PARTIAL W2 REGULARITY
FOR OPTIMAL TRANSPORT MAPS

SHIBING CHEN, ALESSIO FIGALLI

ABSTRACT. We prove that, in the optimal transportation problem with general costs and
positive continuous densities, the potential function is always of class Wfo’f for any p > 1
outside of a closed singular set of measure zero. We also establish global W27 estimates
when the cost is a small perturbation of the quadratic cost. The latter result is new even
when the cost is exactly the quadratic cost.

1. INTRODUCTION

Regularity of optimal transport maps is a very important problem that has been studied
extensively in the recent years. For the special case when the cost function is given by
c(z,y) = 3|z — y|* (or equivalently c(z,y) = —z -y, see the discussion in [I3, Section
3.1]), Caffarelli [1, 2 B, [4, 5] developed a deep regularity theory. However, for general
costs functions the situation was much more complicated. A major breakthrough happened
in 2005 when Ma, Trudinger, and Wang [34] introduced a fourth order condition on the
cost function (now known as MTW condition) that guarantees the smoothness of optimal
transport map under suitable global assumptions on the data. Later, it was shown by
Loeper [31] that the MTW condition is actually a necessary condition. Motivated by these
results, a lot of efforts have been devoted to understanding the regularity properties of
optimal map under the MTW condition, see for instance [20, 28], 37, [38| 21, 32} [33], 29, [30],
22, 27, 24, 23], 18], 19].

Unfortunately, as observed by Loeper in [31] and further noticed in many subsequent
works, the MTW condition is extremely restrictive and many interesting costs do not satisfy
this condition. Hence, a natural and important question became the following: What can
we say about the regularity of optimal transport maps when the MTW condition fails? A
first major answer was given by De Philippis and Figalli [12]: there, the authors proved
that, without assuming neither the MTW condition nor any convexity on the domains, for
the optimal transport problem with positive continuous (resp. positive smooth) densities,
the potential function is always C’llo’? (resp. smooth) outside a closed singular set of measure

zero. In a related direction, Caffarelli, Gonzéles, and Nguyen [7] obtained an interior CZQOS
regularity result of optimal transport problem when the densities are C* and the cost
function is of the form c(x,y) = %]w —y|P with 2 < p < 2+ ¢ for some € < 1 (or, p > 1 and
the distance between source and target is sufficiently large). This interior regularity result
was later extended by us to a global one [10].
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The aim of this work is to further develop the techniques introduced in [10} 1T} 12] and
prove a partial W?2P regularity result. More precisely we show that, for the optimal transport
problem with positive continuous densities, there exists a closed singular set of measure zero
outside which the potential function is of class leo’f for any p > 1 (in particular, the singular
set is independent of the exponent p). As a corollary of our techniques together with an
argument due to Savin [36], we are able to obtain global WP estimates when the domains
are convex and the cost function is C?-close to —x - .

The paper is organized as follows. In section 2 we introduce some notation and state our
main results. Then, in section 3 we prove our key Proposition [2.4] and finally in the last
section we prove our main results.

2. PRELIMINARIES AND MAIN RESULTS

First, we introduce some conditions which should be satisfied by the cost. Let X and Y
be two bounded open subsets of R™.

CO0) The cost function ¢ : X x Y — R is of class C3, with elloza(x xyy < oo
C1) For any =z € X, the map Y 2 y — D,c(z,y) € R" is injective.

C2) For any y € Y, the map X > 2 — Dyc(x,y) € R" is injective.

(C3) det(Dyyc)(z,y) # 0 for all (z,y) € X x Y.

~~

A function v : X — R is said c-convez if it can be written as

(2.1) u(x) = sup{—c(z,y) + Ay}

yey
for some family of constants {\,},cy C R. Note that (C0) and imply that a c-convex
function is semiconvex, namely, there exists a constant K depending only on [|¢[c11(x xv)
such that u 4+ K|z|? is convex. One immediate consequence of the semiconvexity is that u
is twice differentiable almost everywhere.

