Y either there exists a subsequence k' such that for any
compact K C 6 N5\ {a1---an}

sup || log |dSu |5, [l < +00 - (IL16)
‘e

or for any compact K C 6 N s \{a1---an}

log |d5€|ﬁ,€ — —00 uniformly on K (I1.17)

Proof of claim 1.
Let i € I;. For such an i we consider on the ball B, (pl,) conformal coordinates (x4, y:) € D? for the

metric hy which converge in C*>°—norm to conformal coordinates (z°°,y>) for h (this is clearly possible
since the sequence of metrics hy, converge to h in C* norm). Denote by f; the inverse of (z},,y;) (i.e. f
is then a conformal diffeomorphism from D? into (B o (pi), hi)). Due to conformal invariance one has

/ Vit o pil* dody = /_ |dii|%, dvoly, = /_ \dii|2, dvoly, = 87/3
p> PR BT, (p}) BT, (p})
Pk Pk
and therefore f;c o fi satisfies all the assumptions of lemma A.2. We then apply le_mma A.2 and since f}
converges in C°°—norm to some limiting conformal coordinates from D? into B:}i (pl,) we deduce the
following alternative : B
either there exists a subsequence k' such that for any compact K C BZ?-}O (pL.)

111;1 sup log | |5, Il x) < +00 - (I1.18)
‘e

or for any compact K C BE’ (pLy)
log |d,§k|,3k — —00 uniformly on K (I1.19)

This alternative holds on any ball B/E (pl.), it is then clear that, since none of this ball is ”separated”

from the others in a given connected component of ¥, the claim 1 is proved.
We are now going to prove the following claim :

Claim 2. If the second alternative of claim 1, (II.17), holds on & then (II.6) holds :

.. = 2
11m1nf/E|H5k| dvolq;zgmm > 8w

k——+o00 -

Proof of claim 2.

Assuming the second alternative (II.17) of claim 1 implies that, modulo extraction of a subsequence,
the complement of {a,---,ay} in o N s is collapsing to a point @ € Bg(0).

Because of (II.13), among the three points P;, P, and P; we need at least two P; to coincide with
two distinct blowing points a’, say P; = a' and P, = a?, and such that

)

for i=1,2 lim inf 1&(P) — Q| >7/2>0 (11.20)



Let s > 0 such that the different balls B (a;) included in 35 are disjoint. Consider M! := &, (B (a'))
and take conformal coordinates (%, yi) € D? for the metric hyj, which converge in ¢ —norm to conformal
coordinates (x>, y*°) for h (this is clearly possible since the sequence of metrics hy, converge to h in C™
norm). Denote by fi the inverse of (z%,y:) (i.e. f} is then a conformal diffeomorphism from D? into
(Bz,”v (a%), ht)) We have in these coordinates that

HY(OM]) = / M do
oD2

where i = 10g|8theta§k o fi combining the fact that s is fixed, and the fact that hy, converges in
any Cl norm to a limiting metric h we have that OM;] stays contained in a compact subset K of s \
{a*---aV'}. Since moreover f{ and it’s inverse converge strongly in any C! norm to a limiting conformal
parametrization of B"(a’) and since we are assuming that the second alternative (I1.17) of claim 1 holds
we deduce that

A — —00 uniformly on 9D?

Thus we have that
lim H'(OM]) =0 (I1.21)

k— 400

—

Consider now the monotonicity formula (A.13) for M} (resp. M2) and Z° = &,(P)) (vesp. i = & (Py).
For a fixed k we make t — 0. Since

1 . _ o
= <@—2 Hy > dvoly, < (t"2Area(Mj N B,(3))"* W(E.(S) N Bi(2°))
t° JminB, (a0

and since t =2 Area(M; N By(7° )) is uniformly bounded (from the classical monotonicity formula without
boundary) and since clearly W (£,(3) N By(2°)) — 0 we deduce that for a fixed k

. 1 Y 0o
tl}+moo 7 /Mith(fO) <T—a°,Hg > dvolg, =0 . (I1.22)
Since ¥ fk (Pr) belongs to the interior of M}, using again the classical monotonicity formula without

boundary for () we have that

1i£n iglf t72 Area(M}, N By(i%)) > = (I1.23)
It is clear that
1 1 1 1
limf—/ — <i-3 7> d i:f—/ e < 70,7 > dlyy (11.24)
t—=0 2 M} NBr(Z0) P oMy 2 M} NBr (&) |7 — 2°|2 OMi

Hence by combining (I1.22...(I1.24) and making T — 400 in (A.13) gives

1

. 1 1
- H|? dvol, > — = < Z =T > dlyy - I1.25
P Vet zn g [ < oy (11.25)

Since for i = 1,2 one has (I1.20) and since the boundary of M is converging to @, for k large enough
one has .
fori=1,2 VE € OM;] r/4 <|#—2°] <2R



Inserting this information in (I1.25) gives

. 1
fori=1,2 —/
4 Jm

Since (I1.21) holds and since M} and M} are disjoint we have proved (I1.6) and claim 2 is proved.

