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Abstract. A compact connected symplectic manifold endowed with an ef-
fective Hamiltonian action of a torus of maximal dimension is uniquely deter-
mined by the image of its moment map, which is a polytope of dimension half
that of the manifold sitting inside the dual of the Lie algebra of the torus.
This is the content of the celebrated Delzant theorem. We use this one-to-one
correspondence to collect various results relating combinatorial properties of
Delzant polytopes to geometrical properties of symplectic toric manifolds.
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1. Introduction and Basic Definitions

Symplectic toric manifolds are extremely symmetric spaces. An example of in-
tegrable systems from Hamiltonian mechanics, they are endowed with an e�ective
action of a torus whose dimension is half that of the manifold. Moreover, this
action is Hamiltonian, a property that is characterized by the existence of a mo-
ment map. The geometry of this moment maps encodes every detail of such an
action. In fact, the Delzant theorem states that both the manifold and the action
are uniquely determined by the image of the moment map, which is a polytope in
(Rn)∗. Moreover, for every polytope ∆ meeting certain geometrical criteria, there
exists a symplectic toric manifold whose moment polytope is ∆. Therefore, many
(in theory, all) properties of the space from its moment polytope. We collect results
about this species.

In the introductory section, we will shortly summarize the most important no-
tions and tools from symplectic geometry that are needed. For a proper introduction
to symplectic geometry, we refer to [CdS,1]. Essential for symplectic toric manifolds
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are the theorems by Atiyah, Guilemin and Sternberg on convexity properties of the
moment map of a Hamiltonian toric action and the theory of symplectic reduction.

Section 2 contains the heart of symplectic toric manifold theory: The Delzant
theorem. We show how to construct the manifold from the polytope and give
examples of classi�cation.

In section 3, we look at a one-to-one correspondence of �symplectic toric sub-
manifolds� to the faces of the polytope. We will also see that a neighborhood of
a �xed point has the structure of an open subset in a vector space, on which the
torus acts linearly.

Sections 4 and 5 relate properties of the polytope to that of the manifold, namely
volume (using the famous Duistermaat-Heckman theorem) and homology (using
Morse theory). Section 6 features the interplay between a geometrical operation,
the blow-up, and its e�ect on the polytope, which consists of simply cutting o� a
part at a corner.

Section 7, building on examples made earlier, contains a classi�cation of the
simplest nontrivial class of symplectic toric manifolds, namely those of dimension
four.

In section 8, we look at at monotone symplectic toric manifolds, a condition that
is mirrored in a direct geometric condition on the polytope.

1.1. Symplectic Manifolds. All maps between smooth manifolds will be assumed
smooth unless stated otherwise.

A symplectic form Ω on a real vector space V is a map Ω : V × V → R
that is both alternating and nondegenerate, i.e. Ω(x, y) = −Ω(y, x) and the map
Φ : V → V ∗, x 7−→ Ω(·, x) has trivial kernel. By basic linear algebra, if V admits
a symplectic form, then dim V is even. In fact, more holds: there is a basis
(v1, . . . , vn, w1, . . . wn) of V such that Ω(vi, wj) = δij , Ω(vi, vj) = 0 = Ω(wi, wj)
for all i, j.

Globalizing this piece of linear algebra yields the following:

De�nition. A symplectic manifold (M,ω) is a smooth manifold M together
with a (smooth) closed symplectic form ω ∈ Ω2(M); this means that ω is a 2-form,
dω = 0 (closedness), and it is nondegenerate at each point.

The canonical example is
(
R2n, ω0

)
, where

ω0 = dx1 ∧ dy1 + . . .+ dxn ∧ dyn (1.1)

in coordinates (x1, . . . xn, y1, . . . , yn). From the complex point of view, R2n = Cn,
and ω0 = i

2 (dz1 ∧ dz̄1 + . . .+ dzn ∧ dz̄n).
In what, follows, let (M,w) be a symplectic manifold, 2n = dim M . The

existence of a symplectic form implies many topological properties of M .

Proposition 1.1. The 2n-form on M given by ωn

n! is nowhere zero, thus it is a
volume form; the induced measure on M is called the Liouville measure. Thus,
any symplectic manifold is naturally oriented. If M is compact, then by Stokes'
Theorem, ω

n

n! is not exact, so ω itself is not exact, therefore H2(M) is nontrivial.

The Darboux theorem takes care of classifying the local structure of symplectic
manifolds:

Theorem 1.2. (Darboux, see [Aud, II.1.9]) Let p ∈M . Then there is a coordinate
chart φ : U → U0 ⊆ R2n centered at p such that ω|U= φ∗i∗ω0, where ω0 is given as
in 1.1 and i : U0 → R2n is a neighborhood of 0 in R2n.

This means that the only local invariant of a symplectic manifold is its dimension,
since all symplectic manifolds locally look the same; all interesting invariants are
therefore global in nature!
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De�nition. Let (M,ω) and (M ′, ω′) be symplectic manifolds. A di�eomorphism
Φ : M → M ′ is said to be a symplectomorphism if Φ∗ω′ = ω. The group of
symplectomorphisms of M to itself is denoted by Sympl(M,ω).

Another way of stating the Darboux theorem is to assert that any two symplectic
manifolds of the same dimension are locally symplectomorphic.

1.2. Tori. We denote by Tn = Rn/Zn the n-dimensional torus, the quotient of
the Lie group Rn by its closed discrete subgroup Zn. It is again a Lie group of
dimension n. We will also regard Tn = S1 × · · · × S1 (n times); the translation
between the two variants is given by (x1, . . . , xn) + Zn 7−→ (e2πix1 , . . . , e2πixn).
There will be many other (possibly confusing) identi�cations: We will identify the
Lie algebra of the torus tn w Rn such that the exponential map becomes exp : tn →
Tn, (x1, . . . , xn) 7−→ (eix1 , . . . , eixn). We will also identify (tn)∗ w (Rn)∗ w Rn via
the standard inner product. The torus is both compact and connected (and tori
are the only compact, connected, abelian Lie groups).

An isomorphism of the torus Tn is given by a linear map A : Rn 7→ Rn that is
an isomorphism of the lattice Zn, i.e. A ∈ GL(n,Z). In this context, we de�ne
the group of integral a�ne transformations AGL(n,Z) = Rn o GL(n,Z), whose
elements are compositions of linear maps in GL(n,Z) and translations by arbitrary
vectors in Rn.

1.3. Hamiltonian actions and moment maps.

De�nition. An action ψ : G → Di�(M) of a Lie group G on M is called sym-

plectic if it preserves ω, which means that for each g ∈ G, ψ(g) : M → M is a
symplectomorphism of M .

We do, however, require somewhat more:

De�nition. ([CdS,2]) Let (M,ω) be a symplectic manifold, G a Lie group with Lie
algebra g. A symplectic action ψ of G on M is said to be Hamiltonian if there
exists a map

µ : M → g∗

satisfying:

(1) For each ξ ∈ g, let ξ# be the vector �eld generated on M by the one-
parameter subgroup {exp(tξ)|t ∈ R}. Let µξ : M → R, µξ(p) = 〈µ(p), ξ〉.
Then

dµξ = ıξ#ω (1.2)

.
(2) The map µ is equivariant with respect to ψ and the coadjoint action Ad∗,

i.e. Ad∗g ◦ µ = µ ◦ ψg.
The map µ is then called a moment map for ψ and the quadruple (M,ω,G, µ)
is called a Hamiltonian G-space. If it exists, µ is completely determined by the
action up to an additive constant.