Thanks to (CO) and (C1) it is well known (see for instance [40, Chapter 10]) that there
exists a unique optimal transport map. Also, there exists a c-convex function u such that
the optimal map is a.e. uniquely characterized in terms of u (and for this reason we denote
it by T,) via the relation

(2.2) — Dye(x, Ty (x)) = Vu(z) for a.e. x.

As explained for instance in [I2, Section 2] (see also [13]), the transport condition (T},)4f =
g implies that u solves at almost every point the Monge-Ampere type equation
(2.3)

det (D?u(@)+ Dase(e, c-exp, (Vu(x))) ) = [det (Daye(a, c-oxp, (Vu(x))))| 4

g(c-exp,(Vu()))’

where c-exp denotes the c-exponential map defined as
(2.4) forany x € X,y €Y, peR", cexp,(p) =y <& p=—Dye(z,y).

Notice that, with this notation, T, () = c-exp,(Vu(z)).
For a c-convex function, in analogy with the subdifferential for convex functions, we can
talk about its c-subdifferential: If u : X — R is a c-convex function, the c-subdifferential of
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u at x is the (nonempty) set
deu(z) :={y €Y :u(z) > —c(z,y) + c(z,y) +u(z) Vze X}
We also define Frechet subdifferential of u at x as
O u(@) :={peR":u(z) >u(x)+p-(z—2)+ oz —z[)}.
It is easy to check that
(2.5) y € du(zr) = —Dyc(z,y) € 0 u(x).
Also, it is a well-known fact (see for instance [40, Chapter 10]) that the transport map T,
and the c-subdifferential 0.u are related by the inclusion
Tu(z) € Ocu(x).
In particular, since d.u(x) is a singleton at every differentiability point of u (this follows by
(2.5), we deduce that
(2.6) Oeu(z) = {Ty(x)} whenever u is differentiable at x.

The analogue of sublevels of a convex functions is played by the sections: given yg € d.u(xg),
we define

S(wo, Yo, u, h) := {z 1 u(r) < —c(z,90) + c(x0,Y0) + c(z0,Y0) + u(wo) + h}.
Note that, whenever u is differentiable at z¢ then yo = T}, (xo). To simplicity the notation,
we will use Sy, (o) to denote S(zo,yo,u, h) when no confusion arises.
Finally, we recall that given u c-convex, its c-transform u¢ is defined as
u(y) := sup{—c(z,y) — u(z)}.
rzeX
With this definition, u¢ plays the role of u for the transportation problem from g to f.

Our first main result states that, if f and g are positive continuous densities, then u is
of class I/Vli’cp for any p > 1 outside a closed set of measure zero. A crucial fact in our proof
is to show that the singular set X is independent of p.

Theorem 2.1. Let u be the potential function for the optimal transport problem from (X, f)
to (Y,g) with cost ¢ satisfying (C0O)-(C3). Suppose f : X — R" and g : Y — RT are
positive continuous densities. Then there exists a closed set ¥ C X of measure zero such
that u € VVi’f(X \ X) for any p > 1.

By a localization argument, the above theorem yields the following;:

Corollary 2.2. Let (M,G) be a smooth closed Riemannian manifold, and denote by d the
Riemannian distance induced by G. Let f and g be two positive continuous densities, and let
T be the optimal transport map for the cost ¢ = g sending f onto g. Then there exist two
closed sets 21,59 C M of measure zero, such that T : M\ X1 — M\ X9 is a diffeomorphism

of class I/Vl})’f for any p > 1.
In the next result we show that if the cost function is sufficiently close to the “quadratic”
cost —x -y (recall that this cost is equivalent to %\w —y|?), then the potential is W2P up to

the boundary. Observe that the smallness parameter § is independent of p, and that this
result is new even in the case ¢(z,y) = —x - y.
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Theorem 2.3. Suppose X and Y are two C? uniformly convex bounded domains in R™.
Assume f: X = Rt and g : Y — RT are two continuous positive densities, and let u be
the c-conver function associated to the optimal transport problem between f and g with cost
c(x,y). Suppose c satisfies (CO)-(C3) and

(2.7) e+ yllerrxxy) <6

Then there exists 6 > 0, depending only on n, the modulus of continuity of f and g, and the
uniform convexity and C?-smoothness of X, and Y, such that u € W?P(X) for any p > 1
provided § < 4.