. SR .
|H|? dvol, > m — T—QHl(aM,g) (I1.26)

i
Assuming now that (I1.6) would not hold then there exists a subsequence &’ such that for the chosen
component o of 3 one has (I1.10) : for any compact K in o\ {a'---a™} U {q!, -, ¢"} one has
lim sup || log |d€ |5, , | o= (xc) < +00
k'eN
Since hy, strongly converges to h and since h and h are comparable norms away from the punctures
{¢", -+, qn}, one has that for any compact K in o\ {a'---aV} U {q¢",---,¢"}
limsup || log |d& 5 L (k) < +00 (11.27)
k’eN
Since the area of &y (2) is uniformly bounded ( see (I1.14)), the W2 norm of & is uniformly bounded

with respect to the norm g = {;grm as well as with respect to the norm hj, since these two metrics are
conformally equivalent and one has

/2 |d£,€,|}§k, dvol;, , < CR? SL;pW((f)k) : (I1.28)
Since iLk converges strongly to h away from the punctures one has that for any compact K C o\
{qla T qn}
[ 1, - [ 16
And since tih and h are conformally equivalent one has

J vk, - [ a8

Combining (I1.28) and (IL.29) gives then that, modulo extraction of a subsequence &, converges weakly
in W20\ {¢",---,qn}) to a limit &, moreover

— 0

—0 (I1.29)

/ |d§_;o|% dvoly- < CR?sup,W (9r) . (I1.30)
)

This last inequality implies that f_;o € W'2(o,h). Since (I1.27) holds, using very classical arguments of
functional analysis - see for instance [Ril] beginning of section VI.7.1 - one obtains the following fact

=& weaklyin W22 (o\ {a',--.aM} U{q" o q"} ) (IL31)
Moreover £ is a weak immersion away from {a',---,a¥} U {q", -, ¢"} satisfying
/U |ditg |3 dvol; < lim i%ﬁ /U \diiz, |,2~W dvolj, , < +00 (11.32)

Using now Lemma A.5 of [Ri3] permits to extend {oo as a conformal, possibly branched, immersion of o.
If there is one branched point, then, arguing as in [Ri3] end of section 3 we would obtain that

87 < W(€no(0)) < Jim inf W (& (0)) < Jim inf W(Ew 0 dp (D)) = Jim inf W (B (X))

which contradicts our assumption that (II1.21) does not hold. Hence £ extends to a weak conformal
immersion with L2—bounded second fundamental form all over o. O



IIT Proof of theorem I.1.

Assume that the assumptions theorem I.1 are fulfiled and that (II.21) does not hold.
Let (07)j=1...,s be the connected components of 3.

Consider the sequence Ek = Ej o Py o ¢, given by proposition II.1 for the component o'. Let

{a1,---an} be the possible blow-up points for of & on ol and let (¢7)jer be the punctures of (o?, h)
and denote for any § > 0

05 = o' \ UL, By (a:) Ujes By (¢)
Because of the convergences (11.9) and (I1.10) we have

Jim i nf W ((73)) > W (€ (o)

Observe first that o L,
Vi#gjieJ {uld)#éo(d) - (IIL.1)
Indeed if it would not be the case, using Li Yau inequality we would obtain

81 < W(€x(oh)) < lim inf W (& (o)) < lim inf W(Ep 0 By (D)) = lim inf W (3 (%))
/' —400 /' —400 /' —400

Claim 1. Assume there is a node ¢’* for j; € J* such that iUU#jl ¢’ is not disconnected then we claim
that (I11.21) holds which contradict our assumption.

Proof of claim 1. Because of (IIL.1) the image of the complement of o* by f;C is connecting at the limit
two distinct points of R™ images of two punctures of o by Eoo.

For any 6 > 0 small enough, we cut the surface ¥ in two separated surfaces with boundaries : in one
hand we consider

S =00 \UjenBi (@) C T,
and in the other hand we consider
oy =3\xf
We split the immersions Zj o oy according to this decomposition for some § to be fixed later on. We

observe that, since & converges weakly in (V[/llocOO (e'\[{a1---an}U{¢’} c]))* we have that &, converges
strongly in Cioc(o \ [{a1 - an} U{¢’};en]). Hence for any § > 0

vjeJt lim  sup  d(&(OBMq?)), & (OBl (¢7))) =0 (IIL.2)
k—+4009-1 S<t<s

where d is the usual distance between two sets in R™ defined_in the introduction.

