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Abstract

In this thesis we give the basic definitions of a symplectic vector space and symplectic form, which
are the foundations of symplectic linear algebra. We then focus mainly on the types of subspaces
and structures that can be defined on symplectic vector spaces.
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Introduction

Symplectic linear algebra is a branch of mathematics necessary to introduce and study symplectic
manifolds and, more generally, symplectic geometry. The main objects of study are the so-called
symplectic vector spaces, i.e., real vector spaces equipped with additional structures called sym-
plectic forms.

This thesis is primarily concerned with the study of symplectic vector spaces, the interactions
between their subspaces and the structures that can be defined on them.

In the first chapter we introduce the basic definitions useful for all chapters. We define the sym-
plectic group, i.e., morphisms that preserve the symplectic form, and study the properties of its
elements, such as their eigenvalues. We also study the subspaces of a symplectic vector space and
how they behave under the action of the symplectic group. We then discuss a particular type of
subspaces: Lagrangian subspaces.

In the second and third chapters, we focus on some specific functions and structures. First the
Maslov index, which can be defined for loops of symplectic matrices and Lagrangian subspaces.
Then we define what is a complex structure on a vector space and, more specifically, a compatible
complex structure defined on a symplectic vector space. We study the characteristics of the space
composed of all these compatible complex structures and, in particular, the important fact that
this space is contractible.

In the last chapter, we focus on the affine non-squeezing theorem, which sheds light on one of
the first counter-intuitive aspects of symplectic geometry. In fact, this theorem states that a ball
can only be embedded in a symplectic cylinder via a symplectic map, if its radius is less or equal
to the radius of the cylinder. In other words, the ball cannot be squeezed more than its initial
width, which would instead be possible with a non-symplectic volume-preserving map. We then
introduce the concept of linear symplectic width and study in detail the case of ellipsoids.
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Chapter 1

Basics of Symplectic Linear Algebra

1.1 Symplectic Vector Spaces

The first important notions that we introduce are the symplectic form and the symplectic vector
space. We also define the concept of canonical form of a symplectic form and the symplectic basis
of a symplectic vector space. We let V' be a finite dimensional real vector space.

Definition 1.1.1. Let
w:VxV >R

be a non-degenerate, skew-symmetric bilinear form, then w is called symplectic form.

Remark. It follows from the definition that w(v,v) = 0 YveV, and if w(v,w) = 0 YveV, then
w=0

Definition 1.1.2. Let V be vector space equipped with a symplectic form w, then (V, w) is called
symplectic vector space.

Example 1.1.3. Let V= R?" with basis {e1, ..., en, f1, ..., fn} and define w such that w(e;, e;) = 0,
w(fi, fj) =0, w(es, fj) = 6; ;. Then (V, w) is a symplectic vector space.

Remark. We can define the same concepts for a finite dimensional vector space over a field K with
characteristic 0.

Example 1.1.4. Let V be a vector space of dimension n and V* its dual. If we define U :=V V™
and w : U — U such that w((v, a), (v/,a')) = o/ (v) —a(v’) then (U, w) is a symplectic vector space.

Definition 1.1.5. Let (V,w) be a symplectic vector space, then for any subspace U C V we define
the w-orthogonal space U¥ := {v € V : w(v,w) = 0,Yw € U}.

Proposition 1.1.6. Let V be a finite dimensional real vector space of dimension m and w a
bilinear form, then

1. if w is symmetric with rank r there exits a basis e of V such that the representation of w
relative to e is
€1

where ¢; = +1
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2. if w is skew-symmetric with rank r there exists a basis e of V such that the representation of
w relative to e is

0 Id, 0
—Id, 0 0] where Id, is the identity matrix of dimension n = r/2
0 0 0

Proof. 1. A proof can be found in [3]

2. Let eq,e,41 € V such that w(eq, e14,) # 0 (such vectors must exist if w # 0). By rescaling
e1 we can assume w(ej,e11,) = 1. Since w is skew-symmetric we have w(ej,e;) = 0 and
w(€14n,€14n) = 0. So the restriction of w on the space U; spanned by ey and ej,, is

0 1
-1 0
Let Uy = Uy, then the intersection U; N Uy is trivial and for any v € V' we have

v—w(v,e14n)e1 +w(v, e1)ern € Us

So V. = U; & Us. We can then repeat the procedure on Uy and find ey and esy, such
that w(eq, eay,) = 1. Inductively we find the basis e.
O

Remark. Since we focus on non-degenerate skew-symmetric bilinear form, i.e. with rank r = 2n =

0 Id") and V must have an

m, we can consider only the case with matrix representation ( Id 0
—1UUn

even dimension.

Corollary 1.1.7. Fvery finite dimensional symplectic vector space (V,w) has even dimension.

We can identify the space of skew-symmetric bilinear form as the space A2V*. So if e = {e1, ...ean }
is a basis of V and e* its dual, then for any w € A?V* represented by the matrix A, = (a;;) relative
to e we can also write w as

— L. p¥ *
w—ZKja”ei N €]

Remark. Since elements of A2V* are represented by anti-symmetric matrices and with all the

entries of the main diagonal equal to 0, for a vector space V of dimension 2n we have dim A2V* =
(2n)(2n—1)
A

Corollary 1.1.8. For every skew-symmetric bilinear form w € A2V* there exits a basis e of V
such that the representation of w relative to e is

W=y i€ Nej
This representation is called a canonical form of w and e a symplectic basis of V. This representa-
tion also allows us to identify every symplectic vector spaces (V,w) of dimension 2n with the one
presented in Example 1.1.3 (later we will re-prove this statement with the definition of symplecto-
morphism).

We now introduce a map that will be useful in the next sections. For a symplectic form w we
define w” as follows

WV =V

v = w’(v)

where W’ (v)(w) = w(v, w) Yw € V
Since we work with finite dimensional V it follows that w” is an isomorphism if and only if w is
non-degenerate. It also follows that for any subspace U C V UY is equal to the pre-image of
ann(U) C V* under w’, so dimU¥ = dimV — dimU and, since per definition follows that U C
(U%)¥, we have (U+)¥ = U.
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1.2 Symplectomorphisms and Symplectic Groups

Definition 1.2.1. Let (Vj,w;) and (Va,ws) be symplectic vector spaces. Then a linear map
¢ : Vi — Vs is called symplectic if ¢*ws = wy, i.e. if for any v and w in V} it holds wy(v,w) =
wa(o(v), p(w)). If ¢ is also bijective it is called symplectomorphism. In this case (V1,w1) and
(Va,ws) are called symplectomorphic.

Remark. If V; and V5 have same dimension and the linear map ¢ satisfies ¢*wy = wy then it is also
injective, since wy and wy are non-degenerate and so ¢(v) = 0 implies v = 0. From a dimension
argument follows that ¢ is also surjective, so it is a symplectormorphism.

It is easy to see that the set of symplectomorphisms of a symplectic vector space (V,w) forms a
group under the usual composition.

Definition 1.2.2. The group of symplectomorhisms of a symplectic vector space (V,w) is called
symplectic group and denoted Sp(V).

As said before with Proposition 1.1.6 we can conclude the following very important theorem.

Theorem 1.2.3. Every symplectic vector space (V, w) of dimension 2n is symplectomorphic to
R2™ with the symplectic form of Example 1.1.8.

In Section 1.4 we will also report another proof for this theorem.

With this result we can consider Sp(V) = Sp(R?") a subset of the general linear group G Lo, (R)
(i.e. the group of invertible 2n x 2n matrices). Then using the second part of Proposition 1.1.6 we
get

0 1d 0 1d
T n T n
w(v,w) =v (Idn O)w—v Jw, whereJ—( Id, 0>

So we can conclude that an element M of GLa,(R) is in Sp(R?") if and only if it satisfies the
condition
v Jw = w(v,w) = w(Mv, Mw) = v MT JMw, Vv,w € V

And that is if and only if
MTJIM = J.

This has as immediate consequence that for every M € Sp(R?*") we have (det M)? = 1, we will
later show that is indeed det M = 1 since Sp(R?") is a connected space. Another consequence is
that, if M is symplectic, so is MT. This can be seen using the fact that Sp(R?") is a group, so also
M~ is symplectic and then taking the inverse of (M ~HTJM~! = J we get MJMT = J, since
Jt=—-J

We conclude this section focusing on the dimension of Sp(V). Saying that all symplectic vector
spaces of same dimension are symplectomorphic to R?", and so also to each other, means that
G Lo, (R) acts transitively on A2V *. The stabiliser at w is Sp(V'). Therefore if dim V = 2n we get

dim Sp(V) = dim GLa,(R) — dim A2V* = (2n)2 — ECE=D — 952 4

1.3 Eigenvalues of Symplectic Matrices

We can say something about the eigenvalues of elements in Sp(R?*").