The proof of above results is based on the following proposition.

Proposition 2.4. Let f and g be two densities supported in By C C1 C Bg and By i C
Cy C By, respectively. Suppose that Co is convex,

(2.8) 1f = Lllpeo(cyy + lg = 1l oo ey <9,
and
(2.9) le(m,y) + 2 - Yllerr (B xBr) < 6.

Then, for any p > 1 there exists d > 0, depending only on n, K, ||c|c21, and p, such that
u € W2P(B_1 ) provided § < 4.
4K

Note that, in the result above, the smallness of the parameter § depends on p. So, for the
proof of Theorems and [2.3] and Corollary it will be crucial to prove that actually ¢
can be chosen independently of p (see Lemma. Also, as explained in Section below,
to prove Proposition [2.4] we shall first approximate u with smooth solutions and then obtain
W?2P a priori estimates that are independent of the regularization. We note that, in this
context, such a regularization procedure is nontrivial and require some attention.

Remark 2.5. As we shall also observe later, the condition “Cy is convex” in Proposition
can be replaced by the assumption
1

<
5 o

u— ol

L2 (Byg)

for some fixed 19 < 1/K. Under this assumption, for any p > 1 there exists § > 0, depending

only on n, K, 19, and p, such that u € WQ’p(B%nO) provided § < 4. Moreover, in the

above condition, the function %]wP can be replaced by a C? convex function v such that
ﬁld < D?v < MId, in which case § depends also on M and the modulus of continuity of
D%y .

3. PROOF OF PROPOSITION 2.4

We begin by observing that, under our assumptions, it follows by [12] Theorem 4.3] and
the argument in the proof of [0, Theorem 2.1] that u € C%(B 1 ) for some o > 0. Hence,
2K

up to replace K by 2K, we can assume that u € CY%(B; /). In particular it follows
by (2.6) that S(zo,yo,u,h) = S(zo, Tu(xo),u, h), and we can use the notation Sy(zg) =
S(zo, Tu(x0),u, h).
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3.1. Engulfing property of sections. The first step consists in establish the engulfing
property for sections of u, which is stated as the following lemma.

Lemma 3.1 (Engulfing property). There exist universal constants ro > 0 and C > 1 such
that, for h < rqg and xg € B%,
3

x1 € Sp(zo) - Sh(zo) C Scn(z1).

Proof. Without loss of generality we may assume zg = 0,yo = Ty (zo) = 0, and u(0) = 0.
Up to performing the transformations

c(x,y) — c(x,y) = c(z,y) — c(x,0) — ¢(0,y) + ¢(0,0), u(z) = u(x) :=u(r) + ¢(x,0),
we may assume
(3.1) c(x,y) = =z -y + O(|z*|yl + |[|y|*).

1/n
Set p := (%D so that |pCa| = |C1|, and let v be a convex function satisfying (Vv)yle, =

1,c, with v(0) = 0 (we note that Vv is the optimal transport map from lc—ll‘lc1 to ﬁlc2
for the quadratic cost). By a compactness argument similar to the proof of [12, Lemma 4.1]
we have

(32 Ju= vl ) < w(d),

where w : RT — RT satisfies w(r) — 0 as r — 0. Also, since pCs is convex, it follows by [4]
that v is smooth and uniformly convex in B 3 .
4K

Thanks to (2.8), (2.9), and (3.2), we can follow the proof of [I2, Theorem 4.3] to show
that, for small h, there exists an affine transform A such that