Since hy is converging in C> norm to the metric h in B2(¢7) \ _B(};L/Q(qj) which is itself conformally
equivalent to the smooth constant scalar curvature metric h in B?(¢7)) We can construct conformal
coordinates (x7,y1) for the metric hy in BE(¢’) \ B§/2(qj) converging in C°° norm to some limiting
(z1,,y2,) conformal coordinates for the metric i (and hence also for the metric 7). Denote fi the inverse
of (3, y;) and [, it’s limit. We can moreover choose (z7,y7) in such a way that (22, yJ.) goes from
B g) \ B§/2(q3) into some annulus in the plane D2 \ D2 (¢ > 0 since h is smooth around ¢/ and
conformally equivalent to (f2 )~ (dx? + dy?)).

Denote Ay, := log [0, (€ o )| =log|d, (& o f)|. The uniform bound on the area (IL.8) gives that

/ e < C R* . (IT1.3)
D3\DZ;



Since the convergence of & holds true also weakly in W22(o'\ {a; - - - an }UUje s {¢’}, h) and since (I.10)
holds too, one has

lim M= Aac? =0 . (I11.4)

oo S\ D2,
The combination of (IT1.3) and (II1.4) give that
lim leMe —ere| =0 . (I11.5)
oo Jpa\ D2
Hence there exists ay, € (¢, 1) such that
lim M — et =0 . (I11.6)

k
—oo oD?

Since £ € Ex, €oo 0 fI, € WL(D?) and e*> € L>(D?). Thus

/ et = 0(6) (IT1.7)

apd
Combining (IT1.6) and (I11.7) we obtain that there exists C' > 0 such that for any j € J and for any 6 > 0
there exists k5 € N verifying
Vk>ks  Fale(1/2,1) st Hl(gk(aBgis)) <Cé (IT1.8)

Since there is a node ¢* for j; € J* such that ¥ U Uj£j, ¢’ is not disconnected and since (III.1) holds,
there must exist a sequence of point p; € 25/2 such that

liminf inf — ¢ >0
k—+oco jeJ?t |pk ¢ |

Cutting now X into at least two disjoint connected components by removing the curves 8321 5 Applying
k

twice the monotonicity formula with boundary lemma A.3 with 7" — +o0, t — 0 and with respect
respectively to an arbitrary fixed point p € Z(}"/Q for the immersion &, restricted to Egp and with respect

to pg for the immersion f;C restricted to 25/2 one obtains

lim fnf W(d) = lim inf W(Z} o 3;) > lim fnf W(&(2) + W(E(Z5)) 2 dnr+4r —C 5 =81~ C §

Since this holds for any § > 0 we have then (I1.21) which contradicts our assumption and we have proved
claim 1. 0

Denote by g(c*) the genus of each component o of 3, if each ¢7 for j = 1---n is disconnecting 3 the
Deligne-Mumford’s description of the loss of compactness in the Moduli space gives

9(%) = ZQ(Uj) : (IT1.9)

Starting now from this normalized sequence E}voq) % for the first component o', because of the convergences
(I1.9) and (II.10) we have

. . . g 1 > = 1 > )
lim lim inf W (& (05)) = W(€eo (7)) 2 By(or)

10



For each of the other components o, i # 1, working under the condition that (I1.21) does not hold,
proposition II.1 gives for each i the existence of a subsequence - still denoted & - and the existence of
a sequence of Moebius transformations such that =% o £} o &), converges in the sense (IL9) and (I1.10).
Taking subsequences of subsequences we can assume that the subsequence we are working with is common
to all the o®. As for o' we have for any 4

}%lklglﬁg W(uk o fk(gzs)) >W(*) = By(ot

where £ is the weak local limit of 2o &, on o minus the blow up points and the punctures. Using now
lemma A.4 we deduce that for any i # 1

> o0y _ > iy —
%%%Ti{gw(fk(aé))—w(é ) —Am > Byoiy — 4T

summing over ¢ gives that

lim inf W(fl)k) = lim inf W (2} o ‘I)k)

k—4o00 k—4o00
M M
2 i minf W (Er(0")) = By(on Z;(ﬁgw) — 4n)
This concludes the proof of theorem I.1. O

A Appendix

Lemma A.1 [3-points normalization lemma] For any A > 0 there exists R,r > 0 such that for any
closed two dimensional manifold 3, for any choice of 3 distinct points Py, Po and P53 in ¥ and for any
embedding ® of ¥ into R™ satisfying

