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Introduction

This is an overview of symplectic geometry!—the geometry of symplectic manifolds. From
a language for classical mechanics in the XVIII century, symplectic geometry has matured
since the 1960’s to a rich and central branch of differential geometry and topology. A cur-
rent survey can thus only aspire to give a partial flavor on this exciting field. The following
six topics have been chosen for this handbook:

1. Symplectic manifolds are manifolds equipped with symplectic forms. A symplectic
form is a closed nondegenerate 2-form. The algebraic condition (nondegeneracy) says
that the top exterior power of a symplectic form is a volume form, therefore symplec-
tic manifolds are necessarily even-dimensional and orientable. The analytical condition
(closedness) is a natural differential equation that forces all symplectic manifolds to being
locally indistinguishable: they all locally look like an even-dimensional Euclidean space
equipped with the Y _dx; A dy; symplectic form. All cotangent bundles admit canonical
symplectic forms, a fact relevant for analysis of differential operators, dynamical systems,
classical mechanics, etc. Basic properties, major classical examples, equivalence notions,
local normal forms of symplectic manifolds and symplectic submanifolds are discussed in
Section 1.

2. Lagrangian submanifolds® are submanifolds of symplectic manifolds of half dimen-
sion and where the restriction of the symplectic form vanishes identically. By the Lagran-
gian creed [137], everything is a Lagrangian submanifold, starting with closed 1-forms,
real functions modulo constants and symplectomorphisms (diffeomorphisms that respect
the symplectic forms). Section 2 also describes normal neighborhoods of Lagrangian sub-
manifolds with applications.

3. Complex structures or almost complex structures abound in symplectic geometry:
any symplectic manifold possesses almost complex structures, and even so in a compatible
sense. This is the point of departure for the modern technique of studying pseudoholomor-
phic curves, as first proposed by Gromov [64]. Kdhler geometry lies at the intersection of
complex, Riemannian and symplectic geometries, and plays a central role in these three
fields. Section 3 includes the local normal form for Kéhler manifolds and a summary of
Hodge theory for Kéhler manifolds.

4. Symplectic geography is concerned with existence and uniqueness of symplectic
forms on a given manifold. Important results from Kéhler geometry remain true in the
more general symplectic category, as shown using pseudoholomorphic methods. This
viewpoint was more recently continued with work on the existence of certain symplectic

'The word symplectic in mathematics was coined in the late 1930’s by Weyl [142, p. 165] who substituted the
Latin root in complex by the corresponding Greek root in order to label the symplectic group (first studied by
Abel). An English dictionary is likely to list symplectic as the name for a bone in a fish’s head.

2The name Lagrangian manifold was introduced by Maslov [93] in the 1960’s, followed by Lagrangian plane,
etc., introduced by Arnold [2].
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submanifolds, in the context of Seiberg—Witten invariants, and with topological descrip-
tions in terms of Lefschetz pencils. Both of these directions are particularly relevant to
4-dimensional topology and to mathematical physics, where symplectic manifolds occur
as building blocks or as key examples. Section 4 treats constructions of symplectic mani-
folds and invariants to distinguish them.

5. Hamiltonian geometry is the geometry of symplectic manifolds equipped with a mo-
ment map, that is, with a collection of quantities conserved by symmetries. With roots
in Hamiltonian mechanics, moment maps became a consequential tool in geometry and
topology. The notion of a moment map arises from the fact that, to any real function on a
symplectic manifold, is associated a vector field whose flow preserves the symplectic form
and the given function; this is called the Hamiltonian vector field of that (Hamiltonian)
function. The Arnold conjecture in the 60’s regarding Hamiltonian dynamics was a major
driving force up to the establishment of Floer homology in the 80’s. Section 5 deals mostly
with the geometry of moment maps, including the classical Legendre transform, integrable
systems and convexity.

6. Symplectic reduction is at the heart of many symplectic arguments. There are infinite-
dimensional analogues with amazing consequences for differential geometry, as illustrated
in a symplectic approach to Yang—Mills theory. Symplectic toric manifolds provide exam-
ples of extremely symmetric symplectic manifolds that arise from symplectic reduction
using just the data of a polytope. All properties of a symplectic toric manifold may be read
from the corresponding polytope. There are interesting interactions with algebraic geome-
try, representation theory and geometric combinatorics. The variation of reduced spaces is
also addressed in Section 6.

1. Symplectic manifolds
1.1. Symplectic linear algebra

Let V be a vector space over R, and let 2:V x V — R be a skew-symmetric bilin-
ear map. By a skew-symmetric version of the Gram-Schmidt process,? there is a basis
Ul,eoosUks €155 €0, f1,..., fy Of V for which 2(u;, v) = Q2(e;, e;) = 2(f;, fj) =

and $2(e;, fj) = &; for all i, j and all v € V. Although such a basis is not unique, it
is commonly referred to as a canonical basis. The dimension k of the subspace U =
fueV}]2(u,v)=0forall ve V}is an invariant of the pair (V, §2). Since k + 2n =
dim V, the even number 2# is also an invariant of (V, §2), called the rank of £2. We denote
by £2:V — V* the linear map defined by L)) == 2, u). We say that £2 is symplec-
tic (or nondegenerate) if the associated Qis bijective (i.e., the kernel U of 2 is the trivial
space {0}). In that case, the map £2 is called a linear symplectic structure on V, and the

et uy,...,up beabasisof U:={ueV|R2(u,v)=0forall ve V}, and W a complementary subspace
such that V = U @ W. Take any nonzero e; € W. There is f| € W with £2(e|, fi) = 1. Let W be the span of
e1, f1 and ng ={veV |2, u)y=0VuecW;}.Then W =W, & ng. Take any nonzero e; € Wl‘Q. There is
fhe WlQ for which £2(e;, fo) = 1. Let W5 be the span of ¢, f;, and so on.
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pair (V, £2) is called a symplectic vector space. A linear symplectic structure §2 expresses

a duality by the bijection £2:V —=5 V*, similar to the (symmetric) case of an inner prod-
uct. By considering a canonical basis, we see that the dimension of a symplectic vector
space (V, §2) must be even, dimV = 2n, and that V admits a basis ey, ...,e,, fi,..-, fu
satisfying £2(e;, f;) = 8;; and £2(e;,e;) =0 = 2(fi, f;). Such a basis is then called a
symplectic basis of (V, §2), and, in terms of exterior algebra, 2 =ef A f{'+---+ey A f],
where e}, ..., e;, fI',..., f; is the dual basis. With respect to a symplectic basis, the map
§2 is represented by the matrix

0 Id
[—Id 0 } )
EXAMPLES.

1. The prototype of a symplectic vector space is (R¥", £20) with §2g such that the canon-
ical basis e; = (1,0,...,0),...,en, f1,-.-» fn =(0,...,0, 1) is a symplectic basis.
Bilinearity then determines £2g on other vectors.

2. For any real vector space E, the direct sum V = E @ E* has a canonical symplectic
structure determined by the formula Qo(u Do, v B B) =L W) —a(w). If ey, ..., e,
isabasisof E, and f1, ..., f, is the dual basis, then e; €0, ...,¢,®0,0 f1,...,
0 f, is a symplectic basis for V.

Given a linear subspace W of a symplectic vector space (V, £2), its symplectic orthog-
onal is the subspace W% := {v € V | 2(v, u) = 0 for all ¥ € W}. By nondegeneracy, we
have dim W + dim W% = dimV and (W*)¥ = W. For subspaces W and Y, we have
WNY)2 =w*?+7Y% andif W C Y then Y € W%,

There are special types of linear subspaces of a symplectic vector space (V, £2).
A subspace W is a symplectic subspace if the restriction £2]w is nondegenerate, that is,
W N W* = (0}, or equivalently V = W & W*. A subspace W is an isotropic subspace if
2|w =0, thatis, W C W< A subspace W is a coisotropic subspace if W2 C W.A sub-
space W is a Lagrangian subspace if it is both isotropic and coisotropic, or equivalently,
if it is an isotropic subspace with dim W = %dim V. A basis ¢1, ..., e, of a Lagrangian
subspace can be extended to a symplectic basis: choose f7 in the symplectic orthogonal to
the linear span of {es, ..., e,}, etc.

EXAMPLES.
1. For a symplectic basis as above, the span of ey, f1 is symplectic, that of ej, ez
isotropic, that of ey, ..., e,, f1 coisotropic, and that of e1, .. ., ¢, Lagrangian.

2. The graph of a linear map A: F — E* is a Lagrangian subspace of E & E* with the
canonical symplectic structure if and only if A is symmetric (i.e., (Au)v = (Av)u).
Therefore, the Grassmannian of all Lagrangian subspaces in a 2n-dimensional sym-
plectic vector space has dimension Mjﬁ

A symplectomorphism ¢ between symplectic vector spaces (V, £2) and (V/, ') is a
linear isomorphism ¢ :V —> V' such that ¢*2’ = £2.# If a symplectomorphism exists,

4By definition, (¢*2’)(u, v) = 2 (), (V).



84 A. Cannas da Silva

(V, £2) and (V’, §2’) are said to be symplectomorphic. Being symplectomorphic is clearly
an equivalence relation in the set of all even-dimensional vector spaces. The existence of
canonical bases shows that every 2n-dimensional symplectic vector space (V, £2) is sym-
plectomorphic to the prototype (R%", £20); a choice of a symplectic basis for (V, £2) yields
a symplectomorphism to (R?*, £2¢). Hence, nonnegative even integers classify equivalence
classes for the relation of being symplectomorphic.

Let £2(V) be the space of all linear symplectic structures on the vector space V. Take
a £2 € $2(V), and let Sp(V, 2) be the group of symplectomorphisms of (V, £2). The
group GL(V) of all isomorphisms of V acts transitively on §2(V) by pullback (i.e., all
symplectic structures are related by a linear isomorphism), and Sp(V, £2) is the stabilizer
of the given £2. Hence, £2(V) ~ GL(V)/Sp(V, £2).

1.2, Symplectic forms

Let @ be a de Rham 2-form on a manifold®> M. For each point p € M, the map w, : Tp M x
T,M — R is skew-symmetric and bilinear on the tangent space to M at p, and w, varies
smoothly in p.

DEFINITION 1.1. The 2-form w is symplectic if w is closed (i.e., its exterior derivative
dw is zero) and w), is symplectic for all p € M. A symplectic manifold is a pair (M, w)
where M is a manifold and w is a symplectic form.

Symplectic manifolds must be even-dimensional. Moreover, the nth exterior power o”
of a symplectic form w on a 2n-dimensional manifold is a volume form.® Hence, any sym-

lectic manifold (M, w) is canonically oriented. The form 9)—7 is called the symplectic vol-
p

ume or Liouville volume of (M, w). When (M, o) is a compgét 2n-dimensional symplectic
manifold, the de Rham cohomology class [0"] € H 2n (M; R) must be nonzero by Stokes
theorem. Therefore, the class [w] must be nonzero, as well as its powers [w]F =[] #0.
Exact symplectic forms can only exist on noncompact manifolds. Compact manifolds with
a trivial even cohomology group H**(M;R), k =0, 1,...,n, such as spheres S?" with
n > 1, can thus never be symplectic. On a manifold of dimension greater than 2, a function
multiple fe of a symplectic form w is symplectic if and only if f is a nonzero locally

constant function (this follows from the existence of a symplectic basis).

EXAMPLES.
1. Let M = R?" with linear coordinates X1y .vsXns Y1, -+, Yn. The form
n
wy = dei Ady;

i=1

5Unless otherwise indicated, all vector spaces are real and finite-dimensional, all maps are smooth (i.e., C*)
and all manifolds are smooth, Hausdorff and second countable.

A volume form is a nonvanishing form of top degree. If £2 is a symplectic structure on a vector space V of
dimension 2n, its nth exterior power 27 = 2 A --- A £2 does not vanish. Actually, a skew-symmetric bilinear
map £2 is symplectic if and only if £2” # 0.
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is symplectic, and the vectors (%)p, e (%;t),,, (%)p,...,(%)p constitute a
symplectic basis of T, M. ’
2. Let M = C" with coordinates z1, ..., 2. The form wg = Ii > dzy A dZx is symplec-

tic. In fact, this form coincides with that of the previous example under the identifi-
cation C" ~ R, zx = xx + ivx.

3. The 2-sphere $2, regarded as the set of unit vectors in R3, has tangent vectors
at p identified with vectors orthogonal to p. The standard symplectic form on 52
is induced by the standard inner (dot) and exterior (vector) products: w,(u, v) :=
(p,u xv),foru,ve T,)S2 = {p}l. This is the standard area form on $2 with total
area 4. In terms of cylindrical polar coordinates 0 < 6 <27 and —1 < z < 1 away
from the poles, it is written w = d0 A dz.

4. On any Riemann surface, regarded as a 2-dimensional oriented manifold, any area
form, that is, any never vanishing 2-form, is a symplectic form.

5. Products of symplectic manifolds are naturally symplectic by taking the sum of the
pullbacks of the symplectic forms from the factors.

6. If a (2n + 1)-dimensional manifold X admits a contact form, that is, a 1-form « such
that o A (da)” is never vanishing, then the 2-form d{e«) is symplectic on X x R, and
the symplectic manifold (X x R, d(e’@)) is called the symplectization of the contact
manifold (X, ). For more on contact geometry, see for instance the corresponding
contribution in this volume.

DEFINITION 1.2. Let (M1, w1) and (M, @) be symplectic manifolds. A (smooth) map
V1 My — M is symplectic if Y*wy = w1.” A symplectic diffeomorphism ¢ : M; — Mj is
a symplectomorphism. (M|, w1) and (M3, w) are said to be symplectomorphic when there
exists a symplectomorphism between them.

The classification of symplectic manifolds up to symplectomorphism is an open prob-
lem in symplectic geometry. However, the local classification is taken care of by the Dar-
boux theorem (Theorem 1.9): the dimension is the only local invariant of symplectic man-
ifolds up to symplectomorphisms. That is, just as any n-dimensional manifold is locally
diffeomorphic to R”, any symplectic manifold (M?", w) is locally symplectomorphic to
(R?", wp). As a consequence, if we prove for (R¥", wg) a local assertion that is invari-
ant under symplectomorphisms, then that assertion holds for any symplectic manifold. We
will hence refer to R??, with linear coordinates (X1, .--,%Xn, ¥1,---, ¥n), and with sym-
plectic form wp = Y ;_, dx; A dy;, as the prototype of a local piece of a 2n-dimensional
symplectic manifold.

1.3. Cotangent bundles

Cotangent bundles are major examples of symplectic manifolds. Let ({4, x1,...,x,) be a
coordinate chart for a manifold X, with associated cotangent coordinates (T*U, x1, ..., Xp,

7By definition of pullback, we have (w*wz)p(u, v) = {w2)y(p)(d¥pu), dp(v)), at tangent vectors u, v €
TpMy.
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&1, ...,&,).8 Define a symplectic form on T*/ by

w = Zn:dx,‘ AdE;.

i=1

One can check that this o is intrinsically defined by considering the 1-form on T*U,

n
a= Zfi dx;,
i—1

which satisfies @ = —da and is coordinate-independent: in terms of the natural projection
7:M— X, p=(x,§) > x, the form « may be equivalently defined pointwise without
coordinates by

ap = (dnp)*E € TEM,

where (dm,)* : T X — T;M is the transpose of dr, that is, a,(v) = §((dm,)v) for v €
TpM. Or yet, the form « is uniquely characterized by the property that u*a = i for every
I-form p:X — T*X (see Proposition 2.2). The 1-form « is the tautological form (or
the Liouville 1-form) and the 2-form w is the canonical symplectic form on T*X. When
referring to a cotangent bundle as a symplectic manifold, the symplectic structure is meant
to be given by this canonical w.

Let Xy and X; be n-dimensional manifolds with cotangent bundles M; = T*X| and
M, = T*X>, and tautological 1-forms &} and a;. Suppose that f:X; — X, is a diffeo-
morphism. Then there is a natural diffeomorphism f;: M; — M, which lifts f; namely,
for p1 = (x1, &1) € M, we define

. |x2=f(x1)eX; and
filp=p2 =028, with {sl = [df)" e € T3 X0,

where (df)*: T} X2 = T X1, s0 filry is the inverse map of (dfy,)*.
PROPOSITION 1.3. The lift f; of a diffeomorphism f:X| — X, pulls the tautological
Jorm on T* X, back to the tautological form on T*X 1y, i.e., (fp)*a2 = a;.

81f an n-dimensional manifold X is described by coordinate charts (U4, x|, ..., x,) with x; :U — R, then, at
any x € U, the differentials (dx;), form a basis of 7 X, inducing a map

T*Y _)RZn’
x,6) —> (xy,..., Xn, €1, En),

where £1,..., &, €R are the corresponding coordinates of £ € T} X: £= 37, & (dx;)x. Then (T*U, xy, ...,
Xn,&1,...,&n) is a coordinate chart for the cotangent bundle 7*X; the coordinates xi, ..., Xn, £1,...,&n are
called the cotangent coordinates associated to the coordinates x1, ..., x, on I{. One verifies that the transition

functions on the overlaps are smooth, so 7*X is a 2n-dimensional manifold.



Symplectic geometry 87

PROOF. At p; = (x1, &) € M|, the claimed identity says (dfg);l (@2)p, = (1) p,, where

p2 = fi(p1), that is, py = (x2,&2) where x; = f(x1) and (dfy,)*&2 = &;. This can be
proved as follows:

(@f)5, (@) py, = (dfp)h, (dm2)%, &2 by definition of ap
= (d(m20 f)), 62 by the chainrule
=(d(fo Nl))i}éz because 5 o fx = f o7y
= (dm1)}, (df)} &2 by the chain rule
= (dn1)},, 61 by definition of f,
= (x1)p, by definition of ;. O

As a consequence of this naturality for the tautological form, a diffeomorphism of man-
ifolds induces a canonical symplectomorphism of cotangent bundles:

COROLLARY 1.4. Thelift f-:T*X| — T*X; of a diffeomorphism f:X; — X» is a sym-
plectomorphism for the canonical symplectic forms, i.e., (fz) w1 = w1.

In terms of the group (under composition) of diffeomorphisms Diff(X) of a manifold X,
and the group of symplectomorphisms Sympl(T* X, w) of its cotangent bundle, we see that
the injection Diff(X) — Sympl(T*X, w), f — f; is a group homomorphism. Clearly this
is not surjective: for instance, consider the symplectomorphism 7*X — T*X given by
translation along cotangent fibers.

EXAMPLE. Let X| = X = §'. Then T*S! is a cylinder S' x R. The canonical form is
the area form w = df A d&. If f:S' — S! is any diffeomorphism, then f;:S! x R —
S! x R is a symplectomorphism, i.e., is an area-preserving diffeomorphism of the cylinder.
Translation along the R direction is area-preserving but is not induced by a diffeomorphism
of the base manifold 5.

There is a criterion for which cotangent symplectomorphisms arise as lifts of diffeomor-
phisms in terms of the tautological form. First note the following feature of symplectic
manifolds with exact symplectic forms. Let « be a 1-form on a manifold M such that
o = —do 18 symplectic. There exists a unique vector field v whose interior product with
wis o, ie., o =—a. If g: M — M is a symplectomorphism that preserves « (that is,
g*a = a), then g commutes with the flow® of v, i.e., (exptv) o g = g o (exptv). When

9For p €M, (exptv)(p) is the unique curve in M solving the initial value problem
j—t(exptv(p)) = v(exptv(p)),
(exprv)(pPli=o=p

for ¢ in some neighborhood of 0. The one-parameter group of diffeomorphisms expv is called the flow of the
vector field v.
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M = T*X is the cotangent bundle of an arbitrary n-dimensional manifold X, and « is the
tautological 1-form on M, the vector field v is just Zgia% with respect to a cotangent
coordinate chart (T*U, x1,...,%x,,§1,...,&). The flow exptv, —00 < t < oo, satisfies
(exptv)(x, &) = (x, '§), forevery (x, &) in M.

THEOREM 1.5. A symplectomorphism g:T*X — T*X is a lift of a diffeomorphism
f:X — X if and only if it preserves the tautological form: g*a = a.

PROOF. By Proposition 1.3, a lift f.:T*X — T*X of a diffeomorphism f: X — X pre-
serves the tautological form. Conversely, if g is a symplectomorphism of M that pre-
serves «, then g preserves the cotangent fibration: by the observation above, g(x, &) =
(y.n) =g, &) =(y,An) forall (x,&) € M and X > 0, and this must hold also for A <0
by the differentiability of g at (x, 0). Therefore, there exists a diffeomorphism f:X — X
suchthatrog = fom, where w : M — X is the projection map 7 (x, &) = x,and g = fu. O

The canonical form is natural also in the following way. Given a smooth function
h:X — R, the diffeomorphism 1, of M = T*X defined by 1;,(x, &) = (x,§ + dh,) turns
out to be always a symplectomorphism. Indeed, if 7 : M — X, w(x, &) = x, is the projec-
tion, we have 7o =« + 7% dh, so that TTo=w.

1.4. Moser’s trick

There are other relevant notions of equivalence for symplectic manifolds!® besides being
symplectomorphic. Let M be a manifold with two symplectic forms wg, w;.

DEFINITION 1.6. The symplectic manifolds (M, wp) and (M, w;) are strongly isotopic
if there is an isotopy p;:M — M such that pfw; = wg. (M, wp) and (M, w;) are
deformation-equivalent if there is a smooth family w; of symplectic forms joining wg
to wi. (M, wp) and (M, w1) are isotopic if they are deformation-equivalent and the de
Rham cohomology class [w;] is independent of ¢.

Hence, being strongly isotopic implies being symplectomorphic, and being isotopic im-
plies being deformation-equivalent. We also have that being strongly isotopic implies being
isotopic, because, if p, : M — M is an isotopy such that pfw; = wp, then w; := pfw; is a
smooth family of symplectic forms joining w to wg and [w,] = [w1], V¢, by the homotopy
invariance of de Rham cohomology.

Moser [105] proved that, on a compact manifold, being isotopic implies being strongly
isotopic (Theorem 1.7). McDuff showed that deformation-equivalence is indeed a nec-
essary hypothesis: even if [wg] = [w1] € H 2(M; R), there are compact examples where
(M, wp) and (M, ;) are not strongly isotopic; see Example 7.23 in [99]. In other words,

19Understanding these notions and the normal forms requires tools, such as isotopies (by isotopy we mean a
smooth one-parameter family of diffeomorphisms starting at the identity, like the flow of a vector field), Lie
derivative, tubular neighborhoods and the homotopy formula in de Rham theory, covered in differential geometry
or differential topology texts.
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fixceH 2(M) and define S. as the set of symplectic forms @ in M with [w] =¢. On
a compact manifold, all symplectic forms in the same path-connected component of S,
are symplectomorphic according to the Moser theorem, though there might be symplectic
forms in different components of S, that are not symplectomorphic.

THEOREM 1.7 (Moser). Let M be a compact manifold with symplectic forms wg and .
Suppose that w,, 0 < t < 1, is a smooth family of symplectic forms joining wo to wy with
cohomology class [w,] independent of t. Then there exists an isotopy p: M x R — M such
that pfw; = wp, 0 <1 < 1.

Moser applied an extremely useful argument, known as Moser’s trick, starting with the
following observation. If there existed an isotopy p: M x R — M such that p;w; = wo,
0 <t < 1, in terms of the associated time-dependent vector field

dp, 1
UIIZEOPI s IGR,

we would then have for all 0 < < 1 that

d(,()t

d
ﬁ) — oo+

dt dt

d
0= —(pz*wt) = ,0;* (CU,wt +

dt
Conversely, the existence of a smooth time-dependent vector field v;, ¢ € R, satisfying
the last equation is enough to produce by integration (since M is compact) the desired
isotopy p: M x R — M satisfying p;w; = pjwo = wo, for all 1. So everything boils down

to solving the equation £, @; + % =0 for v;.

PROOF. By the cohomology assumption that [%a),] =0, there exists a smooth family of
1-forms 1, such that

dw’—d 0<r<l1
d[ - l'Lh ~ ~ L.

The argument involves the Poincaré lemma for compactly-supported forms, together with
the Mayer—Vietoris sequence in order to use induction on the number of charts in a good
cover of M; for a sketch, see page 95 in [99]. In the simplest case where w; = (1 — )wp +
tw1 with [wg] = [w1], we have that % =wi —wy = du is exact.

The nondegeneracy assumption on «, guarantees that we can pointwise solve the equa-
tion, known as Moser’s equation,

Loy @r + 1 =0

to obtain a unique smooth family of vector fields v;, 0 < ¢ < 1. Extend v, to all t e R.
Thanks to the compactness of M, the vector fields v; generate an isotopy p satisfying
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% = v; o p;. Then we indeed have

d dw,

;i—t(pt*wl) =p; (ﬁv,wt + d_tt) = p/ (diy, 0 +dps) = p;d 1y, 0; + i) =0,
where we used Cartan’s magic formula in £,,@; = d1,, @, + 1, de;. O

EXAMPLE. On a compact oriented 2-dimensional manifold M, a symplectic form is just
an area form. Let wg and w; be two area forms on M. If [wy] = [w1], i.e., wg and w;
give the same total area, then any convex combination of them is symplectic (because they
induce the same orientation), and there is an isotopy ¢, : M — M, t € [0, 1], such that
@] wp = wy. Therefore, up to strong isotopy, there is a unique symplectic representative in
each nonzero 2-cohomology class of M.

On a noncompact manifold, given v;, we would need to check the existence for 0 < ¢ < 1
of an isotopy p; solving the differential equation % =, 0 p;.

1.5. Darboux and Moser theorems

By a submanifold of a manifold M we mean either a manifold X with a closed embedding!!
i:X <> M, or an open submanifold (i.e., an open subset of M).

Given a 2n-dimensional manifold M, a k-dimensional submanifold X, neighborhoods
Uy, Uy of X, and symplectic forms wy, w; on Uy, Ui, we would like to know whether
there exists a local symplectomorphism preserving X, i.e., a diffeomorphism ¢ : Uy — U
with *w; = wp and ¢(X) = X. Moser’s Theorem 1.7 addresses the case where X = M.
At the other extreme, when X is just one point, there is the classical Darboux theorem
(Theorem 1.9). In general, we have:

THEOREM 1.8 (Moser theorem-—relative version). Let wg and w; be symplectic forms
on a manifold M, and X a compact submanifold of M. Suppose that the forms coincide,
wolp = w1l p, at all points p € X. Then there exist neighborhoods Uy and Uy of X in M,
and a diffeomorphism ¢ :Uy — U such that 9* w1 = wg and @ restricted to X is the identity
map.

PROOF. Pick a tubular neighborhood Uy of X. The 2-form w; — wy is closed on U, and
satisfies (w; — wp), =0 at all p € X. By the homotopy formula on the tubular neighbor-
hood, there exists a 1-form p on Up such that w; —wp =dp and pp, =0 atall p € X.
Consider the family @; = (1 — t)wo + tw1 = wp +t d i of closed 2-forms on Uy. Shrinking
Up if necessary, we can assume that o, is symplectic for ¢ € [0, 1], as nondegeneracy is

an open property. Solve Moser’s equation, 1, @, = —u, for v, By integration, shrinking U
again if necessary, there exists a local isotopy p : Uy x [0, 1] = M with p}w, = wy, for all
t € [0, 1]. Since v, |y =0, we have p;|y =idx. Set ¢ = p1, Ui = p1Up). O

A closed embedding is a proper injective immersion. A map is proper when its preimage of a compact set is
always compact.
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THEOREM 1.9 (Darboux). Let (M, w) be a symplectic manifold, and let p be any point

in M. Then we can find a chart (U, x1, ..., Xp, Y1, - .. Yn) centered at p where
n
w= de,- Ady;.
i=1
Such a coordinate chart (U, x1, ..., Xn, y1,.--, Yn) is called a Darboux chart, and the

corresponding coordinates are called Darboux coordinates.

The classical proof of Darboux’s theorem is by induction on the dimension of the mani-
fold [2], in the spirit of the argument for a symplectic basis (Section 1.1). The proof below,
using Moser’s theorem, was first provided by Weinstein [136].

PROOF. Apply Moser’s relative theorem to X = {p}. More precisely, use any symplec-
tic basis for (T, M, w,) to construct coordinates (x{, ..., x;,y{,...y,) centered at p and
valid on some neighborhood If’, so that w, = 3" dx] A dy]|,. There are two symplectic
forms on U': the given wp = w and w; = )_dx] A dy]. By Theorem 1.8, there are neigh-
borhoods Uy and U of p, and a diffeomorphism ¢ :Uy — U such that ¢(p) = p and
e*(Q_dx] Ady)) = w. Since ¢*(}_dx] Ady)) =3 d(x] o @) Ad(y] o ¢), we simply set
new coordinates x; = x; o @, y; = y; 0 ¢. O

Darboux’s theorem is easy in the 2-dimensional case. Being closed o is locally exact,
o = da. Every nonvanishing 1-form on a surface can be written locally as a = gdh for
suitable functions g, /1, where A is a coordinate on the local leaf space of the kernel foliation
of a. The form w = dg A dh is nondegenerate if and only if (g, ) is a local diffeomor-
phism. By the way, transversality shows that the normal form for a generic'?> 2-form is
x dx A dy near a point where it is degenerate.

1.6. Symplectic submanifolds

Moser’s argument permeates many other proofs, including those of the next two results
regarding symplectic submanifolds. Let (M, @) be a symplectic manifold.

DEFINITION 1.10. A symplectic submanifold of (M, w) is a submanifold X of M where,
ateach p € X, the space T, X is a symplectic subspace of (T, M, wp).

If i : X < M is the inclusion of a symplectic submanifold X, then the restriction of @
to X is a symplectic form, so that (X, i*w) is itself a symplectic manifold.

Let X be a symplectic submanifold of (M,w). At each p € X, we have T,M =
T, X @ (Tp X)“r (Section 1.1), so the map (T,X)*» — T,M/T,X is an isomorphism.
This canonical identification of the normal space of X at p, N, X :==T,M/T, X, with the
symplectic orthogonal (T, X)*7, yields a canonical identification of the normal bundle N X

12Generic here means that the subset of those 2-forms having this behavior is open, dense and invariant under
diffeomorphisms of the manifold.
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with the symplectic vector bundle (T X)®. A symplectic vector bundle is a vector bundle
E — X equipped with a smooth!3 field £2 of fiberwise nondegenerate skew-symmetric
bilinear maps £2,: E, x E, — R. The symplectic normal bundle is the normal bundle
of a symplectic submanifold, with the symplectic structure induced by orthogonals. The
next theorem, due to Weinstein [136], states that a neighborhood of a symplectic sub-
manifold X is determined by X and (the isomorphism class of) its symplectic normal
bundle.

THEOREM 1.11 (Symplectic neighborhood theorem). Let (Mg, wp), (M1, w1) be symplec-
tic manifolds with diffeomorphic compact symplectic submanifolds Xo, X1. Let ip: Xo —
My, i1: X1 <> My be their inclusions. Suppose there is an isomorphism (/3:N Xo —>
NX1 of the corresponding symplectic normal bundles covering a symplectomorphism
¢ : (Xo, igwo) — (X1,i]w1). Then there exist neighborhoods Uy C Mo, Uy C My of Xo,
X1 and a symplectomorphism ¢ :Uy — Uy extending ¢ such that the restriction of do to
the normal bundle NXg is ¢.

As first noted by Thurston [131], the form 2 + m*wyx is symplectic in some neighbor-
hood of the zero section in NX, where 7 : NX — X is the bundle projection and wy is
the restriction of w to X. Therefore, a compact symplectic submanifold X always admits a
tubular neighborhood in the ambient (M, w) symplectomorphic to a tubular neighborhood
of the zero section in the symplectic normal bundle NX.

PROOF. By the Whitney extension theorem!* there exist neighborhoods Uy C My and
Uy C My of Xy and X1, and a diffeomorphism £ :Uy — U such that s o igp =i o ¢ and
the restriction of dh to the normal bundle N X is the given q? Hence wg and A*w1 are two
symplectic forms on Uy which coincide at all points p € Xg. The result now follows from
Moser’s relative theorem (Theorem 1.8). O

Carefully combining Moser’s argument with the existence of an ambient isotopy that
produces a given deformation of a compact submanifold, we can show:

THEOREM 1.12. Let X;, t € [0, 1], be a (smooth) family of compact symplectic submani-
folds of a compact symplectic manifold (M, w). Then there exists an isotopy p: M X R —
M such that for all t € [0, 1] we have pfw = w and p;(X¢) = X;.

Inspired by complex geometry, Donaldson [32] proved the following theorem on the ex-
istence of symplectic submanifolds. A major consequence is the characterization of sym-
plectic manifolds in terms of Lefschetz pencils; see Section 4.6.

13Smoothness means that, for any pair of (smooth) sections u and v of E, the real-valued function 2(u, v): X —
R given by evaluation at each point is smooth.

14Whitney extension theorem. Let M be a manifold and X a submanifold of M. Suppose that at each p € X
we are given a linear isomorphism Lp:TpM = TpM such that L p[Tp X = IdTp x and Lp depends smoothly
on p. Then there exists an embedding h: N' — M of some neighborhood N of X in M such that h|x =idy and
dhp = Lp forall p € X. A proof relies on a tubular neighborhood model.
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THEOREM 1.13 (Donaldson). Let (M, w) be a compact symplectic manifold. Assume that
the cohomology class (] is integral, i.e., lies in H*>(M; 7). Then, for every sufficiently
large integer k, there exists a connected codimension-2 symplectic submanifold X repre-
senting the Poincaré dual of the integral cohomology class k[w).

Under the same hypotheses, Auroux extended this result to show that given « €
Hy,,(M; Z) there exist positive k, £ € Z such that k<PD[w" "] + £« is realized by a 2m-
dimensional symplectic submanifold.

