SERRIN’S OVERDETERMINED PROBLEM IN ROUGH DOMAINS
ALESSIO FIGALLI AND YI RU-YA ZHANG

ABSTRACT. The classical Serrin’s overdetermined theorem states that a C? bounded domain,
which admits a function with constant Laplacian that satisfies both constant Dirichlet and
Neumann boundary conditions, must necessarily be a ball. While extensions of this theorem
to non-smooth domains have been explored since the 1990s, the applicability of Serrin’s
theorem to Lipschitz domains remained unresolved.

This paper answers this open question affirmatively. Actually, our approach shows that
the result holds for domains that are sets of finite perimeter with a uniform upper bound
on the density, and it also allows for slit discontinuities.

1. INTRODUCTION

Given 2 C R™ a bounded domain, Serrin’s overdetermined problem aims to understand
how overdetermined problems for PDEs within 2 influence the geometry of the domain. In
its simplest formulation, whenever 912 is sufficiently smooth, one investigates the following
problem:

Au=—11n Q, u=0o0n 09, Jyu=c>0ondN. (1.1)

Here, 0,u represents the inward normal derivative of u on 9f2.
If © is not smooth but its boundary has at least finite (n — 1)-dimensional Hausdorff
measure, then (1.1) is understood in the following weak distributional sense:

ue W()1’2(Q) and /Vu-chd:U: —c/ wd%n_1+/ pdr Yo e CHRM), (1.2)
Q o9 Q

where "~ denotes the (n — 1)-dimensional Hausdorff measure.

Given that the Dirichlet problem already yields a unique (weak) solution, the addition of
the Neumann boundary condition makes the problem overdetermined. Consequently, (1.1)
may not have a solution in general, which implies that the choice of domain {2 cannot be
arbitrary.

Date: April 18, 2025.

2000 Mathematics Subject Classification. 35N25.

Key words and phrases. Overdetermined problems, maximum principle, sets of finite perimeter.

The second author is funded by National Key R&D Program of China (Grant No. 2021YFA1003100), the
Chinese Academy of Science, and NSFC grant No. 12288201. The first author have received funding from
the European Research Council under the Grant Agreement No. 721675 “Regularity and Stability in Partial
Differential Equations (RSPDE)”..

1



2 ALESSIO FIGALLI AND YI RU-YA ZHANG

1.1. Serrin’s Theorem. In his seminal theorem, assuming that 9 is of class C? (so that
u € C%(Q) N CH(Q)), Serrin proved the following celebrated result:

Theorem 1.1 ([39]). Let Q C R™ be a C? bounded domain. Then (1.1) admits a solution

u € C*(Q) NCHQ) if and only if, up to a translation, Q is a ball of radius R = R(n,c) > 0
and u takes the form , )
R* — |z|

u(z) = o

This revelation marked the beginning of a burgeoning and fertile area of mathematics,
in which the interplay of analysis and geometry gave rise to many applications that span
the most diverse areas of mathematics and the natural sciences. Remarkably, the genesis of
this field can be traced back to a particular result that intriguingly arose from two questions
in mathematical physics: one concerning the torsion of a straight solid rod, and the other
concerning the tangential stress of a fluid on the walls of a rectilinear pipe; this was the
original motivation of Serrin as stated in [39].

Serrin’s proof builds on and refines the original concept introduced by Alexandrov [2,
3], known today as the “moving plane method”. Subsequently, Weinberger [44] presented
an alternative proof of Theorem 1.1. Inspired by Weinberger’s approach, researchers have
explored alternative methods to establish this result, as evidenced in [7, 13, 35]

(1.3)

1.2. Generalizations. Subsequently, Garofalo and Lewis demonstrated a similar result in
[25] for the p-Laplacian. Then, these results were extended to operators in divergence form
of p-Laplacian type, and even to certain special cases of oco-Laplacian, in [20, 22, 10, 17].
Moreover, equations involving fully nonlinear operators of non-divergence form, such as k-
Hessian equations [7], and problems in space forms [33, 28, 18, 15, 37, 16, 21, 23, 24|, have
garnered significant attention. We also record some recent results in [1] about a version of
Serrin’s problem on planar ring domains, where the solutions are not necessarily radially
symmetric, except when adding further conditions on the number of critical points.

Given the extensive body of literature surrounding Serrin’s original problem, we can only
provide a glimpse of the breadth of results here. We suggest that interested readers look at
the surveys [38, 34] and the references therein for a comprehensive overview.