/E|dﬁq;|§ dvoly < A (A1)

where g := q_;*ng, then there exists a Moebius transformation = of R™ such that
Zod(X) C Br(0) and Vi#j |2o®(P)—Zod(P)|>r . (A.2)
Moreover the following control of the total area of = o <I_5(E) holds
HX(E0 (%)) <C R*A (A.3)
where C' > 0 is a universal constant. 0

Proof of lemma A.1. We apply a translation and a dilation in such a way that P, =0 and

[B(P) = (P = min |B(P) — B(P,)] = 1

We keep denoting $ the resulting embedding - observe that due to it’s conformal invariance the Willmore
energy has not been modified. From lemma A.3 there exists a universal constant C' > 0 such that for
any xg e R and 0 < g < p < 400

0 2 HA(B(2) N B, (z0)) < C |p~2 HA(B(Z) N B,(x0)) +[ - |H|? dvolg‘| . (A.4)
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We claim that there exists po depending only on A > W (®) and 1 € B;(0) such that @(E)OBPO (x1) =
§. For y € ®(X) one has
lim o™ 2 H*(®(2)N B,(y)) =7 . (A.5)

o—0
For 0 < p < 1/2 we consider a regular covering of Bi(0) by balls B,(z) in such a way that any
point in B;(0) is contained in at most C(m) balls of the form Bs,(%) . The number of | such that
f@*I(sz(zl)) |H|? dvol, > C~' 7r/2is bounded by 2 A C C(m). For an [ such that f(f,l(sz(Zl)) |H|? dvol, <
C~!7/2 and such that there exists y € B,(z;) N X # (), combining (A.4) and (A.5) one obtains that

(2p)"2 H2(B() N Bap(z1)) > C~17/2

the number of such [ is then bounded by p~2 times a number depending only on m and A - where we are
using again (A.4) but for o =0, 0 = 1 and p — +o00. The total number of ball B,(z;) is proportional
to p~™. Since m > 2, for p = pg chosen small enough, depending only on m and A we deduce the claim.

Let 21 and po given by the claim we choose = to be the inversion with respect to z1 : Z(x) :=
(x — x1)/|z — 21]*>. We have then
E(®(X)) C B/ (0) (A.6)

-

moreover, since none of the P; is in B, (x1), we have that Vi = 1,2,3 Z(®(F;)) € By/,,(0). We have also
that |B(Py) — 1| + |®(P1) — 21| < 3 hence Z(P(P,)) and E(P(Py)) are contained in R™ \ B /3(0) thus
[E(@(P1)) = E(@(P2))| [VE ™ LB, 0)\Byja0p)| = [B(P1) = S(P2)| =1

which implies that . .
[E(@(F)) —E(®(P))[ =9 . (A7)

Either ®(P3) € Bio(0) or ®(Ps) € R™\ Byo(0). In the first case one has that all the 2($(P;)) are included
in By/,,(0) \ Bi/11(0) hence we have

Vi 7£ J |E(§(Pz)) - E((f)(PJ)” HVE_l||L°°(B1/p0(0)\31/11(0))

=

> |[®(P) — B(P))| > 1

which implies that

-

Vi#j [E(E(F)) - E@F) =117 . (A-8)
(A.2) in this case. In the case when ®(Ps) € R™\ Byo(0) we deduce that Z($(P3)) € B19(0)
B( b

This implies (A.2
Py)) and E(®(P,)) are contained in R™ \ By /3(0), we obtain that

and since Z(
Vi=1,2 [E(®(P))—EZ(B(P)) >2/9 . (A.9)
This lower bound combined with (A.7) gives (A.2) in this case too.
Regarding the proof of estimate (A.3), we first observe that inequality (A.4) (which holds also for ®
replaced by Zo 5) implies that , for any p > py 1
H(E0B(X)) < Cpy*p > HAH(E0B(X)) +py° A
Letting p converge to +oo yields the desired estimate (A.3). Hence lemma A.1 is proved. O

The following lemma is more or less implicitly contained in [MS] and [Hel]. We prove it however for
the convenience of the reader.
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Lemma A.2 Let & be a sequence of conformal immersions of the disc D? into R™ such that

sup/ |Vﬁ<f>k|2 dedy <8w/3 | (A.10)
keNJ D2
and
limsup/ e? dx dy < 400, (A.11)
k—+4o0c0 J D2

where e = 0, By = |8yq_5k|
Then the following alternative holds : either

Yw cc D? klim A = —00 unif. on w
— 400

or there exists a subsequence k' such that

Vw cc D? lim sup ||)‘k’HL°°(w) < 40
K —+

— T 00

O

Proof of lemma A.2. Since (A.10) holds, lemma 5.1.4 of [Hel] gives the existence of a moving frame
(€1,8) € (WH2(D?,8™~1))2 such that