Theorem 1.3.1 (Symplectic Eigenvalue Theorem). Let M be an element of Sp(R*"), then all its
eigenvalues other than 1 and -1, which have even multiplicity, come either in pairs A\, X\ with same

multiplicity and |\ = 1 or in quadruples \, X, A‘l,xil, with same multiplicity and |\ # 1.
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Proof. For any M € GLs,(R) the eigenvalues come in complex conjugates pairs of same multiplicity
and since Sp(R?") C G La,(R) this also holds for the symplectomorphisms. Then from MTJM = J
follows that M~! and M7 are similar matrices, and therefore also M and M ~'. This means that
for every \ eigenvalue of M, also A~! is an eigenvalue with same multiplicity. Finally, since the
product of all eigenvalues is equal to det M = 1 (this will be proved in Section 2.1) we have that
the multiplicity of 1 and —1 must be even. O

We have also some results about the eigenspaces for a special case of symplectic matrices.

Lemma 1.3.2. Let M € Sp(R?") be diagonalizable and with all eigenvalues real. We denote E)
the eigenspace for the eigenvalue . Then we have

EY = @Ap#l E,
Proof. Let v € £\ and w € E,, then we have
w(v,w) = w(Mv, Mw) = Auw(v, w)

so for A\ # 1 and v € E it holds w(v,w) = 0 Yw € E,, hence E, C EY. Then applying
the formula dimV = dimU + dimU% for the dimension of a subspace and the fact that M is
diagonalizable we finish the proof. O

Lemma 1.3.3. Let M € Sp(R?") be diagonalizable and with all eigenvalues real. Then Yo > 0
holds M® € Sp(R*").

Proof. Since M is diagonalizable with real eigenvalues there exists a orthonormal basis of eigen-
vectors. Hence, if we denote E), the eigenspace for the eigenvalue \; we can write

k
R2n — @ E>\i
i=1
Then for any two vectors u,v € R?" we can write them as
k E
u=> . u;and v=">", v
where u;,v; € E,. Then since M is symplectic we have
w(ug, vj) = w(Mu;, Mvj) = \i\jw(u;, v;)
hence either \;A; =1 or w(u;,v;) = 0. Therefore for any o > 0

w(M*u, M*v) = Zi,j:l w(M“ui, M®v;) = Zz’,j:l()‘i}‘j) w(ug,vj) = Zz‘,j:1 w(u;, vj) = w(u,v)
O

Remark. Lemmas analogous to the above hold when M is symmetric and positive definite.
In order to state the last result about the eigenvalues of a symplectic matrix we need to introduce

a new definition.

Definition 1.3.4. Let V be a vector space and ¢ a morphism of V, then ¢ is called stable if Ve > 0
there exists a § > 0 such that [¢pVv| < e VN € N, if |v] < 6.

Lemma 1.3.5. If M € Sp(R*") has an eigenvalue \ such that |\| # 1, then M is not stable.

Proof. Let M € Sp(R?*") with eigenvalue \ such that |\| # 1. We can assume without loss of
generality that |A| > 1 (otherwise we can use A~! thanks to Theorem 1.3.1). Then given v € E)
we have MNv = ANv, in particular |[M™v| = |\|V|v|, which goes to infinity as N goes to infinity.
Therefore, M cannot be stable. O]
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1.4 Subspaces

In this section we will classify and analyse the different kind of subspaces of a symplectic vector
space.

Definition 1.4.1. Let (V,w) be a symplectic vector space and U C V' a subspace with w-orthogonal
U“. We then say that U is

1. isotropic if U CU¥, ie. if w|y=0

2. coisotropic if U¥ C U, i.e. if U¥ is isotropic

3. Lagrangian if U = U¥, i.e. U is both isotropic and coisotropic
4. symplectic if UNUY = {0}, i.e. if w |y is non-degenerate

Remark. At the end of section 1.1 we have showed the formula dimV = dim U + dim U%, from
which we see that if dimV = 2n then all the isotropic subspaces have dimension smaller or equal
n, all the coisotropic have dimension bigger or equal n and all the Lagrangian subspace have
dimension n.

Remark. If U C V is a symplectic subspace it follows from the definition that U N U* = {0} and
therefore, from the previous formula for the dimension follows that V = U & U%.

Example 1.4.2. If we use the same set up as in Example 1.1.3 and we define U; = span(ey, ea),
Us = span(eq, ...,en, f3,.., fn) = U¥, Us = span(eq,...,e,) and Uy = span(ey, f1). Then Uj is
isotropic, Us coisotropic, Us Lagrangian and U, symplectic.

If we are in a case where the conditions of Lemma 1.3.2 hold, we have as straightforward conse-
quences of the same lemma that Ey for |[A\| # 1 are isotropic, because A\ # 1 so Ex C EY. For
A =11 FE) is symplectic, because eigenspaces of different eigenvalues are disjoint and for all A we
have E) @ Ey-1 is symplectic, because Ex N E{_; = {0} and Ey-: N EY = {0}.

Now we state two important lemmas.
Lemma 1.4.3. Every symplectic vector space (V, w) has a Lagrangian subspace.

Proof. Since for every v € V we have w(v,v) = 0, V has an isotropic subspace. Let L C V be
a maximal isotropic subspace, namely that it is not contained in any isotropic subspace of larger
dimension. Then L must be Lagrangian since if there exists v € L¥\ L then L @ span(v) is a larger
isotropic subspace that contains L. O]

From this proof we also conclude that a maximal isotropic subspace is a Lagrangian subspace.
Therefore we have the following corollary.

Corollary 1.4.4. Every isotropic subspace is contained in a Lagrangian subspace.

Lemma 1.4.5. Let Lq,...,L, be a collection of Lagrangian subspaces of V. Then exists a La-
grangian subspace L such that L N L;={0} Vi.

Proof. Let L be an isotropic subspace such that L N L;={0}, for example span(v) for a v € V such
that v ¢ L; Vi (such v must exists since all the L; have dimension equal to half of dimV’), and
such that L is not contained in any larger isotropic subspace transversal to all L;. We show that
L is in fact Lagrangian. Assume it is not, it means that L* is a coisotropic subspace that strictly
contains L. Define m: L“ — L*/L the quotient map. Then all the space m(L* N L;) are isotropic
subspace of L¥/L, because all L; are Lagrangian and (L*)* = L. So we can choose a u € L*/L
such that u ¢ w(L* N L;) Vi. Let L' = 7= (span(u)) C L*. Then L’ strictly contains L and is
an isotropic subspace of L¥ C V that is also transversal to all L;, which is a contradiction to our
choice of L. O



6 1.5. Radicals and Reduction

As a consequence of Lemma 1.4.3 and 1.4.5 can provide the following alternative proof of Theorem
1.2.3.

Proof. (Theorem 1.2.3) Let Ly, Lo be Lagrangian subspaces of (V,w) such that they are transver-
sal, then we have that
Ll X LQ — R
(v,w) = w(v,w)
is non-degenerate, which means that

¢ w” _ *
Ly =V —V*— L]

is an isomorphism, where ¢ is the inclusion map. So we have Ly = Li. Let {e1,...,e,} be a
basis of Ly and {f1, ..., fn} its dual basis for L} = Ly. Define e={es, ..., en, f1,..., fn}, since Ly and
Ly are Lagrangian and transversal we get that w with respect to e has the form of Example 1.1.3,
which is called symplectic standard form and so e is the symplectic basis. O

This proof also shows the following corollary.

Corollary 1.4.6. Assume we have two symplectic vector spaces (V,w) and (V' ') of same di-
mension with Lagrangian subspaces L; CV and L, C V', i = 1,2, such that LiN Ly = {0} and
Lin L, = {0}. Then there is a symplectomorphism ¢: V. — V' such that ¢(L1) = L} and ¢(La)
= L.

1.5 Radicals and Reduction

In this section we will focus on a symplectic vector space (V,w) of dimension 2n and a subspace
U C V of dimension k. We will exhibit two invariants of U. First we claim that, for any ¢ € Sp(V),
we have k =dim¢(U) and, secondly, that also rank w |(¢) is invariant under any ¢ € Sp(V). We
will show that these are the only two symplectic invariants, namely, if two subspaces have the
same values for these parameters, then there exists an element of Sp(V') which takes one to the
other, in this case we also say they are symplectomorphic. For this purpose, we need some more
definitions and constructions. Here, (V,w) always denotes a symplectic vector space of dimension
2n and U a subspace of V' of dimension k, we also denote by 2¢ the rank of the restriction of w to
U (20 =rankw |y).

