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ABSTRACT. In this paper we prove the following long-standing conjecture: stable solutions
to semilinear elliptic equations are bounded (and thus smooth) in dimension n < 9.

This result, that was only known to be true for n < 4, is optimal: log(1/|z|?) is a W12
singular stable solution for n > 10.

The proof of this conjecture is a consequence of a new universal estimate: we prove that, in
dimension n < 9, stable solutions are bounded in terms only of their L' norm, independently
of the nonlinearity. In addition, in every dimension we establish a higher integrability result
for the gradient and optimal integrability results for the solution in Morrey spaces.

As one can see by a series of classical examples, all our results are sharp. Furthermore, as a
corollary we obtain that extremal solutions of Gelfand problems are W12 in every dimension
and they are smooth in dimension n < 9. This answers to two famous open problems posed
by Brezis and Brezis-Vazquez.
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1. INTRODUCTION

Given 2 C R™ a bounded domain and f : R — R, we consider u : 2 — R a solution to the
semilinear equation

— Au = f(u) in Q C R™ (1.1)
If we define F(t) := fot f(s)ds, then (1.1)) corresponds to the Euler-Lagrange equation for

the energy functional
- |Vul|?
Elu) _/Q< 5 —F(u)> dz.

In other words, u is a critical point of £, namely
d
de

(the space of C*° functions with compact support in €2). Consider the second variation of &,

that when f € C! is given by

2
— 2 / 2

| el = [ (1ver - rwe) an

Then, one says that u is a stable solution of equation (1.1]) in € if the second variation is

nonnegative, namely

/f’(u)gzdx§/|vg|2dx for all € € C(Q).
Q Q

Note that stability of u is considered within the class of functions agreeing with v near the
boundary of €.

Our interest is in nonnegative nonlinearities f that grow at +oo faster than linearly. In
this case it is well-known that, independently of the Dirichlet boundary conditions that one
imposes on , the energy £ admits no absolute minimizerﬂ However, we will see that
in many instances there exist nonconstant stable solutions, such as local minimizers. The
regularity of stable solutions to semilinear elliptic equations is a very classical topic in elliptic
equations, initiated in the seminal paper of Crandall and Rabinowitz [I8], which has given
rise to a huge literature on the topic; see the monograph [21] for an extensive list of results
and references.

Note that this question is a PDE analogue of another fundamental problem in mathematics,
namely the regularity of stable minimal surfaces. As it is well known, stable minimal surfaces
in R™ may not be smooth in dimension n larger than 7 [36, 3], and it is a fundamental open
problem whether they are smooth in dimension n < 7. Up to now this question has been
solved only in dimension n = 3 by Fischer-Colbrie and Schoen [23] and Do Carmo and Peng
[20].

Elu+€] =0 for all £ € C°(Q)

e=0

1To see this, take v € C1(Q) with v > 0 and v # 0, and given M > 0 consider
1
Elu+ Mv] = 5/ |V(U+MU)’2dSE —/ F(u+ Mv)dz.
Q Q

Since f grows superlinearly at +oo, it follows that F(t) > t2 for ¢ large. This leads to £[u + Mv] — —oo as
M — 400, which shows that the infimum of the energy among all functions with the same boundary data
as u is —oo.
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Note that, also in our PDE problem, the dimension plays a key role. Indeed, when

1
n>10, wu=log FE and  f(u) = 2(n —2)e", (1.2)
x
we are in the presence of a singular W,?(B;) stable solution of (1)) in Q = B; —as easily
shown using Hardy’s inequality. On the other hand,
o if f(t)=¢c'or f(t)=(1+¢t)? with p > 1,
e or more in general if f € C? is positive, increasing, convex, and limy_, o L (Jf,)({;)gt)

existsﬂ
then it is well-known since the 1970’s that W, 2(9) stable solutions are bounded (and therefore
smooth, by classical elliptic regularity theory [25]) when n < 9, see [I§]. Notice that among
general solutions (not necessarily stable), an L> bound only holds for subcritical and critical
nonlinearities [
All these results motivated the following long-standing]

Conjecture: Let u € Wol’Q(Q) be a stable solution to (1.1). Assume that f is positive,
nondecreasing, convex, and superlinear at +o0o, and let n < 9. Then u is bounded.

In the last 25 years, several attempts have been made in order to prove this result. In
particular, partial positive answers to the conjecture above have been given (chronologically):

e by Nedev, when n < 3 [30];

e by Cabré and Capella when Q2 = By and n < 9 [10];

e by Cabré when n =4 and 2 is convex [7] (see [9] for an alternative proof);

e by Villegas when n = 4 [39];

e by Cabré and Ros-Oton when n < 7 and 2 is a convex domain “of double revolu-
tion” [13];

e by Cabré, Sanchén, and Spruck when n =5 and limsup,_, #(35 < +oo for every
e >0 [14].

The aim of this paper is to give a full proof of the conjecture stated above. Actually, as we
shall see below, the interior boundedness of solutions requires no convexity or monotonicity
of f. This fact was only known in dimension n < 4, by a result of the first author [7] E| In
addition, even more surprisingly, both in the interior and in the global settings we can prove
2The existence of the limit ¢ := limy 4 o0 %&@ > 0 is a rather strong assumption. Indeed, as noticed

n [I§], if it exists then necessarily ¢ < 1 (otherwise f blows-up in finite time). Now, when ¢ = 1 the result
follows by [I8 Theorem 1.26], while ¢ < 1 implies that f(t) < C(1+t)? for some p and then the result follows
by [I8, Lemma 1.17].

3We recall that a nonlinearity f is called subcritical (resp. critical/supercritical) if |f(t)| < C(1 + [t|)?
for some p < Z—fg (resp. p = Z—fg/resp. p > ng) While solutions to subcritical and critical equations are
known to be bounded, in the supercritical case one can easily construct radially decreasing unbounded W2
solutions.

4As we shall explain in Section this conjecture is strongly related to an open problem stated by Brezis
in the context of “extremal solutions” in [4].

5In fact for n <4, or for n <9 in the radial case, the interior boundedness results cited above (as well as
the global boundedness in convex domains) do not require the nonnegativeness of f.
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that W12 stable solutions are universally bounded for n < 9, namely they are bounded in
terms only of their L! norm, with a constant that is independent of the nonlinearity f.

1.1. Main results. In order to prove our result on the regularity of stable solutions up to
the boundary we will be forced to work with nonlinearities f that are only locally Lipschitz
(and not necessarily C'). Hence, it is important for us to extend the definition of stability
to this class of nonlinearities. For this, we need to choose a precise representative for f’.

Definition 1.1. Let f : R — R be a locally Lipschitz function, and let v € W12(Q) be a
weak solution to (I.1)), in the sense that f(u) € L () and

/ Vu-Vedr = / fu)pdx for all p € C(Q). (1.3)
Q Q
Then, we say that u is a stable solution in Q if f’ (u) € L{ () and
/f’(u)§2 de < / VeRdr  forall € € C(Q), (1.4)
0 0

where f” is defined as

F(t) := liminf flt+h) = ft)

h—0 h

for t € R. (1.5)

As we shall see later, in our proofs we only use with test functions £ that vanish in
the set {|Vu| = 0}. Hence, as a consequence of Lemma [A.3(i), in this situation the notion
of stability is independent of the particular representative chosen for f’.

Our first main result provides a universal interior a priori bound on the C'* norm of
solutions when n < 9. Actually, in every dimension we can prove also a higher integrability
result for the gradient (with respect to the natural energy space W1'?2). Since the result is
local, we state it in the unit ball. Also, because stable solutions u can be approximated by
smooth ones (at least when u € Wy *(Q) and f is convex; see [21], Section 3.2.2]), we shall
state the result as an a priori bound assuming that u is smooth.

Theorem 1.2. Let B; denote the unit ball of R™. Assume that uw € C*(By) is a stable
solution of
—Au = f(u) in By,
with f: R — R locally Lipschitz and nonnegative.
Then
IVullp2ev(p, ) < Cllullri s, (1.6)
where v > 0 and C' are dimensional constants. In addition, if n <9 then

ullgagz, ,) < Cllullis), (1.7)
where o > 0 and C are dimensional constants.

Remark 1.3. As mentioned before, it is remarkable that the interior estimates hold with
bounds that are independent of the nonlinearity f. Note that, also in the global regularity
result Theorem [1.5] we can prove a bound independent of f.

Combining the previous interior bound with the moving planes method, we obtain a uni-
versal bound on u when € is convex.
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Corollary 1.4. Letn <9 and let Q C R™ be any bounded convexr C* domain. Assume that
f: R — R s locally Lipschitz and nonnegative. Let u € C°(Q) N C?(Q) be a stable solution
of
—Au= f(u) inQ
u=0 on OS.

Then there exists a constant C, depending only on 2, such that
[ullzee (@) < Cllullzro). (1.8)

We now state our second main result, which concerns the global regularity of stable solu-
tions in general C® domains when the nonlinearity is convex and nondecreasing. As we shall
explain in the next section, this result completely solves two open problems posed by Brezis
and Brezis-Vézquez in [4, 6]. Again, we work with classical solutions and prove an a priori
estimate. In this case it is crucial for us to assume f to be convex and nondecreasing. Indeed,
the proof of regularity up to the boundary will rely on a very general closedness result for
stable solutions with convex nondecreasing nonlinearities, that we prove in Section [

Theorem 1.5. Let Q C R" be a bounded domain of class C3. Assume that f : R — R is
nonnegative, nondecreasing, and conver. Let u € C°(Q2) N C%(QY) be a stable solution of

—Au = f(u) inQ
u=20 on Of).

Then
[Vullpz++0) < Cllullpiq), (1.9)
where v > 0 is a dimensional constant and C' depends only on 2. In addition, if n <9 then
[ullce@) < Cllullzyg), (1.10)

where a > 0 is a dimensional constant and C' depends only on €.

As an immediate consequence of such a priori estimates, we will prove the long-standing
conjecture stated above.

Corollary 1.6. Let Q C R™ be any bounded domain of class C3. Assume that f : R — R is
nonnegative, nondecreasing, convex, and satisfies

f(t)

TZa(t)—>+oo as t— 400

for some function o : R — R. Let u € Wol’2(Q) be any stable weak solution of (L.1)) and
assume that n < 9. Then

[ull (@) < C,
where C' 1s a constant depending only on o and €.
The key point here is to prove the bounds for classical solutions (Theorem . Once this
is done, a well known approximation argument (see [21, Theorem 3.2.1 and Corollary 3.2.1])

shows that the same bounds ([1.9)-(1.10) hold for every I/VO1 2(Q) stable weak solution w.
Finally, to control ||u|z1(q) in (L.9)), we use Proposition .
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1.2. Application: I/VOI’2 and L regularity of extremal solutions. Let f : [0,+00) — R
satisfy f(0) > 0 and be nondecreasing, convex, and superlinear at +oo in the sense that
t
lim )

T T e

Given a constant A > 0 consider the nonlinear elliptic problem

—Au = Af(u) inQ
u>0 in €2 (1.11)
u =20 on 02,

where €2 C R" is a smooth bounded domain. We say that u is a classical solution if u €
CO(Q) N C2%(N).

In the literature, this problem is usually referred to as the “Gelfand problem”, or a
“Gelfand-type problem”. It was first presented by Barenblatt in a volume edited by Gelfand
[24], and was motivated by problems occurring in Combustionﬂ. Later, it was studied by a
series of authors; see for instance [4] 6], 211, 8] for a complete account on this topic.

The basic results concerning can be summarized as follows (see for instance [4]
Theorem 1 and Remark 1] or the book [21] by Dupaigne):

Theorem 1.7 (see [4, 6, 21]). There exists a constant \* € (0, +00) such that:

(i) For every A € (0, \*) there is a unique Wy* () stable solution uy of (L.11). Also, ux
is a classical solution and uy < uy for A < \.
(ii) For every A\ > X\* there is no classical solution.
(iii) For A\ = X\* there exists a unique L'-weak solution u*, in the following sense: u* €

LYQ), f(u*)dist(-,00) € L'(Q), and
- / wA(dr = )\*/ fw¢dx  for all ¢ € C*(Q) with (pa = 0.
0 0

This solution is called the extremal solution of (1.11)) and satisfies uy T u* as A T A*.

The uniqueness of weak solution for A = A\* is a delicate result that was proved by Martel
[29).
In [4, Open problem 1], Brezis asked the following:

Open problem 1: s there something “sacred” about dimension 107 More precisely, is
it possible in “low” dimensions to construct some f (and some ) for which the extremal
solution u* is unbounded? Alternatively, can one prove in “low” dimension that u* is smooth
for every f and every Q¢

To connect this to the conjecture stated before, note that Brezis’ problem can be thought
as an a priori bound for the stable solutions {uy}r<x+. Hence, understanding the regularity
of extremal solutions is equivalent to understanding a priori estimates for stable classical
solutions.

60riginally, Barenblatt introduced problem (1.11)) for the exponential nonlinearity f(u) = e (arising as an
approximation of a certain empirical law). Nowadays, the terminology of Gelfand or Gelfand-type problem
applies to all f satisfying the assumptions above.



REGULARITY OF STABLE SOLUTIONS UP TO DIMENSION 9 7

Note that, a priori, extremal solutions are merely in L!'(Q). It is then natural to ask
whether extremal solutions do belong to the natural energy space VVO1 2(Q) This important
question was posed by Brezis and Vézquez in [6] Open problem 1]:

Open problem 2: Does there exist some f and Q) for which the extremal solution is a weakﬂ
solution not in Wy (Q)?