/ |VeL|? + Ve < ¢ / Vitg, [ dudy <87/3
D2 D2

where C' > 0 only depends on m and
Moreover \j satisfies
AN = (V1E1,Vey)
Let px be the solution of
Apy = (VJ‘é’h Veés) in D?

pr =0 on dD?
Wente theorem (see theorems 3.1.2 and 3.1.9 in [Hel]) asserts that

Il < @m)7 V@i os [Veslzs < a7t € [ [Vitg, P dody (A.12)

Hence puy, is uniformly bounded in L norm on D?.
The function vy := A\, — it Vg is harmonic on D? and satisfies

lim sup/ ek dx dy < +o0
k—-4o00 J D2

Let w be an open set strictly included in D? (i.e. @ C D?) and let U be an open set strictly included

in D? and such that w is itself strictly included in U : w CcC U cC D?. Since e?* is subharmonic
(Ae?”s >0 ) and positive, from Harnack inequality there exists a constant C' depending on U such that

v =supyy <log [C / €2Uk:|
U D2

13



So I/]:_ is uniformly bounded from above. If

I/;H*OO

then the first alternative in the lemma holds for this special w. Assuming in the contrary that

limsupu,j > —00
then there exists a subsequence &’ such that
V,:C — V;'O eR

Consider now the sequence of positive harmonic functions l/;:, — vy on U, Harnack inequality again gives
the existence of a constant C' > 0 independent of k" such that

sup V;C — v < C inf l/]:r/ — Uy
w w
It is clear also that the supremum of vy is bounded from above on w therefore

lim sup inf 1/2', — v < +00
k'—+o0 ¥
Combining the two last inequalities gives that

lim inf inf vy > +o00
w

Thus the second alternative of the lemma holds for this special w.

So we have proved that for any strict sub-domain of D? one of the two alternative always hold. Now
it is clear that if for some sub-domain of D? the first alternative hold then the second cannot hold for
another sub-domain and vice versa. Thus the lemma A.2 is proved. O

The following lemma is the extension of Simon’s monotonicity formula* in the presence of a boundary.
This lemma might have been already published somewhere but the author could not find it anywhere
and is making the computation related to it available to the reader.

Lemma A.3 [Monotonicity formula with boundary] Let ¥ be a smooth compact surface with bound-

ary and let ® be an element of &, a Lipshitz immersion of the surface ¥ into R™ with L? bounded second
fundamental form. Denote by M = ®(X) the immersed surface. Then for any point 7° € R™ and any
choice of two radii 0 <t < T < +o00 the following identity holds

T2 Area(M N Br(7°)) — t2 Area(M N B(3°))

Tt H 1 .
:/ E=F) B o, —/ 2 dvol,
MNBr (8°)\ B (2°) |7 — 29 2 4 MNBr (8°)\ B (2°)
1 B 1 B (A.13)
- <i—-i" H> dvolg+—2/ <#—i° H> dvol,
T2 JmnBr(a0) 2 B, (z0)
1 1 1
+—/ (———) <Z—i% 7> dlom
2 Jomnpr@y \T? P}
where (¥ — %)L is the orthogonal projection of the vector ¥ — 0 onto (TzM)* the normal plane to the
surface at ¥ and py := max{|¥ — 7°|,t}. O

4(A.13) is exactly the formula as it is written in [KS], formula (A.3) page 353, except that the boundary therm was not
considered in this work.
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Proof of lemma A.2. To simplify the presentation we give the argument for ¥ = D2. We follow step
by step the computations in [Sim] pages 82-84.

Let X be a smooth vector-field in R™. We define the divergence of X along M := $(D?) to be the
following quantity

2
divy X =Y <d)2 &, 5k> . (A.14)
k=1
where (€7, €>) is an arbitrary local orthonormal frame on M. Decomposing X along M in the sum of it’s
tangential X7 := 327_, < X,&, > & and it’s vertical part X+ = X — X7 gives®
2 2
divy X = diva X7 + divpy X+ =3 <dXT &, *k> — < XY de >
RSt =1 (A.15)
- Z<dXT-é’k,€k> o< X, H>
k=1

We can assume that @ is conformal since such a conformal reparametrization always exists (see [Ril]).
Denote e := |0,, ®| = |0, ®| and take €} := e=* 9,, ®. Write X7 := Zle X; 0y, 9. We have

