
A. Cannas Mathematics I & II Summer 2023

1. Consider the function

f(x, y) = x3 − y2 − 3xy + 1 for (x, y) ∈ R2.

a) Which of the following statements are true? 4 Punkte

Mark your answers directly on this sheet by ticking the correct circle.
Each statement gives one point and no justification is needed.
Wrong or multiple answers give zero points.

true false

The gradient of f is ∇f(x, y) =
(

3x2 − 3y
−3x− 2y

)
.

At the point (−1, 1) the function f has the biggest

decrease in direction
(

0
1

)
.

The function f has three critical points.

The function f has a local minimum at the point
(−3

2 ,
9
4).

b) Determine the slope of the level set of f at the point (−1, 0).
Hint: Use the tangent to that level set. 4 Punkte
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2. a) Consider the surface S given by

z = x2 + y2, 0 ≤ z ≤ 1.

Use Stokes’ Theorem in order to compute the downward flux of the rotation
of the vectorfield

−→
F (x, y, z) :=

y + 1
z − x
x− 2


through S. That is, compute∫∫

S
rot (−→F ) ·−→n dA

where −→n points into the negative z-direction. 7 Punkte

b) Let −→G be a divergence-free vector field on the whole of R3.
Which of the following statements are true in general?

3 Punkte

Mark your answers directly on this sheet by ticking the correct circle.
Each statement gives one point and no justification is needed.
Wrong or multiple answers give zero points.

true false

For the three components of −→G we have everywhere

∂G1

∂x
+ ∂G2

∂y
+ ∂G3

∂z
= 0.

The line integral
∮
C

−→
G ·
−→
dr along a closed curve C is

always equal to 0.

The flux
∫∫

A

−→
G ·−→n dA out of a closed surface A is

always equal to 0.
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3. Solve the following wave equation

utt = uxx ,
ux(0, t) = 0 ,
ux(1, t) = 0 ,
u(x, 0) = 2 cos2(3πx)− cos(7πx) ,
ut(x, 0) = cos(4πx).

You may use here the following basis solutions without proof

1, cos(nπt) · cos(nπx), sin(nπt) · cos(nπx), n = 1, 2, . . . .

Hint: cos2 θ = 1
2 + cos(2θ)

2 . 7 Punkte
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For exercises 7-31: Each question gives two points. Wrong or multiple answers give
zero points. Only answers on the answer sheet count.

4. Which is a parametrisation of the following ellipse, with t ∈ [0, 2π]?

y

x

(0, 5)

(2, 1)

(0,−3)

(−2, 1)

(a)
(
x(t)
y(t)

)
=
(

2 sin t
1 + 4 cos t

)
.

(b)
(
x(t)
y(t)

)
=
(

2 sin t
cos t− 1

)
.

(c)
(
x(t)
y(t)

)
=
(

sin t
2

cos t−1
4

)
.

(d)
(
x(t)
y(t)

)
=
(

1
2 sin t

1
4 + cos t

)
.
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5. One of the following equations describes the circle depicted below in polar
coordinates. Which one is it?

x

y

−1
2

(a) r = θ2

(b) r = sin(2θ)

(c) r = − cos(θ)

(d) r = − tan(θ)

6. Let
T (x, y) = 1− 2x+ 1

e
(x2 + y2)

be the quadratic Taylor polynomial at the point (x, y) = (0, 0) of a function of
the form

f(x, y) = ln(x2 + y2 + e) + 2kx.

Then

(a) k = −1

(b) k = −2

(c) k = 1

(d) k = 2

7. Which point P = (x, y) on the branch x > 0 of the hyperbola x2 − y2 = 4 has
minimal distance to the point (0, 2)?

(a) P = (3,
√

5)

(b) P = (
√

8, 2)

(c) P = (
√

5, 1)

(d) P = (2,
√

2)
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8. For which b is the double integral∫ b

0

∫ π

0
y sin x dx dy

equal to 2?

(a) b =
√

2
2 .

(b) b =
√

2.

(c) b = 2
√

2.

(d) b = 1
2 .

9. Consider the integral ∫ 1

0

∫ 2

0

∫ 2−2y

0
f(x, y, z) dz dx dy.

What is the corresponding region of integration?

(a)

x

y

z

2

1

2

2y + z = 2

(b)

x

y

z

2

2

1

y = 2z

(c)

x

y

z

2

1

2

x + z = 2

(d)

x

y

z

2

2

1

y + 2z = 2
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10. The integral ∫∫
B

√
4− x2 − y2 dx dy

over the region

B =
{
(x, y) |x, y ≤ 0, 1 ≤ x2 + y2 ≤ 4

}
is equal to

(a) π
√

3
4 . (b) 3π

2 . (c) 3π
4 . (d) π

√
3

2 .

11. Which vector field corresponds to this drawing?

x

y

(a) −→F =
(
x+ y
x2

)

(b) −→F =
(
x2 − y2

x− y

)
(c) −→F =

(
−x
2y

)

(d) −→F =
(

y
x2 + y2

)
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12. Which of the following vector fields −→F has a potential on R2?

(a) −→F (x, y) =
(
y − x
x− y

)
.

(b) −→F (x, y) =
(
x− y
x+ y

)
.

(c) −→F (x, y) =
(
x2 − y

2xy

)
.

(d) −→F (x, y) =
(
y − x2

x2 + y

)
.

13. On which of the following regions is the vector field

−→
G(x, y) = 1

(x− 2)2 + (y − 3)2

(
−y + 3
x− 2

)

a gradient field?

Hint: The vorticity of −→G is zero for all (x, y) 6= (2, 3).

(a) In the first quadrant without (2, 3).

(b) In the halfplane y ≤ 0.

(c) In the annulus 1 ≤ (x− 2)2 + (y − 3)2 ≤ 2.

(d) In the plane R2 without the line segment from the origin to (2, 3).
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14. Which of the following parametrisations (where (u, v) varies on a square) describes
the depicted surface?

x
y

z

(a) ~r(u, v) =

 u
v

e−u
2−v2



(b) ~r(u, v) =

 u
v√

u2 + v2



(c) ~r(u, v) =

 u
v

sin(u2 + v2)



(d) ~r(u, v) =

 u
v

1− u2 − v2



15. What is the outward flux of the vector field

−→
F (x, y) =

(
2x− x cos(xy)
x+ y cos(xy)

)

through the circle x2 + y2 = 1?

(a) π (b) −2π (c) 2π (d) −π
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