On a separate note, the proof in [13], relying on Alexandrov’s theorem, initially unveiled a
connection between the results of Alexandrov and Serrin. Subsequently, a deeper linkage has
been explored by [14, 30, 31]. We also recommend the insightful survey [29] which compre-
hensively investigates these findings. This connection has also appeared in overdetermined
elliptic problems within unbounded domains, initially conjectured by Berestycki, Caffarelli,
and Nirenberg [6] for balls and cylinders, and eventually disproved in [40]. Subsequently,
a multitude of counterexamples have been constructed based on unbounded constant mean
curvature surfaces. Given the focus of our paper on bounded domains, we refer to the survey
[41] for further elucidation on related results.

1.3. Serrin’s Theorem for more singular domains. In 1992, Vogel [43] proved that if
Q is a C! domain for which a solution to (1.1) exists, then € is actually C? and therefore
Theorem 1.1 holds. To be precise, Vogel assumed that

u(z) -0 and |Vul(x) = ¢ uniformly as x — 09,
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and then applied the regularity theory of free boundary problems of Alt-Caffarelli type.
We note that his assumption is stronger than just assuming the validity of (1.2) (see also
Remark 1.5 below).

Later, Berestycki posed the following question:
Suppose Q is C? throughout except for a potential corner, and u represents a strong solution
to (1.1) everywhere except at said corner. Does Serrin’s Theorem remain applicable in this
scenario?
This problem was solved in [36] using an adapted moving plane method, strategically cir-
cumventing the exceptional point. Subsequently, interest arose regarding the extension of
Serrin’s theorem to more general domains. In particular, in [26, Question 7.1] it was asked:
Does Theorem 1.1 hold if ) is merely Lipschitz and u solves (1.2)?

1.4. Main result. In this paper, we give a positive answer to the above question and we
actually prove the validity of Theorem 1.1 to a much wider class of domains. To state our
result we first observe that, since u € I/VO1 ’2(9)7 we can extend u to zero outside of {2 and
rewrite
/Vu-chda:— Vu-Vedr = — Aupdz,
Q R R®
where Au denotes the distributional of v on R™. Hence (1.2) is equivalent to asking

weWYRY,  w=0 ae nR"\Q,  Au=cH#" s —lod,

where the last equality should be intended in the sense of distribution.

Note that the formula above does not require €2 to be open but could be any Borel set,
provided that we have a good notion of boundary that allows one to perform integration
by parts. This naturally leads to the notion of sets of finite perimeter, where 02 should be
replaced by the so-called “reduced boundary” 0*€). Moreover, we need a version of connect-
edness for sets of finite perimeter, called indecomposability. We refer to Section 2 below for
more details.

Remark 1.2. We choose to work with sets of finite perimeters because the proof of Serrin’s
theorem would not be significantly easier if we assumed () to be a Lipschitz domain; the
main concepts introduced in this paper would still be necessary. For readers who are not
concerned with this level of generality, we suggest reading our paper with the assumption
that Q is a Lipschitz domain, so that 0*§2 corresponds to the set of points where the boundary
is differentiable (which is true #" !-a.e. by Rademacher’s theorem).

We can now state our main theorem.

Theorem 1.3. Let 2 C R™ be a bounded indecomposable set of finite perimeter satisfying

A" B (x)NI*Q) < Ar"L for A" eae. x € 0*Q and r € (0,1), (1.4)
for some constant A > 0. Then Q admits a solution u € WH2(R") to
u=0 ae inR"\Q, Au = " geq — 1q dz, (1.5)

if and only if, up to a translation, Q? is a ball of radius R = R(n,c) and u is given by (1.3).
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Remark 1.4. Theorem 1.3 implies, in particular, the validity of Serrin’s theorem for any
domain  whose boundary OS2 satisfies (1.4). Assumption (1.4) is notable mild and encom-
passes many geometries, including Lipschitz domains, and it also allows for the presence of
countably many cusps. Consequently, Theorem 1.3 not only addresses [26, Question 7.1] but
also includes all previously established results.

Remark 1.5. Our theorem closely aligns with the result in [19] regarding the validity of
Alexandrov’s theorem for sets of finite perimeter. However, despite the similarity, the two
problems are distinct. In particular, while our theorem is non-trivial even when Q is a Lips-
chitz domain, the validity of Alexandrov’s theorem for Lipschitz domains follows directly from
elliptic regularity theory (which immediately implies that such domains must be smooth).

To elucidate this point, it is important to note that Serrin’s problem is related to the
one-phase Bernoulli problem (we refer to the recent monograph [42] for more details). Con-
sequently, one might consider leveraging its regularity theory to demonstrate that solutions
to Serrin’s problem in rough domains are smooth. Unfortunately, this regularity theory relies
either on a minimality property or a viscosity-type approach. In particular, for the distri-
butional formulation (1.5), it is unclear to us if a priori there is any comparison principle
valid, and we proved it by showing that the harmonic measure associated to € is absolutely
continuous with respect to " !5-o in Lemma 3.2. Hence, it is currently unclear to us
whether it can be applied in our context, even in the case where €0 is Lipschitz. Therefore,
our proof utilizes techniques from geometric measure theory.