Remark. Some authors de�ne 1.2 with the opposite sign.

Proposition 1.3. Let G be a Lie group and H ⊆ G a closed Lie subgroup of G,
and let i : h → g be the inclusion of lie algebras. Suppose that (M,ω,G, µ) is a
Hamiltonian G-space. Then the restriction of the G-action to H is Hamiltonian
with moment map

i∗ ◦ µ : M → h∗
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Proof. 1. Let ξ ∈ h. Then 1.2 holds for µ and the vector i(ξ) ∈ g. Precisely:

d(〈µ(p), i(ξ)〉) = ı(i(ξ))#ω

Dualizing on the left side, and using the fact that (i(ξ))# = ξ#,we get

d(〈i∗ ◦ µ(p), ξ〉) = ıξ#ω

2. The coadjoint action of H is just the restriction of the coadjoint action of G. �

We will only look at the case G = Tn. In this case, as Tn is abelian, the coadjoint
action is trivial, and condition (2) becomes invariance. The image of the moment
map of Hamiltonian Tn-action has special properties:

Theorem 1.4. (Atiyah, Guillemin-Sternberg [GS,2]) Let (M,ω,Tn, µ) be a compact
connected Hamiltonian Tn-space. Then

(1) the levels of µ are connected;
(2) the image of µ is convex;
(3) the image of µ is the convex hull of the �xed points of the action.

The image is called the moment polytope of the action.

De�nition. A symplectic toric manifold is a compact connected Hamiltonian
T = Tn-space (M,ω,T, µ) of dimension 2n such that the action of T is e�ective. Two
symplectic toric manifolds (Mi, ωi,T, µi) are said to be equivalent if there exists a T-
equivariant symplectomorphism ϕ : M1 →M2 such that µ1 = µ2◦ϕ. Evidently, the
moment polytopes of equivalent symplectic toric manifolds are identical. Delzant's
theorem will provide a converse to this statement.

1.4. Symplectic reduction. Symplectic reduction allows us, in some cases, to
give the orbit space of a Hamiltonian action a symplectic structure.

Theorem 1.5 (Marsden-Weinstein-Meyer [MW]). Let (M,ω,G, µ) be a Hamilton-
ian G-space for a compact Lie group G. Let i : µ−1(0) ↪→ M be the inclusion.
Assume that G acts freely on µ−1(0). Then

• Mred = µ−1(0)/G is a manifold
• π : µ−1(0)→Mred is a principal G-bundle
• there is a symplectic form ωred on Mred such that i∗ω = π∗ωred.

Now, suppose that another Lie group H also acts on M in a Hamiltonian fashion,
and let λ : M → h∗ be a moment map for this action. One can ask if the action
induces a Hamiltonian action on Mred. The answer is fairly straightforward:

Proposition 1.6. Suppose that the action of G commutes with that of H. Then H
acts on Mred in the obvious way such that π becomes equivariant, and this action
is Hamiltonian with moment map λ̃ : Mred → h∗ such that λ̃ ◦ π = λ ◦ i .

Proof. We de�ne the action by h · π(x) = π(h · x). This is well-de�ned by com-
mutativity and because µ is H-invariant (after all, H acts by G-equivariant sym-
plectomorphisms). Now let ξ ∈ h. Let ξ′ be the vector �eld on M corresponding
to ξ, and let ξ# be the vector �eld on Mred. Let p = π(q). We may de�ne ξ#

by ξ#
p = dπqξ

′
q; this is our only choice if π is to be equivariant, and it does not

depend on the choice of q. De�ne λ̃ by the above formula. This is possible since λ
is G-invariant. For any v = dπ(w) ∈ TpMred, we calculate:

d
〈
λ̃, ξ
〉
|pv = π∗d(

〈
λ̃, ξ
〉

)|qw = dπ∗(
〈
λ̃, ξ
〉

)|qw = d(
〈
λ̃ ◦ π, ξ

〉
|qw =

= d 〈λ ◦ i, ξ〉 |qw = i∗ıξ′ω|qw = (i∗ω)(ξ′, ·)|qw = (π∗ωred)(ξ
′, ·)|qw =
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= ωred|π(q)(dπξ
′
q, ·)v = ωred(ξ

#
p , ·))|pv = ıξ#ωred|pv.

Moreover, the map λ̃ is equivariant since Ad∗h◦λ̃◦π(x) = Ad∗h◦λ◦i(x) = λ◦(h·x) =

λ ◦ i(h · x) = λ̃ ◦ π(h · x) = λ̃(h · π(x)). This proves that λ̃ is a moment map for the
H-action. �

2. Delzant's Theorem

We will see that equivalence classes of symplectic toric manifolds are completely
determined by the image of the moment map. After stating the Delzant theorem,
which makes this classi�cation precise, we will present the construction which proves
the �existence� part of the theorem and will be important in further applications.

De�nition. A Delzant polytope ∆ ⊆ Rn is a polytope (i.e. the convex hull of a
�nite set of points in Rn) that is

• simple: there are n edges meeting at each vertex,
• rational: for each vertex p, the edges meeting at p are of the form {p +
tvi, t ≥ 0} for some vi ∈ Zn,

• smooth: for each vertex p, the edge vectors may be chosen to be a Z-basis
of Zn.

Theorem 2.1. (Delzant [Del]) There is a bijective correspondence, given by the
moment map, between symplectic toric manifolds (M,ω,Tn, µ) up to equivalence
and Delzant polytopes ∆ = µ(M).

Remark. This bijective correspondence respects all the data, including the choice
of moment map µ. Since all possible moment maps for a particular Tn-action di�er
by a constant, there is a less rigid variant of the above:

Corollary 2.2. There is a bijective correspondence between symplectic toric man-
ifolds (M,ω) (with a given e�ective Hamiltonian Tn-action) up to equivalence and
the choice of a moment map and Delzant polytopes ∆ up to translation.

Taking the above further, we might want to �x the action of Tn only up to iso-
morphism. An isomorphism φ of Tn is an isomorphism of Rn that restricts to an
isomorphism of the lattice Zn, given by a linear isomorphism A ∈ GL(n,Z). What
is the moment map for the action ψ ◦ φ ? This can be seen as follows: Let ξ ∈ g.
We let the one-parameter subgroup generated by ξ act on M. This generates the
vector �eld (Aξ)# (in terms of the action ψ). We know that

ı(Aξ)#ω = dµAξ = d(〈µ,Aξ〉) = d(〈A∗µ, ξ〉),

so A∗ ◦ µ is the new moment map. We record this as a theorem, giving a coarser
(but sometimes useful) adaption of Delzant's theorem.

Theorem 2.3. There is a bijective correspondence between compact connected sym-
plectic manifolds

(
M2n, ω

)
, equipped with an e�ective Hamiltonian action of the

n-torus Tn up to equivalence, a choice of a moment map and an isomorphism of
the torus and Delzant polytopes ∆ ⊆ Rn up to the action of AGL(n,Z).

