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I Introduction

Yang-Mills theory is growing at the interface between high energy physics and mathemat-
ics It is well known that Yang-Mills theory and Gauge theory in general had a profound
impact on the development of modern differential and algebraic geometry. One could
quote Donaldson invariants in four dimensional differential topology, Hitchin Kobayashi
conjecture relating the existence of Hermitian-Einstein metric on holomorphic bundles
over Kähler manifolds and Mumford stability in complex geometry or also Gromov Witten
invariants in symplectic geometry...etc. While the influence of Gauge theory in geometry
is quite notorious, one tends sometimes to forget that Yang-Mills theory has been also
at the heart of fundamental progresses in the non-linear analysis of Partial Differential
Equations in the last decades. The purpose of this survey is to present the variations of
this important lagrangian. We shall raise analysis question such as existence and regu-
larity of Yang-Mills minimizers or such as the compactification of the “moduli space” of
critical points to Yang-Mills lagrangian in general.

II The Plateau Problem.

Before to move to the Yang-Mills minimization problem we will first recall some funda-
mental facts regarding the minimization of the area in the parametric approach and some
elements of the resolution of the so called Plateau problem.

Let Γ be a simple closed Jordan Curve in R3 : there exists γ ∈ C0(S1,R3) such that
Γ = γ(S1).

Plateau problem : Find a C1 immersion u of the two dimensional disc D2 which is
continuous up to the boundary, whose restriction to ∂D2 is an homeomorphism and which
minimizes the area

Area(u) =

∫
D2

|∂x1u× ∂x2u| dx1 dx2 .
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The area is a fairly degenerated functional :

i) It has a huge invariance group : Diff(D2), the group of diffeomorphism of the disc.
Let un be a minimizing sequence of the Plateau problem above, then the composition
of un with any sequence of diffeomorphism Ψn of D2 is still a minimizing sequence.
The sequence Ψn can for instance degenerate so that un ◦Ψn converges to a point !

ii) The area of u does not control the image u(D2) which could be uniformly bounded
while u(D2) becomes dense in R3 !

In order to solve the Plateau Problem J.Douglas and independently Radó minimize
instead the Dirichlet energy

Area(u) ≤ E(u) =
1

2

∫
D2

[|∂x1u|2 + |∂x2u|2] dx1 dx2 ,

the inequality comes from the pointwise inequality

2 |∂x1u× ∂x2u| ≤ |∂x1u|2 + |∂x2u|2 ,

and equality holds if and only if

H(u) := |∂x1u|2 − |∂x2u|2 − 2 i ∂x1u · ∂x2u = 0 .

This condition is satisfied if and only if the differential du preserves angle that is to say
u is conformal.

The Dirichlet energy E has much better properties than the area : it is

i) it is coercive :

∀un s.t. lim supn→+∞E(un) < +∞ ∃un′ ⇀ u∞ in W 1,2 ,

ii) lower semi-continuous

E(u∞) ≤ lim infn→+∞E(un) ,

iii) it’s invariance group in the domain is reduced to the 3-dimensional Möbius group
M(D2)

M(D2) :=

{
Ψ(z) = eiθ

z − a
1− az

s.t. θ ∈ R |a| < 1

}
.
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Why minimizing E instead of the area has any chance to give a solution to the Plateau
problem ?

Let u be an immersion of the disc D2 and denote gu the pull back of the standard flat
metric gR3 in R3 : gu := u∗gR3 . The uniformization theorem on D2 gives the existence of
a diffeomorphism Ψ of the disc such that

Ψ∗gu = e2λ [dx21 + dx22] (i.e. u ◦Ψ is conformal)

for some function λ from D2 into R. So if u minimizes E in the desired class we can
replace it by v := u ◦Ψ which is conformal and for which

E(v) = Area(v) = Area(u) ≤ E(u) .

Hence u is conformal. Assuming now it is not a minimizer of the area, we would then
find w in the desired class such that

A(w) < A(u) = E(u) ,

and taking again Ψ′ s.t. E(w ◦Ψ′) = A(w) we would contradict that u minimizes E.
Hence the difficulty is to find a minimizer of E in the class of C1 immersions sending

continuously and monotonically ∂D2 into Γ.
One introduces

F :=

 u ∈ W 1,2(D2) ; u ∈ C0(∂D2,Γ)

and u is monotone from ∂D2 ' S1 into Γ

 .

Fixing the images of three distinct points in ∂D2 in order to kill the action of the
remaining gauge group M(D2) one proves the existence of a minimizer of E in F which
happens to be a solution to the Plateau problem (A thorough analysis is required to prove
that the minimizer is indeed a C1 immersion).

II.1 The conformal parametrization choice as a Coulomb gauge.

As we have seen the conformal parametrizations of immersed discs play a central role in
the resolution of the Plateau problem. In the present subsection we establish a one to one
correspondence between this choice of conformal parametrization and a Coulomb gauge
choice.

Let u be a conformal immersion of the disc D2 (i.e. H(u) ≡ 0 on D2). Let λ ∈ R such
that

eλ := |∂x1u| = |∂x2u| .

Introduce the moving frame associated to this parametrization

~ej := e−λ ∂xju for j = 1, 2 .
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The family (~e1, ~e2) realizes an orthonormal basis of the tangent space of u(D2) at u(x1, x2).
This can be also interpreted as a section of the frame bundle of u(D2) equipped with the
induced metric gR3 .

A simple computation gives

div (~e1,∇~e2) = ∂x1
[
e−2λ ∂x1u · ∂2x1x2u

]
+ ∂x2

[
e−2λ ∂x1u · ∂2x22u

]
= 2−1∂x1

[
e−2λ ∂x2|∂x1u|2

]
− 2−1∂x2

[
e−2λ ∂x1|∂x2u|2

]
= ∂2x1x2λ− ∂

2
x2x1

λ = 0 .

(II.1)

In other words, introducing the 1 form on D2 given by A := ~e1 · d~e2, which is nothing
but the connection form associated to the Levi-Civita connection induced by gu = u∗gR3

on the corresponding frame bundle for the trivialization given by (~e1, ~e2), equation (II.1)
becomes

d∗gA = d∗g (~e1 · d~e2) = 0 , (II.2)

where ∗g is the Hodge operator associated to the induced metric gu. The equation (II.2) is
known as being the Coulomb condition. We will see again this condition in the following
sections and it is playing a central role in the survey.

Vice versa one proves, see for instance [He] or [40], that for any immersion u, non nec-
essarily conformal, any frame (~e1, ~e2) satisfying the Coulomb condition (II.2) corresponds
to a conformal parametrization (i.e. ∃Ψ ∈Diff(D2) s.t. v := u ◦ Ψ is conformal and
~ej = |∂xjv|−1 ∂xjv . This observation is the basis of the Hélein method for constructing
isothermal coordinates.

III A Plateau type problem on the lack of integra-

bility

In the rest of the class G denotes an arbitrary compact Lie group. We will sometime
restrict to the case where G is a special unitary group SU(n) and we will mention it
explicitly. The corresponding Lie algebra will be denoted by G and the neutral element
of G is denoted e.

III.1 Horizontal equivariant plane distributions.

III.1.1 The definition.

Consider the simplest principal fiber structure P := Bm × G where Bm is the unit
m−dimensional ball of Rm. Denote by π the projection map which to ξ = (x, h) ∈ P
assigns the base point x. Denote by Grm(TP ) to be the Grassmanian of m− dimensional
subspaces of the tangent bundle to P .
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We define the notion of equivariant horizontal distribution of plane to be a map

H : P = Bm ×G −→ Grm(TP )

ξ = (x, h) −→ Hξ

satisfying the following 3 conditions

i) the bundle condition :
∀ ξ ∈ P Hξ ∈ TξP ,

ii) the horizontality condition

∀ ξ ∈ P π∗Hξ = Tπ(ξ)B
m ,

iii) the equivariance condition

∀ ξ ∈ P ∀ g ∈ G (Rg)∗Hξ = HRg(ξ)

where Rg is the right multiplication map by g on P which to any ξ = (x, h) assigns
Rg(ξ) := (x, h g).

III.1.2 Characterizations of equivariant horizontal distribution of plane by
1−forms on Bm taking values into G.

Let H be an equivariant horizontal distribution of plane in P = Bm × G. Clearly the
following holds

∀ ξ = (x, h) ∈ P ∀X ∈ TxBm ∃ !XH(ξ) ∈ TξP s.t. π∗X
H = X .

The vector XH(ξ) is called the horizontal lifting of X at ξ.
At the point (x, e) (recall that e denotes the neutral element of G) we identify T(x,e)P '

TxM ⊕ G. Using this identification we deduce the existence of Ax ·X such that

XH(x, e) = (X,−Ax ·X) .

The one form A is called connection 1-form associated to H. The linearity of Ax with
respect to X is a straightforward consequence of the definition of XH and therefore A
defines a 1-form on Bm taking values into G.

For any element B ∈ G ' TeG we denote by B∗ the unique vector-field on G satisfying

B∗(e) = B and ∀g ∈ G B∗(g) := (Rg)∗B ,
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and by an abuse of notation B∗(g) is simply denoted B g. Using this notation we have

∀ ξ = (x, h) ∈ P ∀X ∈ TxBm

XH(ξ) = (X,−(Ax ·X)∗(h)) = (Rh)∗X
H(x, e) .

At any point ξ ∈ P Any vector Z ∈ TξP admits a decomposition according to H : we
denote by ZV the projection parallel to Hξ onto the tangent plane to the vertical fiber
given by the kernel of π∗ :

ZV := Z − (π∗Z)H .

III.2 The lack of integrability of equivariant horizontal distri-
bution of planes.

A m−dimensional plane distribution H is said to be integrable if it identifies at every
point with the tangent space to a m−dimensional foliation.

We aim to ”measure” the lack of integrability of an equivariant horizontal distribution
of planes. To that aim we recall the following classical result

Theorem III.1 (Frobenius). An m−dimensional plane distribution H is integrable if and
only if for any pair of vector fields Y and Z contained in H at every point the bracket
[Y, Z] is still included in H at every point. 2

In the particular case of equivariant horizontal distribution of planes in P = Bm ×G
we have that H is integrable if and only if

∀X, Y vector-fields on Bm [XH , Y H ]V ≡ 0 .

We shall now compute [XH , Y H ]V in terms of the one form A.
We write

[XH , Y H ](x,e) = [(X,−(A ·X)∗), (Y,−(A · Y )∗)](x,e)

= [(X, 0), (Y, 0)](x,e) + [(X, 0), (0,−(A · Y )∗)](x,e)

+[(0,−(A ·X)∗), (Y, 0)](x,e) + [(0, (A ·X)∗), (0, (A · Y )∗)](x,e) .

(III.1)

The definition of the Bracket operation on the Lie algebra G together with the commu-
tation of the vector-field bracket operation with the push-forward operation of the right
multiplication map gives that

[(A ·X)∗), (A · Y )∗] = ([A ·X,A · Y ])∗ , (III.2)
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where the brackets in the r.h.s. of the identity is the Lie algebra bracket operation. The
definition of the Lie bracket of vector fields gives

[(X, 0), (0,−(A · Y )∗)](x,e) = (0,− d(A · Y ) ·X) . (III.3)

Finally we write

[(X, 0), (Y, 0)] = ([X, Y ], 0) = ([X, Y ],−A · [X, Y ]) + (0, A · [X, Y ]) . (III.4)

Combining (III.1), (III.2), (III.3) and (III.4) gives

[XH , Y H ]V = d(A ·X) · Y − d(A · Y ) ·X + A([X, Y ]) + [A ·X,A · Y ] ,

and using Cartan formula on the expression of the exterior derivative of a one form we
obtain

[XH , Y H ]V = dA(X, Y ) + [A ·X,A · Y ] . (III.5)

The two form we obtained

FA(X, Y ) := dA(X, Y ) + [A ·X,A · Y ] (III.6)

is the so called curvature of the plane distribution H and ”measures” the lack of integra-
bility of H. It will be conventionally denoted

FA = dA+
1

2
[A ∧ A] or simply FA = dA+ A ∧ A .

The Lie algebra, and hence the compact Lie group, is equipped with the Killing form
associated to a finite dimensional representation, hence unitary, for which the form defines
a scalar product invariant under adjoint action. For instance G = o(n) or G = u(n)

< B,C >= − Tr(B C) .

If the Lie algebra G is semi-simple : it is a direct sum of Lie algebras with no non trivial
ideal, the Lie algebra is equipped with the Killing scalar product :

< B,C >:= −Tr(ad(B) ad(C)) ,

where ad(B) is the following endomorphism of G : ad(B)(D) := [B,D].

The Lagrangian we are considering for measuring the lack of integrability of the plane
distribution H is just the L2 norm of the curvature∫

Bm

∑
i<j

∣∣∣|[∂Hxi , ∂Hxj ]V ∣∣∣2 dxm =

∫
Bm
|FA|2 dxm ,

7



where dxm is the canonical volume form on Bm. The L2 norm of the curvature is also
known as being the Yang-Mills energy of the connection form A and is denoted YM(A).
We can now state one of the main problem these notes are addressing.

Yang-Mills Plateau Problem : Let η be a 1-form on ∂Bm taking values into a Lie
algebra G of a compact Lie group G does there exists a 1-form A into G realising

inf

{
YM(A) =

∫
Bm
|dA+ A ∧ A|2 dxm ; ι∗∂BmA = η

}
,

where ι∂Bm is the canonical inclusion of the boundary ∂Bm into Rm.
In other words we are asking the following question : given an equivariant horizontal

plane distribution over the boundary of the unit ball in Rm, can one extend it inside the
ball in an optimal way with respect to the L2 norm of the integrability defect.

In order to study this variational problem we first have to identify it’s invariance group.

III.3 The Gauge Invariance.

In this subsection we identify the group of the Yang-Mill Plateau problem corresponding
to the diffeomorphism group of the disc for the area in the classical Plateau problem.

Let g be a map from Bm into G. We denote by Lg−1 the left multiplication by g−1

defined as follows
Lg−1 ; P = Bm ×G −→ P

ξ = (x, h) −→ (x, g−1 h) .

Let H be an equivariant horizontal distribution of planes on P we observe that the push-
forward by Lg−1 of H, (Lg−1)∗H, is still an equivariant horizontal distribution of planes.
We now compute the connection 1-form associated to this new distribution.

Let X be a vector of TxB
m and x(t) a path in Bm such that ẋ(0) = X. Let h(t) ∈ G

such that ξ(t) := (x(t), h(t)) is the horizontal lifting of x(t) starting at the neutral element

e of G (i.e. ξ̇ = (ẋ)H(ξ(t)) and ξ(0) = (x, e)). Since ẋi
V

= 0 we have in particular

dh

dt
(0) = −A ·X .

The push forward by Lg−1 of the horizontal vector XH(x, e) is the horizontal lifting of X

at (x, g−1) for the distribution (Lg−1)∗H : X(Lg−1 )∗H(x, g−1). Hence we have

X(Lg−1 )∗H(x, g−1) = (Lg−1)∗X
H(x, e) = (Lg−1)∗(X,−A ·X)

=
d

dt

(
x(t), g−1h(t)

)
= (X, dg−1 ·X − g−1A ·X)

=
(
X,−

(
g−1dg ·X + g−1A ·X g

)
g−1
)

=
(
X,−

(
g−1dg ·X + g−1A ·X g

)∗
(g−1)

)
.
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Hence we have proved that the horizontal lift at (x, e) for the new plane distribution
(Lg−1)∗H is (X,− (g−1dg ·X + g−1A ·X g)) and the associated connection one form as-
sociated to the distribution (Lg−1)∗H is

Ag = g−1dg ·X + g−1A ·X g .

The curvature associated to this new distribution is given by

FAg(X, Y ) = dAg(X, Y ) + [Ag(X), Ag(Y )] .

We have in one hand

dAg(X, Y ) = dg−1 ∧ dg(X, Y ) + [dg−1 g ∧ g−1Ag](X, Y ) ,

and in the other hand

[Ag(X), Ag(Y )] = [g−1dg ∧ g−1Ag](X, Y ) + g−1[A(X), A(Y )]g .

Summing the two last identities and using the fact that g−1dg + dg−1g = 0 gives finally

FAg = g−1 FA g .

Since the Killing scalar product on G is invariant under the adjoint action of G we have

YM(Ag) = YM(A) .

The action of Lg−1 on the plane distribution H leaves invariant it’s Yang Mills energy and
realizes therefore a ”huge” invariance group of the Yang-Mills Plateau Problem which is
called the Gauge group of the problem.

Exactly as for the classical Plateau problem we discussed in the first part of the survey
the task for solving the Yang-Mills Plateau problem will be to ”kill” this gauge invariance
and, here again, the Coulomb Gauge choices will be of great help.

III.4 The Coulomb Gauges.

We first start with the simplest group, the abelian group G = S1. The Yang-Mills Plateau
problem in this case becomes :

Find a minimizer of

inf

{
YM(A) =

∫
Bm
|dA|2 dxm ; ι∗∂BmA = η

}
,

where η is some given 1-form on the boundary ∂Bm.
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In a reminiscent way to the classical Plateau problem our starting functional is degen-
erate and we shall replace it by a more coercive one

YM(A) ≤ E(A) =

∫
Bm
|dA|2 + |d∗A|2 dxm ,

with equality if and only if d∗A = 0 (i.e. A satisfies the Coulomb condition).
The following coercivity inequality holds

∀A ∈ W 1,2(Bm,G) s.t. ι∗∂BmA = η∫
Bm
|A|2 +

m∑
i,j=1

|∂xiAj|2 dxm ≤ C
[
E(A) + ‖η‖2H1/2(∂Bm)

]
,

(III.7)

for some fixed constant independent of η and A, where H1/2(∂Bm) is the fractional trace
space of W 1,2(Bm). The convexity of E in W 1,2

η (∧1Bm,G) together with the previous
coercivity inequality implies that the following problem admits a unique minimizer A0 of

min
A∈W 1,2

η (∧1Bm,G)
E(A) .

The Euler Lagrange equation reads

∀ φ ∈ W 1,2
0 (∧1Bm,G)

∫
Bm

dφ ∧ ∗dA+ (−1)m d∗A ∧ d ∗ φ = 0 . (III.8)

This gives in particular that each of the components of A are harmonic. We choose f to
be an arbitrary function in L2(Bm,G) and we solve −∆u = f in Bm

u = 0 on ∂Bm .

Classical elliptic theory gives that the 1-form φ := du is inW 1,2
0 (∧1Bm,G). By substituting

φ = du in (III.8) we obtain

∀ f ∈ L2(Bm,G)

∫
Bm

d∗A · f dxm = 0 .

Hence we deduce d∗A = 0 in Bm and there exists a unique solution to (III.8) which is
also the unique solution of the following system

d∗dA0 = 0 in D′(Bm)

d∗A0 = 0 in D′(Bm)

ι∗∂BmA0 = η .
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The components of A are harmonic in Bm and are therefore smooth moreover we have

YM(A0) = E(A0) .

Let now B in W 1,2
η (∧Bm,G) we claim that there exists a gauge change g such that

YM(B) = YM(Bg) = E(Bg). This can be seen as follows. Let ϕ be the solution
of  −∆ϕ = d∗B in D′(Bm)

ϕ = 0 on ∂Bm .

Hence we have 
d(B + dϕ) = dB in D′(Bm)

d∗(B + dϕ) = 0 in D′(Bm)

ι∂Bm(B + dϕ) = η .

Taking g := exp(iϕ) we have YM(B) = YM(Bg) = E(Bg).
Hence A0 realizes

min
A∈W 1,2

η (∧1Bm,G)
YM(A) .

Indeed if there would be B ∈ W 1,2
η (∧1Bm,G) such that YM(B) < YM(A0) we choose g

such that YM(Bg) = E(Bg) and we would contradict the fact that A0 minimizes E.

Taking now a general compact Lie group G we would also like to propose to minimize
E instead of YM but we need first ensure that a Coulomb gauge always exists. We have
the following lemma which answers positively to this last question

Lemma III.1. Let A ∈ L2(∧1Bm,G). The following variational problem

inf
g∈W 1,2

e (Bm,G)

∫
Bm
|g−1dg + g−1Ag|2 dxm

is achieved and each minimizer satisfies the Coulomb condition

d∗(g−1dg + g−1Ag) = 0 .

2

Proof of Lemma III.1. Let gk be a minimizing sequence. Since the group is compact
we have that

lim sup
k→+∞

∫
Bm
|dgk|2 dxm < +∞ .

Hence, using Rellich Kondrachov’s theorem there exists a subsequence gk′ converging
weakly in W 1,2(Bm, G) to g∞ and strongly in every Lp(Bm, G) space for any p < +∞
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hence g∞ ∈ W 1,2
e (Bm, G). The same holds for g−1k and it’s weak limit in W 1,2(Bm, G) is

the inverse of g∞. Hence we have

g−1k dgk + g−1k Agk ⇀ g−1∞ dg∞ + g−1∞ Ag∞ in D′(Bm) .

The lower semi continuity of the L2 norm implies that g∞ is a minimizer of (III.6).
For any U ∈ C∞0 (Bm,G) we introduce

g∞(t) := g∞ exp(t U) .

We have
g−1∞ (t)dg−1∞ (t) + g−1∞ (t)Ag∞(t) = exp(−t U) d exp(t U)

+ exp(−t U) [g−1∞ dg∞ + g−1∞ Ag∞] exp(t U) .

Hence
d

dt

[
g−1∞ (t)dg−1∞ (t) + g−1∞ (t)Ag∞(t)

]
= dU − [U,Ag∞ ] .