First we observe from Proposition 1.1.6 that for any symplectic vector space of dimension two
we can find a basis {e1, e}, so that the space is represented as span(ey,es), where w(ey,e) =
w(ea,e2) = 0 and w(ey, ez) = 1. If we have two such spaces that are w-orthogonal to each other
we get that their sum is still a symplectic vector space of dimension four. Applying this procedure
iteratively on any symplectic vector space of dimension 2r we arrive to write it as an w-orthogonal
sum of r spaces, each of whom of dimension two.

Definition 1.5.1. The radical of U is defined by
radU =UNUY
It is therefore equal to the kernel of the restriction of w to U, i.e.
radU={u e U |w(u,v)=0Vv e U}
It follows from the definition that rad U is an isotropic subspace and
dim(radU) = dim U — rank w |[y=k — 2¢

With this concept we can state another definition.
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Definition 1.5.2. The symplectic space associated to U, also called reduced space, is given by
Ured = U/rad U

It is clear that this space is symplectic, i.e. it inherits a symplectic form wy which is non-degenerate.
Its dimension is a direct consequence of the definition and it holds

dim U™ = dim U — dim (rad U) = k — (k — 20) = 2/

Moreover, from the definitions of rad U and U"*?, we have that there exists a subspace (W, w |w)
of (U,w) which is isomorphic to U™*?. Therefore W is symplectic and w-orthogonal to rad U, and
it satisfies

U=radU W

We can finally state the theorem, which will give us the desired results.

Theorem 1.5.3. Let (V,w) be a symplectic vector space, U a subspace and W another subspace
w-orthogonal to rad U such that
U=radUs® W

Let eq,...,e. be a basis of rad U, then we can find f1,...,fr € V such that w(e;, f;) = 1 and
U; = span(e;, f;) are symplectic subspace w-orthogonal to W for any i and w-orthogonal to each
other for different indices. So if we define the subspace U := U & ... ® U, @ W it contains U per
construction and is symplectic. Moreover, for any symplectic vector space (V' w') any injective
and symplectic linear map ¢ : U — V' can be extended to ¢ : U — V' which is still symplectic.

Before the proof we state and prove an important corollary that will allow us to conclude what we
wanted to show.

Corollary 1.5.4. Let V and V' be symplectomorphic symplectic vector spaces, U C V and ¢ :
U — V' an injective and symplectic linear map. Then ¢ can be extended to a symplectomorphism
¢V =V,

Proof. From Theorem 1.5.3 we can always extend ¢ to ¢ : U — V'’ so without loss of generality we
can assume that U is symplectic. Therefore, we can write V. =U @ U¥. Let U’ := ¢(U) and define
U"” C V' to be w-orthogonal to U’ and such that V/ = U’ & U”. Since U and U’ are symplectic it
follows that U“ and U" are both symplectic and have same dimension (= dim V —dim U) so from
Theorem 1.2.3 they are symplectomorphic. We can therefore extend ¢ to a symplectomorphism
between V and V. O

From this corollary we see that for a symplectic vector space (V, w) with subspaces U; and
U, with same dimension and such that rank ¢ |y,= rank ¢ |y, follows that these subspaces
are symplectomorphic. In fact ,we can write U; = rad U; & W; as in Theorem 1.5.3, where
dim rad U; = dim rad Us; and dim W; = dim W5, then map the basis of rad U; to the basis of
rad Uz and W; to Ws. Finally we can, as shown in the corollary, extend this map to a symplecto-
morphism of V.

For completeness we provide now a proof of Theorem 1.5.3.

Proof. First we prove that we can construct U which satisfies the desired properties. We note from
the definition that W must be isomorphic to U"*?, hence it is symplectic. We proceed by induction
over the dimension of rad U. If this is 0 we have nothing to show because U is already symplectic.
Assume the statement holds for dim rad U < r. Now let dim rad U = r and define

Up := span(ey,....,e,—1) ®W
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From this construction follows that Uy is w—orthogonal to e, since e, € rad U = span(ey, ..., er_1, €)
and Up C U. So we have e, € Ug. It also holds

rad Uy = rad Uy = span(eq, ..., er_1)

so e, € Uy¥\rad U§. That means we can find a v € U§ such that w(e,,v) # 0. By rescaling
v we can call it f. and get w(e,, fr) = 1. Let U, := span(e,, f) then, since U, C U§ we have
Uy CU?~.

Now we can apply the induction hypothesis to Uy as a subspace of U¥, since dim radUy =r — 1
and Uy = rad Up @ W. That means we have f1,..., fr—1 € U¥ C V such that U; := span(e;, f;) are
symplectic subspaces w—orthogonal to each other, to W and of course to U,.. So we can define the
space

UI: Ul@@UT@W

which has the desired properties.
We now prove the second part of the theorem. Let ¢ : U — V' be an injective and symplectic
linear map. Define €] := ¢(e;) for i € {1,...,r} and W’ := ¢(W). Since ¢ is symplectic follows

!/

that W’ is still symplectic and w’—orthogonal to span(el,...,e.). We can apply the first part of

-y Cp

the theorem to ¢(U) = span(e,...,e;.) ©@ W' and find fy, ..., f; € V' such that w'(e}, f/) = 1 and
U! := span(el, f!) are w'—orthogonal to W’ and to each other. Finally, we can set ¢(f;) := f! to

i) J i
extend ¢ to U while staying symplectic.
O

1.6 Lagrangian Grassmannian

We now focus more on the set of Lagrangian subspaces.

Definition 1.6.1. The set of all the Lagrangian subspaces of (V,w) is called Lagrangian Grass-
mannian and is denoted by Lag(V, w), or simply Lag(V).

In particular we have the following proposition.

Proposition 1.6.2. Let V be a real vector space of dimension 2n endowed with two symplectic
forms wy and wo, such that Lag(V,w1) = Lag(V,ws). Then there exists a real number A € R* such
that w; = A\ws.

Proof. Let w; and ws be two symplectic forms on V that satisfy Lag(V,w;) = Lag(V,ws). This
condition, together with Corollary 1.4.4, implies that the pairs of vector which are symplec-
tically orthogonal to each other with respect to wjp, respectively ws, are the same. Now let
e={e1,....en, f1,..., fn} be a symplectic basis of V' with respect to wy, that means

wi(es, fj) = 0;5 and wi(es,e5) =0=wi(fs, fj) Vi,j€{l,..,n}.
Hence, we have
waleq, fj) = Ni - 6 and wale;,e) =0=wa(fi, f;) Vi,j€{l,...,n}
where \; € R*Vi € {1,...,n}. Now for any i # j we can compute
wi(e; +ej, fi — fj) =wile fi) +0—0—wi(ej, fj) =1—-1=0.
Therefore, we also have

0=wale; + e, fi — fj) = wales, fi) +0—=0—waleyj, f5) = Xi = Aj.
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It follows that for any i and j we have \; = A\; =: X and wa(e;, f;) = Adi; = Awi(e;, f;). Since e is
a basis of V' we can conclude that for any u,v € V' we have wa(u,v) = Awy (u,v). O

We have seen that for any L € Lag(V) we have dim L = % dimV = n and rank w |L= 0, hence,
from Corollary 1.5.4, we have that for any pair of subspaces Li, Ly elements of Lag(V') they are
symplectomorphic. That means that the group Sp(V) acts transitively on Lag(V). Thus if we
denote by G, the isotropy group (or stabiliser) of L € Lag(V), i.e. the subgroup of Sp(V) for
which we have ¢(L) = L, V¢ € G, we get to write Lag(V) in the form

Lag(V) = Sp(V)/GL

To find the matrix representation of an element in G, we can consider a symplectic basis {e1, ..., €y,
fis.ees fn} of V such that L = span(ey,...,e,). Then if M is an element of G, C Sp(V) its repre-
sentation relative to this basis must be
M= (A B)
C D

where C' = 0 because it must fix L, ATD = Id, and BTD — DTB = 0 because it must be
symplectic.

Another set of interesting subspaces of V for a given element L € Lag(V) is the following
T(L):={L' € Lag(V): Lo L =V}

We can see that given two elements of 7(L), denoted L' and L”, they are symplectomorphic
since they both are in Lag(V'). If we call ¢ the map that takes L’ to L” we can actually restrict
it to L', indeed we get ¢’ : L' — V, with ¢/’ = L. Now from Corollary 1.5.4 we can extend ¢’
to a map ¢” : V — V which leaves unchanged L, since L& L' =V = L& L. Moreover, ¢" is still
a symplectomorphism, therefore is an element of G,. That means G|, acts transitively on 7(L),
indeed, the following statement holds.