Remark 1.6. One may wonder whether Theorem 1.1 also holds in the case of sets with slit
discontinuities (usually called “slit domains”, for example, a slit ball. These domains cannot
be treated in the framework of sets of finite perimeters, since the latter are defined up to sets
of measure zero. Moreover, in the presence of slits, one must properly define in which sense
(1.1) is satisfied. As we shall see in Section 4, our method can be adapted to prove Serrin’s
theorem in this more general setting.

Remark 1.7. Recently, the works [8, 9] extended the method of moving planes to general
measurable sets. However, that approach does not seem to readily adapt to our specific
setting. Specifically, in Serrin’s work, the application of the moving planes method relies
on the assumption that the normal derivative is constant. In the weak setting (1.5), this
information is only available in an integral sense or at points of the reduced boundary, which
complicates the application of this method.
Even more, consider for example the two-dimensional set shown in grey in the figure below
and given, in polar coordinates, by the formula Q@ = {(r,0) : & — |cos(20)|V/4 < r < 31

- Applying the moving plane method to €2 leads to a re-
flection of the outer boundary that touches the inner
boundary at one of the cusp points, where the Neumann
boundary condition is not defined. This highlights a lim-
itation of the moving plane method, which our approach
overcomes. In particular, Theorem 1.3 shows that such
a domain ) cannot be a solution to Serrin’s problem.




SERRIN’S OVERDETERMINED PROBLEM IN ROUGH DOMAINS 5

The paper is structured as follows: In the next section, we collect some preliminary results
that will be used in Section 3 to prove Theorem 1.3. Then, Section 4 is devoted to the proof
of Serrin’s Theorem in slit domains, see Theorem 4.1 below.

Acknowledgments. The authors would like to thank Joaquim Serra for several discussions
on this problem and Mingxuan Yang for feedback on an earlier version. The second author
would like to express his gratitude to the Forschungsinstitut fiir Mathematik (FIM) for the
warm hospitality and support during his visit, where this work was completed.

2. PRELIMINARY RESULTS

In this section, we establish certain regularity results for v and € and prove a volume
identity that will be used in the proof of our main theorem. Before that, we recall the
definition of sets of finite perimeter and their main properties.

A measurable set 2 C R"” is a set of finite perimeter if the distributional gradient of its
characteristics function 1g is a R™-valued Radon measure D1g with finite total variation,
i.e., |D1g|(R™) < oco. It follows from the Lebesgue-Besicovitch theorem on differentiation of
measures that for |[D1|-a.e. x, it holds

. Dlg(z+rB")
lim
r—0+ |D1g|(x + rB")

=1, and |v|=1 (2.1)

The set of points x such that (2.1) holds is called the reduced boundary of €2 and denoted
by 0*Q. Also, at points of the reduced boundary, v, is the measure-theoretic inner unit
normal to £ at . According to De Giorgi Rectifiability Theorem, the reduced boundary is
a (n — 1)-rectifiable set. Also, up to changing €2 in a set of measure zero, one can assume
that 0*Q = 9. Finally, a set of finite perimeter E is said indecomposable if for every F C E
having finite perimeter and such that

A NWOE) = A" HOF) + A" O (E\ F)),

one has either |[F| =0 or |E\ F| = 0. We refer the interested reader to [5] and [27, Sections
12 and 15] for more details on sets of finite perimeter.
In the next lemma, 2 denotes the (topological) interior part of €.

Lemma 2.1. Let Q@ C R™ be a bounded set of finite perimeter satisfying (1.4), and let
u € WH2(R") satisfy (1.5). Then:

(1) w is L-Lipschitz continuous, with L = L(n,c, A).

(2) w is nonnegative, @ = {u > 0}, and u € C>(Q).

(3) Q= Q up to a set of measure zero. In particular, without loss of generality, we can

assume ) to be open.
(4) At every point x € 0*Q it holds

u(z +rz)

, —>c(vx-z)

n asr — 0,

where v, denotes the measure-theoretic inner unit normal at x.
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Proof. Equation (1.5) implies that Au is a Radon measure. Also, it follows from (1.4) that,
given x € 0*(),

Au(B,(z)) < (Au+10)(Br(z)) < Aer™™! Vr € (0,1).
Since u = 0 a.e. outside 2, the classical identity

d et AulBi(@)

el — 2.2
dr J oB.(x) n|By|rn—1 22)

