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Abstract. We discuss some new well-posedness results for the continuity equation in
arbitrary space dimension and we then illustrate applications to a system of conservation
laws in one space dimension known as the chromatography system. In the last section,
we discuss some related open problems.
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1. Introduction. We are concerned with the Cauchy problem ob-
tained by coupling the continuity equation

∂tu + divx (bu) = 0 (t, x) ∈ [0, +∞[×R
d, b(t, x) ∈ R

d, u ∈ R(1.1)

with the initial datum

u(0, x) = ū(x).(1.2)

In particular, we focus on the case when b has low regularity with respect
to the space variable. In this context, DiPerna and Lions [23] established
existence and uniqueness results under the hypothesis that b has Sobolev
regularity with respect to the space variable. More recently, Ambrosio [2]
proved well-posedness results in the BV (bounded total variation) case:
for a discussion concerning these topics, we refer for example to the lecture
notes by Ambrosio [3] and Ambrosio and Crippa [5], and to Crippa [17].

In both [2, 23], the analysis required some mild regularity assumptions
on the divergence divx b. These hypotheses, however, are not completely
natural in view of the applications, provided by Ambrosio, Bouchut and
DeLellis [4, 7], to the Keyfitz and Kranzer system [25] in several space
variables. This was a motivation for introducing the notion of nearly in-
compressible vector field (see Definition 2.1 in Section 2.1): the related
theory is discussed in the lecture notes by De Lellis [21] and can be more
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†Dipartimento di Matematica, Università degli Studi di Parma, viale G.P. Usberti
53/A (Campus), 43100 Parma, Italy. Email: gianluca.crippa@unipr.it

‡Department of Mathematics, The University of Texas at Austin, 1 University Sta-
tion, C1200, Austin, Texas 78712-1082, USA. Email: figalli@math.utexas.edu

§Centro De Giorgi, Collegio Puteano, Scuola Normale Superiore, Piazza dei Cavalieri
3, 56126 Pisa, Italy. Email: laura.spinolo@sns.it

1



2 L. Ambrosio, G. Crippa, A. Figalli and L.V. Spinolo

directly applied to the analysis of the Keyfitz and Kranzer system. As
a side remark, we point out that a counter-example due to Crippa and
De Lellis [18] rules out the possibility of extending to general systems of
conservation laws in several space dimensions the approach used in [4] to
tackle the Keyfitz and Kranzer system.

The exposition in here is organized as follows. In Section 2 we describe
new well-posedness results for nearly incompressible vector fields, handling
in particular the case when the BV norm of b(t, ·) blows up as t → 0+. In
Section 3 we illustrate applications to the chromatography system and in
Section 4 we discuss some related open problems.

2. Well-posedness results for the continuity equation.

2.1. Nearly incompressible vector fields. In this section we recall
the definition of near incompressibility and a related well-posedness result
concerning the Cauchy problem (1.1), (1.2). As mentioned in the introduc-
tion, a detailed discussion on these topics can be found in the lecture notes
by De Lellis [21].

Definition 2.1. The bounded vector field b is nearly incompressible
if there exists a measurable function ρ and a constant C > 0 such that

∂tρ + divx (bρ) = 0(2.1)

and

0 <
1

C
≤ ρ(t, x) ≤ C for L

d+1 − a.e. (t, x) ∈ ]0, +∞[×R
d.(2.2)

By combining Corollary 3.14 and Lemma 5.10 in De Lellis [21] one obtains
Theorem 2.1. Let b ∈ L∞

loc ∩ BVloc

(

[0, +∞[×R
d; Rd

)

be a nearly
incompressible vector field and assume that the function ρ in equation (2.1),
besides satisfying the bound (2.2), enjoys the following regularity:

ρ ∈ BVloc

(

[0, +∞[×R
d
)

, and ρ(0, ·) ∈ BVloc(R
d).

Then, for any ū ∈ L∞(Rd), there exists a unique bounded, distributional
solution of the Cauchy problem (1.1), (1.2).