(3.4) A’—l(Bé\/ﬁ) C Tu(Sn) € A7Y(B,5)
and

1
(3.5) u(Ax) — 5W <nh in By 5
with
(3.6) JAIL AT < R0

where A’ denotes the transpose of A, and 7,6 > 0 can be as small as we want, provided
0 is sufficiently small. Note that (3.2)) plays the same role as the fact that u is close to
a quadratic function, which is used in the proof of [12] Theorem 4.3]. Furthermore, (3.4)

and (3.6) imply that diam(Sy(z)) < Chz . Hence, if we choose 79 small enough so that
1

19
Crg < &, we see that for h < ryp and x € B 2 we have Sy (z) C B .
3K 4K

Now we perform the transformations c;(z,y) := c(Ax, A’~'y) and u1(x) := u(Az), and
we use the notation S} = S(0,0,us,h). By (3.3) and (3.4) we have

(37) B%\/ECS}LCB?)\/E
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and

(3.8) By C Tu,(S}) C By -

Note that

(3.9) 0 <wuy(z)+ci(x,0) —e1(0,0) —ur(0) < h for any z € S}.

Also, by (3.1) and (3.6) we see that [le1][c11( By By ) < C for some universal constant
C. Therefore, thanks to (3.8) and (3.10), for any x,z1 € S} and y1 = T, (z1) € Ty, (S}),

le1(z,y1) — c1(z1,y1) + c1(21,0) — c1(2,0)| < || Dyyer|lco |1 — x| jy1] < Cih
( )

3vi X Bs v
for some universal constant Cy. Hence, by (3.9) applied to both = and z1 we get
ur(x) + 1z, y1) — ez, y1) —ur(x1) = wi(z) +er(w,0) — 1(0,0) — uy(0)
—(ul(xl) + cl(xl, 0) - 61(0, 0) - ul(O))

+ei1(w,y1) — ci(wr, 1) + c1(21,0) — er(z,0)
< h+Cih.

Since x € S} = 5(0,0, u1, h) was arbitrary, this proves that S(0,0,u1,h) C S(x1,y1,u1, (1+
C1)h). Recalling the relation between u; and w, this proves the desired result. O

As a consequence of this result, one gets the following:

Corollary 3.2. There exists a small constant r1 such that for h < ry and x,y € B% the
2

following holds: suppose Sp(x) N S¢(y) # 0, t < h. Then there exists an universal constant
C" such that S¢(y) C Scrp(x).

Proof. Fix z € S(z) N Si(y). By Lemma [3.1| we have that
Si(y) € Scn(z)  and  x € Sp(z) C Scn(?)

for some universal constant C. Also, by the argument in the proof of Lemma z€ B2
3

for h small enough. Hence, using Lemma [3.1] again we have Scp,(2) C Scezp,(2), thus Si(y)
Scrp(z) with €7 = C2.

OnNn=

It is well known that the property of sections stated in Corollary [3.2] implies the following
Vitali covering lemma (see for instance [16, Lemma 4.6.2] for a proof):

Lemma 3.3 (Vitali covering). Under the assumptions of Pmposition let D be a compact
subset of B%, and let {Sh,(x)}zep be a family of sections with hy < ri. Then, there ezists
2

m

D c | J Sh,, ()

=1

with {Sahzi (i) Yi=1,....m disjoint, where o > 0 is a universal constant.
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3.2. Approximation argument. In the next sections we will prove our W?2? estimates
by controlling the measure of the super-level sets of the Hessian of u. Because we shall need
to use the pointwise value of D?u, we need an approximation argument in order to work
with C? convex functions. Since in this setting this is not a standard procedure, we now
provide the details.

1/n
Given u as in Proposition we set p = (%) so that |pCa| = |Ci|, and let v be a
convex function satisfying (Vv)sle, = 1,¢, with v(0) = 0. Since

|u—vl|peep,) =0 as 0 — 0
®

(see (3.2)), as in the proof of Lemma we can choose § small enough so that for any
x € B1 and h > 0 small but unlversal the section Sp(x) satisfies , , ., and

2K
(5X6))

We now consider f. : C; — R and g : Co — R as sequence of C'*° densities that
approximate f and g respectively, and denote by u. the potential function for the optimal
transport problem from f. to g. with cost c. Without loss of generality, we can assume that
ue(0) = u(0).

