
 Toric Contact Manifolds Lerman o

Symplectic cones

Def 1 W W X isasymp.com if
i Wow is a connected symp mfld
ii Xexlw generates a free IR action

Pe Wow ter St pelw et w
Ix w w e w dew

In particular w is exact

A closed symp.com is a symp C

5 t WAR is closed

Def 2 M E 121 is a co oriented
Contact manifold if
Ii E CTM is an hyperplane distribution
Iii de R M is sit E Ker x and

da q is non degenerate
a eta 7 e CCM



symplectic cones f co oriented contact
manifolds

W W X M WAR E Talker Nw

5 X W

where W
EWufge.ba section

W MUR W d letal X E a 1 M E A

symplectizaton

Exercise show that thefollowing are

equivalent
i choiceof a contact form for M E x

Iii choice of a global section of T W M

Iii choice of an R equivariant splitting
W E M IR

E
Reeb vector field Ra

W.MX IR W dieta E M E X

Ra Xet i e Raswe ellet Ralda E O

LIRA E 1



Exercise Ra X O

Examples
1 W W X RT oh West dundo

coordinates Xstiffufu tofuUs Unti Jn Vnti
y

S Est Santi e unit sphere
Est TS n itsanti

Xst Xst Just Rt 3 é

2 B W symp.mfldst.EE eH M E

5 bundle T M B w Calm 5
M E Karla Ex where L is a

Bouthy Wang connection 1 form 5 t
da Tt W

Ra generates natural 5 action on M

E



symplectic com is the total space of the

corresponding E line bundle L B
without it's O Section

Exercise B W PP 2W na Example 1

3 Co sphere bundles
Q smooth manifold Q Wear symp
mfld where Wear ddean and
dean E R Ta is the tautological 1 form

Recall any vectorbundle E Q has
an Euler vectorfield E e E whose

flow Pt E E is given by
9,9 q etv9

Prop WTQKO secti.nl Weaf dean E
is a symplectic com

Proof dean homog of deg I along fibers
Pf dean ethan Picos et w d ED



Def The corresponding contact mfld
is called the co sphere bundle of Q
and denoted by SQ

Remark a Riemannian metia g on

TQ and hence ont gives an R equir
splitting TQho s.ctonf S.IQ xD
hence a contact form Lg and a

Reeb vector field Rg The flow
of Rg is the co geodesic flow
of Q g

Tovia symplectic cones

Def W w X et action

effective X preserving with moment

map M W R st µ Pew etnias
Knew te IR
Moment com C MN uhofaR



Example R lol Wst Xst et
0 z luz Ceiaz ei iza
Mst z 2113112 CERT CRY

Def Lerman A com CCR is good if
minimal set of primitin Vai Vdez

dent 1 Srt
i C FI RER fa se visão
and
ii any codim K fan of C 1 Ken is

the intersection of exactly k facets
whose set of normals can be
completed to 2 basis of 2

Thm Banyaga MolinoBoyer Galicki Lerman
For each good com CCR there exists
a unique We We XoMa with
moment com C

Def These are the good toric symplectic
Cones resp good toric contact melds



Remark Lerman The toric contact
manifolds that are not good are

i certain 3 dim l contact structures
on lens spares 525 and IT 3

Iii a unique contact structure on each

principal TI bundle over 5 n 22

free IT action
A closed toric contact manifold of
dim 3 is good iff the torus
action is not free

Explicit models for good toria symp cones

symplectic reductionsofCIRILO Wst XDTD
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k to et É g jazz
I need not
be connected
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