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Foreword

These notes cover a short course on symplectic toric manifolds, delivered in six
lectures at the summer school on Symplectic Geometry of Integrable Hamiltonian
Systems, mostly for graduate students, held at the Centre de Recerca Matematica
in Barcelona in July of 2001.

The goal of this course is to provide a fast elementary introduction to toric
manifolds (i.e., smooth toric varieties) from the symplectic viewpoint. The study of
toric manifolds has many different entrances and has been scoring a wide spectrum
of applications. For symplectic geometers, they provide examples of extremely
symmetric and completely integrable hamiltonian spaces. In order to distinguish
the algebraic from the symplectic approach, we call algebraic toric manifolds to the
smooth toric varieties in algebraic geometry, and say symplectic toric manifolds
when studying their symplectic properties.

Native to algebraic geometry, the theory of toric varieties has been around for
about thirty years. It was introduced by Demazure in [16] who used toric varieties
for classifying some algebraic subgroups. Since 1970 many nice surveys of the
theory of toric varieties have appeared (see, for instance, [14, 21, 28, 41]). Algebraic
geometers and combinatorialists have found fruitful applications of toric varieties
to the geometry of convex polytopes, resolutions of singularities, compactifications
of locally symmetric spaces, critical points of analytic functions, etc. For the last
ten years, toric geometry became an important tool in physics in connection with
mirror symmetry [13] where research has been intensive.

In this text we emphasize the geometry of the moment map whose image, the
so-called moment polytope, determines the symplectic toric manifolds. The notion
of a moment map associated to a group action generalizes that of a hamiltonian
function associated to a vector field. Either of these notions formalizes the Noether
principle, which states that to every symmetry (such as a group action) in a me-
chanical system, there corresponds a conserved quantity. The concept of a moment
map was introduced by Souriau [45] under the french name application moment;
besides the more standard english translation to moment map, the alternative mo-
mentum map is also used. Moment maps have been asserting themselves as a main
tool to study problems in geometry and topology when there is a suitable sym-
metry, as illustrated in the book by Gelfand, Kapranov and Zelevinsky [22]. The
material in some sections of the second part of these notes borrows largely from
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that excellent text, where details are given and where the discussion continues in
exciting new directions.

This course splits into two parts: the first concentrates on the symplectic view-
point, and the second focuses on the algebraic viewpoint with links to symplectic
geometry. Each of the two parts has a similar structure: introduction, classifica-
tion, polytopes. So the lectures seem periodic though the languages for each half
are noticeably different.

After introducing, in the first lecture, basic notions related to symplectic
toric manifolds, in Lecture 2 we state their classification, and prove the existence
part of the classification theorem by using the technique of symplectic reduction.
Lecture 3 discusses moment polytopes, namely how to read from the polytope
some topological properties of the corresponding symplectic toric manifolds, as
well as how are some changes on the polytopes translated into changes of the
corresponding symplectic toric manifolds. Lecture 4 introduces toric manifolds
from the algebro-geometric perspective, after reviewing definitions and notation
in the theory of algebraic varieties. Lecture 5 describes the classification of toric
varieties using the language of spectra and fans. Finally, Lecture 6 deals with
polytopes now from the algebraic point of view, studying some geometric properties
of toric varieties which polytopes encode. Lectures 3 and 6 underline the moment
map potential.

Geometry of manifolds at the level of a first-year graduate course is the basic
prerequisite for this course. Some familiarity with symplectic geometry is useful
to read these notes faster, though most of the needed definitions and results are
stated here. Scattered through the text, there are exercises designed to complement
the exposition or extend the reader’s understanding. Throughout, the symbol P"
denotes n-(complex-)dimensional complex projective space.

Many thanks to Carlos Curras-Bosch and to Eva Miranda for the invitation!

Ana Cannas da Silva

Strasbourg, June 2001
Barcelona, July 2001
Bonn, August 2001
Lisbon, September 2001
Princeton, October 2001
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Part 1

Symplectic Viewpoint






Chapter 1

Symplectic Toric Manifolds

In order to define symplectic toric manifolds, we begin by introducing the basic
objects in symplectic/hamiltonian geometry/mechanics which lead to their con-
sideration. Our discussion centers around moment maps.

1.1 Symplectic Manifolds

Definition 1.1.1. A symplectic form on a manifold M is a closed 2-form on
M which is nondegenerate at every point of M. A symplectic manifold is a pair
(M,w) where M is a manifold and w is a symplectic form on M.

By linear algebra, a symplectic manifold is necessarily even-dimensional.
Examples.

1. Let M = R?" with linear coordinates x1,...,%n,y1,-..,Yn. The standard
symplectic form on R?" is

n
wo = dek A dyg .
k=1

2. Let M = C™ with linear coordinates z1, ..., z,. The form

. n
1
wo = §Zdzk A dZp,
k=1

is a symplectic form on C”. In fact, this form equals that of the previous
example under the identification C™ ~ R?", z;, = 1, + iys.
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3. Let M = S? regarded as the set of unit vectors in R3. Tangent vectors to
52 at p may then be identified with vectors orthogonal to p. The standard
symplectic form on S? is the form induced by the inner and exterior
products:

wp(u,v) == (p,u X v}, for u,v € Tp,S? = {p}+ .

This form is closed because it is of top degree; it is nondegenerate because
(p,u x v) # 0 when u # 0 and we take, for instance, v = u X p.

%

Exercise 1
Check that, in cylindrical coordinates away from the poles (0 < 6 < 27 and
—1 < h < 1), the standard symplectic form on S? is the area form given by

w =df ANdh .

standard
The natural notion of equivalence in the symplectic category is expressed by
a symplectomorphism:

Definition 1.1.2. Let (M7,w1) and (Ma2,ws) be 2n-dimensional symplectic man-
ifolds, and let ¢ : My — M> be a diffeomorphism. Then ¢ is a symplectomor-
phism if p*ws = wy.

The Darboux theorem (see, for instance, [12] or Theorem 3.1.1 for the case
where the group is trivial) states that any symplectic manifold (M?",w) is locally
symplectomorphic to (R?",wp). In other words, the prototype of a local piece of
a 2n-dimensional symplectic manifold is (R?",wp). Hence, this theorem provides
the local classification of symplectic manifolds in terms of a unique invariant: the
dimension.

Let (M,w) be a symplectic manifold of dimension 2n. A Darboux chart for
M is a chart (U, 2z1,...,Zn,Y1,...,Yn) such that

n
wly = dek Adyy
k=1

By the Darboux theorem, there exists a Darboux chart centered at each point of
a symplectic manifold.

1.2 Hamiltonian Vector Fields

Let (M,w) be a symplectic manifold.

Definition 1.2.1. A wvector field X on M is symplectic if the contraction 1 xw
is closed. A vector field X on M is hamiltonian if the contraction 1xw is exact.
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Locally on every contractible open set, every symplectic vector field is hamil-
tonian. If the first de Rham cohomology group is trivial, then globally every sym-
plectic vector field is hamiltonian; in general, H} g} ..(M) measures the obstruc-
tion for symplectic vector fields to be hamiltonian.

Note that the flow of a symplectic vector field X preserves the symplectic
form:

Lxw=dixw +1x dv =0.
X X X
closed 0

If a vector field X is hamiltonian with 1xw = dH for some smooth function
H : M — R, then the flow of X also preserves the function H:

ExH :szH:zXsz =0.

Therefore, each integral curve {p:(x) | ¢ € R} of X must be contained in a level
set of H:

H(x) = (piH)(x) = H(pe(x)) , Vit .

Definition 1.2.2. A hamiltonian function for a hamiltonian vector field X on
M is a smooth function H : M — R such that 1xw = dH.

By nondegeneracy of w, any function H € C*°(M) is a hamiltonian func-
tion for some hamiltonian vector field because the equation 1xw = dH can be
always solved for a smooth vector field X. A hamiltonian vector field X defines a
hamiltonian function up to a locally constant function.

Examples.

1. On the standard symplectic 2-sphere (S?,df A dh), the vector field X = %
is hamiltonian with hamiltonian function given by the height function:

1x (dO A dh) = dh .

The motion generated by this vector field is rotation about the vertical axis,
which of course preserves both area and height.

2. On the symplectic 2-torus (T?,df; A dfz), the vector fields X; = 6%1 and
Xy = 6%2 are symplectic but not hamiltonian.

O

1.3 Integrable Systems

Let X,, denote a hamiltonian vector field on a symplectic manifold (M,w) with
hamiltonian function H € C*°(M).
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Definition 1.3.1. The Poisson bracket of two functions f,g € C*(M) is the
function

{f,9} = w(Xy, Xy) .

We have X(r 1 = —[Xy, X,] because X, (x; x,) = [Xg, Xy], where [, ] is
the Lie bracket of vector fields.!

Exercise 2
Check that the Poisson bracket {-, -} is a Lie bracket and satisfies the Leibniz
rule:

{fvgh}:{f:g}h+g{ffh} vagvhecoo(M)'

Therefore, if (M,w) is a symplectic manifold, then (C°°(M),{-,-}) is a Pois-
son algebra, that is a Lie algebra with an associative product for which the Leibniz
rule holds. Furthermore, we have an anti-homomorphism of Lie algebras

C*(M) — x(M)
H — X,.

Definition 1.3.2. A hamiltonian system is a triple (M,w, H), where (M, w)
is a symplectic manifold and H € C*°(M) is a function, called the hamiltonian
function.

Exercise 3
Show that {f, H} = 0 if and only if f is constant along integral curves of X ;.

A function f as in the previous exercise is called an integral of motion (or
a first integral or a constant of motion) for the hamiltonian system (M,w, H).

In general, hamiltonian systems do not admit integrals of motion which are
independent of the hamiltonian function. Functions fi, ..., f, on M are said to be
independent if their differentials (df1)p, . . ., (dfy), are linearly independent at all
points p in some open dense subset of M. Loosely speaking, a hamiltonian system is
(completely) integrable if it has as many commuting integrals of motion as possible.
Commutativity is with respect to the Poisson bracket. Notice that, if f1,..., f, are
commuting integrals of motion for a hamiltonian system (M, w, H), then, at each
p € M, their hamiltonian vector fields generate an isotropic subspace of 1}, M:

w(Xfi’ij) = {flafj} =0.

If f1,..., fn are independent at p, then, by symplectic linear algebra, n can be at
most half the dimension of M.

1The Lie bracket of two vector fields is their commutator, where they are regarded as first-
order differential operators. A bilinear function {-, -} : C°°(M) x C°(M) — C°°(M) is a Lie
bracket if it is antisymmetric, i.e., {f,g} = —{g, f}, Vf,g € C°°(M), and satisfies the Jacobi

identity:
{£ g, p}y +{g, {h, f}} +{h.{f, 9}t =0 Vf,g,h e C®(M).
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Definition 1.3.3. A hamiltonian system (M,w, H) is (completely) integrable
if it admits n = %dimM independent integrals of motion, f1 = H, fa,..., fn,
which are pairwise in involution with respect to the Poisson bracket, i.e., { fi, fj} =
0, for all i,j.

Example. A hamiltonian system (M, w, H) where M is 4-dimensional is integrable
if there is an integral of motion independent of H (the commutativity condition is
automatically satisfied). O

For interesting examples of integrable systems, see [7].

Let (M,w,H) be an integrable system of dimension 2n with integrals of
motion f1 = H, fa,..., fn. Let ¢ € R™ be a regular value of f := (f1,..., fn). The
corresponding level set, f~1(c), is a lagrangian submanifold. A submanifold Y of
a 2n-dimensional symplectic manifold (M, w) is lagrangian if it is n-dimensional
and if i*w = 0 where ¢ : Y — M is the inclusion map.

Exercise 4

By following the flows, show that if the hamiltonian vector fields X ,..., Xy,
are complete on the level f~1(c) (i.e., if their flows are defined for all time),
the connected components of ffl(c) are homogeneous spaces for R™, i.e., are
of the form R®~F x T* for some 0 < k < n, where T¥ is a k-dimensional torus.

Any compact component of f~!(c) must hence be a torus. These compact
components, when they exist, are called Liouville tori.

Theorem 1.3.4. (Arnold-Liouville [2]) Let (M,w, H) be an integrable system
of dimension 2n with integrals of motion fi = H, fo,..., fn. Let ¢ € R™ be a

reqular value of f := (f1,..., fn). The corresponding level f=1(c) is a lagrangian
submanifold of M.

(a) If the flows of Xy, ,..., Xy, starting at a point p € f~1(c) are complete, then
the connected component of f~1(c) containing p is a homogeneous space for
R™. Namely, there is an affine structure on that component with coordinates
©1,---,9n, known as angle coordinates, in which the flows of the vector
fields Xy, ..., Xy, are linear.

(b) There are coordinates v, ..., ¢y, known as action coordinates, comple-
mentary to the angle coordinates such that the 1;’s are integrals of motion
and ©1,...,9n, V1, ..,y form a Darbouzx chart.

Therefore, the dynamics of an integrable system is extremely simple and the
system has an explicit solution in action-angle coordinates. The proof of part (a) —
the easy, yet interesting, part — of the Arnold-Liouville theorem is sketched above.
For the proof of part (b), see [2, 17].

Geometrically, part (a) of the Arnold-Liouville theorem says that, in a neigh-
borhood of the value ¢, the map f : M — R" collecting the given integrals of
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motion is a lagrangian fibration, i.e., it is locally trivial and its fibers are la-
grangian submanifolds. The coordinates along the fibers are the angle coordinates.?
Part (b) of the theorem guarantees the existence of coordinates on R"™, the ac-
tion coordinates, which (Poisson) commute among themselves and which satisfy
{@:,¥;} = d;; with respect to the angle coordinates. Notice that, in general, the ac-
tion coordinates are not the given integrals of motion because v1,...,¢n, f1,.--, fn
do not form a Darboux chart.

1.4 Hamiltonian Actions

Definition 1.4.1. An action of a Lie group G on a manifold M is a group
homomorphism

v: G — Diff(M)
g — Yy,
where Diff (M) is the group of diffeomorphisms of M. The evaluation map as-
sociated with an action v : G — Diff (M) is

evy: MxG — M
(,g) — Ug(p) -
The action 1) is smooth if evy is a smooth map.

We will always assume that an action is smooth.

Example. Complete vector fields® on a manifold M are in one-to-one correspon-
dence with actions of R on M. The diffeomorphism v; : M — M associated to
t € R is the time-t map exptX defined by the flow of the vector field X. &

Let (M,w) be a symplectic manifold, and G a Lie group with an action
¥ : G — Diff(M).

Definition 1.4.2. The action ¥ is a symplectic action if it is by symplecto-
morphisms, i.e.,
¥ : G — Sympl(M,w) C Diff (M) ,

where Sympl(M,w) is the group of symplectomorphisms of (M,w).

Examples.

1. On the symplectic 2-sphere (52, df A dh) in cylindrical coordinates, the one-
parameter group of diffeomorphisms given by rotation around the vertical
axis, ¥(0,h) = (0 +t,h) (t € R) is a symplectic action of the group S! ~
R/(27), as it preserves the area form df A dh.

2The name angle coordinates is used even if the fibers are not tori.
3A vector field is complete if its integral curves through each point exist for all time.
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2. On the symplectic 2-torus (T?,df; A dfz), the one-parameter groups of dif-
feomorphisms given by rotation around each circle, 91 ¢(61,02) = (01 +t, 03)
(t € R) and 1o similarly defined, are symplectic actions of S*.

%

Let (M, w) be a symplectic manifold, G a Lie group with an action ¢ : G —
Diff (M), and g the Lie algebra of G with dual vector space g*.

Definition 1.4.3. The action i is a hamiltonian action if there exists a map
peM—g"
satisfying the following two conditions:

e Foreach X € g, let p* : M — R, uX(p) := (u(p), X), be the component of u
along X, and let X# be the vector field on M generated by the one-parameter
subgroup {exptX |t € R} C G. Then

dp™ = 1xsw
i.e., the function uX is a hamiltonian function for the vector field X7 .

o The map p is equivariant with respect to the given action b of G on M and
the coadjoint action Ad* of G on g*:

pothy =Adyopu, forallge G .