Proposition 1.6.3. Let L € Lag(V), 7(L) and G, defined as above, then

7(L) 2 GL/GL,(R)

Proof. Let L' € 7(L). Find a symplectic basis {e1, ..., en, f1, ..., fn} of Vsuch that L = span(eq, ..., e)
and L' = span(fi, ..., fn). Then let M € G, which also fixes L’, so its matrix representation must

have the form A
0
u=(5 5)

for some A, B € GL,(R). Since it is in Sp(V), for all v,w € V we have that

0 Id 0 Id
T T mn T n
vt M <_Idn 0>va <—Idn O)w

Therefore we deduce B = (AT)~!. That means, if we denote by G, 1/ the stabiliser of L' in
Gp, that G v = GL,(R) and the proposition follows. O

n(nt+1)
2

Corollary 1.6.4. 7(L) is an affine space isomorphic to a —dimensional subspace of R™.

Proof. Form the above statement we can identify 7(L) with the elements of G, modulo GL,(R).
We have seen that the matrix representation for M € G, is

w4 )
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which modulo Gy, 1» & GL,,(R) becomes

Id, B’
0 Id,
where B’ is symmetric. So 7(L) is isomorphic to the space of real symmetric n X n matrices,

which has dimension w O






Chapter 2

Maslov Indices

2.1 Relations among Classical Lie Groups

For this section we need the identification of R?" with C™ in the classical way, i.e. a vector z = (x,y)
with z,y € R™ corresponds to the vector x 4+ iy € C". The multiplication by Jy := —J, where
J is the matrix introduced in Section 1.2, corresponds with the multiplication by ¢ in C". With
this identification we can consider the group GL,(C) as a subgroup of GLs,(R). Moreover, we
can see the unitary group U(n) = {U € C"*" : UU' = Id,} as a subgroup of Sp(R?") in the
following way: write U € U(n) as U = X +iY where X,Y € R™*" and satisfy XY7 = Y X7 and
XXT +YYT = Id,,. Then we can define

X =Y
v 5)
and it follows from the discussion in Section 1.2 and the properties of X and Y that M € Sp(R?").
We denote by O(2n) the orthogonal group, which is also subgroup of G Lz, (R).
Lemma 2.1.1. It holds
Sp(R*) N O(2n) = Sp(R**) N GL,(C) = O(2n) N GL,(C) = U(n)
Proof. Let M € GLsg,(R), then
M e GL,(C) < MJy=JoM
M e Sp(RQ") < MTJ()M =Jy
M € O(2n) < M*M = Id,
and any two of these conditions imply the third. For the last equality, we can write
A B
v=(e )
then if M € Sp(R?*") N O(2n) we have from above that M is also in GL,(C), it means that
MJy = JoM,ie. A= D and B= —C. We also have MTJoM = Jy and MTM = Id,, so by a

straightforward calculation we have ATC' = CTA and ATA + CTC = Id,,, which are exactly the
condition given above for U := A + iC to be unitary. O

Proposition 2.1.2. The inclusion of U(n) into Sp(R?") is a homotopy equivalence, in particular
Sp(R?") is a connected space.

It follows a corollary that we have already anticipated in Section 1.2.

12
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Corollary 2.1.3. For any M € Sp(R?") we have det M = 1.

Proof. We need to define a homotopy inverse of the inclusion ¢ : U(n) < Sp(R?"). We define
F: Sp(R?") x [0,1] — Sp(R2")
F(M,t) = fy(M) = M(MTM)~t/?

then MTM, and therefore also its inverse, is symplectic, symmetric and positive definite, so
from Lemma 1.3.3 follows that (MTM)~%/? € Sp(R?") for any t > 0. Hence f; is well defined
and is continuous. We have fy = id and f; o+ = id since for M € U(n) follows MTM = Id.
We also have f1(Sp(R?") C U(n) because fi(M) is symplectic and orthogonal. So if we define
g:= f1:Sp(R?") — U(n) we get

gotL= ZdU(n) and ¢ o g = fO = idsp(Rzn)
hence g is the homotopy inverse of ¢ and Sp(R?") ~ U(n). O

Corollary 2.1.4. For every M € Sp(R?"), there exists a unique symplectic polar decomposition,
namely we can write
M=UP
where
U:=MMT"M)"Y? cU(n) and P := (MTM)'/?

s symmetric and positive definite.

Proof. Since M € Sp(R?") C G'La,(R) we know that M has a unique polar decomposition, which
is the one written above. From the proof of previous proposition we see that both U and P are
indeed in Sp(R*"). O

Proposition 2.1.5. The fundamental group of U(n) is isomorphic to the integers.

The idea of the proof is to show that the map det : U(n) — S* induces an isomorphism 71 (U(n)) —
71 (S1) = Z. An explicit proof can be found in [5].

Corollary 2.1.6. The fundamental group of Sp(R?") is isomorphic to the integers.

This follows from the homotopy invariance of the fundamental group. An explicit isomorphism
between 71 (Sp(R?")) and Z is given by the so called Maslov index.

2.2 Maslov Index for Loops of Matrices

Theorem 2.2.1 (Maslov Index for loops of symplectic matrices). There exists a unique function
w called Maslov index, which assigns to every loop

a:[0,1] — Sp(R?™)
an integer p(a) € Z and satisfies the following axioms:
1. Two loops are homotopic relative to endpoints if and only if they have the same Maslov indez.
2. For any two loops o and 8 we have p(aB) = u(a) + pu(B)

3. Forn/ +n" = n we can identify Sp(R*) & Sp(R2"") as a subgroup of Sp(R2") then (o’ &
o) = p(a) + p(e”)
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4. The loop o : [0,1] — Sp(R?) where

alt) = cos(2mt) —sin(27t)
~ \sin(27t)  cos(27t)
has Maslov index 1.

Hence, p induces an isomorphism between m1(Sp(R*")) and Z.

Proof. We first define a map p : Sp(R?") — S! in the following way: let M be in Sp(R?") and U
be the orthogonal part in its polar decomposition. We can define

p(M) = det(U)
Then for a loop « : [0,1] — Sp(R?") we define

() = deg(p o cv)
An equivalent definition of this degree is the following: let g be the function

g:R— St
t’_>€27rit

and let h : [0,1] — R be the lift of p o a such that g o h = *™M) = poa(t) = det(U(t)),
where U(t) is the orthogonal part in the polar decomposition of a(t) € Sp(R?**). Then we have
p(a) = h(1) — h(0). Since « is a loop p(a) is in Z. It follows from Propositions 2.1.2 and 2.1.5
that p induces an isomorphism of fundamental groups m;(Sp(R?") — Z, this proves the first ax-
iom. The second axiom holds for loops a and 8 in 71 (U(n)), since then also af is in 71 (U(n)),
and the orthogonal part of its polar decomposition is the product of the ones of & and . Since
71 (U(n)) = 71 (Sp(R?")) the axiom holds for every symplectic loops. The third axiom follows from
the construction of p and y, and the fourth axiom is obvious because a(t) € Sp(R?*)NO(2n) = U(n)
so the orthogonal part in its polar decomposition is U(t) = cos(27t) + i sin(27t) = e*™ so
p(a) = h(1) — h(0) = 1 — 0. So we have constructed a function p which satisfies the required
properties. We still have to prove that this function is indeed unique. Let us assume that it exists
another function p’ which satisfies the four axioms and we’ll prove by induction on n that u = pu'.
For the basic case n = 1 we have that Sp(R?) = O(2) and therefore from the fourth axiom follows
that for every loop a which takes values in Sp(R?) must holds u/(a) = 1 = p(a). Now we can
assume that p/(a) = p(a) for every loop that takes values in Sp(R?*) for some 1 < k < n. Let
a :[0,1] — Sp(R?") be a loop, and let s = u(a). Since we have proved that Sp(R?*") retracts to
U(n) we can homotopically deform « such that it takes values in U(n). Next we define the loop

627r7,st

u(t) = e U(n)
1

which takes values in U(n). It follows from the definition of p that p(u) = s so from axiom
one we have that « and w are homotopic. We can now decompose u(t) in a sum of two elements
u = uy D uy where uy is the element

_ (cos(2mst) —sin(2mwst)
L7 \sin(2mst)  cos(2mst)

) € Sp(R?)

and uy is a constant loop in Sp(R*"~1)). We can now apply axiom three and the induction
hypothesis to get

w(a) = p'(u) = p'(ur) + p'(uz) = s + 0 = p(a).
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2.3 Maslov Index for Loops of Lagrangian Subspaces

Next, we look at the Maslov index for loops of Lagrangian subspaces. First, we need a new way
to identify Lag(V). Since we have proved that any symplectic space is symplectomorphic to R?"
we look at the elements of Lag(V) as subspaces of R?". In section 1.4 we have seen that given
two elements Ly, Lo of Lag(V') they are symplectomorphic to each other, we now prove that the
element of Sp(R?") that take L; to Lo is in U(n).