2. Lagrangian submanifolds
2.1. First Lagrangian submanifolds
Let (M, w) be a symplectic manifold.

DEFINITION 2.1. A submanifold X of (M, w) is Lagrangian (respectively, isotropic and
coisotropic) if, at each p € X, the space T, X is a Lagrangian (respectively, isotropic and
coisotropic) subspace of (T, M, w}).

If i: X — M is the inclusion map, then X is a Lagrangian submanifold if and only if
i*o=0and dim X = { dim M.

The problem of embedding!® a compact manifold as a Lagrangian submanifold of a
given symplectic manifold is often global. For instance, Gromov [64] proved that there
can be no Lagrangian spheres in (C”, wp), except for the circle in CZ, and more generally
no compact exact Lagrangian submanifolds, in the sense that g = Y y; dx; restricts to
an exact 1-form. The argument uses pseudoholomorphic curves (Section 3.6). Yet there
are immersed Lagrangian spheres (Section 2.7). More recently were found topological
and geometrical constraints on manifolds that admit Lagrangian embeddings into compact
symplectic manifolds; see, for instance, [16,17,115].

EXAMPLES.

1. Any l-dimensional submanifold of a symplectic surface is Lagrangian (because a

1-dimensional subspace of a symplectic vector space is always isotropic).

Therefore, any product of n embedded curves arises as a Lagrangian submanifold
of (a neighborhood of zero in) the prototype (R¥", wyp). In particular, a torus T" =
81 x ... x S! can be embedded as a Lagrangian submanifold of any 2n-dimensional
symplectic manifold, by Darboux’s theorem (Theorem 1.9).

2. Let M = T* X be the cotangent bundle of a manifold X. With respect to a cotangent
coordinate chart (T*U, x1, ..., X4, &1, ..., &), the tautological form is « = ) &; dx;
and the canonical form is w = —da = )" dx; A dE;.

The zero section Xo:={(x,£) e T*X | £ =0in T)X} is an n-dimensional sub-
manifold of T*X whose intersection with T*U is given by the equations &} = --- =

15An embedding is an immersion that is a homeomorphism onto its image.
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&, = 0. Clearly « vanishes on Xo N T*U. Hence, if iy : X¢ <> T*X is the inclusion
map, we have ijw = ijda =0, and so X/ is Lagrangian.

A cotangent fiber T X is an n-dimensional submanifold of 7*X given by the
equations x; = (xg);, i = 1,...,n, on T*U. Since the x;’s are constant, the form «
vanishes identically, and 7 X is a Lagrangian submanifold.

Let X, be (the image of) an arbitrary section, that is, an n-dimensional submanifold
of T*X of the form X, = {(x, ux) | x € X, pux € T} X}, where the covector u, depends
smoothly on x, so p: X — T*X is a de Rham 1-form. We will investigate when such an
X, is Lagrangian. Relative to the inclusion i : X, < T*X and the cotangent projection
w:T*X — X, these X,,’s are exactly the submanifolds for which w 0i: X, — X is a
diffeomorphism.

PROPOSITION 2.2. The tautological 1-form o on T*X satisfies u*a = u, for any 1-form
w:X—->T*X.

PROOF. Denote by s5,,: X — T*X, x = (x, f4x), the 1-form u regarded exclusively as a
map. From the definition, o, = (dm,)*& at p=(x,&) € M. For p = 5,,(x) = (x, i), We
have «, = (dm,)* iy Then, since 7 o 5, =idx, we have

(s;a)x = (ds)iop = (ds,)sdmp) ux = (d(n OSu)):le = Uy. O

The map s, : X = T*X, 5, (x) = (x, ix) is an embedding with image the section X,,.
The diffeomorphism 7: X — X, t(x) 1= (x, ux), satisfiesi o7 = 5,,.

PROPOSITION 2.3. The sections of T*X that are Lagrangian are those corresponding to
closed 1-forms on X.

PrROOF. Using the previous notation, the condition of X, being Lagrangian becomes:
i*da =06 t"i*da=0%s,da=0&d(s;a)=0&du=0. 0

When p = dh for some h € C*°(X), such a primitive A is called a generating function
for the Lagrangian submanifold X ,. Two functions generate the same Lagrangian subman-
ifold if and only if they differ by a locally constant function. When X is simply connected,
or at least HdleRham(X )} =0, every Lagrangian X, admits a generating function.

Besides the cotangent fibers, there are lots of Lagrangian submanifolds of 7*X not
covered by the description in terms of closed 1-forms. Let S be any submanifold of an
n-dimensional manifold X . The conormal space of S at x € S is

NiS={¢eT!X|&@w)=0forallveT,S}

The conormal bundle of S is N*S = {(x,§) e T*X | x € S, & € N;S}. This is an
n-dimensional submanifold of 7*X. In particular, taking S = {x} to be one point, the co-
normal bundle is the corresponding cotangent fiber 7,*X. Taking S = X, the conormal
bundle is the zero section Xg of T*X.



Symplectic geometry 95

PROPOSITION 2.4. Ifi:N*S < T*X is the inclusion of the conormal bundle of a sub-
manifold S C X, and « is the tautological 1-form on T*X, then i*a = 0.

PROOF. Let (U, x1,...,x,) be a coordinate chart on X adapted to S, so that L/ N § is de-

scribed by x44+1 =--- =x, = 0. Let (T*U, x1, ..., xn, &1, ..., &) be the associated cotan-
gent coordinate chart. The submanifold N*S N T*Y is described by xj41 =---=x, =0
and & =--- =& =0. Since @ = Y _ & dx; on T*U, we conclude that, at p € N*S,
(@) =aplr,oves) = )& dxi , =0.
i>k Span{%i, i<k} O

COROLLARY 2.5. For any submanifold S of X, the conormal bundle N*S is a Lagrangian
submanifold of T*X.

2.2. Lagrangian neighborhood theorem

Weinstein [136] proved that, if a compact submanifold X is Lagrangian with respect to
two symplectic forms wg and w, then the conclusion of the Moser relative theorem (The-
orem 1.8) still holds. We need some algebra for the Weinstein theorem.

Suppose that U, W are n-dimensional vector spaces, and £2:U x W — R is a bilinear
pairing; the map 2 gives rise to a linear map 2:U — W*, 2(u) = 2(u, ). Then £ is
nondegenerate if and only if £2 is bijective.

PROPOSITION 2.6. Let (V, £2) be a symplectic vector space, U a Lagrangian subspace
of (V, 82), and W any vector space complement to U, not necessarily Lagrangian. Then
from W we can canonically build a Lagrangian complement to U .

PROOF. From §2 we get a nondegenerate pairing 2 :U x W — R, so 2 :U — W*
is bijective. We look for a Lagrangian complement to U of the form W/ = {w + Aw |
w € W} for some linear map A:W — U. For W’ to be Lagrangian we need that
2wy, wa) = £ (Aw)(w) — £2'(Aw)(wy). Let A’ = 2’ o A, and look for A’ such
that 2(wy, wy) = A’ (w2)(w1) — A’ (w1)(wy) for all wy, wr € W. The canonical choice
is A'(w)=—32(w, ). Set A= (2) 1o A". O

PROPOSITION 2.7. Let V be a vector space, let 2o and §21 be symplectic forms on V,
let U be a subspace of V Lagrangian for 2o and $2, and let W be any complement to U

in V. Then from W we can canonically construct a linear isomorphism L:V — V such
that Ly =1dy and L*§2| = 2.

PROOF. By Proposition 2.6, from W we canonically obtain complements Wy and Wy to U
in V such that Wy is Lagrangian for £2p and W is Lagrangian for §21. The nondegenerate
bilinear pairings £2; : W; x U — R, i =0, 1, give isomorphisms 2 Wi — U*,i=0,1,
respectively. Let B : Wy — W be the linear map satisfying §21 o B = £2¢, i.e., 20(wg, u) =
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£21(Bwg, u), Vwge Wo,Vue U.Let L:=1dy @ B: U & Wy — U & W) be the extension
of B to the rest of V by setting it to be the identity on U. It satisfies:

(L*821) (u ® wo, u’ ® w() = 21 (u & Bwo, u’ & Bwy)
= 21 (u, Bwp) + 21(Bwo, u”)
= 20(u, wy) + L20(wo, u’)
= 20(u ® wo, u’ S wy). O

THEOREM 2.8 (Weinstein Lagrangian neighborhood theorem). Let M be a 2n-dimen-
sional manifold, X a compact n-dimensional submanifold, i : X — M the inclusion map,
and wy and w) symplectic forms on M such that i*wg =i*w1 =0, i.e., X is a Lagrangian
submanifold of both (M, wo) and (M, w1). Then there exist neighborhoods Uy and Uy of X
in M and a diffeomorphism ¢ : Uy — U] such that ¢*w) = wg and ¢ is the identity on X,
ie,p(p)=p,VpeX.

PROOF. Put a Riemannian metric g on M. Fix pe X, and let V=T,M, U =T,X and
W = U+, the orthocomplement of U in V relative to the inner product g »(-,+). Since
i*wp = i*w; = 0, the subspace U is Lagrangian for both (V, wpl,) and (V,w1],). By
Proposition 2.7, we canonically get from U+ a linear isomorphism L, : T,M — T, M de-
pending smoothly on p, such that L p[T,, x = IdTp x and L’;wl |p = wolp. By the Whitney
extension theorem (Section 1.5), there exist a neighborhood A of X and an embedding
h:N <> M with hlx =idx and dh, = L, for p € X. Hence, at any p € X, we have
(hW*w1)p = (dhp)*wil, = L;wll p = wolp. Applying the Moser relative theorem (Theo-
rem 1.8) to wp and h*w;, we find a neighborhood Uy of X and an embedding f:Uy — N
such that f|x =idy and f*(h*w1) =wp onU,. Set ¢ = h o f and U = p(Uy). O

Theorem 2.8 has the following generalization. For a proof see, for instance, either
of [61,70,139].

THEOREM 2.9 (Coisotropic embedding theorem). Let M be a manifold of dimension 2n,
X a submanifold of dimension k = n, i : X — M the inclusion, and wy and w1 symplectic
forms on M, such that i*wy = i*w; and X is coisotropic for both (M, wg) and (M, w1).
Then there exist neighborhoods Uy and Uy of X in M and a diffeomorphism ¢ :Uy — U
such that ¢* w1 = wy and ¢y =idy.

2.3. Weinstein tubular neighborhood theorem

Let (V, £2) be a symplectic linear space, and let U be a Lagrangian subspace. Then there
is a canonical nondegenerate bilinear pairing 2': V/U x U —> R defined by 2/([v], u) =
£2(v, u) where [v] is the equivalence class of vin V/U. Consequently, we get a canonical
isomorphism Q' V/U— U*, Q' (D) = $2'([v], ).
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In particular, if (M, w) is a symplectic manifold, and X is a Lagrangian submanifold,
then T, X is a Lagrangian subspace of (T, M, w;) for each p € X and there is a canoni-
cal identification of the normal space of X at p, N, X :=T,M/T,X, with the cotangent
fiber 7,7 X. Consequently the normal bundle N X and the cotangent bundle T*X are canon-
ically identified.

THEOREM 2.10 (Weinstein tubular neighborhood theorem). Let (M, w) be a symplec-
tic manifold, X a compact Lagrangian submanifold, wo the canonical symplectic form
onT*X, ig: X <> T*X the Lagrangian embedding as the zero section, and i : X < M the
Lagrangian embedding given by inclusion. Then there are neighborhoods Uy of X in T*X,
U of X in M, and a diffeomorphism ¢ : Uy — U such that 9*o = wg and p oig = 1.

PROOF. By the standard tubular neighborhood theorem!® and since NX ~ T*X are
canonically identified, we can find a neighborhood Aj of X in T*X, a neighborhood N/
of X in M, and a diffeomorphism ¥ : Ny — N such that ¥ o ig = i. Let wg be the
canonical form on T7*X and w; = ¥*w. The submanifold X is Lagrangian for both
of these symplectic forms on Ny. By the Weinstein Lagrangian neighborhood theorem
(Theorem 2.8), there exist neighborhoods Uy and U; of X in Ny and a diffeomorphism
0 :Uy — U such that 6* w1 = wg and 8 o iy = ip. Take ¢ = ¥ 0 8 and U = ¢(Uy). Then
P *w=0"y*w=0%w| = wy. 0

Theorem 2.10 classifies compact Lagrangian embeddings: up to local symplectomor-
phism, the set of Lagrangian embeddings is the set of embeddings of manifolds into their
cotangent bundles as zero sections.

The classification of compact isotropic embeddings is also due to Weinstein in [137,
139]. An isotropic embedding of a manifold X into a symplectic manifold (M, w) is a
closed embedding i : X — M such that i*w = 0. Weinstein showed that neighborhood
equivalence of isotropic embeddings is in one-to-one correspondence with isomorphism
classes of symplectic vector bundles.

The classification of compact coisotropic embeddings is due to Gotay [61]. A coisotropic
embedding of a manifold X carrying a closed 2-form « of constant rank into a symplectic
manifold (M, @) is an embedding i : X — M such that i*» = « and i(X) is coisotropic
as a submanifold of M. Let E be the characteristic distribution of a closed form « of
constant rank on X, i.e., E, is the kernel of «, at p € X. Gotay showed that then the total
space E* carries a symplectic structure in a neighborhood of the zero section, such that X
embeds coisotropically onto this zero section and, moreover, every coisotropic embedding
is equivalent to this in some neighborhood of the zero section.

1 Tubular neighborhood theorem. Let M be a manifold, X a submanifold, N X the normal bundle of X in M,
ig: X <> NX the zero section, and i : X — M the inclusion. Then there are neighborhoods Uy of X in NX, U of
X in M and a diffeomorphism v : Uy — U such that o iy = i. This theorem can be proved with the exponential
map using a Riemannian metric; see, for instance, [120].
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2.4. Application to symplectomorphisms

Let (M1, w1) and (M2, @7) be two 2n-dimensional symplectic manifolds. Given a diffeo-

morphism f: M = M, there is a way to express the condition of f being a symplecto-
morphism in terms of a certain submanifold being Lagrangian. Consider the two projection
maps pr; : M1 X My — M;, (p1, p2) = pi, i = 1, 2. The twisted product form on My x M>
is the symplectic!” form

@ = (pr))*w1 — (pry)*ws.

PROPOSITION 2.11. A diffeomorphism f:M; = M, is a symplectomorphism if and
only if the graph of f is a Lagrangian submanifold of (M| x M;, &).

PROOF. The graph of f is the 2n-dimensional submanifold Graph f = {(p, f(p)) | p €
M} € M| x M,, which is the image of the embedding y: M; - M| x Ma, p —
(p, f(p)). Wehave y*& = y*priw; — y*priwz = (prj oy )* w1 — (pry o y) w2, and pry oy
is the identity map on M| whereas pry o ¥ = f. So Graph f is Lagrangian, i.e., y*® =0,
if and only if f*w; = wy, i.e., f is a symplectomorphism. |

Lagrangian submanifolds of (M x M3, &) are called canonical relations, when viewed
as morphisms between (M1, w;) and (M2, @7), even if dim M7 # dim M;. Under a reason-
able assumption, there is a notion of composition [137].

Take M; = M, = M and suppose that (M, ) is a compact symplectic manifold
and f € Sympl(M, w). The graphs Graph f and A, of f and of the identity map id:
M — M, are Lagrangian submanifolds of M x M with & = prjw — prjw. By the We-
instein tubular neighborhood theorem, there exist a neighborhood U of A in (M x M, &)
and a neighborhood Uy of M in (T*M, wp) with a symplectomorphism ¢ :U — Uy satis-
fying ¢(p, p) = (p,0),Vpe M.

Suppose that f is sufficiently C!-close'® toid, i.e., f is in some sufficiently small neigh-
borhood of the identity id in the C!-topology. Hence we can assume that Graph f C U.
Let j: M — U, j{p) = (p, f(p)), be the embedding as Graph f,and i : M < U, i(p) =
(p, p), be the embedding as A = Graphid. The map ; is sufficiently C!-close to i. These
maps induce embeddings ¢ o j = jo: M < Uy and ¢ o i = ip: M — Up as O-section, re-
spectively. Since the map jy is sufficiently C!-close to io, the image set jo(M) intersects
each fiber T;M at one point ., depending smoothly on p. Therefore, the image of jo is
the image of a smooth section p: M — T*M, that is, a 1-form p = jo o (7 o jo)~!. We
conclude that Graph f >~ {(p, up) I pEeM, up € T;;M }. Conversely, if u is a 1-form suf-
ficiently C!-close to the zero 1-form, then {(p, up)lpeM, pup e T;‘M} =~ Graph f, for
some diffeomorphism f: M — M.

TMore generally, A1 (pr)*w; + A (pry)*w; is symplectic for all A1, A e R\ {0}.

18Let X and Y be manifolds. A sequence of maps f;:X — Y converges in the CO-topology (ak.a. the
compact-open topology) to f:X — Y if and only if f; converges uniformly on compact sets. A sequence of
cl maps f;: X — Y converges in the C 1 -topology to f:X — Y if and only if it and the sequence of derivatives
df; :TX — TY converge uniformly on compact sets.
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By Proposition 2.3, Graph f is Lagrangian if and only if u is closed. A small C!-
neighborhood of id in Sympl(M, w) is thus homeomorphic to a C!-neighborhood of zero
in the vector space of closed 1-forms on M. So we obtain the model:

Tia(Sympl(M, w)) ~ {u € 21 (M) | du =0}.

In particular, Tig(Sympl(M, w)) contains the space of exact 1-forms that correspond to
generating functions, C°°(M)/{locally constant functions}.

THEOREM 2.12. Let (M, w) be a compact symplectic manifold (and not just one point)
with HdleRham(M ) = 0. Then any symplectomorphism of M that is sufficiently C'-close to
the identity has at least two fixed points.

PROOF. If f € Sympl(M, w) is sufficiently C!-close to id, then its graph corresponds to a
closed 1-form @ on M. As HdleRham(M) =0, we have that = dh for some h € C®°(M).
But & must have at least two critical points because M is compact. A point p where (1, =
dh, =0 corresponds to a point in the intersection of the graph of f with the diagonal, that
is, a fixed point of f. O

This result has the following analogue in terms of Lagrangian intersections: if X is a
compact Lagrangian submanifold of a symplectic manifold (M, w) with HdleRham(X )=0,
then every Lagrangian submanifold of M that is C'-close'® to X intersects X in at least
two points.

2.5, Generating functions

We focus on symplectomorphisms between the cotangent bundles M| = T*X{, M, =
T*X, of two n-dimensional manifolds X1, X». Let a1, 2 and w1, w; be the corresponding
tautological and canonical forms. Under the natural identification

Mix M, =T*X1 x T*X, >~ T*(X| x X2),

the tautological 1-form on T*(X; x X3) is ¢ = pr’foel + prﬁaz, the canonical 2-form on
T*(X1 x X3) is @ = —da = priw; + priw, and the twisted product form is & = priw; —
priw;. We define the involution o2 : My — Ma, (x2, &) > (x2, —&2), which yields ooy =
—ap. Let o =idpyy x 02: My x My — My x Mp. Then 0*® = priw; + priwy =w. If L
is a Lagrangian submanifold of (M; x M;, w), then its rwist L? := o (L) is a Lagrangian
submanifold of (M| x M», @).

For producing a symplectomorphism M| = T*X; — M, = T*X, we can start with a
Lagrangian submanifold L of (M x M2, w), twist it to obtain a Lagrangian submanifold
L? of (M1 x M3, ®), and, if L° happens to be the graph of some diffeomorphism ¢ :
My — M, then ¢ is a symplectomorphism.

Owe say that a submanifold ¥ of M is C Y_close to another submanifold X when there is a diffeomorphism
X — Y that is, as a map into M, C!-close to the inclusion X <> M.
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A method to obtain Lagrangian submanifolds of M| x My >~ T*(X; x X3) relies on
generating functions. For any f € C®(X| x X3), df is a closed 1-form on X x X;. The
Lagrangian submanifold generated by f is Ly :={((x,y), (df ) y)) | (x, y) € X1 x X3}
(cf. Section 2.1). We adopt the loose notation

dy [ =dy f(x,y) :=(df)(x,y) projected to ;) X; x {0},
dyf:=dyf(x,y) :=(df),y) projected to {0} x Ty*Xz,

which enables us to write Ly = {(x, y,dy f,dy )} | (x, y) € X1 x X3} and

LG ={(x,y,di f,—=dy ) | (x,y) € X1 X X»}.

When L‘} is in fact the graph of a diffeomorphism ¢ : M} = T*X| —> M, = T*X>, we call
@ the symplectomorphism generated by f, and call f the generating function of ¢. The is-
sue now is to determine whether a given L(}’, is the graph of a diffeomorphism ¢ : M} — M.
Let Ui, x1,...,xn), U2, y1,...,¥,) be coordinate charts for X, X, with associated
charts (T*Up, x1,. .., Xn, &1, -~ &)y (T* Uz, Y1, o2y Yns 01, -+, 1n) Tor My, M>. The set
L‘} is the graph of ¢: M1 — M, exactly when, for any (x,&) € M and (y, n) € My, we
have ¢(x,&) = (y,n) & & =d, f and n = —d, f. Therefore, given a point (x,£) € My, to
find its image (y, 1) = ¢(x, &) we must solve the Hamilton look-alike equations

& =2Lx ),

ni=—2L(x, ).
If there is a solution y = ¢1(x, &) of the first equation, we may feed it to the second thus
obtaining n = ¢2(x, §), so that ¢(x,§) = (p1(x, §), g2(x, §)). By the implicit function

theorem, in order to solve the first equation locally and smoothly for y in terms of x and &,
we need the condition

a (af\]"
de‘[a—yj (5—)] >0

This is a necessary condition for f to generate a symplectomorphism ¢. Locally this is
also sufficient, but globally there is the usual bijectivity issue.

—y2 . .
EXAMPLE. Let X1 =X, =R", and f(x,y) = —‘x—zy[—, the square of Euclidean distance
up to a constant. In this case, the Hamilton equations are

& = A =y —X;

T an R yi=xi +&,
RS ] A ni =§&.

n = 3yi =Yi —Xi,

The symplectomorphism generated by f is ¢(x,&) = (x + &, §). If we use the Euclid-
ean inner product to identify 7*R” with TR”, and hence regard ¢ as ¢:TR" — TR"
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and interpret £ as the velocity vector, then the symplectomorphism ¢ corresponds to free
translational motion in Euclidean space.

The previous example can be generalized to the geodesic flow on a Riemannian man-
ifold.*® Let (X, g) be a geodesically convex Riemannian manifold, where d(x, y) is the
Riemannian distance between points x and y. Consider the function

d(x, y)?

[ XxX—R, flx,y)=- >

We want to investigate if f generates a symplectomorphism ¢:7*X — T*X. Using the

identification g, : T, X = T)X, v gx(v,-), induced by the metric, we translate ¢ into
amap ¢:TX — T X. We need to solve

e =¢=d, fx,y),

g (1
gy(lw)y=n= _d_vf(xv y)
for (v, n) in terms of (x, &) in order to find ¢, or, equivalently, for (y, w) in terms (x, v)
in order to find ¢. Assume that (X, g) is geodesically complete, that is, every geodesic can
be extended indefinitely.

PROPOSITION 2.13. Under the identification T, X ~ T, X given by the metric, the sym-
plectomorphism generated by f corresponds to the map

:TX — TX,

d
(x, v) —> (ya), d—i(l)),

where y is the geodesic with initial conditions y (0) = x and %(0) =v.

20 A Riemannian metric on a manifold X is a smooth function g that assigns to each point x € X an inner product
gx on Ty X, that is, a Ssymmetric positive-definite bilinear map g, : 7x X x Ty X — R. Smoothness means that
for every (smooth) vector field v: X — T X the real-valued function x +> gy (vx, vy) is smooth. A Riemannian
manifold is a pair (X, g) where g is a Riemannian metric on the manifold X. The arc-length of a piecewise
smooth curve y :[a, b] — X on a Riemannian (X, g) is f: % dt, where ‘fj—}r’(t) =dy (1) e T, X and fi_}r/ =
,/gy(,)((‘li—);, Ii,—);) is the velocity of y. A reparametrization of a curve y :[a,b] — X is a curve of the form
y ot:lc,d] = X for some t:{c,d] — [a, b]. By the change of variable formula for the integral, we see that
the arc-length of y is invariant by reparametrization. The Riemannian distance between two points x and y of a
connected Riemannian manifold (X, g) is the infimum d(x, y) of the set of all arc-lengths for piecewise smooth
curves joining x to y. A geodesic is a curve that locally minimizes distance and whose velocity is constant. Given
any curve y :[a, b] — X with ‘2—); never vanishing, there is a reparametrization y o v :[a, b] — X of constant
velocity. A minimizing geodesic from x to y is a geodesic joining x to y whose arc-length is the Riemannian
distance d(x, y). A Riemannian manifold (X, g) is geodesically convex if every point x is joined to every other
point y by a unique (up to reparametrization) minimizing geodesic. For instance, (R”, (-,-)) is a geodesically
convex Riemannian manifold (where gx (v, w) = (v, w) is the Euclidean inner product on TR" >~ R" x R™), for
which the Riemannian distance is the usual Euclidean distance d(x, y) = |x — y|.
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This map ¢ is called the geodesic flow on (X, g).

PROOF. Given (x,v) € TX, letexp(x, v) :R — X be the unique geodesic with initial con-
ditions exp(x, v)(0) = x and m(O) = v. In this notation, we need to show that the

unique solution of the system of equations (1) is @(x, v) = (exp(x, v)(1), d 2B exP(x 2 (1)).

The Gauss lemma in Riemannian geometry (see, for instance, [120]) asserts that geo-
desics are orthogonal to the level sets of the distance function. To solve the first equation
for y = exp(x, u)(1) for some u € T, X, evaluate both sides at v and at vectors v’ € T, X
orthogonal to v,

o d [ =dexplx, v)®), y)z} _d [—d<exp<x,v’)(z>,y>2]
vl dt|: 2 L, 0=y 2 o

to conclude that u = v, and thus y = exp(x, v)(1).

We have —d, f(x, y)(w') = 0 at vectors w’ € Ty X orthogonal to W := deXp(x dexplr.) 1y,
because f(x,y) is essentially the arc-length of a minimizing geodesic. Hence w =kW
must be proportional to W, and k = 1 since

Kol = gy kW, W) =

[ —d(x, exp(x, v)(1 —1))? = uf?
dt 2 -0 o

2.6. Fixed points

Let X be an n-dimensional manifold, and M = T*X its cotangent bundle equipped with
the canonical symplectic form w. Let f: X x X — R be a smooth function generating a
symplectomorphism ¢ : M — M, ¢(x, d, ) = (y, —dy f), with the notation of Section 2.5.
To describe the fixed points of ¢, we introduce the function ¥ : X — R, ¥ (x) = f(x, x).

PROPOSITION 2.14. There is a one-to-one correspondence between the fixed points of the
symplectomorphism ¢ and the critical points of .

PROOF. Atxg € X, dy, ¢ = (dx f +dy iz, )=(x0.x0)- Leté =d, fl(x y)=(xo,x0)- Recalling
that L% is the graph of ¢, we have that xg is a critical point of v, i.e., dy,¥ =0, if and
only if dy f(x,y)=(x,x0) = —§, which happens if and only if the point in L% corresponding
to (x, y) = (xp, xo) is (xg, X0, &, &), 1.e., ¢(x0, &) = (x0, §) is a fixed point. O

Consider the iterates ¢ =gpogpo---09, N=1,2,..., given by N successive applica-
tions of ¢. According to the previous proposition, if the symplectomorphism @ : M — M
is generated by some function V), then there is a one-to-one correspondence between
the set of fixed points of ¢ and the set of critical points of ¥V : X — R, v™(x) =
FM(x, x). It remains to know whether ¢ admits a generating function. We will see that
to a certain extent it does.

For each pair x,y € X, defineamap X — R, z+—~ f(x,2) + f(z, y). Suppose that this
map has a unique critical point zo and that z is nondegenerate. As zq is determined for
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each (x,y) implicitly by the equation dy f (x, z0) + dx f (20, ¥) = 0, by nondegeneracy,
the implicit function theorem assures that zo = zo(x, y) is a smooth function. Hence, the
function

O XxX—R, fO4,y):=Ff(x 20+ f(z0,y)

is smooth. Since ¢ is generated by f, and zg is critical, we have

?(x, de fP(x, 9)) = p(o(x, dx £ (x,20)) = ¢ (20, —dy f (x, 20))
= (P(Z(), de(ZOv )’)) = (y7 _dyf(z()9 )’))
= (y, —dy f@ (x, ).

We conclude that the function f@ is a generating function for ¢?, as long as, for each
§ € TFX, there is a unique y € X for which d; f @ (x, y) equals &.

There are similar partial recipes for generating functions of higher iterates. In the case
of ¢3, suppose that the function X x X — R, (z,u) = f(x,2) + f(z,u) + f(u, y), has
a unique critical point (zg, ug) and that it is a nondegenerate critical point. A generating
function would be £ (x, y) = f(x, z0) + f(z0, u0) + f (1o, y).

When the generating functions f, f@, f® ... f) exist given by these formulas, the
N-periodic points of ¢, i.e., the fixed points of ¢, are in one-to-one correspondence with
the critical points of

(X1s-e s xn)y— flx, x2) + flxa, x3) + -+ flay—1,x8) + flxn, x1).

EXAMPLE. Let x :R — R? be a smooth plane curve that is 1-periodic, i.e., x(s + 1) =
x (s), and parametrized by arc-length, i.e., l‘%l = 1. Assume that the region Y enclosed by
the image of x is convex, i.e., for any s € R, the tangent line {x (s) + t‘% | t € R} intersects
the image X := 9Y of x only at the point x (s).

Suppose that a ball is thrown into a billiard table of shape Y rolling with constant velocity
and bouncing off the boundary subject to the usual law of reflection. The map describing
successive points on the orbit of the ball is

¢:R/Zx (—1,1) — R/Z x (-1, 1),
(x,v) — (y, w),
saying that when the ball bounces off x (x) with angle 6 = arccosv, it will next collide
with x (y) and bounce off with angle v = arccos w. Then the function f:R/Z xR/Z — R

defined by f(x, y) = —[x(x) — x{(»)| is smooth off the diagonal, and for ¢(x, v) = (y, w)
satisfies

xM—x&x) dx

af _ — —

W (x,y) = T T lses = cosf =,

af — x)=x() . dx - _ —
3y X Y) = [l ds ls=y = T COSV =W
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We conclude that f is a generating function for ¢. Similar approaches work for higher-
dimensional billiard problems. Periodic points are obtained by finding critical points of
real functions of N variables in X,

(X1, . xn) > | X)) — x )]+ 4 | x Gev-1) — x ()|
+ [ xGen) = x 1),

that is, by finding the N-sided (generalized) polygons inscribed in X of critical perimeter.
Notice that R/Z x (-1, 1) >~ {(x,v) | x € X, v € T X, |v] < 1} is the open unit tangent
ball bundle of a circle X, which is an open annulus A, and the map ¢: A — A is area-
preserving, as in the next two theorems.

While studying Poincaré return maps in dynamical systems, Poincaré arrived at the
following results.

THEOREM 2.15 (Poincaré recurrence theorem). Let ¢ : A — A be a volume-preserving
diffeomorphism of a finite-volume manifold A, and U a nonempty open set in A. Then
there is q € U and a positive integer N such that " (q) e U.

Hence, under iteration, a mechanical system governed by ¢ will eventually return arbi-
trarily close to the initial state.

PROOF. Let Uy =U, Uy = oU), U = 9*U), ... If all of these sets were disjoint, then,
since Volume(l;) = Volume(lf) > O for all i, the volume of A would be greater or equal
to Zi Volume(4;) = o0. To avoid this contradiction we must have (pk )N <pZ U) # 0 for
some k > £, which implies ¢*~¢(U) NI £ . O

THEOREM 2.16 (Poincaré’s last geometric theorem). Suppose that ¢ : A — A is an area-
preserving diffeomorphism of the closed annulus A = R/Z x [—1, 1] that preserves the
two components of the boundary and twists them in opposite directions. Then ¢ has at
least two fixed points.

This theorem was proved in 1913 by Birkhoff [18], and hence is also called the
Poincaré-Birkhoff theorem. It has important applications to dynamical systems and ce-
lestial mechanics. The Arnold conjecture on the existence of fixed points for symplecto-
morphisms of compact manifolds (see Section 5.2) may be regarded as a generalization
of the Poincaré-Birkhoff theorem. This conjecture has motivated a significant amount of
research involving a more general notion of generating function; see, for instance, [41,55].

2.7. Lagrangians and special Lagrangians in C"

The standard Hermitian inner product h(-,-) on C" has real and imaginary parts given by
the Euclidean inner product (-, -) and {minus) the symplectic form wy, respectively: for
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v=(X14+i¥1l,...., X0 +iVn), u={ay +iby1,...,a, +ib,) € C",

n n

h(v,u) =y (o +iyd(ar —ibe) =Y (ax + i) —i Y (eebk — yieax)

k=1 k=1 k=1

= (v, u) —iwo(v, u).

LEMMA 2.17. Let W be a subspace of (C", wg) and ey, ..., e, vectors in C". Then:
(a) W is Lagrangian if and only if W- =iW;
(b) (e1,...,en) is an orthonormal basis of a Lagrangian subspace if and only if
(e1, ..., ey) is a unitary basis of C".
PROOF. (a) We always have wo(v, u) = —imh(v,u) =reh(iv,u) = {iv, u). It follows

that, if W is Lagrangian, so that wo(v, u) = 0 for all v,u € W, then iW C W-L. These
spaces must be equal because they have the same dimension. Reciprocally, when (iv, u) =
0 for all v,u € W, the equality above shows that W must be isotropic. Since dimW =
dimiW = dim W+ = 2n — dim W, the dimension of W must be .