In the statement of the previous theorem uniqueness can be interpreted
as follows. Classical results (see e.g. Dafermos [20, Lemma 1.3.3]) ensure
that any bounded, distributional solution of the continuity equation (1.1)
admits a representative such that the map t 7→ u(t, ·) is continuous from
R to L∞(Rd) provided that L∞(Rd) is endowed with the w∗-topology.
Hence the statement of Theorem 2.1 can be reformulated by saying that
the Cauchy problem (1.1), (1.2) admits a unique solution in the space of
bounded functions u such that the map t 7→ u(t, ·) is w∗-continuous. In the
following, we will always identify a bounded, distributional solution of (1.1)
with its w∗-continuous representative.
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2.2. A well-posedness result in the class of strongly continu-

ous solutions. Before introducing our first well-posedness result (Theo-
rem 2.2), we make some further preliminary considerations.

An example due to Depauw [22] ensures that if in the statement of
Theorem 2.1 one removes the hypothesis that b has BV regularity then the
uniqueness result fails. More precisely, Depauw exhibited a time dependent,
bounded vector field b taking values in R

2 and satisfying the following con-
ditions. The vector field b(t, ·) has locally bounded total variation for every
t > 0, but, for any compact set K ⊆ R

2, the norm ‖b(t, ·)‖BV (K) blows up
as t → 0+ and the function t 7→ ‖b(t, ·)‖BV (K) is not integrable up to t = 0.
Also, the vector field b is divergence free and hence nearly incompressible
(one can take ρ(t, x) ≡ 1 in Definition 2.1). In this case the uniqueness
part in the statement of Theorem 2.1 fails because Depauw exhibits a non
trivial solution of (1.1) satisfying the Cauchy datum u(0, x) ≡ 0, namely

lim
t→0+

u(t, ·) = 0 weakly∗ in L∞(Rd).(2.3)

Loosely speaking, our first new well-posedness result for the Cauchy prob-
lem (1.1)-(1.2) states that, for vector fields b like the one in Depauw’s
example, uniqueness can be restored provided one imposes additional reg-
ularity requirements on the solution u. The point is the following: the
space L∞(Rd) can be endowed with the strong topology of L1

loc(R
d). As a

matter of fact, one can verify that the non trivial solution u in Depauw’s
example is highly oscillating as t → 0+ and hence the limit (2.3) is not
satisfied if, instead of the w∗ topology, we consider the strong topology
of L1

loc(R
2). Hence, there is hope of obtaining a uniqueness result for the

Cauchy problem (1.1)-(1.2) in the class of bounded, distributional solutions
u such that the map t 7→ u(t, ·) is continuous with respect to the strong
topology in L1

loc(R
d).

Before stating our precise well-posedness result, we have to introduce
some notations: we denote by BR the ball of radius R and center at ~0 in R

d.
Also, assume that the function ρ(t, x) has, for a given t, locally bounded
total variation with respect to the x variable, then the distributional deriva-
tive |Dρ(t, ·)| is a Radon measure and we denote by |Dρ(t, ·)|(BR) the value
assumed on the set BR.

Theorem 2.2. Let b ∈ L∞ ∩ BVloc(]0, +∞[×R
d; Rd) be a nearly in-

compressible vector field and assume that the function ρ in equation (2.1),
besides fulfilling the bound (2.2), satisfies ρ ∈ BVloc

(

]0, +∞[×R
d
)

and en-
joys the following regularity properties: the map t 7→ ρ(t, ·) is continuous
from [0, +∞[ in the space L1

loc(R
d) endowed with the strong topology. Also,

the map t 7→ |Dρ(t, ·)|(BR) belongs to L∞

loc(]0, +∞[) for every R > 0.
Then, for any ū ∈ L∞(Rd), there exists a unique bounded, distri-

butional solution of the Cauchy problem (1.1)-(1.2) such that the map
t 7→ u(t, ·) is continuous with respect to the strong topology in L1

loc(R
d).

The proof of Theorem 2.2 is provided in [6]: the main issue is actu-
ally establishing the existence of a strongly continuous solutions, which is
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achieved by approximating b by a sequence of smooth, nearly incompress-
ible vector fields.