Concerning this problem, it has been proved that u* belong to the energy space T/VO1 2(Q)
when n < 5 by Nedev [30], for every n when 2 is convex also by Nedev [31], and finally when
n = 6 by Villegas [39]. Here we prove that u* € W,2(Q) for every n and for every smooth
domain €2, thus giving a conclusive answer also to this second open problem.

Note that, thanks to the superlinearity of f, it follows by Proposition that the L'(Q)
norms of the functions {uy} <+ are uniformly bounded by a constant depending only on f
and . Hence, by applying Theorem to the functions {uy} <~ and letting A 1+ A\*, we
immediately deduce that extremal solutions are always W2 (actually even W12*7) in every
dimension, and that they are universally bounded (and hence smooth) in dimension n < 9.
We summarize this in the following:

Corollary 1.8. Let Q C R™ be a bounded domain of class C3. Assume that f : [0, +00) —
(0, +00) is nondecreasing, convex, and superlinear at +00, and let u* denote the extremal
solution of (|1.11)).

Then v € W ’2+7(Q) for some dimensional exponent v > 0. In addition, if n <9 then u*
1s bounded and it is therefore a classical solution.

1.3. The case n > 10. In view of the results described in the previous sections, it is natural
to ask what can one say about stable solutions in dimension n > 10. Our strategy of proof
can be used to provide optimal (or perhaps almost optimal) integrability estimates in Morrey
spaces in every dimension, as stated next (see Section [7] for more details and for Morrey
estimates for the gradient of stable solutions).

Recall that Morrey norms are defined as

[wl[yp() == sup rﬂ_”/ |w|P d,
yeQ, r>0 QNB;(y)

for p>1and 8 € (0,n).
Theorem 1.9. Let u € C?*(By) be a stable solution of
—Au= f(u) in B; CR",
with f : R — R locally Lipschitz. Assume that n > 10 and define

00 if n = 10, (1.12)
DPn = 2(n—2y/n—-1-2) . .
Sy Uz 1
Then
||| < Cllullzrypyy  for every p < py, (1.13)

245y
M2 (B1/2)

where C' depends only on n and p.

In the sense of Theorem iii).
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In addition, if f is nonnegative and nondecreasing, 2 C R" is a bounded domain of
class C3, and u € C°(Q) N C?*() is a stable solution of

—Au= f(u) inQ
u=>0 on 0,
then
HuHMp,%pzxj(Q) < Cllullpiy — for every  p < pn, (1.14)

for some constant C' depending only on p and ).

It is interesting to observe that the above result is essentially optimal. To see this we recall
that, in dimension n = 10, the function u = log(1/|x|?) is an unbounded W,?(B;) stable
solution in B (see , and recall that it can be approximated by stable classical solutions
by [21, Section 3.2.2]). Also, as shown in [6], for n > 11 the function u(z) = |z|7%/(®=1 — 1
is the extremal solution of

—Au = (14+u)?" in B

u>0 in B, (1.15)
u=20 on 0By,
with \* = L(n -2 — L) and = n=2vnl Ty harticular, it is easy to see that
= g1 dn—1 In "= 5 /n-1-1" P ; y

u e MP ’2+1%2(Bl s2) if and only if p < p,. It is an open question whether (1.13) holds with
p = p, for a general stable solution .

1.4. Idea of the proofs. The starting point is the stability inequality for u, i.e.,

flw)ede < | |VEPdr for all £ € C°(By). (1.16)
By

B
In order to get a strong information on wu, one has to choose an appropriate test function
¢ in (1.16). Most of the papers on this topic (including those of Crandall-Rabinowitz [I8]
and Nedev [30]) have considered £ = h(u) for some appropriate function h depending on
the nonlinearity f. The main idea in the L* estimate of [7] for n < 4 was to take, instead,
¢ = |Vu|p(u), and choose then a certain ¢ depending on the solution w itself.
Here, a first key idea in our proofs is to take a test function of the form

¢ = (z- Vu)|z|*/%,

with 0 < ¢ < 1 asmooth cut-off function equal to 1 in B, and vanishing outside Bs,/,. Thanks
to this, we can prove the following inequality (see Lemma [2.1)): there exists a dimensional
constant C' such that

(n—2)(10—n)/ 2| "z Vul]* dr < C’pQ_"/ IVul? dx forall 0 <p< 2. (1.17)
By Bs,/2\Bp
From this inequality we see immediately that for 3 < n < 9 we get a highly nontrivial
information. While of course one can always assume that n > 3 (if n < 2 it suffices to add
some superfluous variables to reduce to the case n = 3), here we see that the assumption
n < 9 is crucial.

Thus, when n < 9, the above inequality tells us that the radial derivative of u in a ball
is controlled by the total gradient in an annulus. Still, it is important to notice that
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does not lead to an L> bound for general solutions u to —Au = f(u) in dimensions n < 9E|
Thus, we still need to use stability again in a crucial way.

If we could prove that for stable solutions the radial derivative z-Vu and the total derivative
Vu have comparable size in L? at every scale, then we could control the right hand side of
(1.17)) with fB3p/2\Bp |z| 7"z - Vu|? dz. This would imply that

/ lz| ™"z - Vul*dr < C 2| "z - Vul* du,
B, B3, /2\Bp

and by a suitable iteration and covering argument we could conclude that v € C'*. This is
indeed the core of our interior argument: we show that the radial derivative and the total
derivative have comparable size in L? (at least whenever the integral of |Vu|? on balls enjoys
a doubling property; see Lemma . This is based on a delicate compactness argument,
which relies on a series of a priori estimates:

(1) curvature-type estimates for the level sets of u, which follow by taking £ = |Vu|n as
a test function in the stability inequality; see Lemma [2.3}

(2) the higher L*™ integrability of the gradient, which follows from (1) and a suitable
Dirichlet energy estimate, , on each level set of u; see Proposition 2.4}

(3) a general compactness argument for superharmonic functions; see Lemma [A.1}

(4) the non-existence of nontrivial 0-homogeneous superharmonic functions; see the proof

of Lemma [3.1]
Combining all these ingredients, we prove Theorem [I.2]

For the boundary estimate we would like to repeat the interior argument described above
near a boundary point. We note that, whenever the boundary is completely flat and contains
the origin, since x - Vu vanishes on the flat boundary then one can still use the test function
¢ = (z- Vu)|z|?/2( to deduce the analogue of (L.I7). Actually, a suitable variant of this
test function allows us to obtain a similar estimate even when the boundary is C®-close to a
hyperplane (see Lemma . In addition, when the boundary is C3-close to a hyperplane,
we are able to prove the higher L?>™ integrability of the gradient near the boundary (see
Proposition , and from there we can conclude that the W2 norm near the boundary can
be controlled only in terms of the L' norm (see Proposition .

Unfortunately, even if the boundary is completely flat, one cannot repeat the argument
used in the interior case to deduce that the radial derivative controls the total gradient
near a boundary point —which was a crucial point in the interior case. Indeed, while in the
interior case the proof relied on the non-existence of nontrivial 0-homogeneous superharmonic
functions in a neighborhood of the origin (see the proof of Lemma , in the boundary case
such superharmonic functions may exist! Hence, in this case we need to exploit in a stronger
way the fact that u solves a semilinear equation (and not simply that « is superharmonic
since f > 0). However, since our arguments are based on a compactness technique, we need
bounds that are independent of the nonlinearity f.

A new key ingredient here is presented in Section[d} we are able to prove that, whenever the
nonlinearity is convex and nondecreasing —but possibly taking the value 400 in an interval
[M, 00)— the class of stable solutions is closed under Li._ convergence (see Theorem [4.1]).

8This can be seen by taking functions u in R? depending only on two variables; see Remark
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Note that this is particularly striking, since no compactness assumptions are made on the
nonlinearities!

With this powerful compactness theorem at hand, we are able to reduce ourself to a flat-
boundary configuration, control the gradient by its radial component, and prove Theorem 1.5

Finally, the case n > 11 is obtained by choosing the test function ¢ = (x - Vu)|z|~%/2(,
where a = a, € (0,n — 2) are suitable exponents, while in the case n = 10 we choose

E=(x- Vu)|x\_4‘log\x|‘_5/2c, with § > 0.

The techniques and ideas introduced in this paper are robust enough to be used for proving
analogues of our results in other nonlinear problems. This is done in a series of forthcoming
works by Miraglio, Sanchén, and the first author [12] for the p-Laplacian, and by Sanz-Perela
and the first author [15] for the fractional Laplacian.

1.5. Structure of the paper. In Section [2| we exploit the stability of u and choose a series
of different test functions to deduce inequality as well as a universal WH2™7 bound in
terms only of the L! norm of the solution. This is used in Section |3 to prove our interior
estimate of Theorem [L.2

In Section 4] we prove that the class of stable solutions with convex nondecreasing nonlin-
earities is closed in L ., while in Section 5| we obtain a W**7 bound near the boundary in
terms of the L' norm when 01 is a small C3-deformation of a hyperplane. These results are
used in Section [6] to prove Theorem via a blow-up and covering argument.

Finally, in Section [7] we deal with the case n > 10 and prove Theorem [1.9

In the appendices we collect a series of technical lemmata and we show a classical a priori

estimate on the L' norm of solutions to Gelfand problems.

2. INTERIOR W12+ ESTIMATE

In this section we begin by proving a series of interior estimates that follow by choosing
suitable test functions in the stability inequality. Then we show a universal W12*7 bound
in terms only of the L' norm of the solution. This is done by first controlling ||Vul|z2++ by
|Vullr2, and then ||Vu| g2 by |lul|z:.

Here and in the sequel, we shall use subscripts to denote partial derivatives (i.e., u; = J;u,
Ui = 8,']'11,, etc.).

As mentioned in the introduction, our first key estimate for stable solutions comes from
considering the test function & = (z - Vu)n, and then take n = |2|?~™/2¢ for some cut-off
function (. We split the computations in two steps since this will be useful in the sequel.

We denote by C%!(B;) the space of Lipschitz functions with compact support in Bj.

Lemma 2.1. Let u € C%(By) be a stable solution of —Au = f(u) in By C R"™, with f locally
Lipschitz. Then, for alln € C%Y(B;) we have

/B <{(n —2)n+ 2z - Vnln|Vul* = 2(z - Vu)Vu-V(n?) — |z VuﬂVn\z) de <0. (2.1)
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As a consequence, for all ¢ € COY(By) we have

—9(10 —
4 B,
< / (=2)|z|* " |Vul*¢(z - V) dx + / 4|z>"(x - Vu)¢ Vu - V{dx (2.2)
Bl Bl
+ / (2 —n)|z| "z - Vul*¢(x - V) dr + |z |z - Vul?| V| da.
Bl Bl
In particular, if 3 < n <9, then for all p < 2/3 it holds
/ |z| @ - Vu|* do < C’pQ_"/ |Vul? dr, (2.3)
By B3, /2\Bp

where C is a dimensional constant.

Proof. We split the proof in three steps.

Step 1: Proof of (2.1). We note that, by approximation, (1.4 holds for all £ € C%'(By).
Hence, we can consider as test function in ((1.4) a function of the form ¢ = cn, where
c € W2P(B,) for some p > n, and n € C%'(B,). Then, a simple integration by parts gives
that

/ (Ac+ f'(u)c)en®dr < / c? |V d. (2.4)
By

By

We now choose c(z) := x - Vu(z) (this function belongs to W2P(B;) for every p < oo by
Lemma [A.3](ii)). Then, by a direct computation and using Lemma [A.3[ii) again, we deduce
that

Ac=z-VAu+ 221% = —f"(u)c+2Au
i=1
a.e. in B;. Hence, substituting this identity in (2.4) we get

/ |z - Vul? |Vn|* dz > / (Ac+ fL(u)c)en’dz = 2/ (z - Vu)Aun? dx
B1 Bl

B1

= /B1 <div(2(x - Vu)Vu — |Vul*z) + (n — 2)|Vu|2>772 dx
= /B1 ( —2(z - Vu)Vu - V(n®) + |Vul’z - V(n*) + (n — 2)\Vu|27]2) du,

and ([2.1]) follows.

Step 2: Proof of ([2.2). Given a < n, we would like to take the function 7 := |z|~%/2¢ with
¢ € C%(By) as a test function in . Since, n is not Lipschitz for a > 0, we approximate
it by the C%'(By) function

e = min{fa] 2, =/}
for ¢ € (0,1), which agrees with n in By \ B.. We have that n. — n and V. — Vn a.e.
in By as € | 0. At the same time, every term in (2.1) with n replaced by 7. is bounded



12 X. CABRE, A. FIGALLI, X. ROS-OTON, AND J. SERRA

in absolute value by Clz|~*|Vul? < Clz|™ € LL(Bi) (since u € C*(By)). Hence, the

dominated convergence theorem gives that (2.1]) also holds with 1 := |2|~%/2(.
Now, noticing that

a —a —a —a— —a
x-Vn= —§\x| P2C 4|2 - V¢, V(P) = —alz| 772 + 2|z 74¢VC (2.5)
and
a —a/2— —a 2 a2 —a— —a —a—
Vnf? = = Sl 2o+ fal 29| = a2 o]V~ ala (- V), (26)
(2.2) follows from ([2.1]) by choosing a = n — 2.
(2 y g

Step 3: Proof of (2.3). Given p € (0,2/3), we consider a Lipschitz function ¢, with 0 <
¢ < 1, such that (g, = 1, (gm\B,,,, = 0, and |[V(| < C/p. Using this function in (2.2)
and noticing that |z| is comparable to p inside supp(V¢) C Bs,2 \ B,, the result follows
easily. Il

Remark 2.2. To deduce our L™ estimate from ([2.3]), we will need to use again the stability
of u. In fact, there exist W'? weak solutions of semilinear equations (with f > 0) which
satisfy (in balls B, = B,(y) centered at any point y € B;(0)) and are unbounded.