Since g∞ is a minimizer we have

0 =
d

dt

∫
Bm
|Ag∞(t)|2 dxm = 2

∫
Bm
〈(dU − [U,Ag∞ ]) · Ag∞〉 dxm .

We use the identity < [U, V ],W >=< U, [V,W ] > to deduce that

[U,Ag∞ ] · Ag∞ = 0

and then we have proved that for any U ∈ C∞0 (Bm,G) we have

0 =

∫
Bm

dU · Ag∞ dxm =

∫
Bm

< U, d∗Ag∞ > dxm .

This finishes the proof of the lemma. 2

Since every connection form posses a Coulomb Gauge representative it is then tempting
to minimize E instead of YM following the main lines of the abelian case. However due
to the non-linearity A ∧ A in FA it is not clear whether the E energy controls the W 1,2

norm of A in a similar way of (III.7) in the general case.
In fact the answer to that question is ”no” as we can see in the following example.

We take G = SU(2) and we identify su(2) with the imaginary quaternions. On R4

we identify canonically the point of coordinates (x0, x1, x2, x3) with the quaternion x :=
x0 + x1 i + x2 j + x3 k. For a quaternion y = y0 + y1 i + y2 j + y3 k we denote by =(y) the
element in su(2) given by y1 σ1 + y2 σ2 + y3 σ3 where σi are the Pauli matrices to which
we identify i, j and k

i↔ σ1 =

(
i 0

0 −i

)
j↔ σ2 =

(
0 1

−1 0

)
k↔ σ3 =

(
0 i

i 0

)
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forming an orthogonal basis of su(2) with norms
√

2 for each vector of the basis.
On B4, for λ ∈ R∗+, we consider the family of one forms into su(2) given by

Aλ := λ2
= (x dx)

1 + λ2 |x|2
.

The corresponding curvature is given by

FAλ = λ2
dx ∧ dx

(1 + λ2 |x|2)2
.

One easily verifies that1

lim
λ→+∞

∫
B4

|FAλ|2 dx4 =

∫
R4

|FA1|2 dx4 =

∫
R4

48
dx4

(1 + |x|2)4
= 8π2 < +∞

but one verifies also that

lim
λ→+∞

∫
B4

∑
i,j=14

|∂xi(Aλ)j|2 dx4 = +∞

we might then think that by changing the gauge we can avoid this blow up of the W 1,2

norm of the connection form but, as we see now, this cannot be the case. Consider the
second Chern form Tr(FAλ ∧ FAλ), it satisfies

lim
λ→+∞

Tr(FAλ ∧ FAλ) = 8π2 δ0 dx
4 . (III.9)

The second Chern form is invariant under gauge transformation and for any choice of
Gauge g this 4−form, which has to be closed, is on B4 the exterior derivative of the
transgression form known as the Chern-Simon 3-form :

∀ g : B4 → SU(2)

Tr(FAλ ∧ FAλ) = d

[
Tr

(
Agλ ∧ dA

g
λ +

1

3
Agλ ∧ [Agλ, A

g
λ]

)]
.

Assume now there would have been a gauge gλ s.t.

lim inf
λ→+∞

‖Agλλ ‖W 1,2(B4) < +∞ .

1The somehow surprizing factor 48 comes from the fact that there are 6 curvature coordinates and
each curvature coordinate has the form

|(FA1
)ij |2 =

8

(1 + |x|2)2

where we have used that the square of the norm of each Pauli matrix is 2.
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Then for some sequence λk → +∞, using Rellich Kondrachov theorem Ak := Agkλk would
weakly converge to some limit A∞ in W 1,2(∧1B4, su(2)) and strongly in Lp(∧1B4, su(2))
for any p < 4. Hence

Tr

(
Ak ∧ dAk +

1

3
Ak ∧ [Ak, Ak]

)
⇀ Tr

(
A∞ ∧ dA∞ +

1

3
A∞ ∧ [A∞, A∞]

)
in D′(B4). Taking now the exterior derivative and using again the gauge invariance of the
second Chern form we obtain

Tr(FAλk ∧ FAλk ) ⇀ Tr(FA∞ ∧ FA∞) in D′(B4) .

Since A∞ is in W 1,2 the 4-form Tr(FA∞ ∧FA∞) is an L1 function, however, from (III.9) it
is equal to the Dirac mass. This gives a contradiction and we have proved the following
proposition

Proposition III.1. There exists Ak ∈ W 1,2(B4, su(2)) such that

lim sup
k→+∞

∫
B4

|FAk |2 dx4 < +∞ ,

but

lim inf
k→+∞

inf

{∫
B4

4∑
i,j=1

|∂xi(Ak)
g
j |2 dx4 ; g ∈ W 2,2(B4, SU(2))

}
= +∞ .

2

Hence by minimizing E instead of YM we don’t get enough control on the minimizing
sequence Ak in order to extract a converging subsequence to a solution to the Yang-Mills
Plateau problem.

The situation would have been much better in dimension less than 4 where a W 1,2

control of A in terms of E(A) do exist. In dimension equal to 4, despite proposition III.1,
there is still a positive result in that line which says roughly that such a control do exist
for some gauge provided the Yang-Mills energy stays below some positive threshold. The
following section is devoted to the proof of this result by K.Uhlenbeck.

IV Uhlenbeck’s Coulomb Gauge Extraction Method

IV.1 Uhlenbeck’s construction.

We have seen that in dimension 4 - and higher of course- there is no hope to control
the W 1,2 norm of sequences of connection forms from the E energy. The fact that the
dimension 4 is critical for this phenomenon comes form the optimal Sobolev embedding

W 1,2(B4) ↪→ L4(B4) ,

which does not hold in higher dimension.
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Theorem IV.1. Let m ≤ 4 and G be a compact Lie group. There exists εG > 0 and
CG > 0 such that for any A ∈ W 1,2(Bm,G) satisfying∫

Bm
|dA+ A ∧ A|2 dxm < εG ,

there exists g ∈ W 2,2(Bm, G) such that

∫
Bm
|Ag|2 +

4∑
i,j=1

|∂xiA
g
j |2 dxm ≤ CG

∫
Bm
|dA+ A ∧ A|2 dxm

d∗Ag = 0 in Bm

ι∗∂Bm(∗Ag) = 0 ,

(IV.1)

where Ag = g−1dg + g−1Ag and ι∂Bm is the canonical inclusion map of the boundary of
the unit ball into Rm. 2

Remark IV.1. The same result holds in arbitrary dimension replacing the L2−norm for
the curvature by the Lm/2 norm and the W 1,2 norm of the connection by the W 1,m/2−norm
(see [59]). The proof we are giving below can be transposed word by word in this more
general setting. The adaptation requires just a shift of the exponents 4→ m, 2→ m/2.2

For m < 4 the non linearity A ∧ A is a compact perturbation of dA and the problem
is a perturbation to a simple linear one that we solved in the abelian case. We will then
restrict the presentation to the case m = 4. We assume that the compact Lie group is
represented by a subgroup of invertible matrices in Rn for some n ∈ N∗ which gives an
isometric embedding of G in an euclidian space.

We aim to solve the Coulomb equation d∗Ag = 0 keeping this time a control of Ag in
W 1,2 (lemma III.1 was only giving an L2 control). Since we have little energy the hope is
to use a fixed point argument close to the zero connection and for g close to the identity.
The linearization of the Coulomb non-linear elliptic PDE d∗

[
g−1 dg

]
= − d∗

[
g−1Ag

]
in B4

∂rg g
−1 = − < A, ∂r > on ∂B4 ,

for At = t ω and gt = exp(t U) gives ∆U = −d∗dU = d∗ω in B4

∂rU = − < ω, ∂r > on ∂B4 .

This linearized problem is solvable for any map ω ∈ W 1,2(B4,G) and we get a unique
U ∈ W 2,2(B4,G) solving the previous linear equation.
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However, in order to be able to apply the implicit function theorem we need the
following non-linear mapping to be smooth

N 0 : W 1,2(B4,G)×W 2,2(B4,G) −→ W 1,2(B4,G)×H1/2(∂B4,G)

(ω, U) −→
(
d∗
[
g−1U dgU + g−1U ω gU

]
, ∂rgU g

−1
U − < ω, ∂r >

)
,

where gU := exp(U). This is however not the case in dimension 4. This is due to
the fact that W 2,2 does not embed in C0 in 4 dimension but only in the Vanishing Mean
Oscillation space VMO(B4) hence simple algebraic operations such as the multiplication
of two G valued W 2,2 maps is not continuous in 4 dimension.

If one replaces however W 1,2×W 2,2 by a ”slightly smaller space” W 1,p×W 2,p for any
p > 2 (p being as close as we want from 2) then the space W 2,p embeds continuously
(and compactly) in C0 and the map N 0 becomes suddently smooth ! and a fixed point
argument is conceivable in this smaller space.

Uhlenbeck’s strategy consists in combining a fixed point argument in smaller spaces -
in which the problem is invertible - together with a continuity argument.

This method is rather generic in the sense that it can be applied to critical extensions
or lifting problems of maps in the Sobolev space W 1,m(Mm) which misses to embed in C0

but for which however the notion of homotopy class is well defined (see [47] and [61]) and
prevents to find global extensions or liftings when the norm of the map is too high. As
an illustration we shall give two results.

Theorem IV.2. For any m ≥ 1, and any compact Lie group G there exists εm,G > 0 and
Cm,G > 0 such that for any map g ∈ W 1,m(Sm, G) satisfying∫

Sm
|dg|m dvolSm < εm ,

there exists an extension g̃ ∈ W 1,m+1(Bm+1, G) equal to g on ∂Bm+1 such that∫
Bm+1

|dg̃|m+1 dxm+1 ≤ Cm

∫
Sm
|dg|m dvolSm .

2

Remark IV.2. The existence of such an extension g̃ ∈ W 1,m+1(Bm+1, G) is clearly not
true for general g ∈ W 1,m(Sm, Sm). Indeed, consider for instance m = 3 and G =
SU(2) ' S3, if such an extension would exists one would have using Stokes theorem.

0 =

∫
B4

g̃∗dx4 =
1

4

∫
S3

g∗dvolSU(2) =
|S3|

4
deg(g) ,
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where deg(g) is the topological degree of the map g which is not necessarily zero. However
there always exists an extension in the “slightly” larger space W 1,(m+1,∞)(Bm+1, G) of
maps from Bm into G with one derivative in the Marcinkiewicz weak Lm+1(Bm+1) space
(see subsection IV.3 below). 2

Theorem IV.2 is proved in [33] using Uhlenbeck’s method. The second example is the
following one

Theorem IV.3. Let P be a G principal bundle over Sm where G is a compact Lie
group and where π is the projection associated to this bundle. There exists εm,G > 0 and
Cm,G > 0 such that for any g ∈ W 1,m(Sm, Sm) satisfying∫

Sm
|dg|m dvolSm < εm,G ,

there exists v ∈ W 1,m(Sm, P ) such that∫
Sm
|dv|m dvolSm ≤ Cm,G

∫
Sm
|dg|m dvolSm ,

and
π ◦ v = g .

2

Proof of theorem IV.1.
Fix some 2 < p < 4. For any ε > 0 we introduce

U ε :=

{
A ∈ W 1,p(B4,G) s.t.

∫
B4

|FA|2 dx4 < ε

}
,

and for any ε > 0 and C > 0 and we consider

VεC :=



A ∈ U ε s. t. ∃ g ∈ W 2,p(B4, G)∫
B4

|dAg|pgS4 dx
4 ≤ C

∫
B4

|FA|p dx4∫
B4

|dAg|2gS4 dx
4 ≤ C

∫
B4

|FA|2 dx4

d∗Ag = 0 and ι∂B4 ∗ Ag = 0 .


The first goal is to show the following

Claim 1
∃ ε > 0 C > 0 s.t. VεC = U ε .

In order to prove the claim we shall establish successively
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1 - The set U ε is path connected.

2 - The set VεC is closed in U ε for the W 1,p−topology

3 - For ε > 0 chosen small enough and C > 0 large enough the set VεC is open for the
W 1,p−topology

Since VεC is non empty, this will imply the claim 1 for this choice of ε and C.

Proof of the path connectedness of U ε. For A in U ε and t ∈ [0, 1] we define the connection
form At to be the image of A by the dilation of rate t−1 : At = t

∑
j=1Aj(t x) dxj. We

have in particular

FAt = t2
4∑

i,j=1

(FA)ij(x) dxi dxj ,

hence ∫
B4

|FAt |2 dx4 =

∫
B4
t

|FA|2 dx4 < ε ,

and
4∑

i,j=1

∫
B4

|∂xi(At)xj |p dx4 = O(t2p−4) . (IV.2)

This shows that in one hand At ∈ U ε for any t ∈ [0, 1] and that in the other hand At → 0
strongly in W 1,p(B4). Hence At is a continuous path contained in U ε connecting A and 0
which prove the path connectedness of U ε.
Proof of the closeness of VεC in U ε.

Let Ak ∈ VεC and assume Ak converges strongly in W 1,p to some limit A∞ ∈ U ε. We
claim that A∞ ∈ VεC .

Since Ak → A∞ strongly in W 1,p, dAk → dA∞ strongly in Lp and, using Sobolev
embedding, Ak → A∞ in L4p/4−p. Hence, due to the later,

Ak ∧ Ak −→ A∞ ∧ A∞ strongly in L2p/4−p(B4) .

We have chosen 2 < p < 4 in such a way that p < 2p/4− p. Hence we deduce that

FAk −→ FA∞ strongly in Lp(B4) . (IV.3)

Let gk be a sequence such that∫
B4

|d(Ak)g
k |qgB4

dvolS4 ≤ C

∫
B4

|FAk |q dvolS4 , (IV.4)

for q = 2, p and
d∗(Ak)g

k

= 0 and ι∗∂B4 ∗ (Ak)g
k

= 0 . (IV.5)
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Since both d(Ak)g
k

and d∗(Ak)g
k

are uniformly bounded in Lp and since there is no
harmonic 3-form2 on B4 whose restriction on the boundary is zero, classical Lp-Hodge
theory (see for instance [21]) infers that (Ak)g

k
is uniformly bounded in W 1,p. So, using

Sobolev embedding, it is in particular bounded in L4p/4−p and since (Ak)g
k

= (gk)−1dgk +
(gk)−1Ak gk, using that Ak is bounded in W 1,p and hence in L4p/4−p, we deduce that dgk

is bounded also in L4p/4−p. Since 4 < 4p/4− p, there exists a subsequence gk
′

converging
strongly to some limit g∞ in C0. Going back to the weak convergence of (Ak)g

k
in W 1,p,

the strong convergence of Ak in W 1,p and the weak convergence of gk in W 1,4p/4−p we
deduce that

dgk = gk (Ak)g
k − Ak gk

is uniformly bounded in W 1,p and therefore gk
′
⇀ g∞ weakly in W 2,p(B4, G). Thus we

deduce that the following weak convergence in W 1,p(B4) holds

(gk
′
)−1dgk

′
+ (gk

′
)−1Ak

′
gk
′
⇀ (g∞)−1dg∞ + (g∞)−1A∞ g∞ .

Combining (IV.3) and the latest weak convergence we deduce that∫
B4

|d(A∞)g
∞|q dx4 ≤ C

∫
B4

|FA∞|q dx4 , (IV.6)

for q = 2, p and, using the following continuous embedding of

W 1,p(B4) ↪→ W 1−1/p,p(∂B4)

we have
d∗(A∞)g

∞
= 0 and ι∗∂B4(A∞)g

∞
. (IV.7)

So we have proved that A∞ fulfill all the conditions for being in VεC .

Proof of the openness of VεC.
Let A be an element of VεC . It is clear that if we find in VεC an open neighborhood for the

W 1,p−topology of the W 1,p Coulomb gauge Ag, then A posses also such a neighborhood.
So we can assume right away that d∗A = 0 and ι∂B4 ∗ A = 0.

We are looking for the existence of δ sufficiently small - possibly depending on A - such
that for any ω satisfying ‖ω‖W 1,p < δ there exists g close to the identity in W 2,p−norm
such that

d∗
[
g−1dg + g−1(A+ ω) g

]
= 0 and ι∂B4 ∗ (A+ ω)g = 0 .

2Assume B is a 3 form satisfying dB = 0 and d∗B = 0 on B4 and ι∗∂B4B = 0 then ∗B = dϕ, B = dβ
and ι∗∂B4β = dC. With these notations we have∫

B4

|B|2 =

∫
B4

dβ ∧ dϕ =

∫
∂B4

dC ∧ dϕ = 0

hence B = 0.
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To that purpose we introduce the map

NA : W 1,p(B4,G)×W 2,p(B4,G) −→ Lp(B4,G)×W 1−1/p,p(∂B4,G)

(ω, U) −→
(
d∗
[
g−1U dgU + g−1U (A+ ω) gU

]
, ι∂B4 ∗ (A+ ω)gU

)
,

(IV.8)

where gU := exp(U). We have seen that this map is smooth.
The derivative of NA along the U direction at (0, 0) gives

∂UNA(0, 0) · V = (−∆V + [A, dV ], ∂rV ) ,

where ∆ =
∑4

k=1 ∂
2
x2k

.

Using Calderon Zygmund Lp theory (see for instance [52] or [16]) we have the following
a-priori estimate for any V satisfying

∫
B4 V dx4 = 0

‖V ‖W 2,p(B4) ≤ c
[
‖∆V ‖Lp(B4) + ‖∂rV ‖W 1−1/p,p(∂B4)

]
≤ c

[
‖∂UNA(0, 0) · V ‖F + ‖[A, dV ]‖Lp(B4)

]
≤ c

[
‖∂UNA(0, 0) · V ‖F + c ‖A‖L4(B4) ‖dV ‖L4p/4−p(B4)

]
,

where F is the hyperplane of Lp(B4,G) ×W 1−1/p,p(∂B4,G) made of couples (f, g) such
that ∫

B4

f(x) dx4 = −
∫
∂B4

g(y) dvol∂B4 .

From the fact that A ∈ VεC we deduce that ‖A‖L4 ≤ C4

√
C ε where C4 is the Sobolev

constant coming from the embedding into L4(B4) of closed 3 forms on B4 with adjoint
exterior derivative in L2 and whose restriction to ∂B4 is zero. Hence for any V with
average zero on B4 we have

‖V ‖W 2,p(B4) ≤ c [‖∂UNA(0, 0) · V ‖F + cC4

√
C ε ‖dV ‖L4p/4−p .

Using again the embedding of W 1,p(∧1B4,G) into L4p/4−p(∧1B4,G) and denoting Cp the
corresponding constant, we have then

[1− cC4

√
C ε Cp] ‖V ‖W 2,p(B4) ≤ c ‖∂UNA(0, 0) · V ‖F .

Having chosen ε such that cC4

√
C ε Cp < 1/2 we have that ∂UNA(0, 0) has zero Kernel.

A classical result from Calderon-Zymund theory (see [16]) asserts that

L : W 2,p(B4,G) −→ F

V −→ (−∆V, ∂rV )
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is invertible and hence has zero index. By continuity of the index the maps

Lt : W 2,p(B4,G) −→ F

V −→ (−∆V + t[A, dV ], ∂rV )

has also zero index and since L1 = ∂UNA(0, 0) has trivial kernel it is invertible. So we
can apply the implicit function theorem and there exists δ > 0 together with an open
neighborhood O of 0 in the subspace of W 2,p(B4,G) with average 0 on B4 such that

∀ω ∈ W 1,p(B4,G) satisfying ‖ω‖W 1,p(S4,G) < δ

∃ ! Vω ∈ O s. t. NA(Vω, ω) = 0 and

∫
B4

Vω = 0 ,

and O can be taken smaller and smaller as δ tends to zero. We denote gω := exp(Vω).
It remains to establish the control of the Lp norm (resp. L2 norm) of d(A + ω)gω in

terms of the Lp norm (resp. L2 norm) of FA+ω.
The Coulomb gauge (A+ ω)gω satisfies for q = 2 and q = p

‖d(A+ ω)gω‖Lq ≤ ‖FA+ω‖Lp + ‖(A+ ω)gω ∧ (A+ ω)gω‖Lp .

We have
‖(A+ ω)gω‖L4 ≤ C4 ‖dA‖L2 + ‖ω‖L4 + ‖dgω‖L4 .

Using the fact that A is the Coulomb gauge whose W 1,2 norm is controlled by the L2

norm of FA - which is assumed itself to be less than ε - by taking ε small enough -
independently of A - by taking δ small enough - depending possibly on A - which ensures
in particular that ‖dgω‖L4 is sufficiently small, and by using the embedding of closed
forms with Lq exterior co-derivative and whose restriction to ∂B4 is zero into L4q/4−q

since d∗(A+ ω)gω = 0 and ι∗∂B4(A+ ω)g = 0 we have established that

‖d(A+ ω)gω‖Lq ≤ ‖FA+ω‖Lq + 2−1‖d(A+ ω)gω‖Lq .

This implies that A+ω fulfills the conditions for being in VεC for and ω satisfying ‖ω‖W 1,p <
δ where δ has also been taken small enough in such a way that ‖FA+ω‖ < ε. This
concludes the proof of the openness of VεC with respect to the W 1,p−topology for well
chosen constants ε > 0 and C > 0 and this concludes the proof of the claim 1.

End of the proof of theorem IV.1.

With the claim 1 at hand now, we are going to conclude the proof of theorem IV.1
Let A ∈ W 1,2(∧1B4,G) such that

∫
B4 |FA|2 dvolB4 < ε. Since C∞ is dense in W 1,2

there exists At a family of smooth 1−form on B4 into G converging strongly to A in W 1,2
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as t goes to zero. Using again the embedding of W 1,2 into L4 we have the existence of
t0 > 0 such that

∀ t < t0

∫
B4

|FAt |2 dvolB4 < ε .