(see for instance the proof of [42, Lemma 3.10]) combined with the bound above implies that
][ wdA"t < C(n, A, c)r for x € 9*Q, r € (0,1),
0B (x)

therefore
][ u(y)dy < C(n, A, c)r for z € 0*Q, r € (0,1).
B ()

Since the map z — Br(x)u(y) dy is continuous for r > 0 fixed and 9*Q2 = 012, we deduce
that

][ u(y)dy < C(n, A, c)r for z € 9Q, r € (0,1).
By ()

Recalling that Au = —1 inside Sol, interior regularity estimates imply that u is uniformly Lip-
schitz continuous function inside (02, see for instance the proof of [42, Lemma 3.5]. Therefore,
since u vanishes on 02 and u = 0 a.e. outside 2, u is globally Lipschitz, which proves (1).

Since Au = —1 < 0 inside €2, the strong maximum principle implies that the set {u >0}
is inside . Since u vanishes outside €, this shows that {u>0} = Q. The smoothness of u
inside €2 follows immediately from the equation Au = —1. This proves (2).

Note that, since u > 0, the distributional Laplacian of u (which we know to be a Radon
measure) is non-negative in the set {u = 0} = R"\ Q. Also, inside Q = {u > 0}, Au = —1.
This implies that

Au = py — 1 da,
for some nonnegative measure p. Comparing this equation with (1.5), we conclude that
py =" gq and 1gdr = 1¢ dx. This last equality implies that € and Q coincide a.e.,
proving (3).
Finally, we prove (4). Given x € 9*(Q), we consider the sequence of Lipschitz functions

ulxr +rz _
vp(z) = (7“)’ Av, = cH" 1]3*QM —rlg,  dz,

where €, = Q;x ={z € R" : 4+ rz € Q}. Then, since = belongs to 9*Q, Q,, — H,
where H, is a half space. In addition, for any converging subsequence r; — 0, the Lipschitz
functions v,, converge to a nonnegative Lipschitz function vy satisfying

Avg =0 in H,, vo=0 1inR"\ H,.

Then, Liouville Theorem implies that vy(z) = a(v, - z)+ for some a > 0.
On the other hand, using again = € 9*(), it follows that e%”"_lb*gzyr — #" sy, . Hence
Avg = " |sy,. Combining these two facts, we conclude that a = ¢. This shows that
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vy, = ¢(vg - 2)4 for any converging subsequence r;, so the entire sequence v, converges to
c(vg - 2)4, as desired.
O

We now demonstrate the following volume identity that will play a crucial role in our proof.
In the classical setting [44], this identity is proved via a Pohozaev’s approach. Unfortunately,
this approach requires too much regularity on the solution u, so a new proof is needed.

Lemma 2.2. Let Q@ C R" be a bounded set of finite perimeter satisfying (1.4), and let
u € WH2(R") satisfy (1.5). Then
(n+ 2)/ udz = c*n|Q)|. (2.3)
Q

Proof. Thanks to Lemma 2.1(3), we can assume that 2 is open. Given € > 0, consider

Cu((T+e)r) —u((1 —€)x)

Ye(x) = 5 — 2u(x). (2.4)

Note that ¢ is Lipschitz continuous for € > 0 fixed, and that |¢] < C = C(L,) for all
€ > 0 (by the Lipschitz continuity of u). Therefore, testing (1.5) against ¢, we get

c/ @ed%"_l—/wedx:—/ Vu-Vgoedx:/quedx. (2.5)
0*Q Q Q Q

We first want to compute the Laplacian of .. To this aim, we define
Ne :={z € R": dist (z,00) < Cpe}
with Cp = diam(€2), so that
z,(1+€e)z,(1—€x e for all z € Q\ Ne.

Hence, noticing that W —2 =0, it follows from (1.5) that

(1 + 6)2%n_1|(1+6)718*g - (1 - 6)2%11_1‘(1—6)718*9
2e

Ap(z) =c

— ¢!

1
o + O<€d$|j\[e> )

Therefore, by a change of variables,

/ ulAp, dz
Q

1
S / (1+e)udnm™ ! —/ (1—e)?udswm™ 1 —I—/ u0(> dx
2¢ | J(14o-10+0 (1-6)-19*Q Ne €

. { /Q (L+ P u((1 + e>—1x>2—6<1 P ru((1 - ') %n_l(x)] . /N uo(l> .
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Hence, if we define
1+ e mu((1+e)tz) — (1 —e)3mu((1 —e)la)

¢6($) = - % + ‘106(33)7 (27)
it follows from (2.5) that
1
c YedA" ! — / Yedx = / uO() dx. (2.8)
o0*Q Q Ne €
Note now that, applying Lemma 2.1(4), for 2 € 9*Q2 we have
Ve(x) = —c((vz - 2)4 — (V2 - 2)-) = —cvy - 2.