The vector (M,w, G, ) is then called o hamiltonian G-space and u is called a
moment map.

Exercise 5

Check that complete symplectic vector fields on M are in one-to-one corre-
spondence with symplectic actions of R on M, and that, similarly, complete
hamiltonian vector fields on M are in one-to-one correspondence with hamil-
tonian actions of R on M.

Examples. Consider the previous set of two examples (as well as in the examples
of Section 1.2). The first — regarding S? — is an example of a hamiltonian action of
S! with moment map given by the height function, under a suitable identification
of the dual of the Lie algebra of S! with R. The second example — regarding 72 —
is not hamiltonian since the one-forms df; and dfs are not exact. &

Exercise 6

Let G be any compact Lie group and H a closed subgroup of G, with g and h
the respective Lie algebras. The projection i* : g* — b* is the map dual to the
inclusion 7 : h < g. Suppose that (M,w, G, ¢) is a hamiltonian G-space. Show
that the restriction of the G-action to H is hamiltonian with moment map

iYo¢p: M — b* .
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Exercise 7

Suppose that a Lie group G acts in a hamiltonian way on two symplectic
manifolds (M;,w;), j = 1,2, with moment maps p; : M; — g*. The product
manifold M; X M2 has a natural product symplectic structure given by the sum
of the pull-backs of the symplectic forms on each factor, via the two projections.
Prove that the diagonal action of G on M7 X Msy is hamiltonian with moment
map p: My X Mo — g* given by

w(p1,p2) = p1(p1) + p2(p2) , for p; € Mj .

From now on, we concentrate on actions of a torus G = T™ = R™/Z™.

1.5 Hamiltonian Torus Actions

The coadjoint action is trivial on a torus (a product of circles S* x - - - x S1). Hence,
if G = T™ is an n-dimensional torus with Lie algebra and its dual both identified
with euclidean space, g ~ R™ and g* ~ R™, a moment map for an action of G on
(M,w) is simply a map p: M — R™ satisfying:

e For each basis vector X; of R, the function u™i is a hamiltonian function
for Xi# and is invariant under the action of the torus.

If u: M — R™ is a moment map for a torus action, then clearly any of its
translations p + ¢ (¢ € R™) is also a moment map for that action. Reciprocally,
any two moment maps for a given hamiltonian torus action differ by a constant.

Example. On (C,wy = £dz A dz), consider the action of the circle S' = {t € C :
[t| = 1} by rotations
Yi(z) = thz te S,

where k € Z is fixed. The action 1 : S' — Diff(C) is hamiltonian with moment
map pu: C — g* ~ R given by

n(z) = — Lkl .
This can be easily checked in polar coordinates, since wg = rdr A df, u(re) =
—%kzr2 and the vector field on C corresponding to the generator 1 of g ~ R is
X#* =kZ. o

Exercise 8
Let T = {(t1,...,tn) € C™ : |tj| =1, for all j} be a torus acting diagonally
on C™ by

(s ytn) - (21,0 2m) = (21, i z,)
where ki,...,kn € Z are fixed. Check that this action is hamiltonian with
moment map p: C" — g* ~ R™ given by

Wz, ., 2n) = —%(k1\21|2,...,kn|zn\2) ( + constant ) .
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Theorem 1.5.1. (Atiyah [3], Guillemin-Sternberg [25]) Let (M,w) be a
compact connected symplectic manifold, and let T™ be an m-torus. Suppose that
¥ : T™ — Sympl(M,w) is a hamiltonian action with moment map p : M — R™.
Then:

(a) the levels of p are connected;
(b) the image of u is convex;

(c) the image of u is the convex hull of the images of the fized points of the
action.

The image pu(M) of the moment map is called the moment polytope. A
proof of Theorem 1.5.1 can be found in [36].

An action of a group G on a manifold M is called effective if it is injective
as a map G — Diff (M), i.e., each group element g # e moves at least one point,
that is, NpemrGp = {e}, where G, = {g € G | g - p = p} is the stabilizer of p.

Exercise 9

Suppose that T™ acts linearly on (C",wp). Let A A e zm be the
weights appearing in the corresponding weight space decomposition (further
discussed in Section 6.2), that is,

n
C"™ ~ @ VA(’@) )
k=1

where, for A(F) = ()\gk), .. .,)\Sﬁ)), T™ acts on the complex line V, () by
it it i3, A
(e, . .,e"m)y v=¢e~1"3 Ty, YoeViw , Ve=1,...,n.

(a) Show that, if the action is effective, then m < n and the weights
)\(1), cey A(M) are part of a Z-basis of Z™.

(b) Show that, if the action is symplectic (hence, hamiltonian), then the
weight spaces V, (x) are symplectic subspaces.

(c) Show that, if the action is hamiltonian, then a moment map is given by

n
) =5 3 A®lvy0[|* (+ constant )
k=1
where || - || is the standard norm® and v = vy(1) + ... + vy(n) is the

weight space decomposition. Cf. Exercise 8.

(d) Conclude that, if T™ acts on C™ in a linear, effective and hamiltonian
way, then any moment map p is a submersion, i.e., each differential
dpy : C™ — R™ (v € C™) is surjective.

“Notice that the standard inner product satisfies (v, w) = wo(v, Jv) where

JZ =i2 and JZ = —iZ. In particular, the standard norm is invariant for
Oz 0z 0z 0z )

a symplectic complex-linear action.

The following two results use the crucial fact that any effective action T —
Diff (M) has orbits of dimension m; a proof may be found in [10].
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Corollary 1.5.2. Under the conditions of the convexity theorem, if the T -action
is effective, then there must be at least m + 1 fixed points.

Proof. At a point p of an m-dimensional orbit the moment map is a submersion,
ie., (dp1)p,- .., (dpm)p are linearly independent. Hence, p(p) is an interior point of
w(M), and p(M) is a nondegenerate convex polytope. Any nondegenerate convex
polytope in R™ must have at least m+ 1 vertices. The vertices of u(M) are images
of fixed points. a

Theorem 1.5.3. Let (M, w,T™, u) be a hamiltonian T™-space. If the T™-action
is effective, then dim M > 2m.

Proof. Since the moment map is constant on an orbit O, for p € O the exterior
derivative
dpp : TyM — g~

maps 1,0 to 0. Thus

T,0 C kerdu, = (T,0)* ,
where (T,0)“ is the symplectic orthogonal of T,,0. This shows that orbits O of
a hamiltonian torus action are always isotropic submanifolds of M. In particular,
by symplectic linear algebra we have that dim O < %dim M. Now consider an
m-dimensional orbit. O

1.6 Symplectic Toric Manifolds

Definition 1.6.1. A symplectic toric manifold is a compact connected sym-
plectic manifold (M,w) equipped with an effective hamiltonian action of a torus T
of dimension equal to half the dimension of the manifold,

dimT = %dimM ,

and with a choice of a corresponding moment map L.

Exercise 10
Show that an effective hamiltonian action of a torus T™ on a 2n-dimensional
symplectic manifold gives rise to an integrable system.

Hint: The coordinates of the moment map are commuting integrals of motion.

Definition 1.6.2. Two symplectic toric manifolds, (M;,w;, T;, ui), i = 1,2, are
equivalent if there exists an isomorphism X : Ty — To and a A-equivariant
symplectomorphism ¢ : My — My such that p1 = ps o .
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Equivalent symplectic toric manifolds are often undistinguished.

Examples of symplectic toric manifolds.

1. The circle S* acts on the 2-sphere (52, Wstandarda = df A dh) by rotations
e (0,h) = (0+1t,h)

with moment map p = h equal to the height function and moment polytope
[715 1]

Equivalently, the circle St acts on Pl = C? -0 / ~ with the Fubini-Study
form wpg = iwstandard, by e -[20 : 21] = [20 : €"21]. This is hamiltonian with

2
% . |ZU|‘Z ‘ and moment polytope [*%70]-

moment map ufzo : 21] = — ERESERER

2. Let (P?, wps) be 2-(complex-)dimensional complex projective space equipped
with the Fubini-Study form defined in Section 2.3. The T2-action on P? by
(€1, e2) . [z 21 : 20] = [20 : €121 : €9225] has moment map

C _ 1 |21 |22
wlzo : 21 '22]775 .

2012 + 217 + 12227 |20/ + [21]% + |22



14 CHAPTER 1. SYMPLECTIC TORIC MANIFOLDS

(—3,0) (0,0)

Y

The fixed points get mapped as

[1:0:0] — (0,0)
0:1:0] — (—%,0)
0:0:1] — (0,—3)

Notice that the stabilizer of a preimage of the edges is S!, while the action
is free at preimages of interior points of the moment polytope.

Exercise 11
Compute a moment polytope for the T3-action on P3 as

(€1,e2 e3) . [20: 21 : 20 : 23] = [20 : €0121 : €022 : €03 23] .

Exercise 12
Compute a moment polytope for the T2-action on P! x P! as

(ew,em) - ([z0 : z1], [wo : w1]) = ([20 : ewzl}, [wo : ei”wl]) .



Chapter 2

Classification

Recall that a 2n-dimensional symplectic toric manifold is a compact connected
symplectic manifold (M?",w) equipped with an effective hamiltonian action of an
n-torus T™ and with a corresponding moment map p : M — R”™. In this lecture
we describe the classification of equivalence classes of symplectic toric manifolds
by their moment polytopes pu(M). Symplectic reduction is the quotienting tech-
nique which we use for the construction of a symplectic toric manifold out of an
appropriate polytope, thus proving the existence part in the classification theorem.

2.1 Delzant’s Theorem

We now define the class of polytopes! which arise in the classification of symplectic
toric manifolds.

Definition 2.1.1. A Delzant polytope A in R™ is a polytope satisfying:

e simplicity, i.e., there are n edges meeting at each vertex;

e rationality, i.e., the edges meeting at the vertex p are rational in the sense
that each edge is of the form p + tu;, t > 0, where u; € Z";

e smoothness, i.e., for each vertex, the corresponding uy, ..., u, can be cho-
sen to be a Z-basis of 7Z.".

LA polytope in R is the convex hull of a finite number of points in R™. A convex polyhe-
dron is a subset of R™ which is the intersection of a finite number of affine half-spaces. Hence,
polytopes coincide with bounded convex polyhedra.

15
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Examples of Delzant polytopes in R?:

The dotted vertical line in the trapezoidal example is there just to stress that it is a
picture of a rectangle plus an isosceles triangle. For “taller” triangles, smoothness
would be violated. “Wider” triangles (with integral slope) may still be Delzant.
The family of the Delzant trapezoids of this type, starting with the rectangle,
correspond, under the Delzant construction, to Hirzebruch surfaces; see Lecture 3.

o

Examples of polytopes which are not Delzant:

The picture on the left fails the smoothness condition, since the triangle is not
isosceles, whereas the one on the right fails the simplicity condition. &

Delzant’s theorem classifies (equivalence classes of ) symplectic toric manifolds
in terms of the combinatorial data encoded by a Delzant polytope.

Theorem 2.1.2. (Delzant [15]) Toric manifolds are classified by Delzant poly-
topes. More specifically, the bijective correspondence between these two sets is given
by the moment map:

{toric manifolds} = {Delzant polytopes}
(M2, w, T p) +— (M) .

In Section 2.5, we describe the construction which proves the (easier) exis-
tence part, or surjectivity, in Delzant’s theorem. In order to prepare that, we will
next give an algebraic description of Delzant polytopes.

Let A be a Delzant polytope in (R")*? and with d facets.®> Let v; € Z",

2 Although we identify R™ with its dual via the euclidean inner product, it may be more clear
to see A in (R™)* for Delzant’s construction.
3A face of a polytope A is a set of the foom F = PN {x € R® | f(x) = c} where c € R
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i=1,...,d, be the primitive? outward-pointing normal vectors to the facets of A.
Then we can describe A as an intersection of halfspaces

A={xe R | (x,v;) <\, i=1,...,d} forsome\; eR.

Example. For the picture below, we have

A {re R%)* |21 >0, 22 >0, 11 + 25 <1}

| 0,
{r e ®)" | (z,(-1,0)) <0, {x,(0,-1)) <0, (z,(1,1)) <1}.

(0,1)

2.2  Orbit Spaces

Let ¢ : G — Diff (M) be any action.

Definition 2.2.1. The orbit of G through p € M is {¢4(p) | g € G}. The
stabilizer (or isotropy) of p € M is G, := {g € G | ¥4(p) = p}.

and f € (R™)* satisfies f(z) > ¢, Vo € P. A facet of an n-dimensional polytope is an (n — 1)-
dimensional face.

4A lattice vector v € Z™ is primitive if it cannot be written as v = ku with u € Z", k € Z
and |k| > 1; for instance, (1, 1), (4, 3), (1,0) are primitive, but (2,2), (4,6) are not.
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Exercise 13
If g is in the orbit of p, then G4 and G}, are conjugate subgroups.

Definition 2.2.2. We say that the action of G on M 1is:
e transitive if there is just one orbit,
o free if all stabilizers are trivial {e},
e locally free if all stabilizers are discrete.

Let ~ be the orbit equivalence relation; for p,q € M,
p~gq <= pand q are on the same orbit.
The space of orbits M/G := M/ ~ is called the orbit space. Let

T M — M/G
p +— orbit through p

be the point-orbit projection.

We equip M/G with the weakest topology for which 7 is continuous, i.e.,
U C M/G is open if and only if 7#=1(U) is open in M. This is called the quotient
topology. This topology can be “bad.” For instance:

Example. Let G = C\{0} act on M = C" by
A — 1)y = multiplication by X .

The orbits are the punctured complex lines (through non-zero vectors z € C™),
plus one “unstable” orbit through 0, which has a single point. The orbit space is

M/G =P" ! U {point} .

The quotient topology restricts to the usual topology on P*~!. The only open set
containing {point} in the quotient topology is the full space, hence the topology
in M/G is not Hausdorff.

However, it suffices to remove 0 from C™ to obtain a Hausdorff orbit space:
P"~1. Then there is also a compact (yet not complex) description of the orbit
space by taking only unit vectors under the action of the circle subgroup:

prl = ((C”\{O}) / ((C\{O}) — §2n=1/g1
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2.3 Symplectic Reduction

Let w = % Sdzp ANdz = dxg Adyr, = >, rrdri Adfy, be the standard symplectic
form on C™. Consider the following S!-action on (C",w):

t € S' — ¢, = multiplication by ¢ .
The action 1 is hamiltonian with moment map

p: C* — R

zZ 7@ -+ constant
since L
dp = —3d(X°r7)
0 0 0
X# = — 4~ 4.4 d
26, T a6, T T oe, ™
Ixarw = — > rpdrg = f%Zdri )

If we choose the constant to be 3, then p=!(0) = $?"~1 is the unit sphere. The
orbit space of the zero level of the moment map is

u—l(o)/sl — SQn—l/sl — ]P)n—l .

Moreover, this construction induces a symplectic form on P"~!, as a particular
instance of the following major theorem.

Theorem 2.3.1. (Marsden-Weinstein [34], Meyer [37]) Let (M,w,G, )
be a hamiltonian G-space for a compact Lie group G. Let i : u=1(0) — M be the
inclusion map. Assume that G acts freely on p=1(0). Then

(a) the orbit space Myea = p~1(0)/G is a manifold,

(b) 7 :pu=Y(0) — Myea is a principal G-bundle, and

(c) there is a symplectic form wreq on Myeq satisfying i*w = T*wyed.
For a proof of Theorem 2.3.1, see for instance [12].

Definition 2.3.2. The pair (Myed,wred) 18 called the symplectic reduction of
(M, w) with respect to G and p (or the reduced space, or the symplectic quotient,
or the Marsden-Weinstein-Meyer quotient, etc.).