(b) If (e1,...,en) is an orthonormal basis of a Lagrangian subspace W, then, by the
previous part, (ej, ..., en, i€1, ..., ie,) is an orthonormal basis of C" as a real vector space.
Hence (e, ..., e,) must be a complex basis of C" and it is unitary because h{e;, ex) =
(ej, ex) —iwple;, ex) = &;x. Conversely, if (e, ..., e,) is a unitary basis of C", then the
real span of these vectors is Lagrangian (wo(e;, ex) = —imh(e}, ex) = 0) and they are
orthonormal ({e;, ex) =reh(ej, ex) =8;;1). .

The Lagrangian Grassmannian A, is the set of all Lagrangian subspaces of C”. It fol-
lows from part (b) of Lemma 2.17 that A, is the set of all subspaces of C" admitting an

orthonormal basis that is a unitary basis of C”. Therefore, we have

An = U(n)/O).

Indeed U(n) acts transitively on A,: given W, W’ € A, with orthonormal bases (ey, ..., e,),
(€], ..., e,), respectively, there is a unitary transformation of C” that maps (e, ..., €,) to
(€}, ..., e)) as unitary bases of C". And the stabilizer of R” € A, is the subgroup of those

unitary transformations that preserve this Lagrangian subspace, namely O(n). It follows
that A, is a compact connected manifold of dimension w; cf. the last example of
Section 1.1.

The Lagrangian Grassmannian comes with a tautological vector bundle

r,,::{(W,v)eAnxC”]veW},

whose fiber over W € A, is the n-dimensional real space W . It is a consequence of part (a)
of Lemma 2.17 that the following map gives a well-defined global isomorphism of the
complexification 1, ®g C with the trivial bundle C” over A, (i.e., a global trivialization):
W, v®c)—~> (W, cv),forWe A,,veW,ceC.
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DEFINITION 2.18. A Lagrangian immersion of a manifold X is an immersion f: X — C”
such that df, (T, X) is a Lagrangian subspace of (C", wy), for every p € X.

EXAMPLE. The graph of a map #:R” — iR” is an embedded n-dimensional subman-
ifold X of C”". Its tangent space at (p, h(p)) is {v +dh,(v) v € R"}. Let ey, ..., e,
be the standard basis of R". Since wo(ex +dhp(er), ej +dhp(e;)) = {ex, —idhp(e;)) +

(ej,idhp(er)), we see that X is Lagrangian if and only if %ﬁ = gixi, Vj, k, which in R"

is if and only if £ is the gradient of some H :R" — iR.
If f:X — C" is a Lagrangian immersion, we can define a Gauss map

A X — Ay,
pr—dfp(TpX).

Since A%1, = TX and 1, ® C >~ C", we see that a necessary condition for an immersion
X - C”f to exist is that the complexification of 7 X be trivializable. Using the h-principle
(Section 3.2), Gromov [65] showed that this is also sufficient: an n-dimensional manifold
X admits a Lagrangian immersion into C" if and only if the complexification of its tangent
bundle is trivializable.

EXAMPLE. For the unit sphere §” = {(,x) € R x R": 12 + |x|? = 1}, the Whiey sphere
immersion is the map

f:8" —C

(t,x) — x +itx.

The only self-intersection is at the origin where f(—1,0,...,0) = f(1,0,...,0). Since
Ty 08" = (t, x)*t, the differential df.x) @, v) = v +i(tv 4+ ux) is always injective:
v+i(tv+ux)=0< v=0and ux =0, but when x =0 itis t = 1 and T41,0)S" =
{0} x R", so it must be u = 0. We conclude that f is an immersion. By computing
wg at two vectors of the form v + i(tv + ux), we find that the image df,(7,S") is an
n-dimensional isotropic subspace of C". Therefore, f is a Lagrangian immersion of §”,
and the complexification 7 §" ® C must be always trivializable, though the tangent bundle
T S" is only trivializable in dimensions n =0, 1, 3, 7.

The special Lagrangian Grassmannian S A, is the set of all oriented subspaces of C”
admitting a positive orthonormal basis (eq, ..., ;) that is a special unitary basis of C". By
the characterization of Lagrangian in the part (b) of Lemma 2.17, it follows that the ele-
ments of S A, are indeed Lagrangian submanifolds. Similarly to the case of the Lagrangian
Grassmannian, we have that

S A, ~ SU(n)/SO(n)

is a compact connected manifold of dimension L";ﬁ - 1.
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We can single out the special Lagrangian subspaces by expressing the condition on the
determinant in terms of the real n-form in C”,

B:=1im$2, where 2:=dziA---Adz,.

Since for A € SO(n), we have det A = 1 and £2(ey,...,e,) = 2(Aey, ..., Ae,), We see
that, for an oriented real n-dimensional subspace W C C", the number £2(eq, ..., ¢,) does
not depend on the choice of a positive orthonormal basis (e1, ..., e,) of W, thus can be
denoted £2(W) and its imaginary part (W).

PROPOSITION 2.19. A subspace W of (C", wy) has an orientation for which it is a special
Lagrangian if and only if W is Lagrangian and B(W) =0.

PROOF. Any orthonormal basis (eq, ..., ¢,) of a Lagrangian subspace W C C” is the im-
age of the canonical basis of C" by some A € U(n), and 2(W) =det A € S!. Therefore,
W admits an orientation for which such a positive (ey, ..., e,) is a special unitary basis
of C" if and only if det A = &1, i.e., (W) =0. O

DEFINITION 2.20. A special Lagrangian immersion of an oriented manifold X is a La-
grangian immersion f : X — C” such that, at each p € X, the space df, (T, X) is a special
Lagrangian subspace of (C", wg).

For a special Lagrangian immersion f, the Gauss map A ; takes valuesin SA,,.
By Proposition 2.19, the immersion f of an r-dimensional manifold X in (C", wy) is
special Lagrangian if and only if f*wp=0and f*8 =0.

EXAMPLE. In C2, writing z; = x¢ + iyg, we have B =dxi Adyy +dy; Adxy. We have
seen that the graph of the gradient iVH is Lagrangian, for any function H :R? > R.
So f(x1,x2) = (x1,x2,1 %, i g—g) is a Lagrangian immersion. For f to be a special La-

grangian immersion, we need the vanish of

OH dH 2H 9°H
f*ﬂ =dx; /\d(gx—z) +d<8—m) /\dxz = (W + ?>dx1 Ndx;.
1 2

Hence the graph of VH is special Lagrangian if and only if H is harmonic.

If f/:X — C7 is a special Lagrangian immersion, then f*£2 is an exact (real) volume
form: f*2 =dre(z1dzy A --- Adz,). We conclude, by Stokes theorem, that there can be
no special Lagrangian immersion of a compact manifold in C”. Calabi—Yau manifolds*!
are more general manifolds where a definition of special Lagrangian submanifold makes
sense and where the space of special Lagrangian embeddings of a compact manifold is
interesting. Special Lagrangian geometry was introduced by Harvey and Lawson [71]. For
a treatment of Lagrangian and special Lagrangian submanifolds with many examples; see,
for instance, [9].

2L Calabi-Yau manifolds are compact Kahler manifolds (Section 3.4) with vanishing first Chern class.
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3. Complex structures
3.1. Compatible linear structures

A complex structure on a vector space V is a linear map J:V — V such that J2 = —Id.
The pair (V, J) is then called a complex vector space.A complex structure J on V is
equivalent to a structure of vector space over C, the map J corresponding to multipli-
cation by i. If (V, £2) is a symplectic vector space, a complex structure J on V is said
to be compatible (with §2, or §2-compatible) if the bilinear map G;:V x V — R de-
fined by G j(u, v) = $2(u, Jv) is an inner product on V. This condition comprises J be-
ing a symplectomorphism (i.e., £2(Ju, Jv) = £2(u, v), Yu, v) and the so-called taming:
2w, Ju) >0,Vu #£0.

EXAMPLE. For the symplectic vector space (R, $2p) with symplectic basis e; =
1,0,...,0),...,en, f1,---» fn =(0,...,0,1), there is a standard compatible complex
structure Jo determined by Jo(e;) = f; and Jo(f;) = —e; forall j =1, ..., n. This corre-
sponds to a standard identification of R?" with C", and £20(u, Jov) = (u, v) is the standard
Euclidean inner product. With respect to the symplectic basis ey, ..., ¢,, f1,..., fa, the
map Jy is represented by the matrix

0 -Id

d 0 |
The symplectic linear group, Sp(2n) := {A € GL(2n; R) | £20(Au, Av) = 2¢(u, v) for all
u, v € R¥"}, is the group of all linear transformations of R?" that preserve the standard sym-
plectic structure. The orthogonal group O(2n) is the group formed by the linear transfor-
mations A that preserve the Euclidean inner product, {(Au, Av) = (4, v), forallu,v € R2,
The general complex group GL(n; C) is the group of linear transformations A : R>* — R?”
commuting with Jy, A(Jov) = Jo(Av), forall v € R2" 22 The compatibility between the

structures £2p, (-, -) and Jy implies that the intersection of any two of these subgroups of
GL(2n; R) is the same group, namely the unitary group U(n).

As (R?", 20) is the prototype of a 2n-dimensional symplectic vector space, the preced-
ing example shows that compatible complex structures always exist on symplectic vector
spaces.?® There is yet a way to produce a canonical compatible complex structure J after
the choice of an inner product G on (V, £2), though the starting G (i, v) is usually different
from G, (u, v) 1= £2(u, Jv).

PROPOSITION 3.1. Let (V, £2) be a symplectic vector space, with an inner product G.
Then there is a canonical compatible complex structure J on V.

X -Y )
Yy X7
23Conversely, given (V, J), there is a symplectic 2 with which J is compatible: take 2 (u, v) = G(Ju, v) for

an inner product G such that J/ = —J.

221dentify the complex n x n matrix X + i ¥ with the real 21 x 2n matrix (
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PROOF. By nondegeneracy of 2 and G, the maps u — 2(u,-) and w —» G(w, ")
are both isomorphisms between V and V*. Hence, £2(u, v) = G(Au, v) for some lin-
ear A:V — V. The map A is skew-symmetric, and the product AA’ is symmetric?*
and positive: G(AA'u,u) = G(A'u, A'u) > 0, for u # 0. By the spectral theorem,
these properties imply that AA" diagonalizes with positive eigenvalues A;, say AA’ =
Bdiag(Ay, ..., 2,) B ~1. We may hence define an arbitrary real power of AA’ by rescal-
ing the eigenspaces, in particular,

VAA" := Bdiag(s/A1, ...,/ Am)B .

The linear transformation v AA’ is symmetric, positive-definite and does not depend on
the choice of B nor of the ordering of the eigenvalues. It is completely determined by its
effect on each eigenspace of AA’: on the eigenspace corresponding to the eigenvalue Ay,
the map +/ A A’ is defined to be multiplication by +/A.

Let J := (V/AA)"lA. Since A and v/ AA’ commute, J is orthogonal (JJ' =1Id), as
well as skew-symmetric (J' = —J). It follows that J is a complex structure on V. Com-
patibility is easily checked:

2(Ju, Jvy=G(AJu,Jv)=G(JAu, Jv) = G(Au,v) = 2(u, v)
and
2w, Ju)y=G(Au, Ju) = G(—JAu,u) = G(mu, u) >0, foruz#0. O
The factorization A = +/AA? J is called the polar decomposition of A.

REMARK. Being canonical, this construction may be smoothly performed: when (V;, £2;)
is a family of symplectic vector spaces with a family G; of inner products, all depending
smoothly on a parameter ¢, an adaptation of the previous proof shows that there is a smooth
family J; of compatible complex structures on (V;, §2,).

Let (V, £2) be a symplectic vector space of dimension 2n, and let J be a complex struc-
ture on V. If J is £2-compatible and L is a Lagrangian subspace of (V, £2), then JL is
also Lagrangian and JL = L+, where L indicates orthogonality with respect to the inner
product G, (u, v) = £2(u, Jv). Therefore, a complex structure J is §£2-compatible if and
only if there exists a symplectic basis for V of the form

ei,e2,....en, fr=Je, fa=Je ..., fo=Je,.

Let J(V, §2) be the set of all compatible complex structures in a symplectic vector space
(V,$2).

2N map B:V — V is symmetric, respectively skew-symmetric, when B' = B, respectively B’ = —B, where
the transpose B' : V > V is determined by G(B'u, v) = G(u, Bv).
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PROPOSITION 3.2. The set J(V, $2) is contractible®

PROOF. Pick a Lagrangian subspace Lo of (V, £2). Let L(V, £2, Lg) be the space of all
Lagrangian subspaces of (V, §2) that intersect Ly transversally. Let G(Lo) be the space of
all inner products on Lg. The map

Vi J(WV,2) — LV, 2, Lo x G(Lo),
J+— (JLo,G,|L,)

is a homeomorphism, with inverse as follows. Take (L, G) € L(V, §2, Lg) x G(Ly). For
ve Ly, vi={ueLy|Gu,v)=0}isa (n — 1)-dimensional space of Lo; its symplectic
orthogonal (vH)*# is (n + 1)-dimensional. Then (v+)? N L is 1-dimensional. Let Jv be the
unique vector in this line such that 2 (v, Jv) = 1. If we take v’s in some G-orthonormal
basis of Lg, this defines an element J € J(V, £2).

The set L(V, $2, Lg) can be identified with the vector space of all symmetric n x n
matrices. In fact, any n-dimensional subspace L of V that is transverse to L is the graph
of a linear map J Lo — Lg, and the Lagrangian ones correspond to symmetric maps (cf.
Section 1.1). Hence, £(V, £2, Lg) is contractible. Since G(Lg) is contractible (it is even
convex), we conclude that 7(V, £2) is contractible. 0

3.2. Compatible almost complex structures

An almost complex structure on a manifold M is a smooth?® field of complex structures
on the tangent spaces, J, : T,M — T, M, p € M. The pair (M, J) is then called an almost
complex manifold.

DEFINITION 3.3. An almost complex structure J on a symplectic manifold (M, w) is
compatible (with w or w-compatible) if the map that assigns to each point p € M the
bilinear pairing g,:T,M X T,M — R, g,(u,v) := wp(u, Jpv) is a Riemannian metric
on M. A triple (w, g, J) of a symplectic form, a Riemannian metric and an almost complex
structure on a manifold M is a compatible triple when g(-, ) = w(-, J-).

If (w, J, g) is a compatible triple, each of w, J or g can be written in terms of the other
two.

EXAMPLES.
1. If we identify R?* with C” using coordinates z j = Xj + iy, multiplication by i
induces a constant linear map Jo on the tangent spaces such that JO2 = —Id, known

25 Contractibility of J(V, 52) means that there exists a homotopy /, : J(V, 2) - J(V, §2),0< 1 < 1, starting
at the identity hg = Id, finishing at a trivial map 4 : J(V, §2) — {Jo}, and fixing Jy (i.e., i; (Jg) = Jg, V¢) for
some Jg € J(V, £2).

26 Smoothness means that for any vector field v, the image Jv is a (smooth) vector field.
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as the standard almost complex structure on R?":

3 9 3 3
()s HG)
dxj /) Byj dy; 9x;

For the standard symplectic form wo = Y dx; A dy; and the Euclidean inner product
go = (-, -}, the compatibility relation holds: wo(u, v) = go(Jo(u), v).

2. Any oriented hypersurface X' C R? carries a natural symplectic form and a natural
compatible almost complex structure induced by the standard inner (or dot) and exte-
rior (or vector) products. They are given by the formulas wp, (4, v) 1= {(v,, u X v) and
Jp(v) =v, x v for veT,X%, where v, is the outward-pointing unit normal vector
at p € X (in other words, v: X — S? is the Gauss map). Cf. Example 3 of Sec-
tion 1.2. The corresponding Riemannian metric is the restriction to X of the standard
Euclidean metric (-, -).

3. The previous example generalizes to the oriented hypersurfaces M C R’. Regarding
u,v € R7 as imaginary octonions (or Cayley numbers), the natural vector product
1 x v is the imaginary part of the product of u and v as octonions. This induces a
natural almost complex structure on M given by J,(v) = v, x v, where v, is the
outward-pointing unit normal vector at p € M. In the case of S, at least, this J is
not compatible with any symplectic form, as § 6 cannot be a symplectic manifold.

As a consequence of the remark in Section 3.1, we have:

PROPOSITION 3.4. On any symplectic manifold (M, w) with a Riemannian metric g, there
is a canonical compatible almost complex structure J .

Since Riemannian metrics always exist, we conclude that any symplectic manifold has
compatible almost complex structures. The metric g, (-, -) ;= w(:, J-) tends to be different
from the given g(:, -).

PROPOSITION 3.5. Let (M, J) be an almost complex manifold where J is compatible with
two symplectic forms wq, w| Then wy and w) are deformation-equivalent.

PROOF. Simply take the convex combinations w; = (1 — f)wp +tw;, 0 <t < 1. d

A counterexample to the converse of this proposition is provided by the family o, =
cosmtdxy Ady) +sinmtdxy Adyy+sinmtdy; Adxy+cosmtdxy Ady, for 0 <t < 1.
There is no J in R* compatible with both wg and w1 = —wy.

A submanifold X of an almost complex manifold (M, J) is an almost complex subman-
ifold when J(TX)CTX,ie,wehave J,veT,X,Vpe X,veT,X.

PROPOSITION 3.6. Let (M, w) be a symplectic manifold equipped with a compatible al-
most complex structure J. Then any almost complex submanifold X of (M, J) is a sym-
plectic submanifold of (M, w).
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PROOF. Let i:X <> M be the inclusion. Then i*o» is a closed 2-form on X. Since
wp(u,v) = g,(Jpu,v), Vp € X, Yu,v € T, X, and since gplrpx is nondegenerate, so is
wplT, X5 and i*w is nondegenerate. d

It is easy to see that the ser J(M, ) of all compatible almost complex structures on a
symplectic manifold (M, ) is path-connected. From two almost complex structures Jo, J;
compatible with @, we get two Riemannian metrics go(-, ) = w (-, Jo-), g1(, ) = w (-, J1-).
Their convex combinations

&) =1 —-0go(,)+1g1(,-), 0<r<1,

form a smooth family of Riemannian metrics. Applying the polar decomposition to the
family (w, g;), we obtain a smooth path of compatible almost complex structures J; joining
Jo to Jy. The set J(M, w) is even contractible (this is important for defining invariants).
The first ingredient is the contractibility of the set of compatible complex structures on a
vector space (Proposition 3.2). Consider the fiber bundle .7 — M with fiber over p € M
being the space 7, :== J (T, M, w,) of compatible complex structures on the tangent space
at p. A compatible almost complex structure on (M, w) is a section of J. The space of
sections of 7 is contractible because the fibers are contractible.?’

The first Chern class c1 (M, w) of a symplectic manifold (M, w) is the first Chern class
of (T M, J) for any compatible J. The class ¢ci(M,w) € H 2(M; 7)) is invariant under de-
formations of w.

We never used the closedness of @ to obtain compatible almost complex structures. The
construction holds for an almost symplectic manifold (M, w), that is, a pair of a mani-
fold M and a nondegenerate 2-form o, not necessarily closed. We could further work with
a symplectic vector bundle, that is, a vector bundle E — M equipped with a smooth field w
of fiberwise nondegenerate skew-symmetric bilinear maps (Section 1.6). The existence of
such a field o is equivalent to being able to reduce the structure group of the bundle from
the general linear group to the linear symplectic group. As both Sp(2n) and GL(n; C) re-
tract to their common maximal compact subgroup U(n), a symplectic vector bundle can be
always endowed with a structure of complex vector bundle, and vice-versa.

Gromov showed in his thesis [63] that any open®® almost complex manifold admits a
symplectic form. The books [42, §10.2] and [99, §7.3] contain proofs of this statement
using different techniques.

THEOREM 3.7 (Gromov). For an open manifold the existence of an almost complex struc-
ture J implies that of a symplectic form w in any given 2-cohomology class and such that
J is homotopic to an almost complex structure compatible with .

From an almost complex structure J and a metric g, one builds a nondegenerate 2-form
w(u, v) = g(Ju, v), which will not be closed in general. Closedness is a differential re-

27The base being a (second countable and Hausdorff) manifold, a contraction can be produced using a countable
cover by trivializing neighborhoods whose closures are compact subsets of larger trivializing neighborhoods, and
such that each p € M belongs to only a finite number of such neighborhoods.

28 A manifold is open if it has no closed connected components, where closed means compact and without
boundary.
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lation, i.e., a condition imposed on the partial derivatives, encoded as a subset of jer
space. One says that a differential relation satisfies the h-principle® if any formal solution
(i.e., a solution for the associated algebraic problem, in the present case a nondegenerate
2-form) is homotopic to a holonomic solution (i.e., a genuine solution, in the present case a
closed nondegenerate 2-form). Therefore, when the h-principle holds, one may concentrate
on a purely topological question (such as the existence of an almost complex structure) in
order to prove the existence of a differential solution. Gromov showed that, for an open
differential relation on an open manifold, when the relation is invariant under the group
of diffeomorphisms of the underlying manifold, the inclusion of the space of holonomic
solutions into the space of formal solutions is a weak homotopy equivalence, i.e., induces
isomorphisms of all homotopy groups. The previous theorem fits here as an application.

For closed manifolds there is no such theorem: as discussed in Section 1.2, the existence
of a 2-cohomology class whose top power is nonzero is also necessary for the existence
of a symplectic form and there are further restrictions coming from Gromov—Witten theory
(see Section 4.5).

3.3. Integrability

Any complex manifold®® has a canonical almost complex structure J. It is defined lo-
cally over the domain U/ of a complex chart ¢ : U/ — V C C", by Jp(%lp) = éi—j]p and
J P(aiyj [p) = ~%l p» where these are the tangent vectors induced by the real and imag-
inary parts of the coordinates of ¢ = (z1,...,2n), 2; = x; + Iy;. This yields a globally
well-defined J, thanks to the Cauchy-Riemann equations satisfied by the components of
the transition maps.

An almost complex structure J on a manifold M is called integrable when J is in-
duced by some underlying structure of complex manifold on M as above. The question
arises whether some compatible almost complex structure J on a symplectic manifold
(M, w) is integrable. To understand what is involved, we review Dolbeault theory and the
Newlander—Nirenberg theorem.

Let (M, J) be a 2n-dimensional almost complex manifold. The fibers of the complexi-
fied tangent bundle, T M ® C, are 2n-dimensional vector spaces over C. We may extend J
linearly to TM @ Cby J(v®c¢)=Jv®c,ve TM, c € C. Since J?> = —Id, on the com-
plex vector space (I'M ® C), the linear map J, has eigenvalues =£i. The (+i)-eigenspaces
of J are denoted T, and Tj, 1, respectively, and called the spaces of J-holomorphic and
of J-anti-holomorphic tangent vectors. We have an isomorphism

(1,0, 7m0,1): TM®C N Ti0 To.1,
1
v E(v—iJv,v+iJv),

2There are in fact different h-principles depending on the different possible coincidences of homotopy groups
for the spaces of formal solutions and of holonomic solutions.

304 complex manifold of (complex) dimension # is a set M with a complete complex atlas {Uy, Vi, @), @ €
index set 1} where M =, Uy, the V, s are open subsets of C”, and the maps ¢« :Uy —> V, are bijections such
that the transition maps Yog = g © 94 ! :Vap — Vg are biholomorphic (i.., bijective, holomorphic and with
holomorphic inverse) as maps on open subsets of C", Vup = ga Uy NUg).
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where the maps to each summand satisfy 71,90 J = im0 and 7o 1 0 J = —imp 1. Restrict-
ingmyoto TM,weseethat (TM,J) =T ¢ m, as complex vector bundles, where the
multiplication by i is given by J in (T M, J) and where Ty | denotes the complex conjugate
bundle of T 1.

Similarly, J* defined on T*M ® C by J*& =& o J has (&i)-eigenspaces T1-0 = (77 o)*
and T%! = (Tp,1)*, respectively, called the spaces of complex- lmear and of complex-
antilinear cotangent vectors. Under the two natural projections 710, 701, the complex-
ified cotangent bundle splits as

(nl*o,no*l) T*MQC = 719 701,
1
§r— E(S —iJYEE+ITTE).
Let

L+m=k

where AS™ = (A*T10) A (A”TO1), and let 2K(M;C) be the space of sections of
AXT*M @ C), called complex-valued k-forms on M. The differential forms of type
(¢, m) on (M,J) are the sections of A®™, and the space of these differential forms
is denoted £2%™. The decomposition of forms by Dolbeault type is 2K(M;C) =
By 2°™. Let mbm: AMT*M ®C) — A“™ be the projection map, where £+m = k.
The usual exterior derivative d (extended linearly to smooth complex-valued forms) com-
posed with two of these projections induces the del and del-bar differential operators,
3 and 38, on forms of type (£, m):

a = n€+1,m od:ge,m SN Ql+1,m
and
§:=mtmtlod. @bm 5 Qbm+l
If B € 26™(M), with k = £ + m, then dB € Q2FT1(M; C):

dp = Z a"%dB = 7rk+1’0dﬁ 4+ 438+ 5,3 4o +7r0’k+1dﬂ.
r+s=k+1

In particular, on complex-valued functions we have df = d(re f) +id(im f) and d =
8+ 9, where d =700 d and § = #%! o d. A function fM—Ci 1s J-holomorphic
at p € M if df, is complex linear, ie., df, o J, =idf, (or df, € T ) A function f
is J-holomorphic if it is holomorphic at all p € M. A function f: M — C is J-anti-
holomorphic at p € M if df), is complex antilinear, i.e., dfp 0 J, = —i df, (ordf, € T0 1)
that is, when the conjugate function f is holomorphic at p € M. In terms of 3§ and 9,
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a function f is J-holomorphic if and only if df =0, and f is J-anti-holomorphic if and
only if 3f =0.

When M is a complex manifold and J is its canonical almost complex structure, the
splitting KM; C) =D, =k 6™ is particularly interesting. Let /{ C M be the domain
of a complex coordinate chart ¢ = (z1, .. ., Zn), Where the corresponding real coordinates
X15 Y1 - - -» Xn, Y satisfy z; = x; +iy;. In terms of

0 1/ 8 . 0 and ] 17 9 i a
— === —i— nd —==-|—+i—|,
aZj 2 ax/' ayj 3Zj 2 an ayj
the (&i)-eigenspaces of J, (p € U) can be written

d
T =C- —
(T1,0)p Span{ 52,

J
: j:l,...,n} and (To,l)p=<C-SPan{T
) 0z;

J

Similarly, putting dz; = dx; +idy; and dz; = dx; —idy;, we obtain simple formulas
for the differentials of a b € C®°WU; C), 0b=>_ %dq and 8b = 3 %}dij, and we have

TLO = C-span{dz;: j=1,...,n}and 701 = C-span{dz;: j =1,...,n}. If we use multi-
index notation J = (ji,..., je) where 1 < jj <--- < je <n, |[J| =4 and dz; =dzj N
dzj, A---ANdzj,, then the set of (£, m)-forms on U is

Qb= { > brkdzy Adzg |byx € COWU; C)}.
[J1=¢, |Ki=m

A form B € 2K(M; C) may be written over I as

,3= Z ( Z bJ’KdZJ /\dZK).
+m=k NJi=¢t, |K|=m
Since d = 8 + 8 on functions, we get

dﬁ:Z( Z db,,KAdszzK)

L+m=k “J|=¢, |K|=m

= Z( > 8byx Adzg Adig

L+m=k “|J|=t, |K|=m

et+lm

+ Z éb.],[( Adzy /\dZK)
[J1=¢. |K|=m

eQ(,mH

=3B + 98,
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and conclude that, on a complex manifold, d = 8 + 3 on forms of any degree. This cannot
be proved for an almost complex manifold, because there are no coordinate functions z; to
give a suitable basis of 1-forms.

When d = 8 + 8, for any form g € 24m we have

32 =0,
0=d’B= 0’8 +33B+adB+ 3B — 33 + 09 =0,
T = 32=0.

EQ(+2,m e_QZ+1.m+1 ctm+2

. . 3 3 ] . . .
Since 32 = 0, the chain 0 — 2%% = %1 5 242 %5 ... s a differential complex.

Its cohomology groups

kerd: 246m — tmtl
imd: tm=1 - Qtm

£,m —
HDolbeault(M ) T

are called the Dolbeault cohomology groups. The Dolbeault theorem states that for com-
plex manifolds ngl)r;lbeault(M )y = H™(M; O(R2E9)), where O(£2¢9) is the sheaf of
forms of type (£, 0) over M.

It is natural to ask whether the identity d = 8 + 8 could hold for manifolds other than
complex manifolds. Newlander and Nirenberg [106] showed that the answer is no: for an

almost complex manifold (M, J), the following are equivalent

M is a complex manifold <<= N=0 &= d=08+39
= §?=0,

where N is the Nijenhuis tensor:
NX,Y)=[JX,JY]-JJX,Y]1-JIX,JY]-[X,Y],

for vector fields X and Y on M, [, -] being the usual bracket.3! The Nijenhuis tensor can
be thought of as a measure of the existence of J-holomorphic functions: if there exist n
J-holomorphic functions, fi1, ..., fy,on R?", that are independent at some point p, i.e., the
real and imaginary parts of (df1),,..., (df,)p, form a basis of T;Rz”, then A/ vanishes
identically at p. More material related to Dolbeault theory or to the Newlander—Nirenberg
theorem can be found in [23,37,62,76,141].

EXAMPLE. Out of all spheres, only % and $¢ admit almost complex structures [121,
§41.20]. As a complex manifold, S if referred to as the Riemann sphere CP!. The almost
complex structure on § from Example 3 of Section 3.2 is not integrable, but it is not yet
known whether $6 admits a structure of complex manifold.

31The bracket of vector fields X and ¥ is the vector field [X, Y] characterized by the property that Ly y| f :=
Lx(Ly f)—=Ly(Lx f), for f € CP(M), where Ly f =df(X).
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In the (real) 2-dimensional case A always vanishes simply because N is a tensor, i.e.,
N(fX,gY) = fgN(X,Y) for any f,g € C®°(M), and N(X, JX) =0 for any vector
field X. Combining this with the fact that any orientable surface is symplectic, we con-
clude that any orientable surface is a complex manifold, a result already known to Gauss.
However, most almost complex structures on higher-dimensional manifolds are not inte-
grable. In Section 3.5 we see that the existence of a complex structure compatible with a
symplectic structure on a compact manifold imposes significant topological constraints.

3.4. Kihler manifolds

DEFINITION 3.8. A Kdhler manifold is a symplectic manifold (M, w) equipped with an
integrable compatible almost complex structure J. The symplectic form w is then called a
Kdhler form.

As a complex manifold, a Kéhler manifold (M, w, J) has Dolbeault cohomology. As it
is also a symplectic manifold, it is interesting to understand where the symplectic form
sits with respect to the Dolbeault type decomposition.

PROPOSITION 3.9. A Kdhler form w is a 8- and d-closed (1, 1)-form that is given on a
local complex chart U, 21, ..., 2n) by

. n
I —
a)=§ AkE lhjdej/\de,
JKk=

where, at every point p € U, (hi(p)) is a positive-definite Hermitian matrix.

In particular,  defines a Dolbeault (1, 1)-cohomology class, [w] € HI;‘ollbeaul

(M),

PROOF. Being aform in 22(M; C) = 2%0@ 21! © 292, with respect to a local complex
chart, w can be written

w=Y ajdzi Adu+ Y bjdzj Adic+ Y cjdij Ad

for some aji, bjx, cjx € C°°U; C). By the compatibility of w with the complex struc-
ture, J is a symplectomorphism, that is, J*@ = @ where (J*w)(u, v) := w(Ju, Jv). Since
J*dzj=dzjoJ =idzjand J*dz; =dzj o J = —idz;, we have J*w = o if and only
if the coefficients aj; and ¢ j; all vanish identically, that is, if and only if ® € 251 Since
w is closed, of type (1,1) and dw = dw + dw, we must have 3w =0 and dw = 0. Set
bjy= %hjk. As w is real-valued, i.e., w = ’5 Y hjxdzjndZgand o = —% Zmdzj Adzy
coincide, we must have  j; = h_kj_ for all j and k. In other words, at every point p € I/, the
n x n matrix (h jx(p)) is Hermitian. The nondegeneracy amounts to the nonvanishing of

" :n!(%) det(hjrydzy Adzy A e Adzy ANdZy.
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Therefore, at every p € M, the matrix (A 1 (p)) must be nonsingular. Finally, the positivity
condition w (v, Jv) > 0, Yv # 0, from compatibility, implies that, at each p € I/, the matrix
(A1 (p)) is positive-definite. O

Consequently, if wg and w; are both Kéhler forms on a compact manifold M with
[wo] = [wi] € Hdchham(M), then (M, wg) and (M, w;) are strongly isotopic by Moser’s
Theorem 1.7. Indeed w; = (1 — f)wg + tw; is symplectic for ¢ € [0, 1], as convex combi-
nations of positive-definite matrices are still positive-definite.

Another consequence is the following recipe for Kihler forms. A smooth real func-
tion p on a complex manifold M is strictly plurisubharmonic (s.p.s.h.) if, on each local
complex chart U, z1,...,z,), the matrix (%(p)) is positive-definite at all p € . If
p € C®(M; R) is s.p.s.h., then the form

i -
=-0dd
200P

is Kihler. The function p is then called a (global) Kdihler potential.