2.3. A new well-posedness result for weakly continuous so-

lutions. In this section we discuss Theorem 2.3, another well-posedness
result for the Cauchy problem (1.1)-(1.2) which, as Theorem 2.2, can be
regarded as an extension of Theorem 2.1. More precisely, in the statement
of Theorem 2.3 we keep the same regularity assumptions on b and ρ as in
Theorem 2.1, but we relax the assumption that the function ρ in Defini-
tion 2.1 is bounded away from 0 by handling the case when ρ attains the
value zero.

Theorem 2.3. Let b ∈ BVloc

(

[0, +∞[×R
d; Rd

)

be a bounded vector
field and assume that there exists a nonnegative, locally bounded function
ρ ∈ BVloc

(

[0, +∞[×R
d
)

satisfying the following assumptions: first, the

map t 7→ |Dρ(t, ·)|(BR) belongs to L∞

loc

(

[0, +∞[
)

for all R > 0. Also, ρ is
a distributional solution of

∂tρ + divx (bρ) = 0.

If, for some positive constant K > 0, the initial datum ū satisfies |ū(x)| ≤
Kρ(0, x) for a.e. x ∈ R

d, then there exists a unique bounded, distributional
solution of the Cauchy problem (1.1), (1.2) such that

|u(t, x)| ≤ Kρ(t, x) for every t ≥ 0 and for a.e. x ∈ R
d.(2.4)

Note that, as mentioned before, we are identifying any solution of the
continuity equation (1.1) with its w∗-continuous representative and hence
the inequality (2.4) is well-defined for every t ≥ 0.

3. Applications to the chromatography system. In this section
we discuss how Theorems 2.2 and 2.3 can be applied to the analysis of the
so-called chromatography system, namely























∂tu1 + ∂x

(

u1

1 + u1 + u2

)

= 0

∂tu2 + ∂x

(

u2

1 + u1 + u2

)

= 0.

(3.1)

In the previous expression, (t, x) ∈ [0, +∞[×R and u1 and u2 are both
real valued functions. The analysis of (3.1) is motivated by the study of
the two-component chromatography (see e.g. Bressan [12, page 102]) and
hence one is usually interested in finding nonnegative solutions, u1 ≥ 0
and u2 ≥ 0. As a matter of fact, both Theorems 3.1 and 3.2 can be easily
extended to the case of k components,

∂tui + ∂x

(

ui

1 +
∑k

j=1 uj

)

= 0, ui ≥ 0 for i = 1, . . . , k.
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However, to simplify the exposition in the following we focus on the case
(3.1). Also, we are concerned with the Cauchy problem obtained by cou-
pling (3.1) with the initial data

u1(0, x) = ū1(x) and u2(0, x) = ū2(x).(3.2)

3.1. The chromatography system. The chromatography system
(3.1) belongs to the so-called Temple class [31], and hence well-posedness
results are available even for initial data that violate the classical hypothe-
sis of small total variation (see e.g. the book by Bressan [12] for an overview
of the theory of one-dimensional systems of conservation laws with Cauchy
data having small total variation). Concerning Temple systems, Serre [30]
established existence results under the hypothesis that the total variation of
the initial data is bounded but arbitrarily large, while later on Bianchini [10]
obtained existence and uniqueness results for initial data that are merely
bounded. See also Baiti and Bressan [9] and Bressan and Goatin [14].
The well-posedness results in both Serre [30] and Bianchini [10] apply to
general Temple systems, while here we restrict to the chromatography sys-
tem. However, in [10, 30] the analysis requires a standard hypothesis of
so-called strict hyperbolicity (see e.g. Dafermos [20, Chapter 7] for the
exact definition), which is violated by the chromatography system if the
sum u1 + u2 attains the value 0. For general systems of conservation laws,
when strict hyperbolicity is violated even the existence of bounded, dis-
tributional solutions may fail (see again Dafermos [20, Section 9.6] for a
related discussion). However, in the case of the chromatography system
well-posedness results can be extended to the case the sum u1 + u2 attains
the value 0, see Theorem 3.2.