Remark. When M is Kaihler, i.e., has a compatible complex structure, and the
action of G preserves the complex structure, then the symplectic reduction has a
natural Kahler structure. &
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Example. Consider the S!-action on (R*"*2 wg) which, under the usual identi-
fication of R?"*2 with C"*!, corresponds to multiplication by e®. This action is
hamiltonian with a moment map p : C**! — R given by

wz) = —3llzl” + 5 -

Symplectic reduction yields complex projective space u=1(0)/S* = P" equipped
with the so-called Fubini-Study symplectic form w_, = w,,. &

Exercise 14
Recall that P! ~ S2 as real 2-dimensional manifolds. Check that
1

Wps = Zwstandard )

where w = df A dh is the standard area form on S2.

standard

2.4 Extensions of Symplectic Reduction

We consider three basic extensions of the procedure of symplectic reduction.

1. Reduction for product groups.

Let G7 and G2 be compact connected Lie groups and let G = GG1 X G2. Then
g~ g1 ®ge and g* ~ g} @ g5. Suppose that (M,w,G,v) is a hamiltonian
G-space with moment map

v:M—gi®g;.

Write v = (v1,102) where v; : M — gf for ¢« = 1,2. The fact that v is
equivariant implies that v is invariant under Gy and v5 is invariant under
G1. Now reduce (M,w) with respect to the G;-action. Let

Zy = v H0) .

Assume that G acts freely on Z;. Let My = Z1/G1 be the reduced space
and let w; be the corresponding reduced symplectic form. The action of
G2 on Z; commutes with the Gp-action. Since G2 preserves w, it follows
that Gy acts symplectically on (Mj,w1). Since G preserves vo, G also
preserves vy oty : Z1 — g5, where 1 : Z7 — M is inclusion. Thus vy 0 ¢ is
constant on fibers of Z; 2om 1- We conclude that there exists a smooth map
o : My — g5 such that ps op; = vy 014y.
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Exercise 15
Show that:

(a) the map p2 is a moment map for the action of G2 on (Mi,w1), and

(b) if G acts freely on v~1(0,0), then G2 acts freely on ,ugl(O), and there
is a natural symplectomorphism

v=10,0)/G ~ p3(0)/Gz .

This technique of performing reduction with respect to one factor of a prod-
uct group at a time is called reduction in stages. It may be extended to
reduction by a normal subgroup H C G and by the corresponding quotient
group G/H.

2. Reduction at other levels.

Suppose that a compact Lie group G acts on a symplectic manifold (M, w)
in a hamiltonian way with moment map p : M — g*. Let & € g*. To
reduce at the level € of y, we need p~1(€) to be preserved by G, or else take
the G-orbit of u~1(€), or equivalently take the inverse image u=!(O¢) of the
coadjoint orbit through &, or else take the quotient by the maximal subgroup
of G which preserves u~1(£). Of course the level 0 is always preserved. Also,
when G is a torus, any level is preserved and reduction at ¢ for the moment
map p, is equivalent to reduction at 0 for a shifted moment map ¢ : M — g*,

¢(p) == pn(p) — &
3. Orbifold singularities.

Roughly speaking, orbifolds (introduced by Satake in [42]) are singular mani-
folds where each singularity is locally modeled on R™ /T, for some finite group
I' € GL(m;R). For the precise definition, let |M| be a Hausdorff topological
space satisfying the second axiom of countability.

Definition 2.4.1. An orbifold chart on |M| is a triple (V,T', @), where V
is a connected open subset of some euclidean space R™, T' is a finite group
which acts linearly on V so that the set of points where the action is not free
has codimension at least two, and ¢ : V — | M| is a T-invariant map inducing
a homeomorphism from V /T onto its image U C |M|. An orbifold atlas A
for |M| is a collection of orbifold charts on |M| such that: the collection of
images U forms a basis of open sets in |M|, and the charts are compatible
in the sense that, whenever two charts (V1,T1,p1) and (Va,Ta, p2) satisfy
Uy C Us, there exists an injective homomorphism A : 'y — 'y and a A-
equivariant open embedding 1 : Vi — Va such that pa01 = p1. Two orbifold
atlases are equivalent if their union is still an atlas. An m-dimensional
orbifold M is a Hausdorff topological space |M| satisfying the second axiom
of countability, plus an equivalence class of orbifold atlases on |M].

Notice that we do not require the action of each group I' to be effective.
Given a point p on an orbifold M, let (V,T',¢) be an orbifold chart for



22

CHAPTER 2. CLASSIFICATION

a neighborhood U of p. The orbifold structure group of p, I',, is (the
isomorphism class of) the isotropy group of a pre-image of p under ¢. We
may always choose an orbifold chart (V,T,¢) such that ¢ ~1(p) is a single
point (which is fixed by I'). In this case I' ~ '), and we say that (V,T', ¢) is
a structure chart for p.

An ordinary manifold is a special case of orbifold where each group I' is the
identity group. Quotients of manifolds by locally free actions of Lie groups
are orbifolds. In fact, any orbifold M has a presentation of this form obtained
as follows. Given a structure chart (V,T',¢) for p € M with image U, the
orbifold tangent space at p is the quotient of the tangent space to V at
©~1(p) by the induced action of I':

T,M :=T, 1, V/T .

The collection of the orbifold tangent spaces at all p, builds up the orbifold
tangent bundle T'M, which has a natural structure of smooth manifold
outside the zero section. The general linear group GL(m;R) acts locally
freely on TM \ 0, and M ~ (T'M — 0)/GL(m;R). Choosing a riemannian
metric and taking the orthonormal frame bundle, O(T'M), we present M as

O(TM)/O(m).

Example. Let G = T" be an n-torus acting on a symplectic manifold (M, w)
in a hamiltonian way with moment map p : M — g*. For any £ € g*, the level
pu~L(€) is preserved by the T"-action. Suppose that ¢ is a regular value of
w.5 Then p=1(€) is a submanifold of codimension n. Let G, be the stabilizer
of p, and g, its Lie algebra. Note that

¢ regular <= dp, is surjective at all p € p=1(€)
< gp,=0 forallpe pu (¢
<= the stabilizers on p~1(£) are finite .

By the slice theorem (see, for instance, [6, 12]), near O, the orbit space
p=1(€)/G is modeled by S/G,, where S is a Gp-invariant disk in p='(¢)
through p and transverse to O,. Hence, 1~ *(£)/G is an orbifold. &
Example. Consider the S'-action on C2 by € - (21, 29) = (e"*92;, €% 2y) for
some fixed integer k£ > 2. This is hamiltonian with moment map

W c? — R
(21,22) = —g(klz1]* + |22[?) .

Any £ < 0 is a regular value and p~1(€) is a 3-dimensional ellipsoid. The
stabilizer of (21, z2) € u~= (&) is {1} if 20 # 0, and is

Zk:{ei% |€:0,1,...,k71}

5By Sard’s theorem, the singular values of u form a set of measure zero.



2.4. EXTENSIONS OF SYMPLECTIC REDUCTION 23

if 22 = 0. The reduced space p=1(£)/S! is called a teardrop orbifold or
conehead; it has one cone (also known as a dunce cap) singularity with cone
angle 2?”, that is, a point with orbifold structure group Zj. &

Example. Let S* act on C2 by e¥-(21, 2z2) = (€721, €¥? 25) for some integers
k,¢ > 2. Suppose that k and ¢ are relatively prime. Then

(21,0) has stabilizer Z,  (for z; #0) ,
(0,22) has stabilizer Z,  (for z2 #0) ,
(21,22) has stabilizer {1} (for z1,22 # 0) .

The quotient p=1(£)/S! is called a football orbifold. It has two cone singu-

larities, one with angle 27’7 and another with angle 27’7. &

Example. More generally, the reduced spaces of S! acting on C™ by

e . (21, 0y 2n) = (eiklezl, el

are called weighted (or twisted) projective spaces. &

The differential-geometric notions of vector fields, differential forms, exte-
rior differentiation, group actions, etc., extend naturally to orbifolds by glu-
ing corresponding local I'-invariant or I'-equivariant objects. In particular,
a symplectic orbifold is a pair (M,w) where M is an orbifold and w is a
closed 2-form on M which is nondegenerate at every point of M.

Definition 2.4.2. A symplectic toric orbifold is a compact connected
symplectic orbifold (M,w) equipped with an effective hamiltonian action of a
torus T of dimension equal to half the dimension of the orbifold,

1
dimT = 3 dim M
and with a choice of a corresponding moment map .

Symplectic toric orbifolds have been classified by Lerman and Tolman [33]
in a theorem which generalizes Delzant’s theorem: a symplectic toric orb-
ifold is determined by its moment polytope plus a positive integer label
attached to each of the polytope facets. The polytopes which occur in the
Lerman-Tolman classification are more general than the Delzant polytopes
in the sense that only simplicity and rationality are required; the edge vec-
tors uq,...,u, need only form a rational basis of Z". In the case where the
integer labels are all equal to 1, the failure of the polytope smoothness ac-
counts for all orbifold singularities. Throughout the rest of these notes, we
concentrate on the manifold case.
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2.5 Delzant’s Construction

Following [15, 24], we prove the existence part (or surjectivity) in Delzant’s the-
orem, by using symplectic reduction to associate to an n-dimensional Delzant
polytope A a symplectic toric manifold (Ma,wa, T™, pa).

Let A be a Delzant polytope with d facets. Let v; € Z™, i =1,...,d, be the
primitive outward-pointing normal vectors to the facets. For some \; € R, we can
write

A={ze R | (z,v) <N, i=1,...,d}.
Let e; = (1,0,...,0),...,eq = (0,...,0,1) be the standard basis of R%. Consider

r: RT — R»

€, =  U; .
Lemma 2.5.1. The map 7 is onto and maps Z¢ onto Z".

Proof. Theset {e1,...,eq} is a basis of Z<. The set {vy,...,vq} spans Z" for the
following reason. At a vertex p, the edge vectors uy,...,u, € (R™)*, form a basis
for (Z™)* which, by a change of basis if necessary, we may assume is the standard
basis. Then the corresponding primitive normal vectors to the facets meeting at

p are symmetric (in the sense of multiplication by —1) to the wu;’s, hence form a
basis of Z™. O

Therefore, m induces a surjective map, still called 7, between tori:
R¢/(27Z%) s R™/(27Z")
I

[
T4 —_ T — 1.

The kernel N of 7 is a (d — n)-dimensional Lie subgroup of T with inclusion
i: N < T Let n be the Lie algebra of N. The exact sequence of tori

1—N-S5T 5T — 1
induces an exact sequence of Lie algebras
0—n—>R R —0
with dual exact sequence
0 — (R")* ™ (R n* 0.

Now consider C? with symplectic form wy = %Zdzk A dZy, and standard
hamiltonian action of T¢ given by

(€™, e™) (21,0, 2a) = (€M, eM2y)
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The moment map is ¢ : C¢ — (R%)* defined by

1

_§(|Z1|2, Sy |Zd|2) + constant ,

d(z1,. .y 24) =

where we choose the constant to be (A1,..., ;). By Exercise 6, the subtorus N
acts on C? in a hamiltonian way with moment map

i*op:Ch—n*.
Let Z = (i* 0 $)~1(0) be the zero-level set.
Claim 1. The set Z is compact and N acts freely on Z.

We postpone the proof of this claim until further down.

Since i* is surjective, 0 € n* is a regular value of i* o ¢. Hence, Z is a
compact submanifold of C¢ of (real) dimension 2d — (d — n) = d + n. The orbit
space Ma = Z/N is a compact manifold of (real) dimension dimZ — dim N =
(d+mn) — (d —n) = 2n. The point-orbit map p : Z — MAa is a principal N-bundle
over Ma. Consider the diagram

z <& ¢l

pl
Ma

where j : Z < C? is inclusion. The Marsden-Weinstein-Meyer theorem guarantees
the existence of a symplectic form wa on Ma satisfying

pwa = j wo .

Since Z is connected, the compact symplectic 2n-dimensional manifold (Ma,wa)
is also connected.

Proof of Claim 1. The set Z is clearly closed, hence in order to show that it is
compact it suffices (by the Heine-Borel theorem) to show that Z is bounded. Let
A’ be the image of A by 7*. We will show that ¢(Z) = A'.

Lemma 2.5.2. Let y € (R?)*. Then:
y€ A" < 1y isin the image of Z by ¢ .
Proof. The value y is in the image of Z by ¢ if and only if both of the following
conditions hold:
1. y is in the image of ¢;

2. 7"y =0.
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Using the expression for ¢ and the third exact sequence, we see that these
conditions are equivalent to:
1. (y,e;) < A fori=1,...,d;
2. y = n*(z) for some z € (R")*.

Suppose that the second condition holds, so that y = 7*(x). Then

(y,e0) S Ai,Vi <= (7"(x),e;) <\, Vi
—  (z,7m(e;)) < N\, Vi
< <.’L‘,’UZ‘> < )\i,V’i
— zeA.
Thus, y € ¢(Z) <= yen*(A) =A". O

Since we have that A’ is compact, that ¢ is a proper map and that ¢(Z) = A/,
we conclude that Z must be bounded, and hence compact.

It remains to show that N acts freely on Z.

Pick a vertex p of A, and let I = {i1,...,i,} be the set of indices for the n
facets meeting at p. Pick z € Z such that ¢(z) = 7*(p). Then p is characterized
by n equations (p,v;) = \; where 4 ranges in I:

(psvi) = A pm(ei)) = Ai

ﬂ-*(p)a €i> = )\i

¢(Z)7 6i> =\

-th coordinate of ¢(z) is equal to A;
—3lzlP+ X=X\

(
(
?

rreeey

Hence, those z’s are points whose coordinates in the set I are zero, and whose
other coordinates are nonzero. Without loss of generality, we may assume that
I ={1,...,n}. The stabilizer of z is

(T, = {(t1,. .. tn,1,...,1) € T4} .

As the restriction 7 : (Rd)z — R™ maps the vectors ej,...,e, to a Z-basis
v1,...,v, of Z" (respectively), at the level of groups, 7 : (T4), — T" must be
bijective. Since N = ker(r : T — T"), we conclude that N N (T%), = {e}, i.e.,
N, = {e}. Hence all N-stabilizers at points mapping to vertices are trivial. But
this was the worst case, since other stabilizers N, (z/ € Z) are contained in sta-
bilizers for points z which map to vertices. This concludes the proof of Claim 1. O

Given a Delzant polytope A, we have constructed a symplectic manifold
(Ma,wa) where Ma = Z/N is a compact 2n-dimensional manifold and wa is the
reduced symplectic form.
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Claim 2. The manifold (Ma,wa) is a hamiltonian T"-space with a moment map
1A having image pa(Ma) = A.

Proof of Claim 2. Let z be such that ¢(z) = 7*(p) where p is a vertex of A, as
in the proof of Claim 1. Let o : T" — (T¢), be the inverse for the earlier bijection
7 : (T?), — T™. Since we have found a section, i.e., a right inverse for 7, in the

exact sequence
1 — N 5 1¢ L, T — 1
P

)

the exact sequence splits, i.e., becomes like a sequence for a product, as we obtain
an isomorphism
(i,0) : N x T" =T .
The action of the T™ factor (or, more rigorously, o(T") C T%) descends to the
quotient Ma = Z/N.
It remains to show that the T"-action on M is hamiltonian with appropriate

moment map.

Consider the diagram

z &t L (R ~ g @ (R 25 (RP)*
pl
Ma
where the last horizontal map is simply projection onto the second factor. Since
the composition of the horizontal maps is constant along N-orbits, it descends to
a map
ua s Ma — (R™)*
which satisfies
puaop=oc ogoj.
By Exercise 15 on reduction for product groups, this is a moment map for the
action of T™ on (Ma,wa). Finally, the image of pa is:

pa(Ma) = (paop)(Z) = (0" 0 g0 j)(Z) = (6" om™)(A) = A,
because ¢(Z) = 7*(A) and o* o7* = (w0 0)* = id.