EXAMPLE. Let M = C" >~ R*", with complex coordinates (z1, .. ., z,) and corresponding
real coordinates (x1, yi, ..., Xy, yp) via z; =x; +1iy;. The function

n
PEL YL s X y) = Y (X +¥0) =D lgiP = 2%

j=1

is s.p.s.h. and is a Kéhler potential for the standard Kihler form:

Eaap_ ZijkdzJ/\dzk_ Zdz]/\dzj Xj:dxjAdyj—wo
7,

There is a local converse to the previous construction of Kéhler forms.

PROPOSITION 3.10. Let w be a closed real-valued (1, 1)-form on a complex mani-
fold M and let p € M. Then on a neighborhood U of p we have w = ‘283/) for some
pEC®WU;R).

The proof of this theorem requires holomorphic versions of Poincaré’s lemma, namely,
the local triviality of Dolbeault groups (the fact that any point in a complex manifold admits
a neighborhood U such that Hé’(:fbeault (U) =0 for all m > 0) and the local triviality of the
holomorphic de Rham groups; see [62].

For a Kahler w, such a local function p is called a local Kiihler potential.

PROPOSITION 3.11. Let M be a complex manifold, p € C*°(M; R) s.p.s.h., X a complex
submanifold, and i : X < M the inclusion map. Then i*p is s.p.s.h.
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PROOF. It suffices to verify this locally by considering a complex chart (z1, ..., z,) for M
adapted to X so that X is given there by the equations z; = --- = z,, = 0. Being a
.. . . 42 .
principal minor of the positive-definite matrix (a;?—aa(o, o0, Zm+1, - .-, 2Zn)) the matrix
9%k
32 . .. .
(m(o, .oy 0, Zim41, - - -, Zn)) 1s also positive-definite. Od

COROLLARY 3.12. Any complex submanifold of a Kihler manifold is also Kdihler.

DEFINITION 3.13. Let (M, w) be a Kihler manifold, X a complex submanifold, and
i: X — M the inclusion. Then (X, i*w) is called a Kéhler submanifold.

EXAMPLES.

1. Complex vector space (C", wp) where wg = ’5 Y dz; Adz; is Kihler. According to
Corollary 3.12, every complex submanifold of C” is Kéhler.

2. In particular, Stein manifolds are Kiahler. Stein manifolds are the properly embedded
complex submanifolds of C". They can be alternatively characterized as being the
Kaihler manifolds (M, w) that admit a global proper Kéhler potential, i.e., w = %85 0
for some proper function p: M — R.

3. The function z > log(]z|> 4+ 1) on C” is strictly plurisubharmonic. Therefore the
2-form

wEs = %aélog(lzlz +1)

is another Kahler form on C” This is called the Fubini-Study form on C".
4. Let {4;,C", ¢;), j =0,...,n} be the usual complex atlas for complex projective

space.32 The form wgs is preserved by the transition maps, hence ¢*wgs and (p,’prs
agree on the overlap U; N Uy. The Fubini-Study form on CP" is the Kéhler form
obtained by gluing together the <p7wps, j=0,...,n.

5. Consequently, all nonsingular projective varieties are Kdhler submanifolds. Here by
nonsingular we mean smooth, and by projective variety we mean the zero locus of
some collection of homogeneous polynomials.

6. All Riemann surfaces are Kihler, since any compatible almost complex structure is
integrable for dimension reasons (Section 3.3).

32The complex projective space CP" is the complex n-dimensional manifold given by the space of complex
lines in C”"*1. Tt can be obtained from C"+1 \ {0} by making the identifications (z, ..., ) ~ (Az0s ..., Azn)

for all A € C\ {0}. One denotes by [zg, ..., z;] the equivalence class of (zg,..., zn), and calls zg, ..., zn the
homogeneous coordinates of the point p = [z, ..., zn]. (Homogeneous coordinates are, of course, only deter-
mined up to multiplication by a nonzero complex number A.) Let I{; be the subset of CP" consisting of all points
p=1Iz0.....2n] for which z; #0. Let ¢; :U{; — C" be the map defined by

70 Tj—1 Zj+t z

oilzo. .. zl)==0 . = = =

Zj g% <j
The collection {{4;, C", i), J=0,...,n}is the usual complex atlas for CIP". For instance, the transition map
from Uy, C". g) to U.C" 1) is ¢o1(z1. ..., 2n) = (ﬁ, ;—f g—’l’) defined from the set {(z[, ..., ) €

C" | z1 # 0} to itself.
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7. The Fubini—Study form on the chart Uy = {[z9, z1] € Cp! | zo # 0} of the Riemann
sphere CP! is given by the formula

dx Ady

where ﬁ—(l) =z =x + iy is the usual coordinate on C. The standard area form wgq =
df® A dh is induced by regarding CP! as the unit sphere 52 in R3 (Example 3 of
Section 1.2). Stereographic projection shows that wgg = %ws{d.

8. Complex tori are Kihler. Complex tori look like quotients C" /Z" where Z" is a lattice
in C". The form w =) dz; A dz; induced by the Euclidean structure is Kahler.

9. Just like products of symplectic manifolds are symplectic, also products of Kihler
manifolds are Kdhler.

3.5. Hodge theory

Hodge [73] identified the spaces of cohomology classes of forms with spaces of actual
forms, by picking the representative from each class that solves a certain differential equa-
tion, namely the harmonic representative. We give a sketch of Hodge’s idea. The first part
makes up ordinary Hodge theory, which works for any compact oriented Riemannian man-
ifold (M, g), not necessarily Kihler.

Atapoint p e M, letey, ..., e, be a positively oriented orthonormal basis of the cotan-
gent space T, M, with respect to the induced inner product and orientation. The Hodge
star operator is the linear operator on the exterior algebra of T,y M defined by

*(I)=e; A Aey,
¥(ep A Nep)=1,
k(€1 A ANep)=€pr1 A~ Aey.

We see that * Ak(Tp*M) —> A”‘k(T;M) and satisfies % = (—1)¥*=% _The codifferential
and the Laplacian are the operators defined by

§ = (=D s s QKM — Q2 1(M),
A=ds+8d (25 (M) = 2KMm).

The operator A is also called the Laplace—Beltrami operator and satisfies Ax = xA. On
Q0(R") = C®(R"), it is simply the usual Laplacian A = — Yo 58%2. The inner product
on forms of any degree, '

(-, ) : Q2KM) x (M) — R, (o, B) :=/ o A *pB,
M
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satisfies {(da, B) = {a, 88), so the codifferential § is often denoted by d* and called
the adjoint®® of d. Also, A is self-adjoint (ie., (A, B) = (&, AB)), and (Aa,a) =
|da|? + |8a|? > 0, where | - | is the norm with respect to this inner product. The harmonic
k-forms are the elements of H* = {a € 2F | Ao = 0}. Note that Aa = 0 if and only if
da = 8a = 0. Since a harmonic form is d-closed, it defines a de Rham cohomology class.

THEOREM 3.14 (Hodge). Every de Rham cohomology class on a compact oriented Rie-
mannian manifold (M, g) possesses a unique harmonic representative, i.e., there is an
isomorphism H* ~ H é‘eRham(M :R). In particular, the spaces H* are finite-dimensional.
We also have the following orthogonal decomposition with respect to the inner product on
forms: 2% ~ H* & A(Q¥(M)) ~ H* @ d2*F1 @ s 24+

This decomposition is called the Hodge decomposition on forms. The proof of this and
the next theorem involves functional analysis, elliptic differential operators, pseudodiffer-
ential operators and Fourier analysis; see for instance [62,83,141].

Here is where complex Hodge theory begins. When M is Kihler, the Laplacian satisfies
A =2(33* + 8*9) (see, for example, [62]) and preserves the decomposition according to
type, A: 24" — 4™ Hence, harmonic forms are also bigraded

Hk: @ He.m

L+m=k

and satisfy a Kiinneth formula H&™ (M x N) =~ @ HP (M) @ H™(N).

ptr=£, g+s=m

THEOREM 3.15 (Hodge). Every Dolbeault cohomology class on a compact Kdhler man-

ifold (M, w) possesses a unique harmonic representative, i.e., there is an isomorphism
2,m £,m

H&"™ >~ Hy (M).

olbeault

Combining the two theorems of Hodge, we find the decomposition of cohomology
groups for a compact Kahler manifold

k . —~ £,
HdeRham(M’ C) - @ HD(:;lbeault(M)’
L+m=k

known as the Hodge decomposition. In particular, the Dolbeault cohomology groups
Hé’o"fbeauh are finite-dimensional and H®™ ~ Hm.¢,

Let b*(M) := dim Hé‘eRham(M) be the usual Betti numbers of M, and let h¢™ (M) :=
dim HS™ (M) be the Hodge numbers of M.

Dolbeauit
For an arbitrary compact symplectic manifold (M, w), the even Betti numbers must be
positive, because " is closed but not exact (k=0,1,...,n). In fact, if it were of =da,

by Stokes’ theorem we would have [, " = [}, d(a A " ¥) = 0, which contradicts o"
being a volume form.

33When M is not compact, we still have a formal adjoint of d with respect to the nondegenerate bilinear pairing
() 2% (M) x S?Z.‘ (M) — R defined by a similar formula, where .Qé‘(M ) is the space of compactly supported
k-forms.
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For a compact Kihler manifold (M, w), there are finer topological consequences coming
from the Hodge theorems, as we must have b* = Y timei ht™ and BS™ = p™¢. The
odd Betti numbers must be even because b1 =3y, hEm =2 3% plGkH1-0),
The number £10 = %bl must be a topological invariant. The numbers 4% are positive,

because 0 # [wf] € Hé’oelbeauh(M ). First of all, [w®] defines an element of ngbelbeault as
o € 211 implies that o € 24, and the closedness of w* implies that dw® = 0. If it were
=3B for some B € 20714 then 0" = W A"t = 3(B A@"*) would be §-exact. But
[@"]#0in Hdzé’Rham(M s ©) >~ HL oo (M) since it is a volume form. A popular diagram
to describe relations among Hodge numbers is the Hodge diamond:

pion
hn,n—l hn—l,n
hn,n—Z hn—l,n—l hn—Z,n
h2’0 hl,l h0’2
hl,O hO,l
h0,0

Complex conjugation gives symmetry with respect to the middle vertical, whereas the
Hodge star operator induces symmetry about the center of the diamond. The middle verti-
cal axis is all nonzero.

There are further symmetries and ongoing research on how to compute ng})rfbeault for
a compact Kahler manifold (M, w). In particular, the hard Lefschetz theorem states iso-
morphisms L*: Hé’e;{'}‘lm(M ) = Hé’;é’k‘lam(M ) given by wedging with o* at the level of
forms and the Lefschetz decompositions Hip, (M) >~ @, L¥(ker Ln—m+2k+1 Fm—2k).
The Hodge conjecture claims, for projective manifolds M (i.e., complex submanifolds
of complex projective space), that the Poincaré duals of elements in ngflbeault(M) N
H?(M; Q) are rational linear combinations of classes of complex codimension £ sub-
varieties of M. This has been proved only for the £ =1 case (it is the Lefschetz theorem
on (1, 1)-classes; see, for instance, [62]).

3.6. Pseudoholomorphic curves

Whereas an almost complex manifold (M, J) tends to have no J-holomorphic functions
M — C at all,** it has plenty of J-holomorphic curves C — M. Gromov first realized
that pseudoholomorphic curves provide a powerful tool in symplectic topology in an ex-
tremely influential paper [64]. Fix a closed Riemann surface (X, j), that is, a compact
complex 1-dimensional manifold ¥ without boundary and equipped with the canonical
almost complex structure j.

34However, the study of asymptotically J-holomorphic functions has been recently developed to obtain impor-
tant results [32,34,13]; see Section 4.6.
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DEFINITION 3.16. A parametrized pseudoholomorphic curve (or J-holomorphic curve)
in (M, J) is a (smooth) map u: X — M whose differential intertwines j and J, that is,
dupoj,=Jpodu, VYpeX.

In other words, the Cauchy—Riemann equation du + J o du o j =0 holds.

Pseudoholomorphic curves are related to parametrized 2-dimensional symplectic sub-
manifolds. If a pseudoholomorphic curve u: X — M is an embedding, then its image
S :=u(X) is a 2-dimensional almost complex submanifold, hence a symplectic submani-
fold. Conversely, the inclusion i : § <> M of a 2-dimensional symplectic submanifold can
be seen as a pseudoholomorphic curve. An appropriate compatible almost complex struc-
ture J on (M, ®) can be constructed starting from S, such that 7S is J-invariant. The
restriction j of J to TS is necessarily integrable because S is 2-dimensional.

The group G of complex diffeomorphisms of (X, j) acts on (parametrized) pseudo-
holomorphic curves by reparametrization: u +— u o y, for y € G. This normally means that
each curve u has a noncompact orbit under G. The orbit space Mg (A, J) is the set of
unparametrized pseudoholomorphic curves in (M, J) whose domain X has genus g and
whose image u(X) has homology class A € Hy(M; Z). The space M, (A, J) is called the
moduli space of unparametrized pseudoholomorphic curves of genus g representing the
class A. For generic J, Fredholm theory shows that pseudoholomorphic curves occur in
finite-dimensional smooth families, so that the moduli spaces M, (A, J) can be manifolds,
after avoiding singularities given by multiple coverings.>

EXAMPLE. Usually ¥ is the Riemann sphere CP!, whose complex diffeomorphisms
are those given by fractional linear transformations (or Moébius transformations). So
the 6-dimensional noncompact group of projective linear transformations PSL(2; C) acts
on pseudoholomorphic spheres by reparametrization u + u o y4, where A = [‘: s] €

PSL(2; C) acts by y4:CP! — CP!, yalz, 1]1= 415, 1],

When J is an almost complex structure compatible with a symplectic form w, the area of
the image of a pseudoholomorphic curve u (with respect to the metric g, (-, ") = w(:, J-))
is determined by the class A that it represents. The number

Em) =w(A) = / u*w = area of the image of u with respect to g
z

is called the energy of the curve u and is a topological invariant: it only depends on [w]
and on the homotopy class of u. Gromov proved that the constant energy of all the pseudo-
holomorphic curves representing a homology class A ensured that the space M, (A, J),

though not necessarily compact, had natural compactifications ./\—/lg(A, J) by including
what he called cusp-curves.

THEOREM 3.17 (Gromov’s compactness theorem). If (M, w) is a compact manifold
equipped with a generic compatible almost complex structure J, and if u; is a sequence

BAcurveu: X — Misa multiple covering if u factors as u = u’ o ¢ where o : X — X is a holomorphic map
of degree greater than 1.
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of pseudoholomorphic curves in Mgy (A, J), then there is a subsequence that weakly con-
verges to a cusp-curve in Mg (A, ).

Hence the cobordism class of the compactified moduli space Hg(A, J) might be a nice
symplectic invariant of (M, w), as long as it is not empty or null-cobordant. Actually a
nontrivial regularity criterion for J ensures the existence of pseudoholomorphic curves.
And even when Hg (A, J) is null-cobordant, we can define an invariant to be the (signed)
number of pseudoholomorphic curves of genus g in class A that intersect a specified set of
representatives of homology classes in M [112,128,145]. For more on pseudoholomorphic
curves,; see, for instance, [100] (for a comprehensive discussion of the genus O case) or [11]
(for higher genus). Here is a selection of applications of (developments from) pseudoholo-
morphic curves:
e Proof of the nonsqueezing theorem [64]: for R > r there is no symplectic embedding
of a ball B,ze" of radius R into a cylinder Br2 x R?"=2 of radius r, both in (R2" ).

¢ Proof that there are no Lagrangian spheres in (C", wy), except for the circle in C2,
and more generally no compact exact Lagrangian submanifolds, in the sense that the
tautological 1-form « restricts to an exact form [64].

e Proof that if (M, w) is a connected symplectic 4-manifold symplectomorphic to
(R*, wp) outside a compact set and containing no symplectic $2’s, then (M, w) sym-
plectomorphic to (R*, wp) [64].

e Study questions of symplectic packing [15,98,134] such as: for a given 2n-dimensional
symplectic manifold (M, ), what is the maximal radius R for which there is a sym-
plectic embedding of N disjoint balls BIZQ" into (M, @)?

o Study groups of symplectomorphisms of 4-manifolds (for a review see [97]). Gro-
mov [64] showed that Sympl(CP?, ws) and Sympl($? x 2, pr¥o @ prio) deforma-
tion retract onto the corresponding groups of standard isometries.

o Development of Gromov-Witten invariants allowing to prove, for instance, the nonex-
istence of symplectic forms on CP? # CP? # CP? or the classification of symplectic
structures on ruled surfaces (Section 4.3).

e Development of Floer homology to prove the Arnold conjecture on the fixed points
of symplectomorphisms of compact symplectic manifolds, or on the intersection of
Lagrangian submanifolds (Section 5.2).

e Development of symplectic field theory introduced by Eliashberg, Givental and
Hofer [40] extending Gromov-Witten theory, exhibiting a rich algebraic structure and
also with applications to contact geometry.

4. Symplectic geography
4.1. Existence of symplectic forms
The utopian goal of symplectic classification addresses the standard questions:

o (Existence) Which manifolds carry symplectic forms?
¢ (Uniqueness) What are the distinct symplectic structures on a given manifold?
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even-dimensional orientable

almost complex

symplectic

complex
Kéhler

Fig. .

Existence is tackled through central examples in this subsection and symplectic con-
structions in the next two sections. Uniqueness is treated in the remainder of this subsection
dealing with invariants that allow to distinguish symplectic manifolds.

A Kihler structure naturally yields both a symplectic form and a complex structure
(compatible ones). Either a symplectic or a complex structure on a manifold implies the
existence of an almost complex structure. Figure 1 represents the relations among these
structures. In dimension 2, orientability trivially guarantees the existence of all other struc-
tures, so the picture collapses. In dimension 4, the first interesting dimension, the picture
above is faithful—we will see that there are closed 4-dimensional examples in each region.
Closed here means compact and without boundary.

Not all 4-dimensional manifolds are almost complex. A result of Wu [146] gives a nec-
essary and sufficient condition in terms of the signature o and the Euler characteristic
x of a 4-dimensional closed manifold M for the existence of an almost complex struc-
ture: 30 + 2x = h? for some h € H*(M;Z) congruent with the second Stiefel-Whimey
class wa(M) modulo 2. For example, $* and (% x $2) #(52 x $2) are not almost com-
plex. When an almost complex structure exists, the first Chern class of the tangent bundle
(regarded as a complex vector bundle) satisfies the condition for 4. The sufficiency of Wu’s
condition is the remarkable part.3®

According to Kodaira’s classification of closed complex surfaces [82], such a surface
admits a Kihler structure if and only if its first Betti number b1 is even. The necessity of this
condition is a Hodge relation on the Betti numbers (Section 3.5). The complex projective
plane CPP? with the Fubini-Study form (Section 3.4) might be called the simplest example
of a closed Kihler 4-manifold.

The Kodaira—Thurston example [131] first demonstrated that a manifold that admits
both a symplectic and a complex structure does not have to admit any Kahler structure.

36Moreover, such solutions A are in one-to-one correspondence with isomorphism classes of almost complex
structures.
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even-dimensional and simply connected

almost complex (and simply connected)

symplectic {(and simply connected)

complex (and simply connected)

Fig. 2.

Take R* with dx; A dy; + dxa A dy;, and I' the discrete group generated by the four
symplectomorphisms:

(x1, %2, y1, y2) > (x1 + 1, x2, y1, y2),
(x1, X2, ¥1, y2) > (x1, x2 + 1, y1, »2),
(x1, X2, ¥1, y2) = (x1, X2 + y2, y1 + 1, y2),
(x1,x2, y1, y2) V> (x1, X2, ¥1, y2 + 1.

Then M =R*/I is a symplectic manifold that is a 2-torus bundle over a 2-torus. Kodaira’s
classification [82] shows that M has a complex structure. However, m1(M) = I, hence
H{(R*/I';Z) = I'J[T", I'] has rank 3, so by =3 is odd.

Fernandez—Gotay—Gray [44] first exhibited symplectic manifolds that do not admit any
complex structure at all. Their examples are circle bundles over circle bundles (i.e., a tower
of circle bundles) over a 2-torus.

The Hopf surface is the complex surface diffeomorphic to S' x $3 obtained as the quo-
tient C2 \ {0}/ I" where I = {2"1d | n € Z} is a group of complex transformations, i.e., we
factor C2 \ {0} by the equivalence relation (z1, z2) ~ (221, 2z2). The Hopf surface is not
symplectic because H2(S! x §%) =0.

The manifold CP? # CP? # CP? is almost complex but is neither complex (since it
does not fit Kodaira’s classification [82]), nor symplectic as shown by Taubes [126] us-
ing Seiberg—Witten invariants (Section 4.5).

We could go through the previous discussion restricting to closed 4-dimensional exam-
ples with a specific fundamental group. We will do this restricting to simply connected
examples, where Figure 2 holds.

It is a consequence of Wu’s result [146] that a simply connected manifold admits an
almost complex structure if and only if b; is 0dd.3” In particular, the connected sum

37 The intersection form of an oriented topological closed 4-manifold M is the bilinear pairing Qs : H (M Zyx
HZ(M; Z)— Z, Qpfa, B) :={a UB, [M]), where a U B is the cup product and [M] is the fundamental class.
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#m CP2 #, CP2 (of m copies of CPP? with n copies of CP2) has an almost complex structure
if and only if m is odd.?®

By Kodaira’s classification [82], a simply connected complex surface always admits a
compatible symplectic form (since b' = 0 is even), i.e., it is always Kéhler.

Since they are simply connected, $*, CP? # CP? # CP? and CP? live in three of the four
regions in the picture for simply connected examples. All of CP? #,, CIP? are also simply
connected Kihler manifolds because they are pointwise blow-ups CP? and the blow-down
map is holomorphic; see Section 4.3.

There is a family of manifolds obtained from CP? #9 CP? =: E(1) by a knot surgery [45]
that were shown by Fintushel and Stern to be symplectic and confirmed not to admit a
complex structure [109]. The first example of a closed simply connected symplectic man-
ifold that cannot be Kihler, was a 10-dimensional manifold obtained by McDuff [94] as
follows. The Kodaira—Thurston example R*/I" (not simply connected) embeds symplec-
tically in (CP3, wgs) [65,132]. McDuff’s example is a blow-up of (CP°, wgs) along the
image of R*/T".

Geography problems are problems on the existence of simply connected closed oriented
4-dimensional manifolds with some additional structure (such as, a symplectic form or
a complex structure) for each pair of topological coordinates. As a consequence of the
work of Freedman [51] and Donaldson [30] in the 80’s, it became known that the homeo-
morphism class of a connected simply connected closed oriented smooth 4-manifold is
determined by the two integers—the second Betti number and the signature (b;,o)—
and the parity®® of the intersection form. Forgetting about the parity, the numbers (b, o)
can be treated as topological coordinates. For each pair (b3, o) there could well be in-
finite different (i.e., nondiffeomorphic) smooth manifolds. Using Riemannian geometry,
Cheeger [22] showed that there are at most countably many different smooth types for
closed 4-manifolds. There are no known finiteness results for the smooth types of a given
topological 4-manifold, in contrast to other dimensions.

Traditionally, the numbers used are (c%, )i =0@Bo+2x,x)=0Bo +4+2b3,2+ by),
and frequently just the slope cf /c2 is considered. If M admits an almost complex struc-
ture J, then (T M, J) is a complex vector bundle, hence has Chern classes ¢c; = ¢ (M, J)
and ¢; = c2(M, J). Both c% :=c¢1 Ucy and ¢; may be regarded as numbers since
HYM;Z)~Z. They satisfy c% =30 +2x (by Hirzebruch’s signature formula) and ¢; = x
(because the top Chern class is always the Euler class), justifying the notation for the topo-
logical coordinates in this case.

Since Qs always vanishes on torsion elements, descending to H 2(M; Z)/torsion it can be represented by a ma-
trix. When M is smooth and simply connected, this pairing is Qs (., 8) := [ M @ A B since nontorsion elements
are representable by 2-forms. As Q 37 is symmetric (in the smooth case, the wedge product of 2-forms is symmet-
ric) and unimodular (the determinant of a matrix representing Qs is =1 by Poincaré duality), it is diagonalizable
over R with eigenvalues 1. We denote by b; (respectively b, ) the number of positive (respectively negative)
eigenvalues of Qs counted with multiplicities, i.e., the dimension of a maximal subspace where Q y; is positive-
definite (respectively negative-definite). The signature of M is the difference o := b'; — b, , whereas the second
Betti number is the sum b) = b; + b5, i.e., the rank of Q. The rype of an intersection form is definite if it is
positive or negative definite (i.e., |0'| = by) and indefinite otherwise.

38The intersection form of a connected sum Mg # M is (isomorphic to) O My D Qm,-

e say that the parity of an intersection form Q s is even when Q 4 (e, @) is even for all @ € H2(M; Z), and
odd otherwise.
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EXAMPLES. The manifold CP? has (by,0) = (1, 1), ie., (c%,cz) = (9, 3). Reversing
the orientation CP2 has (by,0) = (1, —1), ie., (c%,cz) = (3, 3). Their connected sum
CP? # CP? has (b2, 0) = (2,0), ie., (c,c2) = (8,0). The product S x $? also has
(by,0) = (2,0), ie., (c%,cz) = (8,4). But CP? # CP? has an odd intersection form
whereas $? x 52 has an even intersection form: [(1) _01] Vs, [(1) é]

Symplectic geography [60,122] addresses the following question: What is the set of pairs
of integers (m, n) € Z x Z for which there exists a connected simply connected closed sym-
plectic 4-manifold M having second Betti number b, (M) = m and signature o (M) =n?
This problem includes the usual geography of simply connected complex surfaces, since
all such surfaces are Kihler according to Kodaira’s classification [82]. Often, instead of
the numbers (b2, o), the question is equivalently phrased in terms of the Chern numbers
(c%, ¢3) for a compatible almost complex structure, which satisfy c% =30 + 2x [146] and
¢y = x, where x = by + 2 is the Euler number. Usually only minimal (Section 4.3) or
irreducible manifolds are considered to avoid trivial examples. A manifold is irreducible
when it is not a connected sum of other manifolds, except when one of the summands is a
homotopy sphere.

It was speculated that perhaps any simply connected closed smooth 4-manifold other
than $* is diffeomorphic to a connected sum of symplectic manifolds, where any orien-
tation is allowed on each summand (the so-called minimal conjecture for smooth 4-mani-
folds). Szabé [124,125] provided counterexamples in a family of irreducible simply con-
nected closed nonsymplectic smooth 4-manifolds.

All these problems could be posed for other fundamental groups. Gompf [57] used sym-
plectic sums (Section 4.2) to prove the following theorem. He also proved that his surgery
construction can be adapted to produce non-Kihler examples. Since finitely-presented
groups are not classifiable, this shows that compact symplectic 4-manifold are not clas-
sifiable.

THEOREM 4.1 (Gompf). Every finitely-presented group occurs as the fundamental group
w1(M) of a compact symplectic 4-manifold (M, v).

4.2. Fibrations and sums

Products of symplectic manifolds are naturally symplectic. As we will see, special kinds
of twisted products, i.e., fibrations,*® are also symplectic.

404 fibration (or fiber bundle) is a manifold M (called the total space) with a submersion 7 : M — X to a man-
ifold X (the base) that is locally trivial in the sense that there is an open covering of X, such that, to each set
U in that covering corresponds a diffeomorphism of the form ¢4 = (m, s74) LUy = U x F (a local trivial-
ization) where F is a fixed manifold (the model fiber). A collection of local trivializations such that the sets I/
cover X is called a trivializing cover for m. Given two local trivializations, the second entry of the composition
Yy o go&] = (id, Y4y) on (U N'V) x F gives the corresponding transition function Yy (x): F — F at each
xeUNnV.
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DEFINITION 4.2. A symplectic fibration is a fibration 7 : M — X where the model fiber
is a symplectic manifold (F, o) and with a trivializing cover for which all the transition
functions are symplectomorphisms F — F.

In a symplectic fibration each fiber w~!(x) carries a canonical symplectic form o, de-
fined by the restriction of s&a, for any domain U/ of a trivialization covering x (i.e., x € U).
A symplectic form w on the total space M of a symplectic fibration is called compatible
with the fibration if each fiber (7 ~!(x), o) is a symplectic submanifold of (M, ®), i.e., ox
is the restriction of @ to 7 ~1(x).

EXAMPLES.

1. Every compact oriented*! fibration whose model fiber F is an oriented surface
admits a structure of symplectic fibration for the following reason. Let o¢ be an
area form on F. Each transition function yp(x): F — F pulls oy back to a
cohomologous area form o1 (depending on vy (x)). Convex combinations o, =
(1 — t)op + toq give a path of area forms from og to o7 with constant class [o;]. By
Moser’s argument (Section 1.4), there exists a diffeomorphism p(x) : F — F isotopic
to the identity, depending smoothly on x € I/ NV, such that ¥y (x) o p(x) is a sym-
plectomorphism of (F, o). By successively adjusting local trivializations for a finite
covering of the base, we can make all transition functions into symplectomorphisms.

2. Every fibration with connected base and compact fibers having a symplectic form
w for which all fibers are symplectic submanifolds admits a structure of symplectic
fibration compatible with w. Indeed, under trivializations, the restrictions of w to the
fibers give cohomologous symplectic forms in the model fiber F. So by Moser’s
Theorem 1.7, all fibers are strongly isotopic to (F, o) where o is the restriction of w
to a chosen fiber. These isotopies can be used to produce a trivializing cover where
each s74(x) 1s a symplectomorphism.

In the remainder of this subsection, assume that for a fibration 7 : M — X the total space
is compact and the base is connected. For the existence of a compatible symplectic form on
a symplectic fibration, a necessary condition is the existence of a cohomology class in M
that restricts to the classes of the fiber symplectic forms. Thurston [131] showed that, when
the base admits also a symplectic form, this condition is sufficient. Yet not all symplectic
fibrations with a compatible symplectic form have a symplectic base [138].

THEOREM 4.3 (Thurston). Let w : M — X be a compact symplectic fibration with con-
nected symplectic base (X, a) and model fiber (F, o). If there is a class [v] € H*(M)
pulling back to [o], then, for sufficiently large k > 0O, there exists a symplectic form wy
on M that is compatible with the fibration and is in [v + kn*a].

PROOF. We first find a form 7 on M in the class {v] that restricts to the canonical sym-
plectic form on each fiber. Pick a trivializing cover {¢; = (7, s;) | i € I} with contractible

4L An oriented fibration is a fibration whose model fiber is oriented and there is a trivializing cover for which all
transition functions preserve orientation.
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domains ;. Let p;, i € I, be a partition of unity subordinate to this covering and let
pi = p; om:M — R. Since [v] always restricts to the class of the canonical symplec-
tic form [0, ], and the U;’s are contractible, on each ni_l (U;) the forms s7o — v are exact.
Choose 1-forms A; such that 570 = v + dA;, and set

T:=v+ Zd(ﬁ,‘)\,i).

iel

Since 7 is nondegenerate on the (vertical) subbundle given by the kernel of dx, for k > 0
large enough the form t 4 k7 *« is nondegenerate on M. a

COROLLARY 4.4. Let m: M — X be a compact oriented fibration with connected sym-
plectic base (X, «) and model fiber an oriented surface F of genus g(F) # 1. Then o
admits a compatible symplectic form.

PROOF. By Example 1 above, 7 : M — X admits a structure of symplectic fibration with
model fiber (F, o). Since the fiber is not a torus (g(F) # 1), the Euler class of the tangent
bundle T F (which coincides with ¢] (F, o)) is A[o ] for some A # 0. Hence, the first Chern
class [c] of the vertical subbundle given by the kernel of dn (assembling the tangent bun-
dles to the fibers) restricts to A[o,] on the fiber over x € X. We can apply Theorem 4.3
using the class [v] = A~ ![c]. O

A pointwise connected sum My # M| of symplectic manifolds (M, wgp) and (M1, w1)
tends to not admit a symplectic form, even if we only require the eventual symplectic form
to be isotopic to w; on each M; minus a ball. The reason [7] is that such a symplectic form
on My # M would allow to construct an almost complex structure on the sphere formed
by the union of the two removed balls, which is known not to exist except on 52 and S°,
Therefore:

PROPOSITION 4.5. Let (Mg, wg) and (M1, w1) be two compact symplectic manifolds of
dimension not 2 nor 6. Then the connected sum My # M1 does not admit any symplectic
structure isotopic to w; on M; minus a ball,i =1, 2.

For connected sums to work in the symplectic category, they should be done along
codimension 2 symplectic submanifolds. The following construction, already mentioned
in [65], was dramatically explored and popularized by Gompf [57] (he used it to prove
Theorem 4.1). Let (Myp, wg) and (M7, w1) be two 2n-dimensional symplectic manifolds.
Suppose that a compact symplectic manifold (X, «) of dimension 2n — 2 admits sym-
plectic embeddings to both ig: X — My, i;: X <> M;. For simplicity, assume that the
corresponding normal bundles are trivial (in general, they need to have symmetric Euler
classes). By the symplectic neighborhood theorem (Theorem 1.11), there exist symplec-
tic embeddings jo: X x B, — My and j;: X x B, — M (called framings) where B; is
a ball of radius ¢ and centered at the origin in R? such that Jjfox =a +dx Ady and
Je(p,0) =ix(p), Vp € X, k=0, 1. Chose an area- and orientation-preserving diffeomor-
phism ¢ of the annulus B; \ Bs for 0 < § < ¢ that interchanges the two boundary compo-
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nents. Let Uy = jx(X x Bs) C My, k=0, 1. A symplectic sum of Mo and M along X is
defined to be

Mo#x My = (Mo \ Up) Uy (M1 \ U)),

where the symbol Uy means that we identify ji(p,q) with jo(p,¢(g)) for all p € X
and § < |g] < ¢. As wp and w) agree on the regions under identification, they induce a
symplectic form on Mo #x M;. The result depends on jo, ji1, § and ¢.