2.1. The Delzant construction. Because the construction will be of importance
later (and is interesting in its own right!), we will go through one half of the proof
and construct, for a given Delzant polytope ∆ ⊆ Rn, a symplectic toric manifold
(X∆, ω,Tn, µ) such that µ(X∆) = ∆. The second half ([Del]) would then assert
that any symplectic toric manifold with moment polytope ∆ is equivariantly sym-
plectomorphic to X∆ (and that the moment polytopes of symplectic toric manifolds
are Delzant). The construction follows [CdS,1] and [Gui].
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So, let ∆ be a n-dimensional Delzant polytope with d facets. Let ui ∈ Zn be the
primitive outward-pointing normal vector to the i-th facet (a vector v ∈ Zn is called
primitive if it cannot be written as v = kw with k ∈ Z\{−1, 0, 1} and w ∈ Zn).
Then,

∆ ={x ∈ (Rn)∗|〈x, ui〉 ≤ λi, i ∈ {1, ...d}}

for appropriate λi ∈ R. Let π : Zd → Zn, ei 7→ ui. By the assumptions on ∆, this
map is surjective. By extending the above to Rd, one gets an induced map (also
called π) Td → Tn. Denoting the kernel by N , we get an exact sequence of tori:

0 −→ N
i−→ Td π−→ Tn −→ 0,

of Lie algebras (here we use the identi�cations mentioned in 1.2):

0 −→ n
i−→ Rd π−→ Rn −→ 0

and its dual:

0 −→ (Rn)∗
π∗−→ (Rd)∗ i∗−→ n∗ → 0.

Let now Td act on (Cd, ω0) by diagonal multiplication: (eix1 , . . . , eixd)·(z1, . . . , zd) =
(eix1z1, . . . , e

ixdzd). This action is Hamiltonian, and we choose the moment map

J : Cd →(Rd)∗, (z1, . . . , zd) 7→ −
1

2
(|z1|2 , . . . , |zd|2) + (λ1, . . . , λd).

By Proposition 1.3, the restriction of this action to N is Hamiltonian with moment
map i∗ ◦ J : Cd → n∗. Let Z = (i∗ ◦ J)−1(0).

Lemma 2.4. Z is compact and N acts freely on Z.

Thus, the reduced spaceX∆ := Z/N is a 2n-dimensional symplectic manifold (by
Marsden-Weinstein-Meyer). If j : Z → Cd is the inclusion and π∆ : Z → X∆ is the
point-orbit projection , then the symplectic form ω∆ onX∆ satis�es ω∆◦π∆ = ω0◦j.
We will see that there is a Hamiltonian action of Tn on X∆ whose moment polytope
is ∆. First, we need some machinery:

Proposition 2.5. Let z ∈ Cd. Let I = {i ∈ {1, . . . d}|zi = 0}. Let

RI = {x ∈ Rd|xi = 0, i /∈ Iz}.

Then the stabilizer subgroup of z with regard to the action of Td is

TI := RI/(RI ∩ Zd) ⊆ Td.

Proof. Meditate on the the action of the j-th subtorus. �

Lemma 2.6. Let ∆′ = π∗∆. Then Z = J−1(∆′). Thus, z ∈ Z if and only if
J(z) = π∗y for some (unique) y ∈ ∆.

Proof. Let x ∈ J−1(∆′), and let y such that J(x) = π∗y. Then

(i∗ ◦ J)(x) = (i∗ ◦ π∗)(y) = 0.

For the other direction, let x ∈ Z. Since i∗(J(x)) = 0, J(x) ∈ Ker i∗ = Im π∗,
and thus J(x) = π∗y for some y ∈ Rn. We want to show that y ∈ ∆. In fact,
〈ei, J(x)〉 ≤ λi ∀i (by the de�nition of J), therefore

〈ei, π∗y〉 ≤ λi ∀i⇐⇒ 〈ui, y〉 ≤ λi ∀i

and thus y ∈ ∆. �
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Lemma 2.7. Let y ∈ ∆. Let y lie in the interior1 of the intersection of the facets
〈ui, y〉 = λi, i ∈ I for I ⊆ {1, . . . d} . Let x = π∗y = J(z). Then the stabilizer
subgroup of z is T I (Note: for I = Ø, we de�ne the intersection to be ∆).

Proof. We have to show that zi = 0 precisely for the i ∈ I, for any z as above. But
note that

〈ui, y〉 = 〈πei, y〉 = 〈ei, π∗y〉 = 〈ei, x〉 = xi = −1

2
|zi|2 + λi.

Thus, 〈ui, y〉 = λi if and only if zi = 0 for every such z. �

Finally, we can prove the theorem.

Proof. J is a proper map. In fact, if C ⊆ (Rd)∗ is bounded below in each component

by A ∈ R, then −π |zi|2 + λi is bounded below for each z ∈ J−1(C). Thus,
the absolute value of elements of J−1(C) is bounded. ∆′ is compact; therefore,
Z = J−1(∆′) is compact.

It remains to show that N acts freely on Z. So, let y ∈ ∆ lie in the intersection of
facets as in lemma 2.7, and let π∗y = J(z). By the lemma, the stabilizer subgroup
of z is contained in the stabilizer subgroup of J−1(π∗(p)), where p is any vertex in
the that lies in the same face. Thus, it is su�cient to check that for any vertex p
such that p lies in the intersection of the facets 〈ui, y〉 = λi, i ∈ I, where |I| = n.

However, the vectors ui form a basis of Zn (since the vj going out from p do). The
best way to see this is that up to action of SL(n,Z) the vj are just the standard
basis of (Zn)∗, and thus the ui are dual to this basis, up to multiplication by
−1. That means that n ∩ span{ei, i ∈ I} = {0}, as the map π takes span{ei, i ∈
I} isomorphically onto Zn. Therefore the intersection of N with the stabilizer
subgroup, which is generated by the ei, is zero. Thus, N acts freely on Z. �

Proposition 2.8. The n-torus Tn acts on the quotient space X∆ in a Hamiltonian
way, and µ(X∆) = ∆.

Proof. Of course, the quotient Tn = Td/N acts on X∆. We turn this into the
action of a subgroup: choose any vertex p of ∆. The stabilizer subgroup Tdp is
mapped isomorphically onto Tn by π, therefore we can identify it with Tn. Let
i0 : Tn ↪→ Td be an inclusion such that π ◦ i0 = id, with the corresponding map
i0 : tn → td. The moment map µ then satis�es µ ◦ π∆ = i∗o ◦ J ◦ j. Thus,
µ(X∆) = µ ◦ π∆(Z) = i∗o ◦ J(Z) = i∗o ◦ π∗(∆) = (π ◦ i0)∗∆ = id∗∆ = ∆. �

2.2. Examples. The most basic example is complex projective space CPn =
(Cn+1\{0})/ ∼, where v ∼ w ⇐⇒ v = λw for some λ ∈ C. Another way to look
at CPn is the following: let S1 act on (Cn+1, ω0) by multiplication. This action
is Hamiltonian, and a moment map is µ(z0, . . . , zn) = − 1

2 (
∑
|zi|2) + 1

2 . The cir-

cle S1 acts freely on the compact zero level of the moment map µ−1(0) = S2n+1,
thus we can perform symplectic reduction and are given the symplectic manifold
(CPn, ωFS), where ωFS is the corresponding symplectic form induced by reduc-
tion. It is called the Fubini-Study form on CPn. Let Tn act on Cn+1 such that
(eiθ1 , . . . , eiθn) · (z0, . . . , zn) = (z0, e

iθ1z1, . . . , e
iθnzn). This action is Hamilton-

ian, a moment map is φ(z0, . . . , zn) = − 1
2 (|z1|2, . . . , |zn|2). The action descends

onto an action on CPn. By proposition 1.6, we know what the corresponding mo-
ment map φ̃ must be: If [z0, . . . , zn] ∈ CPn such that (z0, . . . , zn) ∈ S2n+1, then

φ̃([z0, . . . , zn]) = φ(z0, . . . , zn) = − 1
2 (|z1|2, . . . , |zn|2). Since 0 ≤

∑n
i=1 |zi|2 ≤ 1,

it follows that the image of φ̃ is the simplex in Rn with vertices (0, . . . , 0) and
− 1

2ei, i ∈ {1, . . . n}. This can be seen more directly: the �xed points of the action

1In this context, we mean that y is in the interior of an intersection of facets de�ned by I if y
is not an element of an intersection of facets for some J such that I ( J .
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are [1, 0, . . . , 0], [0, 1, 0, . . .], . . . , [0, . . . , 0, 1] and their images are the vertices of the
simplex. The above action is e�ective: the stabilizer of a generic (i.e. zi 6= 0 ∀i)
point [z0, . . . , zn] is trivial .