Then, by a compactness argument it follows that

H'U/E_'U/”LOO(BL)—)O ase—0

Since u is strlctly convex, choosing e sufﬁClently small we see that the sections S} (x) =

S(xz, Ty, (x), ue, h) satisfy ., . ., and with bounds independent of e.

In particular, assuming ¢ is small enough, by [12 Theorem 4.3] applied to +u(Avhz)
we deduce that v, is of class C*%/7 in A(B 1 \/E) By duality, similarly we also have that its
c-transform u¢ is of class C19/7 inside A'~*(B 1 /7)- Hence, by [T, Theorem 2.3] we deduce
that u. is of class C? in a neighborhood of z. Since z € B L was arbitrary, this proves that

Ue € CQ(Bﬁ) for any € > 0 small enough.

Hence, up to proving our W?2P® estimates with u, in place of v and then letting € — 0, in
the next sections we shall directly assume that v € C2.

3.3. Density estimates. The goal here is to show that, given a section Sy, (z) C Bﬁv the

density of “bad points” where the Hessian of u is large has measure that goes to zero as
0 — 0.
Fix xg € B , and let yg = T, u(:vo). Without loss of generality, we may assume xg = yg =
2K

0. Also, as in the proof of Lemma 1| we can assume that (3.1)) holds. In this way it follows

that, for h small, . . 3.5)), and . hold.

Perform the transformatmm

clz,y) — &(z,y) = %c(\/ﬁAx, VhA™y);

u(z) > A(w) = %u(\/ﬁA:c);
f@) = f(z) = f(VhAz),  g(y) — g(y) = g(VhA'y).
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Note that, by (3.1 and (3.6]), we have

(3.10) e+ 2 ylleriBgxpg) <6
provided h is sufficiently small. Also, it follows by (3.3)), (3.4), and (3.5)) that
(3.11) B% c 5(0,0,u,1) C Bs,
(3.12) B% C Tu(5(0,0,w,1)) C Bs,
and

_ 1 o
(3.13) a(r) — =|x| <.

27 Lo (By)

We now construct a smooth function w that well approximates u. Denote X; := S(0,0, @, h)
and Y7 := T5(S(0,0,a, h)).

1/n
Lemma 3.4. Set p := (%) , and let w be a convex function such that (Vw)ylx, = 1,y

and w(0) = u(0). Then, for any v > 0, there exist 6,1, > 0 such that

(3.14) 1 — wllpee (B, ) <
and
(3.15) ||wH02,1(Bl/6) <C

provided 6 < 6, and 1 < 1., where C is a universal constant.

Proof. The bound (3.14)) follows from a compactness argument similar to the proof of [12]
Lemma 4.1]. Also, taking v < n, (3.13)) and (3.14)) imply that

1
(3.16) Hw(m) — —|z? < 2.
20 sy

Thanks to (3.16]), as in the proof of Lemma (see also Step 1 in the proof of [12] Theorem

4.3]) we can apply [4] to deduce that HWHC?J(BUG) < C for some universal constant C. [

Let L be the operator defined by
Lu(z) = D*u(z) + Dyyé(z, Ta(x)).
By (2.8)) and (3.10)), we have
_ . f(z)
(3.17) det(Lu(x)) = |det (Dyyc(x, Ta(x)))| =+
et (Dayelie Ta) | = L2
We now follow the argument in [2] to establish the density estimate. Since the argument

is rather standard, we shall just emphasize the main points, referring to [2] or [16, Chapter
4.7] for more details.