For instance, with n = 3 take u(z, x9, r3) = u(z1, x2), where @ is unbounded but belongs
to Wio?(R?). One can then verify that holds inside every ball B, = B,(y). At the same
time, by taking u to be radially decreasing in R?, we can guarantee that u solves a semilinear
equation (and hence also u) for some nonlinearity f. An example is u(p) = log|logp| in a
small neighborhood of the origin, which leads to a smooth nonlinearity f > 0.

The key point to deduce boundedness from (2.3]) will be a higher L2 integrability result
for the gradient of the solution, that we establish in the remaining of this section.

Towards this, we exploit again the stability of u by choosing now, as another test function,
¢ = |Vu|n with 1 a cut-off. In the case when u € C? this choice of test function and the
following lemma are due to Sternberg and Zumbrun [37]. We verify next that the result holds
also when f is locally Lipschitz.

Lemma 2.3. Let u € C*(By) be a stable solution of —Au = f(u) in By C R", with f locally
Lipschitz. Then, for all n € C%'(By) we have

/ APnPde < | |Vul?|Vn|*da,
Bl Bl
wherd)

1/2
2
2 u; -
A= ( i Wij = 2 (Zj Uijﬁ) ) if Vu#0 (2.7)
0 if Vu = 0.
9Even though we will not use it here, it is worth noticing that the quantity A controls the second fun-

damental form of the level sets of u. This was crucially used in [7], in combination with the Sobolev-type
inequality of Michael-Simons and Allard, to prove regularity of stable solutions up to dimension n < 4.
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When v € C? (and f € C1), this follows from the stability inequality (1.16)) plus the fact
that

IVul (A|Vu| + f'(w)|Vu]) = A% in {Vu#0};

see [7] for a proof. We give here an aternative proof that does not require to compute A|Vu|.

Proof of Lemma (2.5, We begin from the identity
—Au; = [ (u)u; for 1=1,...,n;
see Lemma (ii). Multiplying this identity by u;n? and integrating by parts, we obtain
| () = @?9n?) do = [ o Vw?ydo = [ 7 (@it de
B B By
so that summing over i we get

/B <Z ‘V(um)|2 - \Vu|2|V77\2) dr = ; I (w)|Vul*n? d. (2.8)

On the other hand, testing the stability inequality (1.4) with the Lipschitz function |Vuln,
we obtain

V(Vuln)? d > / f ()| Vuln? da. (2.9)
Bl Bl
Hence, combining ([2.8) with (2.9) gives
2
| vtz [ (319 - 19(un) de

Then, a direct computation shows that, inside the set {Vu # 0},

S V)’ = 1(Valn) = (S - 3 (72 )t = i

J

On the other hand, since Vu is Lipschitz, then D?*u = 0 a.e. in {Vu = 0} (see, e.g., [38,

Theorem 1.56]). Therefore ). ‘V(um)’Q — [V(|[Vuln)|* = 0 a.e. inside {Vu = 0}, concluding
the proof. O

Next we prove a general result that gives, in every dimension, a higher integrability result
for the gradient of stable solutions.

Proposition 2.4. Let u € C?*(By) be a stable solution of —Au = f(u) in By C R", with f
locally Lipschitz and nonnegative. Then

Vull L2ty < ClIVullL2(8,),

B34
where v > 0 and C' are dimensional constants.
Proof. Without loss of generality, we can assume that |[|[Vul|[z2(p,) = 1 (this normalization

will be particularly convenient in Step 3). Let n € C2°(By) be a nonnegative cut-off function
with 7 =1 in Byy.
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Step 1: We show that
/ |div(|Vu| Vu)|n® dz < C. (2.10)
By

Set v = —% in the set {|Vu| # 0}, and v = 0 in {|Vu| = 0}. We begin from the

pointwise identity

uijuiuj

div(|Vu| Vu) = |Vu| (Z VuP + Au) = —|Vu|tr(D*u — (D*ulv, v])v ® v) + 2|Vu|Au
ij

(2.11)
in the set {|Vu| # 0}. Also, we note that A? (as defined in Lemma is larger or equal
than half the squared Hilbert-Schmidt norm of the matrix D*u — (D?ulv,v])v @ v[ and
hence there exists a dimensional constant C' such that

|tr(D*u — (D*ulv,v))r @ v)| < CA. (2.12)

Furthermore, thanks to Lemma we obtain (note that, in the next integrals, we can
indistinctly integrate in By or in By N {|Vul| # 0})

—/ 2|Vu| Aun® dr = —/ \Vul tr(D*u — (D*ulv,v])v @ v) n* do — / div(|Vu| Vu) n* dx
B1 By

B

1/2 1/2
<C ( |Vul*n? d:z:) (/ An? dac) +/ |Vu| Vu - V(n?)dr < C.
B B B

Hence, combining this bound with (2.11)) and (2.12)), and using again Lemma together
with the fact that Au < 0, we get

/ |div(|Vu| Vu)|n® dx §/ —2|Vu| Aun? da:—l—C/ \Vu| An? dz
B B B
1/2 1/2
<C+C ( |Vul*n? d:L‘) </ A’n? dx) <C,
B1 B

Step 2: We show that, for a.e. t € R,

as desired.

/ |VulPdH" ! < C. (2.13)
{u=t}NB3,4
We claim that, for a.e. t € R, we have
U - < u|’n = w(|Vu| Vun®) dx.
Vul?dH" Vul*n?dH" div(|Vu| Vun?) d
{u=t}NB3,4 {u=t}NB; {u>t}NB;
(2.14)

Note that this bound, combined with , implies . So, we only need to prove the
validity of ([2.14)).

To show ([2.14]) some care is needed to deal with the divergence, since we cannot use
Sard’s theorem here (u is only C?). Thus, to prove it, we consider s — H.(s) a smooth

10T his is easily seen by writing D?u(z) in the orthonormal basis given by v(z) and the principal directions
of the level set of u at x.
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approximation of the indicator function of R, so that H!(s) —=* dp as € — 0. Then, for any
given t € R we can apply Lemma [A.2| with g = H!(u — t)|Vu[*n* to get

= [ Hlw—t)div(IVu| Var?) do = | Hl(u—t)Vu- (Ve Vur?) de
Bl Bl
= | H{(u=1)|Vul’n*dz = / Hl(r 1) (/ |Vu\2n2cm”‘l) dr.
B R {u=7}NB;

In particular, whenever ¢ is a Lebesgue point for the L' function 7 + || (u=r}\By |Vul?n?dH" 1,

letting € — 0 we deduce ([2.14), as claimed.

Step 3: Conclusion.
First note that, by the standard Sobolev-Poincaré inequality, for some dimensional p > 2

we have ) )
(/ |u —ul? dx) ’ <C (/ |Vul? d:r;) =C, (2.15)
B1 B

where w := fBl w. Thus, using (2.15) and Lemma |A.2| with g = %1{‘%”#0}, we obtain

/ dt / it — P (V| dHr = / = TP Lguoy dz < O (2.16)
R {u=t}NB1N{|Vu|#£0} B

Also, since p > 2, we may choose dimensional constants ¢ > 1 and 0 € (0,1/3) such that
p/q = (1 —40)/6. Thus, defining

h(t) := max {1,]t — |}

and using the coarea formula (LemmalA.2)) and Holder inequality (note that pf—g(1—0) = 0),
we obtain

/ ‘VU|3739 dr = / dt/ h(t)prq(lfO)|vu|79+2(179) dr}_lnfl
B34 R {u=t}NB3,4N{|Vu|#0}

0 1-6
< (/ dt/ h(t)”|Vu|_1d7-[”_1> (/dt/ h(t)‘q|Vu|2d’H”‘1) |
R J {u=t}nBin{|Vul£0} R J{u=t}nBs,,

Observe now that, thanks to (2.16)) and the definition of h(t), we have
+1

/dt/ h(t)?|Vu| ™ dH" g/ dt/ |Vu| "t dH" '+ C
R {u=t}NB1N{|Vu|£0} u—1 {u=t}NB1N{|Vu|#£0}
<|Bi|+C<C.

Also, since ¢ > 1 it follows that [ h(t)~%dt is finite, and thus (2.13)) implies that

/dth(t)‘q/ IVul2 dH" < O/h(t)—th <cC.
R {u=t}NBs /4 R

Therefore, we have proved that

/ \Vu|> 2 de < C
B3y
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for some dimensional constants 6 € (0,1/3) and C, as desired. O
We conclude this section with the following useful result.

Proposition 2.5. Let u € C*(By) be a stable solution of —Au = f(u) in B; C R", with f
locally Lipschitz and nonnegative. Then

IVullr2B, ) < Cllullris,).
where C' is a dimensional constant.
Proof. Since —Au > 0 we can apply Lemma (1) to the constant sequence vy, = u to get
IVullpas, ) < Cllullpis,)-
Also, it follows from Proposition [2.4] that
||Vu||L2+’Y(B1/2) S C||vul|L2(B1)
Therefore, by Holder and Young inequalities, for every € > 0 we have
e
IVullZzs, ) < IVl s, ) ||VUI|£§17(BI ) S CIIUIIET”B1 IV IIE”B1

C
< el Vullze, + —lullzs,):

Applying this estimate to the functions u,,(z) := u(y + rz), where B,(y) C By (note that
u,, is a stable solution to the semilinear equation —Au,.,, = f,(u,,) in By with f.(t) = 72 f(t),
so all the previous results apply to u,, as well), we conclude that

c 2
r””/ |Vul?dr < er””/ |Vul? de + — (/ |ul dx)
B,.2(y) Br(y) € Br(y)
C 2
< er"“/ |Vul? dor + — (/ |ul dx)
Br(y) € \Vn

for every € > 0. By Lemma applied with o(B) := || Vul|? 12(p) the result follows. O

3. INTERIOR C'® ESTIMATE AND GLOBAL ESTIMATE IN CONVEX DOMAINS: PROOF OF
THEOREM AND COROLLARY [.4]

We begin this section by proving that, under a doubling assumption on |Vu|?dz, the radial
derivative of a stable solution controls its full derivative.

Lemma 3.1. Let u € C*(By) be a stable solution of —Au = f(u) in By C R", with f locally
Lipschitz and nonnegative. Assume that

/ VulPde > 6§ | |Vul*dx
B1 Bs

for some 6 > 0. Then there exists a constant Cs, depending only on n and &, such that

/ |Vul? dr < C’(;/ |z - Vul? dx.
Bs /2 Bj/2\B1
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Proof. Assume the result to be false. Then, there exists a sequence of stable solutions wuy
(with fr > 0 varying) such that

By

|Vug|? do > § \Vug)? de, / |Vug|?*der =1, and / |z - Vug|* dov — 0.
By B3 /2 B

3/2\B1
(3.1)
Now, thanks to (3.1)),

1 1 1
/ Va2 dz < -/ Va2 de < -/ Vgl dz = ~ < C. (3.2)
B 0 Jp, 0 /By, 0

Therefore, using Proposition (rescaled from B; to By) we obtain
/ |V |*t7 do < C.
B3z

Hence, the sequence of superharmonic functions
Vi = U — f Uk
Ba

[okll (B2 < Cllvkllp2s) < C
(thanks to Holder and Poincaré inequalities, and by (3.2)), as well as

satisfies

||V'Uk||L2(B3/2) = 1, ||Uk||W172+“f(Bg/2) S C, and / |$ : V’Uk|2 dx — 0.
B35\ B1

Thus it follows from Lemma applied with r = % < 2 = R that, up to a subsequence,
vx — v strongly in W'2(Bj/,) where v is a superharmonic function in By, satisfying

||VU||L2(BS/2) =1 and x-Vv=0 ae. in By \ Bi.

From the fact that v is 0-homogeneous and superharmonic in the annulus Bs; \ By, it follows
that v = ¢ inside By, \ B for some constant ¢y € R. Indeed, by the mean value property

n

(or by Theorem 8.17 of [25], since u € W' c L-* by LemmalA.1)), v is bounded from below

loc loc
in B3 \ Bi. As a consequence, by 0-homogeneity, infp, ;o\B1 U =1nfp, , (z9) v for some point

ro € 0B5,4. Hence, by the strong maximum principle (Theorem 8.19 of [23]), v is constant
in B3y \ B, as desired.

In particular, we have proved that vjgp, = co, so by the maximum principle for superhar-
monic functions we get v > ¢ inside Bj.