Thus CPn is the �rst example for a symplectic toric manifold.

Proposition 2.9. CPn with this action of Tn is, up to scaling of ω, equivariant
symplectomorphism, and an isomorphism of the torus, the unique symplectic toric
manifold of dimension 2n that has n+ 1 �xed points.

Fact 2.10. Scaling a symplectic form by a nonzero scalar λ ∈ R, while �xing both
the symplectic toric manifold and torus action, allows for a moment map λ ·µ. This
follows directly from the de�nition of the moment map.

Proof. Using the fact above, we only need to classify n-dimensional Delzant poly-
topes ∆ with n + 1 vertices, up to the action of AGL(n,Z) (and up to scaling
by a constant). If we pick any vertex p, since the edges at p form a Z-basis
for Zn, we can arrange such that p is the origin and the edges meeting at p are
tei, i ∈ {1, . . . , n}, t ∈ R. Therefore, all vertices lie on the coordinate axes; let the
vertices be vi = aiei where ai ∈ R+. First, we normalize such that a1 = 1. Since
−e1 + akek ∈ Qn, as these are the edge vectors, all the ak become rational, and we
can multiply with the largest common denominator to achieve ai ∈ N.

Suppose that one of the ak 6= a1. Without loss of generality k = 2. Then the
edge vectors meeting at v1 are −e1, λ2(−a1e1 + a2e2), . . . , λn(−a1e1 + anen), and
those meeting at v2 are −e2, κ2(−a2e2 +a1e1), . . . , κn(−a2e2 +anen), where the λi
and κi are chosen such that the resulting sets are Z-bases of Zn. Therefore, their
projections onto Z2 span Z2. However, the projections of the last (n-2) vectors are
simply multiples of e1 and e2 respectively, so we can discard them. Thus, both
matrices (

−1 −a1λ2

0 λ2a2

)
,

(
κ2a1 0
−κ2a2 −1

)
are Z-invertible and λ2a2 = κ2a1 = 1. Thus, plugging this into the above bases,
we get that a1

a2
∈ N 3 a2

a1
, which is only possible if a1 = a2. This proves that all ai

are the same, and thus the polytope is, up to the equivalence above, the moment
polytope for the standard toric action on CPn. Apply Delzant's theorem. �

The second example I will bring are the Hirzebruch surfaces, a family of
2-dimensional complex manifolds, which are actually symplectic toric manifolds.
Instead of constructing them explicitly, we will use Delzant's theorem:

Proposition 2.11. Let ∆ ⊆ R2 be a Delzant polytope with 4 vertices. Then up
to the action of AGL(2,Z), ∆ = Ha,b,n, where Ha,b,n is the polytope with vertices
(0, 0), (0, b), (a+ nb, 0), (a, b), de�ned for each (a, b, n) ∈ R+ × R+ × N.

Proof. It is immediate to check that each of the polytopes Ha,b,n is Delzant. On
the other hand, let ∆ ⊆ R2 be Delzant, and suppose that ∆ has 4 vertices. Choose
any vertex, translate it to zero, and use GL(2,Z) to turn the edges at zero into
the standard basis. Three vertices are already known: (0, 0), (0, b) and (A, 0) (by
re�ecting along the line parallel to (1, 1) if necessary, we can achieve that A ≥ b).
Let v1 = (c11, c12) ∈ Zn be the non axial edge vector starting from (0, b), and
v2 = (c21, c22) ∈ Zn be the non axial edge vector starting from (A, 0). Since they
must meet, det(cij) > 0; they must form a Z-basis, so det(cij) = 1. We know
that c11 = 1 and c22 = 1, by the Delzant condition at (0, b) and (A, 0). Therefore,
c21c12 = 0. Without loss of generality, c12 = 0. Thus, the fourth vertex is (a, b) for
some a ∈ R+. Then v2 = (−n, 1) for some n ∈ Z and A = a+ nb. �
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Figure 2.1. The Hirzebruch trapezoid H1,1,2.

Note. For a = b = 1, the symplectic toric manifold corresponding to the polytope
H1,1,n is called the n-th Hirzebruch surface Hn. It has the structure of a CP1-

bundle over CP1. The polytope H1,1,n is characterized by u1 = −e1, u2 = e2, u3 =
e1 + ne2, u4 = −e2 and λ = (0, 1, 1 + n, 0). One can use the Delzant construction
above to explicitly exhibit Hn as a quotient:

Hn = {z ∈ C4| |z2|2 + |z4|2 = 2, |z1|2 + |z3|2 + n|z4|2 = 2(1 + n)}/ ∼,
where ∼ is the equivalence relation (z1, z2, z3, z4) ∼ (eiθz1, e

−inθeiφz2, e
iθz3, e

iφz4).
The projection p : Hn → CP1 is the map induced by the map

p̃ : {z ∈ C4| |z2|2 + |z4|2 = 2, |z1|2 + |z3|2 +n|z4|2 = 2(1 +n)} → CP1, z 7−→ [z1, z3]

This is

• well-de�ned: (z1, z3) 6= 0, and p̃ is constant on equivalence classes,

• surjective: �x z2 = 0, |z4| =
√

2, the image of this set is {[z1, z3]| |z1|2 +
|z3|2 = 2} ' CP1,

The �bers are copies of CP1: Fix ` ∈ CP1. Pick the unique representative (ẑ1, ẑ3) ∈
` with absolute value 1 such that ẑ1 is real and nonzero (if z1 = 0, the proof goes
similarly). For each t ∈ [2, 2(1 + n)], this gives us a unique representative of `
with absolute value t, namely t(ẑ1, ẑ3). De�ne a map q̃ : p̃−1(`) → CP1, z 7−→
[( z1ẑ1 )nz2, z4]. This map is surjective: in fact, note that as t goes from 2 to 2(1 +n),

|z4|2 goes from 2 to 0 as we stay on the line t(ẑ1, ẑ3). Thus, each point on the
sphere |z2|2 + |z4|2 = 2 is contained in the preimage and the map is surjective. It
is well-de�ned after passing to the quotient, as

[z2, z4] = [(
eiθ ẑ1

ẑ1
)ne−inθeiφz2, e

iφz4]

The induced map q : p−1(`) → CP1 is injective (the main point is that |z4|2 is
directly determined by |z1|2 + |z3|2). So q is at least a homeomorphism. The direct
construction of a di�erentiable inverse shows that it is a di�eomorphism.

• To construct such an inverse, start from {z| |z2|2 + |z4|2 = 2} and send
(z2, z4) to π((2 + 2n− n|z4|2)ẑ1, z2, (2 + 2n− n|z4|2)ẑ3, z4). This descends
to a map from CP1 and, as one can check, it is the inverse map to q.