=14 0(5).

w

Lemma 3.5. Let u,w be as above, and denote by I' (a — %) the convex envelope of U — 5

Then, for any Borel set E C By, we have

(3.18) ‘VF(@— Q;))(E)’ < (2171+O(5))‘Em {F(ﬁ— %) =u— ZJH
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Proof. Noticing that det D?>w = 1, det D?a = 1 + O(6), and D¢ = O(J), since w is

uniformly convex and det D?I'(z — %) is a measure supported on {I'(d — %) = @ — %}, it

follows by the Area Formula (see for instance [16, Proposition A.4.19]) that

v det D? (ﬂ — %)

vr<a— 2)(E)’ -

/;mgwa—g)a—g}

_ /E ey & [Lu - (02 + Dmc(x,Tux))]
(dercza)” — aen[ (D25 + 0)] ")

(det D2w) /™ — 0(5))>n

IN
S
)

-~
=
ﬁ‘l
wlg
—
Il
ﬁ‘l
vlg
-

AN
5
D

=
=
=
I
|
T
:‘\
vlg
-
7N\
=
+
@)
—~
!
|
~
N =

IN
| =
+
)
=
N————
3

where we used the inequality
[det(A + B)]Y/™ > (det A)/™ + (det B)Y/™ VA, B symmetric, nonnegative definite
(see for instance [16, Lemma A.1.3] for a proof). O

By using Lemma we can follow the lines of proof of [2, Lemma 6] (see also the proof
of |16, Lemma 4.7.1]) to establish the estimate
{T(u—%)=u— 50 Bysl
| By s

from which one immediately obtain the following bound (see [2, Corollary 1] or Step 6 in
the proof of [16, Lemma 4.7.1]):

>1— (082,

Lemma 3.6 (Density estimate). Let 4 be as above. Then there exist universal constants
N > 1,17 > 0 such that

(3.19) [{z € S (0) : | D?*a(x)|| > N}| < N&'/2|SE (0)]
for hg € (%, %)

3.4. W?P estimate. We now prove our WP interior estimates. Recall that we are assum-
ing that u € C2.

As in the proof of Lemma [3.1], for any x € B L and h > 0 small enough, there exists an
affine transformation A with det A =1 such that

We define the normalized size of the section Sy, (z) as
(3.21) a(Sp(x)) = [|A™H*.

Although A is not unique, if A; and Ay are two affine transformations that satisfy ((3.20))
then both || A7 ! Ag|| and || A5 Ay || are universally bounded, thus the normalized size is well
defined up to universal constants.
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With the notation from the previous section, we see that the estimate (3.19) can be
rewritten in terms of 4 and becomes

(3.22) |Sn(z) N {[|D?u| > Na(Sy(2))}| < C6Y2|Sh(2)|
for any h small enough. Also, since det Lu = 1 + O(9), it follows that
1
| D?u|| < N — D?u > ot ld:
Thus, up to enlarging N and using Lemma again, we deduce that

A%hm{a“*“”)suﬂuHSJWﬂSAw»},

<
|Sh(u)‘ <C N

that combined with (3.22)) yields
(3.23)

5160) 0 {102l > Va(si )} < 055 { 2D < g < wa(siio) |

Also, by (3.6) we have

(3.24) diam(Sy(x)) < ChY?||A|| < ChM?>70 < Ca(Sh(z))

where 3 := i@

1
2°
Let M > 1 to be fixed later, set pg := and for m > 1 we define p,, inductively by

2K’
(3.25) Pm = Pm—1 — CM—™P

where the constants C’, B are as those in (3.24). Note that, by taking M large enough so
that

ZCM m5<i

we can ensure that p, > ﬁ for all m 2 1.
Now, for k > 0 we set Dy, := {z € B,, : ||D?ul| > M*}. We shall prove the following
lemma.

Lemma 3.7. |Dyy1| < N6Y2|Dy.