Lemma 2.3.1. Let Ly and Ly be in Lag(R*™), then there exists a symplectic matriz M € Sp(R*")N
O(2n) = U(n) such that Ly = M L.

Proof. We consider our vector space as R*" with the symplectic basis {e1, ..., €n, f1, ..., fn} and we
show that for every L € Sp(R?") there exists an element M of U(n) that take the Lagrangian
subspace Ly := span(eq, ..., en) to L. We construct the matrix M in the following way, let X,Y be
real matrices in R”*"™ and define the matrix

— X 2nxXn
Z = (Y) eR

so that A := Im(Z) is a subspace of R?". The elements of A are of the form z = (Xu, Yu), where
u is a vector in R?™. The conditions necessary and sufficient for Z such that A is a Lagrangian
subspace are: rankZ = n and X7Y = YT X, so that for any z = (Xu,Yu) and 2/ = (Xu',Yu')
we have w(z, 2') = uT(XTY — YT X)u' = 0. With a rescaling of X and Y we can get the columns
of Z to be an orthonormal basis of A, in this case holds also

U:=X+1iY € U(n)
Now we can define Z as above such that its columns are an orthonormal basis of L and let
X -Y
vy )
then M € Sp(R?*") N O(2n) and MLy = L. O

Corollary 2.3.2. U(n) acts transitively on Lag(V') and we can write Lag(V) =2 U(n)/O(n).

This follows from the proof of previous lemma and the fact that U = X +iY € U(n) is determined
by L up to right multiplication by an element of O(n).

From Corollary 2.3.2, Proposition 2.1.5 and the homotopy long exact sequence
. > m(0(n)) = 7 (U(n)) = 71 (Lag(R?*")) — 0

where can be computed that the map 71 (O(n)) — 71 (U(n)) is the zero map, it follows that also
m1(Lag(V)) is isomorphic to Z. Also in this case the explicit isomorphism is a function called
Maslov Index.

Theorem 2.3.3 (Maslov Index for loops of Lagrangian subspaces). There ezists a unique function
w called Maslov Index which assigns to any loop

a:[0,1] — Lag(R")

an integer p(a) € Z and satisfies the following azioms:
1. Two loops are homotopic relative to endpoints if and only if they have the same Maslov index.

2. For any two loops « : [0,1] = Lag(R?™) and 3 : [0,1] — Sp(R*") we have

w(Ba) = p(a) +2u(8)
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3. Forn' +n'" =n we can identify Lag(R*) & Lag(R2"") as a subspace of Lag(R2"), then
ple’ ® ) = p(a) + p(a”)
4. A constant loop oy has Maslov index zero.

5. The loop

a:[0,1] = Lag(R?)
a(t) := e™R
has Maslov index one.

Proof. The construction is very similar to the one of Theorem 2.2.1. Again we first define a func-

;( € R27X™ a9 in the

proof of Lemma 2.3.1 such that L = Im(Z) and U := X +iY € U(n). Then we define

tion p : Lag(R?") — S* in the following way: let L € Lag(R?") and Z =

p(L) 1= det(?)
Again for a loop « : [0,1] — Lag(R?") we let the Maslov index to be
w(a) = deg(po a)
or equivalently for a lift A : [0,1] — R such that
2™t = poa(t) = det(U(t)?)

we have

It follows that p takes values in Z and it depends only on the homotopy class of the loop «a.
Conversely if we have two loops a3 and ag such that p(a;) = p(az) we show that they are indeed
homotopic. Without loss of generalities we can assume that a;(0) = a3(0) = R™ x {0}. Let
U;(t) = X;(t) +1Y;(t) a path in U(n) such that a;(t) = Im <);J((f))) for j =1,2 and U;(0) = Id.
J
With right multiplication by an orthogonal matrix we can get

so we can define U(t) := Us(t)Uy(t)~! which is a loop in 7 (U(n)). We also have that this
loop is contractible since deg(det(Uy(¢)?)) = p(a1) = pu(az) = deg(det(Uz(t)?)) which implies that
the loop det(U(t)) € m1(S1) is contractible and so, with Proposition 2.1.5 we have that U(t) is
contractible. That means that Uy (¢) and Us(t) are homotopic and therefore so are o and a. This
proves axiom 1. The second axiom follows from the construction of p and i and the fact that a
loop 3 € m1(Sp(R?™)) is homotopic to a loop in 71 (U(n)), this follows from Proposition 2.1.2. The
third, fourth and fifth axioms follow from straightforward calculation. Again the axioms define
uniquely the Maslov index.

O
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Remark. An alternative definition, actually the first one that was introduced, of the Maslov index
for loops of Lagrangian subspaces is the (signed) number of intersection of a loop a with the so
called Maslov cycle ¥(n). This one is defined as the set of all the Lagrangian subspaces that
intersect non transversally the subspace {0} x R" i.e.,

S(n) := {L € Lag(R?") : LN ({0} x R") # {0}}

It can then be proved that this definition also satisfies the five axioms of Theorem 2.3.3.






Chapter 3

Compatible Triples

3.1 Additional Structures on a Symplectic Vector Space

In this chapter we focus on the complex structures and how they act on a symplectic vector space.
First we give the definition of complex structure.

Definition 3.1.1. A linear complex structure on a vector space V' is an automorphism
J: V=V
such that

J?=—Id

A real vector space V of even dimension (like a symplectic vector space) with such a structure J
becomes a complex vector space, where the multiplication by ¢ corresponds to the multiplication
by J. So the scalar multiplication over C is given by

CxV -V

(& + iy, v) = (@ + g

Example 3.1.2. The automorphism of R?” given by the matrix

0 -—-Id
Jo= (Id 0 )
is a linear complex structure and is called the standard complex structure.

Now we show that every linear complex structure is isomorphic to the standard complex structure
of Example 3.1.2.

Proposition 3.1.3. Let V be a real vector space of dimension 2n and let J be a complex structure
on V', then there exists an isomorphism

bR 5V
such that

Jb = d.J,

Proof. From linear algebra we know that every complex vector space has a complex basis, i.e. there
exists a basis {vy,...,v,} over C. Then {vy, Juy, ..., vn, Ju, } is a basis over R and we can define ®

19



20 3.1. Additional Structures on a Symplectic Vector Space

in the following way

du = Z;L:l(zjvj +y,Jv;)
where © = (21,...,Tn,Y1,..-,Yn). It is then easy to check that this map satisfies the required
property. O
Next we look at the case where a complex structure is defined on a symplectic vector space V.
Definition 3.1.4. A complex structure J on a symplectic vector space (V,w) is called w-compatible
(or just compatible) if

g(v,w) := w(v, Jw)

defines a positive definite inner product.

Remark. Tt follows from the definition that a compatible complex structure on V is also an element
of Sp(V). Indeed using the symmetry property of an inner product we have

w(Jv, Jw) = g(Jv,w) = g(w, Jv) = w(w, J?v) = —w(w,v) = w(v,w).

As before we have a symplectic vector space (V,w). If it has a compatible complex structure J we
can consider it as a complex vector space as done above. Moreover, it can become a Hermitian
vector space (i.e. a complex vector space with a Hermitian inner product) where the Hermitian
inner product is given by

h(v,w) := g(v,w) + iw(v, w)

where g is the inner product induced by w and J. h is complex linear with respect to the second
entry and complex anti-linear with respect to the first entry:

h(v, Jw) = g(v, Jw) + iw(v, Jw) = —w(v, w) + ig(v,w) = ih(v,w)
h(Jv,w) = g(Jv,w) + iw(Jv, w) = w(v,w) —ig(v,w) = —ih(v, w)

moreover h(v,v) > 0 for v # 0. It follows from the construction of A that an element A € Sp(V)
that preserves h must also preserve the positive definite inner product g, hence, by Lemma 2.1.1,
that is an element of the unitary group.

Definition 3.1.5. When we have a compatible complex structure J on a symplectic vector space
(V,w), and g is the inner product induced by w and J, we call the triple (V,w, J) a Kéihler vector
space while (w, J, g) is called a compatible triple.