• An adaption of the above argument shows that local triviality is satis�ed
(the map q̃ didn't involve any choices, but it does not work on p−1([0, 1]),
where an analogous construction with z3 is possible)

The manifold H0 is simply a product of spheres CP1 × CP1, while the other Hn
are twisted versions of this product. To be precise: all the manifolds are distinct
as complex (or symplectic) manifolds; however, there are only two di�eomorphism
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classes among them. One way to see this is the following: a CP1-bundle over CP1

is simply a choice of gluing the equators of the two half-spheres (over which the
bundle is trivial) together. Milnor ([Mil2]) showed that the group of orientation
preserving di�eomorphisms of S2 = CP1 retracts onto SO(3), and π1(SO(3)) = Z2.

A way to distinguish the Hirzebruch surface in the symplectic sense is by their
Chern class c1. They were originally found in [Hir].

3. Invariant Submanifolds

In this section we want to look at Tn-invariant symplectic submanifolds of a
given symplectic toric manifold X∆ corresponding to a Delzant polytope ∆. It
turns out that the answer is very nice and regular. In some special cases, we will
also look at neighborhoods of these submanifolds in X∆. The topology of these
neighborhoods depends directly upon combinatorial properties of ∆. The moment
map µ is a proper and closed map (as X∆ is compact), and µ−1(A) is connected
for each connected subset A ⊆ ∆; this will make some of the following arguments
easier.

Proposition 3.1. For each p ∈ ∆, µ−1(p) is a single Tn-orbit. Said di�erently,
∆ is the orbit space of the Tn-action. The dimension of µ−1(p) is equal to the
dimension of the (open) face that p is contained in.

Remark. Delzant has proven this in [Del] for any symplectic toric manifold, without
recourse to the construction of X∆.

Proof. The moment map is, by de�nition, Tn-invariant. So the only thing left to
prove is:

If µ(x) = µ(y) for x, y ∈ X∆, then x = gy for some g ∈ Tn.
Consider the standard action of Td = N × Tn on Cd, with moment map J :

Cd → (Rd)∗ If J(z) = J(z′), then |zi| = |z′i| ∀i. It follows that zi
z′i

= eiθi and thus

z = (eiθ1 , . . . , eiθd)z′. This proves that the preimage of each point is a single orbit
for this action.

Now we return to the general case. Let x, y as above. Let x′, y′ ∈ Z such that
π∆(x′) = x, π∆(y′) = y. Then J(x′) = π∗(z) for some z ∈ ∆. In particular,

µ(x) = µ(π∆(x′)) = (i∗0 ◦ J ◦ j)(x′) = i∗0π
∗(z) = z,

thus J(x′) = π∗(µ(x)) and similarly J(y′) = π∗(µ(y)), thus x′ and y′ are in the
same Td-orbit and x′ = (h, g)y′ for (h, g) ∈ N × Tn = Td. Therefore,

x = π∆(x′) = π∆((h, g)y′ = π∆((0, g)y′ = gπ∆(y′) = gy.

The result about the dimension follows from lemma 2.7. �

Not only that, all the orbits are isotropic2 submanifolds. In particular, the
preimage of each interior point of ∆ is a Lagrangian3 submanifold. In fact, let
ξ,η ∈ tn. Then ω(ξ#, η#) = (iξ#ω)(η#) = dµξ(η#) = 0, since µ (thus, in particular,

µξ) is constant along orbits.
By proposition 3.1, any Tn-invariant submanifold must be the preimage of some

subset of ∆.

2An isotropic subspace of a symplectic vector space (V, ω) is a subspace U ⊂ V such that
ω|U×U= 0. An isotropic submanifold N ⊂ M is a submanifold such that TpN ⊂ TpM is an
isotropic subspace at each p ∈ N .

3A Lagrangian submanifold L ⊂M of a symplectic manifold (M,ω) is an isotropic submanifold
that satis�es 2 dim L = dim M .
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Remark. Any invariant submanifold M = µ−1(A) such that A contains interior
points must be of the same dimension as M itself; if it is compact, it is the whole
space. More generally, any invariant symplectic submanifold M such that µ(M)
contains interior points of faces of dimension k must have dimension at least 2k.
The preimage of the interior µ−1(Int ∆) is a principal Tn-bundle with contractible
base Int ∆. Thus µ−1(Int ∆) = Int ∆× Tn.

If we want to �nd more interesting examples (in particular, compact invari-
ant submanifolds), we have to look at the boundary. We can actually classify all
�symplectic toric submanifolds� of a given symplectic toric manifold X∆ by faces
of ∆.

Theorem 3.2. Let F ⊆ ∆ be a face of dimension 0 ≤ k ≤ n. Then M = µ−1(F ) is
a compact, connected, invariant, symplectic submanifold of dimension 2k. Let S be
the stabilizer ofM ; then the torus Tn/S acts e�ectively onM in a Hamiltonian way,
with moment polytope i∗F (where i∗ is a rational projection onto a k-dimensional
subspace that is injective when restricted to F ), turning M into a symplectic toric
manifold. All compact, connected, invariant, symplectic submanifolds are of this
type.

For example, the preimage of an edge is an invariant sphere CP1. Note that
you cannot expect the volume of F to preserved by i∗. For example, if E ⊂ ∆ is
an edge, it's preimage will be a sphere of area `, the a�ne length of E (which is
de�ned as the unique length of E after it has been moved onto a coordinate axis
by a transformation A ∈ AGL(2,Z)

Proof. Note �rst thatM is compact, connected, and Tn-invariant, by the properties
of µ. Without loss of generality, let F be the intersection of facets 〈ui, y〉 = λi, i =
1, . . . , n− k. We know that π−1

∆ (M) = {0}×Cd−n+k ∩Z. But since {0}×Cd−n+k

is a symplectic invariant submanifold of Cd and N acts freely on π−1
∆ (M), we can

perform symplectic reduction on π−1
∆ (M) with regards to the N -action (and arrive

back at M , of course). Thus M is a symplectic manifold of dimension 2(d − n +
k)− (d− n)− (d− n) = 2k.

It is even a symplectic toric manifold. Pick any vertex p lying in F , and let
v∗1 , . . . , v

∗
n be the Z-basis forming the edges at p, such that v∗1 , . . . , v

∗
k span F .

The inclusion i : span{v1, . . . , vk} → tn is dual to a projection i∗, and i∗F ' F .
The subgroup H whose Lie algebra is spanned by v1, . . . , vk therefore acts in a
Hamiltonian way with moment polytope i∗F . Since i∗F is nondegenerate, the
action is e�ective. Therefore, H ∩ S = {0} and we can identify H ≈π Tn/S.

It remains to show that every such submanifold is the preimage of a face F . In
fact, let N = µ−1(A) be a submanifold as above. Pick an interior point p in a face
F of maximal dimension k (and p ∈ A). Then the dimension of N is precisely twice
the dimension of F : it is as least 2k, as µ−1(p) is an isotropic subspace of dimension
k. It is also at most 2k, since A contains no points in higher-dimensional (open)
faces. Thus N = µ−1(F ), as both are compact and connected. �

3.1. Neighborhoods of �xed points. The Darboux theorem says that any two
symplectic manifolds of the same dimension are locally the same. In the presence
of a symplectic - or, equivalently, for the local picture, Hamiltonian - action of a
Lie group, this is no longer true. However:

Theorem 3.3. (Equivariant Darboux theorem, [GS,1]) Let (M,ω) be a 2n-dimensional
symplectic manifold equipped with a symplectic action of a compact Lie group G, and
let q be a �xed point. Then there exists a G-invariant chart (U, x1, . . . , xn, y1, . . . , yn)
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centered at q and G-equivariant with respect to a linear action of G on R2n by sym-
plectomorphisms such that

ω|U=

n∑
k=1

dxk ∧ dyk (3.1)

Note. Symplectomorphisms of R2n with this symplectic form preserve the complex
inner product, so G will act as a subgroup of U(n).