We conclude that (Ma,wa, T", pa) is the required toric manifold correspond-
ing to A. m|

Exercise 16

Let A be an n-dimensional Delzant polytope, and let (Ma,wa, T™, pua) be the
associated symplectic toric manifold. Show that pua maps the fixed points of
T™ bijectively onto the vertices of A.

By the remark in Section 2.3, Delzant’s construction yields a natural Kahler
structure on each symplectic toric manifold.
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2.6 Idea Behind Delzant’s Construction

The space R¢ is universal in the sense that any n-dimensional polytope A with
d facets can be obtained by intersecting the negative orthant R¢ with an affine
plane A. Given A, to construct A first write A as:

A={zeR"|(z,v;) <\, i=1,...,d}.
Define
7: R* — R" with dual map a*: R* — R?.
e v
Then 7* — A : R® — R? is an affine map, where A = (A1,...,\q). Let A be the
image of 7 — A. Then A is an n-dimensional affine space.

Lemma 2.6.1. We have the equality (m* — \)(A) = R4 N A.

Proof. Let z € R™. Then

(7" — A)(z) e RY (m*(x) — A\, e5) <0,V
(z,7(e;)) — \i <0,Vi
<Ivvi> < /\17V'L

reA.

1o

O

We conclude that A ~ R? N A. Now R? is the image of the moment map for
the standard hamiltonian action of T¢ on C?

$:C* — R4

(21,00, 24) +— —%(|zl|2,...,|zd|2).

Facts.

e The set ¢~1(A) C C? is a compact submanifold. Let i : ¢~1(A) — C?
denote inclusion. Then i*wy is a closed 2-form which is degenerate. Its kernel
is an integrable distribution. The corresponding foliation is called the null
foliation.

e The null foliation of i*wqg is a principal fibration, so we take the quotient:

N <= ¢71(4)
|
Mr = ¢ (AN .

Let wa be the reduced symplectic form.
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e The (non-effective) action of T = N x T" on ¢~ !(A) has a “moment map”
with image ¢(¢p~1(A)) = A. (By “moment map” we mean a map satisfying
the usual definition even though the closed 2-form is not symplectic.)

There is a remaining action of T™ on M which is hamiltonian with a moment
map pa : Ma — R”™ defined by the commutative diagram
-1 J a ¢ d
p7(4) = € — R
pl 1 pry

Ma 5 R™

where pr, : T = N x T® — T" is projection onto the second factor.

Theorem 2.6.2. For any = € A, we have that px'(x) is a single T"-orbit.

Proof. Exercise: First consider the standard T?%action on C% with moment map
¢ : C* — R?. Show that ¢~ (y) is a single T?-orbit for any y € ¢(C?). Now observe
that

ye N =7"(A) < ¢ '(y)CZ.

Suppose that y = 7* (). Show that ux'(z) = ¢~ (y)/N. But ¢~'(y) is a single
T?-orbit where T¢ = N x T", hence u, (z) is a single T"-orbit. |

Therefore, for toric manifolds, A is the orbit space.

Now A is a manifold with corners. At every point p in a face F', the tangent
space TpA is the subspace of R™ tangent to F'. We can visualize (Ma,wa, T, pa)
from A as follows. First take the product T™ x A. Let p lie in the interior of T™ x A.
The tangent space at p is R™ x (R™)*. Define w,, by:

wp(v,€) =&(v) = —wp(&,v)  and  wy(v,v') =w(,€)=0.

for all v,v" € R™ and £, & € (R™)*. Then w is a closed nondegenerate 2-form on
the interior of T™ x A. At the corner there are directions missing in (R™)*, so w is
a degenerate pairing. Hence, we need to eliminate the corresponding directions in
R™. To do this, we collapse the orbits corresponding to subgroups of T" generated
by directions orthogonal to the annihilator of that face.

Example. Consider
(S*,w=dOAdh,S*', u="h),

where S acts on S? by rotation. The image of p is the line segment I = [—1,1].
The product S' x I is an open-ended cylinder. By collapsing each end of the
cylinder to a point, we recover the 2-sphere. &

Exercise 17
Build P2 from T? x A where A is a right-angled isosceles triangle.
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Finally, T™ acts on T™ x A by multiplication on the T™ factor. The moment
map for this action is projection onto the A factor.

Exercise 18
Follow through the details of Delzant’s construction for the case of A = [0, a] C
R* (n = 1,d = 2). Let v(= 1) be the standard basis vector in R. Then A is
described by

(z,—v) <0 and (z,v) <a,

where v1 = —v, va = v, A1 =0 and A2 = a.

The projection
RZ2 5 R
el +— —v

ea +—— v

has kernel equal to the span of (e1 + e2), so that N is the diagonal subgroup
of T2 = 81 x S1. The exact sequences become
1 — N 5 72 N st — 1
t (t,t)
(tl s tg) — t, 2

0 — n — R2 — R — 0
z —  (z,)
(z1,m2) — z2—T1

0 — R* —*> (R2)* — n* — 0
z +—  (—z,2)
(z1,22) +— @142 .

The action of the diagonal subgroup N = {(e*t, ) € ST x S} on C?,
(e, et) - (21, 22) = (et 21, e22)
has moment map
(i* 0 ) (21,22) = —3(|21]? + |22/*) + @,
with zero-level set
(i* 0 @)71(0) = {(21,22) € C? : |z1|® + |22|® = 2a} .
Hence, the reduced space is a projective space:

(i* 0 ¢)~'(0)/N =P .
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Exercise 19
Consider the standard (S!)3-action on P3:

(ei917ei92,ei93) 20121122 1 23] = [20: €014y 1 025, 103 z3] .

Exhibit explicitly the subsets of P3 for which the stabilizer under this action
is {1}, St, (S1)? and (S')3. Show that the images of these subsets under the
moment map are the interior, the facets, the edges and the vertices, respec-
tively.

Exercise 20
What would be the classification of symplectic toric manifolds if, instead of
the equivalence relation defined in Section 1.6, one considered to be equivalent
those (M;,w;, Ti,pi), @ = 1,2, related by an isomorphism A : Ty — T2 and a
A-equivariant symplectomorphism ¢ : M1 — My such that:

(a) the maps p1 and p2 o ¢ are equal up to a constant?

(b) we have pu1 = £ o pz o ¢ for some £ € SL(n;Z)?

Exercise 21

(a) Classify all 2-dimensional Delzant polytopes with 3 vertices, i.e., trian-
gles, up to translation, change of scale and the action of SL(2;Z).

Hint: By a linear transformation in SL(2;Z), we can make one of the angles in
the polytope into a square angle. How are the lengths of the two edges forming
that angle related?

(b) Classify all 2-dimensional Delzant polytopes with 4 vertices, up to trans-
lation and the action of SL(2;Z).

Hint: By a linear transformation in SL(2;Z), we can make one of the angles
in the polytope into a square angle. Check that automatically another angle
also becomes 90°.

(c) What are all the 4-dimensional symplectic toric manifolds that have four
fixed points?

Exercise 22

Let A be the n-simplex in R™ spanned by the origin and the standard basis
vectors (1,0,...,0),...,(0,...,0,1). Show that the corresponding symplectic
toric manifold is projective space, Ma = P™.

Exercise 23
Which 2n-dimensional toric manifolds have exactly n + 1 fixed points?
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Chapter 3

Moment Polytopes

The general theme behind this and Lecture 6 is how to understand a toric mani-
fold from its polytope. After reviewing the basics of Morse theory following [39], we
compute the homology of symplectic toric manifolds using Morse theory; an ap-
propriate Morse function is provided by a moment map with respect to a suitable
circle subgroup. We go on to describe elementary surgery constructions based on
symplectic reduction, which hold in the category of symplectic toric manifolds.

3.1 Equivariant Darboux Theorem

The following two theorems describe standard neighborhoods of fixed points. Their
proofs rely on the equivariant version of the Moser trick and may be found in [27].

Theorem 3.1.1. (equivariant Darboux) Let (M,w) be a 2n-dimensional sym-
plectic manifold equipped with a symplectic action of a compact Lie group G, and let
q be a fized point. Then there exists a G-invariant chart (U, x1,...,Tn,Y1,---,Yn)
centered at g and G-equivariant with respect to a linear action of G on R?™ such
that

n
wly = Zdzk Adyg .
k=1

A suitable linear action on R?" is equivalent to the induced action of G
on Ty M. In particular, if G is a torus, this linear action is characterized by the
weights occuring in the representation of G on T, M. Now any symplectic action is
locally hamiltonian. In order to prepare the computation of the Betti numbers of
a symplectic toric manifold by using a moment map as a Morse function, we next
specify the local picture for a moment map near a fixed point of a hamiltonian
torus action.
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Theorem 3.1.2. Let (M?", w,T™, u) be a hamiltonian T™-space, where q is a
fized point. Then there exists a chart (U,x1,...,Tn,Y1,...,Yn) centered at q and
weights XV ... X" € Z™ such that

(a)

n
wly = dek ANdyg , and
k=1

(b)

N | =

n
ply = nlg) = 5> AF (aF + 7).
k=1
This theorem guarantees the existence of a Darboux chart centered at any
fixed point where the moment map looks like the moment map for a linear action
on R?”. In other words, the real analogue of the model in Exercise 9 is a general
local picture near a fixed point of a hamiltonian torus action.

Exercise 24
Show that for a symplectic toric manifold the weights )\(1), .. .,)\(") form a
Z-basis of Z™.

As a consequence of Theorem 3.1.2 and of the previous exercise, the bijec-
tion claimed in Delzant’s theorem is well-defined. Indeed, each vertex of a moment
polytope satisfies the simplicity, rationality and smoothness conditions which char-
acterize Delzant polytopes.

Another consequence of Theorem 3.1.2 is that a moment map for a symplectic
toric manifold yields a lot of Morse functions, as we will next explore.

3.2 Morse Theory

Let M be an m-dimensional manifold. A smooth function f: M — R is a Morse
function on M if all of its critical points are nondegenerate.’

LA point ¢ € M is a critical point of f if df; = 0. A critical point is nondegenerate if the

hessian matrix
( 92)0 )

is nonsingular, where the x;’s are local coordinates near g. (The condition that the hessian
matrix is nonsingular is independent of the choice of coordinates.) The hessian matrix defines a
symmetric bilinear function Hg : R™ X R™ — R given by inner product

(o) — (o, it )qw)

8mi8xj

and also called the hessian of f at q relative to the local coordinates z;; the hessian is in fact
the expression in coordinates of a natural bilinear form on the tangent space at q.
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The index of a bilinear function H : R™ x R™ — R is the maximal dimension
of a subspace of R where H is negative definite. The nullity of H is the dimension
of its nullspace, that is, the subspace consisting of all v € R™ such that H (v, w) =0
for all w € R™. Hence, a critical point g of f : M — R is nondegenerate if and
only if the hessian H, : R™ x R™ — R has nullity equal to zero.

Let ¢ be a nondegenerate critical point for f : M — R. The index of f at ¢
is the index of the hessian H, : R™ x R™ — R. This is well-defined, i.e., the index
is independent of the choice of local coordinates. Moreover, the Morse lemma
states that there is a coordinate chart (U, z1,...,2Z,) centered at ¢ such that

= F@) = (@) — ... = (@) + () + .+ (zm)?

where A is the index of f at ¢. In particular, nondegenerate critical points are
necessarily isolated.
Let f be a Morse function on M. For a € R, let

M® = f~!(—co,a] ={pe M| f(p) <a}.
Theorem 3.2.1. (Morse [40], Milnor [39])

(a) Let a < b and suppose that the set f~1[a,b], consisting of all p € M with
a < f(p) <b, is compact, and contains no critical points of f. Then M is
diffeomorphic to M®. Furthermore, M® is a deformation retract of MP®, so
that the inclusion map M® — MY is a homotopy equivalence.

(b) Let q be a nondegenerate critical point with index A and f(q) = c. Suppose
that f=t[c — e,c + €] is compact, and contains no critical point of f other
than q, for some € > 0. Then, for all sufficiently small €, the set M has
the homotopy type of M~ with a A-cell attached.

(¢) If each set M* is compact, then the manifold M has the homotopy type of a
CW-complex with one cell of dimension \ for each critical point of index \.

A k-cell is simply a k-dimensional disk D*, and it gets attached along its
boundary S*~1. Morse’s original treatment did not include part (c) of Theo-
rem 3.2.1. Instead, his main results were phrased in terms of inequalities. Let
bi(M) := dim Hi(M) be the k-th Betti number of M. Let M be a compact
manifold and f a Morse function on M. Let Cy be the number of critical points
of f with index A.

Theorem 3.2.2. (Morse inequalities [40])

(a)
ba(M) < C,y ,

(b)
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(c)
b)\(M)fb,\,l(M)+...:|:b0(M) <C\—Ch41+...£Cy.

A perfect Morse function is a Morse function for which the inequalities
in the previous statement are equalities.

Corollary 3.2.3. If all critical points of a Morse function f have even index,
then f is a perfect Morse function.

3.3 Homology of Symplectic Toric Manifolds

Let (M,w, T™, i) be a 2n-dimensional symplectic toric manifold. Choose a suitably
generic direction in R™ by picking a vector X whose components are independent
over Q. This condition ensures that:

e the one-dimensional subgroup, 7% C T", generated by the vector X is dense
in T™,

e X is not parallel to the facets of the moment polytope A := pu(M), and

e the vertices of A have different projections along X.

Exercise 25

Check that the fixed points for the T™-action are exactly the fixed points of
the action restricted to T, that is, are the zeros of the vector field, X# on M
corresponding to the TX-action.

I projection

M > I

Let X := (u,X) : M — R be the projection of u along X. By definition
of moment map, ¢* is a hamiltonian function for the vector field X# generated
by X. We conclude from the previous exercise that the critical points of u* are
precisely the fixed points of the T™-action.



3.4. SYMPLECTIC BLOW-UP 37

By Theorem 3.1.2, if g is a fixed point for the T™-action, then there exists a
chart (U, x1,...,Tn,Y1,...,yn) centered at g and weights A, ... \(") € Z" such
that

n

1
¥y = s Xy = 1™ (@) = 5 DO X) (@ +0) -
k=1

Since the components of X are independent over Q, all coefficients (\(*), X) are
nonzero, so ¢ is a nondegenerate critical point of ©X. Moreover, the index of ¢ is
twice the number of labels & such that —(\(®), X) < 0. But the —\(*)’s are precisely
the edge vectors w; which satisfy Delzant’s conditions. Therefore, geometrically,
the index of ¢ can be read from the moment polytope A, by taking twice the
number of edges whose inward-pointing edge vectors at u(q) point up relative to
X, that is, whose inner product with X is positive. In particular, uX is a perfect
Morse function. By applying Corollary 3.2.3 we conclude that:

Theorem 3.3.1. Let X € R™ have components independent over Q. The degree-
2k homology group of the symplectic toric manifold (M,w,T, ) has dimension
equal to the number of vertices of the moment polytope A where there are exactly
k (primitive inward-pointing) edge vectors which point up relative to the projection
along the X . All odd-degree homology groups of M are zero.

Of course, by Poincaré duality (or by taking —X instead of X), the words
“point up” may be replaced by “point down”.

Exercise 26
Let (M,w, T, 1) be a symplectic toric manifold. What is the Euler characteristic
of M?

3.4 Symplectic Blow-Up

Let L be the tautological line bundle over P!, that is,
L={([p],z) | p€ C*"\ {0}, z= Ap for some A € C}

with projection to P"~! given by ([p],2) — [p]. The fiber of L over the point
[p] € P*~1! is the complex line in C™ represented by that point.

Definition 3.4.1. The blow-up of C" at the origin is the total space of the
bundle L. The corresponding blow-down map is the map 8 : L — C" defined by

B(lp), 2) = z.