Combining all this together, we get that

v >cp in By and v=cy in B\ By,

and by the strong maximum principle for superharmonic functions we get v = ¢ in Bs/s, a
contradiction with ||[Vo|| 2z, ,,) = 1. O

The following lemma will be used a couple of times in the paper to prove geometric decay
of certain integral quantities satisfying appropriate recurrence relations.
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Lemma 3.2. Let {a;};>0 and {b;};>0 be two sequences of nonnegative numbers satisfying
ag < M, by < M,

bj S bj,1 and Clj + bj S LCL]',1 fOT all ] Z 1,
and
1
Zf Q; Z 50,]‘_1 then bj S L(bj_l - b]) fO?" all j Z 1, (33)

for some positive constants M and L. Then there ezist 0 € (0,1) and C > 0, depending only
on L, such that

b; < CMY? for all j > 0.
Proof. Define, for € > 0 to be chosen,
¢j = ajb;.
We consider two cases, depending whether a; < %aj_l or not.
- Case 1: If a; < %aj,l, then since b; < b;_; we get
¢ = ajbj < 2_€a§_1bj_1 =2"%¢j_.
- Case 2: If aj > %aj_l we can apply and we have b; < L(bj_1 — b;) or, equivalently,
L
b; < L

Therefore, using that a; < La;_;, we have

bj—l-

L
Cj = ajbj S LEa?_lH——L
where we choose first € > 0 such that 27¢ = L*¢/(1 + L) (this can be done since we may
assume from the beginning that L > 1/2), and then we define 0 := (2*5)1%5 =L/(1+ L)liis
Hence, we have proven that in both cases ¢; < 6'*¢¢;_; for some 6 € (0,1). By iterating
this estimate we conclude that ¢; < GU+e)i ¢y
Finally, recalling that b; < La;_;, b; < bj_1, ap < M, and by < M, recalling the definition
of ¢;_; and ¢y we obtain

_ pnl+e
bj—1=0"¢;,

£

9(1+8)j00 < 019(1+€)jM1+6

1+e £ € . .— JEn.
bj S L aj—lb]—l_ L Cj—1 S 91+5

and the lemma follows. Il
We can now prove Theorem [1.2]

Proof of Theorem[1.9. We begin by noticing that, combining Propositions and [2.5] we
immediately get the bound

IVullz24v(8,,) < Cllullzrsy)-

Hence (|1.6|) follows by a classical scaling and covering argument.
We are left with proving (1.7]). For this we may assume that 3 < n < 9. (Indeed, recall
that in case n < 2 one can easily reduce to the case n = 3 by adding extra artificial variables.
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Note that the stability condition is preserved under this procedure). Given p € (0,1), we
define the quantities

D(p) := pz_"/ |Vul? dx and  R(p) ::/ 2| " - Vul? dx.
B, B,

We split the proof of (1.7)) in three steps.

Step 1: We prove that there exists a dimensional exponent o > 0 such that
R(p) < CPM”VUH%%BUQ)

for all p € (0,1/4).
Recall that, by ({2.3)), for every p € (0,1/4) it holds

R(p) < CpQ”/ |Vul? d. (3.4)
Bs,/2\Bp

Hence, if D(p) > 1D(2p) then we can apply Lemma [3.1) with § = 1/2 to the function u(p-),

and we deduce that
P / Vul? dw < Cp™ / [ Vu*de < C(R(3p/2) = R(p))
B3P/2 BSp/2\BP

for some dimensional constant C'. Combining this bound with (3.4) and using that R is
nondecreasing, we deduce that

R(p) < C(R(2p) — R(p)) provided D(p) > 3D(2p). (3.5)
Thus, if we define a; := D(27972%), b; := R
L >0,

e b; <b;j_y forall j >1 (since R is nondecreasing);

e a;j+0b; < La;_, forall j >1 (by (3.4);
o if a; Z %aj_l then bj S L(bj_l — bj), for allj Z 1 (by )

Therefore, by Lemma [3.2] we deduce that
b; < CM§,
where 6 € (0,1) and M = ag + by < C||Vu||%2(31/2) (here we used again (3.4) in order to

bound by).
Choosing a > 0 such that 272% = @, Step 1 follows easily.

(27772) we have, for some dimensional constant

Step 2: We show that
[U]Ca(ﬁl/s) < CHVUHL2(33/4), (3.6)
where a and C' are positive dimensional constants.
Applying Step 1 to the function w,(z) := u(x +y) with y € B4, since Bys(y) C Bsjs we
get

/ |z —y|"[(x —y) - Vu*dr < CpQO‘/ |Vu|?dez forall p<1/2.
By(y)

B34
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In particular,

_ 2
p2_n/ - -Vu‘ do < Cpm/ [Vul*de forall y € By, p <1/2.
By (y) ’.2? B y’ Bsya

Then, given z € By s, we can average the above inequality with respect to y € B,/4(2) to get
Pg_n/ |Vu|?dz < Cpgo‘/ |Vul>dz forall p<1/2.
BP/S(Z) 35/4

Since z € Byjg is arbitrary, by classical estimates on Morrey spaces (see for instance [25]

Theorem 7.19]) we deduce (3.6)).

Step 3: Proof of (1.7)).

Note that, using Proposition [2.5| and a standard scaling and covering argument, we have
“VUHLQ(B:s/z;) < CHUHLI(Bl)'

Hence, it follows by Step 2 that [U]Ca(ﬁl/g) < Cllul|z1(p,)- Also, by classical interpolation
estimates, we have the bound

el oy ) < C ([ulonga, ) + el )
Combining these estimates, we conclude that
llloes, g < Cllulor -
Finally, follows by a classical scaling and covering argument. U
We conclude the section by proving global regularity in convex domains.

Proof of Corollary|[1.4) First of all, since f > 0 we have that u is superharmonic, so by the
maximum principle u > 0 in 2.

Since € is a bounded convex domain of class C!, by the classical moving planes method
there exists pg > 0, depending only on 2, such that

u(z) < max u for all = € Ny, (3.7)
0

where Ny := QN {y : dist(y,0Q) < pp} and Ty := {y € Q : dist(y, 9Q) = po}[]
Hence, it follows by Theorem [1.2|that u < Cl|u| 1) inside 2\ Ny, where C' depends only
on © and po. Thus, recalling (3.7)), we conclude that 0 < u < Cljul[11(q) inside . O

HHere we are using that, in any convex C' domain, we can start the classical moving planes method at
any boundary point.

We note that the classical moving planes method is usually stated for strictly convex C' domains. If
is merely convex (instead of strictly convex), then the boundary may contain a piece of a hyperplane. Still,
by a simple contradiction argument one can show that, given any boundary point, there exist hyperplanes
that separate a small cap around this point from their reflected points, and such that the reflected points are
contained inside 2. This suffices to use the moving planes method in a neighborhood of any boundary point.
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4. A GENERAL CLOSEDNESS RESULT FOR STABLE SOLUTIONS WITH CONVEX
NONDECREASING NONLINEARITIES

The goal of this section is to establish a very strong closedness property for stable solutions
to equations with convex, nondecreasing, and nonnegative nonlinearities. As mentioned in
the introduction, in addition to its own interest, this result will play a crucial role in the
proof of the global regularity result of Theorem

Define

C .= { f:R—[0,400] : fis lower semicontinuous, nondecreasing, and convex}.

Note that functions f € C are nonnegative but are allowed to take the value +oc. This fact
is important, since limits of nondecreasing convex nonlinearities f; : R — R could become
+00 in an interval [M, 0o0); this is why, in C, we must allow f to take the value +oo.

For f € C and t € R such that f(¢) < 400, the following is the definition and a property

for f’ (t):

vy S = fE=h) _ f(t2) — f(t)
f-(8) = lim h s

for all t; <ty <t. (4.1)

If f(t) = 400 for some t € R, then we simply set f’ (t) = +o0.
Given an open set U C R", we define

(4.2)

S(U) = {u c WLA(U) -

u 1s a stable weak solution of
—Au = f(u) in U, for some f €C [~

The meaning of weak solution is that of Definition In particular, since f(u) € L (U)
then f(u) is finite a.e., and since f is nondecreasing we deduce that f < +00 on (—oo, sup; u).
Note also that, similarly, since f* > 0 and f is convex, we have that f’ < +oo in
(—o0, supy ).

The following theorem states that, given an open set U C R, the set S(U) is closed in
Li (U). This is particularly surprising since no bound is required on the nonlinearities.
Theorem 4.1. Let U C R"™ be an open set. Let uy € S(U), and assume that u, — u in
L (U) for some u e L _(U).

Then, u € S(U) and the convergence uy — u holds in W-2(U). If, in addition, n < 9 then
the convergence also holds in C°(U).

For the proof of this result we shall use the interior estimates of Theorem [.2] However
we proved these interior estimates for C? solutions, while solutions in the class S(U) are in
general only in W12 —notice that it may happen that f(u(xg)) = f(sup, u) = +oo for some
xo € U. Thus, we will need to prove first that the interior estimates of Theorem extend
to all weak solutions in the class S(By) (see Corollary below). For this, we need the
following useful approximation result.

Proposition 4.2. Let f € C and assume that u € WY?(By) is a stable weak solution of
—Au = f(u) in By, with f(u) € L'(By).
Then, one of the following holds:
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(i) w e C*(B1) and [ is real valued and Lipschitz on (—oo,supg, U)H
(ii) There exist a family of nonlinearities {f:}-co,) C C and a family of stable solutions
{UE}EG(O,H C CQ(Bl) M W1’2(Bl) Of

{ —Au, = fo(ue) mn By

Us = U on 0B

such that f. < f, u. < u, and both f. 1 f (pointwise in R) and u. 1 u (a.e. and weakly
in Wh2(By)) as e L 0. Furthermore, f. is real valued and Lipschitz on (—oo,supp u.]
for every r < 1.

Proof. If f’ (supp, u) < —I—OO,H then f is real valued and Lipschitz on (—oo,supp, u) (here
we use that f is nonnegative, nondecreasing, and convex). Thus |f(u)| < C(1 + |ul), and
by classical elliptic regularity [25] u is of class C? inside B;. Thus, in this case, (i) in the
statement holds.

As a consequence, in order to establish (ii) we may assume that

f'(supu) = +o0. (4.3)

B

Step 1: Construction of f. and u..
Given ¢ € (0,1], if supg, u < +oo we define f; by f.(t) := (1 —¢)f(t). Instead, when
Suppg, u = +00 we set

(1) = { (1-2)f() for t < e 1.

(=) (fe )+ (eht—et)) fort>et.

Note that in both cases f. € C, f. < f, and f. T f pointwise as ¢ | 0.
We now construct the functions u.. We first define the function uéo) to be the harmonic
extension of u. Indeed, since u € W'?(B,), the Dirichlet energy [, |Vv|* admits a minimizer

u® in the convex set {v € W 3(B;) : v —u € W*(B,)}. Note that u!” < u since u is
weakly superharmonic.
To construct u. for € € (0,1) we start a monotone iteration by defining, for 7 > 1, the
function u¥ as the solution to the linear problem
—AY) = fe(ugj_l)) in By
ug’ =u on 0B;.

12Throughout the paper, whenever we say that a function g is Lipschitz on some set A, we mean uniformly
Lipschitz (even if the set A is open), namely

sup l9(z) — g9(y)| < 4oo.

syed oty T Y
This is in contrast with the terminology “g is locally Lipschitz”, which means that g is Lipschitz on any
compact subset of its domain of definition.
131f supp, u = 400, we define f’ (suppg, u) := lim;_; yo0 [/ ().
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Note that we can start the iteration since 0 < f.(ul”) < fi(u) < f(u) € L(By). All the
other problems also make sense, since we have that ug-] ) < w for all 7 > 0. Indeed,

—A(u—ul) = fu) = f(ufV) = (f(u) = fo(w)) + (folu) = fo(udY))
> fo(u) — f-(uD)  forall j>1,

and since f. is nondecreasing it follows by induction that uéj ) < u.

To prove that the sequence is monotone, note that, since f. > 0, it follows by the maximum

principle that uél) > ugo). Also, since f. is nondecreasing, the inequality

—A@? —uIV) = f(uV) = f(u) for all j > 2
proves, by induction on j, that ud) > 7Y,
Analogously, since f. < f. for & < e, using that u? = ug,)) and that

AW —ul) = fowl™V) — £ @IV forall > 1,
again by induction we get

u(j) < u({) for all j > 0 and £’ < e. (4.5)

Claim 1: the functions u belong to WY2(By) and their Wh?-norms are uniformly bounded
mn J and €.
Indeed, since

; Vul) . V(u —u) dr = f (") (u—ul)dz >0
we have 1
V(- w92 dz < | Vu V- ul) dz < (| Vull 20 IV (u = u9)[|22(5,),
and therefore

IV |28,y < IV (= 0|2 + 1 Vull 2,y < 2 Vull2s,)- (4.6)
Since u”) — u vanishes on 0B, the claim follows by Poincaré inequality.
Thanks to Claim 1, we can define

Ue := lim u(J) < u,
j—o0

where wu. is both a pointwise limit (since the sequence is nondecreasing in j) and a weak
W'2(B;) limit. Then we have that u. € W?(By) is a weak solution of

—Au, = fo(ue) in By
Ue = U on 0B;.

We now want to show that u. is of class C%. For this, we prove the following:

Claim 2: the functions u¥ belong to CEO(By), for every B € (0,1), and their norms in this
space are uniformly bounded with respect to j. In addition, f. is real valued and Lipschitz on
(—o0,supp e, for every r < 1.

To prove this result, we distinguish two cases, depending whether supp, u is finite or not.
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- Case (i): supg, u < +00.
Note that, since in this case f. = (1 — ¢)f, we have —A(u — u.) > ef(u) > 0. Also,
f(u) cannot be identically zero, since f’ (supp, u) = +oo by (4.3). Thus, it follows by the
Harnack inequality that, for all » € (0,1) and € > 0, there exists a constant J., > 0 such
that u. <u — 6., in B,.

In addition, as already observed after , the fact that —Au = f(u) with f € C leads
to f < +00 on (—oo,supp, u). Hence, using again that f € C (thus f > 0 is convex and
nondecreasing), we obtain that

| fllcor (oo < C(f 1) <oo  forallt < Sup .
1

Therefore, since ugj) < u. < supg, u — 0., in B,, by standard elliptic regularity (see for

instance [25, Chapter 6]) we obtain that u¥) € C>%(B,) for all 8 € (0,1), uniformly in j,

loc
as desired. Furthermore, since u. < w — d., in B,, f. is real valued and Lipschitz on

(~00, 5upg, ).