A close inspection of the proof of this reveals that the vector space R2n is actually
the tangent space TqM , on which G acts linearly by its di�erential. Since Tn is
abelian, any (complex) linear representation of it is a direct sum of one-dimensional
representations. We get the following toric adaptation of the above:

Theorem 3.4. ([CdS,2, Theorem 3.1.2] or [Aud, Proof of IV.4.12]) Let (M2n, ω,Tm, µ)
be a Hamiltonian Tm-space, where q is a �xed point. Then there exists a chart

(U, x1, . . . , xn, y1, . . . , yn) centered at q and weights λ(1), . . . , λ(n) ∈ Zm such that
3.1 holds and

µ|U = µ(q)− 1

2

n∑
k=1

λ(k)(x2
k + y2

k) (3.2)

Precisely, this means that Tmacts on the space {xk = yk = 0, k 6= j} by

(eiθ1 , . . . , eiθm) · v = ei
∑
k λ

(j)
k θkv, (3.3)

where we identify zj = xj + iyj.

In the case of an e�ective action of Tn,the weights form a Z-basis for Zn. In

fact, the matrix (λ
(i)
j ) has trivial kernel, as the action is e�ective. Assume by

contradiction that el is not an integral linear combination of the λ(k). However,
we know that el =

∑
k akλ

(k) for ak ∈ Q. Then (e2πia1 , . . . , e2πian) · ej = e0ej if
j 6= l and (e2πia1 , . . . , e2πian) · el = e2πiel = el, so (e2πia1 , . . . , e2πian) acts trivially
without being the identity (as not all ak are in Z), contradiction.

Under the moment map µ, the (complex) eigenspaces are sent to the edges, and
more generally, the direct sum of k eigenspaces is sent to a k-dimensional face. This
gives a complete local picture of the Tn-action and is one of the ingredients in the
reverse direction of the Delzant theorem.

4. Volume

There is a direct connection between the (symplectic) volume of the manifold
X∆ and the ordinary Euclidean volume of the polytope ∆. In the Delzant case,
this becomes especially simple.

De�nition. Let m be the Liouville measure on Borel subsets of (M,ω), i.e. m(U) =´
U
ωn

n! . De�ne the Duistermaat-Heckman measure mDH on Borel subsets of

(Rn)∗ by mDH(U) = m(µ−1(U)) (if the moment map is proper, for example if M
is compact).

The main ingredient is the celebrated Duistermaat-Heckman theorem. One corol-
lary of it is the following proposition:

Theorem 4.1. ([DH]) Let M2n be connected and T = T` act e�ectively (in a
Hamiltonian way) on M . For each ξ ∈ tn, denote by Mξ = µ−1(ξ)/T the reduced
space, and by ωξ the symplectic form on Mξ. Then dmDH = f(ξ)dξ, where dξ
denotes the Lebesgue measure. For each regular value ξ of µ, the density f satis�es

f(ξ) =

ˆ
Mξ

ωn−`ξ

(n− `)!
. (4.1)
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Remark. This theorem only takes the nice form given here when the volume of
the torus is normalized to be 1. Depending on the source, it might also be (2π)`,
which would have to be multiplied in as a constant. This normalization is really the
decision: is exp(x) = eix or exp(x) = e2πix? There are good arguments for both
sides. We have chosen the former variant to ease the presentation of this theorem.

Note. This is not the Duistermaat-Heckman theorem itself, which can be found in
[DH].

Corollary 4.2. Let ∆ be a Delzant polytope. Then m(X∆) = mDH(∆) = vol(∆):
The symplectic volume of X∆ is the Euclidean volume of ∆.

Proof. All interior points of the polytope are regular values of µ (on the other
hand, boundary points aren't regular values). This follows, for example, from the
basic lemma below. The preimage of ∆\Int ∆ is a �nite union of codimension-2
submanifolds and thus has measure 0. The preimage of ∆c is empty. All we need,
therefore, is f(ξ), where ξ ∈ Int ∆. However, by Proposition 3.1, µ−1(ξ) is a single
orbit, so the reduced space is a point and has measure 1 = f(ξ). Thus

vol(∆) =

ˆ
∆

1dξ =

ˆ
∆

f(ξ)dξ = mDH(∆) = m(X∆).

�

Lemma 4.3. Let (M,ω,G, µ) be a Hamiltonian G-space. Let p ∈ M . Then the
kernel of dµp is the symplectic orthocomponent of the tangent space to the G-orbit
through p, and the image of dµp is the annihilator of gp (the Lie algebra of the
stabilizer group Gp). In particular, the action is free at p if and only if dµp is
surjective.

Proof. Note that ωp(ξ
#, v) = 〈dµpv, ξ〉 and count dimensions. �

5. Morse Functions and Homology

It has been very fruitful to study symplectic toric manifolds via Morse Theory4.
There is already a (Rn)∗-valued function on a symplectic toric manifold ∆. By
pairing it with a suitable ξ ∈ Rn, we can turn it into a Morse function. We choose
ξ such that its components are independent over Q (following [AB]). This has the
following e�ects:

• the subgroup {exp(tξ), t ∈ R} is dense in Tn; thus, the �xed points of the
Tn-action are precisely the �xed points of the exp(tξ)-action,

• ξ is neither parallel nor orthogonal to any of the edges of ∆, and
• the vertices of ∆ have di�erent projections onto ξ.

Lemma 5.1. The function µξ is a Morse function, whose critical points are the
�xed points of the Tn-action. Its index at a critical point p is twice the number of
edge vectors vk at p such that 〈vk, ξ〉 < 0.

Proof. Since the function µξ is a Hamiltonian function for the vector �eld ξ#, the
critical points of µξ are precisely the �xed points of the �ow of ξ#. Using Theorem
3.4, the local picture of µξ near a critical point p is

µξ(x, y) = 〈µ(p), ξ〉 − 1

2

n∑
k=1

〈
λ(k), ξ

〉
(x2
k + y2

k) = 〈µ(p), ξ〉+
1

2

n∑
k=1

〈vk, ξ〉 (x2
k + y2

k)

(5.1)
By the choice of ξ, 〈vk, ξ〉 6= 0,∀k. The Hessian of µξ in this coordinate system

is a diagonal matrix, in which each of the 〈vk, ξ〉 appears twice. This proves the
lemma. �

4For an introduction to Morse Theory, see the classic [Mil].
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Theorem 5.2 (Morse Inequalities, [Mil]). Let f be a Morse function on a compact
manifold M . For n ∈ N, let bn(M) = dim Hn(M,Q) be the n-th Betti number of
M and let Cn be the number of critical points of f with index n. Then the following
inequalities hold:

(a) bn(M) ≤ Cn (5.2)

(b)
∑
n

(−1)nbn(M) =
∑
n

(−1)nCn (5.3)

Remark. These are Morse's original inequalities. The above can be strengthened
to the statement:

M has the homotopy type of a CW complex with one cell of dimension n for each
critical point of index n.

De�nition. A Morse function such that the inequality(5.2) becomes equality is
called a perfect Morse function.