Thus, by dominated convergence (recall that || < C)

c YedA"1 = —02/ Vg - xd A" as € — 0.
0*Q *Q

Also, since ¢¢(z) — Vu(z) - x — 2u(z) inside  (recall that, without loss of generality, we can

assume that € is open), by dominated convergence and an integration by parts we have

/goedx—>/(Vu-:n—Qu)dx:—(n—l—Q)/udx as € — 0.
Q Q Q

Finally, since u is Lipschitz and vanished on 02 we deduce that u = O(e) inside N, therefore

/ uO<1> de=O(N.)) >0  ase—0
Ne €

(the convergence |N¢| — 0 is a simple consequence of dominated convergence, since N, — ()
as € — 0). Combining all together, we proved that

—c2/ Vg wd A" = (n+2)/udm.
*Q Q

Finally, by the divergence theorem for sets of finite perimeter (recall that v, is the inner
normal),

—/ Vg -xdA" " = / div(z) dz = n|Q|,
0Q Q

which concludes the proof. ]

3. PROOF OF THEOREM 1.3

Our proof of Theorem 1.3 relies on Proposition 3.3 below, stating that |Vu| < ¢ in €.
Proving this fact is nontrivial for two reasons:
(i) in a rough domain as in our setting, the standard maximum principle for |Vu| is not
available;
(ii) in our situation, at least formally, Lemma 2.1(4) tells us that |Vu| = ¢ on the reduced
boundary, but we do not have any information at points of 92 \ 9*.
To circumvent these difficulties and to prove Proposition 3.3, we shall carefully exploit the
properties of the Green function of 2. As we shall see, to prove Lemma 3.2 we will crucially
use the fact that a solution to Serrin’s problem exists in €.
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Remark 3.1. A Green function approach to prove a maximum principle on |Vu| has already
been used, in a similar context, in [4, Theorem 6.3]. There, however, the authors assume
that solutions are non-degenerate, which is something that we do not have in our context.
For this reason, our proofs are completely different.

Recall that, due to Lemma 2.1(3), we can assume that €2 is open. To define the Green
function, we consider an increasing sequence €2 of smooth sets contained inside €2 such that
Qr — Q as k — oo. Then, given x € ), we note that x € Q for k sufficiently large, so we
can define G, 1, as the solution of

AG:E,]C = —(53;, in Qk
Gop =0 in R\ Q-

Noticing that G, < G j for k < j (by the maximum principle), we can define
Gz = lim G-
k—o00

Lemma 3.2. Let Q be an open bounded set satisfying the assumptions in Theorem 1.3, and
let a solution u of (1.5) exist. Fix x € Q, and let G, be the Green function constructed above.
Then:

(1) G is Lipschitz continuous near 0, with the Lipschitz constant depending only on
n, A, c, Q, and x. Moreover, there exists a bounded measurable function o : 0% —
[0,00) such that

AG, = a " geq — b,
(2) At every point y € 0*Q) it holds

G.(y+r72)

" —>ay(1/y-z:)+ asr — 0,

where vy, denotes the measure-theoretic inner unit normal at y and a, = a(y).

Proof. Recall that G, is the monotone limit of G5 5. As v > 0 in €, we can choose p =
p(x,) > 0 small and M = M(z,2) > 0 large enough (independent of k), so that

Gprp < Mu on 0B,(x)

for all k> 1. Also, as u > 0 on 92, we have Mu > G, on 0§}, therefore

Gprp < Mu in Q\ By(x)
by the maximum principle (recall that Au = —1 < 0 = AG,, inside Qi \ B,(z)). Letting
k — oo, this gives

Gy < Mu in Q\ Bpy(z). (3.1)
Recalling that u vanishes on 92 and it is Lipschitz, this proves that G, grows at most linearly
at every boundary point. So, by interior regularity estimates, we conclude that GG, is Lipschitz
continuous in a neighborhood of 052

Recalling that G, = 0 outside €, and that AG, ; + 0, > 0, we see that G, = 0 outside
2 and that AG, + 0, > 0 as a distribution. In addition, AG, = 0 inside 2\ {z}.