- Case (ii): supg, u = +00.

In this case we note that, by construction, f. is globally Lipschitz on the whole R and
| f-(t)] < C.(1+|t|). Hence, thanks to the uniform W2 bound on u (see (4.6))), using
and standard elliptic regularity (see for instance [25, Chapter 6]), it follows by induction on j

that u¥) € C’Z’ﬁ(Bl) for all 8 € (0, 1), uniformly with respect to j.

loc
Thanks to Claim 2, we have that wu. is the limit of a sequence of functions uniformly
bounded in C>?(By), and hence u. € C*(By).

Step 2: The solutions u. are stable.
Since u. < u, it follows by the definition of f. that f’ (u) > (f:)" (u.) in By. Hence, the
stability of u gives that

VePdr> [ f e dr> / () (uz) € d
B B

By

for all £ € C°(By). Thus, u. is stable.

Step 3: u. Tu ase ] 0.

Recall that v, < u. < u for ¢’ < e, and that the functions u. are uniformly bounded in
W2 (see and ([£.6)). Assume by contradiction that u. T u* < wase | 0 and u* # w.
Then, by the convergence of f. to f, u* solves

—Au* = f(u*) in By, u—u" e W(]I’Q(Bl), u—u* >0, u—u"#0,

and thus, by the Harnack inequality applied to the superharmonic function u — u*, for any
r < 1 there exists a positive constant 9, such that u — u* > 9, > 0 inside B,. On the other
hand, testing the stability inequality for u with u — u* we obtain
[ = s aydo= [ V@-w)Pdez [ 1 @)
Bl Bl

By
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Recalling and that u > u*, this leads to f’ (u)(u — u*)? = (f(u) — f(u*))(u — u*) ae.
in By and (since f is convex) we deduce that f is linear in the interval [u*(z), u(z)] for a.e.
S Bl-

Let r < 1 and note that the intervals [u*(x), u(z)] have length at least ¢, for a.e. z € B,.
Hence, since u and u* belong to W1?(B,), the union of these intervals as x varies a.e. in
B, covers all the interval (infp, u*, supp U)E This leads to f being linear on the whole
interval (infp, u*,supg ). Letting » — 1, this gives that f is linear on (infp, u*,supp, u),
contradicting f’ (supp, u) = 400 (recall (4.3))) and concluding the proof. O

As a consequence, we find the following.

Corollary 4.3. The interior estimates of Theorem extend to all weak solutions in the
class S(By).

Proof. In case (i) of Proposition 4.2} when supp, u < 400 we have that the limits of f(¢) and
JL(t), as t T supp, u, exist and are finite. This follows from f being convex and Lipschitz in
(—o0,supp, u), as stated in case (i). Thus, we can extend f on [supp, u,4+00) to a globally
Lipschitz, nondecreasing, convex function in all of R, and then apply Theorem[I.2] Obviously,
there is no need to make the extension if supg, u = +o0.

In case (ii) of Proposition , take r < 1. Since f. is Lipschitz on (—oo,supg_u.|, we can
extend f. on [supp u.,+00) to a globally Lipschitz, nondecreasing, convex function in all
of R, and then apply Theorem [1.2| (rescaled from B; to B,) to u.. Letting e | 0, this proves
the validity of the interior estimates of Theorem inside B, 3, and letting r — 1 yields the
result. U

We can now prove Theorem [£.1]

Proof of Theorem[{.1]. By assumption we have a sequence uy € S(U) of weak solutions of
—Auy, = fr(uy), with f € C and U an open set of R", such that uy — uin L (U). Then, by
Corollary and Lemma , the previous convergence also holds in VVJ)CQ(U ). Also, up to
a subsequence, we can assume that u; — w a.e. If n <9, the same results give that vy — u
locally uniformly in U. However, since in order to prove u € S(U) we are not assuming
n < 9, we cannot use this information.

Step 1: A compactness estimate on fy.
Let M := supy u € (—o0, +00], and let m < M. We claim that

lim sup fr(m) < oco. (4.7)

k—o0

14 Here it is crucial that the union of these intervals covers the full interval (inf B, u*,supp u), and not
just a.e. A way to see this is to note that, since the intervals [u*(z), u(x)] have length at least ¢,, if this
was not true then the essential image of u (resp. u*) would miss an interval of length §, inside its image.
However, W2 functions cannot jump between two different values, as can be seen by using the classical De
Giorgi’s intermediate value lemma (see for instance [16, Lemma 1.4], or [22] Lemma 3.13] for an even simpler
proof).
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Indeed, let xg € U be a Lebesgue point for u such thaﬂ
m < u(zg) < M,

and set 0 := u(xg) —m > 0. Since z; is a Lebesgue point, there exists €9 > 0 such that

Ba.,(z9) C U and
]f ju(z) — u(awo) | di <
B:(z0)

In particular, for k sufficiently large we have

m < ]/ up dr < ][ lug| de < |u(zg)| +0  for all e € (0,2¢).
Ba(fo) Bs(a:O)

for all € € (0,2¢].

l\')lOr;

Hence, since f; is nondecreasing and convex, applying Jensen’s inequality and Lemma (a)

we get
fe(m) < fk(/ uy, d$> < ][
BEQ(IO) BEO

< Ogy? / |ug| da < Ceg? (|u(zo)| + 6)
B250(

((EQ) BEO (-’EO)

for a dimensional constant C' and all k sufficiently large, proving (4.7)).
Notice now that, since

and m 4+ § = u(xg) < M, applied with m replaced by m + ¢ implies that the functions
fr are uniformly Lipschitz on (—oo,m]. Hence, by Ascoli-Arzela Theorem and a diagonal
argument, we deduce the existence of a function f : (—oo, M) — R such that that f, — f
uniformly on (—oo, m| for every m < M. Also, since fj are nonnegative, nondecreasing, and
convex, extending f to all R by defining f(M) := limgyas f(¢) and f(t) := +oo for t > M, it
is easy to check that f € C.

Step 2: —Au= f(u) in U.
For every £ € C°(U) we have

/Vu-Vfdx——/uAfdw——hm/ukAfdx—klim Vuy - VEdx
v o (4.8)
= lim / fr(ug) & de.

k—o0
Note that, since since fy, — f locally uniformly on (—oo, M) and uj, — wu a.e., it follows that
fr(ug) = f(u) a.e. inside {u < M}. (4.9)

In the following, n € C°(U) denotes a nonnegative cut-off function such that n = 1 on the
support of &.

15The existence of such a point is guaranteed again by the fact that W12 functions cannot jump, as noted
in Step 3 of the proof of Proposition
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Case 1: M = +o00. We have
/ fre(ug)uy dx < / fre(ug) Jug | dx = /(—Auk)|uk]n dr = / Vug - V(Jugn)de < C
supp(§) U U U

for some constant C' independent of k£, where the last bound follows from the VVI})C2 bound-
edness of uy. In particular, given a continuous function ¢ : R — [0, 1] such that ¢ = 0 on
(—00,0] and ¢ =1 on [1,+00), we deduce that

| ) do< | felug) do
Supp(f) Supp(f)m{uk >.7} (4 10)

1
< —./ fk(uk)uk dr <
J S supp(&)n{ux>j}

Therefore, by Fatou’s Lemma (since uy — wu a.e. and fx(ux) — f(u) a.e. by (4.9) and
M = +00), we also have

/ fu)p(u—7)de < g for all 7 > 1. (4.11)
supp(§) J

<. Q

for all 5 > 1.

Furthermore, using again that u;, — w a.e. and fi(ug) — f(u) a.e., by dominated convergence
we get

felur) [ = o(ur = J)] = f(u) [L = p(u—j)]  in L'(supp(€)).
This, combined with (4.10)) and (4.11]), gives that

limsup/ | fe(ur) — f(u)| dx < limsup/ fr(ur) o(ug — j) dz
supp(€) supp(§)

k—o0 k—o0

. 2C
w [ e <2
supp(€) J
By the arbitrariness of 7, this proves that
felug) = f(u)  in L (supp(§)).

Recalling (4.8]), this concludes the proof of Step 2 in the case M = +o0.
Case 2: M < +oo. Let 6 > 0. Since (up — M — )y > § inside {uy > M + 2§} and
—Auy, = fir(ur) > 0, we have

fr(ug) de = 5/ —Auy, dx

gl
supp(&)N{ug>M+26} supp(§)N{ur>M+246}

<

/ —Auy, (ug, — M = §), de
supp(§)N{ug>M+26}

< / —Auy, (up — M — )y ndx
U

:/ |Vuk|2ndx+/ Vug - Vn(uy — M — §)4 dx.
Uﬂ{uk>M+§} U

Note that, thanks to the higher integrability estimate (1.6) applied to uy, (recall Corollary [4.3)),
the functions uy, are uniformly bounded in W***7(supp(n)). Thus, since 1g, > n+s — 0 and
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(up — M — §)4 — 0 a.e., we deduce from Holder’s inequality that the last two integrals tend
to 0 as k — oo, and therefore

lim fr(ug)dx = 0. (4.12)

k=00 Jsupp(&)n{uy,>M+26}

On the other hand, we note that fi(ur—30) < fr(M—9) < Cjs inside supp(&)N{uy < M 426},
for some constant Cs depending on ¢ but not on k. Hence, thanks to (4.12)) and the uniform
convergence of f to f on (—oo, M — J], we get (recall that u < M a.e.)

hm / fr(ug) & dr = lim fr(ug) & dx

k=00 Jun{u,<M+26}

:klim {/ fk(uk—35)§dx+/ (fk(uk) —f(ukz—35))fdx}
oo Un{u, <M+25} Un{u, <M+25}

/f (u—30)¢dx + le (fi(ur) — fup — 30))€ da.

© JUN{up<M+25}

Now, by -, the definition of f”, and the stability of u, we have (recall that n = 1 on the
support of )

/ (fiulug) — flug — 38))€ d| < 35 / (o) (up) €] dx < 36]€]1 / (o) () dz < O
U U

and therefore, letting 6 — 0, by monotone convergence we find

hm fkuk fdx—/f )€ dx.

Recalling (4.8]), this proves that —Au = f(u) inside U in the case M < +o0.

Step 3: u is stable.
Thanks to the convexity of f, it follows from (4.1]) and the stability inequality for uy that,
for any § > 0,

U 0 v

Hence, since uxy — u a.e. in U and fp — f locally uniformly in (—oo,m] for all m <
M, and since f; is nondecreasing, it follows by Fatou’s lemma applied to the sequence

1{uk§min{j’M}+6} 5*1(fk(uk — 25) — fk(uk — 35)) that, for any j > 1,

/ f(u—25)—f<“_35)52dx§
Un{u<min{j,M}} 0
<t [ =2 =R e g,
k—o0 UNn{ug<min{j,M}+5} 0
. hlgnlnf/ fr(ug, — 20) — _ fre(ug — 35)5 dr

/ IVE|? da for all £ € C°(U).
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Since

f(t —26) - f(t=30) fL(t)  asd—0, forall t <min{j, M},

the result follows by the monotone convergence theorem, letting first 6 — 0 and then j —
~+o00. U

5. BOUNDARY W12T7 ESTIMATE

In this section we prove a uniform 2™ bound near the boundary in terms only of the L!
norm of the solution. As in the interior case (see Section , this is done by first controlling
|Vl f2++ with [|[Vu||p2, and then |Vul|z2 with ||ul|z:.

We begin by introducing the notion of a small deformation of a half-ball. It will be useful
in several proofs, particularly in that of Lemma 6.2, Given p > 0, we denote by B;r the
upper half-ball in the e, direction, namely

Bp+ = B, N {z, > 0}.
Definition 5.1. Given 9 > 0, we say that  C R" is a ¥-deformation of By if
Q=d(ByN{x, >0})
for some ® € C3(By; R") satisfying ®(0) = 0, D®(0) = Id, and
1D*®|| oo By + |1 D* @ oo () < 0.
Here, the norms of D*® and D3*® are computed with respect to the operator norm.

Note that, given a bounded C? domain, one can cover its boundary with finitely many
small balls so that, after rescaling these balls, the boundary of the domain is given by a finite
union of ¥-deformations of By (up to isometries) with o arbitrarily small.

Proposition 5.2. Let Q@ C R" be a U-deformation of By ford € [0, 1&]. Let u € C*(QN By)

be a nonnegative stable solution of —Au = f(u) in QN By, with u =0 on 00N By. Assume
that f is locally Lipschitz, nonnegative, and nondecreasing. Then

[Vull L2+ @nB,,0) < ClIVullz2@nBy);
where v > 0 and C' are dimensional constants.

The proof will make us of the following lemma, which is based on a Pohozaev-type identity.

Lemma 5.3. Under the assumptions of Proposition we have

il z200nB, ) < ClIVull2@npy). (5.1)
where u,, is the normal derivative of u at 02 and C' is a dimensional constant.