Rational blow-down is a surgery on 4-manifolds that replaces a neighborhood of a chain
of embedded $2’s with boundary a lens space L(n*,n — 1) by a manifold with the same
rational homology as a ball. This simplifies the homology possibly at the expense of com-
plicating the fundamental group. Symington [123] showed that rational blow-down pre-
serves a symplectic structure if the original spheres are symplectic surfaces in a symplectic
4-manifold.

4.3. Symplectic blow-up

Symplectic blow-up is the extension to the symplectic category of the blow-up operation
in algebraic geometry. It is due to Gromov according to the first printed exposition of this
operation in [94].

Let L be the tautological line bundle over CP"!, that is,

L={(lpl.z) | p€C*\ {0}, z = Ap for some A € C}

with projection to cpr-t given by 7 : ([p], z) = [p]. The fiber of L over the point [p] €
CP"~! is the complex line in C" represented by that point. The blow-up of C" at the
origin is the total space of the bundle L, sometimes denoted C”. The corresponding blow-
down map is the map §:L — C" defined by B([p], z) = z. The total space of L may be
decomposed as the disjoint union of two sets: the zero section

E:={({p).0)]| peC"\{0}}
and
S:={([pl.2) | p € C"\ {0}, z = Ap for some A € C*}.

The set E is called the exceptional divisor; it is diffeomorphic to CP"~! and gets mapped
to the origin by 8. On the other hand, the restriction of § to the complementary set S is
a diffeomorphism onto C" \ {0}. Hence, we may regard L as being obtained from C" by
smoothly replacing the origin by a copy of CP"~!. Every biholomorphic map f:C"* — C”
with f(0) = 0 lifts uniquely to a biholomorphic map f: L — L with f(E) = E. The lift
is given by the formula

z _JUf@1 f@) ifz#0,
Hip).2) = {([p],()) if7=0.
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There are actions of the unitary group U(n) on L, E and S induced by the standard linear
action on C”, and the map B is U(n)-equivariant. For instance, 8*w¢ + 7 *wrs is a U(n)-
invariant K#hler form on L.

DEFINITION 4.6. A blow-up symplectic form on the tautological line bundle L is a U(n)-
invariant symplectic form @ such that the difference @ — B*wp is compactly supported,
where wg = 5 Y %i—1 dzx A dZ is the standard symplectic form on C".

Two blow-up symplectic forms are equivalent if one is the pullback of the other by
a U(n)-equivariant diffeomorphism of L. Guillemin and Sternberg [69] showed that two
blow-up symplectic forms are equivalent if and only if they have equal restrictions to the
exceptional divisor E C L. Let £2° (¢ > 0) be the set of all blow-up symplectic forms
on L whose restriction to the exceptional divisor E =~ CP" ! is ewgs, where wgs is the
Fubini-Study form (Section 3.4). An e-blow-up of C" at the origin is a pair (L, ®) with
we R2°.

Let (M, ) be a 2n-dimensional symplectic manifold. It is a consequence of Dar-
boux’s theorem (Theorem 1.9) that, for each point p € M, there exists a complex chart
U, z1,--.,2,) centered at p and with image in C" where w|yy = ’5 Y ic1dz Adzg. Ttis
shown in [69] that, for & small enough, we can perform an e-blow-up of M at p modeled
on C" at the origin, without changing the symplectic structure outside of a small neighbor-
hood of p. The resulting manifold is called an e-blow-up of M at p. As a manifold, the
blow-up of M at a point is diffeomorphic to the connected sum** M # CP*, where CP” is
the manifold CP" equipped with the orientation opposite to the natural complex one.

EXAMPLE. Let P(L @ C) be the CP!-bundle over CP"~! obtained by projectivizing the
direct sum of the tautological line bundle L with a trivial complex line bundle. Consider
the map

B:CP(L & C) — CP",
(lp), Ap : w]) —> [Ap: w],

where [Ap : w] on the right represents a line in Ccrtl, forgetting that, for each [p] € cprL
that line sits in the 2-complex-dimensional subspace L{,) & C C C" @ C. Notice that 8
maps the exceptional divisor

E:={([pl,[0:...:0:1]) [ [p] e CP"" !} >~ CP""!
to the point [0:...:0:1] € CP", and B is a diffeomorphism on the complement

S:={(lpl,[rp:wl) [ [pleCP"™!, A eC* weC}=CP"\ {[0:...:0: 1]}.

42The connected sum of two oriented m-dimensional manifolds M and M| is the manifold, denoted My # M1,
obtained from the union of those manifolds each with a small ball removed M; \ B; by identifying the boundaries
via a (smooth) map ¢ :9B; — 3B, that extends to an orientation-preserving diffeomorphism of neighborhoods
of 8B, and 8 By (interchanging the inner and outer boundaries of the annuli).
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Therefore, we may regard CP(L @ C) as being obtained from CP” by smoothly replacing
the point [0:...:0: 1] by a copy of CP"~L. The space CP(L @ C) is the blow-up of

CP(L & C) for n =2 is a Hirzebruch surface.

When (CP"~!, wgs) is symplectically embedded in a symplectic manifold (M, ) with
image X and normal bundle isomorphic to the tautological bundle L, it can be subject to
a blow-down operation. By the symplectic neighborhood theorem (Theorem 1.11), some
neighborhood U C M of the image X is symplectomorphic to a neighborhood Uy C L of
the zero section. It turns out that some neighborhood of 3l in L is symplectomorphic to
a spherical shell in (C”?, wg). The blow-down of M along X is a manifold obtained from
the union of M \ I/ with a ball in C”. For more details, see [99, §7.1].

Following algebraic geometry, we call minimal a 2n-dimensional symplectic manifold
(M, w) without any symplectically embedded (CP" 1, wgg), so that (M, @) is not the
blow-up at a point of another symplectic manifold. In dimension 4, a manifold is mini-
mal if it does not contain any embedded sphere S? with self-intersection —1. Indeed, by
the work of Taubes [126,129], if such a sphere S exists, then either the homology class
[S] or its symmetric —[S] can be represented by a symplectically embedded sphere with
self-intersection —1.

For a symplectic manifold (M, ), let i : X <> M be the inclusion of a symplectic sub-
manifold. The normal bundle N X to X in M admits a structure of complex vector bundle
(as it is a symplectic vector bundle). Let P(N X) — X be the projectivization of the bundle
NX — X, let Z be the zero section of NX, let L(NX) be the corresponding tautologi-
cal line bundle (given by assembling the tautological line bundles over each fiber) and let
B:L(NX)— NX be the blow-down map. On the exceptional divisor

E:={([p}.0) e LINX) | pe NX\ Z} ~P(NX)

the map B is just projection to the zero section Z. The restriction of 8 to the comple-
ment L{NX) \ E is a diffeomorphism to N X \ Z. Hence, L(N X) may be viewed as being
obtained from NX by smoothly replacing each point of the zero section by the projec-
tivization of its normal space. We symplectically identify some tubular neighborhood 2/
of X in M with a tubular neighborhood Uy of the zero section Z in NX. A blow-up of
the symplectic manifold (M, ®) along the symplectic submanifold X is the manifold ob-
tained from the union of M \ U and B! (Up) by identifying neighborhoods of 31/, and
equipped with a symplectic form that restricts to w on M \ U [94]. When X is one point,
this construction reduces to the previous symplectic blow-up at a point.

Often symplectic geography concentrates on minimal examples. McDuff [95] showed
that a minimal symplectic 4-manifold with a symplectically embedded $? with nonnegative
self-intersection is symplectomorphic either to CP? or to an S2-bundle over a surface.
Using Seiberg—Witten theory it was proved:

THEOREM 4.7. Let (M, w) be a minimal closed symplectic 4-manifold.
(a) (Taubes [129]) Ifb;L > 1, then C% >0.
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(b) (Liu [89]) If b3 =1 and ¢ <0, then M is the total space of an S*-fibration over
a surface of genus g where w is nondegenerate on the fibers, and (c%, c2) = (8 —
8g.,4—4g), i.e., (M, w) is a symplectic ruled surface.

A symplectic ruled surface* is a symplectic 4-manifold (M, w) that is the total space of
an S2-fibration where o is nondegenerate on the fibers.

A symplectic rational surface is a symplectic 4-manifold (M, w) that can be obtained
from the standard (CP?, wgs) by blowing up and blowing down.

With b; =1 and c% = 0, we have symplectic manifolds CP? #9((_3@ =: E(1), the Dol-
gachev surfaces E(1, p,q), the results E(1)x of surgery on a fibered knot K C S, etc.
With b; =1 and C% > 0, we have symplectic manifolds CP?, $% x §2, CP? #nﬁ”i for
n < 8 and the Barlow surface. For b =1 and c? > 0, Park [109] gave a criterion for a
symplectic 4-manifold to be rational or ruled in terms of Seiberg—Witten theory.

4.4. Uniqueness of symplectic forms

Besides the notions listed in Section 1.4, the following equivalence relation for symplectic
manifolds is considered. As it allows the cleanest statements about uniqueness, this relation
is simply called equivalence.

DEFINITION 4.8. Symplectic manifolds (M, wg) and (M, w) are equivalent if they are
related by a combination of deformation-equivalences and symplectomorphisms.

Recall that (M, wg) and (M, w;) are deformation-equivalent when there is a smooth
family w; of symplectic forms joining wqg to w1 (Section 1.4), and they are symplecto-
morphic when there is a diffeomorphism ¢ : M — M such that ¢*w; = wp (Section 1.2).
Hence, equivalence is the relation generated by deformations and diffeomorphisms. The
corresponding equivalence classes can be viewed as the connected components of the mod-
uli space of symplectic forms up to diffeomorphism. This is a useful notion when focusing
on topological properties.

EXAMPLES.

1. The complex projective plane CP? has a unique symplectic structure up to symplec-
tomorphism and scaling. This was shown by Taubes [128] relating Seiberg—Witten
invariants (Section 4.5) to pseudoholomorphic curves to prove the existence of a
pseudoholomorphic sphere. Previous work of Gromov [64] and McDuff [96] showed
that the existence of a pseudoholomorphic sphere implies that the symplectic form is
standard.

Lalonde and McDuff [85] concluded similar classifications for symplectic ruled
surfaces and for symplectic rational surfaces (Section 4.3). The symplectic form on

43 A (rational) ruled surface is a complex (Kihler) surface that is the total space of a holomorphic fibration over
a Riemann surface with fiber CP!. When the base is also a sphere, these are the Hirzebruch surfaces P(L @ C)
where L is a holomorphic line bundle over CP'.



Symplectic geometry 135

a symplectic ruled surface is unique up to symplectomorphism in its cohomology
class, and is isotopic to a standard Kéhler form. In particular, any symplectic form
on §% x §? is symplectomorphic to arjo +brjo for some a, b > 0 where o is the
standard area form on S2. L

Li-Liu [88] showed that the symplectic structure on CP?#,CP2 for2<n<9is
unique up to equivalence.

2. McMullen and Taubes [101] first exhibited simply connected closed 4-manifolds ad-
mitting inequivalent symplectic structures. Their examples were constructed using
3-dimensional topology, and distinguished by analyzing the structure of Seiberg—
Witten invariants to show that the first Chern classes (Section 3.2) of the two sym-
plectic structures lie in disjoint orbits of the diffeomorphism group. In higher di-
mensions there were previously examples of manifolds with inequivalent symplectic
forms; see, for instance, [111].

With symplectic techniques and avoiding gauge theory, Smith [117] showed that,
for each n > 2, there is a simply connected closed 4-manifold that admits at least n
inequivalent symplectic forms, also distinguished via the first Chern classes. It is not
yet known whether there exist inequivalent symplectic forms on a 4-manifold with
the same first Chern class.

4.5. Invariants for 4-manifolds

Very little was known about 4-dimensional manifolds until 1981, when Freedman [51]
provided a complete classification of closed simply connected topological 4-manifolds,
and shortly thereafter Donaldson [30] showed that the panorama for smooth 4-manifolds
was much wilder.** Freedman showed that, modulo homeomorphism, such topological
manifolds are essentially classified by their intersection forms (for an even intersection
form there is exactly one class, whereas for an odd intersection form there are exactly two
classes distinguished by the Kirby—Siebenmann invariant KS, at most one of which admits
smooth representatives—smoothness requires KS = 0). Donaldson showed that, whereas
the existence of a smooth structure imposes strong constraints on the topological type
of a manifold, for the same topological manifold there can be infinite different smooth
structures.* In other words, by far not all intersection forms can occur for smooth 4-mani-
folds and the same intersection form may correspond to nondiffeomorphic manifolds.

Donaldson’s key tool was a set of gauge-theoretic invariants, defined by counting with
signs the equivalence classes {modulo gauge equivalence) of connections on SU(2)- (or
SO(3)-) bundles over M whose curvature has vanishing self-dual part. For a dozen years
there was hard work on the invariants discovered by Donaldson but limited advancement
on the understanding of smooth 4-manifolds.

441t had been proved by Rokhlin in 1952 that if such a smooth manifold M has even intersection form Qy (i.e.,
wy = 0), then the signature of Qs must be a multiple of 16. It had been proved by Whitehead and Milnor that
two such topological manifolds are homotopy equivalent if and only if they have the same intersection form.

431t is known that in dimensions < 3, each topological manifold has exactly one smooth structure, and in di-
mensions 2> 5 each topological manifold has at most finitely many smooth structures. For instance, whereas each
topological R, n # 4, admits a unique smooth structure, the topological R* admits uncountably many smooth
structures.



136 A. Cannas da Silva

EXAMPLES. Finding exotic*® smooth structures on closed simply connected manifolds
with small b, has long been an interesting problem, especially in view of the smooth
Poincaré conjecture for 4-manifolds. The first exotic smooth structures on a rational sur-
face CP? #, CPP? were found in the late 80’s for n = 9 by Donaldson [31] and for n = 8
by Kotschick [84]. There was no progress until the recent work of Park [110] constructing
a symplectic exotic CP? #; CIP? and using this to exhibit a third distinct smooth structure
CP? #g CPP2, thus illustrating how the existence of symplectic forms is tied to the existence
of different smooth structures. This stimulated research by Fintushel, Ozsvith, Park, Stern,
Stipsicz and Szabd, which together shows that there are infinitely many exotic smooth
structures on CP? #, CP2 forn =35, 6,7, 8 (the case n = 9 had been shown in the late 80’s
by Friedman—-Morgan and by Okonek—Van de Ven).

In 1994 Witten brought about a revolution in Donaldson theory by introducing a new set
of invariants—the Seiberg-Witten invariants—which are much simpler to calculate and to
apply. This new viewpoint was inspired by developments due to Seiberg and Witten in the
understanding of N = 2 supersymmetric Yang—-Mills.

Let M be a smooth oriented closed 4-dimensional manifold with b; (M) > 1 (there is a
version for b; (M) = 1). All such 4-manifolds M (with any b;r (M)) admit a spin-c struc-
ture, i.e., a Spin®(4)-bundle over M with an isomorphism of the associated SO(4)-bundle
to the bundle of oriented frames on the tangent bundle for some chosen Riemannian metric.
Let Cy = {a € HX(M; Z) | a = wo(T M)(2)} be the set of characteristic elements, and let
Spin‘ (M) be the set of spin-c structures on M. For simplicity, assume that M is simply
connected (or at least that H; (M; Z) has no 2-torsion), so that Spin®(M) is isomorphic to
Cyu with isomorphism given by the first Chern class of the determinant line bundle (the
determinant line bundle is the line bundle associated by a natural group homomorphism
Spin¢(4) — U(1)). Fix an orientation of a maximal-dimensional positive-definite subspace
Hi (M;R) C H*(M;R). The Seiberg—Witten invariant is the function

SWMZCM —7Z

defined as follows. Given a spin-c structure « € Spin®(M) >~ Cp, the image SW (o) =
[M] € Hy(B*; Z) is the homology class of the moduli space M of solutions (called
monopoles) of the Seiberg—Witten (SW) equations modulo gauge equivalence. The SW
equations are nonlinear differential equations on a pair of a connection A on the determi-
nant line bundle of o and of a section ¢ of an associated U(2)-bundle, called the positive
(half) spinor bundle:

Fy=iq(p) and Dap=0,

where F: is the self-dual part of the (imaginary) curvature of A, ¢ is a squaring oper-
ation taking sections of the positive spinor bundle to self-dual 2-forms, and D4 is the
corresponding Dirac operator. For a generic perturbation of the equations (replacing the
first equation by FX =ig{p) + iv, where v is a self-dual 2-form) and of the Riemannian

46 A manifold homeomorphic but not diffeomorphic to a smooth manifold M is called an exotic M.
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metric, a transversality argument shows that the moduli space M is well-behaved and ac-
tually inside the space B* of gauge-equivalence classes of irreducible pairs (those (A, ¢)
for which ¢ # 0), which is homotopy-equivalent to CP* and hence has even-degree ho-
mology groups Hy(3*; Z) >~ Z. When the dimension d of M is odd or when M is empty,
the invariant SW s («) is set to be zero. The basic classes are the classes « € Cyy for which
SWys () # 0. The set of basic classes is always finite, and if « is a basic class then so is
—a. The main results are that the Seiberg—Witten invariants are invariants of the diffeomor-
phism type of the 4-manifold M and satisfy vanishing and nonvanishing theorems, which
allowed to answer an array of questions about specific manifolds.

Taubes [128] discovered an equivalence between Seiberg—Witten and Gromov invariants
(using pseudoholomorphic curves) for symplectic 4-manifolds, by proving the existence of
pseudoholomorphic curves from solutions of the Seiberg—Witten equations and vice-versa.
As a consequence, he proved:

THEOREM 4.9 (Taubes). Let (M, w) be a compact symplectic 4-manifold.
If b;’ > 1, then c1(M, w) admits a smooth pseudoholomorphic representative.
If M = M| # M3, then one of the M;’s has negative definite intersection form.

There are results also for b;r =1, and follow-ups describe the set of basic classes of a
connected sum M # N in terms of the set of basic classes of M when N is a manifold with
negative definite intersection form (starting with CP2),

In an attempt to understand other 4-manifolds via Seiberg—Witten and Gromov invari-
ants, some analysis of pseudoholomorphic curves has been extended to nonsymplectic
4-manifolds by equipping these with a nearly nondegenerate closed 2-form. In particu-
lar, Taubes [130] has related Seiberg—Witten invariants to pseudoholomorphic curves for
compact oriented 4-manifolds with 172+ > 0. Any compact oriented 4-manifold M with
b; > 0 admits a closed 2-form that vanishes along a union of circles and is symplectic
elsewhere {54,75]. In fact, for a generic metric on M, there is a self-dual harmonic form w
which is transverse to zero as a section of A2T*M. The vanishing locus of o is the union
of a finite number of embedded circles, and w is symplectic elsewhere.

The generic behavior of closed 2-forms on orientable 4-manifolds is partially un-
derstood [3, pp. 23-24]. Here is a summary. Let w be a generic closed 2-form on a
4-manifold M. At the points of some hypersurface Z, the form @ has rank 2. At a
generic point of M, w is nondegenerate; in particular, has the Darboux normal form
dxi Adyy + dxy A dyy. There is a codimension-1 submanifold Z where w has rank 2,
and there are no points where « vanishes. At a generic point of Z, the kernel of & is trans-
verse to Z; the normal form near such a point is x| dx; Ady; +dxy Ady;. There is a curve
C where the kernel of @ is not transverse to Z, hence sits in TZ. At a generic point of C,
the kernel of & is transverse to C; there are two possible normal forms near such points,
called elliptic and hyperbolic, d(x — é) Ady+dxzE£ty — %) Adt. The hyperbolic and
elliptic sections of C are separated by parabolic points, where the kernel is tangent to C.
It is known that there exists at least one continuous family of inequivalent degeneracies in
a parabolic neighborhood [56].
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4.6. Lefschetz pencils

Lefschetz pencils in symplectic geometry imitate linear systems in complex geometry.
Whereas holomorphic functions on a projective surface must be constant, there are in-
teresting functions on the complement of a finite set, and generic such functions have only
quadratic singularities. A Lefschetz pencil can be viewed as a complex Morse function
or as a very singular fibration, in the sense that, not only some fibers are singular (have
ordinary double points) but all fibers go through some points.

DEFINITION 4.10. A Lefschetz pencil on an oriented 4-manifold M is a map f: M \
{b1,...,by} — CP! defined on the complement of a finite set in M, called the base lo-
cus, that is a submersion away from a finite set {p1, ..., ps+1}, and obeying local models
(z1,z2) ¥ z1/z2 near the b;’s and (z1, z2) = z1z2 near the p;’s, where (z1,z2) are ori-
ented local complex coordinates.

Usually it is also required that each fiber contains at most one singular point. By blowing
up M at the b;’s, we obtain a map to CP! on the whole manifold, called a Lefschetz
fibration. Lefschetz pencils and Lefschetz fibrations can be defined on higher-dimensional
manifolds where the b;’s are replaced by codimension 4 submanifolds. By working on
the Lefschetz fibration, Gompf [59,58] proved that a structure of Lefschetz pencil (with a
nontrivial base locus) gives rise to a symplectic form, canonical up to isotopy, such that the
fibers are symplectic.

Using asymptotically holomorphic techniques [12,32], Donaldson [34] proved that sym-
plectic 4-manifolds admit Lefschetz pencils. More precisely:

THEOREM 4.11 (Donaldson). Let J be a compatible almost complex structure on a com-
pact symplectic 4-manifold (M, w) where the class {w]/2n is integral. Then J can be de-
formed through almost complex structures to an almost complex structure J' such that M
admits a Lefschetz pencil with J'-holomorphic fibers.

The closure of a smooth fiber of the Lefschetz pencil is a symplectic submanifold
Poincaré dual to k[w]/27; cf. Theorem 1.13. Other perspectives on Lefschetz pencils
have been explored, including in terms of representations of the free group 1 (CP! \
{p1, ..., Pny1}) in the mapping class group I, of the generic fiber surface [118].

Similar techniques were used by Auroux [13] to realize symplectic 4-manifolds as
branched covers of CIP?, and thus reduce the classification of symplectic 4-manifolds to a
(hard) algebraic question about factorization in the braid group. Let M and N be compact
oriented 4-manifolds, and let v be a symplectic form on N.

DEFINITION 4.12. A map f: M — N is a symplectic branched cover if for any p € M
there are complex charts centered at p and f{(p) such that v is positive on each complex
line and where f is given by: a local diffeomorphism (x, y) — (x, y), or a simple branch-
ing (x,y) —> (x2, y), or an ordinary cusp (x, y) — @3 —xy,y).

THEOREM 4.13 (Auroux). Let (M, ®) be a compact symplectic 4-manifold where the
class [w)] is integral, and let k be a sufficiently large integer. Then there is a symplectic
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branched cover fi: (M, kw) — CP?, that is canonical up to isotopy for k large enough.
Conversely, given a symplectic branched cover f: M — N, the domain M inherits a sym-
plectic form canonical up to isotopy in the class f*[v].

5. Hamiltonian geometry
5.1. Symplectic and Hamiltonian vector fields

Let (M, @) be a symplectic manifold and let H : M — R be a smooth function. By non-
degeneracy, there is a unique vector field X,, on M such that 1y, & = d H. Supposing that
X, is complete (this is always the case when M is compact), let o, : M — M, t € R, be
its flow (cf. Section 1.3). Each diffeomorphism p, preserves o, i.e., pfw = w, because
dt pfo=p] ﬁx w = p;(d X, o+ix, dw) = 0. Therefore, every function on (M, w) pro-
duces a family of symplectomorphlsms Notice how this feature involves both the nonde-
generacy and the closedness of w.

DEFINITION 5.1. A vector field X,, such that 1x, 0 =dH for some H € C*(M) is a
Hamiltonian vector field with Hamiltonian function H .

Hamiltonian vector fields preserve their Hamiltonian functions (Lx, H =1x,dH =
Ixy ixyw =0), so each integral curve {p;(x) | t € R} of a Hamiltonian vector field X,
must be contained in a level set of the Hamiltonian function H. In (R?*, wg = Yodxj A

3aH 3 OH 3

dy;), the symplectic gradient X, = Z(E 3 T ax, W) and the usual (Euclidean) gradi-

ent VH =Y, (S’Z di/ 42 ay a) =2) of a function H are related by JX, = VH, where J is
the standard almost complex structure.

EXAMPLES.

1. For the height function H(6, h) = h on the sphere (M, w) = (S2 do A dh), from
1xy (dO Adh) =dh we get X, 39 Thus, p,(6, k) = (8 + ¢, k), which is rotation
about the vertical axis, preserving the height H.

2. Let X be any vector field on a manifold W. There is a unique vector field X, on
the cotangent bundle T*W whose flow is the lift of the flow of X. Let « be the
tautological form and w = —d« the canonical symplectic form on T*W. The vector
field X; is Hamiltonian with Hamiltonian function H :=ix, «.

3. Consider Euclidean space R?" with coordinates @1s.--2Gn>P1s---> Pn) and wg =
Y dqj Adpj. The curve p, = (q(t), p(t)) is an integral curve for a Hamiltonian
vector field X, exactly when it satisfies the Hamilton equations:

dqz H
(t) - 3,)1 »

sz (Z) — ___.
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4. Newton’s second law states that a particle of mass m moving in configuration space
R3 with coordinates q = (491, g2, q3) under a potential V(g) moves along a curve
q(t) such that

9 _ vy
m—— =— .
dr? 1

Introduce the momenta p; = m% for i =1,2,3, and energy function H(g, p) =

zim[ p12 + V{(g) on the phase space47 RS = T*R3? with coordinates q1, 92,93, P1,

P2, p3). The energy H is conserved by the motion and Newton’s second law in R3 is
then equivalent to the Hamilton equations in R®:

dgi _ 1, _ 3H
ar — mPi= ap;’
pi _ @’ _ 3V _ _9H
dt dr? 9g; ag; *

DEFINITION 5.2. A vector field X on M preserving w (i.e., such that Lxw =0) is a
symplectic vector field.

Hence, a vector field X on (M, w) is called symplectic when 1yw is closed, and
Hamiltonian when 1xw is exact. In the latter case, a primitive H of 1yw is called a
Hamiltonian function of X. On a contractible open set every symplectic vector field is
Hamiltonian. Globally, the group HdleRham(M ) measures the obstruction for symplectic
vector fields to be Hamiltonian. For instance, the vector field X; = 3%1 on the 2-torus
(M, ») = (T?%,d6; Ady) is symplectic but not Hamiltonian.

A vector field X is a differential operator on functions: X - f:=L, f =df(X) for f €
C>®(M). As such, the bracket W = [X, Y] is the commutator: Lw =[Lx, Lyl =LxLy —
Ly Ly (ct. Section 3.3). This endows the set x (M) of vector fields on a manifold M with a
structure of Lie algebra.48 For a symplectic manifold (M, w), using 1(x,y;=[Lx, !r] and
Cartan’s magic formula, we find that 17y yjo =dixiyw +ixdiyo —1ydixw —iyix do =
d{w(Y, X)). Therefore:

PROPOSITION 5.3. If X and Y are symplectic vector fields on a symplectic manifold
(M, w), then [ X, Y] is Hamiltonian with Hamiltonian function o (Y, X).

Hence, Hamiltonian vector fields and symplectic vector fields form Lie subalgebras for
the Lie bracket [-, -].

DEFINITION 5.4. The Poisson bracket of two functions f, g € C*°(M) is the function
{f. gt =0Xs Xg)=Lx, [

“TThe phase space of a system of n particles is the space parametrizing the position and momenta of the particles.
The mathematical model for a phase space is a symplectic manifold.

48 A (real) Lie algebra is a (real) vector space g together with a Lie bracket [-, -, i.e., a bilinear map [-, -]:g x
g —> g satisfying antisymmetry, [x, y] = —[v, x], Yx, y € g, and the Jacobi identity, [x, [y, z]1 + [y, [z, x]] +
[z, [x, y]I=0,Vx,y,z€8.
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By Proposition 5.3 we have X{s¢ = —[X, X,]. Moreover, the bracket {-,-} satis-
fies the Jacobi identity, {f,{g, h}} + {g,{h, f}} + {h, {f, g}} = 0, and the Leibniz rule,
{f.ghy=1{f.g}h +g{f h}.

DEFINITION 5.5. A Poisson algebra (P, {-,-}) is a commutative associative algebra P
with a Lie bracket {-, -} satisfying the Leibniz rule.

When (M, @) is a symplectic manifold, (C*°(M), {-, -}) is a Poisson algebra, and the
map C®(M) — x (M), H — X, is a Lie algebra anti-homomorphism.

EXAMPLES.
1. For the prototype (R?", 3" dx; A dy;), we have X,, = — ) and X, = ;=, so that
{xi,x;} ={yi,yj} = 0 and {x;,y;} = &; for all i, j. Arbltrary functlons f,g e
C*°(R?") have the classical Poisson bracket

s~ [0f dg  Of og
{f’g}_;<axi8y,~ by oxi )’

2. Let G be aLie group,*® g its Lie algebra and g* the dual vector space of g. The vector
field 9 X* generated by X € g for the adjoint action®® of G on g has value [X, Y] at
Y € g. The vector field X* generated by X € g for the coadjoint action of G on g*
(Xf, Y) = (&, [V, X]), VE € g*, Y € g. The skew-symmetric pairing « on g defined
até e g* by

w, (X, Y):=(& [X,Y])

has kernel at & the Lie algebra g, of the stabilizer of & for the coadjoint action.
Therefore, w restricts to a nondegenerate 2-form on the tangent spaces to the orbits
of the coadjoint action. As the tangent spaces to an orbit are generated by the vec-
tor fields X*, the Jacobi identity in g implies that this form is closed. It is called the
canonical symplectic form (or the Lie—Poisson or Kirillov—-Kostant—Souriau symplec-
tic structure) on the coadjoint orbits. The corresponding Poisson structure on g*
the canonical one induced by the Lie bracket:

{f: 81 :(Sv [dfg’dgg])

A Lie group is a manifold G equipped with a group structure where the group operation G x G — G and
inversion G — G are smooth maps. An action of a Lie group G on a manifold M is a group homomorphism
G — Diff(M), g — Kl'g where the evaluation map M x G — M, (p, g) = Y¢(p) is a smooth map. The orbit
of G through p € M is {4 (p) | ¢ € G}. The stabilizer (or isotropy) of pe M is G, :={g € G | ¥g(p) = p}.
5OAny Lie group G acts on itself by conjugation: g € G — ¥y € Diff(G), Yp(a)=g-a-g —1 Let Adg:g—g
be the derivative at the identity of 1, :G — G. We identify the Lie algebra g with the tangent space T.G.
For matrix groups, Adg X = gX g‘l Letting g vary, we obtain the adjoint action of G on its Lie algebra
Ad: G — GL(g). Let {-, -}:g* x g — R be the natural pairing (¢, X) = £§(X). Given § € g*, we define Ad*g
by (Adz, £, X)={(t Ad -1 X), for any X € g. The collection of maps Ad* forms the coadjoint action of G on
the dual of its Lie algebra Ad* : G — GL(g*). These satisfy Adg 0o Ad) = Adgh and Ad} o Ad} = Ad;h.
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for f, g € C*(g*) and & € g*. The differential df, : 7, g* ~ g* — R is identified with
an element of g >~ g**.

5.2. Arnold conjecture and Floer homology

There is an important generalization of Poincaré’s last geometric theorem (Theorem 2.16)
conjectured by Arnold starting around 1966. Let (M, w) be a compact symplectic manifold,
and h; : M — R a 1-periodic (i.e., i; = h;41) smooth family of functions. Let p: M x R —
M be the isotopy generated by the time-dependent Hamiltonian vector field v; defined by
the equation w(v,, -) = dh;. The symplectomorphism ¢ = p; is then said to be exactly
homotopic to the identity. In other words, a symplectomorphism exactly homotopic to the
identity is the time-1 map of the isotopy generated by some time-dependent 1-periodic
Hamiltonian function. There is a one-to-one correspondence between the fixed points of ¢
and the period-1 orbits of p. When all the fixed points of such ¢ are nondegenerate (generic
case), we call ¢ nondegenerate. The Arnold conjecture [2, Appendix 9] predicted that

2n
#{fixed points of a nondegenerate ¢} > Z dim H' (M; R)
i=0

(or even that the number of fixed points of a nondegenerate ¢ is at least the minimal number
of critical points of a Morse function’!). When the Hamiltonian 4 : M — R is independent
of ¢, this relation is trivial: a point p is critical for 4 if and only if dh, = 0, if and only
if v, =0, if and only if p(f, p) = p, ¥Vt € R, which implies that p is a fixed point of
p1 = @, so the Arnold conjecture reduces to a Morse inequality. Notice that, according to
the Lefschetz fixed point theorem, the Euler characteristic of M, i.e., the alternating sum
of the Betti numbers, ) (— 1) dim H' (M; R), is a (weaker) lower bound for the number of
fixed points of ¢.

The Arnold conjecture was gradually proved from the late 70’s to the late 90’s by
Eliashberg [39], Conley—Zehnder [24], Floer [49], Sikorav [116], Weinstein [140], Hofer—
Salamon [74], Ono [108], culminating with independent proofs by Fukaya—Ono [52]
and Liu-Tian [90]. There are open conjectures for sharper bounds on the number of
fixed points. The breakthrough tool for establishing the Arnold conjecture was Floer ho-
mology—an oo-dimensional analogue of Morse theory. Floer homology was defined by
Floer [46-50] and developed through the work of numerous people after Floer’s death.
It combines the variational approach of Conley and Zehnder [25], with Witten’s Morse—
Smale complex [144], and with Gromov’s compactness theorem for pseudoholomorphic
curves [64].