Thus At is in U ε and, due to the claim 1, it is also in VεC . Let gt such that d∗(At)g
t

= 0
with ∫

B4

∣∣∣d((At)g
t
)∣∣∣2 dx4 ≤ C

∫
B4

|FAt |2 dx4 .

Again, since there is no non-trivial closed and co-closed 3−form on B4 the previous
identity implies that (At)g

t
is bounded in W 1,2 and then in L4 too.The approximating

connection one forms At are converging strongly to A in W 1,2 and hence in L4 thus d(gt) is
bounded in L4. We then deduce the existence of a sequence tk → 0 such that gtk converges
weakly in W 1,4(B4, G) to some limit g0. Using Rellich Kondrachov compactness theorem
gtk converges strongly to g0 in Lp(B4) for any p < +∞ and hence g0 is also taking values
in G since we have almost everywhere convergence of the sequence. Using the previous
convergences we deduce first that

(gtk)−1 dgtk + (gtk)−1Agtk ⇀ (g0)−1 dg0 + (g0)−1Ag0 in D′(B4) .

This implies that d∗((A)g
0
) = 0. Since both At and (At)g

t
are bounded in W 1,2 and since

gt is bounded in L4, using
dgt = gt (At)g

t − At gt ,

we deduce that gt is bounded in W 2,2 and hence the trace of gtk weakly converges to the
trace of g0 in H3/2(∂B4, G). So we can pass to the limit in the equation ι∗∂B4 ∗ (Atk)g

tk = 0
and we obtain

ι∗∂B4 ∗ (A0)g
0

= 0 .

Finally since FAt is strongly converging to FA in L2, using also the lower semi-continuity
of the L2 norm together with the weak convergence of (Atk)gtk towards Ag

0
we have∫

B4

|d(Ag
0

)| dx4 ≤ C

∫
B4

|FA|2 dx4 .

This concludes the proof of theorem IV.1.

IV.2 A refinement of Uhlenbeck’s Coulomb Gauge extraction
theorem.

We have seen that Uhlenbeck’s result is optimal in the sense that without assuming
anything about the smallness of the Yang-Mills energy there is no hope to obtain a gauge
of W 1,2 controlled energy. One might wonder however if the smallness of the L2 norm of
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the curvature is the ultimate criterium for ensuring the existence of controlled Coulomb
Gauges. The answer is ”no” and one can very slightly reduce this requirement. Recall
the notion of weak L2 quasi-norm. We say that a measurable function f on Bm is in the
weak L2 space if

|f |2,∞ :=

[
sup
α>0

α2 |{x ∈ Bm ; |f(x)| > α}|
]1/2

< +∞ ,

where | · | denotes the Lebesgue measure on Bm. This quantity defines a quasi-norm which
is equivalent to a norm (see for instance [17]) that we denote ‖ · ‖2,∞. The weak L2 space
equipped with ‖ · ‖2,∞ is complete and define then a Banach space denoted L2,∞ called
also Marcinkiewicz weak L2 space or also Lorentz weak L2 space. It is larger than L2.
Indeed, for any function f ∈ L2 we have

‖f‖2,∞ ≤ sup
α>0

∫
x ;|f |(x)>α

|f |2(x)dx ≤
∫
|f |2(x) dx = ‖f‖22 .

It is strictly larger than L2 : the function f(x) := |x|−m/2 is in L2,∞(Bm) but not in
L2(Bm). It is also not difficult to see that L2,∞(Bm) ↪→ Lp(Bm) for any 1 ≤ p < 2. More
generally we define the Lq,∞ space of measurable functions f satisfying

|f |q,∞ :=

[
sup
α>0

αq |{x ∈ Bm ; |f(x)| > α}|
]1/q

< +∞ .

This defines again a quasi-norm equivalent to a norm3 if q > 1. So it is a space which
”sits” between Lq(Bm) and all the Lp(Bm) spaces for any p < q. This is a space which
has the same scaling properties as Lq but has however the big advantage of containing
the Riesz functions |x|−m/q which play a central role in the theory of elliptic PDE. As we
will see later the space Lq,∞(Bm) has also the advantage of being the dual of a Banach
space, the Lorentz space Lq

′,1(Bm) of measurable functions f satisfying∫ +∞

0

|{x ; |f |(x) > α}|1/q
′
dα < +∞ , (IV.9)

where 1/q′ = 1−1/q (see [17]). This later space has very interesting ”geometric” properties
that will be useful for the analysis of Yang-Mills Lagrangian as we will see below.

We have the following theorem

3This is not true for q = 1, the space L1−weak cannot be made equivalent to a normed space -
unfortunately, otherwise the analysis could make the economy of Calderon Zygmund theory and a major
part of harmonic analysis that would sudently become trivial....!
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Theorem IV.4. Let m ≤ 4 and G be a compact Lie group. There exists εG > 0 and
CG > 0 such that for any A ∈ W 1,2(Bm,G) satisfying

sup
α>0

α2 |{x ∈ Bm ; |FA(x)| > α}| < εG , (IV.10)

there exists g ∈ W 2,2(Bm, G) such that

∫
Bm
|Ag|2 +

4∑
i,j=1

|∂xiA
g
j |2 dxm ≤ CG

∫
Bm
|dA+ A ∧ A|2 dxm

d∗Ag = 0 in Bm

ι∗∂Bm(∗Ag) = 0 ,

(IV.11)

where Ag = g−1dg + g−1Ag and ι∂Bm is the canonical inclusion map of the boundary of
the unit ball into Rm. Moreover we have also

4∑
i,j=1

‖∂xiA
g
j‖22,∞ ≤ CG ‖FA‖22,∞ .

2

The weakening of the smallness criterium by replacing small L2 by the less restrictive
small L2,∞ condition for the existence of a controlled Coulomb gauge has been first ob-
served in [5]. This was a very precious observation for the control of the loss of energies
in so called neck annular regions in the study of conformally invariant problems such as
Willmore surfaces or also Yang-Mills Fields as we will see below. The estimate (IV.10)
comes naturally from the ε−regularity property which holds in neck regions.

Proof of theorem IV.4.
It follows exactly the same scheme as the proof of theorem IV.4 but we will need to

use interpolation spaces between Lq,∞ and Lq,1, the Lorentz spaces Lq,s and some of their
properties.

Let 2 < p < 4 and

Û ε :=
{
A ∈ W 1,p(B4,G) s.t. |FA|2L2,∞(B4) < ε

}
,
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and for any ε > 0 and C > 0 and we consider

V̂εC :=



A ∈ Û ε s. t. ∃ g ∈ W 2,p(B4, G)∫
B4

|dAg|p dx4 ≤ C

∫
B4

|FA|p dx4∫
B4

|dAg|2 dx4 ≤ C

∫
B4

|FA|2 dx4

‖dAg‖2L2,∞(B4) ≤ C ‖FA‖2L2,∞(B4)

d∗Ag = 0 and ι∂B4 ∗ Ag = 0 .


The first goal is to show the following

Claim
∃ ε > 0 C > 0 s.t. V̂εC = Û ε .

The proof of the claim is again divided in 3 steps.

Proof of the path connectedness of Û ε. For A in U ε and t ∈ [0, 1] we define the connection
form At to be the image of A by the dilation of rate t−1 : At = t

∑
j=1Aj(t x) dxj. We

have in particular

FAt = t2
4∑

i,j=1

(FA)ij(x) dxi dxj ,

hence |FAt|(x) = t2 |FA|(t x) and

|FAt |L2,∞(B4) = |FA|L2,∞(B4
t )
≤ |FA|L2,∞(B4) < ε

and 4 this path connects A to 0 in the W 1,p topology due to (IV.2). Hence this concludes
the proof of the path connectedness of Û ε.
The proof of the closeness of V̂εC in Û ε is identical to the proof of the closeness of VεC in
U ε.
Proof of the openness of V̂εC in Û ε.

We consider the map NA defined by (IV.8). We recall5 the definition of the space
Lq,s(Bm) where 1 < q < ∞ and 1 ≤ s < +∞. A measurable function f on Bm belongs
to Lq,s(Bm) if

|f |q,s :=

[∫ ∞
0

t
s
q f ∗(t)

dt

t

]1/s
< +∞ , (IV.12)

4This last inequality illustrates what we meant at the beginning of this subsection by L2,∞ has the
same scaling properties as L2.

5For a more thorough presentation of the Lorentz spaces and it’s interaction with Calderon Zygmund
theory in particular the reader is invited to consult the first chapter of [17] as well as [53] or [55].
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where f ∗(t) is the decreasing rearrangement function associated to f , defined on R+, and
satisfying

∀α > 0 |{t > 0 ; f ∗(t) > α}| = |{x ∈ Bm ; |f |(x) > α}| .

This defines again a quasi-norm equivalent to a norm for which the space is complete (see
[17]). One verifies that the space Lq,1(Bm) defined by (IV.9) coincides with the space
given by (IV.12) for s = 1. One verifies also that Lq,q(Bm) = Lq(Bm) and that for any
q ∈ (1,+∞) and any 1 ≤ s < σ ≤ +∞ we have Lq,s(Bm) ↪→ Lq,σ(Bm). We have also that
∀q < r and ∀t, s ∈ [1,∞] the following continuous embedding holds Lp,s(Bm) ↪→ Lq,t(Bm).
The following multiplication rules holds and are continuous bilinear mappings in the
corresponding spaces with the corresponding estimates

Lp,s · Lq,t ↪→ Lr,σ , (IV.13)

where r−1 = p−1 + q−1 and s−1 + t−1 = σ−1 and where 1 < p, q < +∞ such that r ≥ 1
and 1 ≤ s, t ≤ ∞ such that 1 ≤ σ ≤ +∞. In particular we have for any 2 ≤ p < 4

L4,∞ · L
4p
4−p ,p ↪→ Lp . (IV.14)

Before to move on with the proof of theorem IV.4 we shall need a last tool from function
theory : the improved Sobolev embeddings (see [55]). For 1 ≤ p < m the following
embedding is continuous

W 1,p(Bm) ↪→ L
mp
m−p ,p(Bm) , (IV.15)

and more generally for any t ∈ [1,+∞]

W 1,(p,t)(Bm) ↪→ L
mp
m−p ,t(Bm) , (IV.16)

where W 1,(p,t)(Bm) denotes the space of measurable functions on Bm with distributional
derivative in the Lorentz space Lp,t(Bm).

Proof of openness of V̂εC continued. Using Calderon Zygmund Lq,t theory we have the
following bound

‖V ‖W 2,p(B4) ≤ c
[
‖∆V ‖Lp(B4) + ‖∂rV ‖W 1−1/p,p(∂B4)

]
≤ c

[
‖∂UNA(0, 0) · V ‖F + ‖[A, dV ]‖Lp(B4)

]
≤ c

[
‖∂UNA(0, 0) · V ‖F + c ‖A‖L4,∞(B4) ‖dV ‖L4p/4−p,p(B4)

]
,

where F := W 1,p(B4,G)×W 1−1/p,p(∂B4,G). From the fact that A ∈ VεC we deduce that
‖A‖L4,∞ ≤ C4

√
C ε where C4 is the Sobolev constant coming from the embedding into
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L4(B4) of closed 3 forms on B4 with adjoint exterior derivative in L2 and whose restriction
to ∂B4 is zero. Hence for any V with average zero on B4 we have

‖V ‖W 2,p(B4) ≤ c [‖∂UNA(0, 0) · V ‖F + cC4

√
C ε ‖dV ‖L4p/4−p,p .

Using again the embedding (IV.15) and denoting Cp the corresponding constant, we have
then

[1− cC4

√
C ε Cp] ‖V ‖W 2,p(B4) ≤ c ‖∂UNA(0, 0) · V ‖F .

Having chosen ε such that cC4

√
C ε Cp < 1/2 we have that ∂UNA(0, 0), which is again

a Fredholm operator of index zero, has a trivial kernel and is hence invertible.
The rest of the proof is completed by easily transposing to our present setting each

argument of the case of small L2 Yang-Mills energy which was detailed in the previous
subsection.

IV.3 Controlled gauges without small energy assumption.

One might wonder why a W 1,2 control is wished and why one could not give up a bit
our requirements and look for some control of a ”weaker norm”. This is indeed possible,
together with Mircea Petrache [33], the author proved the existence of global gauges Ag

whose L4,∞ norm is controlled by the Yang-Mills energy which is not necessarily small.
Precisely we have.

Theorem IV.5. Let (M4, g) be a riemannian 4-manifold. There exists a function f :
R+ → R+ with the following properties.
Let ∇ be a W 1,2 connection over an SU(2)-bundle over M . Then there exists a global
W 1,(4,∞) section of the bundle (possibly allowing singularities) over the whole M4 such
that in the corresponding trivialization ∇ is given by d+ A with the following bound.

‖A‖L(4,∞)(M4) ≤ f
(
‖F∇‖L2(M4)

)
, (IV.17)

where F∇ is the curvature form of ∇.
2

The following question is still unsolved.
Open Problem : Under the same assumptions as the ones of theorem IV.5, find A ∈
L4,∞(M4) such that (IV.17) holds and

d∗A ≡ 0 .

2

Observe that FA ∈ L2(M4), A ∈ L4,∞(M4) together with d∗A = 0 implyA ∈ W 1,(2∞)(M4).
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Having the existence a global representative with controlled W 1,(2,∞)−norm and sat-
isfying the Coulomb condition could be useful for studying the Yang-Mills flow in 4 di-
mension. A partial positive answer to the above open problem is given by Yu Wang in
[60].

The proof of theorem IV.5 is deduced from the following existence result which is a
global counterpart of theorem IV.2.

Theorem IV.6. [33] Let G be a compact lie group and u be a map in W 1,n(Sn, G) then
there exists an extension ũ of u in W 1,(n+1,∞)(Bn+1, G) and satisfying

sup
α>0

αn+1
∣∣{x ∈ Bn+1 ; |∇ũ| > α

}∣∣ ≤ γn

(∫
Sn
|∇u|n dvolSn

)
,

where γn is a universal function. 2

Here again, there are counterexample to the existence of an extension in the “slightly”
smaller space W 1,n+1(Bn+1, G). In fact it is proved in [36] that the previous result does
not require a Lie group structure in the target to be true : it extends to general closed
target riemannian manifold in general.

V The resolution of the Yang-Mills Plateau problem

in the critical dimension.

V.1 The small energy case.

We first present the resolution of the Yang-Mills Plateau problem in the case where the
given connection at the boundary has a small trace norm. Precisely we shall prove the
following result.

Theorem V.1. Let G be a compact Lie group and m ≤ 4. There exists δG > 0 such that
for any 1-form η ∈ H1/2(∧1∂Bm,G) satisfying

‖η‖H1/2(∂Bm) < δG , (V.1)

then the following minimization problem is achieved by a 1-form A0 ∈ W 1,2(∧1Bm,G)

inf

{
YM(A) =

∫
Bm
|dA+ A ∧ A|2 dxm ; ι∗∂BmA = η

}
.

2

The previous theorem is a corollary of the following weak closure theorem
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Theorem V.2. Let G be a compact Lie group and m ≤ 4. There exists δG > 0 such that
for any 1-form η ∈ H1/2(∧1∂Bm,G) satisfying

‖η‖H1/2(∂Bm) < δG , (V.2)

then for any Ak ∈ W 1,2(∧1Bm,G) satisfying

lim sup
k→+∞

YM(Ak) =

∫
Bm
|dAk + Ak ∧ Ak|2 dxm < +∞ and ι∗∂BmA

k = η ,

there exists a subsequence Ak
′

and a Sobolev connection A∞ ∈ W 1,2(∧1Bm,G) such that

D(Ak
′
, A∞) := inf

g∈W 2,2(B4,G)

∫
Bm
|Ak′ − (A∞)g)|2 dxm −→ 0 ,

moreover
YM(A∞) ≤ lim inf

k′→0
YM(Ak

′
) and ι∗∂BmA

∞ = η .

2

Proof of theorem V.2. We present the proof in the critical case m = 4. The case
m < 4 being almost like the abelian linear case treated . Let B be the minimizer of E
in W 1,2

η (∧1B4,G) and using (III.7) and the Sobolev embedding W 1,2(B4) into L4(B4) we
have [∫

B4

|B|4 dx4
] 1

2

+
m∑

i,j=1

∫
B4

|∂xiBj|2 dx4 ≤ C
[
E(B) + ‖η‖2H1/2

]
. (V.3)

The one form B is the harmonic extension of η and classical elliptic estimate gives

E(B) ≤ C ‖η‖2H1/2(∂B4) . (V.4)

Combining (V.3) and (V.4) we obtain the existence of a constant C independent of η such
that ∫

B4

|FB|2 dx4 ≤ C
[
‖η‖2H1/2(∂B4) + ‖η‖4H1/2(∂B4)

]
.

We choose first δG > 0 such that C [δ2G + δ4G] < εG in such a way that we can apply theo-
rem IV.1 and we have the existence of a minimizing sequence Ak of YM in W 1,2

η (∧1B4,G)

with a Coulomb gauge (Ak)g
k

controlled in W 1,2 :

‖(Ak)gk‖W 1,2(B4) ≤ C ‖FAk‖L2(B4) ≤ C [δG + δ2G] . (V.5)

Without loss of generality we can assume that

(Ak)g
k

⇀ Â∞ weakly in W 1,2(∧1B4,G) ,
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for some 1-form Â∞ which satisfies the Coulomb condition d∗Â∞ = 0 and for which∫
B4

|FÂ∞|
2 dx4 ≤ lim inf

k→+∞

∫
B4

|F
(Ak)g

k |2 dx4 = lim inf
k→+∞

∫
B4

|FAk |2 dx4 . (V.6)

We claim that the restriction of Â∞ to ∂B4 is gauge equivalent to η. Because of the weak
convergence of (Ak)g

k
to Â∞ weakly in W 1,2, by continuity of the trace operation from

W 1,2 into H1/2 we have

ι∗∂B4(Ak)g
k

= (gk)−1 ι∗∂B4dgk + (gk)−1 η gk ⇀ ι∗∂B4Â∞ (V.7)

weakly in H1/2(∧1∂B4,G). Using the continuous embedding

H1/2(∂B4) ↪→ L3(∂B4) ,

we have that the restriction of gk to ∂B4 converges weakly to some limit g∞ in W 1,3(∂B4)
and we have, using (V.5),

‖dg∞‖L3(∂B4) ≤ lim inf
k→+∞

‖dgk‖L3(∂B4)

≤ C

[
‖η‖H1/2(∂B4) + lim inf

k→+∞
‖(Ak)gk‖H1/2(∂B4)

]
≤ C [δG + δ2G] .

(V.8)

Using now Rellich Kondrachov theorem (see for instance [7]), this convergence is strong
in Lq for any q < +∞ which implies that g∞ takes values almost everywhere in G and
g∞ ∈ W 1,3(∂B4, G). We have moreover

(g∞)−1 dg∞ + (g∞)−1 η g∞ = ι∗∂B4Â∞ .

Using the continuous embedding

L∞ ∩W 1,3(∂B4) ·H1/2(∂B4) ↪→ H1/2(∂B4)

(the proof of this continuous embedding is also similar to the one of Lemma B1 in [33]),
we have that

‖dg∞‖H1/2(∂B4)

≤ C
[
‖g∞‖∞ + ‖g∞‖W 1,3(∂B4)

]
[‖η‖H1/2(∂B4) + ‖ι∗∂B4Â∞‖H1/2(∂B4)]

≤ C [δG + δ2G] .

(V.9)

We shall now make use of the following theorem which, as for theorem IV.2 can be proved
following Uhlenbeck’s Coulomb gauge extraction method.
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Theorem V.3. Let G be a compact Lie group. There exists εG > 0 such that for any
g ∈ H3/2(∂B3, G) satisfying

‖g‖H3/2(∂B4,G) < εG ,

there exists an extension g̃ ∈ W 2,2(B4, G) of g satisfying

‖g̃‖W 2,2(B4,G) ≤ C ‖g‖H3/2(∂B4,G) .

2

End of the proof of theorem V.2. We choose δG small enough such that the r.h.s. of
(V.9) C [δG+δ2G] is smaller than εG given by the previous theorem. Let g̃∞ ∈ W 2,2(B4, G)
be an extension of g∞ given by theorem V.3. Then

A∞ := (Â∞)(g̃
∞)−1 ∈ W 1,2

η (∧1B4,G)

and we have using (V.6)∫
B4

|FA∞|2 dx4 ≤ lim inf
k→+∞

∫
B4

|FAk |2 dx4 .

Since Ak is a minimizing sequence of the Yang-Mills Plateau problem in W 1,2
η (∧1B4,G),

the connection form A∞ is a solution to this problem and theorem V.2 is proved. 2

V.2 The general case and the point removability result for W 1,2

Sobolev connections.

The theorem V.2 as it is stated does not hold without the small norm assumption (V.1)
this is due to the fact that the theorem V.3 and similar results such as theorem IV.2 do
not hold for general data without smallness assumption (see again remark IV.2). We shall
instead prove the following result where the boundary condition is relaxed to a constrained
trace modulo gauge action.