Proof. Take a cut-off function n € C2(By) such that = 1 in By/s, and consider the vector-
field X(z) := = + e,,. Multiplying the identity

div(|Vul’X = 2(X - Vu)Vu) = (n — 2)|Vu|* = 2(X - Vu)Au
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by n* and integrating in Q N By, since v = 0 on 9 and v > 0 in QN By (and hence the

exterior unit normal v is given by —%), we obtain

—/ (X - v)|Vul*n? dH" - / (|Vul’X — 2(X - Vu)Vu) - Vi’ do =
o0QNB,

QNBy
= / ((n—2)|Vu|2 —2(X-Vu)Au)n2 dzx.
QNB;

Note that, since 2 is a small deformation of By, we have —X - v > % on 02 N B;. Hence,

since F'(t) := fg f(s)ds satisfies X - V(F(u)) = f(u)X - Vu = —AuX - Vu, we obtain
1

—/ (Vul*n?dH"* < C’/ |Vul* dz + 2 X - V(F(u))n* dv
2 0QNB, QNB; QNB;

= C/ \Vul*n? dx — 2/ F(u) div(n*X) da.
QNB; QNB;

We now observe that, since f is nondecreasing, 0 < F(t) < f(¢)t for all ¢ > 0. Hence,
noticing that the function g := |div(n*X)| is Lipschitz, we can bound

—/ F(u)div(nZX)de/ uf(u)gda::—/ uAugdz
QNB; QNB; QNBy

:/ (IVul'g +uVu-Vg) dv < C/ (u? + |Vul?) de,
QNB;

QNBq

and we conclude using Poincaré inequality (since w vanishes on 02 N By). U
We next give the:
Proof of Proposition[5.3. The key idea is to use a variant of
as test function in the stability inequality (note that this function vanishes on the boundary
if 00N By C {x, = 0} is flat).
Step 1: We prove that, whenever B,(z) C Bys,
/ pt A% dr < C (P*|D?u||Vu| + p*|Vul?) da, (5.2)
QNB,/2(2) QNB,(z)

where A is as in Lemma[2.3.
By scaling and a covering argument, it is enough to prove the result for z = 0 and p = 1E
Observe that, thanks to Lemma [A.3(iii), Vu € (W?P N CY)(Q N Byys) for all p € (1, 00).
Since 2 is a ¥-deformation of By with ¥ < 1/100, ® is a diffeomorphism. Let

Y =V(e, &) =V((®) )"
16For this, note that when B,(z) C Q then (5.2) follows from Lemma Note also that if z € 902N By /g

then, within a small ball centered at z, € is (after a translation, rotation, and dilation) a ¥-deformation of
B,
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be the gradient of the pushforward of the n-coordinate x,, : Bf” — R through ®. Note that
Y is orthogonal to 9. We define N = Y /Y|, and note that IN belongs to C%(Q2) and that
N = —v on 0.

Consider the following convex C'! regularization of the absolute value: for r > 0 small,

we set
r(2) |2[1 (7‘ _|Z|2>1 (5.3)
r\Z) ‘= |Z z|>r a z|<r}- .
ey + {5 T 5,7 ) Hz<n

Then ¢,(Vu) € (WP N CY)(Q N Byg) for all p < co. Moreover, since u is nonnegative and
superharmonic, unless © = 0 (in which case there is nothing to prove) then it follows by the
Hopf lemma that |Vu| > ¢ > 0 on 9Q N Byg, for some constant ¢. Hence, since Vu is C* up
to the boundary, for r > 0 small enough we have

¢r(Vu) = |Vu| in a neighborhood of 02 inside By/s. (5.4)
After choosing r > 0 small enough such that (5.4]) holds, we set
c:=¢.(Vu) — N - Vu,

and we take n € C2(Bg/s) with n = 1 in Byss. Note that ¢ = 0 on 9Q N Byss, and ¢ €
(W2 N CH)(QnN Bz)g). Then, since ¢ vanishes on 02 N By, thanks to an approximation
argument we are allowed to take & = cn as a test function in the stability inequality .
Thus, with this choice, integration by parts yields

/ (Ac+ fL(u)c) endx < / c?|Vn|* dx. (5.5)
onB; QNB;
Note now that
(Ac+ fL(u)e) e = (Al (V)] + L (u)¢r (Vu)) 6, (V)
— (A(N - Vu) + fL(u)N - Vu)(¢,(Vu) = N -Vu) (5.6)
= (Algr (V)] + f£ (), (Vu) )N - Vu.
Since AVu = —f' (u)Vu (see Lemma [A.3[(ii)), we have

(A6, (V)] + £ ()n (V) 6,(Vu) = £ () (V) (6:(Vu) — T, uy(0,6,)(Va)) (5.7
+ (V) 32, 0 (05,00 (V) uijuiy,. (5.8)
Note that, inside the set {|Vu| < r}, the term is nonnegative since ¢, is convex, while
the term ([5.7)) is equal to
T \Vu|2>

FLon(Vu) (5 = 5

and therefore it is also nonnegative (all three factors are nonnegative). On the other hand,
inside the set {|Vu| > r}, the term (5.7)) vanishes, while the term (5.8)) equals A% Therefore,
we conclude that

(A (V)] + £ ()6, (V)6 (V) > A Loy, (5.9)

where A? is as in (2.7)).
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Coming back to (5.6]), we note that

]

so it follows from the bound |¢,(Vu)| < |[Vu| + r that

/QﬂB (AN - Vu) + f.(u)N - Vu) (¢,(Vu) = N - Vu)n® dz| <

< C/ (IVul +r) (|ID*u| + |Vu|) dz. (5.11)
QNB;

Also, since nn € C?(Bys), integrating by parts and recalling (5.4) we have

/ Alp,(Vu)] N - Vun? dr = / ¢ (Vu) AN - Vu)n* dr +
QNB;y QNBy

# [ @0V VN T0) - TP+ [Tu] N V) da

+/ (IVul, N - Vun® — |Vu|(N - Vun?),) dH" .
00N B,

(5.12)
Since N = \V = —von the boundary, it follows that on 92 N By it holds
Vu|,N - Vu = —% and  |Vu|(N - Vu), Z Nuu; — Z”|$;T]u],
and therefore, thanks to Lemma |5.3]

< C/ |Vul*dz.
QNB1

Thus, combining (5.12)) and (5.10)), and then using (5.13)), we conclude that
/ (Algr (V)] + fL(w),(Vu))N - Vun?dz| < C (IVu| + ) (|D*u| + |Vu|) d
QNB; QNB;

Combining this bound with (5.5)), (5.6)), (5.9), and (5.11]), we finally obtain

A1 vusn dz < C (IVul 4+ r)* + (|Vu| + 7) (|D?u| + |Vu|) dz

QNBy QNBy
Recalling that 7 = 1 in By s, letting r | 0 this proves (5.2) for z = 0 and p = 1, as desired.

Step 2: We prove that
H'AH%Q(QOBWB) < C”VUH%%QmBl)- (5.14)
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It suffices to prove that, for every B,(z) C Bz/s and € > 0, we have

C
P HA”L2 (2N By, 5(2)) = <ep HAHL?(QOBP( ) T EHVUH%z(QmB,,(Z)) (5.15)

where A is as in (2.7). Indeed, it follows from Lemma applied with o(B) := ||A||2 12(nB)
that (5.15)) leads to (5.14) with € N Byr/s replaced by €2 N Br/15. A covering and scahng
argument then gives ((5.14)) with QN B7/s in the left hand side.

To prove (5.15]), we argue as at the beginning of Step 1 to note that we may assume z = 0
and p = 1.

We observe that, for any given n € C2(By/s) with n = 1 in Bys, it follows from (2.11)) and

(2.12) that

— / div(|Vu|Vu)n® dz > / (—2Au— CA)|Vu|n* da. (5.16)
QNB;

QONB;

Hence, since |D?*u| < |Au| + CA and Au < 0, using (5.16]) we get

+C A|Vu|n? dz. (5.17)

QNB;

1
/ | D?u| |[Vu|n* dv < ’—/ div(|Vu|Vu)n® dz
ONB, 2 Jans,

On the other hand, using Lemma we obtain

= ‘—/ |u,,|2n2d7-l"_1—/ |Vu|Vu - V(n?) de
o0ONB, Q

/ div(|Vu|Vu)n® dz
QNB;

(5.18)
< C/ |Vul? dx.
QNB1
Thus, combining (5.17]) and ( - we get
/ |D?u| |Vu|n*dr < C A|Vu|n? dx—l—C/ |Vul® dz. (5.19)
QNB1 QNB; QNB;
Recalling that 7 = 1 in Bys, (5.19) and (5.2) yield, for every € € (0,1),
/ A2 dx < C’||Vu||%2(m34/5) + C/ | D?u| |Vu| dx
QNBy s QNBy,s
C
< C”VUH%Q(QQBQ +C A|VU|dIL‘ < ;“VUH%Q(QQBQ +e A2 dl’,

QNB; QNB;

which proves (5.15)).

Step 3:  We show that

QNB1

/ |div(|Vu| Vu)| dz < C |Vul? dx.
QOB4/5
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As in the previous step, we take n € C2?(Bys) with n = 1 in Bys. Then it suffices to
combine (2.11)), (2.12)), (5.19), and (5.14)), to get

/ div(|Vu| V)| do g/ 9|V Audz + C V| Adz
1/2 1/2
<C A?dx +C yvu|2d:c+c(/ |Vu|2d:c) </ A%)
QNBy/s QNB; QNBy /s QNBy /s
<C |Vul? dr,
QNB;
as desired.

Step 4: Conclusion.
Here it is convenient to assume, after multiplying u by a constant, that ||Vu||r2np,) = 1.
Thanks to Step 3, we can repeat the same argument as the one used in Step 2 in the proof
of Proposition to deduce that, for a.e. t > 0,

/ |Vul> dH" ! < C/ |Vul?dx = C. (5.20)
QN {u=t}NB3/4 QNB;

Also, since u vanishes on 02 N By, setting h(t) = max{1,t}, by the Sobolev embedding we
deduce that

/ dt/ h(t)? [Vu| tdH" ™ < |QNBN{u < 1}|—|—/ uPdr < C, (5.21)
R+ QN{u=t}NB1N{|Vu|#0}

QNB;

for some p > 2. Hence, choosing dimensional constants ¢ > 1 and 6 € (0,1/3) such that
p/q=(1—0)/0, we can write

/ |vu|3—30 dr :/ dt/ h(t)pﬁ—q(l—H)|vu|—9+2(1—0)dHn—1
QNB3 /4 R+ QN{u=t}NB3/,N{|Vu|#0}
%
< (/ dt/ h(t)p|Vu]_1dH”_1) X
R+ QN{u=t}NB1N{|Vu|#0}

1-60
X (/ dt/ h(t)—qwu\?cm”—l) . (5.22)
R+ QN {u=t}NB3,4sN{|Vu|#0}

and by (5.21)) and the very same argument as the one used at the end of Step 3 in the Proof
of Proposition (now using ((5.20])) we obtain

/ (Vul>~* dr < C,
9033/4

which concludes the proof. O

Remark 5.4. Note that, in Step 4 of the previous proof, one may also take any exponent
p > 2, and then § = 1/3 and ¢ = p/2 > 1. With these choices, if we normalize u so
that [|ul|zr@np,) = 1 (instead of the normalization ||Vu||r2np,) = 1 made in Step 4 of the
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previous proof), setting h(t) := max{1,¢} it follows from (5.22)), (5.21]), and the inequality in

(5.20), that
5 5 2/3
/ |Vu|*dx < C’(/ |Vu| dm) whenever |[u||zr@np,) = 1, (5.23)
Qr‘lBs/4 QNBy

where we used that [, h(t)"?dt < C.
In the general case, applying this estimate to u/||u||Lr(onp,), we deduce that

W 3
/ |Vul|? de < C (/ |ul|? d:v) (/ |Vu|2d:r> (5.24)
QNBjy 4 OBy onB,

for every p > 2.
As a consequence of this remark, we deduce the following important a priori estimate.

Proposition 5.5. Under the assumptions of Proposition there exists a dimensional
constant C' such that

IVullz2@ns, ) < Cllullri@ns,)- (5.25)

Proof. By Remark [5.4] we can choose p € (2,2*) (here 2* is the Sobolev exponent, or any
number less than infinity if n = 2) and then ¢ € (0, 1) such that p = (2* 4+ (1 — (), to obtain

1/3 2/3 3 (1 3 2/3
IVl 2@n, < Cllullfbians VUl ians, < CllullE gns el e | Vel s,
C
24¢)/3 (1 3
< ClIVull i 1l ahey < ellVallzz@ne + Zllulans,).

Hence, applying this estimate to the functions u, ,(x) := u(y + rz) for all balls B,(y) C By
(as in the proof of Proposition [2.5), we can use Lemma with o(B) = ||Vul|| L2(ons) to
conclude. 0

6. BOUNDARY C'® ESTIMATE FOR n < 9, AND PROOF OF THEOREM [L.5]

In order to prove Theorem [I.5] as observed at the beginning of Section [5] every bounded
domain of class C? can be covered by finitely many balls so that, after rescaling the balls to
have size 1, inside each ball the boundary is a 1-deformation of B; for some ¥ < ﬁ. Hence,
by applying Propositions and [5.5], we deduce that there exists a neighborhood of 99 in
which the W*-norm of u is controlled by ||u||11(q). Combining this information with
and a covering argument, we conclude the validity of . Hence, we are left with proving
(1.10)).

By the same reasoning as the one we just did, but now using instead of , to show
(1.10) when n <9 it suffices to obtain a uniform C* control near the boundary when 052 is a
small J-deformation of By (recall Definition . Hence, to conclude the proof of Theorem
it suffices to show the following:

Theorem 6.1. Let n <9, ¥ € [0, 15}, and Q C R™ be a U-deformation of By . Assume that

u € C°(Q N By) NCYHQN By) is a nonnegative stable solution of
—Au= f(u) nQNB; and u=0 ondQN B,
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for some nonnegative, nondecreasing, convex function f: R — R. Then
lullca@ng, ) < Cllullr@nsy),
where a > 0 and C' are dimensional constants.

To prove this theorem, we first need the boundary analogue of the key interior estimate
D).