Proof. Let M > N to be chosen later, and for any x € D1 choose a section Sy_(x) such
that
(3.26) a(Sp, () = NM*,

Such a section always exists because a(Sy) ~ 1 < NM* when h = hg is a small but fixed
universal constant, while
a(Sy) ~ | D*u(z)|| > M**1 > NM* as h — 0

(the estimate a(Sy,) ~ ||D?u(x)|| follows by a simple Taylor expansion, see for instance [16)
Remark 4.7.5]). Hence, by continuity there exists h, € (0, hg) such that (3.26) holds.
Now, by Lemma we can find a finite number of sections {Sy, (xi)}i=1,. m covering

Dy+1 such that {Syp, (2i)}i=1,..m are disjoint. Then, it follows by (3.23) that
(3.27)  |Sh, (i) N {||D%ul| > N?M*}| < N6V2[Syp, () N {M* < | D*u < N2MF}|.
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Hence, recalling (3.24) and ([3.25)), we obtain

|Di11] < Z‘Shl(mz) N {||D2u|| > N2Mk}}

i=1
< NGY2N | Son, () N {M* < ||D%u| < N2M*}|
i=1
< NGV2|Dy
provided M > N?2. ]

Proof of Proposition[2.7} Thanks to Lemma we have

1
1/2\k
IDil < (N6Y2)Dy| < 1B |
provided § < W Therefore
/ | D?ul|P = p/ P71 B n{||D%u|| >t}
BL BL 4K
41K 4

o
Oy M™|Dy| < C,
k=1

IN

as desired.

4. PROOF OF THEOREM [2.1] AND COROLLARY

4.1. Proof of Theorem By the argument in [12, Section 3|, we only need to estab-
lish the following result, which is a strengthened version of Proposition for continuous
densities. Indeed, the lemma shows that the exponent p in the W?2P estimate is indepen-
dent of the parameter 0. This is crucial in showing that the singular set > can be chosen
independently of p.

Lemma 4.1. Let f,g be two continuous densities supported in By C X1 C Bg and
Bk C Y1 C By respectively. Suppose that

(4.1) 1f = 2z xy) + lg = Loy <0,
L 9

(4.2) u— —|x| <4
20 ey

and

(4.3) le(m,y) + 2 yllor1(BrxBe) < 0

Then there exists 6 > 0, depending only on n and K, such that w € W?P(B_1 ) for any
_ 2K
p > 1 provided § < 0.
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Proof. Fixzg € B . and without loss of generality assume xg = 0, T,,(z¢) = 0, and u(xg) =
0. For small h, similarly to the proof of Lemma there exists an affine transformation A
with det A = 1, || A||, |A~Y|| < 277, such that (3.3), (3-4), and hold, where 6 can be as
small as we want provided 9§ is sufficiently small. Also, we may assume holds.

Given a set E, let [E] denote its convex hull. By [10, Lemma 3.2] we have that

(4.4) dist(Sh, [Sh]) < Ch*~.
Also, by C1@ regularity of u (hence, C%% regularity of T},), we have
(4.5) dist (T, (Sp), Tu([Sn])) < CRUI=,

Perform the transformations
u(z) > %u(\/ﬁfrlx) = u(2);
clwy) v 3 e(VRAT w, VRA'Y) = ea(a,y);
fl@) = filz) = f(VRAT'),  g(y) = ai(y) == g(VRA'Y);
Sy S = \}EA(S,L).
Also, set Cy =[S, Co = Tuy (1)), T := file,, and § := g11c,.

By (3), 1), @), (@) we have
Bi C C1 C By;

Bi C Cy C By;

If = Lo sy = 01), (17— Leyllzoesy = 0(1) = 0 ash — 0.
It is also easy to check that

ler +2 - ylleripyxpyy =0(1) =0 as h — 0,

Since Cp is convex, we can apply Proposition (switch the role of z and y) to deduce
that, given any p > 1, we can choose h small enough so that u{, the c-transform of uq,
belongs to W2P(B1) provided h is sufficiently small. Note that |[ci[|c21 < C for some

8

constant depending only on ||c|c21. Indeed, since ||Al|,|A7Y| < h79 (take 6 < 1/6), we
have that ||[D3c1|/p~ < %h%_SGHD%HLm = h%_geHDBCHLoo — 0 as h — 0. On the other
hand, by (we can always perform changes to ¢ to have this expansion), we have
that [[c1|lzee < ||z - yllBixBs + HD3cHh%_36 < (4 for h < 1, where Cy depends only on
|lc]|c2.1. By interpolation inequalities we have that |c1]|c21 < C, where C is a constant
depending only on ||c||c21. By a symmetric argument (or using that D?*u and D?u are
related), one gets that, given any p > 1, u1 € W2P(B %) provided h is sufficiently small.