Theorem V.4. Let G be a compact Lie group and m ≤ 4. For any 1-form η ∈
H1/2(∧1∂Bm,G) the following minimization problem

inf

{∫
Bm
|FA|2 dxm ; ι∗∂BmA = ηg for some g ∈ H3/2(∂B4, G)

}
(V.10)

is achieved by a 1-form A0 ∈ W 1,2(∧1Bm,G). 2

In fact theorem V.4 is a corollary of a general closure result.
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Theorem V.5. For any compact Lie group G and any dimension m ≤ 4, the space of
Sobolev connections

Aη(B
m) :=

{
A ∈ W 1,2(B4,G) ; ι∗∂BmA = ηg for some g ∈ H3/2(∂B4, G)

}
is weakly sequentially closed for sequences of controlled Yang-Mills energy. Precisely, for
any Ak ∈ Aη(B

m) satisfying

lim sup
k→+∞

YM(Ak) =

∫
Bm
|dAk + Ak ∧ Ak|2 dxm < +∞ ,

there exists a subsequence Ak
′

and a Sobolev connection A∞ ∈ Aη(B
m) such that

d(Ak
′
, A∞) := inf

g∈W 1,2(B4,G)

∫
Bm
|Ak′ − (A∞)g|2 dxm −→ 0 ,

moreover
YM(A∞) ≤ lim inf

k′→0
YM(Ak

′
) .

2

Proof of theorem V.5. Here again we restrict to the most delicate case : m = 4.
Let Ak be a sequence of G−valued 1-forms and denote by εG the positive constant

in Uhlenbeck’s theorem IV.16. A straightforward covering argument combined by some
induction procedure gives the existence of a subsequence that we still denote Ak and N
points p1 · · · pN in B4 such that

∀ δ > 0 ∃ ρδ > 0

sup
k∈N

sup

{∫
Bρδ (y)∩B4

|FAk |2 dx4 ; y ∈ B4 \ ∪Nl=1Bδ(pl)

}
< εG .

The case without concentration : {p1 · · · pN} = ∅.
Let ρ > 0 such that

sup
k∈N

sup
y∈B4

{∫
Bρ(y)

|FAk |2 dx4
}
< εG .

We fix a finite good covering 7 of B4 by balls of radius ρ/2. Denote {Bρ/2(xi)}i∈I this
covering. On each of the rice larger ball Bρ(xi) for any k ∈ N we take a controlled

6We choose in fact εG small enough for the controlled Gauge Uhlenbeck theorem to be valid for this
constant when the domain is any intersection of B4 with a ball Bρ(y) for y ∈ B4 and 0 < ρ < 1

7The word ”good” means that any intersections of elements of the covering is either empty or diffeo-
morphic to B4 (see [6]).
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Coulomb gauge (Ak)g
k
i such that[∫

B4
ρ(xi)

|(Ak)gki |4 dx4
] 1

2

+
m∑

l,j=1

∫
B4
ρ(xi)

|∂xl((A)g
k
i )j|2 dx4

≤ C

∫
Bρ(xi)

|FAk |2 dx4 ,

(V.11)

and
d∗(Ak)g

k
i = 0 . (V.12)

For any pair i 6= j in I such that Bρ(xi) ∩Bρ(xi) 6= ∅ we denote

gkij := gki (gkj )−1 ∈ W 2,2(Bρ(xi) ∩Bρ(xi), G) ,

and we have in particular

(Ak)g
k
j = (gkij)

−1dgkij + (gkij)
−1 (Ak)g

k
i gkij . (V.13)

Observe that for any triplet i 6= j, j 6= l and i 6= l such that Bρ(xi) ∩Bρ(xi) ∩Bρ(xl) 6= ∅
we have the co-cycle condition

∀ k ∈ N gkij g
k
jl = gkil . (V.14)

Combining (V.11) and (V.13) together with the improved Sobolev embeddingW 1,2(B4) ↪→
L4,2(B4) where L4,2 is the Lorentz interpolation space given by (IV.12) we obtain that for
any pair i 6= j such that Bρ(xi) ∩Bρ(xj) 6= ∅

‖dgkij‖2L4,2(Bρ(xi)∩Bρ(xj)) ≤ C

∫
Bρ(xi)∪Bρ(xj)

|FAk |2 dx4 . (V.15)

From (V.13) we have

−∆gkij = (Ak)g
k
i · dgkij − dgkij · (Ak)g

k
j . (V.16)

Using again the improved Sobolev embedding W 1,2(B4) ↪→ L4,2(B4), inequalities (V.11)
and (V.15) together with the continuous embedding

L4,2 · L4,2 ↪→ L2,1 ,

we obtain

‖∆gkij‖L2,1(Bρ(xi)∩Bρ(xi)) ≤ C

∫
Bρ(xi)∪Bρ(xj)

|FAk |2 dx4 . (V.17)
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Using Calderon Zygmund theory in Lorentz interpolation spaces (see [53]) we obtain that

gkij ∈ W
2,(2,1)
loc (Bρ(xi) ∩ Bρ(xi)) where W 2,(2,1) denotes the space of functions with two

derivatives in L2,1 and using (V.15) together with (V.17) we obtain the following estimate

‖∇2gkij‖L2,1(B3ρ/4(xi)∩B3ρ/4(xi)) ≤ C

[∫
Bρ(xi)∪Bρ(xj)

|FAk |2 dx4
]1/2

. (V.18)

We can then extract a subsequence such that ∀i ∈ I (Ak)g
k
i ⇀ Ai,∞ weakly in W 1,2(Bρ(xi))

∀i 6= j gkij ⇀ g∞ij weakly in W 2,(2,1)(B3ρ/4(xi) ∩B3ρ/4(xi))) ,

moreover Ai,∞ and g∞ij satisfy the following identities ∀i 6= j Aj,∞ = (g∞ij )−1dg∞ij + (g∞ij )−1Ai,∞ g∞ij

∀i, j, l g∞ij g
∞
jl = g∞il ,

(V.19)

and we have the following estimate

‖∇2g∞ij ‖2L2,1(B3ρ/4(xi)∩B3ρ/4(xj))
≤ C lim inf

k→+∞

∫
Bρ(xi)∪Bρ(xj)

|FAk |2 dx4 . (V.20)

It is proved8 in [39] that
W 2,(2,1)(B4) ↪→ C0(B4) ,

hence we deduce that g∞ij ∈ C0 ∩W 2,(2,1)(B3ρ/4(xi) ∩ B3ρ/4(xi)) and for any i 6= j there
exists g∞ij ∈ G such that

‖g∞ij − g∞ij ‖2L∞(B3ρ/4(xi)∩B3ρ/4(xj))

≤ C lim inf
k→+∞

∫
Bρ(xi)∪Bρ(xj)

|FAk |2 dx4 < 2 C εG .
(V.21)

8This embedding can be proved on R4 as follows. Let u be a Schwartz function in S(R4). Then the
following representation formula holds

u(x) = C |x|−2 ?∆u ,

where C |x|−2 is the Green Kernel of the Laplace operator. From this identity one deduce the following
inequality

‖u‖L∞ ≤ C ‖|x|−2‖L2,∞ ‖∆u‖L2,1 ,

and the embedding W 2,(2,1)(R4) ↪→ C0(R4) follows from a density argument.
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Taking εG small enough there exists a unique lifting

U∞ij ∈ W 2,(2,1)(B3ρ/4(xi) ∩B3ρ/4(xj))

such that
∀i 6= j g∞ij = g∞ij exp(U∞ij ) ,

and
‖U∞ij ‖∞ ≤ C εG ,

for some constant C depending only on G. Following an induction argument9 such as the
one followed in [28] for the proof of theorem II.11, we can smooth the U∞ij in order to
produce a sequence

g∞ij (t) ∈ C∞(B3ρ/4(xi) ∩B3ρ/4(xj), G)

satisfying

g∞ij (t) −→ g∞ij strongly in W 2,(2,1)(B3ρ/4(xi) ∩B3ρ/4(xj)) as t→ 0 ,

and
∀ t ∀i, j, l g∞ij (t) g∞jl (t) = g∞il (t) .

Since the ball B4 is topologically trivial, the previous cocycle condition defines a trivial
Čech smooth co-chain for the presheaf of G−valued smooth functions (see for instance [6]
section 10 chapter II) and for any i ∈ I and any t > 0 there exists ρi(t) ∈ C∞(B3ρ/4(xi), G)
such that

g∞ij (t) = ρi(t) ρj(t)
−1 . (V.22)

We shall now make use of the following technical lemma which is proved in [59].

Lemma V.1. Let G be a compact Lie group and {Ui}i∈I be a good covering of B4. There
exists δ > 0 such that for any pair of co-chains

∀i 6= j hij, gij ∈ W 2,2 ∩ C0(Ui ∩ Uj, G) ,

satisfying

∀i, j, l gij gjl = gil and hij hjl = hil in Ui ∩ Uj ∩ Ul .

Assume
∀i 6= j ‖g−1ij hij − e‖L∞(Ui∩Uj) < δ ,

9A co-cycle smoothing argument by induction argument is also proposed in [19] under the weaker
hypothesis that the co-cycles g∞ij are W 1,4 in 4 dimension. This is made possible due to the fact that

C∞(B4, G) is dense in W 1,4(B4, G) (see [47]). The works of Takeshi Isobe [19], [20] are proposing a
framework for studying the analysis of gauge theory in conformal and super-critical dimension.
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where e is the constant map equal to the neutral element of G, then, for any strictly
smaller good covering of B4 {Vi}i∈I satisfying Vi ⊂ Ui, there exists a family of maps
σi ∈ W 2,2 ∩ C0(Ui ∩ Uj, G) such that

∀i 6= j hij = (σi)
−1gij σj in Vi ∩ Vj .

2

We apply the previous lemma to hij := g∞ij (t) and gij := g∞ij for t small enough and
we deduce the existence of

σi(t) ∈ W 2,2 ∩ C0(Bρ/2(xi) ∩Bρ/2(xj)) ,

such that

∀i 6= j g∞ij (t) = σi(t)
−1 g∞ij σj(t) in Bρ/2(xi) ∩Bρ/2(xj) . (V.23)

Combining (V.22) and (V.23) we have

∀i 6= j g∞ij = σiρi (σjρj)
−1 in Bρ/2(xi) ∩Bρ/2(xj) .

Combining this identity with (V.19) we set

A0 := (σiρi)
−1 d(σiρi) + (σiρi)

−1Ai,∞ (σiρi) in Bρ/2(xi) .

Clearly A0 extends to a W 1,2 G−valued 1-form in B4, moreover, following the arguments
in the proof of theorem V.2, the restriction of A0 to ∂B4 is gauge equivalent to η. This
concludes the proof of theorem V.5 in the absence of concentration points.

The general case with possible concentration : {p1 · · · pN} 6= ∅.
Following the arguments in the previous case, for any δ > 0 we exhibit a subsequence

Ak
′
, a covering by balls Bρδ(xi) of B4 \ ∪Nl=1B

4
δ (pl) and a family of gauge changes gki such

that  ∀i ∈ I (Ak)g
k
i ⇀ Ai,∞ weakly in W 1,2(Bρ(xi))

∀i 6= j gkij ⇀ g∞ij weakly in W 2,(2,1)(B3ρ/4(xi) ∩B3ρ/4(xi))) .

The family g∞ij defines again a W 2,(2,1)−co-chain that we can approximate in C0∩W 2,2 by
a smooth one g∞ij (t). Using the fact that the second homotopy group of the compact Lie
group is trivial π2(G) = 0 (see for instance [8] chapter V proposition 7.5) we deduce that
the co-chain g∞ij (t), defined on a covering of B4 \ ∪Nl=1B

4
δ (pl). is trivial for the Čech coho-

mology for the co-chains on the pre-sheaf of smooth G−valued functions. Following each
step of the above argument we construct a W 1,2 G−valued 1-form A0 in B4 \ ∪Nl=1B

4
δ (pl)
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which is gauge equivalent to Ai,∞ in B4
ρ/2(xi) for each i ∈ I and whose restriction on

∂B4 \ ∪Nl=1B
4
δ (pl) is also gauge equivalent to η. Moreover we have∫

B4\∪Nl=1B
4
δ (pl)

|FA0|2 dx4 ≤ lim inf
k→+∞

∫
B4

|FAk |2 dx4 .

Using a diagonal argument with δ → 0 we can extend A0 as a G−valued 1-form in
W 1,2
loc (B4 \ {p1 · · · pN}) and still satisfying∫

B4

|FA0|2 dx4 ≤ lim inf
k→+∞

∫
B4

|FAk |2 dx4 . (V.24)

We conclude the proof of theorem V.5 by changing the gauge of A0 in the neighborhood of
each blow up point pl making use of the following theorem V.7, known as point removability
theorem, which gives the existence of a change of gauge g in order to extend our connection
1-form (A0)g as a W 1,2 G valued 1−form in the neighborhood of each pl. We then paste
together these W 1,2− gauges by using the same technique as the one we used in the case
without blow up points in order to get a global W 1,2 representative of A0 on B4 gauge
equivalent to η on ∂B4 and satisfying (V.24). This concludes the proof of theorem V.5.
2

Theorem V.6. [Point removability] Let G be a compact Lie group and A ∈ W 1,2
loc (∧1B4\

{0},G) such that ∫
B4

|dA+ A ∧ A|2 dx4 < +∞ ,

then there exists a gauge change g ∈ W 2,2
loc (B4 \ {0}, G) such that

Ag ∈ W 1,2(∧1B4,G) .

2

Remark V.1. Point removability results play an important rôle in the analysis of confor-
mally invariant variational problems. This is a natural consequence of due to the existence
of point concentration which is inherent to the conformal invariance. These results are
often formulated for the critical points of conformally invariant lagrangians and in the
present case it has been first proved by K.Uhlenbeck for Yang-Mills fields (see [58]). Ob-
serve that here we are not assuming that A is satisfying a particular equation. 2

Remark V.2. Beyond geometric analysis, point removability results play also an impor-
tant rôle in complex geometry. One could for instance quote the work of Bando [3] about
the possibility to extend an hermitian holomorphic structure F 0,2

A = 0 with L2 bounded
curvature on a the punctured ball B4 \{0} as a smooth holomorphic bundle throughout the
origin. Beside the holomorphicity condition F 0,2

A = 0 no further ”equation” is assumed
and in particular the Einstein equation ω · F 1,1

A = c I is not assumed and the connection
form is not necessarily a Yang-Mills field. 2
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Remark V.3. A similar point removability result can be established at the boundary. It
suffices to extend carefully the gauge about the “singular point” at the boundary in order
to reduce to the interior case. Details are left to the reader. 2

Proof of theorem V.6. Without loss of generality we can assume that∫
B4

|FA|2 dx4 < δ ,

where δ > 0 will be fixed later on in the proof. Denote for i ≥ 2

Ti := B4
2−i+2(0) \B4

2−i−2(0) .

From theorem IV.1 there exists δ > 0 such that, on each annulus Ti there exists a change
of gauge gi such that there exists gi ∈ W 2,2(Ti, G) such that

∫
Ti

22 i|Agi |2 +
4∑

k,l=1

|∂xkA
gi
l |

2 dxm ≤ CG

∫
Ti

|dA+ A ∧ A|2 dx4

d∗Agi = 0 in Ti

ι∗∂Ti(∗A
gi) = 0 .

(V.25)

On Ti ∩ Ti+1 = B4
2−i+1 \B4

2−i−2 the transition function gi i+1 = gi(gi+1)
−1 satisfy

Agi+1 = (gi i+1)
−1 dgi i+1 + (gi i+1)

−1Agi gi i+1 . (V.26)

Hence (V.25) imply

22 i

∫
B4

2−i+1\B4
2−i−2

|dgi i+1|2 dx4 ≤ C

∫
B2−i+2\B2−i−3

|dA+ A ∧ A|2 dx4 . (V.27)

Taking the adjoint of the covariant derivative of equation (V.26)

−∆gi i+1 = Agi · dgi i+1 − dgi i+1 · Agi+1 ,

and, arguing as in the first part of the proof of theorem V.5, we deduce the existence of
gi i+1 ∈ G such that

‖gi i+1 − gi i+1‖L∞(Ti∩Ti+1)

≤ C 2i‖dgi i+1‖L2(Ti∩Ti+1) + C
4∑

k,l=1

‖∂2xkxlgi i+1‖L2,1(Ti∩Ti+1)

≤ C

[∫
Ti∪Ti+1

|dA+ A ∧ A|2 dx4
]1/2
≤ C

√
δ .

(V.28)
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We now modify the gauge change gi as follows. Precisely, for any i ∈ N, we denote

σi := g1 2 g2 3 · · · gi−1 i ∈ G .

Observe that
Agi σi

−1

= σiA
gi σi

−1 . (V.29)

Hence Agi σi
−1

is still a Coulomb gauge satisfying

∫
Ti

22 i|Agi σi−1|2 +
4∑

k,l=1

|∂xkA
gi σi

−1

l |2 dxm ≤ CG

∫
Ti

|dA+ A ∧ A|2 dx4

d∗Agi σi
−1

= 0 in Ti

ι∗∂Bm(∗Agi σi−1

) = 0 .

(V.30)

Denote hi := gi σi
−1 the transition functions on Ti ∩ Ti+1 for these new gauges are given

by
hi i+1 := gi σi

−1 σi+1 (gi+1)
−1 = gi gi i+1 (gi+1)

−1 .

Using (V.28) we have

‖hi i+1 − e‖L∞(Ti∩Ti+1) ≤ C

[∫
Ti∪Ti+1

|dA+ A ∧ A|2 dx4
]1/2
≤ C

√
δ . (V.31)

Exactly as for gi, using the identity

Ahi+1 = (hi i+1)
−1 dhi i+1 + (hi i+1)

−1Ahi hi i+1 , (V.32)

together with (V.29) and (V.30) we obtain

2i‖dhi i+1‖L2(Ti∩Ti+1) +
4∑

k,l=1

‖∂2xkxlhi i+1‖L2,1(Ti∩Ti+1)

≤ C

[∫
Ti∪Ti+1

|dA+ A ∧ A|2 dx4
]1/2
≤ C

√
δ ,

(V.33)

where e is the content function on Ti ∩ Ti+1 equal to the neutral element of G. Having
chosen δ small enough we ensure that the transition functions of this new set of triviali-
sation are contained in a neighborhood of the neutral element into which the exponential
map defines a diffeomorphism and there exist Ui i+1 such that hi i+1 = exp(Ui i+1) and

‖Ui i+1‖L∞(Ti∩Ti+1) + 2i‖dUi i+1‖L2(Ti∩Ti+1) +
4∑

k,l=1

‖∂2xkxlUi i+1‖L2,1(Ti∩Ti+1)

≤ C

[∫
Ti∪Ti+1

|dA+ A ∧ A|2 dx4
]1/2
≤ C

√
δ .

(V.34)
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Let ρ be a smooth function on R+ identically equal to 1 between 0 and
√

2 and compactly
supported in [0, 2]. On B4 we define

ρi(x) := ρ(|x| 2i) Vi := B2−i+3/2 \B2−i and τi := exp(ρi Ui i+1) .

With these notations we have

on Vi+1 ∩ Vi = B2−i+1/2 \B2−i we have τi = hi i+1 and τi+1 = e .

Hence on Vi+1 ∩ Vi we have

Ahi τi = τ−1i dτi + τ−1i Ah
i

τi

= (hi i+1)
−1 dhi i+1 + (hi i+1)

−1Ahi hi i+1 = Ahi+1 = Ahi+1 τi+1 ,

(V.35)

and the 1-form Â equal to Ahi τi on each annulus Vi defines a global W 1,2
loc connection

1-form on B4 \ {0} gauge equivalent to A. Clearly, for k = 1, 2, we have the pointwise
estimate

|dkτi| ≤ C
∑
l=0k

2i l |dk−lUi i+1| on Vi .

Combining this fact together with (V.30), (V.34) and (V.35) we obtain∫
Vi

22 i|Ahi τi |2 +
4∑

k,l=1

|∂xkA
hi τi
l |2 dx4 ≤ CG

∫
Ti∪Ti+1

|dA+ A ∧ A|2 dx4 .

Summing over i gives∫
B4

|x|−2 |Â|2 +
4∑

k,l=1

|∂xkÂl|2 dx4 ≤ CG

∫
B4

|dA+ A ∧ A|2 dx4 ,

Â is then in W 1,2(∧1B4,G) and this concludes the proof of theorem V.6. 2

VI The Yang-Mills equation in sub-critical and crit-

ical dimensions.

VI.1 Yang-Mills fields.

Until now we have produced solutions to the Yang-Mills Plateau problem in dimension less
or equal to 4 but we have not addressed issues related to the special properties that should
be satisfied by these solutions. Maybe one of the first question that should be looked at
is whether these minima define smooth equivariant horizontal plane distributions or not.

In order to study the regularity of solutions to the Yang-Mills Plateau problem we
have first to produce the Euler Lagrange equation attached to this variational problem.
This is the so called Yang-Mills equation.
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Definition VI.1. Let G be a compact Lie group and A be an L2 connection 1-form on
Bm into the Lie Algebra G of G. Assume that∫

Bm
|dA+ A ∧ A|2 dxm < +∞ ,

we say that A is a Yang-Mills field if

∀ ξ ∈ C∞0 (∧1Bm,G)

d

dt

∫
Bm
|d(A+ tξ) + (A+ tξ) ∧ (A+ tξ)|2 dxm |t=0 = 0 .

2

Observe that this definition makes sense for any A ∈ L2 such that FA ∈ L2, indeed we
have for any ξ in C∞0 (∧1Bm,G)

FA+tξ = FA + t (dξ + A ∧ ξ + ξ ∧ A) + t2 ξ ∧ ∧ξ ∈ L2(∧2Bm,G) .

For such a A ∈ L2 and for any ξ in C∞0 (∧1Bm,G) we denote by dAξ the following 2-form

dAξ(X, Y ) := dξ(X, Y ) + [A(X), ξ(Y )] + [ξ(X), A(Y )] .

So we have for instance

dAξ(∂xi , ∂xj) = ∂xiξj − ∂xjξi + [Ai, ξj] + [ξi, Aj] .