Lemma 6.2. Let Q C R" be a U-deformation of By for ¥ € [0, 1&s], and let u € C*(QN By)
be a nonnegative stable solution of —Au = f(u) in QN By, with u =0 on 0Q N By. Assume
that f is locally Lipschitz.

Then there erxists a dimensional constant C such that, for allm € C%'(By),

/Q N ({(n — 2+ 2z -V} |Vul? = 2(x - Vu)Vu - V(n?) — |z - Vu|2]V77]2> dx
N5y

<Co [ [VuP(? + 1ol [V0P)] + [of(TP) d
QNB;

Proof. The key idea is to use a variant of £ = (x - Vu)n as test function in the stability
inequality (note that this function vanishes on the boundary if 9Q N By = {x, =0} N By is
flat).

We consider the vector-field

X(z) = (D®)(® () - 2 *(x) for all z € QN By,

with @ as in Definition [5.1] Note that X is tangential to 9 since, for x € QN By, 7' ()
is tangent to the flat boundary of B;. Hence, since u = 0 on 9Q N By, we deduce that
X - Vu =0 on 00N B;. Also, since  is a 9¥-deformation of By, it is easy to check that

X — x| < OY|z|?, VX —1d| < C¥z|, |D*X| < CY, (6.1)

where C' is a dimensional constant. The bound on D?X follows by a direct computation,
while the two first ones follow by integrating the latter and using that VX(0) = Id and
X(0) =0.

Set ¢ := X-Vu, and take n € C?(B;). Note that ¢ = 0 on 92N B; and ¢ € (W2PNCH) (2N
By) for all p < oo (thanks to Lemma [A.3). Hence, arguing as usual by approximation, one
is allowed to take & = cn as a test function in the stability inequality . Thus, using that
c vanishes on 0€) N By, integration by parts yields

/ {Ac+ f (u)c}en’dr < / c?|Vn|? dx. (6.2)
QnB,

QNB1
By a direct computation it follows that

Ac =X -VAu+2VX : D*u+ AX - Vu
= —f (u) X -Vu+2(VX)*: D*u+ AX - Vu
= —f"(u) ¢+ 2div((VX)*Vu) + [AX — 2div((VX)*)] - Vu,

where (VX)* :=
VX : D*u = (VX)

(VX + (VX)*) is the symmetrized version of VX and we used that

1
2
1 D?u (since D?u is a symmetric matrix).
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Hence, substituting this identity in (6.2]) and using (6.1)) we get

/ X - Vul|? |[Vy* do > 2/ (X - Vu) div((VX)*Vu) n* dz — CY \Vul? n? dx.
QNB, QNBy iNBy (6.3)

Noticing that |[VX — Id| + |[(VX)®* — Id| 4 |divX — n| + |V(VX)*| < C¥ (as a consequence
of (6.1)), we see that
div(2(X - Vu) [(VX)*Vu] — {[(VX)*Vu] - Vu}X)
=2(X - Vu) div((VX)*Vu) 4+ 2[VXVu] - [(VX)* V]
— divX {[(VX)*Vu] - Vu} — {[X - V(VX)®] - Vu} - Vu}

= 2(X - Vu) div((VX)*Vu) + (2 — n)|[Vul* + O] Vul?).
Hence, using this identity in (6.3)), and taking into account (6.1)) and that X - Vu = 0 and
X-v=0o0n 002N By, we get

/ o Va2 (Vi de+C0 [ [VuPrtde+Co [ |[Vullel2Vy? de
QNB;

QNB; QNB;

> /QmB <diV(2(X . VU) [(VX)SVU] — {[(VX)SVU] ) VU}X) . (n B 2)’vu|2> n2 .
- / (= 20X u)[(VX)*Vu] - V() + {[(VX)' Vel Vu}X - V() ) de

+/ (n — 2)|Vul*n* dz
QNB1

> [ (=2 VUV V) + a6 + (0~ 2|Vl dr

- 019/ |Vu|2 || |V(n2)| dzx.
QNB;

This proves the result for n € C?(By), and the general case follows by approximation. Il

To prove Theorem we will use a blow-up argument that will rely on the following
Liouville-type result in a half-space. In the blown-up domains, the constant ¥ in Lemma [6.2
will tend to zero. Recall that the class S(U), for U C R", was defined in (4.2). We use the
notation R? := R" N {z,, > 0}.

Proposition 6.3. When 3 < n <9, there exists a dimensionciconstant oy > 0 such that
the following holds. Assume that u : R — R belongs to W7 (R?) NCY.(RY), u € S(RY),

loc
and uw = 0 on {x, = 0} in the trace sense. Suppose in addition that, for some o € (0, )

and v > 0, denoting ur(x) := u(Rz) we have
||VUR||L2+7(B;/2) S Cl”VUR”LQ(B;) S CQRa fOT all R Z 1 (64)

with constants Cy and Cy independent of R, and that u satisfies

/n ({(n— 2+ 20 Yo} 0|V — 20 - V) Vu - V) — |2~ Vul|Vo?) dz <0 (6.5

+



38 X. CABRE, A. FIGALLI, X. ROS-OTON, AND J. SERRA

for alln € CX(R%). Then u=0.
Proof. Let us define, for p > 0,

D(p) := pz_"/ |Vul? dx and R(p) ::/ 2| "z - Vu|* dx.
BY BF

P

We divide the proof in three steps. As we shall see, for the validity of Step 1 the assumption
3 <n <9is crucial.

Step 1:  We prove that, for all p > 0,
R(p) < Cp*™ / |Vul? dx (6.6)
B3 \BJ

for some dimensional constant C' > 0.

Let ¢ € C°(By) be some radial decreasing nonnegative cut-off function with ¢» = 1 in
By, and set ¢,(x) := ¢ (z/p). Then, as in the interior case, for a < n and € € (0, p) we use
the Lipschitz function n.(z) := min{|z|~%2, %2}y, (x) as a test function in (6.5). Hence,
noting that Vi, has size C'/p and vanishes outside of the annulus Bs, \ B,, and throwing
away the term fRimBg (n — 2)n?|Vu|*dx, we obtain

2
/ {(n=2-a)Vu + (20~ % ) o Vullal 2 ol dr < C(n,a)p“/ IVl da.
R\ B: B3,\By

Choosing a := n — 2, since 2a—§:(n—2)(2—”7_2) =1n—-2)(10-n)>0for3<n <9
we obtain

/R"\B |z| 7" - Vu|2¢§ dr < C'pZ_"/ |Vul? d.
4 \De

B3,\B,

Recalling that ¢2 = 1 in B,, the claim follows by letting £ | 0.

Step 2: We prove that there exists a dimensional constant C such that, if for some R > 1

we have
1
/ Vgl dv > —/ |Vug|? dr,
B 2 Bf

1

[ VuPds<c [ jal e VunP e
B B

3/2 3/2\31

then

The proof is by compactness. We assume by contradiction that we have a sequence uy :=
uRk/HVuRkHLQ(B;/Q) € S(By)NW.2(RY), with u, = 0 on {z, = 0}, satisfying

loc

1
/+ |Vug|* dz > §/+ |Vuy|? dr, (6.7)
B B}

1

/+ |Vug|? de = 1, and /+ 2| "z - Vug|* dx — 0. (6.8)
B B

+
3/2 3/2\B1
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Note that, since [+ |Vug|* dz < 2, thanks to Lemma [A.1j and our interior W**7 estimate
2

there exists a function w such that, up to a subsequence, u; — u strongly in I/I/kl)f(B;r ). On
the other hand, using the first bound in (6.4), for every 6 € (0,1) we have

/ |V |* do < (/ |V dx)
B n{x,<8} B, n{x,<8}

3/2 3/2

< 0§

2/(247)
|B

/(2+7)
;“/2 N{x, < 5}‘7 K

This means that the mass of |Vuy|? near the boundary can be made arbitrarily small by
choosing ¢ small enough. Combining this information with the convergence of uy — u in

W2 (By) we deduce that ugy — u strongly in WLQ(B;/Q). Moreover, by Theorem we

obtain that u € § (B;/g), and taking the limit in we obtain

/B+ Vul*dr =1 and z-Vu=0 inB;/Q\Bf’.

3/2

Moreover, since the trace operator is continuous in WLQ(BSF/Q), we deduce that v = 0 on
{l’n = O} N Bg/g.

Hence, we have found a function u € S (B3+/2) which is 0-homogeneous in the half annulus
B;/2 \B_fr In particular,_since u is a weak solution of —Au = f(u) in B;/Q with —Au =
f(u) € Li,e N C%(By,, \ BY'), this is only possible if f = 0 (this follows from the fact that

loc
Au is (—2)-homogeneous while f(u) is 0-homogeneous). It follows that u is a 0-homogeneous
harmonic function in the half annulus B;)F/Q \ Bf vanishing on Q(Bg/g \ Bf )n{z, = 0}. Hence,
as in the proof of Lemma [3.1] the supremum and infimum of u are attained at interior points,
and thus u must be zero by the strong maximum principle. Furthermore, exactly as in the
proof of Lemma [3.1], the superharmonicity of « combined with the fact that u vanishes in

B;)L/Q \ Bf gives that u vanishes in B;“/Q. This contradicts the fact that [,4 [Vu|*dz =1 and
3/2

concludes the proof.

Step 3: Conclusion.
Exactly as in Step 1 of the proof of Theorem using Lemma (combined with Steps
1 and 2 above) we deduce that

|2 Vgl 2 pr) < Cr* [ Vugll 257 for all r € (0,1/2) and R > 1,

where €' and a,, > 0 are dimensional constants. Hence, since by assumption [[Vug|| g+ <
CR® with a < «a,, given a constant M > 0, we choose r = M /R and let R — oo to find

|z - vUM||L2(131+) =0.

Since uy; € S(Bi) and uy = 0 on {z, = 0} N By, as in the previous Step 2 we conclude
that uy; = 0. Since M > 0 is arbitrary, the proof is finished. O

We can now prove Theorem [6.1]
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Proof of Theorem [6.1. Note that, as in the interior case, we may assume that 3 <n < 9 by
adding superfluous variables and considering a “cylinder” with base Q. Also, by Lemma[A.3]
u e CQ (ﬁ N Bl>

Recalling that © is a ¥-deformation of By with ¢ € [0
exists a dimensional constant C' such that

/Q _ [Vufde < Or|[Vulliaons,  forall re (0,1), (69)
ﬁ T

71—(1)0], it suffices to prove that there

where «,, is given by Proposition . Indeed, given r € (0, %) there exists a dimensional

constant ¢ € (0, 1) such that Be(re,) C €, and the L™ estimate from (|1.7)) applied in this
ball, together with the inclusion B..(re,) C Bs,, give

u(rey,) < C’r_”/ wdr < Cr_”/ wdz.

Ber(ren) QNBa,
Thus, once is proven, it follows from this, the Sobolev inequality, and Proposition ,

that
1/2
u(rey,) < C’r_”/ udr < C<r2_"/ |Vul? dx)
QNBay QNBay

< CT&"/QHVUHL?(mBI/Q) < CTa”/2||U||L1(QmBl)
for all » € (0,1/4). Applying this estimate to the functions u,(z) = u(y + z) with y €
9Q N By 9, we deduce that
u(z) < Cdist(z, 00)*?||ul| 1 qnp,y  for all 2 € QN Byja.
Combining this growth control with it follows by a standard argument that

||U||cﬂ(ﬁmBl/2) < C||u||L1(QﬁB1)>

where 3 := min{a, /2, a}, with a as in (L.7). Hence, we only need to prove (6.9).

We argue by contradiction, similarly to [34]32]. Assume that there exist a sequence of radii
r € (0,1) and of stable solutions u; with nonlinearities f; in domains €, with g, fi, Q
satisfying the hypotheses of the theorem and such that

Ti_"/ |Vug|? do > k:rz‘"HVukH%z(QmBl) (6.10)
kaB'rk

for all £ € N. Then, for r € (0,1) we define the nonincreasing function

s2n Vuy|? dx
O(r) :=sup sup — fQ’“mBSJ |
k  se(r,1) S nHvukH[g(kaBl)
and note that © is finite since obviously ©(r) < r?7""%» < oo for all r > 0. By (6.10) and

since © is nonincreasing we have O(r) T +oc as r | 0. Also, by the definition of ©, for any
given m € N there exists 7,,, € (1/m, 1) and k,, such that

F%n—n , |Vukm’2 dx
- kammBTmQ > 2@(1/771/) 2 3@(7_"171) (611)
Tor || Vug,, HLQ(kaﬁBl) 10

Since ©(1/m) 1 oo as m T o0, it follows that 7, | 0.

O(Ty,) >
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Consider the sequence of functions

m T?‘nn @(?m) ||Vukm ||%2(kamBl) )
and denote Q,, := %ka. Then Q,, — R?% locally uniformly as m — oo, and for all

R € [1,1/7,,) we have

= \2—n 2
RQJL/ Vi, |* do = BT )*™" Jo 1, [V "
8B 70 O (T ) || Vg, Hi?(kaﬂBl)

6.12
(R7)* ™ [0 g |V, |*de (6.12)
e — N R < R,
(BT ) O(RTm) [V, 1220, m)
where we used that ©(R7,,) < O(T,,) since R > 1.
On the other hand, using (6.11)) we have

9
/ Vi, 2ds > — (6.13)

ﬁmﬂBl 10

Now, similarly to Step 2 in the proof of Proposition [6.3] thanks to Proposition [5.2] and
Lemma [A] there exists a function @ such that, up to a subsequence Uy, — U strongly in
wh 2(R”) In addition, since Q — R, using again Proposition |5.2| we see that, for every

loc

R>1and ¢ € (0,1),

2 ~ 2
/ Va2 de < (/ V7 dr) 7 [0 1 B 1, < 5}
QmNBrMN{z, <5} QmNBrMN{z, <5}

< C(R) (67 +0,(1)),

where 0,,(1) — 0 as m — oo. Hence, as m — oo the mass of |V,,|* near the boundary can
be made arbitrarily small by choosing § small enough, and combining this information with
the convergence of @,, — @ in WL*(R?) we deduce that @,, — @ strongly in W'2(B}}) for
all R > 1.