Remark. We can equivalently define a compatible complex structure in the following way: J on
(V,w) is w-compatible if Yv,w € V we have

w(Jv, Jw) = w(v, w)
and

w(v,Jv) >0 Y #0.
We then have as a consequence that

g7 = w(v, Jw)

defines a positive definite inner product. The positive definiteness comes from the second con-
dition, moreover gy is bilinear because so is w. Lastly the symmetry follows from

gs(w,v) = w(w, Jv) = —w(Jv,w) = w(Jv, —w) = w(Jv, J*w) = w(v, Jw) = g;(v,w)
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3.2 The Space J(V,w)

Proposition 3.2.1. Let (V,w) be a symplectic vector space and J a linear complex structure on
V. The following are equivalent

(i) J is w-compatible

(ii) (V,w) has a symplectic basis of the form
V1 eeny Uy JUL, eny JUR

(iii) There exists an isomorphism @ : R?® — V such that
P*w =wy and P*J = Jy

where wy is the symplectic form of Example 1.1.3 and J; the standard complex structure of
Example 3.1.2

(iv) J satisfies w(v, Jv) >0 Vv # 0 and VL € Lag(V') we have JL € Lag(V)

Proof. We first prove that (i), (ii) and (iii) are equivalent, and then that so are also (i) and (iv).
(i) implies (ii) because, from Lemma 1.4.3, V has a Lagrangian subspace L. Let {v1,...,v,} be a
basis of L orthonormal with respect to the inner product g induced by J. Then we have

W(Ui7 J’Uj) = g(?)i7’l)j) = (52"]'
and
w(Jv;, Jvj) = w(vi,v5) =0
Hence {v1, ..., vy, Ju1, ..., Ju, } is a symplectic basis of (V,w).
We see that (ii) implies (iii) by defining
O :R™ 5V
2 Yo (zv + yiJv;)

for z = (z1,...;,@n,y1,...,Yn) and (iii) follows from a simple computation. (iii) implies (i) be-
cause Jjwo = wp and ®* is an intertwining.

We now prove that (i) implies (iv). If J is compatible it follows from definition that w(v, Jv) > 0 for
any nonzero v € V. Moreover, for any u,v € L we have w(Ju, Jv) = w(u,v) = 0 so that w | ;= 0.
This together with the fact that J is an isomorphism proves that JL € Lag(V'). Conversely if we
assume (iv) we prove that g(v,w) := w(v, Jw) defines an inner product. It is positive definite by
assumption and bilinear by construction. Now assume ¢ is not symmetric, i.e. there exist u,v € V
such that

w(v, Ju) # w(u, Jv)

obviously v is nonzero, so w(v, Jv) > 0. Now define

so we get
w(w, Jv) = w(u, Jv) —w(v, Ju) #0

and we have that w, Jv and v, Jw are linearly independent. Moreover, since
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w(v, Jw) = w(v, Ju) — ZEZ%%‘”(U’JU) =0

we have a L € Lag(V) such that v, Jw € L. So it follows Jv,w € JL, but, since w(w, Jv) # 0,
JL ¢ Lag(V), which contradicts the assumption of (iv), so ¢ must be symmetric. Hence, we have
proved that J is compatible. O

We denote by ¢(V,w) the space of compatible complex structures and, following the notation of
[6], we denote by Riem(V') the set of all positive definite inner products on V, which is a convex
open subset of the space of symmetric bilinear forms S2V*.

Theorem 3.2.2. Let (V,w) be a symplectic vector space, then there exists a canonical surjective
map

F: Riem(V) = J(V,w)

Moreover, if we denote by G the map
G: J4(V,w) = Riem(V)

which assigns to each J € §(V,w) its induced inner product g we get F o G(J) = J.

Proof. To construct the map F we precede in the following way. First given a positive definite
inner product k € Riem(V) we define an invertible matrix A such that Vo, w € V we have

k(v,w) = w(v, Aw)

Since k is symmetric while w is skew-symmetric follows that AT = —A. So if we compute the
polar decomposition of A we get

A=UP

where U = A(ATA)"1/2 = A(=A?)Y/2 and P = (ATA)Y/? = (—A)Y/2. That means that U
and P commute, therefore we get

A2 — U2P2 — U2(*A2)
so U? = —Id, which means U is a complex structure. Moreover we have
w(v, Uw) = w(v, AP 'w) = k(v, P~'w) = k(P~/?v, P~1/2w)

so w(v,Uw) is a positive definite inner product. We can then define F'(k) = U, this function
satisfies by construction F' o G = Id and is surjective. O

We now state and prove a proposition which actually will be a consequence of the next theorem,
but that can already be proved with the previous theorem.

Proposition 3.2.3. Let (V,w) be a symplectic vector space. Then given any two compatible
complex structure Jy,.JJ; € §(R?",wy) they are homotopic, i.e. there exists a function which
assigns to every t € [0, 1] a compatible complex structure, and such that for ¢ = 0 it gives Jy and
for t = 1 it gives J;. This function defines a path in ¢ (R?",wp) from Jy to Ji, so it means that
G (R?", wp) is path connected.

Proof. In the previous theorem we have proved that given any k € Riem(V) it arises a compatible
complex structure, which can be called J;, and that any J € ¢(R?",wg) can be generated in this
way. This means given Jo, J; € §(R?™,wp) there exist ko, k1 € Riem(V) such that Ji, = J; for
i =1,2. Next, since Riem(V) is convex, we can define
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ke :=tho + (1 — t)k1, t€][0,1]

and we have that the arisen compatible complex structure Ji, is the function we were looking
for. O

3.3 Contractibility of ¢(V,w)

Theorem 3.3.1. Let (V,w) be a symplectic vector space of dimension 2n, then §(V,w) is con-
tractible.

For this theorem there exist many proofs. We first provide two brief proofs and then sketch another
one a bit more interesting.

Proof. (1) Let X := Riem(V) and Y := §(V,w). We know that X is contractible because it is a
convex subset of a vector space. Let ¢ : X x I — X be a contraction, where ¢9 = Idx and ¢
is a constant map to a point of X. Then using the functions F' and G from Theorem 3.2.2 and
defining ¢ := F o ¢ o (Id x G), we get that v is a contraction of Y. O

Proof. (2) In this proof we assume V = R?" and w = wy (this is possible due to Theorem 1.2.3) and
we prove that §(R?" wyg) is diffeomorphic to the space of symmetric, positive definite, symplectic
matrices in R2"*27 this space is indeed contractible from Lemma 1.3.3. First we have that a
matrix J € R?"%2" is in §(R?", wy) if it satisfies

J2=—Id JTJJ=Jy vT(=Jo)Jv>0 YveV

where the first condition ensures that J is a complex structure, and the other two that it is
wp—compatible. From these condition follows that

(Jo)T = —J"Jo = JTJoJ? = JoJ

so we can define P := —JyJ which is symplectic, symmetric and positive definite by construc-
tion. On the contrary if we have a matrix P symplectic, symmetric and positive definite and we
define J := —J; ' P = JyP follows that J € §(R?",wp). In fact we have

vI(=Jo)Jv = VT (=Jy)JoPv =vTPv >0
since P is positive definite,
JTJod = PTJE JoJo P = PTJoP = Jg
because P is symplectic, and
J? = JoPJyP = JoPT JyP = JoJy = —1d

because P is symmetric. Therefore we have established a diffeomorphism between these two space,
which proves the theorem.
O

Before we present the last proof of Theorem 3.3.1, we need to introduce the concept of Siegel upper
half plane.

Definition 3.3.2. The Siegel upper half plane is defined as the open contractible subspace of C™*"
composed by symmetric matrices of the form Z = X +14Y, where the imaginary part Y is positive
definite. It is denoted by &,.
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It can then be proved (see Appendix A) that the symplectic group Sp(R?") acts transitively on &,
and that the stabiliser of (i-Id) € S, is the subgroup U(n) C Sp(R?") with the usual identification.
So we can write

S, = Sp(R*") /U (n).

Proof. (3) The idea of this proof (which we give in a non rigorous way) is to show that ¢ (R?", wy) is
diffeomorphic to §,. It follows from Proposition 3.2.1 that Sp(R?") acts transitively on ¢ (R?", wy)
and from Lemma 2.1.1 we know that the stabiliser of Jy is Sp(R?*") N GL,(C) = U(n). Therefore
there exists a bijection between ¢ (R?",wg) and &,. This map can be construct in the following way:

J Sy — J(R2, wyp)

with . .
XY= -Y-XY X .
J(Z)= < y-1 _y-ly ) where Z = X +1iY € 8,
it can then be proved that this map is actually a diffeomorphism. O

Remark. It follows from the third proof of Theorem 3.3.1 that
J(R*", wy) = Sp(R*")/U(n)

which leads to the next corollary.

Corollary 3.3.3. §(R?*", wg) has dimension (2n? +n) — n? =n? + n.






Chapter 4

The Affine Non-Squeezing Theorem

4.1 General Statement of Theorem

The theorem we are now going to treat is very important and is one of the first results based on the
theory outlined in previous chapters that shows a counter-intuitive aspect of symplectic geometry.
In the whole chapter we use as symplectic vector space R?” and denote by wg the symplectic
standard form as in Example 1.1.3. We also need some new definitions.