We have then the following proposition.

Proposition VI.1. [Yang-Mills Equation] Let A ∈ L2(∧1Bm,G) such that FA ∈
L2(∧2Bm,G). The connection 1-form A is a Yang-Mills field if

∀ ξ ∈ C∞0 (∧1Bm,G)∫
B4

dAξ · FA = 0 ,
(VI.36)

which is equivalent to
d∗AFA = 0 in D′(Bm) . (VI.37)

In coordinates this reads

∀ i = 1 · · ·m
m∑
j=1

∂xj(FA)ij + [Aj, (FA)ij] = 0 . (VI.38)

2
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The Yang-Mills equation (VI.36) is also written symbolically as follows

d∗FA + [A, FA] = 0 ,

where is referring to the contraction operation between tensors with respect to the flat
metric on Bm. The proof of the last statement of the proposition goes as follows (VI.36)
in coordinates is equivalent to

m∑
i,j=1

∫
Bm

〈
∂xiξj − ∂xjξi + [Ai, ξj] + [ξi, Aj], (FA)ij

〉
dxm = 0 ,

using integration by parts and the fact that the Killing metric, invariant under adjoint
action, satisfies < U, [V,W ] >=< W, [U, V ] > we obtain

m∑
i,j=1

∫
Bm
〈−∂xi(FA)ij + [(FA)ij, Ai], ξj〉+

〈
∂xj(FA)ij + [Aj, (FA)ij], ξi

〉
dxm = 0 ,

which implies (VI.38).

The gauge invariance of the integrant of Yang-Mills lagrangian implies that (VI.38)
is solved for A if and only if it is solved for any gauge transformation Ag of A. More
generally we have the following

∀A ∈ W 1,2(∧1Bm,G) ∀ g ∈ W 2,2(Bm, G)

d∗(Ag)FAg = g−1 d∗AFA g ,
(VI.39)

where we recall that Ag := g−1dg + g−1Ag.

The Yang-Mills equation (VI.37) has to be compared with the Bianchi identity to
which it is a kind of ”dual equation”. This is a structure equation which holds for any
connection 1-form.

Proposition VI.2. [Bianchi identity] For any A ∈ L2(∧1Bm,G) such that FA ∈
L2(∧2Bm,G) the following identity holds

dAFA = 0 ,

where dAFA is the 3-form given by

dAFA(X, Y, Z) := dFA(X, Y, Z)

+[A(X), FA(Y, Z)] + [A(Y ), FA(Z,X)] + [A(Z), FA(X, Y )] .

2
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The proof of Bianchi identity goes as follows. We have

dFA(X, Y, Z) = d(A ∧ A)(X, Y, Z)

= [dA(X, Y ), A(Z)] + [dA(Y, Z), A(X)] + [dA(Z,X), A(Y )]

= [FA(X, Y ), A(Z)] + [FA(Y, Z), A(X)] + [FA(Z,X), A(Y )] ,

where we have used the Jacobi identity

[[A(X), A(Y )], A(Z)] + [[A(Y ), A(Z)], A(X)] + [[A(Z), A(X)], A(Y )] = 0 .

This concludes the proof of Bianchi identity.

In the particular case where G is abelian, Yang-Mills equation together with Bianchi
identity is equivalent to the harmonic map form system d∗FA = 0 Yang-Mills

dFA = 0 Bianchi ,

whose solutions are known to be analytic in every dimension. We are now asking about
the same regularity issue in the non abelian case.

VI.2 The regularity of W 1,2 Yang-Mills Fields in sub-critical and
critical dimensions.

Due to the huge gauge invariance, the “intrinsic” Yang-Mills equation (VI.38) as such
cannot generate any kind of improved regularity for an arbitrary solution10. Nevertheless
the “breaking this invariance” by taking the Coulomb gauge will make Yang-Mills PDE
elliptic and will generate regularity under the ad-hoc assumptions. Precisely we have the
following result.

Theorem VI.7. Let G be a compact Lie group and m ≥ 3. Let A ∈ W 1,m/2(∧1Bm,G) be
a solution of the Yang-Mills equation (VI.37) satisfying the Coulomb condition d∗A = 0
then A is C∞ in Bm. 2

Proof of theorem VI.7.
We assume that A is Coulomb and satisfy the Yang-Mills equation (VI.37). Hence we

have
d∗dA+ d∗(A ∧ A) + [A, dA] + [A, A ∧ A] = 0 .

10Assuming one solution A would be smooth and taking any arbitrary other “non smooth” gauge g the
new expression of the connection Ag is not smooth though it still solves Yang-Mills
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Using the fact that d∗A = 0 the Yang-Mills equation in this Coulomb gauge reads then

∆A = d∗(A ∧ A) + [A, dA] + [A, (A ∧ A)] , (VI.40)

and theorem VI.7 is now the direct consequence of the following result. 2

Theorem VI.8. Let m > 2 and N ∈ N∗. Let f ∈ C∞(RN × (Rm ⊗ RN),RN) and let
g ∈ C∞(RN ,RN) such that there exists C > 0 satisfying

|f(ξ,Ξ)| ≤ C |ξ| |Ξ| and |g(ξ)| ≤ C |ξ|3 . (VI.41)

Let u ∈ W 1,m/2(Bm,RN) satisfying

∆u = f(u,∇u) + g(u) , (VI.42)

then u is C∞. 2

Proof of theorem VI.8.

We start with the following embedding

W 1,m/2(Bm) ↪→ Lm(Bm) .

We claim that there exists α > 0 such that

sup
x0∈B4

1/2
(0) ; 0<ρ<1/4

ρ−4α
∫
Bρ(x0)

|u|m(x) dxm < +∞ . (VI.43)

Let ε > 0 to be fixed later. There exists ρ0 > 0 such that

sup
x0∈Bm1/2(0) ; 0<ρ<ρ0

∫
Bmρ (x0)

[|u|m(x) + |∇u|m/2(x)]dxm < ε . (VI.44)

Let now x0 ∈ Bm
1/2(0) and ρ < ρ0 arbitrary. On Bρ(x0) we consider ϕ to be the solution

of  ∆ϕ = f(u,∇u) + g(u) in Bm
ρ (x0)

ϕ = 0 on ∂Bm
ρ (x0) .

(VI.45)

Classical elliptic estimates (see [16]) give the existence of a constant independent of ρ
such that

‖ϕ‖Lm(Bmρ (x0)) ≤ C ‖f(u,∇u) + g(u)‖Lm/3(Bmρ (x0))

≤ C ‖u‖Lm(Bmρ (x0)) ‖∇u‖Lm/2(Bmρ (x0)) + C ‖u‖3Lm(Bmρ (x0))
.

(VI.46)
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The difference v := u− ϕ is harmonic on Bm
ρ (x0). Hence |v|m is subharmonic

∆|v|m = m |v|m−2|∇v|2 +
m

2

(m
2
− 1
)
|v|m−4 |∇|v|2|2 ≥ 0 .

This gives that

∀ r < ρ

∫
∂Br(x0)

∂|v|m

∂r
≥ 0 ,

which implies that
d

dr

[
1

rm

∫
B4
r (x0)

|v|m(x) dxm
]
≥ 0 .

So we have in particular∫
Bρ/4(x0)

|v|m(x) dxm ≤ 4−m
∫
Bρ(x0)

|v|m(x) dxm . (VI.47)

From this inequality we deduce∫
Bρ/4(x0)

|u|m(x) dxm ≤ 2m−1
∫
Bρ/4(x0)

[|v|m + |ϕ|m] dxm

≤ 2−m−1
∫
Bρ(x0)

|v|m(x) dxm + 2m−1
∫
Bρ(x0)

|ϕ|m dxm

≤ 2−2
∫
Bρ(x0)

|u|m(x) dxm + 2m
∫
Bρ(x0)

|ϕ|m dxm .

(VI.48)

Combining (VI.46) and (VI.48) we then have∫
Bρ/4(x0)

|u|m(x) dxm

≤
[
2−2 + C0 [‖∇u‖mLm/2(Bρ) + ‖u‖2mLm(Bρ)]

] ∫
Bρ(x0)

|u|m(x) dxm .

(VI.49)

We choose ε > 0 such that C0ε
2 ≤ 2−1 and we have then established that for any ρ < ρ0∫

Bρ/4(x0)

|u|m(x) dxm ≤ 1

2

∫
Bρ(x0)

|u|m(x) dxm . (VI.50)

Iterating this inequality gives (VI.43). Inserting the Morrey bound (VI.43) into the equa-
tion (VI.42) gives

sup
x0∈Bm1/2(0) ; 0<ρ<1/4

ρ−mα/3

∫
Bρ(x0)

|∆u|m/3(x) dxm < +∞ . (VI.51)
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The Adams-Sobolev embeddings (see [1]) give then the existence of p > m/2 such that
∇u ∈ Lploc(Bm

1/2(0)). It is easy then to see that the PDE (VI.42) becomes sub-critical for

W 1,p (with p > m/2) in m dimension and we can apply a similar bootstrap arguments to
obtain the desired regularity for u. This concludes the proof of theorem VI.8. 2.

Remark VI.4. The proof of the regularity of Yang-Mills fields in the critical 4 dimension
is ”soft” in comparison with the proof of the regularity of the ”cousin problem” : the
harmonic maps between a surface and a manifold. Both equations are critical respectively
in 4 and 2 dimensions but the analysis of the harmonic map equation is made more
delicate by the fact that the non-linearity in the harmonic map equation is in L1 which
is a space which does not behave ”nicely” with respect to Calderon-Zygmund operations.
There is no such a difficulty for Yang-Mills. What is delicate however is to construct a
”good gauge” in which Yang-Mills equation becomes elliptic. In a somewhat parallel way
the difficulty posed by the harmonic maps equation was overcome by the author by solving
a gauge problem (see [41]).

One consequence of the previous regularity result and the point removability result V.6
is the following point removability theorem for Yang-Mills fields in 4 dimension

Theorem VI.9. [Point Removability for Yang-Mills in conformal dimension.]
Let A be a weak solution in W 1,2

loc (∧1B4,G) to Yang-Mils equation

d∗AFA = d∗FA + [A, FA] = 0 in D′(B4 \ {0}) .

Assume ∫
B4

|dA+ A ∧ A|2 dx4 < +∞ ,

then there exists g ∈ W 2,2
loc (B4 \ {0}) such that

Ag ∈ C∞(B4) ,

and Ag solves the Yang-Mills equation strongly in the whole ball B4. 2

Proof of theorem VI.9. The point removability result V.4 qives the existence of a
W 2,2
loc−gauge such that Ag ∈ W 1,2(∧1B4,G). Using Uhlenbeck’s Coulomb gauge IV.1

extraction theorem we can assume that Ag satisfies the Coulomb condition d∗Ag = 0 in
D′(B4). So Ag is a W 1,2−solution of a system of the form

∆u = f(u,∇u) + g(u) in D′(B4 \ {0}) ,

where f and g are smooth maps satisfying (VI.41). The distribution ∆u−f(u,∇u)−g(u)
is supported in {0}. Hence by a classical result in distribution theory this distribution is
a finite linear combination of derivatives of Dirac masses :

−∆u+ f(u,∇u) + g(u) =
∑
|α≤N

Cα ∂αδ0 , (VI.52)
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where N ∈ N, α = (α1 · · ·α4) ∈ N4, |α| := |α1| + · · · + |α4|, Cα ∈ R4 and ∂α denotes the
partial derivative

∂α :=
∂α1

∂xα1
1

∂α2

∂xα2
2

∂α3

∂xα3
3

∂α4

∂xα4
4

.

Let χ be an arbitrary smooth compactly supported function in B4
1(0). Denote χε(x) :=

χ(x/ε), multiply equation (VI.52) by this function and integrate over B4 gives∑
|α|≤N

Cα
∂αχ(0)

ε|α|
=

1

ε

∫
B4
ε

∇χ(x/ε) · ∇u+

∫
B4
ε

χε [f(u,∇u) + g(u)] .

Hence, using ∇u ∈ L2 and u ∈ L4 we have∣∣∣∣∣∣
∑
|α|≤N

Cα
∂αχ(0)

ε|α|

∣∣∣∣∣∣ = o(ε) .

Since ∂αχ(0) are arbitrary, this implies that Cα = 0 for any α. So the equation −∆u +
f(u,∇u) + g(u) = 0 holds on the whole ball and we can apply theorem VI.8 to u = Ag

and obtain that it is C∞ which concludes the proof of theorem VI.9. 2

It is clear that the solutions to the Yang-Mills Plateau problems satisfy the Yang-Mills
equation and hence we have the following corollary.

Corollary VI.1. Let G be a compact Lie group and m ≤ 4. For any 1-form η ∈
H1/2(∧1∂Bm,G) the following minimization problem

inf

{∫
Bm
|FA|2 dxm ; ι∗∂BmA = ηg for some g ∈ H3/2(∂Bm, G)

}
(VI.53)

is achieved by a 1-form A0 ∈ W 1,2(∧1Bm,G) which is C∞ in any local W 1,2−Coulomb
gauge inside the ball Bm. 2

VII Concentration compactness and energy quanti-

zation for Yang-Mills Fields in critical dimen-

sion.

The goal of this section is to study establish the behavior of sequences of Yang-Mills fields
of uniformly bounded energy in critical dimension 4. There are three main problematics
attached to this study

• Modulo extraction of subsequence, do we have strong converge to a limiting Yang-
Mills ?
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• If the strong convergence does not hold where is located the lack of strong conver-
gence in the base ?

• How much Yang-Mills energy is lost at the limit ?

We have already several tools and results at hand that we established in the previous
sections in order to provide a relatively precise answer to these three questions. The proof
or our main result in this section is based in particular on the following ”quantitative
reformulation” of the regularity theorem VI.7 which belongs to the family of the so called
ε−regularity results for conformally invariant problems.

Theorem VII.1. [ε−regularity for Sobolev solutions to Yang-Mills in confor-
mal dimension] Let G be a compact Lie group, there exists εG,4 > 0 such that for any
G−valued 1-forms A in W 1,2(∧1B4

1(0),G) satisfying the Yang-Mills equation

d∗AFA = d∗FA + [A, FA] = 0 in D′(B4
1(0)) .

and the small energy condition ∫
B4

1(0)

|FA|2 dx4 < εG,4 ,

then there exists a gauge g in which the following estimates holds : for any l ∈ N there
exists Cl > 0 such that

‖∇l(A)g‖2L∞(B1/2(0))
≤ Cl

∫
Bm1 (0)

|FA|2 dx4 . (VII.1)

2

Proof of theorem VII.1. We choose εG,4 > 0 that will be definitively fixed a bit later
in the proof to be at least smaller than the εG > 0 of the Coulomb gauge extraction
result theorem th-III.2. We now work in this Coulomb gauge and we omit to mention the
superscript g. So, from now on until the end of the proof, we are then assuming that we
have ∫

B4
1

|A|2 dx4 +
4∑

i,j=1

|∂xiAj|2 dx4 ≤ CG

∫
B4

1

|FA|2 dx4 < εG,4 , (VII.2)

from which we deduce in particular∫
B4

1

|A|4 dx4 ≤ C0

[∫
B4

1

|FA|2 dx4
]2

, (VII.3)

for some constant C0 > 0. Recall that in the Coulomb gauge we are choosing, the con-
nection form A satisfies the elliptic system (VI.40) to which we can apply the arguments
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of the proof of theorem VI.8 that we are going to follow closely keeping track this time of
each estimate. In particular, having chosen εG,4 small enough we have inequality (VI.50)
which holds for u = A and for any Bρ(x0) ⊂ B1(0) and we deduce

∀x0 ∈ B3/4(0) ∀ ρ < 1/4∫
Bρ(x0)

|A|4 dx4 ≤ 2 ρα
∫
B4

1(0)

|A|4 dx4

≤ 2 C0 ρ
α

[∫
B4

1(0)

|FA|2 dx4
]2

,

(VII.4)

where α = log 2/ log 4. Inserting this inequality in the Yang-Mills PDE in Coulomb gauge
(VI.40) we obtain the existence of a constant C1 > 0 such that

∀x0 ∈ B3/4(0) ∀ ρ < 1/4

∫
Bρ(x0)

|∆A|4/3 dx4 ≤ C1 ρ
α/3

[∫
B4

1(0)

|FA|2 dx4
]4/3

.

(VII.5)

Combining (VII.4) and (VII.5) we deduce from Adams-Morrey inequalities (see [1])

‖∇A‖Lp(B3/5(0)) ≤ C sup
x0∈B3/4(0) ; ρ<1/4

[
ρ−α/3

∫
Bρ(x0)

|∆A|4/3 dx4
]3/4

+C ‖A‖L2(B1(0)) ,

(VII.6)

where

p =
16− 4α/3

8− α
> 2 .

Hence we have for this p > 2

‖∇A‖Lp(B3/5(0)) ≤ C

[∫
B4

1(0)

|FA|2 dx4
]1/2

.

Since p > 2 the non-linear elliptic system (VI.40) becomes sub-critical in 4 dimensions and
a standard bootstrap argument gives (VII.1). This concludes the proof of theorem VII.1.2
The previous ε−regularity result is the main step for proving the following concentration
compactness theorem for sequences of Yang-Mills fields.

Theorem VII.2. [Concentration compactness for Yang-Mills Fields in confor-
mal dimension] Let (M4, h) be a closed 4 dimensional riemannian manifold and P a
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principal smooth G bundle over M4. Let ∇k be a sequence of Yang-Mills connections
satisfying

lim sup
k→+∞

∫
M4

|F∇k |2h dvolh < +∞ .

Then there exists a subsequence ∇k′, a smooth G−bundle P∞ over (M4, h), a smooth
Yang-Mills connection ∇∞ of P∞ and finitely many points {p1 · · · pN} in M4 such that
for any contractible open set D4 ⊂ M4 \ {p1 · · · pN} with compact closure, there exists a
sequence of trivialization of P over D4 for which

Ak
′ → A∞ strongly in C l(D4) ∀ l ∈ N ,

where Ak
′

(resp. A∞) is the connection 1-form associated to ∇k′ (resp. ∇∞) in this
sequence of local trivializations of P (resp. P∞) over D4. Moreover we have the following
weak convergence in Radon measure

µk
′
:= |F∇k′ |2h dvolh ⇀ µ∞ := |F∇∞|2h dvolh + ν , (VII.7)

where ν is a non negative atomic measure supported by the points pj

ν :=
N∑
j=1

fj δpj . (VII.8)

2

Proof of theorem VII.2. We follow step by step the proof of theorem V.5 replacing
for the choice of the covering the Uhlenbeck Coulomb Gauge threshold εG(M4, h) by
the smaller positive constant εG,4(M

4, h) given by the ε−regularity result VII.1 on the
manifold (M4, h). Observe that, because of the epsilon regularity result, the Coulomb
gauges (Ak)g

k
i are pre-compact for any C l−topology on each ball Bρ(xi). This gives also

the pre-compactness of the transition functions gkij in any of the C l topologies. Hence,
the co-cycles gkij converge in any of these topology to the limiting (now smooth) co-cycle
g∞ij which defines a smooth G−bundle P∞ over M4 \ {p1 · · · pN}. Moreover the limiting
collection of 1-forms Aj,∞ defines a connection ∇∞ on P∞ satisfying also the Yang-Mills
equation which passes obviously to the limit under C∞ convergence. The gauge invariant
quantities such as |F∇k |2 converge also to the corresponding limiting quantities and we
have then, modulo extraction of a further subsequence, the existence of a limiting radon
measure ν supported on the points pj exclusively such that (VII.9) holds. Finally applying
the point removability theorem and once again the ε−regularity we extend ∇∞ globally
on M4 as a Yang-Mills smooth connection of the bundle P∞ which also obviously extends
throughout the pj as a smooth bundle. This concludes the proof of theorem VII.2. 2

Finally, we identify the concentration atomic measure by proving that the weights fj
in front of the Dirac masses δpj are the sums of Yang-Mills energies of Yang-Mills fields
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over S4, the so called ”bubbles”. Precisely we have the following energy identity result
which was first established for instantons in [56] and for Yang-Mills fields in general in
[42]. The proof we present below is using the interpolation Lorentz spaces following a
technic introduced in [24] and [25].

Theorem VII.3. [Energy quantization for Yang-Mills Fields in conformal di-
mension.] Let (M4, h) be a closed 4 dimensional riemannian manifold and P a principal
smooth G bundle over M4. Let ∇k be a sequence of Yang-Mills connections of uniformly
bounded Yang-Mills energy converging strongly away from finitely many points {p1 · · · ∂N}
to a limiting Yang-Mills connection ∇∞ as described in theorem VII.2. Let ν be the atomic
concentration measure

ν :=
N∑
j=1

fj δpj ,

satisfying
µk
′
:= |F∇k′ |2h dvolh ⇀ µ∞ := |F∇∞|2h dvolh + ν .

Then for each j = 1 · · ·N there exists finitely many G−Yang-Mills connections (Di
j)i=1···Nj

over S4 such that

∀ j = 1 · · ·N fj =

Nj∑
i=1

∫
S4

|FDij |
2 dvolS4 . (VII.9)

2

Remark VII.1. The energy quantization result can be established by direct geometric
arguments in the special case of instantons in 4 dimensions (see [15]).

Proof of theorem VII.3. Since the result is local, the metric in the domain does not
play much role and we will present the proof for M4 = B4

1(0) equipped with the flat
metric and assuming moreover that there is exactly one limiting blow-up point, N = 1,
which coincide with the origin, p1 = 0. We also express the connection ∇k in s

Recall that we denote by εG,4 the positive constant given by the ε−regularity theo-
rem VII.1. We detect the ”most concentrated bubble” precisely let

ρk := inf

{
ρ ; ∃x ∈ B4

1(0) s. t.