Floer theory starts from a symplectic action functional on the space of loops LM of
a symplectic manifold (M, @) whose zeros of the differential dF:T(LM) — R are the
period-1 orbits of the isotopy p above. The tangent bundle 7 (L M) is the space of loops
with vector fields over them: pairs (£, v), where £:8' > M and v:S! — £5(TM) is a

STA Morse function is a smooth function f: M — R all of whose critical points are nondegenerate, i.e., at any
critical point the Hessian matrix is nondegenerate.
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section. Then df (£, v) = fo‘ w((t) — Xp, (£(t), v(2)) dt. The Floer complex>? is the chain
complex freely generated by the critical points of F (corresponding to the fixed points
of @), with relative grading index(x, y) given by the difference in the number of positive
eigenvalues from the spectral flow. The Floer differential is given by counting the number
n(x, y) of pseudoholomorphic surfaces (the gradient flow lines joining two fixed points):

Co= P Zx) and dx)= Y nlxy).

xeCrit(F) yeCrit(F)
index(x.y)=1

Pondering transversality, compactness and orientation, Floer’s theorem states that the ho-
mology of (Cy, @) is isomorphic to the ordinary homology of M. In particular, the sum of
the Betti numbers is a lower bound for the number of fixed points of ¢.

From the above symplectic Floer homology, Floer theory has branched out to tackle
other differential geometric problems in symplectic geometry and 3- and 4-dimensional
topology. It provides a rigorous definition of invariants viewed as homology groups of
infinite-dimensional Morse-type theories, with relations to gauge theory and quantum field
theory. There is Lagrangian Floer homology (for the case of Lagrangian intersections,
i.e., intersection of a Lagrangian submanifold with a Hamiltonian deformation of itself),
instanton Floer homology (for invariants of 3-manifolds), Seiberg—Witten Floer homology,
Heegaard Floer homology and knot Floer homology. For more on Floer homology; see,
for instance, [35,113].

5.3. Euler—Lagrange equations

The equations of motion in classical mechanics arise from variational principles. The
physical path of a general mechanical system of n particles is the path that minimizes a
quantity called the action. When dealing with systems with constraints, such as the simple

52The Morse complex for a Morse function on a compact manifold, f: M — R, is the chain complex freely

generated by the critical points of f, graded by the Morse index 1 and with differential given by counting the
number n(x, y) of flow lines of the negative gradient —V f (for a metric on X) from the point x to the point y
whose indices differ by 1:

Co= (D Ztn) and d)= Y7 ay).
xeCrit(f) yeCrit(f)
t(y)=1(x)—1
The coefficient n(x, y) is thus the number of solutions (modulo R-reparametrization) # : R — X of the ordinary
differential equation %u(z‘) = —V f(u()) with conditions lim; , oo u(t) = x, lim; s {00 u(t) = y. The Morse
index of a critical point of f is the dimension of its unstable manifold, i.e., the number of negative eigenvalues
of the Hessian of f at that point. For a generic metric, the unstable manifold of a critical point W (x) intersects
transversally with the stable manifold of another critical point W*(y). When 1(x) — 1(y) = 1, the intersection
W (x) N W¥(y) has dimension 1, so when we quotient out by the R-reparametrization (to count actual image
curves) we get a discrete set, which is finite by compactness. That (Cy, 3) is indeed a complex, i.e., 32 =0,
follows from counting broken flow lines between points whose indices differ by 2. Morse’s theorem states that
the homology of the Morse complex coincides with the ordinary homology of M. In particular, the sum of all the
Betti numbers )_ dim H i (M; R) is a lower bound for the number of critical points of a Morse function.
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pendulum, or two point masses attached by a rigid rod, or a rigid body, the language of
variational principles becomes more appropriate than the explicit analogues of Newton’s
second laws. Variational principles are due mostly to D’ Alembert, Maupertius, Euler and
Lagrange.

Let M be an n-dimensional manifold, and let F: TM — R be a function on its tangent
bundle. If y:[a,b]—> M isa curve on M, the lift of y to TM is the curve on T M given
byy:la,bl—> TM,t— (y(t) (r)) The action of y is

b b d
A, ;=/ (p*F)(z)dx:/ F(y(t),d—);(f)>dt

For fixed p,q, let P(a,b, p,q) = {y :[a,b] - M smooth | y(a) = p, y(b) = q}. The
goal is to find, among all y € P(a,b, p,q), the curve that locally minimizes A, .
(Minimizing curves are always locally minimizing.) Assume that p, ¢ and the image
of y lie in a coordinate neighborhood @, x1,...,x,). On TU we have coordinates
(X1y...y X, 01, ..., V) associated with a trivialization of TU by FITRRRE . Using this
tr1V1ahzat10n acurve y:[a, bl = U, y () =1 (), ...,y (D)) lifts to

’Bx

d dyy
7 :la,b] — TU, f(r):(ma),...,yn(t),%() Y ())

Consider infinitesimal variations of y. Let ¢y, ..., ¢, € C*([a, b]) be such that ¢;(a) =
cx(b) = 0. For ¢ small, let y; : [a, b] — U be the curve y: (1) = (y1(t) +c1(t), ..., vo () +
ecy(t)). Let Ag := A, . A necessary condition for y =y € P(a, b, p, ¢) to minimize the
action is that ¢ = 0 be a critical point of .4,. By the Leibniz rule and integration by parts,
we have that

dA, b oF oF dyo\ dex
— 0= / Z[M( yo(t), <t))ck<z>+—(yo, - )—()]
/Z[—( )‘Zia_‘ )}cka)dz

For dA€ (0) to vanish for all ¢;’s satisfying boundary conditions cx(a) = cx(b) = 0, the

path yo must satisfy the Fuler-Lagrange equations:

aF dyo d oF dyo _
- (0()—()) o (oo—(r)) k=1 .. n.

EXAMPLES.
1. Let (M, g) be a Riemannian manifold. Let F:TM — R be the function whose
restriction to each tangent space is the quadratic form defined by the Riemannian
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metric. On a coordinate chart F(x,v) = [v[> = }_ g;j(x)v'v/. Let p,q € M and
y :[a, b] = M acurve joining p to q. The action of y is

b

The Euler-Lagrange equations become the Christoffel equations for a geodesic

2

d
Y dt.

dt

d*y* v \dridy!
g+ 2T on) G =0,

where the Christoffel symbols I’i];’s are defined in terms of the coefficients of the
Riemannian metric (g*/ is the matrix inverse to g; )by

1 0gei | 08ej  0gij
kot ek 98¢ j _ 98\
i 2;8 (8xj + ax; 0xg

. Consider a point-particle of mass m moving in R under a force field G. The work
of G on a path y:[a,b] — R? is W, := [° G(y (@) - % (¢+) dt. Suppose that G is
conservative, i.e., W, depends only on the initial and final points, p = y(a) and
g = y (b). We can define the potential energy as V:R?> - R, V(q) := W, , where y
is a path joining a fixed base point py € R3 to ¢. Let P be the set of all paths going
from p to g over time ¢ € [a, b]. By the principle of least action, the physical path
is the path y € P that minimizes a kind of mean value of kinetic minus potential
energy, known as the action:

b m
Ay = / (E

The Euler—-Lagrange equations are then equivalent to Newton’s second law:

dy

2
E(t) - V(y(t))) dr.

d*x 9V d%x
m-dt—z(t)—a(x(t)):o — mﬁ(t)=G(x(t)).

In the case of the earth moving about the sun, both regarded as point-masses and
assuming that the sun to be stationary at the origin, the gravitational potential V (x) =

c‘l’;‘ft yields the inverse square law for the motion.

. Consider now n point-particles of masses my, ..., m, moving in R under a conser-
vative force corresponding to a potential energy V € C*(R3"). At any instant ¢, the
configuration of this system is described by a vector x = (x1, ..., x;,) in configuration

space R3", where x; € R? is the position of the kth particle. For fixed p, g € R, let
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P be the set of all paths y = (31, ..., ) : [a, b] = R from p to g. The action of a

pathy e Pis
(y(t))) dt

b m
A, = f (Z d
4 \k=1
The Euler-Lagrange equations reduce to Newton’s law for each particle. Suppose that
the particles are restricted to move on a submanifold M of R called the constraint
set. By the principle of least action for a constrained system, the physical path has
minimal action among all paths satisfying the rigid constraints. Le., we single out
the actual physical path as the one that minimizes .A, among all y :[a, b] - M with
y@=pandy®d)=

dﬁ(t)

In the case where F(x, v) does not depend on v, the Euler-Lagrange equations are sim-
ply P f (yo(1), d"” (1)) = 0. These are satisfied if and only if the curve yy sits on the critical
set of F. For generlc F, the critical points are isolated, hence y(¢) must be a constant
curve. In the case where F'(x, v) depends affinely on v, F(x, v) = Fo(x) + Z -1 Fi(x)vy,
the Euler-Lagrange equations become

d Fq aF; OF; d
e (r0) = Z(E‘a—)( )L o.

j=1

. . BF; . .
If the n x n matrix (ai — a—xf) has an inverse G;;(x), we obtain the system of first order

ordinary differential equations — V’ =2 Gji(y()F2 3k (v (1)). Locally it has a unique
solution through each point p. If g is not on this curve ‘there is no solution at all to the
Euler-Lagrange equations belonging to P(a, b, p, q).

Therefore, we need nonlinear dependence of F on the v variables in order to have ap-
propriate solutions. From now on, assume the Legendre condition:

det it £0
€ .
aviavj

Letting G;;(x,v) = (

3o a o (x,v))~L, the Euler-Lagrange equations become

d*y; aF [ dy 82F dy\ dyi
- Gi—Iy, -~} - Gii—"
dr? Z 7o, (y dt) Zk: f’au,-axk( dt) dr

This second order ordinary differential equation has a unique solution given initial con-
ditions y(a) = p and 4 (a) = v. Assume that (av 5] (x,v)) > 0, V(x,v), ie., with
the x variable frozen, the function v — F(x,v) is strlctly convex. Then the path yg €
P(a, b, p,q) satisfying the above Euler-Lagrange equations does indeed locally mini-
mize A, (globally it is only critical):
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PROPOSITION 5.6. For every sufficiently small subinterval [a1, b1] of [a, b1, Yol(a; b1 IS
locally minimizing in P(a1, b1, p1, q1) where py = yo(a1), q1 = yo(b1).

PROOF. Takec = (c1,...,cn) with¢; € C®([a, b]), ci(a) =c;(b) =0.Lety. = yo+ec e
P(a, b, p,q),and let A, = A, . Suppose that yp : [a, b] — U satisfies the Euler-Lagrange
equations, i.€., d‘;‘;g (0) =0. Then

d? Ag dyo
0 icidt A
z 0= /Zax,ax]< t)cc] )
dyo dcj
2 , dt B
+ /Zax,av, (y‘) ) di ®)
+/bz 3%F dyo dc, dcj dt ©
a T3 aviavj dt dt '

Since (521,2{,—ij(x, v)) > 0 at all x, v, we have

, dc
[(A)] < KalelFag, 0 |B)| < Klel 214,61 ar Llab)
and
2
©) =2 Kc|—
dt L2[a [7]

where Ka, Kg, Kc are positive constants. By the Wirtinger inequality>?, if b — a is very
small, then (C) > [(A)| + [(B)| when ¢ # 0. Hence, ¥y is a local minimum. U

In Section 5.1 we saw that solving Newton’s second law in configuration space R3 is
equivalent to solving in phase space for the integral curve in T*R>? = RS of the Hamil-
tonian vector field with Hamiltonian function H. In the next subsection we will see how
this correspondence extends to more general Euler-Lagrange equations.

5.4. Legendre transform

The Legendre transform gives the relation between the variational (Euler-Lagrange) and
the symplectic (Hamilton-Jacobi) formulations of the equations of motion.

53The Wirtinger inequality states that, for f € C ! (la, b)) with f(a) = f(b) =0, we have

df |?

[ab_

dt

This can be proved with Fourier series.
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Let V be an n-dimensional vector space, with eq, ..., e, a basis of V and vy,..., v,
the associated coordinates. Let F:V — R, F = F(vy, ..., vy), be a smooth function. The
function F is strictly convex if and only if for every pair of elements p,v e V, v # 0,
the restriction of F to the line {p + xv | x € R} is strictly convex.>* It follows from the
case of real functions on R that, for a strictly convex function F on V, the following are
equivalent:>’

(a) F has a critical point, i.e., a point where d F, = 0;

(b) F has a local minimum at some point;

(c) F has a unique critical point (global minimumy); and

(d) F is proper, thatis, F(p) > +oocas p—ooin V.

A strictly convex function F is stable when it satisfies conditions (a)—(d) above.

DEFINITION 5.7. The Legendre transform associated to F € C*°(V) is the map

Lp:V—V*
pi——)deeT;VzV*,

where T;V =~ V* is the canonical identification for a vector space V.

From now on, assume that F is a strictly convex function on V. Then, for every point
p €V, L, maps a neighborhood of p diffeomorphically onto a neighborhood of L, (p).
Given £ € V*, let

Fp:V—DR, Fi(v)=F(@)—£L).

Since (d2F) p= (d*Fy) p» F is strictly convex if and only if F; is strictly convex. The
stability set of F is

SF={{eV*| Fg is stable}.

The set S, is open and convex, and L, maps V diffeomorphically onto S,. (A way to
ensure that S, = V* and hence that L, maps V diffeomorphically onto V*, is to as-
sume that a strictly convex function F has quadratic growth at infinity, i.e., there exists
a positive-definite quadratic form Q on V and a constant K such that F(p) = Q(p) — K,
for all p.) The inverse to L is the map L;l :Sg — V described as follows: for £ € Sg,

S4A function F:V — R is strictly convex if at every p € V the Hessian d*F p is positive definite. Let z =
ZLI u;je; € V. The Hessian of F at p is the quadratic function on V,

3°F
dv; 0v;

@F)puy:=y

ij

d2
uiu;j=—>F(p+tu

(Pujuj= -7 F(p+iu) o

55 A smooth function f:R — R is strictly convex if f”(x) > 0 for all x € R. Assuming that f is strictly convex,
the following four conditions are equivalent: f’(x) = 0 at some point, f has a local minimum, f has a unique
(global) minimum, and f(x) — 400 as x — *oo. The function f is stable if it satisfies one (and hence all)
of these conditions. For instance, ¢* + ax is strictly convex for any a € R, but it is stable only for a < 0. The
function x2 + ax is strictly convex and stable for any a € R.



Symplectic geometry 149

the value L;l (£) is the unique minimum point py € V of Fy. Indeed p is the minimum of
F@) —dFy(v).

DEFINITION 5.8. The dual function F* to F is

F*:Sp — R, F*()=—minF,;(p).
pev

The dual function F* is smooth and, for all p € V and all £ € S, satisfies the Young
inequality F(p) + F*(£) = £(p).

On one hand we have V x V* >~ T*V and on the other hand, since V = V**, we have
V x V¥~ V* x V> T*V*. Let o1 be the tautological 1-form on T*V and «a, be the
tautological 1-form on 7*V*. Via the identifications above, we can think of both of these
forms as living on V x V*. Since o1 = df — ap, where 8:V x V* — R is the function
B(p, ) = £(p), we conclude that the forms w; = —doy and wy = —da; satisfy w1 = —w».

THEOREM 5.9. For a strictly convex function F we have that L;l = Lps.

PROOF. The graph A, of the Legendre transform L, is a Lagrangian submanifold of
V x V* with respect to the symplectic form w;. Hence, A, is also Lagrangian for w,. Let
pry:Ap — V and pry: A, — V* be the restrictions of the projection maps V x V* - V
and V x V*— V¥, andleti: A, < V x V* be the inclusion map. Then i*«; = d{(pr|)*F
as both sides have value d F, at (p,dF),) € A,. It follows that i*a, =d(i*8 — (pr)*F) =
d(pry)* F*, which shows that A is the graph of the inverse of L g+. From this we conclude
that the inverse of the Legendre transform associated with F is the Legendre transform
associated with F*. |

Let M be a manifold and F': TM — R. We return to the Euler-Lagrange equations for
minimizing the action A, = [ 7*F. At p € M, let F), := F|7,3 : T,M — R. Assume that
Fp is strictly convex for all p € M. To simplify notation, assume also that Sr, = T, M.The
Legendre transform on each tangent space Lr, : T, M N T;‘M is essentially given by the
first derivatives of F in the v directions. Collect these and the dual functions F i ToM—
R into maps

L:TM —T*M, Llt,y=LF, and H:T*M — R, H]T;;M = F;.
The maps H and £ are smooth, and £ is a diffeomorphism.

THEOREM 5.10. Lety :[a, bl — M be a curve,and y : [a, b] — T M its lift. Then y satis-
fies the Euler-Lagrange equations on every coordinate chart if and only if Lo 7 :[a, b] —
T*M is an integral curve of the Hamiltonian vector field X .
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PROOF. Let (U, x1,...,x,) be a coordinate chart in M, with associated tangent (TU, x|,
.y Xn,Vl,...,Vp) and cotangent (T*U, x1,..., Xy, &1,-..,&,) coordinates. On TU we
have F = F(x,v), on T*lf we have H = H(x, §), and

L:TU — T*U, H:T*U — R,
(x,v) — (x,8), x,8)— Fl (&) =&-v—F(x,v),

where § :=Lf (v) = %—5(x, v) is called the momentum. Integral curves (x(¢),&(t)) of Xy
satisfy the Hamilton equations:

dx
= (x &),
H) {dé (x 5,

whereas the physical path x(¢) satisfies the Euler-Lagrange equations:

aF ( dx\ daF[ dx
1) L E .
(B-L) ax(x’dt) dzav(’dt>

Let (x(2),&(t)) = L(x(1), ‘Zl—’t‘(t)). For an arbitrary curve x(¢), we want to prove that f >
(x(2), (1)) satisfies (H) if and only if # +> (x(2), ‘fi—f(t)) satisfies (E-L.). The first line of (H)
comes automatically from the definition of &:

(™ v = ey
S—LFx<dt> = dt—pr(f)—LF;(S)—BS(X,S)-

If (x, &) = L(x, v), by differentiating both 51des of H(x,&) =& - v — F(x, v) with respect
tox, where{ =L, (v)=£&(x,v)and v = ag we obtain

0H 0H ¢ 0¢ aF oF dH
= v ——(x,0) = == (%, §).

d& 0x dx ax dx dax
Using the last equation and the definition of &, the second line of (H) becomes (E-L):

dé  9H d 3F

aF
Ez_a_x(x’g) — _—(x ) x(x’v)‘ u

5.5. Integrable systems

DEFINITION 5.11. A Hamiltonian system is a triple (M, w, H), where (M, w) is a sym-
plectic manifold and H € C*° (M) is the Hamiltonian function.

PROPOSITION 5.12. For a function f on a symplectic manifold (M, w) we have that
{f., HY=0if and only if f is constant along integral curves of X .
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PROOF. Let p; be the flow of X ;. Then

d
5 (Fop)= of Lxy f=plixydf =pfixyix,0=pfo(Xs, X))
= p/{f, H}. O

A function f as in Proposition 5.12 is called an integral of motion (or a first integral
or a constant of motion). In general, Hamiltonian systems do not admit integrals of mo-
tion that are independent of the Hamiltonian function. Functions fi, ..., f, are said to be
independent if their differentials (df1)p, ..., (dfs)p are linearly independent at all points
p in some dense subset of M. Loosely speaking, a Hamiltonian system is (completely)
integrable if it has as many commuting integrals of motion as possible. Commutativity is
with respect to the Poisson bracket. If fi,..., f; are commuting integrals of motion for
a Hamiltonian system (M, w, H), then (X, X¢,) ={fi, f;j} =0, so at each p € M the
Hamiltonian vector fields generate an isotropic subspace of T,M. When f1,..., f, are
independent, by symplectic linear algebra n can be at most half the dimension of M.

DEFINITION 5.13. A Hamiltonian system (M, @, H) where M is a 2n-dimensional man-
ifold is (completely) integrable if it possesses n independent commuting integrals of mo-

tion, f1 = H, fa,..., fn.

Any 2-dimensional Hamiltonian system (where the set of nonfixed points is dense) is
trivially integrable. Basic examples are the simple pendulum and the harmonic oscillator.
A Hamiltonian system (M, w, H) where M is 4-dimensional is integrable if there is an in-
tegral of motion independent of H (the commutativity condition is automatically satisfied).
A basic example is the spherical pendulum. Sophisticated examples of integrable systems
can be found in [8,72].

EXAMPLES.

1. The simple pendulum is a mechanical system consisting of a massless rigid rod of
length £, fixed at one end, whereas the other end has a bob of mass m, which may
oscillate in the vertical plane. We assume that the force of gravity is constant point-
ing vertically downwards and the only external force acting on this system. Let 8
be the oriented angle between the rod and the vertical direction. Let & be the co-
ordinate along the fibers of 7*S! induced by the standard angle coordinate on S!.
The energy function H:T*S' — R, H(®,£) = % + me(1 — cos ), is an appro-
priate Hamiltonian function to describe the simple pendulum. Gravity is responsible
for the potential energy V(6) = m£(1 — cos#), and the kinetic energy is given by
K(.8)= 5,76

2. The spherical pendulum consists of a massless rigid rod of length £, fixed at one
end, whereas the other end has a bob of mass m, which may oscillate freely in all
directions. For simplicity let m = £ = 1. Again assume that gravity is the only ex-
ternal force. Let ¢,0 (0 < ¢ < m, 0 < 8 < 27) be spherical coordinates for the
bob, inducing coordinates 7, £ along the fibers of T*$%. An appropriate Hamil-
tonian function for this system is the energy function H: T*S? - R, H(¢, 6,1, &) =
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%(772 + (Sé;)z) + cos ¢. The function J(¢, 8, 1, &) = £ is an independent integral of
motion corresponding to the group of symmetries given by rotations about the vertical
axis (Section 5.6). The points p € T*S? where d H p and dJ, are linearly dependent
are:

o the two critical points of H (where both d H and dJ vanish);

e if x € $% is in the southern hemisphere (x3 < 0), then there exist exactly two
points, py = (x,n,§) and p_ = (x, —n, —§), in the cotangent fiber above x
where d H), and d J,, are linearly dependent;

e since dH), and dJ, are linearly dependent along the trajectory of the Hamil-
tonian vector field of H through p., this trajectory is also a trajectory of the
Hamiltonian vector field of J and hence its projection onto S? is a latitudinal
(or horizontal) circle. The projection of the trajectory through p_ is the same
latitudinal circle traced in the opposite direction.

Let (M, w, H) be an integrable system of dimension 2xn with integrals of motion f; =
H, f2,..., fn. Letc € R" be aregular value of f := (fi, ..., f,). The corresponding level
set f~!(c) is a Lagrangian submanifold, as it is n-dimensional and its tangent bundle
is isotropic. If the flows are complete on f~!(c), by following them we obtain global
coordinates. Any compact component of £~ !(c) must hence be a torus. These components,
when they exist, are called Liouville tori. A way to ensure that compact components exist
is to have one of the f;’s proper.

THEOREM 5.14 (Arnold-Liouville [2]). Let (M, ®, H) be an integrable system of dimen-
sion 2n with integrals of motion fi = H, fp,..., fo. Let ¢ € R" be a regular value of
f = ts--.s fn). The level f~1(¢) is a Lagrangian submanifold of M.

(@) If the flows of the Hamiltonian vector fields X 7, ..., Xy, starting at a point p €
F~Yc) are complete, then the connected component of f~1(c) containing pisa
homogeneous space for R", i.e., is of the form R" % x T¥ for some k, 0 < k < n,
where TF is a k-dimensional torus.. With respect to this affine structure, that compo-
nent has coordinates ¢\, ..., ¢n, known as angle coordinates, in which the flows of
Xf,..., Xy, are linear.

(b) There are coordinates V1, ..., ¥, known as action coordinates, complementary to
the angle coordinates, such that the v;’s are integrals of motion and ¢1, ..., ¢,
Y1, ..., ¥ form a Darboux chart.

Therefore, the dynamics of an integrable system has a simple explicit solution in action-
angle coordinates. The proof of part (a)—the easy part of the theorem—is sketched above.
For the proof of part (b) see, for instance, [2,36]. Geometrically, regular levels being
Lagrangian submanifolds implies that, in a neighborhood of a regular value, the map
f:M — R" collecting the given integrals of motion is a Lagrangian fibration, i.e., it is
locally trivial and its fibers are Lagrangian submanifolds. Part (a) states that there are co-
ordinates along the fibers, the angle coordinates,>® in which the flows of X fireer X§,
are linear. Part (b) guarantees the existence of coordinates on R”, the action coordinates,

5The name angle coordinates is used even if the fibers are not tori.
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Y1, ..., ¥n, complementary to the angle coordinates, that (Poisson) commute among them-
selves and satisfy {¢;, ¥;} = §;;. The action coordinates are generally not the given inte-
grals of motion because ¢1, ..., ¢,, f1,--., fn do not form a Darboux chart.

5.6. Symplectic and Hamiltonian actions
Let (M, w) be a symplectic manifold, and G a Lie group.

DEFINITION 5.15. An action®’ yr: G — Diff(M), g > v, is a symplectic action if each
¥g is a symplectomorphism, i.e., ¥ : G — Sympl(M, ) C Diff(M).

In particular, symplectic actions of R on (M, w) are in one-to-one correspondence with
complete symplectic vector fields on M:

dy(p)

, eM.
dt =0

Y =exptX <«— X,=

We may define a symplectic action ¥ of S! or R on (M, w) to be Hamiltonian if the vector
field X generated by ¢ is Hamiltonian, that is, when there is H : M — R withdH = 1xw.
An action of §' may be viewed as a periodic action of R.

EXAMPLES.
1. On (R%", wy), the orbits of the action generated by X = —53—1 are lines parallel to
the yi-axis, {(x1,y1 — £, X2, ¥2,..., %X, Yu) | t € R}. Since X is Hamiltonian with

Hamiltonian function x, this is a Hamiltonian action of R.

2. On the 2-sphere (52, d6 A dh) in cylindrical coordinates, the one-parameter group
of diffeomorphisms given by rotation around the vertical axis, ¥, (6, h) = (8 + ¢, h)
(t € R) is a symplectic action of the group S' ~R/(27), as it preserves the area form
df A dh. Since the vector field corresponding to ¥ is Hamiltonian with Hamiltonian
function h, this is a Hamiltonian action of S1.

When G is a product of $'’s or R’s, an action ¢ : G — Sympl(M, w) is called Hamil-
tonian when the restriction to each 1-dimensional factor is Hamiltonian in the previous
sense with Hamiltonian function preserved by the action of the rest of G.

For an arbitrary Lie group G, we use an upgraded Hamiltonian function w1, known as
a moment map, determined up to an additive local constant by coordinate functions pu;
indexed by a basis of the Lie algebra of G. We require that the constant be such that p is
equivariant, i.e., p intertwines the action of G on M and the coadjoint action of G on the
dual of its Lie algebra. (If M is compact, equivariance can be achieved by adjusting the
constant so that | y He" =0. Similarly when there is a fixed point p (on each component
of M) by imposing u(p) =0.)

Let G be a Lie group, g the Lie algebra of G, and g* the dual vector space of g.

57TA (smooth) action of G on M is a group homomorphism G — Diff(M), g — g, whose evaluation map
MxG—>M,(p, g 1//g(p), is smooth.
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DEFINITION 5.16. An action ¢ : G — Diff(M) on a symplectic manifold (M, w) is a
Hamiltonian action if there exists a map u: M — g* satisfying:
e For each X € g, we have du® = iysw, ie., uX is a Hamiltonian function for the
vector field X¥, where
- uX MR, uX(p) = {r(p), X}, is the component of w along X,
— X* is the vector field on M generated by the one-parameter subgroup {expzX |
teR}CG.
o The map w1 is equivariant with respect to the given action ¥ on M and the coadjoint
action: p1 o ¥, = AdZ, ou,forall g e G.
Then (M, w, G, p) is a Hamiltonian G-space and p is a moment map.

This definition matches the previous one when G is an Abelian group R, S! or T*, for
which equivariance becomes invariance since the coadjoint action is trivial.

EXAMPLES.
L. Let T" = {(t1,...,%,) € C": |tj| =1, forall j} be a torus acting on C" by
(oot - @1,y z0) = @' 21, -, 137 2,), Where ki, ..., ky, € Z are fixed. This
action is Hamiltonian with a moment map p:C" —» (t")* 2 R”, u(z1,...,2n) =

—3kilz1l%, ... kalzal?).

2. When a Lie group G acts on two symplectic manifolds (M;, w;), j = 1,2, with
moment maps 4 : M; — g*, the diagonal action of G on M x M, has moment map
wiMy x My — g*, u(p1, p2) = p1(p1) + p2(p2).

3. Equip the coadjoint orbits of a Lie group G with the canonical symplectic form (Sec-
tion 5.1). Then, for each § € g*, the coadjoint action on the orbit G - £ is Hamiltonian
with moment map simply the inclusion map p: G - &€ — g*.

4. Identify the Lie algebra of the unitary group U(n) with its dual via the inner product
(A, B) = trace(A* B). The natural action of U(n) on (C", wg) is Hamiltonian with
moment map u:C" — u(n) given by u(z) = %zz*. Similarly, a moment map for the
natural action of U(k) on the space (CK*" wg) of complex (k x n)-matrices is given
by u(A) = %AA* for A € C**". Thus the U(n)-action by conjugation on the space

((C”z, wp) of complex (n x n)-matrices is Hamiltonian, with moment map given by
n(A) =5[A, A*].

5. For the spherical pendulum (Section 5.5), the energy-momentum map (H, J): T*S?
— R? is a moment map for the R x S! action given by time flow and rotation about
the vertical axis.

6. Suppose that a compact Lie group acts on a symplectic manifold (M, @) in a Hamil-
tonian way, and that ¢ € M is a fixed point for the G-action. Then, by an equivariant
version of Darboux’s theorem,’® there exists a Darboux chart U,z1,...,24) cen-
tered at g that is G-equivariant with respect to a linear action of G on C”". Consider
an e-blow-up of M relative to this chart, for ¢ sufficiently small. Then G acts on the
blow-up in a Hamiltonian way.

58Equivariant Darboux theorem [136]. Let (M, w) be a 2n-dimensional symplectic manifold equipped with
a symplectic action of a compact Lie group G, and let q be a fixed point. Then there exists a G-invariant chart
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The concept of a moment map was introduced by Souriau [119] under the French name
application moment; besides the more standard English translation to moment map, the
alternative momentum map is also used, and recently James Stasheff has proposed the
short unifying new word momap. The name comes from being the generalization of linear
and angular momenta in classical mechanics.

Let R3 act on (R® ~ T*R3, wg = > " dx; A dy;) by translations:

a € R®— ¢, € Sympl(R®, ), Ya(x,y) = (x +a, ).

The vector field generated by X = a = (a;, az, a3) is x*=q 5?(—1 +a23—‘3(—2 +a38373, and the
linear momentum map

M:R6_>R3a M(X,Y)Zy

is a moment map, with u%(x, y) = (u(x, y),a) = y - a. Classically, y is called the momen-
tum vector corresponding to the position vector x.

The SO(3)-action on R? by rotations lifts to a symplectic action ¥ on the cotangent
bundle R®. The infinitesimal version of this action is>’

acR — dy)e Xsympl(R6), dy(a)(x,y)=(a x x,a x y).
Then the angular momentum map
.6 3 —
w:R— R, ulx,y)=xxy

is a moment map, with u?(x, y) = {(u(x,y),a) =(x x y) -a.

The notion of a moment map associated to a group action on a symplectic manifold for-
malizes the Noether principle, which asserts that there is a one-to-one correspondence be-
tween symmetries (or one-parameter group actions) and integrals of motion (or conserved
quantities) for a mechanical system.

U, X[ -\ Xn, Y15 .-, yn) centered at q and G-equivariant with respect to a linear action of G on R?" such
that

n
wly = dek Adyg.
k=1

A suitable linear action on R?" is equivalent to the induced action of G on T,; M. The proof relies on an equivariant
version of the Moser trick and may be found in [70].

59The Lie group SO(3) = {A € GL(3; R) | A’A =Id and det A = 1}, has Lie algebra, g = {A € gl(3; R) [ A +
Al = 0}, the space of 3 x 3 skew-symmetric matrices. The standard identification of g with R3 carries the Lie
bracket to the exterior product:

0 —-a3 a
A=| a3 0 —a | — a={a},az,a3),
—a; 4 0

[A,B]=AB— BA+—> axb.
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DEFINITION 5.17. An integral of motion of a Hamiltonian G-space (M, w, G, ) is a
G-invariant function f: M — R. When p is constant on the trajectories of a Hamiltonian
vector field X 7, the corresponding flow {exptX s | ¢ € R} (regarded as an R-action) is a
symmetry of the Hamiltonian G-space (M, w, G, ).

THEOREM 5.18 (Noether). Let (M, w, G, i) be a Hamiltonian G-space where G is con-
nected. If f is an integral of motion, the flow of its Hamiltonian vector field X ¢ is a sym-
metry. If the flow of some Hamiltonian vector field X ¢ is a symmetry, then a corresponding
Hamiltonian function f is an integral of motion.

PROOF. Let u* = (u, X): M — R for X € g. We have Lx pu* :zxfduX =1y lyh0 =
—ix#ix = —1x#df = —Lyxs f. So p is invariant over the flow of Xy if and only if f is
invariant under the infinitesimal G-action. O

We now turn to the questions of existence and uniqueness of moment maps.