Notice that the total space of L may be decomposed as the disjoint union of

two sets,
E:={([p],0) |p€ C"\ {0}}
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and
S:={(lpl,z) |pe C*"\ {0}, z= Ap for some \ € C*} .

The set E is called the exceptional divisor; it is diffeomorphic to P*~! and
gets mapped to the origin by 8. On the other hand, the restriction of 8 to the
complementary set S is a diffeomorphism onto C™ \ {0}. Hence, we may regard L
as being obtained from C™ by smoothly replacing the origin by a copy of P71,

There are actions of the unitary group U(n) on all of these sets induced by
the standard linear action on C", and the map g is U(n)-equivariant.

Definition 3.4.2. A blow-up symplectic form on L is a U(n)-invariant sym-
plectic form w such that the difference w — B*wqy is compactly supported, where
. n
wo =5 » dzx AN dZy is the standard symplectic form on C".
k=1

Two blow-up symplectic forms are called equivalent if one is the pullback of
the other by a U(n)-equivariant diffeomorphism of L. Guillemin and Sternberg [26]
have shown that two blow-up symplectic forms are equivalent if and only if they
have equal restrictions to the exceptional divisor £ C L.

Let Q¢ (£ > 0) be the set of all blow-up symplectic forms on L whose restric-
tion to the exceptional divisor E ~ P"~! is cw,,, where w,, is the Fubini-Study
form on P"~! described in Lecture 2. An e-blow-up of C" at the origin is a pair
(L,w) with w € Q°.

Let (M,w) be a 2n-dimensional symplectic manifold. It is a consequence of

the Darboux theorem that, for each point ¢ € M, there exists a chart (U, 21, ..., zp)
centered at ¢ and with image in C™ where

. n
w|u = %Zdzk ANdzZ .
k=1
It is shown in [26] that, for € small enough, we can perform an e-blow-up of M at
q modeled on C™ at the origin, without changing the symplectic structure outside
of a small neighborhood of ¢q. The resulting manifold is then called an e-blow-up
of M at q.

Example. Let P(L ® C) be the P-bundle over P"~! obtained by projectivizing
the direct sum of the tautological line bundle L with a trivial complex line bundle.
Consider the map

0 P(L D (C) — P
([p], Ap:w]) — [Ap:w],
where [Ap : w] on the right represents a line in C™*!, forgetting that, for each

[p] € P~ that line sits in the 2-complex-dimensional subspace LyeCccCraC.
Notice that 8 maps the exceptional divisor

E::{([pL[O:...:O:l])\[p]eIPm_l}g[P"—l
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to the point [0 :...:0: 1] € P, whereas § is a diffeomorphism on the complement
S:={([pl,[M:w]) |[p)eP* !, NeC*, weC}~P*\{[0:...:0:1]}.

Therefore, we may regard P(L @ C) as being obtained from P" by smoothly replac-

ing the point [0:...:0: 1] by a copy of P"~1. The space P(L & C) is the blow-up
of P™ at the point [0:...:0: 1], and § is the corresponding blow-down map. The
manifold P(L @ C) for n = 2 is known as the first Hirzebruch surface. O

Exercise 27

Write a definition for blow-up of a symplectic manifold along a complex sub-
manifold by considering the projectivization of the normal bundle to the sub-
manifold.

Symplectic blow-up is due to Gromov according to the first printed exposition
of this operation in [35].

3.5 Blow-Up of Toric Manifolds

Suppose that a compact Lie group acts on a symplectic manifold (M,w) in a
hamiltonian way, and that ¢ € M is a fixed point for the G-action. Then, by
Theorem 3.1.1, there exists a Darboux chart (U, 21, ..., 2,) centered at g which is
G-equivariant with respect to a linear action of G on C". Consider an e-blow-up
of M relative to this chart, for ¢ sufficiently small.

Exercise 28
Check that G acts on the blow-up in a hamiltonian way. Describe the moment
map.

Let A be an n-dimensional Delzant polytope, and let (Ma,wa,T", pa) be
the associated symplectic toric manifold. The e-blow-up of (Ma,wa) at a fixed
point of the T™-action is a new symplectic toric manifold. What is the moment
polytope A, corresponding to this new symplectic toric manifold?

Let g be a fixed point of the T™-action on (Ma,wa), and let p = ua(q) be
the corresponding vertex of A. (Cf. Exercise 16.) Let uy,...,u, be the primitive
(inward-pointing) edge vectors at p, so that the rays p+ tu;, t > 0, form the edges
of A at p.

Theorem 3.5.1. The e-blow-up of (Ma,wa) at a fized point q is the symplectic
toric manifold associated to the polytope A. obtained from A by replacing the
vertex p by the n vertices

pteu;, i=1,....,n.
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In other words, the moment polytope for the blow-up of (Ma,wa) at ¢ is
obtained from A by chopping off the corner corresponding to ¢, thus substituting
the original set of vertices by the same set with the vertex corresponding to ¢
replaced by exactly n new vertices:

Proof. Exercise: Check that the new polytope is Delzant. We may view the e-
blow-up of (Ma,wa) as being obtained from Ma by smoothly replacing ¢ by
(P!, ew,s). Compute the restriction of the moment map to this set. Recall Ex-
ercise 22. O

~

Example. The moment polytope for the standard T2-action on (P?,w,) is a right
isosceles triangle A. If we blow-up P? at [0 : 0 : 1] we obtain a symplectic toric
manifold associated to the trapezoid below.

1
Exercise 29

Check that this manifold is the first Hirzebruch surface, defined in Section 3.4.
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Example. The following moment polytope corresponds to a toric manifold ob-
tained by blowing-up P? at the three fixed points:

Exercise 30

The toric 4-manifold H, corresponding to the polygon with vertices (0,0),
(n+1,0), (0,1) and (1,1), for n a nonnegative integer, is called a Hirzebruch
surface.

The manifold Hop is just a product of two spheres, whereas by the previous
example H; is a blow-up of P? at a point.

(a) Construct the manifold Hy, by symplectic reduction of C* with respect
to an action of (S1)2.

(b) Exhibit H,, as a P!-bundle over P.

3.6 Symplectic Cutting
Let (M,w) be a symplectic manifold where S! acts in a hamiltonian way, p : ST —
Diff (M), with moment map p : M — R. Suppose that:

e M has a unique nondegenerate minimum at ¢ where p(q) = 0, and

e for ¢ sufficiently small, S acts freely on the level set p=1(g).

Let C be equipped with the symplectic form —idz A dz. Then the action of S' on
the product

¢ St — Diff(M x C) , Pi(p, z) = (pe(p),t-2) ,
is hamiltonian with moment map

¢:MxC—R, b(p, 2) = pu(p) — |2|? .
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Observe that S! acts freely on the e-level of ¢ for € small enough:

¢7He) = {(p.2) e M xC|pu(p)—|z> =}
= {(p,0) € M xC| pu(p) =<}
U {(p,z) e M xC| 2> = p(p) —e >0} .

The reduced space is hence

671 (e)/S" = M €)/S" Ulp € M | u(p) > €} .

The open submanifold of M given by {p € M | u(p) > £} embeds as an open dense
submanifold into ¢~*(g)/S?.

Exercise 31
Show that the reduced space ¢~ 1(g)/S? is the e-blow-up of M at q.

This global description of blow-up for hamiltonian S'-spaces is due to Ler-
man [31], as a particular instance of his cutting technique. Symplectic cutting is
the application of symplectic reduction to the product of a hamiltonian S'-space
with the standard C as above, in a way that the reduced space for the original
hamiltonian S'-space embeds symplectically as a codimension 2 submanifold in a
symplectic manifold.

As it is a local construction, the cutting operation may be more generally
performed at a local minimum (or maximum) of the moment map .

There is a remaining S'-action on the cut space M= := ¢~ (£)/S" induced
by

7: 8 — Diff(M x C) , Tt(p, 2) = (pt(p), 2) .

In fact, 7 is a hamiltonian S'-action on M x C which commutes with %, thus
descends to an action 7 : ST — Diff (MZ5).

Exercise 32
Show that 7 is hamiltonian by describing a moment map.

Loosely speaking, the cutting technique provides a hamiltonian way to close
the open manifold {p € M | u(p) > e}, by using the reduced space at level ¢,
pt(e)/St. We may similarly close {p € M | u(p) < €}. The resulting hamiltonian
S1l-spaces are called cut spaces, and denoted MZS and M=S. Of course, if another
group G acts on M in a hamiltonian way which commutes with the S'-action, then

the cut spaces are also hamiltonian G-spaces.
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Algebraic Viewpoint
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Chapter 4

Toric Varieties

The goal of this lecture is to explain toric manifolds as a special class of projective
varieties. The first five sections contain a crash course on notions and basic facts
about algebraic varieties, mostly in order to fix notation. The combinatorial flavor
of toric varieties is postponed until Lecture 5.

4.1 Affine Varieties

Let C[z1, ..., zs] be the algebra of polynomials in the n complex coordinate func-
tions on C™. Throughout this lecture, we consider the Zariski topology on C":
a (Zariski) closed set in C™ is a set of common zeros of a finite number of
polynomials from Clz1,..., 2z,]; naturally, the complement of a Zariski closed set
is called a (Zariski) open set. The fact that any infinite intersection of closed
sets is indeed a closed set follows from the stabilization property for sets given
as zero sets of polynomials: any decreasing sequence of such sets X7 D Xs D ...
stabilizes, i.e., there exists an integer r such that X, = X,;; = .... This is a
restatement of Hilbert’s basis theorem which says that any ideal in C[zy,.. ., 2,)
is finitely generated; see, for instance, [50, §IV-1]. Notice that any nonempty open
set is dense (i.e., its closure is the full space), hence the Zariski topology is not
Hausdorff.

Definition 4.1.1. An affine variety is a nonempty closed set in a C".

The Zariski topology on an affine variety X C C” is the topology on X
which declares to be (Zariski) open (respectively, closed) every set which is the
intersection of X with an open (resp., closed) subset of C™. An affine variety X is
irreducible if it cannot be written as the union of two proper closed subsets. On
an irreducible affine variety, any nonempty open subset is dense.

Example. The zero locus in C? of the polynomial z;z; is not irreducible; its
irreducible components are given by the lines z; = 0 and 25 = 0. &
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Exercise 33
Let X C C™ be the affine variety defined as the zero locus of polynomials

p1,...,pr € Clz1,...,2n]. Show that X is irreducible if and only if the ideal
generated by pi1,...,pr is prime (an ideal I C C[z1,..., zn] is prime if when-
ever u,v € Clz1,...,2n] and wv € I, then u € I or v € I).

Let X C C™ be an affine variety presented as the zero locus of polynomials
Ply.-yr € Clze, ..oy 20

Definition 4.1.2. A regular function on X is a function X — C which is the
restriction to X of a polynomial function in C™. The ring of regular functions on
X is denoted C[X].

Exercise 34
Show that the ring C[X] is isomorphic to C[z1,...,2,]/I, where I is the ideal
generated by p1,...,pr.

Let X € C" and X’ € C™ be affine varieties.

Definition 4.1.3. A regular map from X to X' is a map ¢ : X — X' which is
the restriction of a polynomial map C™ — C™.

Exercise 35
Show that a map ¢ : X — X’ is regular if and only if it pulls back regular
functions on X’ to regular functions on X.

Definition 4.1.4. An isomorphism from X to X' is a regular map X — X’
which is invertible by a regular map. The symbol =~ indicates an isomorphism. The
group of isomorphisms X — X is denoted by Isom(X). The affine varieties X and
X' are isomorphic when there exists an isomorphism between them.

Exercise 36
Show that X and X’ are isomorphic if and only if the associated rings of regular
functions, C[X] and C[X'], are isomorphic.

Example. Consider the variety X = {2;z,4; =1,i=1,...,n} CC*; forn =1,
this is the (complex) hyperbola with {z; = 0} and {22 = 0} as asymptotes. On
X the functions z1, ..., 2z, € C[X] are invertible by regular functions: z; - Znti-
Hence the ring of regular functions on X is the ring of Laurent polynomials in n
variables:

CIX])=Cler, 21 oy 2, 201

n

The projection C?* — C" onto the first n components maps X isomorphically
onto the n-dimensional algebraic torus

(C*)™:=(C\ {0})" =C"™\ hyperplanes z; =0,i=1,...n.
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Hence we have

(Zla'-')znazn+1a"-7z2n) — (Zl,---,Zn)

(zl,zfl,...,zn,zgl) — (21,.-,2n)

This shows that the torus (C*)™ is an affine variety. Note that the coordinates
Z1,...,2n are invertible by regular functions on (C*)™, whereas they were not
invertible by regular functions on C". &

4.2 Rational Maps on Affine Varieties

If X ¢ C" and X’ € C™ are affine varieties, the symbol X --» X’ denotes a map
defined on some open subset of X.

Example. If p;,ps € Clz1,...2,], then the rational function defined on the set

{p2 # 0} by z — g;gzg is a map C" --» C. O

Let X C C™ be an irreducible affine variety.

Definition 4.2.1. A rational function on X is a map X --» C which is the
restriction of a rational function on C™ whose denominator does not vanish iden-
tically on X. The ring of rational functions on X is denoted Ox .

Let C(X) denote the field of fractions of C[X], and let Zx be the ideal in Ox
formed by the rational functions on C™ whose numerator vanishes identically on
X.

Exercise 37
Show that the field C(X) is isomorphic to the quotient Ox /Zx.

An irreducible affine variety X is normal if its ring of regular functions C[X]
is integrally closed in its field of fractions, that is, for any f € C(X), if f satisfies
an equation of the form

g f™ 4 gm =0

with coefficients g; € C[X], then f € C[X].
Any smooth variety is normal and the set of singular points of a normal
variety has codimension at least 2 [44].

Examples.

1. On the curve X C C? defined by y* = 2% + 2, the rational function t = £ €
C(X) is integral over C[X] since t? — 1 —x = 0, but ¢t ¢ C[X], hence X is
not normal.
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2. The cone X C C3 given by 2% + y? = 2? is normal [44], though it has a
singular point at the origin

%
Let X C C" and X’ € C™ be affine varieties.

Definition 4.2.2. A rational map from X to X' is a map ¢ : X --» X' which
is the restriction of a rational map C" --» C™ whose denominator does not vanish
tdentically on X.

Exercise 38
Show that a map ¢ : X --+ X'/ is rational if and only if it pulls back rational
functions on X’ to rational functions on X.

Definition 4.2.3. A birational equivalence from X to X' is a rational map
X --» X' which is invertible by a rational map. The affine varieties X and X' are
birationally equivalent when there exists a birational equivalence between them.

Exercise 39
Show that X and X'’ are birationally equivalent if and only if the associated
fields of rational functions, C(X) and C(X’), are isomorphic.

A hypersurface in C" is the zero set of one polynomial in Clzq,...,2,].
Any affine variety is birationally equivalent to a hypersurface of some space C™;
for a proof see, for example, [44].

4.3 Projective Varieties

We say that a polynomial p € C|z, ..., z,] vanishes at a point [wg : ... : w,] € P*
if p(Awo, ..., Aw,) = 0 for all A € C*. Notice that this condition implies that each
homogeneous component of p vanishes.

We consider the Zariski topology on P™: a (Zariski) closed set in P
is a set of common zeros of a finite number of polynomials from C[z, ..., z,]; as
usual, the complement of a Zariski closed set is called a (Zariski) open set. By
considering homogeneous components, we may assume that each of those poly-
nomials is homogeneous. A hypersurface in P" is the zero set of one (reduced)
homogeneous polynomial in Clzg,...,z,] \ {0}, the degree of which is called the
degree of the hypersurface!. A hypersurface of degree 2,3,4,... is traditionally
called a quadric (except in P? when it is called a conic), a cubic, a quartic,
etc.?

LA polynomial is reduced if each of its irreducible factors has multiplicity 1. For some ap-
plications it is convenient to allow for nonreduced polynomials and then consider that some
components of the hypersurface have multiplicities.