∫
Bρ(x)

|FAk |2 dx4 =
εG,4

2

}
.

Since we are assuming that blow-up is happening exactly at the origin we have that
ρk → 0 and

∃xk → 0 s. t.

∫
B
ρk

(xk)

|FAk |2 dx4 =
εG,4

2
.
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We choose a sequence xk that we call center of the first bubble and ρk is called the critical
radius of the first bubble. Let

Âk(y) := ρk
4∑
i=1

Aki (ρ
k y + xk) dyi .

Due to the scaling invariance of the Yang-Mills lagrangian in 4-dimensions, Âk, which is
the pull-back of Ak by the dilation map Dk(y) := ρk y+xk, is a Yang-Mills fields moreover

max
y∈B

1/(2ρk)
(0)

∫
B4

1(y)

|FÂk |
2 dy4 =

∫
B4

1(0)

|FÂk |
2 dy4 =

εG,4
2

. (VII.10)

Applying the ε−regularity theorem VII.1 we deduce that on Uhlenbeck’s Coulomb Gauges
g which exists on each unit ball B1(y) since the εG,4 has been taken smaller than εG from
theorem IV.1

∀ l ∈ N sup
y∈B

1/(2ρk)
(0)

‖∇l(Â)g‖L∞(B1/2) ≤ Cl ,

where Cl is independent of k. Hence, locally in Coulomb gauge, modulo extraction of a
subsequence, the sequence Âk converges strongly in any C l

loc topology on R4 to a limiting
Yang-Mills connection Â∞ satisfying∫

B4
1(0)

|FÂk |
2 dy4 =

εG,4
2

and which is therefore non trivial. Let now π be the stereographic projection with respect
to the north pole, due to the conformal invariance of Yang-Mills energy Ã := π∗Â∞ is a
non trivial Yang-Mills Field on S4 \ {south pôle}. Since Ã is a smooth G−valued 1-form
with finite Yang-Mills energy and satisfying the Yang-Mills equation we can apply the
point removability result for Yang-Mills fields, theorem VI.9 and conclude that Ã extends
to a global smooth Yang-Mills G−connection D1

1 over the whole S4 which is our first
bubble and using again the conformal invariance of Yang-Mills energy we have

εG,4
2
≤
∫
S4

|FD1
1
|2 dvolS4 = lim

R→+∞
lim

k→+∞

∫
B
Rρk

(xk)

|FAk |2 dx4 . (VII.11)

We have now to study the loss of Yang Mills energy in the so called neck region between
the first bubble and the macroscopic solution A∞ to which Ak converges away from zero.
Precisely we are studying

lim
k→+∞

∫
B4

|FAk |2dx4 −
∫
B4

|FA∞|2dx4 −
∫
S4

|FD1
1
|2 dvolS4

= lim
R→+∞

lim
k→+∞

∫
BR−1 (xk)\BRρk (xk)

|FAk |2 dx4 .

(VII.12)
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For any G there is a minimal Yang-Mills energy among all non-trivial Yang-Mills Fields.
This can be proved easily observing that if the energy is less than the εG,4 threshold, the
connections can be represented by a global smooth Yang-Mills 1-form on S4 to which
the C l estimates of theorem VII.1 apply. Hence since A satisfies globally on S4 the PDE
(VI.40) and for small enough Yang-Mills energy this implies that A is an harmonic one
form on S4 which gives that it is a trivial Yang-Mills fields. Denote

YM(G,S4) = min

{∫
S4

|FD|2 dvolS4 ; D is a non zero G Yang-Mills Field

}
.

To simplify the presentation we assume that

lim
k→+∞

∫
B4

|FAk |2dx4 −
∫
B4

|FA∞|2dx4 −
∫
S4

|FD1
1
|2 dvolS4 < YM(G,S4) , (VII.13)

or in other words

lim
R→+∞

lim
k→+∞

∫
BR−1 (xk)\BRρk (xk)

|FAk |2 dx4 < YM(G,S4) . (VII.14)

Alternatively we would have to go through some standard and fastidious induction pro-
cedure to remove all the bubbles one by one - each of them taking at least an amount
of YM(G,S4) Yang-Mills energy - and we would be anyway reduced at the end to study
the loss of energy in annuli region where (VII.14) holds (such a procedure is described
for instance in [5] proposition III.1 in the framework of Willmore surfaces). Under the
assumption (VII.14) the goal is ultimately to prove

lim
R→+∞

lim
k→+∞

∫
BR−1 (xk)\BRρk (xk)

|FAk |2 dx4 = 0 ,

that will finish the proof of the theorem. We are now going to prove the following claim.

Claim 1 :
∀ δ > 0 ∃Rδ > 1 s. t. ∀ r ∈ [Rδ ρ

k, R−1δ ]

lim sup
k→+∞

∫
B2 r(xk)\Br(xk)

|FAk |2 dx4 < δ .

Proof of claim 1. We argue by contradiction. Assume there exists δ0 > 0 such that for
all R > 1 there exists rk ∈ [Rρk, R−1]

lim sup
k→+∞

∫
B

2 rk
(xk)\B

rk
(xk)

|FAk |2 dx4 > δ0 .

Since we can find a sequence rk for any R > 1, using a diagonal argument and the
extraction of a subsequence we can assume that

rk

ρk
→ +∞ and rk → 0 .
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Now we introduce

sk := inf


s ; ∃x ∈ B2 rk(x

k) \Brk(x
k) s. t.∫

Bs(x)

|FAk |2 dx4 = min

{
εG,4

2
,
δ0
16

}
.


Let x̃k be a point in the dyadic annuls B2 rk(x

k) \Brk(x
k) where this infimum is achieved.

We clearly have
Bsk(x̃

k) ⊂ BR−1(xk) \BRρk(x
k)

for any R > 1 and k large enough. Dilating the Yang-Mills connection Ak about x̃k at a
rate (sk)−1 we again obtain a limiting non trivial Yang-Mills field, a second bubble, Ã∞

either on R4 or on R4 \ {0} depending whether sk/rk tends to zero or not. In any case we
have

lim
R→+∞

lim
k→+∞

∫
BR−1 (xk)\BRρk (xk)

|FAk |2 dx4 ≥
∫
R4

|FÃ∞ |
2 dx4 ≥ min

{
εG,4

2
,
δ0
16

}
,

and the point removability theorem VI.9 for Yang-Mills fields implies that Ã∞ extends to
a non-trivial Yang-Mills Field on S4∫

R4

|FÃ∞|
2 dx4 ≥ YM(G,S4) ,

which contradicts the fact that we are working under the assumption that there is only
one bubble (i.e. assumption (VII.14)). So we have proved claim 1.

Combining claim 1 and the ε−regularity theorem VII.1 we obtain

∀ δ > 0 ∃Rδ > 1 s. t.

∀ x ∈ BR−1
δ
\BRδ ρk(x

k) |x|2 |FAk |2(x) < δ .

Consider an Uhlenbeck Coulomb gauge (Ak)g
k

in the annulus B2Rδ ρk(x
k) \ BRδ ρk(x

k).
Introduce χ to be a cut-off function such that χ(x) ≡ 1 in R4 \B4

2(0)

χ(x) ≡ 0 in B4
1(0) ,

and let χk(x) := χ(Rδ ρ
k (x− xk)). Extend (Ak)g

k
in B2Rδ ρk(x

k) by taking

Ãk := χk(Ak)g
k

.
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Using again the C l estimates (VII.1) of ε−regularity theorem VII.1 for the Uhlenbeck
Coulomb gauge (Ak)g in the annulus B2Rδ ρk(x

k) \ BRδ ρk(x
k) we obtain for any x ∈

B2Rδ ρk(x
k) \BRδ ρk(x

k)

|x| |Ãk|(x) + |x|2 |∇Ãk|(x)

≤ C

[∫
B

4Rδ ρ
k (xk)\BRδ ρk/2(x

k)

|FAk |2 dx4
]1/2

.

(VII.15)

We have then produced an extension Ãk of Ak inside the ball B2Rδ ρk(x
k) equal to Ak in

BR−1
δ
\BRδ ρk(x

k) and satisfying

‖|x|2 |FÃk |‖L∞(B
R−1
δ

(xk)) <
√
δ .

This implies in particular

‖FÃk‖L2,∞(B
R−1
δ

(xk)) ≤ C
√
δ , (VII.16)

where C > 0 is a constant independent of δ and k. Taking δ small enough we can apply

theorem IV.4 and find a gauge that we denote simply A
k

and which satisfies

∫
B
R−1
δ

(xk)

|Ak|2 +
4∑

i,j=1

|∂xiA
k

j |2 dxm ≤ CG

∫
B
R−1
δ

(xk)

|F
A
k |2 dx4

d∗A
k

= 0 in BR−1
δ

(xk)

ι∗∂B
R−1
δ

(xk)(∗A
k
) = 0 .

(VII.17)

Using the gauge invariance of Yang-Mills integrant (VI.39) together with the C l estimates
(VII.1) of ε−regularity theorem VII.1 applied to the Uhlenbeck Coulomb gauge (Ak)g in
the annulus B2Rδ ρk(x

k) \BRδ ρk(x
k) we obtain on BR−1

δ
(xk)

|d∗
A
kFAk | ≤ C |∇χk| |(Ak)gk |2 + C |χk| |(Ak)gk |3

≤ C (Rδ ρ
k)−3 1k,δ δ

(VII.18)

where 1k,δ is the characteristic function of B2Rδ ρk(x
k) \ BRδ ρk(x

k). This implies the
following estimate

‖d∗
A
kFAk‖L(4/3,1)(B

R−1
δ

(xk)) ≤ C

∫
B

2Rδ ρ
k (xk)\BRδ ρk (x

k)

|F
A
k |2 dx4 . (VII.19)
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where we recall that L(4/3,1) is the Lorentz space whose dual is the Marcinkiewicz weak
L4 space : L4,∞. Using the embeding (IV.15) for p = 2 and m = 4

W 1,2(B4) ↪→ L4,2(B4) ,

we obtain from (VII.17) the estimate

‖Ak‖2L4,2(B
R−1
δ

(xk)) ≤ CG

∫
B
R−1
δ

(xk)

|F
A
k |2 dx4 . (VII.20)

Using now one of the embeddings (IV.13) :

L2(B4) · L4,2(B4) ↪→ L4/3,1(B4) ,

we obtain

‖d∗dAk‖L4/3,1(B
R−1
δ

(xk)) ≤ CG

∫
B
R−1
δ

(xk)

|F
A
k |2 dx4 . (VII.21)

Combining this fact with the three lines of (VII.17) together with classical elliptic esti-
mates in Lorentz spaces (see [53]) gives

‖F
A
k‖2L2,1(B

R−1
δ

(xk)) ≤ CG

∫
B
R−1
δ

(xk)

|F
A
k |2 dx4 .

Combining this inequality with the estimate (VII.16) of the curvature in the dual space
L2,∞ in the neck region we obtain

∀ δ > 0 ∃Rδ > 1 s. t.

lim sup
k→+∞

∫
B
R−1
δ

(xk)\B
2Rδ ρ

k (xk)

|FAk |2 dx4 ≤ C
√
δ

from which we deduce

lim
R→+∞

lim
k→+∞

∫
BR−1 (xk)\BRρk (xk)

|FAk |2 dx4 = 0 .

This implies

|FAk |2 dx4 ⇀ µ∞ := |FA∞|2 dx4 +

∫
S4

|FD1
1
|2 dvolS4 δ0 .

This completes the proof of the theorem VII.3. 2
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VIII The resolution of the Yang-Mills Plateau prob-

lem in super-critical dimensions.

VIII.1 The absence of W 1,2 local gauges.

We can reformulate the sequential weak closure of W 1,2 connections we proved in the
previous sections for the dimensions up to 4 in the following way. Let G be a compact
Lie group and (Mm, h) a compact riemanian manifold. Introduce the space of so called
Sobolev connections defined by

AG(Mm) :=

 A ∈ L2(∧1Mm,G) ;
∫
Mm |dA+ A ∧ A|2h dvolh < +∞

locally ∃ g ∈ W 1,2 s.t. Ag ∈ W 1,2 .


It is clear that any Sobolev W 1,2−connection of a smooth G−bundle in the classical sense
of [15] defines an element in AG(Mm) for m ≤ 4. This follows from the existence of a
global representative in Lp (p < 4) given by theorem IV.5.

We now prove the converse : that any element A ∈ AG(Mm) for m ≤ 4 define a
smooth bundle and a W 1,2-Sobolev connection in this bundle in the classical sense given
in [15]. Precisely we have the following result.

Proposition VIII.1. Let G be a compact Lie group and (Mm, h) be a riemannian man-
ifold of dimension m ≤ 4. Let A ∈ AG(Mm) then there exists a smooth bundle E over
Mm and there exists a W 1,2−connection ∇ of E such that A is locally gauge equivalent
to ∇. 2

Proof of proposition VIII.1. We cover Mm by a locally finite family of open balls
Bρi(xi) realizing a good covering (In the sense of [6]) such that on each of these sets A has
a W 1,2 representative and

∫
Bρi (xi)

|FA|2h dvolh < ε where ε is positive number small enough

in order to ensure the existence of a Coulomb W 1,2− representative. We denote by gi the
gauge change such that Agi = g−1i dgi + g−1i Agi is such a Coulomb W 1,2−representative.
On Bρi(xi) ∩ Bρj(xi) we denote gij := g−1i gj. Following word by word the arguments of
the proof of theorem V.5 we have that gij ∈ C0∩W 1,2(Bρi(xi)∩Bρj(xi), G) and the family
satisfy moreover obviously the co-cycle condition gij = gik gkj.

Having taken ε > 0 small enough we can ensure that the C0 norms of the gij - possibly
on the intersection of slightly smaller balls - are small and there exists an equivalent
smooth cocycle (hij) (i.e. hij = (σi)

−1gijσj where σi ∈ C0 ∩W 1,2(Bρi(xi), G) and hij ∈
C∞.) The cocycle (hij) associated to the good covering Bρi(xi) defines a smooth bundle
E over Mm. We have

Agiσi ∈ W 1,2(∧1Bρi(xi),G) and Agjσj = h−1ij dhij + h−1ij A
giσihij .

Hence by definition (Agiσi) defines a W 1,2−connection on E. It is obviously locally gauge
equivalent to A. This concludes the proof of the proposition. 2
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Using the same ingredients11 as the one used to prove theorem V.2 one establishes the
following result which is the boundary-free counterpart of theorem V.2.

Theorem VIII.1. For m ≤ 4 the space AG(Mm) is weakly sequentially closed below any
given Yang-Mills energy level : precisely For any Ak ∈ AG(Mm) satisfying

lim sup
k→+∞

YM(Ak) =

∫
Mm

|dAk + Ak ∧ Ak|2h dvolh < +∞ ,

there exists a subsequence Ak
′

and a Sobolev connection A∞ ∈ AG(Mm) such that

d(Ak
′
, A∞) := inf

g∈W 1,2(Mm,G)

∫
Mm

|Ak′ − (A∞)g|2h dvolh −→ 0 ,

moreover
YM(A∞) ≤ lim inf

k′→0
YM(Ak

′
) .

2

Remark VIII.1. Observe that the space AG(Mm) contains for instance global L2 one
forms taking values into the Lie algebra G that correspond to smooth connections of some
principal G−bundle over Mm. If the Yang-Mills energy of a sequence of such smooth
connections is uniformly bounded, we can extract a subsequence converging weakly to a
Sobolev connection and corresponding possibly to another G−bundle. This possibility of
”jumping” from one bundle to another, as predicted for instance in the concentration
compactness result theorem VII.2, is encoded in the definition of AG(Mm). 2

Because of this weak closure property the space AG(Mm) is the ad-hoc space for
minimizing Yang-Mills energy in dimension less or equal than 4. This is however not the
case in higher dimension. We have the following proposition.

Proposition VIII.2. For m > 4 the space ASU(2)(M
m) is not weakly sequentially closed

below a given Yang-Mills energy level : precisely there exists Ak ∈ ASU(2)(M
m) satisfying

lim sup
k→+∞

YM(Ak) =

∫
Mm

|dAk + Ak ∧ Ak|2 dxm < +∞ ,

and a su(2)−valued form A∞ ∈ L2 such that

d(Ak
′
, A∞) := inf

g∈W 1,2(Mm,SU(2))

∫
Mm

|Ak′ − (A∞)g|2h dvolh −→ 0 ,

but in every neighborhood U of every point of Mm there is no g such that (A∞)g ∈ W 1,2(U)
(i.e. A∞ /∈ ASU(2)(M

m)) . 2

11Observe that the topology of the underlying bundles defined by each Ak and given by proposi-
tion VIII.1 plays no role in the proof and that the arguments of theorem V.2 carry over in a straightfor-
ward way. Again our approach is to work with analytical objects, i.e. gobal L2−one forms, ignoring the
geometric structures that each of this one form is inducing.
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The proposition is not difficult to prove but we prefer to illustrate this fact by a small
cartoon. We consider a sequence Ak of smooth 1-forms on B5, the unit 5 dimensional
ball, into su(2) such that lim supk→+∞ YM(Ak) < +∞. The drawing is representing
the flow lines of the divergence free vector field associated to the closed Chern 4-form :
Tr(FAk ∧FAk). In this cartoon Ak is weakly converging in L2 to some limit su(2)−valued
1-form A∞ such that FA∞ ∈ L2 but this 1-form satisfies

d (Tr(FA∞ ∧ FA∞)) = 8π2 [δP − δN ] 6= 0 ,

where P and N are two distinct points of B5 - the red dots in the figure 3 cartoon. Hence
for almost every small radii r > 0 we have for instance∫

∂B5
r (P )

Tr(FA∞ ∧ FA∞) = 8 π2 .

Assume there would exist g ∈ W 1,2 such that (A∞)g ∈ W 1,2 in the neighborhood of P .
The gauge invariance of the Chern form gives that∫

∂B5
r (P )

Tr(F(A∞)g ∧ F(A∞)g) = 8π2 .

However we have seen in section III that the fact that ι∗∂B5
r
(A∞)g is in W 1,2(∧1∂B5

r , su(2))
for almost every r - due to Fubini theorem - imposes∫

∂B5
r (P )

Tr(F(A∞)g ∧ F(A∞)g) = 0 ,

which is a contradiction.

^

Flow lines of   tr(F_D ^ F_D)

^
^

^
^

Fig. 1: Sequence of smooth connections time 1

^

Flow lines of   tr(F_D ^ F_D)

^
^

^
^
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Fig. 2: Sequence of smooth connections time 2

Energy concentration set

^

Flow lines of   tr(F_D ^ F_D)

^
^ ^

^

Fig. 3: Sequence of smooth connections - the limit.

In the above cartoon12 the limiting 1-form A∞ is a 1-form of a smooth connection but
on a SU(2)−bundle which is only defined over B5 \ {P} ∪ {N}.

The conclusions we can draw at this point are the following. In dimension m ≤ 3,
the Yang Mills energy is controlling the bundle in the sense that from a sequence of
connections of a given bundle with uniformly bounded L2−curvature one can extract
a weakly converging sequence to a limiting Sobolev connection of the same bundle. In
dimension 4, under the same assumptions one can extract a weakly converging sequence
to a limiting Sobolev connection but possibly from another bundle. The last example is
illustrating the fact that, starting in 5 dimension, the Yang-Mills energy is not coercive
enough to control the bundle structure : The Yang-Mills energy control does not prevent
the corresponding bundle to degenerate and to have local twists at the limit. In fact,
instructed from what happens with the Dirichlet energy of maps from B3 into S2 one
could even construct a sequence of smooth connections whose weak limit is given by a
form satisfying

supp [d (Tr(FA∞ ∧ FA∞))] = B5 !

This means that the limiting bundle has become everywhere singular on B5.

In order to find an ad-hoc weakly sequentially closed space of connections below
any Yang-Mills energy level, we have then to weaken the notion of Sobolev connections.
Sobolev connections are singular but the underlying bundle was smooth. We see that the

12A reader interested in having a rigorous implementation of this cartoon could take for instance a
sequence of axially symmetric smooth maps uk from B5 into S4 with uniformly bounded W 1,4− energy
and weakly converging to a map u∞, smooth away from P and N and such that

d(u∗ωS4) = |S4| [δP − δN ]

where ωS4 is the volume form on S4. If ∇0 is a smooth connection of a non trivial SU(2)−bundle E0

over S4, the cartoon is realised by Ak a one form representing the pull back of the connection by uk over
the trivial bundle (uk)−1E0
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L2 control of the curvature does mot preserve the smoothness of the bundle at the limit
in dimension m > 4. Since we do not impose anything more that having bounded Yang-
Mills energy, we have to relax the notion of bundle, the carrier of the connection, and
allow the bundle to have singularities. Countrary to classical differential geometry where
the bundle precede the connection, inspired by the “philosophy” of proposition VIII.1, we
shall work with one-forms and “generate” singular bundles from these one forms.

The new variational objects will be called Weak connections. The quest for finding
the right space is similar to the one at the origin of Geometric Measure Theory when the
class of integer rectifiable currents - i.e. sub manifolds with singularities in a way - have
been produced in order to solve the Classical Plateau Problem in super critical dimension
m > 2. We are looking for a geometric measure theoretic version of bundles and
connections.

VIII.2 Tian’s results on the compactification of the space of
smooth Yang-Mills Fields in high dimensions.

The need of developing a Geometric measure theoretic version of bundle and connections
beyond the too small class of Sobolev connections on smooth bundles has been already
encountered in the study of the compactification of the moduli space of smooth yang-Mills
fields by G.Tian in [57].