10 ALESSIO FIGALLI AND YI RU-YA ZHANG

Now, given y € R" \ 2 and r > 0 small, it follows from (2.2), (3.1), and (1.5) that

/7" AG.(Bs(y)) s < M/T Au(Bs(y)) ds — Me / 10" N Bs(y)) s
0 s - 0 s 0 .

s
n—1 1 Sn—l

Hence, by the rectifiability of the reduced boundary,
n—1¢o* n—1 *
i i AG(Bs(y)) < Melim A" ("N Bs(y)) { Mcw,_1 for " lae. y e d*Q

s—0 sn—1 5—0 sn—1 0 for #" tae. y & 0*Q,
where wy,_1 denotes the volume of the (n — 1)-dimensional ball. By [32, Theorem 6.11], this
implies that

AG:E’]R"\Q < C(M, C, n),@nfl 8%

where 22"~1 denotes the (n — 1)-dimensional packing measure (see [32, Chapter 5.10]). Since
0*Q is rectifiable it follows that 22" 1|gq = S| 5-q.
Thus, combining all together, we proved that

0 < AG, + 6, < C(M,c,n) "1

o*Q)-

By the Radon-Nikodym Theorem, this implies the existence of a measurable function « :
0*Q — [0,C(M,n)] such that

AG, = a1

9 — Oz
This concludes the proof of (1).

The proof of (2) is similar to that of Lemma 2.1(4). Indeed, given y € 9*(, it follows by

(1) that the sequence of functions
Gy +
FT (Z) €T (yr TZ)

are uniformly Lipschitz and harmonic inside Uy, = #, where U = Q \ B,(z). Also, since
y € 0*Q,
Uyr—Hy as r—0,
and, up to a subsequence, F;. converges to a nonnegative Lipschitz function Fy that is har-
monic in H, and vanishes outside H,. Then Liouville Theorem yields the existence of a
constant a, > 0 so that
Fo =ay(vy - 2) 4.

On the other hand, using again that y € 0*(Q, it follows that ff”_l\a*gw - %pn_lfaHy.
Hence AFy = a(y)#" !|gp,. Combining these two consequences, we conclude that a(y) =
a,. This shows that F,, — ay(v, - 2)4+ for any converging subsequence rj, so the entire
sequence F,. converges to a, (v, - 2)+, as desired. O

We can now prove a maximum principle for |Vul.

Proposition 3.3. Let Q be an open bounded set satisfying the assumptions in Theorem 1.3,
and let u solve (1.5). Then

sup |Vu| < c.
Q
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Proof. For ¢ >0 and e € S"71, let
G.(y + ee) — Gu(y — ee)

¢e (y) = % )

and note that ¢, is uniformly bounded and Lipschitz continuous near 2. Thus, testing (1.5)
against ¢. we obtain

c bed™ L — /Q be dy = /Q ulo, dy. (3.2)

0*Q
Recall that, by Lemma 3.2(2), we have

%nil*, _ %nfl* 5—5 -5 .
A¢e(y):a ’69 6626a 8Q+€e_ x 626 :E—Q—e‘

Therefore, by a change of variable and Lemma 2.1(4) we get

_ l n—1 _ n—1
/QquﬁE dx = 5 [/ameea(y + ee)u(y) dA /<9*Q+ee aly —ee)uly) dA ]

< 5mfee - 5a:+ee>
-, ——————
2€

o /M ) Uy =) ) <u<y+ )~y —cc) 5x>

= —;/ avy - edA" " + Qeu(z) + o(1).
*Q

Concerning the left-hand side of (3.2), we note that ¢, — DG-e inside 2. Thus, by dominated
convergence we get

/Q@dy:/ﬂaerdero(l).

In addition, Lemma 3.2 tells that, for s#" -almost every y € 9*Q), we have

Gz(y+ee)—Gy(y—ee) a a(y)
Pe(y) = B - ?y((’/y ) —(vy-e)-) = o e
€
Thus, the left-hand side of (3.2) is equal to
C/ avy - ed A" — / 0eGy dy + o(1).
As a result, by letting € — 0 in (3.2) we eventually obtain
Oeu() = c/ avy -edA™ " — / 0.G dy. (3.3)
9*Q Q

Note now that, by the divergence theorem in sets for finite perimeter (recall that v, is the
inner unit normal),

/ 0.Gpdy = — Gy - ed#" 1t =0. (3.4)
Q 2*Q
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Also, thanks to Lemma 3.2,

0= m%@_4+/‘awﬂ*. (3.5)
R *Q

Combining (3.3), (3.4), and (3.5), we get
|0cu(x)| < c/ adA" =
*Q

Since z and e are arbitrary, the result follows. O

Proof of Theorem 1.3. Thanks to the previous results, we can basically repeat Weinberger’s
argument [44] with minor modifications.
More precisely, recalling that we can assume 2 to be open (see Lemma 2.1(3)), define

2
P=|Vul*+>u  inside Q.
n

Since Au = —1 inside 2, it follows that
2

2
AP = 2|D?*u|* - - u—4D%+ ~1d| >o. (3.6)

In particular, as u is smooth in {u > n}, Proposition 3.3 and the weak maximum principle
imply that