2A hypersurface of degree 1 is called a line when in P2, a plane when in P3, and a hyperplane
in higher projective spaces.
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Definition 4.3.1. A projective variety is a nonempty closed subset of some
projective space P™.

The Zariski topology on a projective variety X C P" is the topology
on X which declares to be (Zariski) open (respectively, closed) every set which
is the intersection of X with an open (resp., closed) subset of P™. A projective
variety X is irreducible if it cannot be written as the union of two proper closed
subsets.

Examples.

1. The product of two projective spaces is a projective variety. This can be seen
via the Segre embedding

S: PrxPm — prmtntm
([2]; [w]) +— [zw].

The homogeneous coordinates of an image point [z ® w] are
Yij = zw; , 1=0,...,n, j=0,...,m.
The image of S is the set cut out by the system of equations

,k=0,...,n

YijYke = Yk;jYie {j,g ~0,....m

thus S(P" x P™) ~ P™ x P™ is a nonempty closed subset of P?m+n+tm Ipn
particular, S(P' x P!) is the subset of points [yoo : Yo1 : Y10 : y11] € P3
determined by the single quadratic equation

YooY11 = Yo1Y1o0 ,
hence S(P! x P!) is a nondegenerate quadric in P3.

2. The set of lines in P" through the point [0 : ... :0: 1] € P (or, similarly,
through any other point), is naturally identified with P"~! via

P! «— {lines in P" through [0:...:0: 1]}
[w] —— Ly :={[Pwo:...: dwn_1 9] | (A7) € C*2\ {(0,0)}} .

The blow-up of P* at [0:...:0:1], B(P",[0:...:0:1}), is the subset of
P" x P! defined by the incidence relation

BP",[0:...:0:1]) == {([w],[2]) € P* " x P" | [2] € Ly} -

This can be translated as the closed subset of P x P?~! defined by the
system of equations

ziwj = zjw; , V0<i73<n—-1.
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The Segre embedding exhibits P* x P"~1 as a projective variety in P* +n-1,

hence B(P™,[0:...:0:1]) is a projective variety.
Since the point [0 : ... : 0 : 1] belongs to any line through it, the set
B®P",[0 : ... : 0 : 1]) decomposes as the disjoint union of the so-called

exceptional divisor,
E:={(w],[0:...:0:1]) | [w] € P"‘l} ~ Pt
with

Si={([w],[w:y]) | [w] eP", yeC}~P"\{[0:...:0:1]}.

Let X C P” be a projective variety.

Definition 4.3.2. A regular function on X is a function X — C which, locally
near each point x € X, may be written as a quotient of two homogeneous polyno-
mials of the same degree such that the denominator does not vanish at x. The ring
of regular functions on X is denoted C[X].

Any regular function on P™ is constant. More generally, it can be shown that
C[X] = C whenever X is an irreducible projective variety [44]. Therefore, the ring
C[X] will not give much information.

Let X C P" and X’ C P™ be projective varieties. Recall that complex pro-
jective space P™ comes equipped with n + 1 affine neighborhoods given by the
standard charts (k =0....,n):

(Cn
(2 Rkl Zk+1 Zn)
R Rt PO

VkZZ{[ZOZ...:ZnHZk#O}

[Zo:...:Zn] —

Definition 4.3.3. A regular map from X to X’ is a map ¢ : X — X' such that
for each x € X there exists a neighborhood U of x and an affine neighborhood V
of p(x) for which o(U) CV and ¢ : U — V is given by m regular functions.

Exercise 40
Check that the regularity condition at a point x € X is independent of the
choice of the affine neighborhood containing f(z).

Example. A Veronese embedding of degree d is a map V : P* — PV where
N = (”;d) —1and [29 : ... : 2, is mapped to the point with homogeneous
coordinates given by the various monomials zé“’ ...z}, the exponents Mg, ..., \n
being nonnegative integers such that \g + ...+ A\, =d.
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Exercise 41
Check that the set of all homogeneous polynomials of degree d in n+1 variables
20, ..., 2n forms a vector space of dimension (”‘5 )

In particular, if n = 1 and d = 2, the Veronese embedding is simply

V. Pl — P2

[20:21] +—— [28:2021: 28] .

Exercise 42
Check that V' is a regular map.

The Veronese embedding of degree d allows to translate the study of some
problems concerning hypersurfaces of degree d in P™ into the case of hyperplanes
in PN, &

Definition 4.3.4. An isomorphism from X to X' is a reqular map ¢ : X — X'
which is invertible by a regular map. The symbol >~ indicates an isomorphism. The
group of isomorphisms X — X is denoted by Isom(X). The projective varieties X
and X' are isomorphic when there exists an isomorphism between them.

4.4 Rational Maps on Projective Varieties

If X C P" and X’ C P™ are projective varieties, the symbol X --» X" still denotes
a map defined on some open subset of X.

Let X C P™ be an irreducible projective variety.

Definition 4.4.1. A rational function on X is a function P™ --+ C whose re-
striction to each affine neighborhood is a rational function on C™ whose numerator
and denominator have the same degree and whose denominator does not vanish
identically on X. The ring of rational functions on X is denoted Ox.

Let C(X) denote the field of fractions of C[X], and let Zx be the ideal in Ox
formed by the rational functions on C™ whose numerator vanishes identically on
X.

Exercise 43
Show that the field C(X) is isomorphic to the quotient Ox /Zx.

Let X C P™ and X’ C P™ be projective varieties.

Definition 4.4.2. A rational map from X to P™ is a map X --+» P™ which
is given in homogeneous coordinates for P™ by m + 1 rational functions on X. A
rational map from X to X' is the restriction to X' of a rational map ¢ : X --»
P™ such that there is an open set U C X where ¢ is reqular and o(U) C X'.
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Definition 4.4.3. A birational equivalence from X to X' is a rational map
X --» X' which is invertible by a rational map. The projective varieties X and X'
are birationally equivalent when there exists a birational equivalence between
them.

Exercise 44
Show that X and X'’ are birationally equivalent if and only if the associated
fields of rational functions, C(X) and C(X’), are isomorphic.

4.5 Quasiprojective Varieties

The notions before make sense in the broader class of quasiprojective varieties,
which encompasses both affine and projective varieties.

Definition 4.5.1. A quasiprojective variety is a nonempty open subset of a
projective variety.

Zariski topology, regular function, regular map, isomorphism, rational func-
tion, rational map and birational equivalence are defined for quasiprojective va-
rieties analogously to projective varieties. For instance, a (Zariski) closed set
of a quasiprojective variety is the intersection of the variety with a closed subset
of projective space. From now on, the term wvariety (without specifying affine or
projective) refers to a quasiprojective variety.

It is a fact that two irreducible varieties X and X' are birationally equivalent
if and only if they contain isomorphic open subsets U C X and U’ C X' [44].

Example. The tautological line bundle L defined in Section 3.4 is a quasiprojective
variety (yet not affine, nor projective). In fact, the inclusion of C™ in P™ as the
open set of points [zg : ... : z,] with z, # 0 induces an inclusion of the blow-up of
C™ at the origin as an open subset of the projective variety B(P™,[0:...:0: 1]);
cf. Section 4.3.

The blow-down map 3 : L — C" is a birational equivalence in the category
of quasiprojective varieties. &

Blowing-up at a point is a local operation which extends to any quasiprojec-
tive variety modeled on the blow-up of C™ at the origin or of P* at [0:...:0:1].

Exercise 45

Check that B(P™,[0:...:0: 1]) ~ P(L ® C), where P(L & C) was discussed
in Section 3.4, and that the blow-down map (3 : P(L @ C) — P™ is a birational
equivalence in the category of projective varieties.

An irreducible projective variety X is normal if every point has a normal
affine neighborhood.
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A normalization of an irreducible variety X is an irreducible normal variety
X, together with a regular map v : X — X which is a finite birational equivalence.
A map ¢ : X — X’ between varieties is finite, if any point z € X’ has an affine
neighborhood V such that the preimage U := ¢~1()) is affine and the restriction
@ :U —V is a finite map, that is every point has a finite number of preimages.

Any variety is a finite union of irreducible varieties [44]. If X = U, X; presents
X as a finite union of irreducible closed subsets and X; ¢ X for all ¢ # j, then
the X;’s are called irreducible components of X.

One can define a normalization of an arbitrary variety X as a disjoint union
of normalizations for each of the irreducible components of X.

4.6 Toric Varieties

The n-complex-dimensional algebraic torus (C*)" is a 2n-dimensional Lie group
under multiplication of complex numbers. The weight lattice of (C*)™ is the lat-
tice Z". A character (or a Laurent monomial) of (C*)™ is a group homomorphism
(CH)™ — C*.
There is a bijective correspondence between weights and characters of (C*)™:
A=(A1,.. 0, M) EZT — A (CH)" > C*
A A1 An .

W= (Wi,...,wp) — w* :=w' ... wp

An action of a torus (C*)™ on a variety X is a group homomorphism ) :
(C*)" — Isom(X).

Definition 4.6.1. A toric variety is an irreducible variety® X equipped with an
action of an algebraic torus having an open dense orbit.

Definition 4.6.2. Two toric varieties are equivalent if there exists an equivari-
ant isomorphism between them.

Toric varieties are easy to construct, as the following examples illustrate.

Examples.

1. Let A= {2V ... A} be a finite subset of Z". Associated to A, there is
an action of (C*)™ on the projective space P*~1 defined by:

welzr:.tz] = [w)‘(l)zl U w’\(k)zk] ,  forwe (CH".

Let X 4 be the closure of the (C*)"™-orbit through [1:...:1]. Then X4 is a
toric variety.

3Toric varieties are usually required to be normal and normality is always the case for smooth
varieties, which interest us mostly. However, our discussion does not require normality and is
shortened without this assumption.
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2. Let A={\" ... A"} be a finite subset of Z". The action of (C*)" on the
vector space C* associated to A is defined by:
we (21,0, 2K) = (wA(l)zl, . ,w)‘(k)zk) ,  forwe (CH".

Let Y4 be the closure of the (C*)™-orbit through (1,...,1). Then Y4 is a
toric variety.

3. Suppose that we have an action of a torus (C*)™ on some variety V. Let
v € V. The closure of the (C*)™-orbit through v is a toric variety.

¢
The important example X 4 has the following particular instances.
Examples.
1. For a fixed positive integer d, let
A = DA=No,- ) €ZMTH N, >0alli Mg +...+ A\, =d}
= (A0 Ay

(which corresponds to the set of all Laurent monomials in n variables of
degree d containing no negative powers). Then

X4, = closure of {[w’\(o) Dot w’\(N)] |w e (CH" Y = V(P") ~ P

where V : P* — PV is the Veronese embedding of degree d defined in
Section 4.3.

2. Similarly, for a fixed positive integer d, let

Ay = A= ) €Z [N >0alli A +...+ M\ <d}
~ A=, M) EZPTL A > 0alli Ao +... + Ay = d}
— DO, @)

As before X 4, = V(P") ~ P™. For n = 2 and d = 3, the set A, is:



Chapter 5

Classification

Recall that a toric variety is an irreducible quasiprojective variety equipped with
an action of an algebraic torus having an open dense orbit. In this lecture we
begin by reviewing the language of spectra used for classifying affine toric varieties.
Arbitrary normal toric varieties are classified by combinatorial objects called fans.

5.1 Spectra

Let A be a finitely generated C-algebra without zero divisors. An ideal I in A is
prime if
u,veEAanduw el — uelorvel.

An ideal I in A is maximal if I # A and the only proper ideal in A containing I
is I itself.

Exercise 46

Regard A simply as a commutative ring with unity. Show that the ideal I is
prime if and only if the quotient ring A/I is an integral domain (i.e., A/I has
no zero divisors), and that the ideal I is maximal if and only if A/ is a field.

Exercise 47
Check that every maximal ideal is prime. Give an example of a prime ideal
which is not maximal.

Exercise 48

Let I be an ideal in A, and let p : A — A/I be the surjective ring homomor-
phism given by taking an element to its coset in the quotient ring A/I. Check
that there exists a bijective correspondence between the ideals J of A which
contain I, and the ideals J of A/I, given by J = p~1(J).

95
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The spectrum of the algebra A is the set
Spec A := { prime ideals in A }

equipped with the Zariski topology, which declares to be closed a subset of
Spec A consisting of all prime ideals containing some subset of A. The maximal
spectrum of A is the set

Spec,, A := { maximal ideals in A }

equipped with the Zariski topology, which declares to be closed a subset of
Spec,, A consisting of all maximal ideals containing some subset of A.

Examples.

1. Let A=Clz1,...,2,] and let © = (x1,...,2z,) € C™. Associated to the point
x there is a maximal ideal I, C A consisting of all polynomials which vanish
at x, that is, I, is the ideal generated by the monomials z; —z1, ..., 2, — xp:

I, i={(z1— 21, ..., 2n — Tn) .

By Hilbert’s Nullstellensatz (see, for instance, [5] or [20]), any maximal ideal

of C[z1,...,2,] is of the form I, for some xz € C". Moreover, the correspon-
dence
C™ ~ Spec,, Clz1,..., 2]
—_———
C[Cn]

is a homeomorphism for the Zariski topology, where we stress that the poly-
nomial ring Clz1, ..., z,] is the ring of regular functions on C™.

Exercise 49
Show that there exists a bijective correspondence between Spec C[z1, ..., zn]
and the set of irreducible subvarieties in C™.

Hint: Any prime ideal in C[z1,..., z5] is finitely generated.

2. Let A=Clz1,27 %, ..., 20, 2, and let z = (z1,...,2,) € (C*)". Associated
to the point x there is the maximal ideal in A:
L= (21 —x, 27 =2yt oy — a2 — )
By observing that the ideal (z; — x1,27 " — y1,...,) is the full algebra A
when y; # xfl since it contains (z; — zl)zfl + xl(zfl —y1) € C*, Hilbert’s

Nullstellensatz implies that any maximal ideal of C[z1, 27", ..., 2n, 2;, '] is of
the form I,. Moreover, the correspondence

(C*)™ ~ Spec,, Clz1,27 Y 0 20, 20 Y]

Cl(c)m]

is a homeomorphism for the Zariski topology, where C[(C*)"] is the ring of
regular functions on (C*)™; cf. Section 4.1.
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Exercise 50
Show  that there exists a  bijective correspondence  between
Spec Clz1, zl_l, ceey Zn, zﬁl} and the set of irreducible subvarieties in

(c)m.

%

Let X be an affine variety in C™ defined by polynomials pq,...,p, from
Clz1y-. ., 2n). Let T = {p1,...,pr) be the ideal generated by those polynomials.
Then

X = {zeC"|px)=0,Vpel}
= {zeC"|ICI, }
{ideals I, C Clz1,...,2,] | I C I, }
= { maximal ideals J C Clz1,...,2,] | I C J }
= { maximal ideals in C[z1,...,2,)/I }
= { maximal ideals in C[X] }
= Spec,, C[X].

12

The correspondence X ~ Spec,, C[X] is a homeomorphism for the Zariski topol-
ogy.

More generally, if A is a finitely generated C-algebra without zero divisors,
the set X4 := Spec,, A is called an abstract affine variety. While maximal
ideals in A play the role of points in X 4, arbitrary prime ideals are thought of as
irreducible subvarieties, by analogy with the ring of regular functions on an affine
variety. The dimension of X 4 is defined to be

dim X 4 :=sup{3 chain Iy C I; C ... C I, of distinct prime ideals} .
nez

When A = C[X] is the ring of regular functions on an irreducible affine variety X,
the dimension dim X 4 coincides with the (complex) dimension dim X since both
are equal to

sup{3 chain Xo C X1 C ... C X,, = X of distinct irreducible subvarieties} .
neL

5.2 Toric Varieties Associated to Semigroups

Let S be a commutative semigroup. Its semigroup algebra C[S] is the C-algebra
generated as a complex vector space by the symbols 27 with o € S and multipli-
cation defined by the rule

ZO’ . ZO' — Zc’-i—o’
In particular, generators o; for S as a semigroup yield generators z7¢ for C[S] as
a C-algebra.
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Examples.