2 2 2
o o Xi _
divp X7 :Z<dx-€k,€k>:za NP R (A.16)

k=1 i=1 =1

Hence

27 2
/ dikaXT dvol, (62’\ XZ-) dzy dzs :/ e2? ZXi x; db
M i 0 i=1

I
S
i
e

(A.17)

:/ <XT 7> dlgy = <X, 7> dlom
oM oM

where 7/ is the unit limiting tangent vector to M on M orthogonal to it and oriented in the outward
direction : 7 := =29, ®. Combining (A.15) and (A.17) gives then

/ divy X dvol, = <X, 7> dlgy —2 / <X, H> dvol, . (A.18)
M oM M
As in [Sim] we choose X := ~(p)(Z — 2°) where #° is an arbitrary point in R™ and p = |# — Z°). We have

for this choice of X

(& — )+

2
de)5=27+ﬁ Zdr-é’k <Z—i &, >=2v+p% {1— 7

k=1

We choose now (p) to be a function depending on a parameter s > 0 : v5(p) = p(p/s) where later on
¢ will be chosen to be closer and closer to the characteristic function of the unit interval [0,1]. (A.18)

becomes then
P ey e[ 1@ =)
2/M<'0(s) dengr/MsD(s) s {1 |7 — 202 dvoly

=/ o(2) <i-27> dlaM—Q/ o (2) <i-2H > dvol,
oM S M S

5In comparison with formula in [Sim] observe that our definition of the mean curvature vector differs by a factor 2.

(A.19)
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Observe that

Hence we deduce that

A1 [ Y. o\ 1E =)L
ds [52 /Msa(s) dvolg} T s2ds [/Mcp(s) |Z — 202 dvolg

1 2 ;
+= cp(/—)) <P 7> dzaM——g/ <p(/—)) <70 > dvol,
5% Jom S s° Jm

(A.20)

Taking ¢ closer and closer to the characteristic function of the unit interval [0,1], (A.20) implies at the
limit the following formula®

d 1 d = _ 7012
— —2/ dvolg| = — / % dvol,
ds | $* JunB, (@) ds | JunB, (@) |7 — 29

(A.21)
1 2 ~
- <ZF-3 7> dlom + — <Z—3 H > dvol,
§° JoMNB,(2°) 8% JMnB, (2°)
Integrating this formula between 0 < ¢t < T < +00 gives
T2 Area(M N Br(i%)) —t~2 Area(M N By(3"))
= =20\L1)2
:/ |(z_’ z_»0)4| dvol,
MNOBr(£°)\ By (2°) |7 — 20|
+1/ (1 1) <Z—-, 7> dl A2
5 e T 3 rT—ax,v oM
2 Jomnpr@oy \T%  p}
1 1 - -0 xd
+ — — 7 | <TZ—2I,H> dvol,
MABr@@o) \P; T
where p; () := max {p(Z) = |& — Z°|,t}. We write
_ 12
= 70\L 2 2 _ 50 H
/ |($_’ z—*o) 4| dvol,, :/ @-z) 2x ) + —| dvoly,
; ; - ; ; 2
MNOBr (20)\ By (20) |9U T | MNOBr (20)\ By (20) P (A 23)
1 7 H
,_/ |H27/ deolg
4 MABr(30)\ B, (30) MO By (29)\ B (2°) P
Combining (A.22) and (A.23) gives (A.13) and lemma A.3 is proved. O

The following lemma is more or less contained in previous works on the subject but, for the convenience
of the reader.

Lemma A.4 Let (3, c) be a connected closed riemann surface. Let ay ---an be a finite family of points in
the surface. Let h be some smooth conformal metric on ¥ and denote X5 := £\ UY | B¥(a;) where B (a;)
is the geodesic ball of center a; and radius & for the metric h. Assume there exists a weak conformal
lipshitz immersion Eoo of ¥ into R™ with L?—bounded second fundamental form (i.e. f_;o s an element

6(A.21) generalizes in dimension 2 the formula 17.3 page 84 of [Sim].
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of %) and assume there exists a sequence of weak conformal lipshitz immersion f_;c of X5 into R™ (for
any 0 > 0 provided k is large enough) such that

Vo >0 Ek — {oo weakly in W% 0 (Wh>)*(Zs)

and .
Vo >0 lllcm sup || log |d§k|ﬁ||Loo(Es)
— 400

where the different norms W22, Wh® and L™ are taken with respect to the h metric. We assume
5w(ai) * Eoo(aj) for i # j. Let x be a sequence of points such that xj ¢ Ek(Eg) for any 6 > 0 for
k large enough and converging to goo(al). Denote by I, the inversion with respect to the point xy :
I, (z) ==z + (x — zx) /|v — 2x|?. Then the following inequality holds

lim lim inf W (L, o E(E5)) = W) —4m . (A.24)
— ——+00

Assume now that the sequence of points either diverges to oo or converges to a point Too ¢ {oo (X) then