If all its indices are even, a Morse function is perfect, since all the signs in (5.3) are
positive. Thus:

Theorem 5.3. Let X∆ be a symplectic toric manifold. Then Hk(M ;Z) = 0 if k is
odd, and H2k(M ;Z) ≈ ZAk , where Ak is the number of vertices which have exactly
k inward-pointing edge vectors vi such that 〈vi, ξ〉 < 0.

Proof. The cellular chain complex of the CW complex associated with the Morse
function µξ is

0→ ZAn → 0→ ZAn−1 → . . .→ 0→ ZA0 → 0.

This CW complex is homotopy equivalent to M , so their homology is the same.
�

Note that the homology groups of a symplectic toric manifold are all torsion-
free; therefore, Hk(M ;Z) = Hn−k(M ;Z) = Hn−k(M ;Z) = Hk(M ;Z) by Poincaré
duality. Theorem 5.3 says that H1(M,Z) = 0. In fact:

Proposition 5.4. Symplectic toric manifolds are simply connected.

Proof. The CW complex has a single 0-cell and no 1-cells. Moreover, the map

π1(X1, x0)
i∗→ π1(X,x0) induced by inclusion is surjective for a CW complex X. �

The above is only the tip of the iceberg. Using the language of equivariant
cohomology and localization, it is possible to compute the entire cohomology ring
of a symplectic toric manifold by the �xed point data given by the vertices ([KW]).
There are some quite explicit formulas for the cohomology ring of a reduced space
([TW]).

6. Symplectic Blow-ups

Symplectic blow-up is a special case of symplectic cutting. It is a local operation
that has a very explicit e�ect on the Delzant polytope.

First, we will perform the construction in Cn (walking in the steps of [Gui];
[McD-Sa] has a rigorous treatment). The 2n-manifold X = {(p, v)|v ∈ p} ⊆
CPn−1×Cn is the blow-up of Cn at the origin. There is an embedding ı : CPn−1 →
X, p 7→ (p, 0) and a projection β : X → Cn, (p, v) 7→ v, which is bijective o� the
image of ı and collapses the image of ı to 0. Furthermore, the maps ı and β are
U(n)-equivariant with respect to the natural action of U(n) on CPn−1, Cn and X.
Now consider the standard symplectic form ω0 on Cn.
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De�nition. An ε-blow-up of Cn at the origin is a pair (X,ω), where ω is a U(n)-
invariant symplectic form on X such that ω−β∗ω0 has compact support and ı∗ω =
εωFS .

Lemma 6.1. ([Gui] and [GS,3]) Given δ > 0, there exists an ε > 0 and an ε-blow-
up of Cn such that ω = β∗ω0 on the set |z| ≥ δ.

Thus, blow-ups are actually possible! In a general symplectic manifold (M,ω),
we can perform the blow-up at any point via a Darboux chart (we can choose ε
small enough such that the support of ω − β∗ω0 is contained inside the chart). In
the case of a Hamiltonian G-space, where G is a compact Lie group, we can apply
the equivariant Darboux theorem. Remember that linear symplectomorphisms of
Cn preserve the complex inner product; therefore, G acts as a subgroup of U(n)
and there is a Hamiltonian action of G on X (namely, the one induced by the
Hamiltonian actions of G on Cn and on CPn−1).

If M is a symplectic toric manifold, the ε blow-up of M is another symplectic
toric manifold:

Proposition 6.2. Let ∆ be a Delzant polytope, let X∆ be the corresponding sym-
plectic toric manifold, and let p = µ(q) be a vertex of ∆. Denote by v1, . . . , vn
the primitive inward-pointing edge vectors at p. Then the moment polytope of
the ε-blow-up of X∆ at q (for ε su�ciently small) is the polytope ∆ε, whose ver-
tices are the same as those of ∆, except that p has been replaced by the vertices
p+ ε

2vi, i = 1, . . . , n.

Proof. It is su�cient to calculate the new vertices, i.e. the images of the �xed
points of the the action on the blow-up space Xε under the new moment map µε.
Using the equivariant Darboux theorem, we are in the situation of Tn acting on
(Cn, ω0) with moment map

µ|U = p+
1

2

n∑
k=1

vk(x2
k + y2

k) (6.1)

The only �xed point of this action is 0. It induces an action on Xε, whose �xed
points are the images of the eigenspaces in CPn−1, i.e. the coordinate planes {xk =
yk = 0, k 6= j} for all j. The symplectic form εωFS on CPn−1 is induced by
symplectic reduction with regard to the S1-action on Cn at the zero level of the
moment map

φ(z) = −1

2
(
∑
k

|zk|2) +
ε

2

Fix j, and denote by π : φ−1(0) → CPn−1 the projection onto CPn−1. The vector√
εej ∈ φ−1(0) lies in the plane {xk = yk = 0, k 6= j}, and thus π(

√
εej) is the j-th

�xed point. Moreover, µε(π(
√
εej)) = µ(

√
εej) = p+ ε

2vj . �

A generalization of the above, symplectic cutting cuts the polytope along a
(rational) hyperplane (i∗)−1(ε) (the details of the construction are in [Ler]). If
the hyperplane is chosen such that the halves resulting from the cut - namely
∆≥ε := ∆ ∩ {x|i∗(x) ≥ ε} and ∆≤ε := ∆ ∩ {x|i∗(x) ≤ ε} are still Delzant, the
preimages of the cut polytopes are symplectic toric manifolds, by Delzant's theorem.
On the other hand, there is an intrinsic operation on the manifold - the symplectic
cutting - that closes o� the preimage of either half and turns it into a compact
connected symplectic manifold with a torus action and moment polytopes ∆≥ε
and ∆≤ε, respectively. Moreover, there is an equivariant symplectomorphism from
µ−1(∆>ε) into the preimage of the same set in the cut space, and the same for the
other half.
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Among other things, one relevant application of symplectic cutting is the fol-
lowing: consider a face F ⊂ ∆. By Theorem 3.2, its preimage M = µ−1(F ) is a
symplectic toric submanifold. How is it embedded into X∆, what is its normal bun-
dle? A priori, this answer may depend on all of ∆, as the construction in Chapter
2 is global. But by symplectic cutting parallel to F and close to it, one can see that
the normal bundle only depends on the edge vectors at the edges of F .

7. Symplectic Toric Four-Manifolds

Two-dimensional symplectic toric manifolds are trivial: all 1-dimensional Delzant
polytopes are intervals, and thus all symplectic toric manifolds of dimension 2 are
di�erently-sized copies of CP1 = S2. We will present results which, in a cer-
tain sense, classify four-dimensional symplectic toric manifolds by classifying two-
dimensional Delzant polytopes.

De�nition. A corner chopping on a Delzant polytope at a corner p is the poly-
tope resulting from a symplectic blow-up at µ−1(p) . That is, p is replaced with
p+ εvi, where the vi are the primitive inward-pointing edge vectors at p.

Theorem 7.1. Let ∆ be a Delzant polytope in R2. Then:

• if ∆ has three edges, then there is a unique λ > 0 such that ∆ is AGL(2,Z)-
congruent to the simplex with vertices 0 and λei, i = 1, . . . , n,

• if ∆ has four edges, then there exist numbers a, b > 0 and an integer n ≥ 0
such that ∆ is AGL(2,Z)-congruent to the polytope Ha,b,n, and

• if ∆ has k ≥ 5 edges, then there exist numbers a, b > 0 such that ∆
is AGL(2,Z)-congruent to a Delzant polytope obtained from a Hirzebruch
trapezoid Ha,b,n with n ∈ N odd by a sequence of (k − 4) corner choppings.