1. If S = (Z§)", then C[S] = Clz1,..., 2y, is the algebra of polynomials in n
variables.

2. If S = Z", then C[S] = Clz1,27%,..., 20,2, '] is the algebra of Laurent
polynomials in n variables.

O

Notice that in the previous two examples, the maximal spectrum of the semi-
group algebras are toric varieties:

Spec,, C[(Z&)"] ~C™ and Spec,, C[Z"] ~ (C*)" .
In fact, we have the following general result:

Proposition 5.2.1. Let S C Z" be a finitely generated semigroup. Then the
mazimal spectrum Spec,, C[S] is an affine toric variety.

Proof. By shrinking the lattice Z™ if necessary, we may assume that S generates
Z"™ as an abelian group, in which case Spec,, C[S] has dimension n. The inclusion
of semigroups S C Z" and hence of semigroup algebras C[S] C C[Z"] gives an
embedding of the torus (C*)™:

(C*)™ = Spec,, C[Z"] — Spec,, C[5] .
Let O be the image of this embedding. The torus (C*)™ acts on C[S] by
w-2% :=w2%, forwe (C*)"ando €S .

This action induces an action of (C*)™ on Spec,, C[S]. By considering the dimen-
sion, the set O ~ (C*)" is an open orbit for this action. We conclude that its
closure O must be the full Spec,, C[S] and hence this is a toric variety. O

Example. The complex curve in C? with equation y* = z*+! (k = 1,2,3,...) is
an affine toric variety with C*-action given by

te(z,y) = (e, t""1y) .
It may be obtained as Spec,, C[S] for the semigroup S = Zg \ {1,2,...,k — 1}
generated by {k,k+1,...,2k — 1}.

Exercise 51
Show that the variety in the previous example is not normal for k& > 1, and
that its normalization is the affine line X.
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5.3 Classification of Affine Toric Varieties

Theorem 5.3.1. (classification of affine toric varieties) Any affine toric
variety is equivalent to one of the form Spec,, C[S] for some finitely generated
semigroup S C Z" (n>0).

Proof. Let X be an affine toric variety for the torus (C*)™. Let O be the open
orbit for the (C*)™-action on X. Then O may be identified with the quotient of
(C*)™ by the stabilizer of some point in O. Since this quotient is itself a (possibly
smaller dimensional) torus, we can regard O itself as a torus (C*)" acting on X.
By irreducibility of X, we have an embedding C[X] C C[O] = C[Z"]. The subring
C[X] c C[O] is (C*)"-invariant with respect to the induced actions of (C*)" on
C[X] and on C[(C*)™]. As a representation of an algebraic torus, the space C[X]
decomposes into one-dimensional weight spaces. The weight spaces are generated
by monomials as C-algebras, hence the vector space C[X] itself is generated by
monomials, i.e., it is a semigroup algebra. a

Example. Recall the construction of the affine toric variety Y4 from a finite set
A={D A®} c 7z described in Section 4.6. By the previous theorem, we
must have Y4 ~ Spec,, C[S] for some finitely generated semigroup S C Z". It is
not hard to see that S is the semigroup generated by A. In fact, the ring C[Y4]
of regular functions on Yy is generated by the restrictions to Y4 of the coordinate
functions on C™. Since Y, is the closure of

{2 e @)
the ring C[Y4] is generated by the monomials

(1) (k)
Z/\ Z)\

geeey 5

i.e., is the semigroup algebra of the semigroup in Z™ generated by A. &

Remark. The only smooth affine toric varieties are products of the form (C*)P xC1.
This follows from the classification of affine toric varieties (Theorem 5.3.1), the
classification of normal toric varieties (Theorem 5.6.1) and the study of conditions
for smoothness (Exercise 53). See the remark at the end of Section 6.4. &

5.4 Fans

Definition 5.4.1. A (convex polyhedral) cone in R" is a set of the form
C={ann+...+av. €R"|ag,...,a. >0}

for some finite set of vectors vy,...,v, € R", then called the generators of the
cone C. The cone C is rational if it admits a set of generators in Z"™. The cone
C is smooth if it admits a set of generators which is part of some Z-basis of 7.
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The dimension of a cone C is the dimension of the smallest R-subspace
containing C' (which is the vector space C' + (—C)).

Definition 5.4.2. The dual of a cone C C R™ is
C*:={fe®")" | f(x) >0V eC} .

Farkas’ theorem states that the dual of a rational cone is a rational cone [21].
From the theory of convex sets [20], it follows that (C*)* = C.
A supporting hyperplane for a cone C' C R" is a hyperplane of the form

Hy :={z eR"| f(x) =0} for some f € C*\ {0} .

A face of a cone C' C R" is either C itself (a nonproper face) or the intersection
of C' with any supporting hyperplane (proper faces). A face of a cone is itself a
cone; indeed the face C' N Hy (with f € C*) is generated by those vectors v; in a
set of generators for C' such that f(v;) = 0.

Exercise 52
Show that a cone C has only finitely many faces and that any intersection of
faces is also a face.

Hint: The face C'N Hy is generated by those vectors v; in a generating set
for C such that f(v;) = 0.

If 0 is a face of C, then C is called strongly convex; this is the case precisely
when C' contains no one-dimensional R-subspaces, that is, when C' N (=C) = {0}.
If C is strongly convex, then its dual is n-dimensional (i.e., C* 4+ (—=C*) = (R™)*),
regardless of the dimension of C.

Let C be a rational cone in R™, and let C* be its dual, also rational.

Lemma 5.4.3. The intersection C* N (Z™)* is a finitely generated semigroup.

Proof. Let vy,...,v, € (Z™)* be generators of C* and let K = {> t;v; |0 <+#; <
1}. The intersection K N(Z™)* is finite since K is compact. It suffices to show that
KN(Z™)* generates S¢. For v € S¢, write v = > r;v; where r; > 0, s0 1, = m; +t;
with m; a nonnegative integer and 0 < ¢; < 1. Then v = > m;v; + Y t;v; with
each v; and Y t;u; in K N (Z™)*. O

The finitely generated semigroup C* N (Z™)* is denoted Sc.

Examples.

1. For the cone C given by the first octant in Z", the semigroup S¢ consists
of elements in (Z™)* with all coordinates nonnegative, and is generated by
ef,...,es, where e; = (1,0,...,0),...,e, =(0,...,0,1) € Z™.

» Eno
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2. For the trivial strongly convex cone C' = {0} in Z", the semigroup S¢c =
(Z'™)* is generated by e}, —ef, ... ek, —e

n? n*

3. For the cone C' C Z? generated by e and e; — es, the semigroup S¢ is
generated by e} and e} + e3.

o °
Sc
" e e
e C el + €5 :'
..... ..

€1 — €2

4. For the cone C' C Z? generated by e; and 2e; — es, the semigroup Sc is
generated by e}, e] + €5 and e} + 2¢e3.

%

Corollary 5.4.4. For a rational cone C C R"™, the affine variety Spec,, C[Sc] is
a toric variety.

Proof. This follows immediately from Proposition 5.2.1 and Lemma 5.4.3. a

Examples.

1. For the cone C given by the first quadrant in Z™, the associated semigroup
algebra is
C[Sc] = Clz1, .., 2n)
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and the corresponding toric variety is
Spec,, C[S¢] ~C™ .
2. For the trivial cone C' = {0} in Z", the associated semigroup algebra is
C[Sc] = Clz1, 27 Y, ooy 2ny 271
and the corresponding toric variety is the torus

Spec,,, C[S¢]| ~ (C*)™ .

3. For the third cone in the previous list of examples, the associated semigroup
algebra is
C[SC] = (C[Zl, 2122] ~ (C[wl, ’wg]

and the corresponding toric variety is
Spec,, C[Sc] ~ C? .

4. For the fourth cone in the previous list of examples, the associated semigroup
algebra is

C[Sc] = Clz1, 2122, 2122] ~ Clwy, wa, w3]/(wywz = w3)
and the corresponding toric variety is the quadratic cone
Spec,, C[Sc] =~ {(w1, w2, w3) € C* | wiws = w3}

which has an orbifold Zs singularity at the origin. Note that, for the cone
C C Z? generated by e, and e; — 2es, the associated semigroup algebra is

C[Sc] = Clz1, 2223] ~ Clwy, ws] ,
which corresponds to a smooth toric variety.

&

If we have an inclusion of rational cones C' C C”, then (C')* C C*, hence
C[Sc¢/] is a subalgebra of C[S¢]. It follows that we get a map

Spec,, C[S¢] — Spec,, C[S¢/] ;

to see this, first notice that, since nontrivial C-algebra homomorphisms C[S¢] — C
are uniquely determined by their kernels which are exactly the maximal ideals of
C[Sc¢], we obtain a bijection

Spec,, C[Sc] «— Hom c.ag(C[Sc],C) \ {0} .

Thus, by restricting homomorphisms from C[S¢]| to C[S¢/], we get the asserted
map.
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Lemma 5.4.5. Let C' and C' be rational cones. If C is a face of C', then the
induced map Spec,, C[Sc] — Spec,, C[Sc-] is an open injection for the Zariski
topology.

In other words, if C is a face of C’, then Spec,, C[S¢] is an open subset of
Spec,, C[Sc].t

Proof. If C is a face of C’, then (see, for instance, [21]) there is v € S such that
Sc = Scr + Za'(—v) s

thus each element of C[S¢] may be written in the form 27" for some o € Sc¢
and n € Zg. The map Spec,, C[Sc] — Spec,, C[Sc/] is injective, since if two
C-algebra homomorphisms C[S¢] — C coincide on C[S¢-], then they also coin-
cide on elements z="™". The map Spec,, C[Sc] — Spec,, C[Sc-] misses exactly
the maximal ideals in C[S¢/] containing the set {z"}, since any C-algebra ho-
momorphism C[Sc/] — C which does not vanish on z¥ extends to a nontrivial
homomorphism & : C[S¢] — C where h(z7V) = h(z?)"!, and if a C-algebra ho-
momorphism C[S¢/] — C vanishes on 2z, then any extension h : C[S¢] — C must
vanish identically since h(1) = h(z¥27") = h(z")h(z7") = 0. |

Definition 5.4.6. A fan in R™ is a (nonempty) finite collection F of strongly
convex rational cones such that

e cvery face of every cone C € F belongs to F,
e the intersection of any two cones from F is a face of both of them.

The fan F is smooth if all of its cones are smooth. The support of F is the
union |F| of all cones from F. The fan F is complete if |F| is the whole space.

5.5 Toric Varieties Associated to Fans

Definition 5.5.1. The toric variety X  associated to a fan F in R" is the
result of gluing the affine toric varieties X¢ := Spec,, C[S¢] (for all C € F) by
identifying Xc with the correponding Zariski open subset in X whenever C' is a
face of C".

Each affine chart X¢ has a natural torus action defined as in the proof of
Proposition 5.2.1. Those actions are compatible under the identifications dictated
by the face relations; hence there is a well-defined torus action on the variety
X #. Moreover, X contains indeed an open dense orbit of (C*)™ as the open set
corresponding to the zero cone in F: by strong convexity the zero cone is a face
of every other cone, thus producing an open subset of each other affine piece, and

IThis functorial property partly justifies working with cones and not their duals right away.
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the dual of the zero cone is the full set (R™)*, so the corresponding algebra is
Clz1, 27, ..+, Zn, 2, 1] whose maximal spectrum is (C*)" .

The variety Xz is normal since it is glued out of normal affine varieties and

normality is a local property.

Exercise 53
Show that:

(a) The variety Xz is compact if and only if the fan F is complete.

(b) The variety X is smooth if and only if every cone from F is smooth.

As a consequence of the first part of the previous exercise, if F is a complete
fan in R™, then Xz is a compactification of the torus (C*)™ .

Examples.
1. Consider the fan F consisting of the three cones
C= {0} 3 C() = Z(‘)"(—el) and 01 = Z(‘)"(el)

depicted below.

€1

—e1

Each 1-dimensional cone represents the affine variety C:

€1 €1

o ISCl C[SCI] = (C[Z]
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*
—€1 —€q I

Co - Sc, ClSc,) = Clz71]

The gluing of these 1-dimensional charts is prescribed by the 0-dimensional
cone C' representing C*:

o C Sc (C[Sc] :C[Z,Zfl]

_e’{

In X¢,, the subset X¢ corresponds to C; := {z € C | z # 0}, whereas in
X¢,, the subset X¢ corresponds to C:_, := {27! € C | 27! # 0}. We can
glue X¢, to X¢, along X¢ by using the gluing map z +— 2=, thus producing
Xy =P,

2. Consider the fan F consisting of seven cones (three 2-dimensional cones,
three 1-dimensional cones and one 0-dimenisonal cone C' = {0}), as sketched
below. The shaded areas represent 2-dimensional cones.?

We will check that the toric variety X is P2, In fact, each 2-dimensional
cone corresponds to an affine chart C2:

2If instead of the cones we considered their duals, the drawing would be messy with overlap-
pings, hence the reason why we stick to this side of duality.
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Sc
. s
\01’2 y o o ClSeyz] = Clar, 2]
(& e
2 \ ’ I—» ..... o wi we
) (21, 22) = (&, 42)
€1 el
/e1 * e — e
eo/ —€9 I\‘. C[Sc, ,] = Clz3 !, 2125 1]
Co,1
e o o (25 521257 ) = (322, 42)
SCoa
C S ..'. (C[SCO,2] _(C[Zl y 2 2’2]
? Co,2 .
0,2 2 i
c P (21 521 22) = (32, 42)
_e’{

€o

The expressions in terms of homogeneous coordinates [wq : w; : we] on these
three affine charts are written just to help keep track of the gluing maps
below.3

The gluing of these affine charts along their intersections is prescribed by
the 1-dimensional cones representing C* x C:

3The initial chosen identification
Xoy o, = {11211 2] | (21,22) € C*}

determines the other two.
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°
Co e “ ClSe,) = Cle e mz A ]
°
.9 o o
Cl €y SCI
~—r . o o
—€5 C[Sc,] = Clz1, 22, 23 1]
b o o
Sc,
e o o
Cy ¢ 0 ClSc,] = (C[zl,zfl,Zg]
----- o —o—>0 -
761( e’{

For instance, in X¢, ,, the subset X¢, is represented by C,, x C;, whereas
in X¢, ,, the subset X¢, corresponds to C, -1+ xC”_,. We can glue X¢, , to
: 2 5 :

z1

Xc,, along X¢, by using the gluing map (21, 22) — (231, 2125 ), to obtain

P2\ {[0:1:0]}.

3. Let e; = (1,0,...,0),...,e, = (0,...,0,1) be the standard Z-basis of Z",
and let eg := —e; —...—ey. Let C;, ;. be the cone in R™ generated by the
vectors e;, ,...e;, . Then the set

F:={Ci, i | E<n,0<id; <n}}

is a complete fan (where we include the trivial cone C' = {0}.) In particular,
for n = 1,2 we get the fans encoding P! and P2, respectively.
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%

Exercise 54
Check that the toric variety associated to the fan F in the previous example
is projective space:

X]: ~ P" .

Exercise 55
Find the toric variety corresponding to the fan depicted below.

D
N

5.6 Classification of Normal Toric Varieties

Theorem 5.6.1. (classification of normal toric varieties) Any normal toric
variety X is equivalent to a variety of the form X g for some fan F in R™, where
n is the dimension of the torus acting on X. This fan is determined uniquely up
to a transformation from GL(n;Z).

For a proof of Theorem 5.6.1, see for instance [41]. Thanks to this theorem,
normal toric varieties are often defined in terms of fans.