Theorem VIII.2. Let G be a compact Lie group and Ak be a sequence of G−valued
1-forms in Bm. Assume Ak are all smooth solutions to the Yang-Mills equation

d∗AkFAk = 0 .

Assume

lim sup
k→+∞

∫
Bm
|dAk + Ak ∧ Ak|2 dxm < +∞ .

Then there exists13 a subsequence Ak
′

and a limiting G−valued 1-forms A∞

d(Ak
′
, A∞) := inf

g∈W 1,2(Mm,G)

∫
Mm

|Ak′ − (A∞)g|2h dvolh −→ 0 . (VIII.1)

Moreover there exists a m−4 rectifiable closed subset of Bm, K, of finite m−4 Hausdorff
measure, Hm−4(K) < +∞ such that in

∀ Br(x0) ⊂ Bm \K ∃ g ∈ W 1,2(Br(x0), G) s. t.

(A∞)g is a smooth solution of Yang-Mills equation in Br(x0) .

13The weak compactness of the sequence of Yang-Mills connection as it is presented in Tian’s work [57]
does not involve the gauge invariant L2−distance (VIII.1). Nevertheles by combining the ε regularity
result VIII.5 with the L2-control of some gauge by the Yang-Mills energy given in [35] one can recast the
weak convergence mentioned in [57] into (VIII.1).
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and the following weak convergence as Radon measure holds

|FAk′ |2 dxm ⇀ |FA∞|2 dxm + f Hm−4 K , (VIII.2)

where Hm−4 K is the restriction to K of the m − 4 Hausdorff measure and f is a
Hm−4 K measurable function f(x) ∈ L∞(K). 2

This result is very close to a similar result proved in [23] by F.H.Lin for harmonic
maps in super-critical dimension m ≥ 3.

Proof of theorem VIII.2. The starting point of the proof of theorem VIII.2 is the
following monotonicity formula computed first by P. Price in [38].

Proposition VIII.3. [Monotonicity formula] Let m ≥ 4 and A be a G−valued 1-forms
in Bm

1 (0) assume that A is a smooth solution to the Yang-Mills equation

d∗AFA = 0 in Bm
1 (0) .

then the following monotonicity formula holds for any point p in Bm
1 (0) and any r <

dist(p, ∂Bm
1 (0))

d

dr

[
1

rm−4

∫
Bmr (p)

|FA|2 dxm
]

=
4

rm−4

∫
∂Bmr (p)

|FA ∂r|2 dvol∂Bmr , (VIII.3)

where ∂r = r−1
∑m

i=1 xi ∂xi and

FA ∂r := r−1
m∑

i,j=1

(FA)ij xi dxj .

2

The monotonicity formula is a direct consequence of the stationarity condition which
is satisfied by any smooth critical point of the Yang-Mills lagrangian. Precisely the sta-
tionarity condition says

∀ X ∈ C∞0 (Bm,Rm)
d

dt

∫
Bm
|Ψ∗tFA|2

∣∣∣∣
t=0

= 0 , (VIII.4)

where Ψt is the flow of X.
This condition is equivalent to the following stationary equation :∫

Bm
|FA|2 divX − 4

m∑
ijk=1

〈(FA)ij, (FA)kj〉 ∂xiXk dxm . (VIII.5)

The monotonicity formula is obtained by applying (VIII.4) to the each vector-field X of
the following form : On the ball Br(p) the vector-field X is equal to the radial one, X = ∂r
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for canonical coordinates centered at p which generates the dilations centred at p, and it
realizes a smooth interpolation to 0 outside Br+δ(p) for any δ > 0 (see [38]). Once such a
vector field is chosen one computes (VIII.4) and make δ tend to zero. This computation
gives then (VIII.3).

The second ingredient of the proof is the extension of the Coulomb gauge extraction in
dimension larger than 4 to the framework of the so called Morrey spaces where the m− 4
densities of Yang-Mills energy are assumed to be small everywhere and at any scale. The
following result has been established first in [26] by Yves Meyer and the author of the
present survey and independently by Terence Tao and Gang Tian in [54] .

Theorem VIII.3. [Coulomb Gauge extraction] Let m ≥ 4 and G be a compact Lie
group, there exists εm,G > 0 such that for any smooth G−valued 1-forms A in Bm

1 (0)
satisfying the small Morrey energy condition

‖FA‖2M0
2,4(B

m
1 (0)) := sup

p∈Bm1 (0), r>0

1

rm−4

∫
Bmr (p)∩Bm1 (0)

|FA|2 dxm < εm,G ,

then there exists a gauge g ∈ W 2,2(Bm
1/2(0), G) such that

sup
p∈Bm1 (0), r>0

1

rm−4

∫
Bmr (p)∩Bm1 (0)

m∑
i,j=1

|∂xi(Ag)j|2 ≤ C ‖FA‖2M0
2,4(B

m
1 (0)) ,

and 
d∗(A)g = 0 in Bm

1 (0)

ι∗∂Bm1 (0) ∗ (A)g = 0 ,

where the constant C only depends on m and G. 2

In this Coulomb gauge any Yang-Mills smooth connection one form satisfies

∆Ag = d∗(Ag ∧ Ag) + [Ag, dAg] + [Ag, (Ag ∧ Ag)] . (VIII.6)

We shall make now use of the following generalisation of theorem VI.8 to Morrey spaces.

Theorem VIII.4. Let m ≥ 4 and N ∈ N∗. Let f ∈ C∞(RN × (Rm ⊗ RN),RN) and let
g ∈ C∞(RN ,RN) such that there exists C > 0 satisfying

|f(ξ,Ξ)| ≤ C |ξ| |Ξ| and |g(ξ)| ≤ C |ξ|3 . (VIII.7)

There exists ε > 0 such that for any u in L4 ∩W 1,2(Bm,RN) satisfying

sup
p∈Bm1 (0), r>0

1

rm−4

∫
Bmr (p)∩Bm1 (0)

|∇u|2 dxm < εm,G , (VIII.8)
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and
∆u = f(u,∇u) + g(u) , (VIII.9)

then we have for any l ∈ N the existence of Cl > 0 such that

‖∇lu‖2L∞(Bm
1/2

(0)) ≤ Cl sup
p∈Bm1 (0), r>0

1

rm−4

∫
Bmr (p)∩Bm1 (0)

|∇u|2 dxm . (VIII.10)

2

The proof of this theorem is more or less identical to the one of theorem VI.8 replacing
the different spaces in 4 dimensions by their Morrey counterparts in higher dimension,
bearing in mind that Calderon-Zygmund theory extends with the natural exponents to
these spaces (see [27]).

Combining the monotonicity formula, theorem VIII.3 and theorem VIII.4 applied to
the PDE (VIII.6), adapting the arguments we followed for proving the corresponding
result - theorem VII.1 - from the 4-D counterparts of theorem VIII.4 in the conformal
dimension 4, we obtain the following ε−regularity result 14

Theorem VIII.5. [ε−regularity for smooth Yang-Mills] Let m ≥ 4 and G be a
compact Lie group, there exists εm,G > 0 such that for any smooth G−valued 1-forms A
in Bm

1 (0) satisfying the Yang-Mills equation

d∗AFA = 0 in Bm
1 (0) .

and the small energy condition∫
Bm1 (0)

|FA|2 dxm < εm,G ,

then there exists a gauge g in which the following estimates holds : for any l ∈ N there
exists Cl > 0 such that

‖∇l(A)g‖2L∞(B1/2(0))
≤ Cl

∫
Bm1 (0)

|FA|2 dxm .

2

14An ε−regularity theorem for smooth Yang-Mills fields has first been obtained by H.Nakajima (see
[30]). It is however a ”gauge invariant reslult” which gives only an L∞ bound on the curvature under the
small energy assumption but is not providing any control of the connection in some gauge. The proof of
Nakajima ε-regularity for smooth Yang-Mills fields is following the arguments originally introduced by
R. Schoen in [46] for proving the corresponding result for smooth harmonic map. It is using the Bochner
Formula as a starting point together with the maximum principle and the Moser iteration technique.
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Proof of theorem VIII.2 continued.

Let

Ek
r :=

{
p ∈ Bm ;

1

rm−4

∫
Br(p)

|FAk | dxm ≥ εm,G

}
,

where εm,G is the epsilon in the ε−regularity theorem VIII.5. The monotonicity formula
implies

∀k ∈ N ∀ r < ρ Ek
r ⊂ Ek

ρ .

Hence, by a standard diagonal argument we can extract a subsequence such that Ek′,2−j
converges to a limiting closed set E∞,2−j which of course satisfy

E∞2−j−1 ⊂ E∞2−j .

Let
K :=

⋂
j∈N

E∞2−j

A classical Ferderer-Zimmer covering argument gives

Hm−4(K) < +∞ .

With the ε−regularity theorem at hand, extracting possibly a further subsequence follow-
ing a diagonal argument, we can ensure that Ak

′
converges locally away from K in every

C l−norm in the Coulomb gauges constructed in theorem VIII.3 and we have

µk
′
:= |FAk′ |2 dxm ⇀ µ∞ := |FA∞|2 dxm + ν ,

where ν is a Radon measure supported in the closed set K. Because of the Radon measure
convergence, the monotonicity formula (VIII.3) satisfied by Ak can be transferred to the
measure µ∞

∀ p ∈ Bm
1 (0) ∀ Bm

r (p) ⊂ Bm
1 (0)

d

dr

[
µ∞(Bm

r (p))

rm−4
dxm

]
≥ 0 ,

from which we deduce

θm−4(µ∞, p) := lim
r→0

µ∞(Bm
r (p))

rm−4
≥ 0 exists for every p ∈ Bm

1 (0) .

Observe that
K =

{
p ∈ Bm

1 (0) ; θm−4(µ∞, p) > 0
}

. (VIII.11)

Using the monotonicity we have that for any ρ ∈ (0, 1) and any p ∈ K ∩Bρ(0)

ν(Bm
r (p)) ≤ rm−4

(1− ρ)m−4
lim

k′→+∞

∫
Bm1 (0)

|FAk′ |2 dxm .
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We deduce from this inequality that ν is absolutely continuous with respect to Hm−4 K,
the restriction to K of the m− 4−Hausdorff measure. Let δ > 0, define

Gδ :=

{
p ∈ Bm

1 (0) ; δ < lim sup
r→0

1

rm−4

∫
Bmr (p)

|FA∞|2 dxm
}

.

Considering for any δ > 0 for any η > 0 and any p ∈ Gδ a radius 0 < rηp < η such that∫
Bm
r
η
p
(p)

|FA∞|2 dxm ≥
δ

2
(rηp)

m−4

For any η > 0 we extract from the covering (Bm
rηp

(p))p∈Gδ a Besicovitch subcovering

(Bm
ri

(p))i∈I of Gδ in such a way that there exists an integer Nm > 0 depending only
on m such that each point of Bm is covered by at most Nm balls of this sub-covering. We
then have

Hm−4(Gδ) ≤
2

δ
lim sup
η→0

∑
i∈I

∫
Bmri (p)

|FA∞|2 dxm

≤ 2Nm

δ
lim sup
η→0

∫
dist(x,K)<η

|FA∞|2 dxm .

Since K is closed and has Lebesgue measure zero we deduce that

Hm−4

(⋂
δ>0

Gδ

)
= 0 ,

or in other words

for Hm−4 almost every p ∈ Bm lim sup
r→0

1

rm−4

∫
Bmr (p)

|FA∞|2 dxm = 0 .

Using the characterization of K given by (VIII.11) and the fact that ν is absolutely
continuous with respect to Hm−4 K we deduce from the previous fact that

for ν almost every p ∈ Bm lim
r→0

ν(Br(p))

rm−4
exists and is positive .

The following result, which is an important contribution to Geometric measure theory was
proved by D.Preiss in [37] and answered positively to a conjecture posed by Besicovitch.
It permits to conclude the proof of theorem VIII.2. 2

Theorem VIII.6. Let ν be a Borel non-negative measure in Bm. Assume that ν almost
everywhere the n−dimensional density of ν exists and is positive then ν is supported by a
n−dimensional rectifiable subset in Bm. 2
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In order to have a more complete description of the compactification of the moduli
space of smooth Yang-Mills fields in supercritical dimension three main questions are left
open in this theorem

i) What are the special geometric properties satisfied by the set K ?

ii) What is the energy defect f(x) ?

iii) What is the regularity of A∞ - modulo gauge - throughout K ?

In subcritical dimension m < 4, due to the analysis we have exposed in the previous
sections, we have that K = ∅, f = 0 and modulo gauge transformation the limiting
connection extends to a smooth Yang-Mills field over the whole ball.

In critical 4 dimensions these questions are answered by the point removability theo-
rem VI.9 : the set K is made of isolated points, the function f is the sum of the Yang-Mills
energies of Yang-Mills fields over S4 (see [42]) and, modulo gauge transformation, the lim-
iting connection extends to a smooth Yang-Mills field over the whole ball.

In super-critical dimension it is expected that K with the multiplicity f defines a a so
called stationary varifold (see [50]). This belief comes from the fact that smooth Yang-
Mills fields satisfy the stationarity condition (VIII.4) and it is expected that this condition
should still be satisfied by the weak limit A∞ itself, and hence, due to the Radon measure
convergence (VIII.2) , it would be ”transfered” to the measure f Hm−4 K. This last
fact is equivalent to the stationarity of (K, f).

Regarding the regularity of A∞ a result of T.Tao and G.Tian [54] asserts that A∞

is a smooth Yang-Mills connection of a smooth bundle defined away of a closed subset
L ⊂ K satisfying Hm−4(L) = 0. This partial regularity result is probably not optimal
but this optimality or non-optimality is an open problem (a similar open question exists
for stationary harmonic maps - see [43])

The author has proved in [42] that a uniform L1 control of the Hessian of the curvature
leads to the energy quantisation along K. Precisely the following theorem holds.

Theorem VIII.7. [42] Let Ak be a sequence of smooth Yang-Mills Fields on Bm satisfying

lim sup
k→+∞

∫
Bm
|∇2FAk |+ |FAk |2 dxm < +∞ .

Then, modulo extraction of a subsequence, there exists a m− 4 rectifiable K ⊂ Bm and a
Hm−4 K measurable function f ∈ L∞(K). such that

|FAk |2 dxm ⇀ |FA∞|2 dxm + f dHm−4 K ,
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where FA∞ is the curvature of a smooth Yang-Mills field of a G−bundle over Bm. More-
over

For Hm−4- a. e. x ∈ K ∃Nx ∈ N ∇1 · · · ∇Nx and

f(x) =
Nx∑
j=1

∫
S4

|F∇j |2 dvolS4 ,

where ∇j are Yang-Mills connections of some smooth G−bundles over S4.

Recently, Aaron Naber and Daniele Valtorta in [29] have been able to prove the fol-
lowing uniform L1 control of the Hessian which had been conjectured by the author in
[42].

Theorem VIII.8. [29] Let A be a smooth Yang-Mills Fields of a smooth G−bundle over
a closed manifold (Mm, h) such that∫

Mm

|FA|2 dvolh ≤ Λ ,

then ∫
Mm

|∇2FA| dvolh ≤ C(Λ, dim(G), (Mm, h)) .

2

Combining theorem VIII.7 and theorem VIII.8 implies the energy quantisation along
K (i.e. the conclusion of theorem VIII.7) for sequences of smooth Yang-Mills connections
under Yang-Mills energy control only.

VIII.3 The Ω−anti-self-dual instantons.

In 4 dimension a special class of solutions to the Yang-Mills equation, the anti-self-dual
instantons have been considered by S.Donaldson in the early 80’s to produce invariants of
differential 4 dimensional manifolds. On a 4-dimensionnal riemannian manifold (M4, h)
for some given SU(n)−bundle over Mm we consider connections A solutions to the equa-
tion

∗hFA = −FA . (VIII.12)

This equation is issued from an elliptic complex (see [13]) and is the natural generalization
in 4 dimension of the flat connection equation FA = 0 on riemann surfaces considered to
classify holomorphic complex structures over such a surface. It defines special solutions
to Yang-Mills equation. Indeed taking the covariant exterior derivative with respect to A,
using the Bianchi identity dAFA = 0 one obtains d∗hFA = 0. The anti-self-dual equation
(VIII.12) is generalized in higher dimension

∗hFA = − Ω ∧ FA , (VIII.13)
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where Ω is a closed m − 4 form. Again, due to Bianchi identity, by taking the co-
variant exterior derivative with respect to the connection A, using Leibnitz identity on
1-derivations and the fact that Ω is closed, we obtain the Yang-Mills equation d∗hFA = 0.
The Ω−anti-self-dual equation is not elliptic in general. There are however special situa-
tions of geometric interest when the base manifold has a restricted holonomy.

• Hermitian Yang-Mills fields.

Let (M2n, h) be an even dimensional riemannian manifold. We assume that M2n is
equipped with an integrable complex structure JM - i.e. the brackets operation leaves the
space of 1− 0 vector fields of TM ⊗ C invariant

∀ X, Y vector fields J [X − i J X, Y − i J Y ] = i [X − i J X, Y − i J Y ] .

Finally we assume that (M2m, h, JM) is Kähler : ω(·, ·) := g(·, JM ·) is a closed 2-form. It
defines a non degenerate 2-form and ωm/m! = dvolg. Let

Ω := ωm−2/(m− 2)!

Consider an hermitian vector bundle E associated to a principal SU(n) bundle over Mm

with projection map π : E → M2m. A connection ∇ is Ω anti self-dual if and only if it
satisfies the Hermitian Yang-Mills equations :

∗F∇ = − Ω ∧ F∇ ⇐⇒

{
F 0,2
∇ = 0

ω · F 1,1
∇ = 0

where F 0,2
∇ (resp. F 1,1

∇ ) is the 0−2 (resp. 1−1) part of the curvature (the space T ∗M⊗C
is decomposed according to the eigen-spaces of JM for the eigenvalues i and −i) so the
Hermitian Yang-Mills equation

F 0,2
∇ = 0 ⇔ ∀ X, Y F∇(X − iJX, Y − iJY ) = 0

ω · F 1,1
∇ = 0 ⇔

m∑
l=1

(F∇)εl,J εl = 0 where ω =
m∑
l=1

εl ∧ Jεl

and εl denotes an orthonormal basis of (T ∗M2m, h).

The Hermitian Yang-Mills equation can be interpreted as follows. The equivariant
horizontal distribution of plane H associated to ∇ defines an almost complex structure
J∇ on E in the following way

∀ ξ ∈ E ∀X ∈ TξE J∇(X) := JE(XV ) + (JM(π∗X))H ,

we recall that XV is the projection onto the tangent vertical space (the kernel of the
projection π∗) with respect to the horizontal plane H, and JE is the complex structure
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on the tangent vertical space defined by the SU(n) structure group of the bundle. The
first part of the equation Hermitian Yang-Mills can be reformulated as follows

∀ X, Y vector fields in M2m F 0,2(X, Y ) = 0⇐⇒

J∇ [(X − i JM X)H , (Y − i JM Y )H ] = i [(X − i JM X)H , (Y − i JM Y )H ] ,

which is equivalent to say that J∇ is integrable and that the hermitian bundle is holo-
morphic.

If A is a su(n)−valued 1-form representing ∇ in an orthonormal trivialisation, this
integrability condition implies, by switching to a local holomorphic trivialisation, that
there is a gauge change g (non-unitary anymore but taking values into Gl(n,C)) such
that locally

g−1∂g + g−1A0,1g = (Ag)0,1 = 0

and the 0− 1 part of the connection ∇ in this holomorphic trivialization coincide with ∂.

Since A is taking values into su(n), we have that A1,0 = −A0,1
t
. Thus we obtain the fact

that
(A1,0)g = h−1 ∂h ,

where h := gt g is taking values into invertible self-dual matrices. So the so called ”Einstein
part” of the equation ω ·F 1,1

∇ = 0 becomes equivalent to the non-linear elliptic equation15

ω · ∂[h−1 ∂h] = 0 .

• SU(4)−instantons in Calaby-Yau 4-folds.

In high energy physics and later in geometry (see the PhD thesis of C.Lewis , [14],
[57]) the following generalisation of instantons has been introduced. Consider an SU(n)
principal bundle P over (M8, g) a Calabi-Yau manifold of complex dimension 4 - i.e.
(M8, g) has holonomy SU(4). Such a manifold posses an integrable complex structure JM
for which (M8, g, JM) is Kähler and it posses in addition a global holomorphic 4− 0 form
θ of unit norm - unique modulo unit complex number multiplication - and satisfying

θ ∧ θ =
ω4

4!
.

The 4−form Ω defined by

Ω := 4<(θ) +
ω2

2

15Recall that in a Kähler manifold ω · ∂∂ = ∆
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is closed, parallel and of unit co-mass ( see [57] lemma 4.4.1) : ∀ x ∈M

1 = ‖Ω‖∗(x) = sup

{
< Ω, u1 ∧ u2 ∧ u3 ∧ u4 >∏4

i=1 |ui|
; ui ∈ TxM \ {0}

}
.

The holomorphic 4− 0 form θ defines an isometry of the space of 0− 2 forms on M8 such
that

∀α , β ∈ ∧0,2M8 α ∧ ∗θβ = α · β θ .

Some basic computation gives the the Ω−anti self dual equation in this case is equivalent
to

∗F∇ = − Ω ∧ F∇ ⇐⇒

 (1 + ∗θ)F 0,2
∇ = 0

ω · F 1,1
∇ = 0 ,

which is also known as the SU(4) instanton equation.

VIII.4 Tian’s regularity conjecture on Ω−anti-self-dual instan-
tons.