Definition 4.1.1. A map ¢ : R?™ — R?" is called affine symplectomorphism if it has the form
d(z) =Mz+ z

where M € Sp(R?") and zy € R?". The group of affine symplectomorphisms is denoted by
ASp(R?™).
Definition 4.1.2. Let {ey, ..., ep, f1, .-, fn} be the standard symplectic basis of R?" with the sym-
plectic standard form wy. Then the symplectic cylinder of radius R is defined as

Z*™(R) := B*(R) x R 2 = {2 e R?" : (e, 2)2 + (f1,2)? < R?}
where B%(R) is the two dimensional ball of radius R and (- ,-) the Euclidean inner product in
R2",

Remark. The Euclidean inner product is the inner product generated by wy and the compatible
complex structure Jy used in Example 3.1.2, indeed, we have (u ,v) = wo(u, Jov) for any u and v.

We can now state the main theorem of this chapter, which claims that a ball in R?" can only be
embedded by an affine symplectomorphism into a symplectic cylinder if the radius of the ball is
smaller or equal to the radius of the cylinder. In other words, it is impossible to "squeeze" a ball
more than its "symplectic width" allows.

Theorem 4.1.3. Given ¢ € ASp(R*) and assume that
¢(B*"(r)) C Z°"(R)

then it follows r < R.

Proof. Without loss of generality we can assume r = 1 and show R > 1. We can also write ¢ in
the form ¢(z) = Az + z for a A € Sp(R*"). Now let {e1,...,en, f1, ..., fn} be a symplectic basis
and define

w:=ATe; v:=ATf a:=(e1,20) b:={(f1,20)

26
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Then the assumption ¢(B2"(r)) C Z2"(R) can be written as
supp.<1 ({e1, #(2))? + (e2, 6(2))?) < R?
= supj, <1 ((e1, Az + 20)? + (e2, Az + 20)?) < R?
= supp < (((ATer,2) + (e1,20))% + ((ATe2, 2) + (€2, 20))* < R?
= sup,<r (((w,2) +a)” + ((v,2) +b)%) < R?

Now, since A € Sp(R*"),we also have AT € Sp(R*"), and it follows 1 = wy(e1, f1) = wo(u,v) =
(u, Jg 'v) < |u| | — Jov| = |u| |v|, where the inequality follows from the Cauchy-Schwarz inequality.
So we can assume without loss of generality |u| > 1 and choose zg := :tﬁ, where the sign of zq is
chosen to be equal the sign of a. So we get

1< |ul? < (Jul + la])? < ((u, 20) + @)® + ((v, 20) +b)* < R?

and therefore we can conclude R? > 1. O

4.2 Linear Non-squeezing Property

In this section, we define a concept, the non-squeezing property, that generalises the discussion
introduced with Theorem 4.1.3 and we will also see some consequences of the theorem. First we
need some more definitions.

Definition 4.2.1. A matrix M € R?"*?" is said to be anti-symplectic if we have M*wy = —wy.

Definition 4.2.2. A set B C R?" is called a linear (resp. affine) symplectic ball of radius r, if
there exists an element M € Sp(R?*") (resp. M € ASp(R?*")) such that M B?*"(r) = B, where
B?"(r) is the 2n-dimensional ball of radius r.

Definition 4.2.3. A set Z C R?" is called a linear (resp. affine) symplectic cylinder of radius R,
if there exists an element M € Sp(R?") (resp. M € ASp(R*")) such that M Z?"(R) = Z, where
Z?"(R) is defined as in the previous section.

Definition 4.2.4. A matrix M € R?"*2" ig said to have the linear non-squeezing property if for
all linear symplectic ball B of radius r and for all linear symplectic cylinder Z of radius R we have

MBCZ = r<R

We can now state a theorem, which says that the non-squeezing property characterises the sym-
plectic and anti-symplectic matrices.

Theorem 4.2.5. Let M € R*"*2" be invertible such that both M and M~ have the non-squeezing
property. Then M is either symplectic or anti-symplectic, i.e. M*wy = twy.

Proof. Let assume by contradiction that M is neither symplectic nor anti-symplectic. That means
we can find some vectors u, v € R?” such that

wo(Mu, Mv) # twg(u,v)

Since M is invertible, and if necessary rescaling u, we can assume without loss of generality
0 < |wo(Mu, Mv)| < |wo(u,v)| = 1. We can write

0 < A? = |wo(Mu, Mv)| < wo(u,v) =1



28 4.2. Linear Non-squeezing Property

Therefore we can construct two symplectic bases {u1, ..., un, v1,..., 05} and {u],...,ul,v], ..., v}
of R?" where

up =u, v =v, uj=A1Mu, vj==+A"TMvy

If we denote by ¢ € Sp(R?") the matrix which takes the standard symplectic basis {e1, ..., €n, f1, -+, fn }
to {1, oo, Up, V1, ..., v } and by ¢ € Sp(R?™) the matrix that takes {e1, ..., en, fi, ..y fn} tO
{ul, .oy uly, v, . vl } we can then define A := ¢'~!M¢. The matrix A satisfies

Aei = der  Afi =EMfi
which means
AB*™(1) C Z*™(N)
= ¢ IM¢B*™ (1) C Z?*(\)

Hence if we denote by B the linear symplectic ball of radius 1 given by ¢B?"(1) and by Z the
linear symplectic cylinder of radius A given by ¢’ Z%"(\) we get

MBCZ

Since A < 1 this is a contradiction with the assumption that M has the non-squeezing property.
O

In the previous section we mentioned the "symplectic width" of a set just in an intuitive way, we
can actually give a more rigorous definition.

Definition 4.2.6. Given a subset A € R?" we define its linear symplectic width as

wr(A) = sup{rr?|p(B>"(r)) € A, ¢ € ASp(R*")}
Directly from this definition follow two properties, namely:
1. (monotonicity) If ¢(A) C B for some ¢ € ASp(R?") = wr(A) < wr(B)
2. (conformality) wr,(AA) = X2wp (A)
Meanwhile a third property follows from Theorem 4.1.3.
3. (non-triviality) wr,(B*"(r)) = w(Z*(r)) = 7r?

From monotonicity and Theorem 4.1.3 follows that elements of ASp(R?") preserve the linear
symplectic width of sets, and in a very similar way we conclude the same thing for anti-symplectic
maps. Also in this case we can prove that preserving the linear symplectic width is actually a
property that characterises the (anti-)symplectic maps. First we need to recall some definitions.

Definition 4.2.7. A quadratic form in n variables is a polynomial @) in n variables with all terms
of degree two. We call Q a positive definite quadratic form, if for all x € R™\{0} we have Q(z) > 0.

We also recall that every quadratic form @) can be represented by a unique matrix Ag = (ai;)i;
such that for any = = (x1,..,x,) we have Q(x) = :cTAgx = szzl @i T

Definition 4.2.8. Let @) be a positive definite quadratic form in 2n variables. Then the set defined
as Eg = {z € R*|Q(z) < 1} is called ellipsoid centred at zero.

Remark. The 2n-dimensional ball B of radius r is an ellipsoid centred at zero defined by the
2n z?

positive definite quadratic form Q(z) = > ;" =%.
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Theorem 4.2.9. Let ¢ : R?" — R?" be a linear map. Then the following are equivalent.
(i) ¢ preserves the linear symplectic width of ellipsoids centred at zero.
(ii) ¢ is either symplectic or anti-symplectic.

Proof. We have already said that (i7) implies (i). Now we prove the contrary. We assume that ¢
satisfies (¢) and we prove that it has the non-squeezing property, which means, due to Theorem
4.2.5, that it is actually either symplectic or anti-symplectic. First, we notice that ¢ is invertible,
otherwise ¢ B2"(1) would have linear linear symplectic width zero. Moreover, also ¢! satisfies (i),
indeed let E be an ellipsoid then wy,(E) = wr,(¢¢ 1 E) = wr (¢~ E). Now, we prove that ¢ (and
similarly ¢~!) has the non-squeezing property. Let B be a linear symplectic ball of radius r and
Z a linear symplectic cylinder of radius R such that ¢B C Z. Then from (i) and the properties of
wy, we have
7?2 = wr(B) = wr(¢B) < wr(Z) = mR?

which means r < R. Therefore ¢ and ¢~ ! have the non-squeezing property, hence ¢ is either
symplectic or anti-symplectic. O

4.3 Linear Symplectic Width of an Ellipsoid

The main result we want to show in this section is following theorem.