Proposition 5.6.2. Let F be a fan in R™. Then the variety X = has finitely many
orbits of the torus (C*)™, and there is a natural bijection between the (nonempty)
cones in F and the (C*)™-orbits in Xz,

cones . (C*)™-orbits
from F in Xr
C — Oc¢

where the orbit O¢ has dimension equal to the codimension of C. Moreover, for
cones C,C" € F we have

Oc COc <= CcC.

For a proof of Proposition 5.6.2, see again [41]. In the next lecture we state
and prove the polytope analogue of this proposition.



Chapter 6

Moment Polytopes

We have seen that normal toric varieties are classified by fans. Most interesting
for our purposes are those fans dual to polytopes: a fan associated to a polytope
defines an equivariantly projective toric variety. Moreover, a polytope encodes
other geometric information such as a symplectic form and an equivariant complex
line bundle. We will relate the dual languages of polytopes and fans, and review
the link to the symplectic approach.

6.1 Equivariantly Projective Toric Varieties

Let X be a toric variety for a torus (C*)". We say that X is equivariantly
projective if there exists a (C*)"-equivariant embedding X — P* for some k and
some action of (C*)" on P*.

Let A= {\1 ... A*)} be a finite subset of Z". The first example of a toric
variety in Section 4.6 is

X = dosure of {[w" ;... ] |we (€)Y},

that is, the closure of the (C*)"-orbit through [1 : ... : 1] for the action on Pk~!
defined by the weights AV, i = 1,..., k. The variety X, is clearly equivariantly
embedded in P!, i.e., the action of the torus on X 4 extends to the whole ambient
Pk=1. The following theorem shows that, conversely, any equivariantly projective
toric variety is equivalent to one of type X 4 for some finite set A C Z".

Theorem 6.1.1. Let X be a toric variety which is (C*)"™-equivariantly embedded
in P=1. Let Y be the minimal projective subspace in P! containing X, and
let k — 1 be the (complex) dimension of Y. Then there exists a subset A C Z™
containing k elements and a (C*)"™-equivariant isomorphism X4 — X extending
to an equivariant projective isomorphism PF~1 — Y.

69
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Proof. Any action of (C*)™ on P‘~! by projective transformations can be lifted
to a linear action on C’. Any linear action of (C*)" on C* is diagonalizable, so in
suitable coordinates it is given by a collection of weights A(¥) € Z" i =1,...,¢
such that w € (C*)™ acts as multiplication by

(1)
’LU/\

(£)
’LU)‘

Pick a point z = [z1 : ... : z¢] € X lying on the open orbit of the torus. Let A C Z™
be the collection of those A for which z; # 0. Then the minimal projective
subspace of P! containing X is

Vi={[lwy:...:w] €P7' | 25 =0=w; =0} .

The dimension of Y is k — 1 where £k = #A. We obtain a (C*)™-equivariant
isomorphism by collecting the nonzero coordinates:

PF-1 =y
u U
XA — X .

O

Example. Not all projective toric varieties are equivariantly projective. For in-
stance, the nodal' cubic curve X C P? given by the equation

Zozg = Z:f — Z()Z%
is a (not normal) toric variety as its smooth part,
X\{[1:0:0]} =C",

is an open orbit for C*. For a reason why X does not admit an equivariant pro-
jective embedding see [22, p.169]. &

6.2 Weight Polytopes

Consider a torus (C*)™ acting linearly on a complex vector space V' and consider
the associated action on the projectivization P(V'). Let v be a nonzero vector in V,
and let O, be the closure in P(V') of the (C*)™-orbit through [v]. By construction,

1The adjective nodal refers to having no singularities other than ordinary double points.
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O, isa toric variety equivariantly embedded in P(V'). By Theorem 6.1.1, the toric
variety O, is equivalent to X 4,, where A, is the finite subset of Z™ prescribed as
follows (adapting the proof of the previous theorem).

For a given a weight A € Z" of (C*)", the A\-weight space of the (C*)"-
representation on V is the subspace

Ww={veV|w-v=wv, Ywe (C*)"}.

The weight space decomposition of this representation is the isomorphism [11]

VZ@VA;

AEZ™

cf. Exercise 9. Given a vector v € V, the component of v of weight )\ is the
component vy € V) of v in the weight space decomposition. Set

Ay = {\€Z" vy #0} .

Exercise 56 L
Show that the toric variety O, is equivalent to X4, .

Definition 6.2.1. The weight polytope P, of the vector v € V \ {0} is the
convex hull in R™ of the set A, described in the previous paragraph.

Example. Given a finite set A C Z", its convex hull P in R is the weight polytope
of the vector v = (1, ..., 1) for which the closure of the orbit through [v] is X 4.

6.3 Orbit Decomposition

indexorbit decomposition

Let A= {\M ... A be a finite subset of Z". The toric variety associated
to A is (cf. Section 4.6)

X4 := closure of {[w’\(l) Dl w”\(k)] e Pl we (C)"} .

Proposition 6.3.1. Let P be the convex hull in R™ of the set A above. Then there
is a bijection between the (nonempty) faces of the polytope P and the (C*)™-orbits

in X4 given by
faces of (C*)™-orbits
{ polytope P — mn Xa

F — XOF)
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where

XOF)={[u] € Xa|VA:ux=0& ¢ F} .

The dimension of X°(F) is the dimension of F. Moreover, the closure X (F) of
XOF) is equivalent to the toric variety X anp. If F and F' are two faces of P,
then

X(F')C X(F) < F' CF.

Proof. For u = (uy,...,ux) € C¥ such that [u] := [u3 : ... : ug] € Xa, given
A9 e A we have that the A?)-component of u is

Uy (i) :(0,...,O,ui,0,...,0) .

We first show that the correspondence is well-defined, i.e., that X°(F) is
indeed an orbit. Of course, X°(F) is invariant as

[u] € X°(F) = w-[u] € X°(F) .

Besides, any two [u], [u/] € X°(F) are related: to show that there exists indeed
w € (C*)™ such that uy = wuy for all A € F, notice that uy = w} and uy = w}
for some wy,we € (C*)™, hence just take w = wlwgl.

To prove injectivity, we need to show that
F'#F = X°(F') # X°(F) .

Without loss of generality, we assume that there exists A € F’ such that A ¢ F.
Therefore, if [u] € X°(F), then uy = 0, so that [u] ¢ X°(F").

To prove surjectivity, we need to show that any [u] € X4 belongs to some
XO(F). We introduce the notation

vi=1 ifADeF
[vp] :=[v1 : ... : vg] such that {’Ui _0 A g F
in particular we have that [vp] = [1:...: 1]. By definition of X 4, any [u] € X 4 is

of the form
u] = lim /() - [p]
for some analytic map of a punctured disk given by
f:{zeC ||zl <e} — (C)

fR)=(c1z2"+ ..., .. cn2 4+ ...
h.d. h.d.

) 3

for some constants ¢; € C*, some exponents a; € Z and where the underbraced dots
represent terms of higher degree. Given a = (a1, ...,a,) € R", let fo : R — R be
the linear function defined by inner product with a, f,(A\) :=a- A. Let

F, := {\ € P where f, achieves its minimum } ;
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the set F, is a face of P, called the supporting face of f,. For simplicity, suppose
that F, N A = {\(M, X*)}: the general case is just harder for notation. Let ¢ =
(c1,...,¢n) € (C*)". Then

[u = lim f(2)-[vp]

z—0

— im [P (M)

z—0
AL A(2)
= |c + ... :c + oo
[ ~—~ ~ v]
(lr))-p . p-p-  P.p-
= lim[c>‘ e :0:...:0]
z—0

= c-|vp] e XUF,),

where in the middle equality we have divided all homogeneous coordinates by
20 A = 2aA® 404 the underbraced dots represent terms with only positive pow-

ers of z. O

6.4 Fans from Polytopes

Let P C R”™ be a polytope, and let f : R” — R be a linear function. We denote
by supppf the supporting face of f in P, that is, the set of points in P where f
achieves its minimum, as defined in the previous section.

Definition 6.4.1. Let F be a face of a polytope P C R™. The cone associated
to F is the closure of the subset Cpp C (R™)* consisting of all linear functions
f € (R™)* such that supppf = F.

Exercise 57
Show that Cr p is a convex cone, and that the collection of cones C'r p for all
faces of P forms a complete fan.

Hint: Read the description in terms of the dual polytope, after the next
definition, and translate P so that it contains the origin in its interior.

Definition 6.4.2. The fan of the polytope P is the collection Fp of the cones
CF,p for all faces F' of P.

Suppose that the polytope P contains the origin in its interior. The fan of
the polytope P coincides with the fan spanned by the faces of the dual polytope:

P :={fe®")*| f(v)>~-1, Vo€ P},
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that is, the collection of cones formed by the rays from the origin through the
proper faces of P*, plus the origin. For instance, the dual of a cube is an octahe-
dron, so the fan of a cube has eight 3-dimensional triangular cones, together with
all corresponding faces. Simple examples in R? are:

(-1,1) (1,1) (0,1) o
P
(—1,0) (1,0)
(-1,-1) (1,-1) (0,-1)
(-1,1) 01
P
(1,0)
(-1,-1) (3,-1)
(71772)

If P is rational, then (P* is rational and) Fp is rational, and if P is smooth,
then Fp is smooth.

Example. Let P be the polytope in the following picture.
Fs ={(0,1)}

F3
I

Fs={0,00 B  F={10)

The fan of P is depicted below. The cone associated with the full polytope
is the origin, whereas the cones associated with each of the facets Fy, F5 and Fj,
are half-lines, and the cones associated with each of the vertices Fy, F5 and Fg are
two-dimensional (shaded regions).
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Cry.p
&

As in Section 4.6, consider a torus (C*)™ acting linearly on a vector space V
and the associated action on the projectivization P(V'). Let v be a nonzero vector
in V, and let O, be the closure in P(V) of the (C*)™-orbit through [v]. Then the
toric variety O, is equivalent to X 4,, where A, = {\ € Z" | v\ # 0}.

Proposition 6.4.3. The fan of the toric variety O, equals the fan of the weight
polytope P,. In particular, dim O, = dim P,.

For a proof of the previous proposition, see for instance [22, p.191] and [41].

Exercise 58
Check that, in a similar way, we can define a fan of a convex polyhedron,
though in this case the fan may not be complete.

Remark. Let Spec,, C[S] be the affine toric variety associated to the finitely
generated semigroup S C Z™. We may assume that S generates Z" as an abelian
group. The variety Spec,, C[S] is normal if and only if S = PNZ" where P is the
convex hull of S in R™. When Spec,, C[S] is normal, its fan coincides with the fan
of the convex polyhedron P. &

6.5 Classes of Toric Varieties

Since all smooth varieties are normal, we restrict our attention to the universe of
normal toric varieties, which are classified by fans. The affine ones correspond to
fans consisting of the set of all faces of a single n-dimensional cone (see the remark
at the end of the previous section). The compact ones correspond to complete fans.
The equivariantly projective ones are necessarily of the form X 4 for some set of the
form A = Z¥ N P where P is a polytope.? Since projective spaces are compact (or

2When A C ZF is finite yet not of the form Z* N P for some polytope P, the corresponding
X 4 is not normal, and its normalization is X 4/, where A’ = Z* N P/ and P’ is the convex hull
of A.
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because fans of polytopes are complete), any equivariantly projective toric variety
is compact.

Relation between these classes:

e Not all equivariantly projective normal toric varieties are smooth. To see a
nonsmooth (i.e., singular) one just take the fan of a simple rational nons-
mooth polytope. For instance, the triangle below fails the smoothness con-
dition at the top vertex.

e Not all compact normal toric varieties are equivariantly projective, though
in (complex) dimensions 1 and 2 this is always the case. Equivalently, not all
complete fans come from polytopes in the sense of Definition 6.4.2, though
in dimensions 1 and 2 they do. There are plenty of complete fans in R? which
do not come from polytopes. For example, the collection of cones over the
subdivision below of the boundary of the tetrahedron is not associated to
any polytope [21, 41].

e Of course, not all normal toric varieties are compact — any affine toric variety
is not compact; more generally, any fan which is not complete corresponds
to a noncompact toric variety.
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6.6 Symplectic vs. Algebraic

A lattice polytope in R" is a polytope whose vertices belong to Z™.

Suppose that A is an n-dimensional polytope which is both Delzant and
lattice. As a Delzant polytope, it is the moment polytope of a symplectic toric
manifold (Ma,wa,T", pua), by Delzant’s construction.

On the other hand, consider the set of integral points in A:
A:=7"NnA={\U . AB}

where k := #A is the number of such points. The convex hull of A is obviously
A. Then the associated variety X 4 is a toric variety for (C*)™. The variety X 4 is
smooth and compact because the fan of the polytope A is smooth and complete,
and X4 is connected because it is the closure of a (C*)"-orbit. Moreover, by
definition X 4 is equivariantly embedded in P*~1,

it X4 — PF1

)

and the restriction of the (C*)™-action to its real subgroup
T = {(t1,...,tn) € (C)" | |t;| =1 for all i }

is effective, because the action of (C*)™ was already effective.

Recall that projective spaces have canonical symplectic structures provided
by the Fubini-Study forms. For later convenience, we equip P*~! with the sym-
plectic structure —2w,. Since X4 is a complex submanifold of P*~! and w, is a
Kaéhler form, we obtain that the restriction

-x
wa =1 (—2wpe)
is nondegenerate, hence a symplectic form on X 4. The structure w 4 is T"-invariant
because w, is T"-invariant.

We will check that the T™-action on X 4 is in fact hamiltonian by exhibiting
a moment map.

The action of T on (C¥, —2wy) by

AR

(tyotn) - (21 sze) = (2, 2 2)
is hamiltonian with moment map
k
ﬁ:Ck—>R", ﬁ(Zl,...,Zk):Z)\(J)|Zj|2.

Jj=1
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The action of S! on (C¥, —2wy) by diagonal multiplication

w

we SY — multiplication by

is hamiltonian with moment map
6:Ch—R,  g(zx) =P 1.

The manifold (P*~1, —2w,) is the symplectic reduction of (C*, —2wg) with respect
to the S'-action and the moment map ¢. Since the S'-action commutes with
the action of T™ and preserves the moment map g, we conclude that the T"™-
action and i descend to the quotient (P¥~1 —2w, ). Therefore, the T"-action on
(]P)k717 —2wyg) by

(tryentn) ez ez = [ e

Zk]
is hamiltonian with moment map
ko
> AWz
TR a— L u[zlz...:zk]:J:1
|2
j=1

The image of u is the convex hull of A, i.e., is the polytope A.

As the symplectic submanifold (X 4,w4) is T™-invariant, the restriction of p
to X 4 produces a moment map for the restricted action. We claim that the image
of u|x, is still A, so that the two constructions (Delzant’s and the toric variety)
yield equivalent symplectic toric manifolds.

Since p(X4) is a Delzant polytope, it suffices to show that each vertex of A
is in u(Xa). Let A¥) be a vertex, and let a = (a1,...,a,) € Z" be such that the
restriction to A of the linear function f, : R™ — R, fo(\) := a - A, achieves its
minimum in A¥). Consider the map of a punctured disk to the torus

f{zeC ||z <e} — (C)"
f(z)=(2%,...,2%) .

By definition of X 4, we have that

Em[(F) o (F)M ] € Xa

z—0

Hence, by continuity of u, we conclude that

; )

I e S
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The coincidence of the two constructions allows to see that a symplectic toric
manifold is Kéhler, because it inherits a compatible invariant complex structure
from its equivariant embeddings into projective spaces.

Remark. Not all toric varieties admit symplectic forms. A compact normal toric
variety admits a symplectic form if and only if its fan comes from some polytope.
Changing the cohomology class of the symplectic form corresponds to changing
the lengths of the edges of the polytope. The size of the faces of a polytope cannot
be recovered from the fan, where only the combinatorics of the faces is encoded.
Hence, the fan does not give the cohomology class of the symplectic form. O

Exercise 59
Find the toric variety corresponding to the fan depicted below.
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