Tian’s result in the case of Ω anti-self dual instantons for a closed m − 4−form Ω of
co-mass less than 1 is the following.

Theorem VIII.9. Let (Mm, h) be a compact riemannian manifold. Let Ω be a smooth
m− 4 closed form in Mm. Assume Ω has co-mass less than 1

‖|Ω|∗‖L∞(Mm) ≤ 1 ,

where

|Ω|∗(x) := sup

{
< Ω, u1 ∧ · · · ∧ um−4 >∏m−4

i=1 |ui|
; ui ∈ TxM \ {0}

}
.

Let E be an hermitian vector bundle associated to an SU(n)-bundle over Mm and let
∇k be a sequence of smooth SU(n)−connections satisfying the Ω anti self dual instantons
equation

∗hF∇k = − Ω ∧ F∇k in Mm .

Then, modulo extraction of a subsequence, there exists a m− 4 rectifiable closed subset of
Mm, K, of finite m − 4 Hausdorff measure, Hm−4(K) < +∞, an hermitian bundle E0

defined over Mm \K and a smooth SU(n) connection ∇∞ of E0 such that

∗hF∇∞ = − Ω ∧ F∇∞ in Mm \K , (VIII.14)
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moreover

∀ Br(x0) ⊂Mm \K ∃ a sequence of trivializations s. t.

Ak
′ → A∞ strongly in C l(Bm) ∀l ∈ N ,

where ∇k′ ' d + Ak
′

in these trivializations and ∇∞ ' d + A∞ in a trivialization of E0

over Bm. Moreover there exists an integer rectifiable current C such that for any smooth
m− 4 form ϕ on Mm∫

Mm

Tr(F∇k′ ∧ F∇k′ ) ∧ ϕ→
∫
Mm

Tr(F∇∞ ∧ F∇∞) ∧ ϕ+ 8π2C(ϕ) ,

and the current C is calibrated by Ω

C(Ω) = M(C) = sup{C(ϕ) ; ‖|ϕ|∗‖L∞(Mm) ≤ 1} ,

where M is the mass of the current C. Finally the following convergence holds weakly as
Radon measures

|F∇k′ |2h dvolh ⇀ |F∇∞|2h dvolh + 8π2 Θ(C) Hm−4 K ,

where Θ(C) is the integer valued L1 function with respect to the restriction of the m− 4
Hausdorff measure to K and which is giving the multiplicity of the current C at each
point. 2

Observe that no bound is a-priori needed for the Yang-Mills energy of the sequence.
We have indeed

YM(∇k) = −
∫
Mm

Tr(F∇k ∧ ∗hF∇k) dvolh

=

∫
Mm

Tr(F∇k ∧ F∇k) ∧ Ω .

Since Ω is closed this integral only depends on the cohomology class of the other closed
form Tr(F∇k ∧ F∇k) which is the second Chern class of E and which is independent of
∇k.

Remark VIII.2. Regarding the limiting bundle E0, it is important to insist on the fact
that there is no reason for E0 to extend through K over the whole manifold Mm as a
smooth bundle. Hence there is a-priori no meaning to give to ∇∞ over the whole manifold
and therefore the Ω−anti-self dual equation (VIII.14) cannot even hold in a distributional
sense throughout K if we do not relax the notion of bundle and connections. 2

72



An important question directly related to the regularity of the limiting configuration
(E0,∇∞, C) is the following open problem.

Open problem. Show that the limiting current C has no boundary :

∂C = 0 .

2

The resolution of this conjecture would imply that the limiting connection (though defined
on Mm\supp(C) only) satisfies globally the stationary equation VIII.5 (i.e. more precisely
the version of (VIII.5) on (Mm, h)). One proves that the open question about proving
that ∂C = 0 is equivalent to

d (Tr(F∇∞ ∧ F∇∞)) = 0 .

This last identity should be equivalent to the following

strong approximation property : Does there exist a sequenceDk of smooth SU(n)−connection
of smooth hermitian bundles over Mm such that

lim
k→+∞

inf
g∈W 1,2

∫
Mm

|∇∞ − (Dk)g|2h + |F∇∞ − g−1FDkg|2h dvolh = 0 ?

If we would know that ∂C = 0 then C defines a calibrated integral cycle. The opti-
mal regularity for calibrated and semi-calibrated integral cycles of dimension 2 has been
proved respectively in [44] and [12]. Such cycles have at most isolated point singularities.
More generally, the calibrated condition implies that such a cycle is homologically mass
minimizing (see [18]). From this later fact, using Almgren regularity result [2] proved also
by C.De Lellis and E.Spadaro ([9], [10] and [11]), we would obtain that C is the integra-
tion along a rectifiable set which is a smooth dimension m − 4 sub-manifold away from
a co-dimension 2 singular set with smooth integer multiplicity away from that set. This
result is optimal : integration along holomorphic curves in CP n is a calibrated integral
cycle for the Fubini Study Kähler form and can have isolated singularities which are of
co-dimension 2 within the curve.

In his paper Tian made the following conjecture.

Tian regularity conjecture Let (E0,∇∞) be the weak limit of smooth Ω-anti-self dual
instantons on a bundle E. Then the limiting bundle E0 and the limiting connections ∇∞
extend to smooth bundle, resp. smooth connection, away from a closed co-dimension 6 set
L in Mm. 2.

There is one case which has been completely settled and where the conjecture has
been proved. This is the case of Hermitian Yang-Mills fields. In that case the currents
defined by

ϕ −→
∫
M2m

Tr(F∇k ∧ F∇k) ∧ ϕ
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is a (m − 2) − (m − 2) positive cycle (i.e. calibrated by ωm−2/(m − 2)!), This condition
is of course preserved at the limit and then

ϕ −→
∫
Mm

Tr(F∇∞ ∧ F∇∞) ∧ ϕ+ 8π2C(ϕ)

is also a (m−2)− (m−2) positive cycle (i.e. calibrated by ωm−2/(m−2)!). The points of
non zero density correspond to the support of C and using an important result by Y.T.
Siu [51] we obtain that C is the integration along an holomorphic sub-variety of complex
co-dimension 2. Using now a result by S.Bando and Y.T.Siu [4] we obtain that E0 extends
to an analytic reflexive sheaf over the whole M2m it is then locally free (i.e. it realizes
a smooth bundle) away from a closed complex co-dimension 3 subset of M2m which is
included in K (see for instance [22]). They also prove a point removability asserting that
∇∞ defines a smooth connection on the part where the sheaf is free which proves the Tian
regularity conjecture in the special case of Hermitian Yang-Mills fields.

VIII.5 The space of weak connections.

As we saw in the previous section, in dimension larger than 4, ”bundles with singularities”
arise naturally as ”carriers” of limits of smooth Yang-Mills fields with uniformly bounded
energy over smooth bundles. If now we remove the assumption to be Yang-Mills and just
follow sequences of connections with uniformly bounded Yang-Mills energy over smooth
bundles we have seen in the beginning of this section that the limiting carrying bundle
can have twists everywhere on the base ! Similarly, taking a sequence of closed sub-
manifolds with uniformly bounded volume the limit ”escape” from the space of smooth
sub-manifold and can be singular. The main achievement of the work of Federer and
Fleming has been to introduce a class of objects, the integral cycles which complete the
space of closed sub-manifold with uniformly bounded volume and which was suitable to
solve the Plateau problem in a general framework. The purpose of the work [34] is to define
a class of weak bundles and weak connections satisfying a closure property under uniformly
bounded Yang-Mills energy and suitable to solve the Yang-Mills Plateau problem.

We introduce the following stratified definition.

Definition VIII.2. Let G be a compact Lie group and (Mm, h) a compact riemanian
manifold. For m ≤ 4 the space of weak connections AG(Mm) is defined to coincide with
the space of Sobolev connections defined by

AG(Mm) :=

 A ∈ L2(∧1Mm,G) ;
∫
Mm |dA+ A ∧ A|2h dvolh < +∞

locally ∃ g ∈ W 1,2 s.t. Ag ∈ W 1,2 .


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For m > 4 we define the space of weak connections AG(Mm) to be

A(Mm) :=


A ∈ L2(∧1Mm,G) ;

∫
Mm |dA+ A ∧ A|2h dvolh < +∞

∀ p ∈Mm for a.e. r > 0 ι∗∂Br(p)A ∈ AG(∂Bm
r (p)) ,


where Bm

r (p) denotes the geodesic ball of center p and radius r > 0 and ι∗∂Br(p)A is the

restriction of the 1-form A on the boundary of Bm
r (p). 2

As an illustration of this space, It is not difficult to check that the limiting connections
∇∞ from Tian’s closure theorem are in AG. We have the following result which justifies
the previous definition.

Theorem VIII.10. For any m ∈ N∗ the space of weak connection AG(Bm) is weakly
sequentially closed bellow any Yang-Mills energy level. Precisely, let Ak ∈ AG(Bm) such
that

lim sup
k→+∞

∫
Bm
|dAk + Ak ∧ Ak|2 dxm < +∞ ,

then there exists a subsequence k′ and A∞ ∈ AG(Bm) such that

δ(Ak
′
, A∞) := sup

f∈Lip1(Bm,Rm−4)

inf
g∈W 1,2(Bm,G)

∫
Bm
|Ak′ − (A∞)g ∧ f ∗ω|2 dxm

|f ∗ω|
−→ 0 ,

where Lip1(B
m) is the space of lipschitz function on Bm with norm bounded by 1 and

ω := dx1 ∧ · · · dxm−4. 2

Remark VIII.3. In the statement of theorem VIII.10 δ can be replaced by the more
coercive gauge invariant L2 distance (VIII.1) when G = SU(2). It is expected this fact to
be true at least for G = SU(n) and n arbitrary. It is related to an interesting problem in
multilinear algebra (see [35]). 2

Remark VIII.4. Theorem VIII.10 can be seen as a Rellich Kondrachov type result
for weak connections with L2−bounded curvatures. 2

A proof of theorem VIII.10 is given in [34] and [35]. It is using the following strong
approximation theorem whose proof is rather technical.

Theorem VIII.11. Let A ∈ AG(Bm) then there exists Ak which are the connection G
1-forms on Bm associated to smooth connections of a sequence of smooth bundles over
Bm minus polyhedral chains of codimension 5 such that

lim
k→+∞

inf
g∈W 1,2(Bm,G)

∫
Bm
|A− (Ak)g|2h + |FA − g−1FAkg|2 dxm = 0 .

2
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These two last results take their roots in the following weak sequential closure, respec-
tively strong approximation, results proved in [32].

Theorem VIII.12. Let p > 1 and let Fk be a sequence of Lp two forms in B3 such that

∀ p ∈ B3 for a.e. Br(p) ⊂ B3

∫
∂Br(p)

Fk ∈ 2π Z .

Assume Fk ⇀ F∞ weakly in Lp then

∀ p ∈ B3 for a.e. Br(p) ⊂ B3

∫
∂Br(p)

F∞ ∈ 2π Z .

2

The strong approximation result says the following.

Theorem VIII.13. Let p > 1 and let F be an Lp two forms in B3 such that

∀ p ∈ B3 for a.e. Br(p) ⊂ B3

∫
∂Br(p)

F ∈ 2π Z .

then there exists a sequence Ak of smooth connections of a sequence of smooth U(1) bundles
over B3 minus finitely many points such that

lim
k→+∞

∫
B3

|FAk − F |p dx3 = 0 .

2

VIII.6 The resolution of the Yang-Mills Plateau problem in 5
dimensions.

In the present section we are solving the “Schoen-Uhlenbeck type” question introduced for
the first time in [48] for harmonic maps. We call it in our framework “Yang-Mills-Plateau
Problem”. We present the result in 5 dimension which has appeared in [34] while the
higher dimensional case is under preparation.

In order to solve the Yang-Mills Plateau problem in the 5-dimensional ball B5, we
introduce a sub-space of ASU(n)(B

5) of weak connections admitting a trace.

Let η be a weak connection 1-form of AG(S4) we denote by AηSU(n)(B
5) the subspace

of ASU(n)(B
5) made of weak connection 1-forms A such that

lim
r→1−

inf
g∈W 1,2(S4,G)

∫
S4

|D∗rA− g−1 dg − g−1η g|2 dvolS4 ,

whereD∗rA is the pull-back on S4 ' ∂B5
1(0) of the restriction of A to ∂B5

r (0) by the dilation
of ratio r. It is proved in [34] that for any η ∈ AG the space AηG is weakly sequentially
closed under any Yang-Mills energy level. Hence we have the following theorem.
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Theorem VIII.14. [Existence for YM minimizers] Let G be a compact Lie group
and let η be an arbitrary Sobolev connection one form in AG(S4) then the folowing mini-
mization problem is achieved

inf

{∫
B5

|dA+ A ∧ A|2 dx5 ; A ∈ AηG(B5)

}
. (VIII.15)

2

Solutions to this minimisation problem will be called solutions to the Plateau problem for
the boundary connection η.

Once the existence of the minimiser is established it is legitimate to ask about the
regularity for these solutions to the Yang-Mills Plateau problem. Before to give the optimal
regularity we give an intermediate result which holds in the general class of stationary
Yang-Mills in the space of weak connections AG(B5).

Theorem VIII.15. [ε−regularity for weak stationary YM fields in 5D] Let G be
a compact Lie group, there exists εG > 0 such that for any weak connection 1-forms A in
AG(B5) satisfying weakly the Yang-Mills equation

d∗FA + [A, FA] = 0 in D′(B5
1(0)) .

assume also that it satisfies the stationarity condition

∀ X ∈ C∞0 (B5,R5)
d

dt

∫
B5

|Ψ∗tFA|2
∣∣∣∣
t=0

= 0 ,

where Ψt is the flow of X, and the small energy condition∫
B5

1(0)

|FA|2 dx5 < εG ,

then there exists a gauge g ∈ W 1,2(B5
1/2(0), G) in which the following estimates hold : for

any l ∈ N there exists Cl > 0 such that

‖∇l(A)g‖2L∞(B5
1/2

(0)) ≤ Cl

∫
B5

1(0)

|FA|2 dx5 .

2

This theorem is a consequence the monotonicity formula deduced from the stationarity
condition and a weak version of the Coulomb gauge extraction theorem VIII.3 which
generalizes the work of T.Tao- G.Tian [54] for admissible connections or the work of
Y.Meyer and the author [26] for approximable connections to the general framework of
weak connections in AG(B5).

With the ε−regularity result at hand, using a Luckhaus lemma together with a Federer
dimension reduction method following the proof of the regularity result of R.Schoen and
K.Uhlenbeck for minimizing harmonic map [48] we obtain the following theorem.
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Theorem VIII.16. [Regularity for minimizers of the Yang-Mills Plateau prob-
lem.] Let G be a compact Lie group, and let η be the connection 1-form associated to a
smooth connection of some G−bundle over ∂B5 then the minimizers of the Yang-Mills
Plateau problem (VIII.15) are smooth connections ∇ of a smooth bundle defined on B5

minus finitely many points. For G = SU(2) we have

d(tr(F∇ ∧ F∇)) =
∑
i

εi δai with εi ∈ {−1,+1} ,

where ai are the point singularities. 2

It is proved in [34] that the theorem is optimal in the sense that there exists a smooth
su(2)−valued 1-form η - defining then a connection of the trivial bundle over S4 - such
that any solution to the Plateau problem (VIII.15) has isolated singularities.

VIII.7 Weak Holomorphic Structures over Complex Manifolds.

With the definition of weak connection at hands one can reformulate a more general
version of Tian’s regularity conjecture as follows.

Conjecture. Let (Mm, h) be a compact riemannian manifold and Ω a closed m− 4 form
of co-mass less than one. Let A be a weak connection in A(Mm) for the Lie group G
and solving

∗hFA = −Ω ∧ FA in D′(Mm) .

Does A define a smooth connection of some smooth G−bundle over the whole manifold
minus a closed subset of co-dimension 6.

A case of special interest for instance is given by the space of Weak Hermitian
Yang-Mills SU(n)− connections over a Kähler manifold (M2p, J, ω) : the elements in
ASU(n)(M

2p) satisfying  F 0,2
A = 0

ω · F 1,1
A = 0

in D′(M2p) . (VIII.16)

In order to study this question it is of interest to first concentrate on density properties
within the following space of weak holomorphic structures

A1,1
SU(n)(M

2p) :=
{
A ∈ ASU(n)(M

2p) ; F 0,2
A = 0 a. e.

}
.

The following result asserts that weak holomorphic structures in 2 complex dimension
(the dimension for which the Yang-Mills energy is critical) are defining classical smooth
holomorphic structures and are strongly approximable by smooth ones.
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Theorem VIII.17. [31] Let (M4, J, ω) be a Kähler 2 dimensional manifold and A ∈
A1,1
SU(n)(M

2p) and denote by E the smooth SU(n)−bundle defined by A and by ∇ the

associated Sobolev connection (see proposition VIII.1). Then there exists a smooth holo-
morphic structure E on E such that

∇ = ∂0 + h−1∂0h+ ∂E ,

where h and h−1 are W 2,p−sections of GL(E) for any p < 2, ∂0 and ∂E are respectively
the 1 − 0 and the 0 − 1 parts of the Chern connection associated to E and the choice
of some smooth Hermitian structure on the bundle. Moreover there exists a sequence of
smooth connections ∇k satisfying

F 0,2
∇k = 0 ,

and

lim
k→+∞

inf
g∈W 1,2(M4,G)

∫
M4

|A− (∇k)g|2h + |FA − g−1F∇kg|2h dvolh = 0 ,

where h(·, ·) = ω(·, J ·). 2

Remark VIII.5. It is natural to expect the above theorem VIII.17 to be extended in higher
dimension but allowing singularities and replacing in the result the smooth holomorphic
bundle E by a the more general notion of reflexive sheaf. 2

Finally we are closing this section by mentioning 2 open problems relating weak 1 − 1
curvatures and the strong approximability property.

Open Problem 1 Let F be a 1−1 real 2-form in C2 such that F ∈ Lploc(C2) for 1 ≤ p
and satisfying for almost every two spheres S in C2∫

S

F ∈ Z . (VIII.17)

Prove that F is a closed form16

The result should still hold in the almost complex framework. As a matter of illustra-
tion we mention the following open question. In [45], Tian and the author of these notes
establish the optimal partial regularity result for W 1,2−pseudo-holomorphic maps from
an almost Kähler17 four dimensional real manifold (M4, J, ω) into a projective space CP n

16If p ≥ 4/3, using Hölder inequality, one proves that under these assumptions
∫
S
F is equal to zero

for almost every 2-spheres and then F is closed.
17The form ω, compatible with J , is closed but J is not necessarily integrable.
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assuming u∗ωCPn is closed18 where ωCPn is the Fubini Study Kähler 2-form on CP n.
A priori only the condition (VIII.17) is satisfied for F := u∗ω but it is natural to

ask whether d(u∗ω) = 0 always hold when u is pseudo-holomorphic and if the closdness
assumption made in [45] is redundant or not.

Open Problem 2 Let (M2p, J, ω) be a p−dimensional complex manifold equiped with
a Kähler structure and let A ∈ A1,1

SU(n)(M
2p). Does the following identity19 hold true

d(tr(FA ∧ FA)) = 0 . (VIII.18)

2

If (VIII.18) would always hold true under the assumption that A ∈ A1,1
SU(n)(M

2p), we
could then deduce from such an approximation property the Tian’s regularity conjecture
in the particular case of Weak Hermitian Yang-Mills SU(n) connections over a closed
p−Kähler manifold in it’s full generality20 .

References

[1] Adams, David R. ”A note on Riesz potentials.” Duke Math. J. 42 (1975), no. 4,
765-778.

[2] Almgren’s Big Regularity Paper, Ed. Vladimir Scheffer , Jean E Taylor World Sci-
entific Monograph Series in Mathematics: Volume 1,World Scientific, 2000.

[3] Bando, Shigetoshi ”Removable singularities for holomorphic vector bundles” Tohoku
Math. J. (2) Volume 43, Number 1 (1991), 61-67.

18The condition
d(u∗ω) = 0

is obviously always satisfied for any smooth maps. It is equivalent to the local strong approximabil-
ity by smooth maps for a map in W 1,2(M4,CPn). Observe that it is not satisfied by every map in
W 1,2(M4,CPn). For the particular case of W 1,2−pseudo-holomorphic maps the local strong approx-
imability is proven in [45] to be equivalent to the stationarity condition. This is very special to the
pseudo-holomorphic case. In general there exists minimizing harmonic maps from B3 into CP 1, and
hence stationary, where d(u∗ωCP 1) 6= 0.

19This identity is equivalent to the following strong approximation question : does there exists a
sequence of smooth SU(n)−connections ∇k satisfying

lim
k→+∞

inf
g∈W 1,2(M4,G)

∫
M4

|A− (∇k)g|2h + |FA − g−1F∇kg|2h dvolh = 0 ?

20The case of ”admissible” Weak Hermitian Yang-Mills SU(n) connections which are weak limits of
smooth ones is already solved by the mean of Siu’s results in [51].

80



[4] Bando , Shigetoshi; Siu, Yum-Tong ”Stable sheaves and Einstein-Hermitian metrics”,
in ”Geometry and Analysis on Complex Manifolds,” T. Mabuchi, J. Noguchi, and T.
Ochiai, eds., World Scientific, River Edge, NJ, 1994, 39-50.

[5] Bernard, Yann; Rivière, Tristan Energy quantization for Willmore surfaces and ap-
plications. Ann. of Math. (2) 180 (2014), no. 1, 87-136.

[6] Bott, Raoul ; Tu, Loring Differential forms in Algebraic Topology GTM 82, Springer,
(1982).
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