Theorem 4.3.1. Let E C R?" be an ellipsoid centred at zero. Then we have
wr(E) =supgcgwr(B) =infzopwr(Z)

where the supremum runs over all affine symplectic balls contained in E and the infimum runs
over all affine symplectic cylinders containing E.

In order to prove this theorem we first need two lemmas.

Lemma 4.3.2. Let (V,w) be a symplectic vector space of dimension 2n and g : V xV — R be an
inner product. Then there exists a basis {uy, ..., up,v1,...n } of V which is orthogonal with respect
to g and a standard symplectic basis with respect to w. Moreover it can be chosen such that

g(ui,u;) = g(vi,v), Vi€ {l,..,n}

Proof. A proof of this lemma can be found in [5] O

For the next lemma we need to introduce some notation. Let r be an n-tuple, r = (71, ..., ), such
that 0 < r; <.... <r,. Then we define the ellipsoid E(r) as the set

2§1}

E(r)={2eC" Y,

Lemma 4.3.3. Given any compact ellipsoid

Zi
T4

FE = {w € R2n| Z?,?:l A5 W; W5 S 1}
then there exists a matriz ¢ € Sp(R*) such that ¢E = E(r) for an n-tuple r = (r1,...,7)
with 0 < r; < ... <1y, which is uniquely determined by E.

The n-tuple r is then called the symplectic spectrum of the ellipsoid E and it is invariant under
linear symplectic maps. In fact, two ellipsoids in R?" centred at zero are linearly symplectomorphic
if and only if they have the same spectrum.
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Proof. We define the positive definite inner product
g(v,w) =37 aijviw;
on R?". Then we can write E as
E = {w € R*|g(w,w) < 1}

By Lemma 4.3.2, we have a basis ¢ = {uy, ..., up, 1, ..., v, } of R?" which is orthogonal with respect
to g and standard symplectic with respect to wg. We also have

g(ui, u;) = g(vi, v;) =:

3

where we can assume r; < ... < r,. Now we denote by ¢ the symplectomorphism that takes
the standard basis of R?” to e, i.e.

¢z = Y (Tiwi + yivi)
where z = (21, ..., Zn, Y1, .-, Yn)- S0 it follows that

2 2
9(67.62) = Yo, S

and we get

E(r) = {z € R Y0, 8 <1} = {z € R*"|g(¢z,¢2) < 1} = ¢ 'E

We still have to prove the uniqueness of the n-tuple 0 < r1 < ... < r,. Denote by A(r) the
diagonal matrix

1/r?

1/ry
1/r?

1/ry
We have that z € E if and only if 27A(r)z < 1. Assume there exists a ¢ € Sp(R?") such that
E = ¢ 1E(r"), we have to prove that r = . That means 27 ¢T A(1")pz = 2T A(r)z, Vz € R?", i.e.
T A(r")¢ = A(r). Since ¢ is symplectic we have Jo¢? = ¢~1.Jy, which leads to
¢~ JoA(r) ¢ = JoA(r)

Hence JoA(r) and JyA(r') must have the same eigenvalues. But since the eigenvalues of JyA(r)
are &i/r?, ..., +i/r2 we have r = 1/ O

Now we can prove Theorem 4.3.1.

Proof. Let r = (rqy,...,7,) be the symplectic spectrum of E, with 0 < r < ... <r,, from Lemma
4.3.3 we know that there exists a matrix ¢ € Sp(R?") such that ¢F = E(r). Then we have

B?"(r1) C E(r) C Z?™(r)
= ¢—1B2n(rl) g E g ¢—1z2n(r1)

and since
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we get
infz5pwr(Z) < mr? < supgepwr(B)

Now suppose we have an affine symplectic ball B of radius r contained in F and an affine sym-
plectic cylinder Z of radius R containing E. It follows

¢B C oE C Z*"(r1)
therefore from Theorem 4.1.3 we have r < r1. On the other hand we have
B*'(r1) C ¢E C ¢Z
still due to Theorem 4.1.3 we get r; < R. So we have
infz~pwr(Z) > nr? > suppcp wr(B)
and we can conclude
infz5pwr(Z) = mrf = supgepwr(B)

From definition we have wy (E) = supgc g wr(B) that concludes the proof. O

Remark. If r = (ry,...,7,) is the symplectic spectrum of an ellipsoid E, with 0 < r; < ... < rp,

then we have wy (E) = 7r}






Appendix A

Siegel Upper Half Plane

In this appendix we prove the following theorem, first presented by Carl Ludwig Siegel in [7], which
was cited in Chapter 3 and says that the symplectic group acts transitively on the Siegel upper half
plane §,. We first remind the definition of &,. It is the subspace of C"*" composed by symmetric
matrices Z = X + 1Y, where Y is positive definite. We use here the same notation as in Chapter
3. The following formulation is presented in [1].

Theorem. The symplectic group Sp(R?™) acts on S, by the transformation
Sp(RQn) X (SIZ — Cs)ﬂ
(¢, 2) = ¢(Z) = (AZ+ B)-(CZ+ D)1

where ¢ = (g g), and A, B,C, D are n x n blocks.

This action is transitive and the stabiliser of (i-1d) € 8, is the unitary group U(n). Therefore, we
have

S, = Sp(R?™) /U (n).

Proof. This proof is taken from [2] and [4]. First we need to check that this is actually a group
action. In order to do this, we have to prove that the matrix (CZ + D) is always invertible and
that for any Z € §, and ¢ € Sp(R?") we have ¢(Z) € §,. Moreover, we have to prove that for
¢,1 € Sp(R?") we have ¢p()(Z))) = (¢)(Z). Let Z = X +iY be in 8,, that means, Z7 — Z =0
and Y > 0. These conditions on Z can be rewritten in the following form

(ZT Id)J(IZd> =0 and —i (7 Id)J(IZd> >0

0 1d,

—Id, 0 ) Then given

where Z = X — iY denotes the complex conjugate of Z and J = (

¢ = (A B) € Sp(R?") we define E := AZ + B and F := CZ + D, or equivalently

C D
Z E
o(74) - (7)
Then, since ¢ is symplectic, we have

E Z Z
(BT FT)J<F> — (27 1d)éTTe (Id) (27 Id)J(Id> o
It follows that ETF = FTE. We also have

33
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-5 (E F)J(?):—;i(z Id)qﬁTJqS(IZd):—Qli(Z Id)J(IZd>>0

Therefore, we get —%(EF — FE) > 0. Now we can prove that F is invertible. Assume v is
a solution of Fv = 0. That means vF = 0, therefore 9(EF — FE)v = 0, so v = 0, i.e. F is
invertible. Now we can write ¢(Z) = EF~!. Since we have seen that ETF = FTE we get that
EF~! is symmetric. Lastly, we have

—Q%F(F*E —~EFHY)F >0
i.e.

—L(EF'—EF1)>0

hence, Im(¢(Z)) = Im(EF~!) > 0. We have proved that ¢(Z) is symmetric and its imaginary
part is positive definite, which means it is in §,. Now we want to prove that given ¢, € Sp(R?")

we have ¢(¢¥(2)) = (¢)(Z). Let ¢ = <é g) and ¢ = <g IF{>, then we have

$((2)) = p(EZ+ F)(GZ + H)™)
= (A(EZ + F)(GZ+H)™' + B)(C(EZ + F)(GZ+ H)"' + D)~!
= (A(EZ+F)(GZ+ H)™' + B)(GZ + H)(GZ + H)"\(C(EZ + F)(GZ + H)™! + D)~
=(A(EZ+F)+B(GZ+ H))(C(EZ+F)+D(GZ+H))™!
= ((AE+ BG)Z + (AF + BH))((CE + DG)Z + (CF + DH))~!
= (¢v)(2)
Therefore we have proved that this is actually a well-defined group action.

Finally, we prove that this action is indeed transitive and that the stabiliser of (i - Id) is the uni-
tary group. Given any Z € §,, where Z = X +iY, since Y is positive definite we can define the

following matrix
Y1/2 XY_1/2
= o y-1/2

It is then easy to check that ¢ € Sp(R?") and ¢(i - Id) = Z. This means that any Z € 8,
is in the orbit of (i - Id), i.e. the action is transitive. Now we take the matrix (i - Id) and

6= <é g) € Sp(R?") such that ¢(i - Id) =i - Id. That means

(Aild+ B) - (Cild+ D)t =i-Id
and this is if and only if

(tA+B)=iD-C
ie.,

A=Dand B=-C
Therefore ¢ is in the stabiliser of (i - Id) if and only if
A -B
=(5 )

and since it is symplectic it satisfies ABT = BAT and AAT + BB™ = Id,. This is precisely the
definition of the unitary group given in Section 2.1, therefore we can write 8, = Sp(R*")/U(n). O
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