)

max P = max P <c?+ 77 Vn >0,
{u=n} o{u>n}

so letting 7 — 0 we deduce that
P<c? Q. (3.7)
Using again that Au = —1 inside {2, thanks to (2.3) and (3.7) we have

2 2
02|Q\:n+ /ud:r:/ ( Au + >dm—/ <|Vu\2+u> d:c:/Pdac<02|Q].
noJa Q Q n Q

2

The equation above implies that P = c¢* inside 2. In particular AP = 0, so it follows from

(3.6) that
1
D?u = —=1d in Q.
n

As Q is indecomposable, this implies that € is a ball and that, up to a translation, u is given
by (1.3). O

4. EXTENSION TO SLIT DOMAINS

In the previous section we proved the validity of Serrin’s Theorem in the setting of sets of
finite perimeter. However, as already mentioned in Remark 1.6, this formalism does not allow
one to treat sets with slit discontinuities, say a slit ball. In fact, from a measure-theoretic
point of view, a slit ball is equivalent to a ball.

To extend our result to slit domains, we need to find a suitable reformulation of (1.1).
To this end, we note that in the proof of Theorem 1.3, the Neumann condition on u was
crucially used to prove the blow-up result in Lemma 2.1(4). In the case of slit domains, the
assumption that Au = 2c"~! on the slit does not ensure that on both sides of the slit the
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function u behaves like a linear function with slope ¢ (the slopes on the two sides may be
different). As we will see, to prove Lemma 2.2 in the case of a slit domain, the equality of
the slopes from the two sides of the slit is required. In addition, we need to guarantee that u
vanishes on the slit in a suitable weak sense. Both conditions are included in the assumption
(4.3) below.

The following generalization of the Theorem 1.3 holds.

Theorem 4.1. Let Q C R" be a indecomposable set of finite perimeter, let u € WH2(R")
satisfy

u=0 ae inR"\Q, Au = cH" geq + 2c" Yy — 1g dx (4.1)
for some (n — 1)-rectifiable set ¥ C €2, and assume that
A" H(B ()N (0*QUE)) < A"t for A ae. 2 € FQUE and r € (0,1).  (4.2)
Also, suppose that at A" '-a.e. x € ¥ it holds

u(r +rz)
r

—clyg -z asr —0, (4.3)

where v, denotes the measure-theoretic unit normal at x. Then, up to a translation, 2 is a
ball of radius R = R(n,c) > 0 and u is given by (1.3).

To prove this theorem, we first note that the following generalization of Lemma 2.1 holds
with essentially the same proof.
Lemma 4.2. Let Q and u satisfy the assumption of Theorem 4.1. Then:
(1) w is L-Lipschitz continuous, with L = L(n,c, A).
(2) u is nonnegative, {u >0} = Q\ X, and u € C®(Q\ X).
(3) Q=Q\ X up to a set of measure zero.
(4) At every point x € 0" it holds
u(z +rz)

" —>c(ux-z)

i asr — 0,

where v, denotes the measure-theoretic inner unit normal at x.
We then show that also Lemma 2.2 holds.

Lemma 4.3. Let Q and u satisfy the assumptions in Theorem 4.1. Then
(n+ 2)/ wdr = c*n|Q).
Q

Proof. As in the proof of Lemma 2.2 we consider the function ¢, and 1. defined as in (2.4)
and (2.7). Testing (4.1) against ¢, we get

c/ e d,%”"1+2c/ Qe dA" 1 —/goe da:—/uAgoe dz. (4.4)
*Q % Q Q

We only need to treat the second and last term above, since the others are treated as in the
proof of Lemma 2.2.
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In this case it holds

(1 + 6)2%n71’(1+6)718*9 — (1 — 6)2'%07171‘(1—5)*18*9
A, =
pe(z) = 5
(14 €2 g1 — (1= €22 (1_g-1x

2¢
1
— 20(%”71’8*9 + Q%nillz) + O<€dx|3\fe>7

+ 2c¢

therefore (cp. (2.6

)
/Q Bods — { / (1+ (1 +9~a) = (1= (1 = ) ~'a) %nl(x)]

2¢
14 €)*mu((1 1—e)¥u((1—e)! 1
+2¢ [/ A+ M@+ 7) — (1 =9 "u( = 9"'a) de%””_l(x)}r/ u0<> da.
by 2e N, €
Hence, recalling (4.4) we deduce that (cp. (2.8))
1
Ve A 1+2c/wed%” ! /g@edx:/ u0(> dz. (4.5)
Q* Q Ne €

Note now that applying Lemma 4.2(4), for #"~!-almost every = € 9*Q we have
Ye(z) = ((Vx z)y — (Ve 33)—) = —ClUg X,
while (4.3) implies that, for s#"~1-almost every = € X,
Ve(z) > (e 2)4 — (V- 2)-) + c((va - 2)- — (V- 2)4) = 0.