The main difference between the well-posedness results in Serre [30]
and Bianchini [10] and Theorems 3.1 and 3.2 lies in their approach: in-
deed, the analysis in both [10, 30] is based on the introduction of suitable
approximation schemes. Conversely, Theorems 3.1 and 3.2 are obtained by
introducing a change of variables which transforms (3.1) in the coupling
between a scalar conservation law and a continuity equation with a weakly
differentiable vector field (see Section 3.2 in here for more details). This is
similar to the approach in Bressan and Shen [15] and Panov [28, Remark
4, page 140]. See also the analysis by Ambrosio, Bouchut and De Lel-
lis [4, 7] concerning the so-called Keyfitz and Kranzer system [25], which
was inspired by considerations in Bressan [13].

3.2. Well-posedness results for the chromatography system.

In order to apply Theorems 2.2 and 2.3 to the analysis of the chromatog-
raphy system (3.1) we first introduce the change of variables

v := u1 + u2 w := u1 − u2,(3.3)
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which transforms (3.1) in the coupling between the scalar conservation law

∂tv + ∂x

(

v

1 + v

)

= 0(3.4)

and the continuity equation

∂tw + ∂x

(

w

1 + w

)

= 0.(3.5)

By applying Kružkov’s theory [26], we get that, for any bounded initial
datum, the Cauchy problem for (3.4) admits a unique bounded, entropy
admissible, distributional solution. For the definition of the entropy ad-
missibility criterion for conservation laws see e.g. Dafermos [20, Section
3.2].

We can then plug the solution v into (3.5), thus obtaining a continuity
equation in the form (1.1) with b(t, x) := 1/[1+ v(t, x)]. However, it is well
known (see again Dafermos [20, Section 4.3]) that, even if the initial datum
is extremely regular, in general classical solutions of scalar conservation
laws break down in finite time. Hence, when handling (3.5) we are forced
to take into account the possibility that the vector field 1/(1 + v) has
low regularity. Nevertheless, note that Kružkov’s theory [26] ensures that
equation (3.4) preserves the BV regularity, namely v(t, ·) ∈ BV (R) for
every t > 0 if the initial datum v(0, ·) ∈ BV (R). Also, in the case of
equation (3.4) the flux v 7→ 1/(1 + v) is strictly concave, hence we can
apply Olĕınik’s estimate [27] and get that, even if the initial datum is merely
bounded, the entropy admissible solution of (3.4) satisfies v(t, ·) ∈ BV (R)
for every t > 0. Note, however, that in this case the BV norm of v(t, ·)
blows up as t → 0+.

Our first well-posedness result for the Cauchy problem (3.1)-(3.2) is
the following.

Theorem 3.1. Assume that the initial data (3.2) satisfy the following
conditions:

• ū1, ū2 ∈ L∞

loc(R);
• ū1(x) ≥ 0 and ū2(x) ≥ 0 for a.e. x ∈ R;
• for every R > 0 there exists δR > 0 such that ū1 + ū2 ≥ δR for a.e.

x ∈ ] − R, R[.
Then there exists a unique vector valued function (u1, u2) satisfying

1. (u1, u2) is an entropy admissible, distributional solution of the
Cauchy problem (3.1)-(3.2);

2. the maps t 7→ u1(t, ·) and t 7→ u2(t, ·) are both continuous with
respect to the strong topology of L1

loc(R).
Also, the unique vector valued function (u1, u2) satisfying 1. and 2. above
enjoys the additional property that for every t ≥ 0 and for a.e x ∈ R

u1(t, x) ≥ 0 and u2(t, x) ≥ 0.
For the proof of Theorem 3.1, we refer to [6], however the main ingredi-

ents are the changes of variables (3.3), Kružkov’s theory [26], Theorem 2.2,
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Olĕınik’s estimate [27], a regularity result due to Chen and Rascle [16] and
a result which classify the entropies of (3.1) and ensures that the entropy
admissible solutions of (3.1) are exactly those such that the sum v = u1+u2

is an entropy admissible solution of (3.4) and the difference w = u1 − u2 is
a distributional soluton of (3.5) (see Lemma 4.1 and Proposition 4.2 in [6]
for a more precise statement).

In our second well-posedness theorem we remove the assumption that
the sum ū1 + ū2 is locally bounded away from 0, but the price we have to
pay is that now we impose that ū1 + ū2 has BV regularity.

Theorem 3.2. Assume that the initial data (3.2) satisfy the following
conditions:

• ū1, ū2 ∈ L∞

loc(R);
• ū1(x) ≥ 0 and ū2(x) ≥ 0 for a.e. x ∈ R;
• (ū1 + ū2) ∈ BVloc(R).