Let g be a Lie algebra, and let C* := A*g* be the set of k-cochains on g, that is, of
alternating k-linear maps g x - -- X g — R. The linear operator é : C k > C**1 defined by
8c(Xo, ..., X)) =Y, (=D e((Xi, X1, Xo, ..., Xir ..., Xj, ..., Xy) satisfies 82 =0.
The Lie algebra cohomology groups (or Chevalley cohomology groups) of g are the coho-

mology groups of the complex 0 —6—> co —8> Cl —8> .

kers: Ck — 1
imé:Ck-1 5 Ck’

H*(g;R) :=

It is always H%g:R)=R.If c € C! = g*, then 8¢c(X, Y) = —c([X, Y]). The commutator
ideal [g, g] is the subspace of g spanned by {[X,Y]| X, Y € g}. Since 6c =0 if and only
if ¢ vanishes on [g, g], we conclude that Hl(g; R) = [g,g]o, where [g, g]O C g* is the
annihilator of [g, g]. An element of C 2 is an alternating bilinear map c¢:g x g — R, and
8c(X,Y,Z) = —c((X,Y],Z2) + c(X, Z),Y) — (Y, Z], X). If ¢ = &b for some b € C!,
then ¢(X,Y) = (§b)(X,Y)=—-b([X, Y]).

If g is the Lie algebra of a compact connected Lie group G, then by averaging one can
show that the de Rham cohomology may be computed from the subcomplex of G-invariant
forms, and hence H*(g; R) = H, é‘eRham(G).

PROPOSITION 5.19. If H(g; R) = H*(g, R) = 0, then any symplectic G-action is Hamil-
tonian.

PROOF. Let ¢ : G — Sympl(M, w) be a symplectic action of G on a symplectic mani-
fold (M, w). Since H!(g; R) = 0 means that [g, g] = g, and since commutators of sym-
plectic vector fields are Hamiltonian, we have dvr :g = [g, g] — xP@™(M). The action
i is Hamiltonian if and only if there is a Lie algebra homomorphism pu*:g — C*(M)
such that the Hamiltonian vector field of u*(€) is dv (§). We first take an arbitrary vector
space lift T : g — C®(M) with this property, i.e., for each basis vector X € g, we choose
7(X) = 1% € C®(M) such that V(rxy =d¥(X). The map X > 7% may not be a Lie al-
gebra homomorphism. By construction, 7[*:¥] is a Hamiltonian function for [X, Y T#, and
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(as computed in Section 5.5) {rX, 7Y} is a Hamiltonian function for —[X* Y#]. Since
[X, Y] = —[Xx*, Y#], the corresponding Hamiltonian functions must differ by a constant:

XV X Y =X, V) eR.

By the Jacobi identity, §¢ = 0. Since H 2(g; R) = 0, there is b € g* satisfying ¢ = &b,
c(X,Y)=—b([X,Y]). We define

g — C (M),
X — p (X)) =1 +b(X) = p*.

Now p* is a Lie algebra homomorphism: p*([X, Y]) = {t%, ¥} = (¥, u¥}. a

By the Whitehead lemmas (see, for instance, [77, pp. 93-95]) a semisimple Lie group
G has H'(g; R) = H%(g; R) = 0. As a corollary, when G is semisimple, any symplectic
G-action is Hamiltonian.%°

PROPOSITION 5.20. For a connected Lie group G, if H'(g; R) = 0, then moment maps
for Hamiltonian G-actions are unique.

PROOF. Suppose that ;1 and p; are two moment maps for an action . For each X € g,
u{( and ;L§ are both Hamiltonian functions for X#, thus ,uf - ,u%‘ = ¢(X) is locally con-
stant. This defines ¢ € g*, X + ¢(X). Since the corresponding u} :g — C°°(M) are Lie
algebra homomorphisms, we have c([X,Y]) =0, VX, Y €g, ie., ¢ € [g, g]° = {0}. Hence,
K1 = Q2. 0

In general, if u: M — g* is a moment map, then given any ¢ € [g, g1, u1 = + ¢ is
another moment map. In other words, moment maps are unique up to elements of the dual
of the Lie algebra that annihilate the commutator ideal.

The two extreme cases are when

e G is semisimple: any symplectic action is Hamiltonian,
moment maps are unique;

e G is Abelian: symplectic actions may not be Hamiltonian,
moment maps are unique up to a constant ¢ € g*.

605 compact Lie group G has H ! (g;R)y=H 2(g; R) =0 if and only if it is semisimple. In fact, a compact Lie
group G is semisimple when g = [g, g]. The unitary group U(n) is not semisimple because the multiples of the
identity, S 1. 1d, form a nontrivial center; at the level of the Lie algebra, this corresponds to the subspace R - Id of
scalar matrices, which are not commutators since they are not traceless. Any Abelian Lie group is not semisimple.
Any direct product of the other compact classical groups SU(n), SO(n) and Sp(n) is semisimple. An arbitrary
compact Lie group admits a finite cover by a direct product of tori and semisimple Lie groups.
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5.7. Convexity

Atiyah, Guillemin and Sternberg [4,68] showed that the image of the moment map for a
Hamiltonian torus action on a compact connected symplectic manifold is always a poly-
tope.b! A proof of this theorem can also be found in [99].

THEOREM 5.21 (Atiyah, Guillemin-Sternberg). Let (M, @) be a compact connected sym-
plectic manifold. Suppose that + : T" — Sympl(M, w) is a Hamiltonian action of an
m-torus with moment map (: M — R™. Then:

(a) the levels u~1(c) are connected (c € R™);

(b) the image u(M) is convex;

(c) n(M) is the convex hull of the images of the fixed points of the action.

The image 1 (M) of the moment map is called the moment polytope.
EXAMPLES.

1. Suppose that T™ acts linearly on (C*, wp). Let A, ..., A € Z™ be the weights
appearing in the corresponding weight space decomposition, that is,

n
C'~ @ Viw,
k=1

where, for A% = (Agk), e, )&f,]f)), the torus T™ acts on the complex line V,w by
. . . ®,

(en, ... ém)y.v=¢ LA ‘7v. If the action is effective®?, then m < n and the

weights AV, ..., A are part of a Z-basis of Z™. If the action is symplectic (hence

Hamiltonian in this case), then the weight spaces V,« are symplectic subspaces. In
this case, a moment map is given by

1 n
nw) =—23 1Ol
k=1

where | - | is the standard norm%® and v = v, + -~ + v, is the weight space
decomposition of v. We conclude that, if T" acts on C" in a linear, effective and
Hamiltonian way, then any moment map x is a submersion, i.e., each differential
du, :C" — R" (v € C") is surjective.

61 A polytope in R" is the convex hull of a finite number of points in R”. A convex polyhedron is a subset of R"
that is the intersection of a finite number of affine half-spaces. Hence, polytopes coincide with bounded convex
polyhedra.

62 An action of a group G on a manifold M is called effective if each group element g # ¢ moves at least one
point p € M, that is, ﬂpEM Gp = {e}, where G, = {g € G [ g - p = p} is the stabilizer of p.

63The standard inner product satisfies (v, w) = wg(v, Jv) where J % =i a% and J aiz =—i %. In particular, the
standard norm is invariant for a symplectic complex-linear action. :
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2. Consider a coadjoint orbit O, for the unitary group U(n). Multiplying by i, the orbit
;. can be viewed as the set of Hermitian matrices with a given eigenvalue spectrum
A= (A1 = --+ 2 Ay). The restriction of the coadjoint action to the maximal torus T"
of diagonal unitary matrices is Hamiltonian with moment map u: O — R” taking a
matrix to the vector of its diagonal entries. Then the moment polytope p(0,) is the
convex hull C of the points given by all the permutations of (A1,..., A,). Thisis a
rephrasing of the classical theorem of Schur (1(0;) € C) and Horn (C < u(O))).

Example 1 is related to the universal local picture for a moment map near a fixed point
of a Hamiltonian torus action:

THEOREM 5.22. Let (M**, w,T™, 1) be a Hamiltonian T -space, where q is a fixed

point. Then there exists a chart U, x1,...,Xn, Y1,...,Yn) centered at q and weights
A AW e z2m such thar

n

n
1
wly = kZ_ldxk Ndye and  ply = p(g) = 5 ];}\(k)(xf +37)-

The following two results use the crucial fact that any effective action of an m-torus on
a manifold has orbits of dimension m; a proof may be found in [19].

COROLLARY 5.23. Under the conditions of the convexity theorem, if the T™ -action is
effective, then there must be at least m + 1 fixed points.

PROOF. At a point p of an m-dimensional orbit the moment map is a submersion, i.e.,
(dp)p, ..., (dum)p are linearly independent. Hence, w(p) is an interior point of (M),
and p (M) is a nondegenerate polytope. A nondegenerate polytope in R” has at least m + 1
vertices. The vertices of (M) are images of fixed points. ]

PROPOSITION 5.24. Let (M, w,T™, u) be a Hamiltonian T™ -space. If the T™ -action is
effective, then dim M > 2m.

PROOF. Since the moment map is constant on an orbit O, for p € O the differential
dup:TyM — g* maps T,0 to 0. Thus 7,0 Ckerdu, = (T,0)®, where (T,0)® is the
symplectic orthogonal of T,O. This shows that orbits O of a Hamiltonian torus action
are isotropic submanifolds of M. In particular, by symplectic linear algebra we have that
dimO < % dim M. Now consider an m-dimensional orbit. d

For a Hamiltonian action of an arbitrary compact Lie group G on a compact symplec-
tic manifold (M, w), the following non-Abelian convexity theorem was proved by Kir-
wan [81]: if u: M — g* is a moment map, then the intersection (M) Nt} of the image of
1 with a Weyl chamber for a Cartan subalgebra t C g is a convex polytope. This had been
conjectured by Guillemin and Sternberg and proved by them in particular cases.
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6. Symplectic reduction
6.1. Marsden—Weinstein—-Meyer theorem

Classical physicists realized that, whenever there is a symmetry group of dimension k
acting on a mechanical system, the number of degrees of freedom for the position and
momenta of the particles may be reduced by 2k. Symplectic reduction formulates this
process mathematically.

THEOREM 6.1 (Marsden—Weinstein, Meyer [92,102]). Let (M, w, G, u) be a Hamil-
tonian G-space (Section 5.6) for a compact Lie group G. Let i: w=10) = M be the
inclusion map. Assume that G acts freely on ~1(0). Then

(a) the orbit space Mg = 1~ 1(0)/G is a manifold,

() 7: 1" 10) > Mieq is a principal G-bundle, and

(c) there is a symplectic form wieq on Myeq satisfying i*®w = % wreq.

DEFINITION 6.2. The symplectic manifold (Myed, wred) Is the reduction (or reduced
space, or symplectic quotient) of (M, w) with respect to G, u.

When M is Kihler and the action of G preserves the complex structure, we can show
that the symplectic reduction has a natural Kihler structure.

Let (M, w, G, 1) be a Hamiltonian G-space for a compact Lie group G. To reduce
at a level £ € g* of u, we need u (&) to be preserved by G, or else take the G-orbit
of 1 71(€), or else take the quotient by the maximal subgroup of G that preserves p =1 (&).
Since p is equivariant, G preserves ! (£) if and only if Ad; & =§,Yg € G.Ofcourse, the
level 0 is always preserved. Also, when G is a torus, any level is preserved and reduction
at & for the moment map u, is equivalent to reduction at 0 for a shifted moment map
¢: M — g*, ¢(p) := u(p) — &. In general, let O be a coadjoint orbit in g* equipped with
the canonical symplectic formwe (defined in Section 5.1). Let O~ be the orbit O equipped
with —w@. The natural product action of G on M x O~ is Hamiltonian with moment map
no(p, &) = u(p) — &. If the hypothesis of Theorem 6.1 is satisfied for M x O, then one
obtains a reduced space with respect to the coadjoint orbit O.

EXAMPLES.
1. The standard symplectic form on C" is wy = %Zdzi Adzi =Y dxi Ndy; =
3" r; dr; A d6; in polar coordinates. The S!-action on (C", wp) where ¢'' € S acts
as multiplication by ¢!’ has vector field X* = 8371 + % + -4+ %. This action is

2
Hamiltonian with moment map p:C" — R, u(z) = —MT], since tyrw =Y ridr; =

——% > dri2 =du. The level ! (—%) is the unit sphere 52n=1 whose orbit space is
the projective space,

M—l (—%)/Sl — SZn—l/Sl — (C}P’n—l.
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The reduced symplectic form at level —% is wreq = wFs the Fubini—Study symplectic
form. Indeed, if pr: C**1\ {0} — CP” is the standard projection, the forms pr*wrs =
%35 log(lzlz) and wq have the same restriction to §2"+1,

2. Consider the natural action of U(k) on C**" with moment map u(A) = %AA* + %
for A € Ck*" (Section 5.6). Since u1(0) = {A € C**" | AA* = 1d}, the reduced
manifold is the Grassmannian of k-planes in C":

w1 0)/Uk) = Gk, n).

For the case where G = S! and dim M = 4, here is a glimpse of reduction. Let y1: M —
R be the moment map and p € x~'(0). Choose local coordinates near p: 6 along the
orbit through p, u given by the moment map, and 71, 2 the pullback of coordinates on
Mpea=pn"1(0)/8 ! Then the symplectic form can be written

w=AdoANdu+ B;d8 ndn; + Cidundn;+Ddn Adn.
J J J J

Asdu = z(a%)w, we must have A =1, B; = 0. Since w is symplectic, it must be D # 0.
Hence, i*w = D dn) A dn; is the pullback of a symplectic form on Mieq.

The actual proof of Theorem 6.1 requires some preliminary ingredients.

Let it: M — g* be the moment map for an (Hamiltonian) action of a Lie group G on a
symplectic manifold (M, w). Let g, be the Lie algebra of the stabilizer of a point p € M,
let gg ={& eg* (£, X)=0, VX € g,} be the annihilator of g,,, and let O, be the G-orbit
through p. Since a),,(X#, v) = {duy(v), X), forallv e T, M and all X € g, the differential
dpp,:TpM — g* has

kerdp, = (T,0,)*7 and imdp,p:g(,)y,

Consequently, the action is locally free®* at p if and only if p is a regular point of u (i.e.,
dp, is surjective), and we obtain:

LEMMA 6.3. If G acts freely on u='(0), then 0 is a regular value of ., the level 1=1(0)
is a submanifold of M of codimension dimG, and, for p € u=(0), the tangent space
T, uw=1(0) =kerdu p s the symplectic orthogonal to T,0p in T, M.

In particular, orbits in 1! (0) are isotropic. Since any tangent vector to the orbit is the
value of a vector field generated by the group, we can show this directly by computing,
forany X,Y €gand p € 1~ 1(0), the Hamiltonian function for [Y#, X#] =[¥, XT* at that
point: @, (X*, Y#) = ul"¥l(p) =0.

LEMMA 6.4. Let (V, $2) be a symplectic vector space, and I an isotropic subspace. Then
2 induces a canonical symplectic structure 2ieq on I /1.

64The action is locally free at p when g, = {0}, i.e., the stabilizer of p is a discrete group. The action is free at
p when the stabilizer of p is trivial, i.e., Gp = {e}.
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PROOF. Let [u], [v] be the classes in I¥?/I of u,v € I°. We have 2(u +i,v + j) =
2(u,v), Vi, j € I, because 2(u, j) = £2(i,v) = £2(i, j) = 0. Hence, we can define
2req([ul, [v]) :== £2(u, v). This is nondegenerate: if u € 12 has Q(u,v) = 0, for all
vel? thenue (I¥)? =1,1e., [u]=0. O

PROPOSITION 6.5. If a compact Lie group G acts freely on a manifold M, then M ]G is
a manifold and the map w: M — M /G is a principal G-bundle.

PROOF. We first show that, for any p € M, the G-orbit through p is a compact submani-
fold of M diffeomorphic to G.95 The G-orbit through p is the image of the smooth injec-
tive map ev,: G — M, ev,(g) = g - p. The map ev, is proper because, if A is a compact,
hence closed, subset of M, then its inverse image (ev p)_l(A), being a closed subset of
the compact Lie group G, is also compact. The differential d(ev,). is injective because
devp).(X)=0& X’; =04 X =0, VX € T,G, as the action is free. At any other point
g€ G, for X eT,G wehave d(evy)g(X) =0 & d(evp o Rg)e 0 (ngq)g(X) =0, where
Rg:G — G, h— hg, is right multiplication by g. But ev, o R, = ev,., has an injec-
tive differential at e, and (dR,-1); is an isomorphism. It follows that d(ev,), is always
injective, so ev, is an immersion. We conclude that ev), is a closed embedding.

We now apply the slice theorem® which is an equivariant tubular neighborhood theo-
rem. For p € M, letq = n(p) € M/G. Choose a G-invariant neighborhood I/ of p as in the
slice theorem, so that f ~ G x § where S is an appropriate slice. Then # () =U/G =V
is a neighborhood of ¢ in M/G homeomorphic®” to S. Such neighborhoods V are used
as charts on M/G. To show that the associated transition maps are smooth, consider two
G-invariant open sets U1, U, in M and corresponding slices S, S3. Then S1; = S1 Nk,
S21 = S MU, are both slices for the G-action on U N,. To compute the transition map
S12 — $31, consider the sequence Sy = {e} xS —> G xS12 = U NU, and similarly
for S31. The composition S12 — U N =G x S21 N S21 is smooth.

Finally, we show that w: M — M/G is a principal G-bundle. For p € M, g = = (p),

choose a G-invariant neighborhood U of p of the formn: G x § = U.ThenV =U /G =~
S is the corresponding neighborhood of ¢ in M/ G:

<
~
Q
U
<
I
<

65Even if the action is not free, the orbit through p is a compact submanifold of M. In that case, the orbit of a
point p is diffeomorphic to the quotient G/ G, of G by the stabilizer of p.

66Slice theorem. Let G be a compact Lie group acting on a manifold M such that G acts freely at p € M. Let
S be a transverse section to Op, at p (this is called a slice). Choose a coordinate chart x, ..., xn centered at p
such that Op ~ G is given by x| = -+ =xg =0and S by xy 41 =--- =xn = 0. Let Sg = SN Be where B; is
the ball of radius ¢ centered at 0 with respect to these coordinates. Let n: G x § — M, n{g,s) =g - s. Then, for
sufficiently small ¢, the map n: G x Sg — M takes G x S¢ diffeomorphically onto a G-invariant neighborhood
U of the G-orbit through p. In particular, if the action of G is free at p, then the action is free on U, so the set of
points where G acts freely is open.

57we equip the orbit space M/G with the quotient topology, i.e., V € M/G is open if and only if L) is
openin M.
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Since the projection on the right is smooth, 7 is smooth. By considering the overlap of two
trivializations ¢1:U; — G x V1 and ¢, : Uy, — G x V;, we check that the transition map
$ro¢7! = (012,id): G x (V1 NV2) = G x (V1 N V) is smooth. O

PROOF OF THEOREM 6.1. Since G acts freely on 11 (0), by Lemma 6.3 the level 1~ (0)
is a submanifold. Applying Proposition 6.5 to the free action of G on the manifold 1~ (0),
we conclude the assertions (a) and (b).

At p € u~1(0) the tangent space to the orbit T,0, is an isotropic subspace of the sym-
plectic vector space (T, M, w,). By Lemma 6.4 there is a canonical symplectic structure
on the quotient T, w10)/ T,0,. The point [p] € Mg = 1~ 1(0)/G has tangent space
T p) Mreq = T,,u'l(O) /TpO,. This gives a well-defined nondegenerate 2-form wreq on
M,eq because w is G-invariant. By construction i*w = 7 *wpg Where

T (\) ct—) M
N
Mred

The injectivity of 7* yields closedness: 7* dwred = dT*Wred = di*w =1*dw = 0. O

6.2. Applications and generalizations

Let (M, w, G, ) be a Hamiltonian G-space for a compact Lie group G. Suppose that
another Lie group H acts on (M, w) in a Hamiltonian way with moment map ¢ : M — h*.
Suppose that the H-action commutes with the G-action, that ¢ is G-invariant and that y is
H-invariant. Assuming that G acts freely on 1 1(0), let (Mreq, wreq) be the corresponding
reduced space. Since the action of H preserves 1 1(0) and w and commutes with the
G-action, the reduced space (Meq, wreq) inherits a symplectic action of H. Since ¢ is
preserved by the G-action, the restriction of this moment map to 2 ~!(0) descends to a
moment map ¢red : Mreq — h* satisfying ¢req o m = ¢ o i, where 7 0~ 1(0) > Myeq and
i1~ H0) — M. Therefore, (Mred, ®red, H, Pred) 1s a Hamiltonian H -space.

Consider now the action of a product group G = G; x G,, where G| and G, are
compact connected Lie groups. We have g = g1 ® g2 and g* = g] © g5. Suppose that
(M, w, G, ¥) is a Hamiltonian G-space with moment map

V=0, ¥2): M — g ® g5,

where ¥; : M — g} for i = 1, 2. The fact that ¥ is equivariant implies that v is invariant
under G and v, is invariant under G1. Assume that G acts freely on Zj := 1 0). Let
(M = Z1/ Gy, w1) be the reduction of (M, w) with respect to G, ¥;. From the observa-
tion above, (M1, w1) inherits a Hamiltonian G,-action with moment map o : M) — 9;
such that uy o = yp oi, where w:Zy — My and i:Z; — M. If G acts freely on
¥ ~1(0, 0), then G acts freely on Hy 1(0), and there is a natural symplectomorphism

131 (0)/G2 = ¥7'(0,0)/G.
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This technique of performing reduction with respect to one factor of a product group at a
time is called reduction in stages. It may be extended to reduction by a normal subgroup
H C G and by the corresponding quotient group G/H.

EXAMPLE. Finding symmetries for a mechanical problem may reduce degrees of free-
dom by two at a time: an integral of motion f for a 2n-dimensional Hamiltonian system
(M, ®, H) may allow to understand the trajectories of this system in terms of the tra-
jectories of a (2n — 2)-dimensional Hamiltonian system (Mreq, Wred, Hreq). Locally this
process goes as follows. Let (U, x1,...,x4,&1,...,&,) be a Darboux chart for M such

that f = £,.5 Since &, is an integral of motion, 0 = {¢,, H} = —g—xli, the trajectories of
the Hamiltonian vector field Xy lie on a constant level &, = ¢ (Pr"oposition 5.12), and
H does not depend on x,. The reduced space is Ureq = {(x1, ..., Xn=1,81, ..., &n—1) |
Ja: (x1,...,%4_1,a,&1,...,En—1,¢) € U} and the reduced Hamiltonian is Hrped:Ured
- R, Hea(x1,..., Xn—-1,&1, ..., &n—1) = H(x{,..., xy-1,a,&1,...,&,—1, c) for some a.

In order to find the trajectories of the original system on the hypersurface &, = ¢, we look
for the trajectories (x1(2),...,xp—1(?), &1(2), ..., &,—1(2)) of the reduced system on Ureq,

and integrate the equation Z2(7) = % to obtain the original trajectories where

X () = 22 0) + f G 1), X010, 1), - a1 (1), Ot
§nt) =c.

By Sard’s theorem, the singular values of a moment map u: M — g* form a set of
measure zero. So, perturbing if necessary, we may assume that a level of p is regular
hence, when G is compact, that any point p of that level has finite stabilizer G,. Let
O, be the orbit of p. By the slice theorem for the case of orbifolds, near O, the orbit
space of the level is modeled by S/G,, where S is a G -invariant disk in the level and
transverse to O, (a slice). Thus, the orbit space is an orbifold.%° This implies that, when
G = T" is an n-torus, for most levels reduction goes through, however the quotient space
is not necessarily a manifold but an orbifold. Roughly speaking, orbifolds are singular
manifolds where each singularity is locally modeled on R™ /I", for some finite group I" C
GL(m; R). The differential-geometric notions of vector fields, differential forms, exterior

68To obtain such a chart, in the proof of Darboux’s Theorem 1.9 start with coordinates oo X Yoo 90)
such that y/, = f and =2, = X 4.
m=1rf ax, f

69Let | M| be a Hausdorff topological space satisfying the second axiom of countability. An orbifold chart on | M|
is atriple (V, I', ), where V is a connected open subset of some Euclidean space R™, I” is a finite group that acts
linearly on V so that the set of points where the action is not free has codimension at least two, and ¢ : V — [M] is
a I"-invariant map inducing a homeomorphism from V/I” onto its image I C |M|. An orbifold atlas A for |M| is
a collection of orbifold charts on |M | such that: the collection of images U/ forms a basis of open sets in |M|, and
the charts are compatible in the sense that, whenever two charts (V1, I't, ¢1) and Vs, Iy, @) satisfy Uy T,
there exists an injective homomorphism A : I} — I and a A-equivariant open embedding v : V| — V%, such that
@) o ¥ = 1. Two orbifold atlases are equivalent if their union is still an atlas. An m-dimensional orbifold M
is a Hausdorff topological space |M| satisfying the second axiom of countability, plus an equivalence class of
orbifold atlases on |M|. We do not require the action of each group I” to be effective. Given a point p on an
orbifold M, let (V, I', ) be an orbifold chart for a neighborhood U of p. The orbifold structure group of p,
Iy, is (the isomorphism class of) the stabilizer of a preimage of p under ¢. Orbifolds were introduced by Satake
in [114].
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differentiation, group actions, etc., extend naturally to orbifolds by gluing corresponding
local I'-invariant or I"-equivariant objects. In particular, a symplectic orbifold is a pair
(M, w) where M is an orbifold and w is a closed 2-form on M that is nondegenerate at
every point.

EXAMPLES. The $!-action on C? given by €'? - (z1, z2) = (¢/*?21, €/*/ 2,), for some inte-
gers k and £, has moment map p:C? — R, (21, 22) > —%(k[m]2 +£|z2/%). Any & <0is
a regular value and w1(&) is a 3-dimensional ellipsoid.

When £ = 1 and k > 2, the stabilizer of (z1,z2) is {1} if 20 # 0 and is Z;, = {eiz;rTm {m=
0,1,...,k — 1} if zo = 0. The reduced space p =1 (£)/S! is then called a teardrop orbifold
or conehead, it has one cone (or dunce cap) singularity with cone angle 27”, that is, a point
with orbifold structure group Zy.

When k, £ > 2 are relatively prime, for z1, zo # O the stabilizer of (z1, 0) is Z, of (0, z2)
is Z¢ and of (z1, z2) is {1}. The quotient wHE) /S lis called a football orbifold: it has two
cone singularities, with angles 27” and 27”

For $! acting on C” by elv. (z1,...,20) = (e”“azl, e e”‘"ezn) the reduced spaces are
orbifolds called weighted (or twisted) projective spaces.

Let (M, w) be a symplectic manifold where S! acts in a Hamiltonian way, p:S! —
Diff(M), with moment map p: M — R. Suppose that:

e M has a unique nondegenerate minimum at ¢ where p(g) =0, and

o for ¢ sufficiently small, S! acts freely on the level set =1 (g).
Let C be equipped with the symplectic form —i dz A dZ. Then the action of S on the
product ¥ : S1 — Diff(M x C), ¥:(p,z) = (p;(p),? - z), is Hamiltonian with moment
map

¢:MxC—R, ¢(p,2)=np) -z

Observe that S! acts freely on the e-level of ¢ for & small enough:

¢ @) ={(p.0) e M xC|up)—z]* =¢}
={(p.0) e M xC|u(p)=¢}
U{(p.2) e M xC|lz]* = u(p) — e > 0}.

The reduced space is hence

¢~ @)/ =u N @)/S U {p e MIup) > e}

The open submanifold of M given by {p € M | u(p) > ¢} embeds as an open dense
submanifold into ¢~1(¢)/S!. The reduced space ¢~ 1(e)/S! is the e-blow-up of M at g
(Section 5.6). This global description of blow-up for Hamiltonian S!-spaces is due to Ler-
man [86], as a particular instance of his cutting technique. Symplectic cutting is the appli-
cation of symplectic reduction to the product of a Hamiltonian S!-space with the standard
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C as above, in a way that the reduced space for the original Hamiltonian S!-space embeds

symplectically as a codimension 2 submanifold in a symplectic manifold. As it is a local

construction, the cutting operation may be more generally performed at a local minimum

(or maximum) of the moment map u. There is a remaining S L action on the cut space
C%f = ¢ 1(e)/S! induced by

t:8' — Diff(M x ), 7(p,2) = (o:(p), 2)-

In fact, 7 is a Hamiltonian S!-action on M x C that commutes with -, thus descends to

an action 7: S! — Diff(Mczuf ), which is also Hamiltonian.

Loosely speaking, the cutting technique provides a Hamiltonian way to close the open
manifold {p € M | u(p) > €}, by using the reduced space at level &, =1 (¢)/S1. We may

similarly close {p € M | u(p) < &}. The resulting Hamiltonian S'-spaces are called cut

spaces, and denoted M?uf and Mcif . If another group G acts on M in a Hamiltonian way

that commutes with the S!-action, then the cut spaces are also Hamiltonian G-spaces.

6.3. Moment map in gauge theory

Let G be a Lie group and P a principal G-bundle over B.7® If A is a connection (form)’!

on P,and if a € Qﬁon-z ® g is G-invariant for the product action, then A 4 a is also a

connection on P. Reciprocally, any two connections on P differ by ana € (£2; . ® g)”.
70Let G be a Lie group and B a manifold. A principal G-bundle over B is a fibration 7 : P — B (Section 4.2)
with a free action of G (the structure group) on the total space P, such that the base B is the orbit space, the map
7 is the point-orbit projection and the local trivializations are of the form ¢y = (w, s7¢) : 7~V Uy > U x G with
sylg-p)=g-sy(p)forallge Gandall pe 7~ 1(U). A principal G-bundle is represented by a diagram

G < P

N4
B

For instance, the Hopf fibration is a principal § L bundle over $2(= CP') with total space 53 regarded as unit
vectors in C2 where circle elements act by complex multiplication.

71 An action v : G — Diff(P) induces an infinitesimal action dv : g — x(P) mapping X € g to the vector field
X* generated by the one-parameter group {expX(e) |t € R} C G. Fix a basis X;,..., Xg of g. Let P be a
principal G-bundle over B. Since the G-action is free, the vector fields X ’f, R Xf are linearly independent at
each p € P. The vertical bundle V is the rank k subbundle of T P generated by x* ., XZ. Alternatively, V is
the set of vectors tangent to P that lie in the kernel of the derivative of the bundle projection 7, so V is indeed
independent of the choice of basis for g. An (Ehresmann) connection on P is a choice of a splitting TP =V & H,
where H (called the horizontal bundle) is a G-invariant subbundle of 7 P complementary to the vertical bundle V.
A connection form on P is a Lie-algebra-valued 1-form A = Zf»‘zl A®X; €82 Iphye g such that A is G-invar-
iant, with respect to the product action of G on 21(P) (induced by the action on P) and on g (the adjoint action),
and A is vertical, in the sense that 1 ;4 A = X for any X € g. A connection TP = V @ H determines a connection
(form) A and vice-versa by the formula H =ker A = {v € T P | 1, A = 0}. Given a connection on P, the splitting
TP =V & H induces splittings for bundles T*P = V* @ H*, A2T*P = (A2V*) @ (V* A H¥) @ (AZH*),
etc., and for their sections: 21(P) = 2l & 2} .. QU(P)=0L ® Q2 @ Q2 . etc. The corresponding
connection form A is in -Q\len ®g.
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We conclude that the ser A of all connections on the principal G-bundle P is an affine
space modeled on the linear space a = (.QéOriZ )¢,

Now let P be a principal G-bundle over a compact Riemann surface. Suppose that the
group G is compact or semisimple. Atiyah and Bott [6] noticed that the corresponding
space A of all connections may be treated as an infinite-dimensional symplectic manifold.
This requires choosing a G-invariant inner product (-, -) on g, which always exists, ei-
ther by averaging any inner product when G is compact, or by using the Killing form on
semisimple groups.

Since A is an affine space, its tangent space at any point A is identified with the model
linear space a. With respect to a basis X1, ..., X; for the Lie algebra g, elements a,b € a
are written

azZ:a,- ® X; and b:Zbi®X,'.
If we wedge a and b, and then integrate over B, we obtain a real number:

w:axa— (22 (P))° ~2%B) — R,

(@,by — Y ai Abj(Xi, X)) H/Zai/\bj(xi,xjy
ij B i

We used that the pullback 7*:2%(B) — 22%(P) is an isomorphism onto its image
(.ngriz(P))G. When w(a, b) =0 for all b € g, then g must be zero. The map w is non-
degenerate, skew-symmetric, bilinear and constant in the sense that it does not depend on
the base point A. Therefore, it has the right to be called a symplectic form on A, so the
pair (4, w) is an infinite-dimensional symplectic manifold.

A diffeomorphism f:P — P commuting with the G-action determines a diffeomor-
phism fiasic : B — B by projection. Such a diffeomorphism f is called a gauge transfor-
mation if the induced fpasic is the identity. The gauge group of P is the group G of all
gauge transformations of P.

The derivative of an f € G takes an Ehresmann connection TP =V @ H to another
connection TP =V @ Hy, and thus induces an action of G in the space A of all connec-
tions. Atiyah and Bott [6] noticed that the action of G on (A, w) is Hamiltonian, where the
moment map (appropriately interpreted) is

piA— (2°P)©g)°,
Ar— curvA,
i.e., the moment map is the curvature.”? The reduced space M = u~1(0)/G is the space of

flat connections modulo gauge equivalence, known as the moduli space of flat connections,
which is a finite-dimensional symplectic orbifold.