Rescaling back to u this proves that, given p > 1, u € W*P(B,.) provided r is small enough
(the smallness depending on h). Thanks to this fact, Lemma follows from a standard
covering argument.

0

Proof of Theorem [2.1, Theorem is an easy consequence of Lemma following the
argument in [12], Section 3]. O
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Proof of Corollary[2.3 Corollary follows by the same reasoning as the proof of [12]
Theorem 1.4]. O
5. PROOF OF THEOREM [2.3]

Since interior WP estimates follows from Lemma and [I1, Lemma 3.11], we focus on
the estimate near the boundary.

Under the assumptions of Theorem it is proved in [9] that, for any o < 1, there exists
§ > 0 such that u € C»*(X) provided § < §. Let

h(z) := max{h > 0: Sy(z) C X},
and set Sz := Sy (). As in the proof of Lemma there exists an affine transformation
A with det A = 1, || Al|,||A™Y| < h(x)~%, such that
(5.1) B%\/E(—I) C A(S;) C Bs\/%'
Hence, since ||A[], [|A™| < h(z)7Y, it follows by and the definition of h(x) that
dist(z,0X) < Ch(z)2 ",
which proves that

(5.2) S C X o= {z € X :dist(z,0X) < C’ﬁ(q;)%*e} .

NI

Ch(z)
Fix hg > 0 small but universal. Similarly to the proof of Lemma 3.1, we can find a Vitali
covering of Xp,, denoted by {S},(,,)(xi)}, such that the sections {S;j,, (i)} are disjoint.
Now, fix g € X}, a point close to .X. Without loss of generality we may assume g = 0,
Tu(zo) = 0, and u(zg) = 0. Consider the section S; := S(0,0,u,h(0)). As in the proof
Lemma we perform the transformations (3.20)), (3:21), (3.22)), and (3.23)), and we set
Ci:=1[9], Ca:=Ty, ([9)), f = file,, and g := g11¢,, so that

Bi cCy C By;

Bi CCQCB4;

I1f = Lellpoe sy = 0(1), 11§ = Lesllzeo(pyy = 0(1) =0 as b, 6 — 0
ler +2 - ylletisixpyy = o0(1) =0 as h,6 — 0.

Note that, by (3.5)), u1 is arbitrarily close to the function |z|?. Let v be the convex function

1/n
solving (Vv)yle, = 1,¢, with v(0) = u(0) and p := (%) . By a compactness argument

we have that

[ = vll oo, ) < w(d),

=

where w : Rt — R™ satisfies w(r) — 0 as r — 0. This implies that also v is uniformly close
to the function 1|z|? inside B 1 hence [4] yields that Hchg(B% y < C for some universal
constant C, and that v is uniformly convex in Bi. Thus, if we set S} := S(0,0,u1,t), we

5
can apply Proposition to deduce that HU1HW2,p(S:1) < C for some universal constants
t,C,.
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Rescaling back to u, this proves that
3) | 1Dl < Chteo) 1S e |
Sth(zg)

Now, consider the family of sections Fj, := {Sp,, (i) : ho27*F1 < Rh(z;) < he27F}.

Then, since |X,| ~ r for r small and the sections {S,(,,)(z;)} are disjoint, it follows by

and that

3 / ID%fp < ¢ Y ) S, |

Sﬁ(zi)(zi)e}—k Sﬁ(mi)(zi) Sﬁ(zi)(xi)e}—k

2kp6
2 ’XC(ho2*k)%_6|

C22kp0(h02fk)%79
OQ—k(%—fﬂpG)

IN

IA A

Choosing 6 small enough so that 3pf < %, we can sum the above estimate with respect to

k to get
| wprar<c
Since [ X\ X, | D?u||P < C by interior regularity, this concludes the proof. O
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