We have already proven the �rst to statements. For the more involved proof of the
last one, see [KKP].

Corollary 7.2. Let (M4, ω) be a symplectic manifold endowed with an e�ective
Hamiltonian action of T2. Then M is equivariantly symplectomorphic to

• (CP2, λωFS) for a unique λ ∈ R∗ if the action has three �xed points,
• the Hirzebruch surface XHa,b,k for certain numbers a, b > 0 and an integer
n ≥ 0 if the action has four �xed points, or

• a (k−4)-fold blow-up of a Hirzebruch surface XHa,b,n for a, b > 0 and n ∈ N
odd if the action has k ≥ 5 �xed points.

By Theorem 3.2, the inverse image of an edge e ⊂ ∆ is a sphere CP1 ⊂ X∆, whose
area is equal to the a�ne length of e. How does it lie in X∆?

This property only depends on the edge vectors at the two vertices of E, by the
remark on symplectic cutting in the previous section. Via the action of AGL(2,Z),
we can achieve that that the edge e has outward normal −e1, and its clockwise and
counterclockwise neighbors have outward normals −e1 + ke2 and −e2. Let (0, a)
be the second vertex of ∆ that lies on the y-axis. Then:

Proposition 7.3. µ−1((−∞, ε) × R ∩∆) embeds equivariantly and symplectically
into the subspace φ−1((−∞, ε)× R ∩�), where � is the Hirzebruch trapezoid with
vertices (0, 0), (0, a), (ε, 0), (e, a+kε) and φ is the moment map of the corresponding
Hirzebruch surface.

Proof. Symplectic cutting. �

Corollary 7.4. The normal bundle of each invariant sphere S = µ−1(e) in a four-
dimensional symplectic toric manifold is uniquely determined by k, where k is the
number assigned to the edge e as above.
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We can give this number a more explicit meaning, as it classi�es the normal
bundle of S.

Lemma 7.5. ([KKP, Lemma 2.10 (2)]) The self-intersection number of S in X∆,
i.e. the Euler number of the normal bundle of S in X∆, equals −k.

Proof. Consider the action of the circle {0}×S1 ⊂ T2; its moment is π2 ◦µ, and let
E = TX∆|s/TS be the normal bundle of S. We want to know c1(E) or equivalently
〈c1(E), S〉 (the bundle has complex rank 1). On the tangent space to S, the circle
acts by rotation at the height levels. To calculate 〈c1(E), S〉, we only need the
weights of the action on the normal space at the �xed points. We can (using the
equivariant Darboux theorem) identify these normal spaces with the preimage of
the non-vertical edges starting at the two vertices. Since

π2(e1) = 0 and π2(e1 + ke2) = k,

we have that
´
S
c1(E) = 0− k = −k. �

Finally, we can apply the Morse theory studied in chapter 5:

Proposition 7.6. Let ∆ have d vertices. Then dim H0(X∆) = dim H4(X∆) = 1
and dim H2(X∆) = d − 2. H2(X∆) is generated by the preimages of the edges of
∆.

Proof. After choosing a suitable ξ ∈ Rn, the Morse function µξ has a unique global
maximum and minimum. All other vertices must be critical points of index two.
For the last statement, use Morse theory as in [KKP]. �

8. Monotone Polytopes

Finally, we will look at a special type of symplectic toric manifolds and polytopes.
This idea is presented thoroughly in [McD].

De�nition. The �rst chern class c1(M) ∈ H2(M) of a symplectic manifold

(M,ω) is the �rst chern class of the the complex line bundle
∧n

TM
p→M , where

TM becomes a complex vector bundle by choice of an almost complex structure J
compatible5 with ω (this does not depend on the choice of J). By de�nition, the
�rst chern class of a complex line bundle, or equivalently, a principal S1-bundle
E →M , is 1

2π [β], where β ∈ Ω2(M) satis�es p∗β = dα and α is a connection form6

on E.
A symplectic manifold (M,ω) is calledmonotone if [ω] = λc1(M), where c1(M)

is the chern class of the manifold M (we can restrict ourselves to λ = 1). A
Delzant polytope ∆ is calledmonotone if it is the moment polytope of a monotone
symplectic toric manifold. There is a direct geometric condition for monotonicity:

Proposition 8.1. ([McD, Lemma 3.3], original proof in [EP, Proposition 1.8]) A
Delzant polytope ∆ is monotone if and only if the following conditions are satis�ed:

• ∆ is an integral polytope in Rn with a unique interior integral point u0,
• ∆ satis�es the vertex-Fano condition: for each vertex pj,

u0 = pj +
∑
i

eij , (8.1)

where the eij are the primitive integral vectors at pj pointing along the
edges.

5An almost complex structure J is a smooth map TM → TM respecting the �bers and linear
on each �ber such that J2 = −1. It is said to be compatible if ω(u, Jv) is a Riemannian metric
on M . Compatible almost structures exist ([CdS,1]) and form a contractible set.

6See the appendix of [Che] for details on this and the rest of this construction.
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Figure 8.1. All the monotone 2-polytopes, up to integral a�ne
transformations. The manifolds are: CP1 × CP1(the square) and
the i-fold monotone blow-up of CP2, i = 0, 1, 2, 3. The dot marks
the location of the point u0.

Proof. We prove the converse, which was left out in [McD]. So suppose that the
manifold (X∆, ω) is monotone, i.e. [ω] = c1(X∆). The a�ne length of an edge E is

`a�(E) =

ˆ
µ−1(E)

ω =

ˆ
µ−1(E)

[ω] =

ˆ
µ−1(E)

c1(X∆),

which is well-de�ned since µ−1(E) is a closed manifold. In particular, as c1 is
integral, `a�(E) is integral and thus ∆ is an integral polytope, as E was arbitrary.
We show that there is an interior point u0 that satis�es 8.1. As remarked in [McD],
it follows automatically that u0 is unique.

Now let p = p0 be any vertex. Choose an edge E, whose vertices are p0 and
p1, and suppose (possibly re-numbering the vertices) that the the other edges at
p0 with edge vectors e0i end at the vertices pi, 2 ≤ i ≤ n. Move ∆ by the action
of AGL(n,Z) such that p0 is the origin and e0i = ei, 1 ≤ i ≤ n, where ei denotes
the i-th standard basis vector. Then p1 = (a, 0, . . . , 0) for some a ∈ N. In this
coordinate system and for the vertex p0, 8.1 becomes u0 = (1, . . . , 1). If we prove
that evaluating 8.1 at p1 gives the same result, we are done (iterating this recipe
for every vertex). Note that in this case, u0 must also lie in the interior of ∆, which
is the interior of the intersection of half-spaces associated to the facets of ∆ (and
u0 will lie in each of those, by 8.1).

Consider the vertices p0 = w1, w2, . . . , wn adjacent to p1. As in [McD], the
primitive integral edge vectors at p1 in the direction of those vertices are −e1 and

e′1j = (bj , 0, . . . , 0, 1, 0, . . . , 0),

where the 1 appears in the j-th entry. Let S1 act on X∆ by the inclusion into the
�rst factor of Tn, whose moment map is π1 ◦ φ. By the Bott residue formula,

a =

ˆ
µ−1(E)

c1(X∆) = 1−
∑

bj + 1.

This implies that

p1 +
∑

e′1j = (a, 0, . . . , 0)− e1 +
∑

(bj , 0, . . . , 0, 1, 0, . . . , 0) =

= (a− 1 +
∑

bj , 1, . . . , 1) = (1, . . . , 1).

�
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