Thus, by dominated convergence,
c Yed AL+ 2c/ YedA" 1 —c2/ Uy - xdA" ! as € — 0.
Q* % *Q

Combining this fact with (4.5), we conclude as in the proof of Lemma 2.2. O

The next step is to prove a maximum principle for |Vu|. In this case, given a point
z e 0 \ X, we define the Green function G, by considering an increasing sequence €2 of
smooth sets contained inside €2 \ ¥ such that Q — Q \ ¥ as k — oo. In this way, the
following analog of Lemma 3.2 holds.

Lemma 4.4. Let G, be the Green function constructed above. Then:

(1) Gy is Lipschitz continuous near QU X, with the Lipschitz constant depending only
onn, A, ¢, Q, 3, and x. Moreover, there exist bounded measurable functions a :
0*Q — [0,00) and B : ¥ — [0,00) such that

AGx = a%nilb*Q + /B%nilkl - 51:
(2) At every point y € 0*Q) it holds

Gx(y + TZ)

" ay(uy-z)+ asr — 0,
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while at every point y € 3 it holds
Gg(y+rz
z(yr ) —>a;'(yy-z)++a;(l/y-z)_ asr — 0,
where vy denotes the measure-theoretic inner unit normal at y, a, = o(y), a;t >0,
and af +a,; = B(y).
We can now prove the maximum principle for |Vu|.
Proposition 4.5. Let Q) and u satisfy the assumptions in Theorem 4.1. Then
sup |Vu| < c.
ON\Z
_ Gg(y+ee)—Ga(y—ce)
= 5 to

Proof. As in the proof of Proposition 3.3, we test (4.1) against ¢(y)

get
c be dA™ ! 4+ 2¢ / ped™ ! — / be dy = / uA o, dy. (4.6)
o0*Q % Q Q
Recalling Lemma 4.4(1) we have
Aqbe(y) _ O‘%nil 8*Q7€€2_ a%nil 0*Q+ee + Bf%ﬂnil‘ﬁl—ee - /8‘%0”71‘2-"-66
€ 2e
o (5;18—56 — 5w+ee
2e '
Hence, by a change of variable, Lemma 4.2(4), and (4.3), we now get
1
/ uA¢pe dr = — [/ aly + ee)u(y) d#"t — / a(y —ee)u(y) dﬁf"—l}
Q 2e O*Q—ce 0*Q+ee
1 - o
fo L s enan = [ st -t arn]
€ Y—ee Y+tee
51:—66 - 5.Z‘+EE
e g
_ [/ u(y + ee) —u(y — ee)Q(y) d%”"_l]
9*Q 2¢
B [/ u(y + ee) — u(y — ee)ﬂ(y) d,%””_l] n <u(w +ee) —u(z — ee)’ 5x>
» 2¢ 2€
S / avy - edA™ " + Oeu(z) + 0(1)
2 Jorq

For the left-hand side of (4.6), we have
/ G dy = / 0.Gr dy + o(1).
Q Q

Moreover, Lemma 4.4(2) implies that, for 2" -almost every y € 9*Q we have
Ga(yt+ee) —Ga(y—ee)  a a(y)
x m — gy((yy ce)y — (vy - e),) = Tyy - e,

Ge (y) = %
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while for 2" 1-almost every y € ¥ we have

al a, al —a,
Pe(y) — Ty((Vy )y — (v~ e)_) + Ty((’/y ) — (vy - €)+) = %(Vy “e).

Thus the left-hand side of (4.6) is equal to

C/ oa/y~ed<%”"1+c/(a;—ay)uy-ed<%”"1—/86Gxdy+0(1).
2 Jora > 0

As a result, by letting € — 0 in (4.6) we eventually arrive at

deu(z) = c/ avy -edA" +c/(a; —a; )y -edA" T — / oGy dy.
o*Q ¥ Q

As before, the divergence theorem implies

/ 0eGrdy=— | Guuy-ed#" 1 =0,
Q o)

while Lemma 3.2 yields

0= AGxdy:—1+/

adA" ! + / BdA"!
by

R™ o0*Q

2—1+/ ozd%”"1+/ |a;—a;|djf"*1.
0*Q) b

where we used that |a} —a, | < a4+ a, = B(y). This proves that [J.u(x)| < c, and we
conclude by the arbitrariness of z and e. O

Thanks to these preliminary results, we can now repeat the argument in the proof of

Theorem 1.3 (with the only difference that P is now defined inside 2\ T) to conclude the
validity of Theorem 4.1.
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