Yim lim inf W (1, © €x(3%5)) > W () - (A.25)

O

Proof of lemma A.4. Denote g := E;ng the metric on ¥; induced by the immersion f;C Since I,;, is a
conformal diffeomorphism from R™U{oc} into itself, the induced metric gy, := (I, o&)*grm = & (1}, grm)
is conformally equivalent to gi. One has I, grm = mgﬂgm thus we obtain
N 1
9k = w9k
&k — x|t
We denote K, and K, the Gauss curvatures with respect to gi resp. gr. A classical computation in
the differential geometry of surfaces gives
1 o 2
Ko, — =7 Kg. = —Ag, log & — i
|k — ok |

The integration of this identity over X5 with respect to the g; volume form gives

/ K, dvolg, —/ K, dvolg, = f/ Ay, log 16 — n|? dvolg,
S s s

(A.26)
= / dlog |«§k — xk|2 ‘v dlg,
s

where v}, is the unit outward normal in ¥ to 935 with respect to the g, metric and dlg, is the length
form with respect to g along 0%5. Let AS .» Tesp. Agk, denote the trace free second fundamental form of

&g, Tesp. I, o &x. We have |49 |? = 4(|I;ng|2 — K, ) and |Agk|2 = 4(|ﬁ1 - |2 — Kj,). A classical result

xy, 8k
in conformal geometry (see [Ril] theorem VI.1) gives

|Agk_|2 dvolg, = |Agk_|2 dvolg,

Hence we have

712 7 2
|Hg, |7 dvolg, — K¢ dvolg, = |H1mk05k| dvolg, — KIkaﬁ dvolg,
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Integrating this identity over X5 and combining this with (A.26) gives
/ |He, |* dvoly, 7/ |E{I%O5k|2 dvol, :/ dlog |& — x1|? - v dly, (A.27)
5s s %5

Lemma A.5 of [Ri3] gives an assymptotic expansion of Eoo in a neighborhood of a; from which we deduce
that
dist(€x(0Bs(a1)),€x0(a1)) > Cs >0

for some positive constant Cs. Since xj, converges to {oo and since Ek converges in C° norm to {oo on Xs,
we have that for any § > 0 there exists ¢5 > 0 such that, for k large enough

dist(&,(0Bs(a1)), xx) > ¢5 >0 . (A.28)

Since {k weakly converges in W22 norm towards EOO on s, d{k strongly converges towards d{oo in LP(Xs)
for any p < 4o00. In X5\ 3a5 we denote U be the vector-field equal to the outward unit normal to 9%
for s € (8,20) for the metric k. Since gy, is conformally equivalent to h we have that vy dlg, =V dly and
we have for s € (4, 29)

/ dlog | — xx|* - vy, dly, = / dlog|&), — x|? - 7 dl;
[o)>N ox

s

Using now the strong convergence of déj, towards ds in LP(X5) for p = 2 together with (A.28), with the
C° convergence of & towards &, and with the help of Fubini theorem, we deduce that for almost every
s € (0,20) there exists a subsequence still denoted & such that

lim d10g|§_;€—xk|2-ﬁdlg—/ d1og |Ene — Eno(ar)]> -7 dlz =0 . (A.29)
k—4o00 8%,

ZS

As before, since goo = E;O grm is conformally equivalent to h we have

/ d1og|{oof£m(a1)|2-vdzg:/ d10g |En — Eno(a1)? - Voo dly. (A.30)
[S)R

a5,

For all 7 # 1 |§_;O — 5oo(a1)| > ¢ > 0 on dBs(a;) and, since Eoo is lipshitz we easily get that

Vi #1 lim d10g |€n — Eno(a1)[? - Voo dly. =0 (A.31)
50 /0B, (a:)

At this stage, if f_;o would be a smooth immersion we could easily pass to the limit s — 0 for ¢ = 1 as well
and prove that this boundary integral generates a residue equal to 47. In the case of weak immersion
500 € &s this passage to the limit does not necessarily holds and we have to pick some well chosen
sequence S;.