72The exterior derivative of a connection A decomposes into three components,

dA = (dA)vert + (dA) mix + (A A)oriz € (R ® 22, ® Q2. ) ® g
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EXAMPLE. We describe the Atiyah—Bott construction for the case of a circle bundle

sl — p
N4
B

Let v be the generator of the S!-action on P, corresponding to the basis 1 of g ~ R.
A connection form on P is an ordinary 1-form A € £2 1(P) suchthat L,A =0andi,A = 1.
If we fix one particular connection Ag, then any other connection is of the form A = Ap+a
forsomeaca= (QﬁoﬁZ(P))G = £21(B). The symplectic form on a = QY(B) is simply

w:axa— 22(B) — R,

(a,b)— aAb 1—>/a/\b.
B

The gauge group is G = Maps(B, S'), because a gauge transformation is multiplication
by some element of S! over each point in B encoded in a map k: B — S!. The action
¢ : G — Diff(P) takes h € G to the diffeomorphism

¢n:pr— h(z(p)) - p.

The Lie algebra of G is Lie G = Maps(B, R) = C*°(B) with dual (Lie G)* = §2%2(B), where
the (smooth) duality is provided by integration C*°(B) x 02%B) >R, (h, B) —~ f g hB.
The gauge group acts on the space of all connections by

¥ : G — Diff(A),
(hix > ) — (Y A> A—n*db).

(In the case where P = St x B is a trivial bundle, every connection can be written A =
dt + B, with B € 2'(B). A gauge transformation & € G acts on P by ¢p: (t,x) — (¢t +
6(x),x) and on A by A > ¢Z_, (A).) The infinitesimal action is

dyr:LieG — x(A),
X > X* = vector field described by (A~ A—-dX),

so that X¥ = —d X . It remains to check that

p:A— (LieG)* = 2%(B),
Ar— curvA

sgtisfying (dA)mix =0 and (dA)ver(X,Y) =[X, Y], e, (dA)verr = % Zﬂ’m c@mAg A Am ® X;, where the
¢y, S are the structure constants of the Lie algebra with respect to the chosen basis, and defined by [X,, X, ] =
> itm c@ . Xi- So the relevance of dA may come only from its horizontal component, called the curvature form

of the connection A, and denoted curv A = (dA)yoriz € 22

horiz & 8- A connection is called flat if its curvature is
Zero.
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is indeed a moment map for the action of the gauge group on A. Since in this case curv A =
dA € (22, (P)° = 2%(B), the action of G on £2%(B) is trivial and y is G-invariant, the
equivariance condition is satisfied. Take any X € Lie G = C®°(B). Since the map uX : A >

(X,dA) = fB X -dA islinear in A, its differential is

du*:a — R,

ar——>/Xda.
B

By definition of w and the Stokes theorem, we have that
w(X*, a) :/X#-az—/dX-a:/X-da:dux(a), Va € 21(B),
B B B

so we are done in proving that u is the moment map.

The function [ju]?: A — R giving the square of the L? norm of the curvature is the
Yang—Mills functional, whose Euler—Lagrange equations are the Yang—Mills equations.
Atiyah and Bott [6] studied the topology of .4 by regarding |1/ as an equivariant Morse
function. In general, it is a good idea to apply Morse theory to the norm square of a moment
map [80].

6.4, Symplectic toric manifolds

Toric manifolds are smooth toric varieties.”> When studying the symplectic features of
these spaces, we refer to them as symplectic toric manifolds. Relations between the alge-
braic and symplectic viewpoints on toric manifolds are discussed in [21].

DEFINITION 6.6. A symplectic toric manifold is a compact connected symplectic mani-
fold (M, w) equipped with an effective Hamiltonian action of a torus T of dimension equal
to half the dimension of the manifold, dimT = %dim M, and with a choice of a corre-
sponding moment map u. Two symplectic toric manifolds, (M;, w;, T;, u;), i = 1,2, are
equivalent if there exists an isomorphism A :T; — T, and a A-equivariant symplectomor-
phism ¢ : M| — M such that p1; = up 0 .

EXAMPLES.
1. The circle ! acts on the 2-sphere (S 2 Wgandard = d6 Adh) by rotations, e'” - (8, h) =
(6 + v, h). with moment map p = h equal to the height function and moment poly-
tope [—1, 1] (see Figure 3).

T3 Toric varieties were introduced by Demazure in [29]. There are many nice surveys of the theory of toric vari-
eties in algebraic geometry; see, for instance, [27,53,79,107]. Toric geometry has recently become an important
tool in physics in connection with mirror symmetry [26].
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Fig. 3.

Analogously, S! acts on the Riemann sphere CP! with the Fubini-Study form
WFs = %wstandard, by €' - [z0,21] = [20, €?z1]. This is Hamiltonian with moment

__1. _ 1P
map u[z0, 21} =—5 - Tl 2

2. For the T"-action on the product of n Riemann spheres CP! x - -- x CP! by

and moment polytope [— %, 0].

(eiel, e ,eie”) . ([zl, wil, ..., [z, wn]) = ([zl,eiglwl], cey [wo,eie"wl]),

the moment polytope is an n-dimensional cube.

3. Let (CP?, wgs) be 2-(complex-)dimensional complex projective space equipped with
the Fubini-Study form defined in Section 3.4. The TZ%-action on CP? by (e%1, ¢%2) .
(20, 21, 221 = [z0, €/%' 21, €!%275] has moment map

1 |21 > |22/
mlzo,z1,22] = — .

2\Jzol2 + 1212 + 12212 1202 + 2112 + (222

The image is the isosceles triangle with vertices (0, 0), (—%, 0) and (0, —%).
4. For the T"-action on (CP", wrs) by

(€%, ....e%) Tz0,21, ..., 2a] = [20, €21, ..., €02,
the moment polytope is an n-dimensional simplex.

Since the coordinates of the moment map are commuting integrals of motion, a sym-
plectic toric manifold gives rise to a completely integrable system. By Proposition 5.24,
symplectic toric manifolds are optimal Hamiltonian torus-spaces. By Theorem 5.21, they
have an associated polytope. It turns out that the moment polytope contains enough infor-
mation to sort all symplectic toric manifolds. We now define the class of polytopes that
arise in the classification. For a symplectic toric manifold the weights AV ... A in
Theorem 5.22 form a Z-basis of Z™, hence the moment polytope is a Delzant polytope:

DEFINITION 6.7. A Delzant polytope in R" is a polytope satisfying:
o simplicity, i.e., there are n edges meeting at each vertex;
e rationality, i.e., the edges meeting at the vertex p are rational in the sense that each
edge is of the form p + tu;, r > 0, where u; € Z*;
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Fig. 4.

o smoothness, i.e., for each vertex, the corresponding u1, ..., u, can be chosen to be a
Z-basis of Z".

In R? the simplicity condition is always satisfied (by nondegenerate polytopes). In R3,
for instance, a square pyramid fails the simplicity condition.

ExXAMPLES. Figure 4 represents Delzant polytopes in R2.

The following theorem classifies (equivalence classes of) symplectic toric manifolds in
terms of the combinatorial data encoded by a Delzant polytope.

THEOREM 6.8 (Delzant [28]). Toric manifolds are classified by Delzant polytopes, and
their bijective correspondence is given by the moment map:

{toric manifolds} <—> {Delzant polytopes},

(M*, 0, T", 1) —> u(M).

Delzant’s construction (Section 6.5) shows that for a toric manifold the moment map
takes the fixed points bijectively to the vertices of the moment polytope and takes points
with a k-dimensional stabilizer to the codimension k faces of the polytope. The moment
polytope is exactly the orbit space, i.., the preimage under u of each point in the polytope
is exactly one orbit. For instance, consider (2, w=db6 Andh,S 1 1 =h), where S ! acts
by rotation. The image of u is the line segment / = [—1, 1]. The product § I'x I'is an
open-ended cylinder. We can recover the 2-sphere by collapsing each end of the cylinder
to a point. Similarly, we can build CP? from T? x A where A is a rectangular isosceles
triangle, and so on.

EXAMPLES.

1. By a linear transformation in SL(2; Z), we can make one of the angles in a Delzant
triangle into a right angle. Out of the rectangular triangles, only the isosceles one
satisfies the smoothness condition. Therefore, up to translation, change of scale and
the action of SL(2; Z), there is just one 2-dimensional Delzant polytope with three
vertices, namely an isosceles triangle. We conclude that the projective space CP?
is the only 4-dimensional toric manifold with three fixed points, up to choices of a
constant in the moment map, of a multiple of wgs and of a lattice basis in the Lie
algebra of T?.

2. Up to translation, change of scale and the action of SL(n; Z), the standard n-simplex
A in R" (spanned by the origin and the standard basis vectors (1,0, .. L0,
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P

Fig. 5.

(0, ..., 0, 1)) is the only rn-dimensional Delzant polytope with n + 1 vertices. Hence,
Ma = CP” is the only 2n-dimensional toric manifold with n + 1 fixed points, up to
choices of a constant in the moment map, of a multiple of wgg and of a lattice basis
in the Lie algebra of TV.

3. A transformation in SL(2; Z) makes one of the angles in a Delzant quadrilateral
into a right angle. Automatically an adjacent angle also becomes 90°. Smoothness
imposes that the slope of the skew side be integral. Thus, up to translation, change of
scale and SL(2; Z)-action, the 2-dimensional Delzant polytopes with four vertices are
trapezoids with vertices (0, 0), (0, 1), (£, 1) and (£ +n, 0), for n a nonnegative integer
and £ > 0. Under Delzant’s construction (that is, under symplectic reduction of C*
with respect to an action of (§ )2y these correspond to the so-called Hirzebruch
surfaces—the only 4-dimensional symplectic toric manifolds that have four fixed
points up to equivalence as before. Topologically, they are S?-bundles over S?, either
the trivial bundle S2 x S2 when n is even or the nontrivial bundle (given by the blow-
up of CP? at a point; see Section 4.3) when 7 is odd.

Let A be an n-dimensional Delzant polytope, and let (M, wa, T", pa) be the asso-
ciated symplectic toric manifold. The e-blow-up of (Ma, wa) at a fixed point of the T"-
action is a new symplectic toric manifold (Sections 4.3 and 5.6). Let g be a fixed point
of the T"-action on (M, wa), and let p = pa(g) be the corresponding vertex of A. Let
ui,...,u, be the primitive (inward-pointing) edge vectors at p, so that the rays p + tu;,
t > 0, form the edges of A at p.

PROPOSITION 6.9. The e-blow-up of (Ma, wa) at a fixed point q is the symplectic toric
manifold associated to the polytope A obtained from A by replacing the vertex p by the
n vertices p+eu;,i=1,...,n.

In other words, the moment polytope for the blow-up of (Ma,wa) at g is obtained
from A by chopping off the corner corresponding to ¢, thus substituting the original set
of vertices by the same set with the vertex corresponding to ¢ replaced by exactly n new
vertices. The truncated polytope is Delzant. We may view the e-blow-up of (Ma, wa)
as being obtained from M, by smoothly replacing g by (CP"~!, ewrs) (Whose moment
polytope is an (n — 1)-dimensional simplex). (See Figure 5.)

EXAMPLE. The moment polytope for the standard T2-action on (CP?, wrs) is a right
isosceles triangle A. If we blow up CP? at [0 : 0 : 1] we obtain a symplectic toric manifold
associated to the trapezoid below: a Hirzebruch surface (see Figure 6).
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Fig. 6.

" projection

Fig. 7.

Let (M, w, T", 1) be a 2n-dimensional symplectic toric manifold. Choose a suitably
generic direction in R” by picking a vector X whose components are independent over Q.
This condition ensures that:

e the one-dimensional subgroup TX generated by the vector X is dense in T”,

e X is not parallel to the facets of the moment polytope A := u(M), and

o the vertices of A have different projections along X.

Then the fixed points for the T"-action are exactly the fixed points of the action restricted
to TX, that is, are the zeros of the vector field, X* on M generated by X. The projection
of w along X, u* := (u, X): M — R, is a Hamiltonian function for the vector field X*
generated by X. We conclude that the critical points of u* are precisely the fixed points of
the T"-action (see Figure 7).

By Theorem 5.22, if g is a fixed point for the T"-action, then there exists a chart
U, x1,-..,xn, ¥1,---, ¥n) centered at g and weights AW A 277 guch that

1 n
¥y = (o Xl = ¥ @) = 5 300, X0 (i + 7).
k=1

Since the components of X are independent over Q, all coefficients (k(">, X) are nonzero,
50 g is a nondegenerate critical point of ;X . Moreover, the index’* of g is twice the number
of labels k such that —(A0), X) < 0. But the —A(®’s are precisely the edge vectors u;
which satisfy Delzant’s conditions. Therefore, geometrically, the index of ¢ can be read
from the moment polytope A, by taking twice the number of edges whose inward-pointing

T4 A Morse function on an m-dimensional manifold M is a smooth function f:M — R all of whose critical
points (where df vanishes) are nondegenerate (i.e., the Hessian matrix is nonsingular). Let ¢ be a nondegenerate
critical point for f: M — R. The index of f at q is the index of the Hessian H, :R™ x R — R regarded as a
symmetric bilinear function, that is, the maximal dimension of a subspace of R where H is negative definite.
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edge vectors at (1(q) point up relative to X, that is, whose inner product with X is positive.
In particular, X is a perfect Morse function’ and we have

PROPOSITION 6.10. Let X € R” have components independent over Q. The degree-2k
homology group of the symplectic toric manifold (M, w, T, i) has dimension equal to the
number of vertices of the moment polytope where there are exactly k (primitive inward-
pointing) edge vectors that point up relative to the projection along the X . All odd-degree
homology groups of M are zero.

By Poincaré duality (or by taking —X instead of X), the words point up may be replaced
by point down. The Euler characteristic of a symplectic toric manifold is simply the number
of vertices of the corresponding polytope. There is a combinatorial way of understanding
the cohomology ring [53].

A symplectic toric orbifold is a compact connected symplectic orbifold (M, w) equipped
with an effective Hamiltonian action of a torus of dimension equal to half the dimension
of the orbifold, and with a choice of a corresponding moment map. Symplectic toric orb-
ifolds were classified by Lerman and Tolman [87] in a theorem that generalizes Delzant’s:
a symplectic toric orbifold is determined by its moment polytope plus a positive integer
label attached to each of the polytope facets. The polytopes that occur are more general
than the Delzant polytopes in the sense that only simplicity and rationality are required;
the edge vectors uj, ..., u, need only form a rational basis of Z". When the integer la-
bels are all equal to 1, the failure of the polytope smoothness accounts for all orbifold
singularities.

6.5. Delzant’s construction

Following [28,66], we prove the existence part (or surjectivity) in Delzant’s theorem, by
using symplectic reduction to associate to an n-dimensional Delzant polytope A a sym-
plectic toric manifold (Ma, wa, T, pa).

Let A be a Delzant polytope in (R”)*7® and with d facets.”” We can algebraically de-
scribe A as an intersection of d halfspaces. Let v; € Z",i =1,...,d, be the primitive78
outward-pointing normal vectors to the facets of A. Then, for some ; € R, we can write
A={xe@®)* | {x,v) <A, i=1,...,d}.

73 A perfect Morse function is a Morse function f for which the Morse inequalities [103,104] are equalities, i.e.,
by(M)=C), and by (M) — by (M) +---£bg(M)y=C, — Cy—1 +--- £ Cy where b, (M) =dim H, (M) and
C. be the number of critical points of f with index A. If all critical points of a Morse function f have even index,
then f is a perfect Morse function.

76Although we identify R” with its dual via the Euclidean inner product, it may be more clear to see A in (R")*
for Delzant’s construction.

77Aface of a polytope A is a set of the form F = PN {x € R" | f(x) =c} where c € R and f € (R")* satisfies
f(x) 2 ¢, Vx € P. A facet of an n-dimensional polytope is an (r — 1)-dimensional face.

T8 A lattice vector v € Z" is primitive if it cannot be written as v = ku with u € Z", k € Z and |k| > 1; for
instance, (1, 1), (4, 3), (1, 0) are primitive, but (2, 2), (3, 6) are not.
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0, 1)

Fig. 8.

EXAMPLE. When A is the triangle shown in Figure 8, we have
A={xe(®RY)"|{x.(~1,0)) <0, {x,0,-D)<0, {x, (1, D)< 1}.
For the standard basis e; = (1,0,...,0),...,e4 = (0,...,0, 1) of R, consider

7RI R,

€ — v;.
LEMMA 6.11. The map n is onto and maps 7¢ onto 7.

PROOF. We need to show that the set {vy, ..., vy} spans Z". At a vertex p, the edge vectors
Ui, ..., un € (R")* form a basis for (Z")* which, by a change of basis if necessary, we may
assume is the standard basis. Then the corresponding primitive normal vectors to the facets
meeting at p are —uy, ..., —U,. a

We still call 7 the induced surjective map T =R/ 27 Z4) 5T =R~ /QnrZ"). The
kernel N of m is a (d — n)-dimensional Lie subgroup of T¢ with inclusion i : N < T¢.
Let n be the Lie algebra of N. The exact sequence of tori

- N-ST 5
induces an exact sequence of Lie algebras

0—n—R R — 0
with dual exact sequence

0— (RM* LN (Rd)* .
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Consider C¢ with symplectic form wp = %Zdzk A dZ, and standard Hamiltonian ac-

tion of T¢ given by (¢, ..., e!") - (z1,...,z4) = (€N z1,...,€"z;). A moment map is
¢:C% — (RY)* defined by

1
¢<zl,...,zd)=—5(|z1|2,..., 2al?) + (i1, -, Aa),

where the constant is chosen for later convenience. The subtorus N acts on C¢ in a Hamil-
tonian way with moment map i* o ¢ : C¢ — n*. Let Z = (i* 0 ¢)"1(0).

In order to show that Z (a closed set) is compact it suffices (by the Heine-Borel theorem)
to show that Z is bounded. Let A’ be the image of A by 7*. First we show that ¢(Z) = A’.
A value y € (RY)* is in the image of Z by ¢ if and only if

(a) yisintheimageof¢ and (b) i*y=0
if and only if (using the expression for ¢ and the third exact sequence)

@ (y,e)<A; fori=1,...,d and
(b)y y=m*(x) forsomex € (R™)*.

Suppose that y = 7*(x). Then

(y.ei) <A, Vi = (x,7w())<Ai, Vi
= x,v)<A, Vi &= xeA.
Thus, y € ¢(Z) & y € 7*(A) = A’. Since A’ is compact, ¢ is proper and ¢(Z) = A’, we
conclude that Z must be bounded, and hence compact.
In order to show that N acts freely on Z, pick a vertex p of A, and let I = {i1, ..., i,} be

the set of indices for the n facets meeting at p. Pick z € Z such that ¢ (z) = 7*(p). Then
p is characterized by » equations {p, v;) = A; where i € I:

{p, ()=
(m*(p).ei) =1
(0@, e)=Mi

ith coordinate of ¢(z) is equal to A;

(p,vi) = A

1
—Elzilz +Ai=A

I

z; =0.

Hence, those z’s are points whose coordinates in the set I are zero, and whose other co-
ordinates are nonzero. Without loss of generality, we may assume that / = {1, ..., n}. The
stabilizer of z is

(1), ={t1,.... 00, 1,..., 1) € T?}.
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As the restriction 7 : (Rd ); — R” maps the vectors ey, ..., e, to a Z-basis vy,..., v,
of Z" (respectively), at the level of groups = : (T%), — T" must be bijective. Since
N = ker(zw : T¢ — T"), we conclude that N N (T, = {e}, i.e., N, = {e}. Hence all
N-stabilizers at points mapping to vertices are trivial. But this was the worst case, since
other stabilizers N, (z' € Z) are contained in stabilizers for points z that map to vertices.
We conclude that N acts freely on Z.

We now apply reduction. Since i* is surjective, 0 € n* is a regular value of i* o ¢.
Hence, Z is a compact submanifold of C? of (real) dimension 2d — (d — n) =d + n.
The orbit space Ma = Z/N is a compact manifold of (real) dimension dimZ — dim N =
(d +n) — (d — n) = 2n. The point-orbit map p:Z — M is a principal N-bundle over
M. Consider the diagram

z <

P
M

where j:Z — C4 is inclusion. The Marsden—Weinstein-Meyer theorem (Theorem 6.1)
guarantees the existence of a symplectic form wa on Mx satisfying

proa = jFwp.

Since Z is connected, the symplectic manifold (Ma, wa) is also connected.

It remains to show that (Ma, wa) is a Hamiltonian T"-space with a moment map pa
having image pua(Ma) = A. Let z be such that ¢ (z) = 7*(p) where p is a vertex of A. Let
o :T" — (T9), be the inverse for the earlier bijection 7 : (T¢), — T”. This is a section,
i.e., a right inverse for 7, in the sequence

I — N 5 1 & o g,
O

so it splits, i.e., becomes like a sequence for a product, as we obtain an isomorphism

(i,0):N xT" =5 T9. The action of the T" factor (or, more rigorously, o (T"?) C )
descends to the quotient Ma = Z/N. Consider the diagram

z Lot L RY) =t e @YD @Y

where the last horizontal map is projection onto the second factor. Since the composition
of the horizontal maps is constant along N -orbits, it descends to a map

pa: My — RYH*
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which satisfies ua o p =0 o ¢ o j. By reduction for product groups (Section 6.2), this is

a moment map for the action of T” on (Ma, wa). The image of wa is

pa(Ma)=(uaop)Z)= (0" oo j)(Z)=(c"on*)(A)=A,

because ¢(Z) = 7*(A) and 7 o o = id. We conclude that (Ma, wa, T, 1a) is the re-
quired toric manifold corresponding to A. This construction via reduction also shows that

symplectic toric manifolds are in fact Kéhler.

EXAMPLE. Here are the details of Delzant’s construction for the case of a segment
A=[0,al] CR* (n=1,d =2). Let v(= 1) be the standard basis vector in R. Then A
is described by (x, —v) < 0 and {x, v) < a, where vi = —v, vy =v, Ay =0 and > = a.

The projection R? s R, e1 = —v, e — v, has kernel equal to the span of (e; + ¢3), so

that N is the diagonal subgroup of T2 = S! x S!. The exact sequences become

1—-N5 1 5 st

t— (1,1),
-1
(t1, ) V> 1,

0—n-> R 5 R —0

x — (x,x),
(x1,x2) > x2 —xy,

0—R I (R) 5wt o,
X —> (—x,x),
(x1,x2) V> x1 +x2.

The action of the diagonal subgroup N = {(¢/’, ¢') € S! x S'} on C? by
(e",€") - (z1,22) = (€"'z1,€"22)

has moment map (i* o $)(z1, 22) = —%(111 [2 + |z2/%) + a, with zero-level set
(i 0$) 7' (0) = {(z1,22) € C*: |21 + |2a]* = 2a}.

Hence, the reduced space is a projective space, (i* o B () /N = CPL.

6.6. Duistermaat—Heckman theorems

Throughout this subsection, let (M, @, G, u) be a Hamiltonian G-space, where G is an

n-torus’® and the moment map x is proper.

79The discussion in this subsection may be extended to Hamiltonian actions of other compact Lie groups, not

necessarily tori; see [66, Exercises 2.1-2.10].
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If G acts freely on /L_l (0), it also acts freely on nearby levels p= Y1), teg*and t = 0.
(Otherwise, assume only that 0 is a regular value of 4 and work with orbifolds.) We study
the variation of the reduced spaces by relating

(Miea = p~'(0)/G, wed) and (M, =p ' (1)/G, ).

For simplicity, assume G to be the circle § I Let Z=p"1(0) and let i : Z < M be the
inclusion map. Fix a connection form « € £2 1(Z) for the principal bundle

sl — 2z
N4
Mred

that is, £y#a =0 and 1y#»a = 1, where X* is the infinitesimal generator for the S!-action.
Construct a 2-form on the product manifold Z x (—¢, €) by the recipe

0 =¥ wreq — d(xa),

where x is a linear coordinate on the interval (—¢, &) C R 2~ g*. (By abuse of notation, we
shorten the symbols for forms on Z x (—e¢, ¢) that arise by pullback via projection onto
each factor.)

LEMMA 6.12. The 2-form o is symplectic for € small enough.

PROOF. At points where x = 0, the form o |—o = 7*wreq + Adx satisfies & Lo (X#, %)
=1, so o is nondegenerate along Z x {0}. Since nondegeneracy is an open condition, we
conclude that o is nondegenerate for x in a sufficiently small neighborhood of 0. Closed-

ness is clear. O

Notice that ¢ is invariant with respect to the S _action on the first factor of Z x (—¢, &).
This action is Hamiltonian with moment map x: Z x (—¢, £¢) = (—¢, ¢) given by projec-
tion onto the second factor (since Ly#ox =0 and 1ysoe = 1

1y#0 = —1y#d(x0) = —Lyn(xa) +diys(xa) =dx.

LEMMA 6.13. There exists an equivariant symplectomorphism between a neighborhood
of Z in M and a neighborhood of Z x {0} in Z X (—¢, ¢), intertwining the two moment
maps, for ¢ small enough.

PROOF. The inclusion ig: Z <> Z x (—e¢, &) as Z x {0} and the natural inclusion i : Z —
M are S'-equivariant coisotropic embeddings. Moreover, they satisfy ijo = i*w since
both sides are equal to 7 *@yeq, and the moment maps coincide on Z because ifx=0=
i*1. Replacing ¢ by a smaller positive number if necessary, the result follows from the
equivariant version of the coisotropic embedding theorem (Theorem 2.9).80 D

80Equivariant coisotropic embedding theorem: Let (M, wg), (M1, wy) be symplectic manifolds of dimen-
sion 2n, G a compact Lie group acting on (M;, w;), i =90,1, in a Hamiltonian way with moment maps .o
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Therefore, in order to compare the reduced spaces M; = w1(#)/S! for t = 0, we can
work in Z x (—¢, £) and compare instead the reduced spaces x~1(r)/S".

PROPOSITION 6.14. The space (M;, w;) is symplectomorphic to (Mred, wred — tB) where
B is the curvature form of the connection «.

PROOF. By Lemma 6.13, (M, w,) is symplectomorphic to the reduced space at level ¢ for
the Hamiltonian space (Z x (—¢, ¢), o, $1, x). Since x~ 1) = Z x {t}, where S acts on
the first factor, all the manifolds x ~1(¢) /S are diffeomorphic to Z/S V= Mieq. As for the
symplectic forms, let ¢; : Z x {t} < Z x (—¢, &) be the inclusion map. The restriction of &
toZ x {t}is

fo =m"wreq — tda.

By definition of curvature, do = n* 8. Hence, the reduced symplectic form on xSt
18 wred — tB. O

In loose terms, Proposition 6.14 says that the reduced forms w, vary linearly in ¢, for ¢
close enough to 0. Howeyver, the identification of M, with Mr.q as abstract manifolds is not
natural. Nonetheless, any two such identifications are isotopic. By the homotopy invariance
of de Rham classes, we obtain:

THEOREM 6.15 (Duistermaat-Heckman [38]). Under the hypotheses and notation before,
the cohomology class of the reduced symplectic form [w,] varies linearly in t. More specif-
ically,ifc=[-B] € HdzeRham(Mred) is the first Chern class®! of the Sl-bundle Z — Myeq,
we have

[w;] = [wred] + 2.

and 1, respectively, Z a manifold of dimension k > n with a G-action, and ; : Z — M;, i =0, 1, G-equivariant
coisotropic embeddings. Suppose that §wg = (fwi and g = ({p1. Then there exist G-invariant neighbor-
hoods Uy and Uy of w(Z) and 11(Z) in My and My, respectively, and a G-equivariant symplectomorphism
@ :Uy — Uy such that p o1y = 1] and pg=@*u.
810ften the Lie algebra of § 1 is identified with 27 /R under the exponential map exp: g ~ 27iR — § Ve ef,
Given a principal 5!-bundle, by this identification the infinitesimal action maps the generator 2mi of 27iR
to the generating vector field X #_ A connection form A is then an imaginary-valued 1-form on the total space
satisfying £ y# A =0 and 14 A = 27ri. Its curvature form B is an imaginary-valued 2-form on the base satisfying
7% B =dA. By the Chern—-Weil isomorphism, the first Chern class of the principal § L bundle is ¢ = [2—’;[— Bl.
Here we identify the Lie algebra of ST with R and implicitly use the exponential map exp:g ~R — § L
t > e27 Hence, given a principal § !_bundle, the infinitesimal action maps the generator 1 of R to X # and
here a connection form « is an ordinary 1-form on the total space satisfying £Ly#a =0 and 1y#a = 1. The
curvature form B is an ordinary 2-form on the base satisfying 7*8 = da. Consequently, we have A =27iq,
B =2mip and the first Chern class is given by ¢ = [—p].
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DEFINITION 6.16. The Duistermaat—Heckman measure, mpy, on g* is the push-forward
of the Liouville measure®? by : M — g*, that is, for any Borel subset U of g*, we have

wn

mDH(U)=/ —-
M—I(L{) ni

The integral with respect to the Duistermaat-Heckman measure of a compactly-
supported function h € C®(g*) is

w’l
f hdeH:=/ (thou)y—.
o* M n!

On g* regarded as a vector space, say R”, there is also the Lebesgue (or Euclidean) mea-
sure, mg. The relation between mpy and my is governed by the Radon—Nikodym derivative,

denoted by ¢ZIDH which is a generalized function satisfyin
y dm() g y g

d
/ hdeH = f h 7oh dmo.
g* g* dm()

THEOREM 6.17 (Duistermaat-Heckman [38]). Under the hypotheses and notation be-
fore, the Duistermaat—Heckman measure is a piecewise polynomial multiple of Lebesgue

measure on g* ~R", that is, the Radon—-Nikodym derivative f = dar,"mDo” is piecewise poly-

nomial. More specifically, for any Borel subset U of g*, we have mpy(Uf) = fu fx)dx,
where dx = dmy is the Lebesgue volume form on U and f:g* ~R" — R is polynomial
on any region consisting of regular values of (L.

This Radon-Nikodym derivative f is called the Duistermaatr—Heckman polynomial. In
the case of a toric manifold, the Duistermaat—-Heckman polynomial is a universal constant
equal to (27)" when A is n-dimensional. Thus the symplectic volume of (Ma, wa) is
(2m)" times the Euclidean volume of A.

EXAMPLE. For the standard spinning of a sphere (82,0 =d6 Adh, S, u = h), the image
of u is the interval [—1, 1]. The Lebesgue measure of [a, ] C [—1, 1] is mg([a, b]) =
b — a. The Duistermaat-Heckman measure of [a, b] is

mDH([a,b]):/ d9dh =2m(b — a),
{(6.h)eS? | a<h<b)

820n an arbitrary symplectic manifold (M 2”, w), with symplectic volume (;)T’!I’ the Liouville measure (or sym-
plectic measure) of a Borel subset Uf of M is
1
u n!
The set BB of Borel subsets is the o -ring generated by the set of compact subsets, i.e., if A, B € B, then A\ B € B,
andif A; € B,i=1,2,... then | J72 A; € B.
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i.e., mpy = 2wmg. Consequently, the area of the spherical region between two paral-
lel planes depends only on the distance between the planes, a result that was known to
Archimedes around 230 BC.

PROOF. We sketch the proof of Theorem 6.17 for the case G = S!. The proof for the
general case, which follows along similar lines, can be found in, for instance, [66], besides
the original articles.

Let (M, w, St, 1) be a Hamiltonian S 1—space of dimension 2n and let (M,, w,) be its
reduced space at level x. Proposition 6.14 or Theorem 6.15 imply that, for x in a sufficiently
narrow neighborhood of 0, the symplectic volume of M.,

3

w7l (wrea — xB)"* !
(M) = x [ Ced=XP)
vol(M.) /M o — 1) /Med =1

is a polynomial in x of degree n — 1. This volume can be also expressed as

_ ¥ (red _X,B)n_l
vol(M,) _/Z D! Ad,

where « is a connection form for the S'-bundle Z — Mieq and B is its curvature form.
Now we go back to the computation of the Duistermaat-Heckman measure. For a Borel
subset U of (—e¢, €), the Duistermaat-Heckman measure is, by definition,

w}’l

mpu({{) =/

wrtan nt

Using the fact that (u~!(—¢, &), w) is symplectomorphic to (Z x (—¢, ¢), o) and, more-
over, they are isomorphic as Hamiltonian S 1 -spaces, we obtain

o,n

mDH(u)=f e
ZxU N

Since 6 = 7 *wred — d(xa), its poweris 6" = n(T*weq —x da)" ! Aa Adx. By the Fubini
theorem, we then have

* n—1
|:f 7 (@reg = XP) /\aj| Adx.
Z

mpH(U) =/ D)

U

Therefore, the Radon—Nikodym derivative of mpy with respect to the Lebesgue measure,
dx, is

* _ n—1
f(x)=f Teed =BT volu,).
z (n—1)!
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The previous discussion proves that, for x ~ 0, f(x) is a polynomial in x. The same
holds for a neighborhood of any other regular value of i, because we may change the
moment map i by an arbitrary additive constant. |

Duistermaat and Heckman [38] also applied these results when M is compact to provide

a formula for the oscillatory integral [ M ein” ‘Z—’: for X € g as a sum of contributions of
the fixed points of the action of the one-parameter subgroup generated by X. They hence
showed that the stationary phase approximation®> is exact in the case of the moment map.
When G is a maximal torus of a compact connected simple Lie group acting on a coadjoint
orbit, the Duistermaat—Heckman formula reduces to the Harish—Chandra formula. It was
observed by Berline and Vergne [14] and by Atiyah and Bott [5] that the Duistermaat—
Heckman formula can be derived by localization in equivariant cohomology. This is an
instance of Abelian localization, i.e., a formula for an integral (in equivariant cohomology)
in terms of data at the fixed points of the action, and typically is used for the case of Abelian
groups (or of maximal tori). Later non-Abelian localization formulas were found, where
integrals (in equivariant cohomology) are expressed in terms of data at the zeros of the
moment map, normally used for the case of non-Abelian groups. Both localizations gave
rise to computations of the cohomology ring structure of reduced spaces [80].
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