Then the Cauchy problem (3.1), (3.2) admits a unique entropy admissible,
distributional solution (u1, u2) such that

1. the maps t 7→ u1(t, ·) and t 7→ u2(t, ·) are both continuous with
respect to the w∗ topology of L∞

loc(R);
2. for every t > 0, u1(t, ·), u2(t, ·) ∈ L∞

loc(R) and u1(t, x), u2(t, x) ≥ 0
for a.e. x ∈ R.

Also, this unique solution satisfies the additional regularity property that
the maps t 7→ u1(t, ·) and t 7→ u2(t, ·) are both continuous with respect to
the strong topology of L1

loc(R).

The proof of Theorem 3.2 is given in [6] and relies on Theorem 2.3
and, again, on Kružkov’s theory [26], on the regularity result by Chen and
Rascle [16] and on the classification of the entropies of (3.1).

Note that by applying Theorems 2.2 and 2.3 one can also get well-
posedness results for the so-called Keyfitz and Kranzer system [25], in
the same spirit as those in Ambrosio, Bouchut and De Lellis [4] (multi-
dimensional case with BV data), Freistühler [24] and Panov [28] (one-
dimensional case with bounded initial data). See [6, Section 5] for the
details.

Remark 3.1. Theorems 2.2 and 2.3 are valid in any space dimension,
but the applications in Theorems 3.1 and 3.2 are concerned with the one-
dimensional case only. In the one-dimensional case, well-posedness results
for the continuity equation (1.1) are available under much weaker assump-
tion than those required to deal with higher dimensions: see for example
Panov [29]. By combining the classification of the entropies provided by
Lemma 4.1 in [6] with the results in [29] one can establish well-posedness
results for the Cauchy problem (3.1), (3.2) under the assumption that the
initial data ū1 and ū2 are merely bounded and nonnegative.

4. Related open problems. For a recent discussion on open prob-
lems concerning the continuity equation (1.1) and its extensions, see the
contribution by Ambrosio [1] to this volume. Here we focus on the connec-
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tion between the issues discussed in Section 2 and the following compact-
ness conjecture, proposed by Bressan [13].

Conjecture 4.1. Let bk : [0, +∞[×R
d → R

d, k ∈ N, be a sequence of
smooth vector fields and denote by Xk the solution of the Cauchy problem











dXk

dt
= bk

[

t, Xk(t, x)
]

Xk(0, x) = x

Assume that ‖bk‖∞ + ‖∇bk‖L1 is uniformly bounded and that the flows Xk

satisfy, for some constant C > 0,

1

C
≤ det(∇xXk(t, x)) ≤ C.

Then the sequence {Xk} is precompact with respect to the strong topology
of L1

loc([0, +∞[×R
d).

As a matter of fact, uniqueness results for the Cauchy problem (1.1),
(1.2) are strongly related to the so-called renormalization properties: in-
deed, these properties can be used (see e.g. Di Perna and Lions [23] and
Ambrosio [2]) to establish a comparison principle. See also Bouchut and
Crippa [11] for a characterization of the relation between uniqueness and
renormalization. Ambrosio, Bouchut and De Lellis [4] proposed the fol-
lowing renormalization conjecture (note that no regularity assumption is
imposed on the function ρ).

Conjecture 4.2. Let b ∈ L∞

loc ∩ BVloc

(

[0, +∞[×R
d; Rd

)

be a nearly
incompressible vector field, and let ρ be the function appearing in Definition
2.1. Then, for every bounded function u solving

∂t(ρu) + divx (bρu) = 0

in the sense of distributions and for every β ∈ C1(R), the function β(u)
satisfies

∂t

[

ρβ(u)
]

+ divx

[

bρβ(u)
]

= 0

in the sense of distributions.
Moreover, in [4] the authors show that, if Conjecture 4.2 is true, then

also Conjecture 4.1 is verified. A proof of Conjecture 4.2, under additional
assumptions, is due to Ambrosio, De Lellis and Malý [8]. See also Crippa
and De Lellis [19] for results concerning Bressan’s conjecture.
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