We take conformal coordinates © = (x1,z2) around a; such that z(a;) = y(a;) = 0. We assume to
simplify notations that goo(al) = 0. Let f be the inverse of these coordinates. We assume to simplify
the presentation that our metric h coincides with the flat metric in these coordinates. Let Aso be the
conformal factor associated to f*go. : €2*> [dr? + dx3] = f*goo. By an abuse of notation we keep
denoting {OO the composition of {OO with f. Let

— —

= A 2 A ”
1:=e€e 7% 11500 and ez i=e 7% 12500
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=P —
. For any radius p > 0 we denote £o := |0B,(0)| ™! faBp(o) ¢so- We have

P ag 2m
/ / = dr = / [cosf e +sinf ey rdrdd (A.32)
~ 2mp 8B,(0) ol
For such a £, € E A is continuous (see [Hel], [Ril] for instance). Hence we have
A A
o oo 0
/ e =e=Ol _ yy, (A.33)
(0) ||
For i = 1,2 we denote & := [0B,(0)|™" [, (0) Gi- Since € is W12 we have using Holder and Sobolev-

Poincaré inequalities

1/3 1/2
|5i _ ép| 1 - -0 |3 - 12
——<Cp | m & — &} <Cp Vel =po(l) (A.34)
B,0) |7l 1B, (0)] /5, (0) B,(0)
Since )
/ cosfei +sinfeh =0
0
combining (A.32), (A.33) and (A.34) gives
=P
o | < po(l) . (A.35)

Let X’ := |B,(0)|* fBP(O) OiEno = | B, (0) fBP(O) e*> &;. Using Poincaré inequality we have

1 o o -
= 102600 — XLI? < O / V2 = o(1) . (A.36)
1B,(0)] /5,0 B,(0)

Thus there exists « € B,(0) such that
102,60 = XPI? = o(1)
Since ingoo = e & = e & 4 o(1) one has
|XP| =er= +o(1) . (A.37)

We have moreover

X7 X3] =

1 — — — —
TR /B . / o Do El0) o) = 00 Ely) - Orsoly) ey o
P p p

v_:)o oo = — g &
< [Véecll / VE. — B, (0) 1/ VEL| SC/ V€| = o(1)
|Bp(0)| B,(0) B,(0) B,(0)

On B,(0) we define i, := €oo — 21 X0 — 25 XP. Using again Poincaré¢ inequality we have

(A.38)

/ IV, |? = / Véx — |B,(0)]"! / VELP <C / V2P =o(l) . (A39)
B,(0) B,(0) B,(0) B,(0)
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Using Holder inequality, Fubini theorem and the mean value formula we deduce from (A.39) that there
exists s € (p/2, p) such that

o = T laomon < [ [Vul <o) s
9B, (0)
(A.40)

/ |a$igoo — Xf|2 =o0(1) s fori=1,2
9B, (0)

(A.35) gives that
[@p° = o(1) s
Hence from (A.37), (A.38) and (A.40), proceeding to a classical Schmidt orthonormalization of e=*=(0) (X? X?),

we deduce that there exists a radius s € (p/2, p) and a pair of unit vectors (f*, f#) orthogonal with another
such that

e = (XP, XP) = (f7, f5) + o(1) (A.41)
and . . .
1€ — = 21 f7 — 25 D)L 05.(0)) = (1) s (A.42)
This implies in particular that
11&50] — € Ol[[| Lo (o, (0)) = o(1) s (A.43)

Combining (A.43), (A.41) and the second line of (A.40) gives

PR o
/ d1og |€ne — Eno(a1)]? - Voo dly. =25 / 85‘00 . _€.Oo do
9B (a1) 0o Or  |¢s)? (A.44)
=47+ o(1)

Thus combining (A.27), (A.31) and (A.44), for this special choice of s € (§/2,d) we have found a
subsequence still denoted & such that

ot | 1, docs, > imind | g P doky, -+ os() (445
Since
lklgilolg/zs |1Tf€k|2 dvolg, > /ZS |H§oo|2 dvolg__ (A.46)

we have proved that for all € > 0 there exists s > 0 and a subsequence still denoted Ek such that

lim inf W (L, o Er(Z6)) = W (oo (D)) — dm — € (A.47)

Using a diagonal argument we can choose a unique subsequence f;C such that (A.44) holds for § = 277 for
each j € N and with a well chosen s; € (27771,279). Since liminfy_, 0o W (I, 0 & (Xs)) is a decreasing
function of & we have proved that

Limn i inf W (L, o E(55)) = W(En(D)) —dm — ¢ (A.48)

Hence we have proved that from any sequence satisfying the assumption of the lemma one can extract
a subsequence such that (A.48) holds we have then proved (A.24). The last case when no subsequence
of xy, converge to a point of £, (%) is covered by the previous analysis since the problem of the limiting

point € (a1) as being an accumulation point of zj does not show up and one has (A.25) in that case.
Lemma A.4 is then proved. a
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