Moreover, by Theorem we obtain that @ € S(R’), and taking the limit in and
(6.13]) we obtain

9
\Val?dr > —  and  ||Vug|?, e = B2 | |Vu]*de < R*™ forall R > 1,
Bt 10 L2(BY) "

R

where g :=u(R- ). Moreover, since the trace operator is continuous in W?(B}), we have
u =0 on {x, = 0}. The last bound (applied with R replaced by 2R) and Proposition
give that w satisfies the hypothesis in Proposition with a = a,, /2.

Therefore, to show that w satisfies the assumptions Proposition with o = «, /2, it only
remains to prove that holds (with u replaced by @). This is a consequence of Lemma :
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since %flm is a ¥-deformation of B,y with ¥ = CRF,,, for all n € C%! (B_f) we have

/(15 - ({(n =2+ 20 - V0} 9|Vt pl? = 2@ - Vit 1) Vit - V() ) da
RYYM NB1

—/ N | - Vﬂm7R|2|Vn|2dx < C’RFm/ |ﬂmﬁ|2 dx,
(£m

LQm)NB1 (£Qm)NB;

and hence, by letting m — oo, we deduce that

/+ ({(n —2)n + 2z -V} n|Vug|* — 2(z - Vug)Vug - V(n?) — |z - vaR|2|vn|2> dr <0
Bl

for all n € C%! (B_IL) Since this holds for all R > 1, this proves that (6.5 holds for every
n e C’g’l(RT}r) with u replaced by w. Thus, it follows by Proposition that w = 0, a
contradiction since [+ [Vul? dz > 5. O

As explained at the beginning of this section, Theorem [1.5] follows immediately from The-
orem (6.1} Thus, it only remains to give the:

Proof of Corollary[1.6 Since u € I/VO1 ’Q(Q), it follows from (|1.3)) and a standard approxima-
tion argument that

/ fu)dist(-,0Q) dz < C||Vul|12(q).
v

Thus, thanks to the approximation argument in [21, Theorem 3.2.1 and Corollary 3.2.1], u
can be written as the limit of classical solutions u. € C2(Q) of —Au. = (1 — &) f(u.) in Q,
as € | 0. Thus, applying Theorem to the functions u., using Proposition [B.1] and letting
e 1 0, the result follows. 4

7. ESTIMATES FOR n > 10: PROOF OF THEOREM [1.9]

In this section we show how our method also gives sharp information in higher dimensions.
We first deal with the interior case, and we prove a strengthened version of Theorem [1.9
Recall the definition of the Morrey space MP#(Q) given in Section . Here p > 1 and

B e (0,n).
Theorem 7.1. Let u € C?*(By) be a stable solution of
—Au = f(u) in By,
with f: R — R locally Lipschitz, and assume that n > 10. Then

Hu”Mﬁ%’ﬁ(B + IVullaze, ) < Cllullris,y)  for every B € (n—2vn—1-2,n),

1/4)
for some constant C' depending only on n and B. In particular (1.13) holds.
Recall that, in the radially symmetric case,
if u is radial and Vu € M>P(B4), then u € LP(Bys) for all p < 2n/(8 — 2); (7.1)

indeed this follows from [I1] after cutting-off u outside B s to have compact support in By 4.
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Thus, Theorem together with yield the following L” bound for radial solutions:
2n
n—2yn—1-—4
Hence, in the radial case we recover the LP estimates established by Capella and the first

author in [10], which are known to be sharp: cannot hold for p =p,,.

Unfortunately, as shown recently by Charro and the first author in [11], the embedding
(7.1) is false for non-radial functionsﬂ and thus it is not clear whether (7.2]) holds in the

i . 28 28
nonradial case, too. From Vu € M?#, the best one can say is u € M#2P ¢ [52 as stated
in Theorem [7.1]

Proof of Theorem [7.1. We split the proof into two cases.

Case 1: Assume first n > 11. Then, repeating the proof of Lemma [2.1, in Step 2 we can
take an exponent a satisfying

8<a<2(l+vn—1)<n-—2. (7.3)
Then, choosing 0 < ¢ < 1 such that (|, = 1, (gm\5,,, = 0, and [V(| < C, we obtain

2
/ {(n 2 a)|Vul? + <2a - “—) - vu\%r?}w dr < C(n,a)/ Vul? de.
Bi/a 4 B1/2\B1/4

Since 2a — a?/4 < 0, the left hand side above can be bounded from below by

(7.2)

lullze(s, o) < Cllullzrs,) — for every p <p, =

(n—2+a—a/a) / V2| dz,

By
and because n — 2 + a — a?/4 > 0 (thanks to the choice of a in (7.3)), we deduce that
/ \Vul?|z| ™" dx < C/ |Vul? de < CHUH%I(Bl),
B4 B1/3\B1/4

where the last inequality follows from Proposition [2.5] B
Applying this estimate to the functions w,(z) := u(y + x) with y € B4, it follows that

pa/ |Vul? do < / \Vu(z) ||z —y| ™ de < CHuH%l(Bl) for all y € By 4, p € (0, }1>
By(y) B4y

This proves that Vu € M*#(By,) for every B:=n—a>n—2y/n—1-2.
Now, after cutting-off u outside of By /s to have compact support in B4, we can apply [I,
Proposition 3.1 and Theorems 3.1 and 3.2] (see also the proof in [II], Section 4]) and, since

B € (2,n), we deduce that u € M%WB(Bl/g). This estimate in B3 can also be stated in
B4, as in Theorem after an scaling and covering argument. Taking p = 52—_62, this leads

to ({L.13).
Case 2: Assume now n = 10. Then, repeating the proof of Lemma [2.1] in Step 2 we take
_ —5/2
n = |2]~*|log al| "¢, (7.4)

1"When 8 € (2,m) is an integer, this can be easily shown considering functions in R” depending only on
B Euclidean variables; see [I1]. We thus encounter here the same obstruction as in Remark
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with ¢ > 0 small. Then, choosing 0 < ¢ < 1 such that (g, ,, = 1, {grm\5,,, = 0, and [V (| < C,
we obtain

/ | log]x|}_1_§|Vu\2]x\’8 dx
1/4
+/ {25|1og|x\\‘1‘5ya: Vulla|? — (52/4)\1ogyx\|‘2‘5\x.vu\%w}\xrfﬁdx
1/4

< C(n,5)/ |Vu|® dz.
B1/2\B1/4

Now, using that

™

(62/4)| log ||| > < 26| log ||| "™ in By,

we deduce

/ | log |,CEH7176|VU’2‘ZB’_8 dr < C’(n,é)/ |Vu|? dz.

B4 B1/5\B1/4

Finally, since for every € > 0 we have

|z| 7% < C(n,d, 8)‘ log |:1:|‘_1_6|:U|’8 in B,

we find that
/ Vul?|z| " dz < C(n,s, a)/ IVl de
B4 B1/2\B1/4
for all a := 8 — & < 8. The rest of the proof is then analogous to the case n > 11. O

We now deal with a boundary version of the same theorem. We first consider a domain {2
that is a ¥-deformation of By (see Definition [5.1]).

Theorem 7.2. Let Q C R" be a V-deformation of By for 9 € [0
B1) N C?*(Q2N By) be a nonnegative stable solution of

], and let u € C°(QN

L
» 100

—Au= f(u) inQNB; and u=0 ondQ2N DBy,

with f : R — R locally Lipschitz, nonnegative, and nondecreasing. Assume that n > 10.
Then

Hu\|M%ﬁ(mB : + [ Vullyzs@np, ) < Cllullpi@ns,)  forall B € (n—2vVn—1-2n),
1/2

for some constant C' depending only on n and 5.

Proof. Assume n > 11; the case n = 10 can be handled similarly (as done in the proof
of Theorem. In this case we start from Lemma and, as in Step 1 in the proof of
Proposition [6.3, we let ¢ € C°(B;) be some radial decreasing nonnegative cut-off function
with ¢ = 1 in By . In Lemma [6.2) we use the test function n(x) := |z|~%/2%y(x) with a < n.
Then, since the domain p~1(2 N B,) is a (cpd)-deformation of By (for some dimensional
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constant c), we deduce that
2
/ {(n —2—a— CpV)|Vu|* + (2& - a_) (z - Vu)?|z| ™2 o]~ d
QNB, 4

< C(n,a)p_“/ |Vul? dx.
Qﬂsz\BP

Hence, given a satisfying ([7.3]), we can take pg sufficiently small (depending on n and a) so
that n —2+a — a*/4 — Cpd > 0 for all p < py. This allows us to argue as in the proof of
Theorem [7.1] to get

/ Vulle~ de < C Vul? dz < Cllullagng,
QﬂBPo QﬂBl/z

by Proposition [5.5] We now conclude as in Theorem [7.1] O
We finally give the:

Proof of Theorem[1.9. The estimate ((1.13]) follows from Theorem by taking p = 75 and
using a covering argument. On the other hand, - ) follows from Theorems and -

using again a covering argument.

APPENDIX A. TECHNICAL LEMMATA

The next lemma is a regularity and compactness result for superharmonic functions. For
an integrable function v to be superharmonic, we mean it in the distributional sense. For
all our applications of the lemma one could further assume that v € W1?(Bg) and that
—Awv > 0 is meant in the usual W? weak sense (which, in this case, is equivalent to the
distributional sense), but we do not need this additional hypothesis.

Lemma A.1. Let v € L'(Bg) be superharmonic in a ball Bp C R", and let r € (0, R).

Then:
(a) The distribution —Av = |Av| is a nonnegative measure in Br, v € W, (Bg),
C C
/ |Av| < —2/ |v| dx, and |Av| < —— |Voldx,
" (R=7)* /B, B, R—r Jp,
where C' > 0 is a dimensional constant. In addition,
/ \Vo|de < C(n,r, R)/ lv| dx
T BR
for some constant C(n,r, R) depending only on n, r, and R.
Assume now that vy, € L*(Bg), k = 1,2, ..., is a sequence of superharmonic functions with

supy, || Vel L1 (By) < 00. Then:

(b1) Up to a subsequence, vy, — v strongly in Wh1(B,) to some superharmonic function v.
(b2) In addition, if for some v > 0 we have supy, ||vi||w1.24+(5,) < 00, then v, — v strongly
in WH2(B,).
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Proof. (a) By assumption we know that
(—Av, &) = / v(—=A&)dr >0 for all nonnegative £ € C2°(Bg). (A1)
Br

Let 0 < r < p < R and choose a nonnegative function xy € C°(Bg) with x =1 in B,. Now,
for all n € C°(B,), using with the test functions [|n||cox =71 > 0 in By, we deduce
that =(—Av,n) < ||n]lcol|v]|L1 (e l|Ax]lco < Cnl/co. Thus, —Av is a nonnegative measure
in B, for all p < R.

Let us now take p = %(r + R), and consider x as before satisfying |Vyx| < Rﬁr and
|D?*x| < ﬁ. Then, since —Av > 0, we have
C
|Av] < — Avy = — vAxdr < ——[vllL(Bgr)- (A.2)
B, Br Br (R—r)

To prove that v € W, (Bg), we define on R™ the measure p1 := y (—Av), and we consider
the fundamental solution ® = ®(x) of the Laplacian in R" —that is, ®(z) = clog|z| if n = 2
and ®(z) = ¢, |z|* ™ if n > 3.

Define the L) (R") function ¥ := ® % u. Since ® € W\ (R™) it is easy to check (using

the definition of weak derivatives) that v € W!(Bg) and Vo = V® * . Furthermore, from
(A.2) (with r replaced by p), one easily deduces that

[ollwrs,) < CllvllLisg, (A.3)

where the constant C' depends only on n, 7, and R (recall that p = 1(r + R)).
On the other hand, using (A.3]), we see that w := v — v satisfies

|wlzis,) < vlleis,) + 10|, < Cllvllzi s
and
Aw =0 in B,.

By standard interior estimates for harmonic functions, this leads to
[wllezm,) < Cllwllprs,) < Cllvllisq-
In particular, recalling (A.3)), we have shown that v € W''(B,) and |[v|lw11(5,) < Cllv|| 11 (Bs)-
(A.2)

Finally, exactly as in , we have
C
|Av| < —/ Avyx = Vv - Vxdr < ——||Vol[L1sy),
By Br Br R—r

finishing the proof of (a).

(b1) Let now vy be a bounded sequence in L'(Bg). Define ug, Uy, wy as we did in the proof
of (a), but with v replaced by v;. Note that the operators p+— ® % p and p +— V& % p are
compact from the space of measures (with finite mass and support in Bg) to L'(B,). This is
proved in a very elementary way in [5, Corollary 4.28] when these operators are considered
from L'(R™) to L'(B,), but the same exact proof works for measures.

Thus, up to a subsequence, ), converges in W1!(B,). Since wy = v}, — ¥, are harmonic and
uniformly bounded in L'(B,), up to a subsequence also wy, converges in W(B,). Therefore,
we deduce that a subsequence of vy converges in W!(B,), which proves (bl).
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(b2) If in addition we have supy, ||vg|[w1.2+v(p,) < 00, using Holder inequality we obtain

ol
V(e =)l 25,y < 1V (0k )||2<11+§: IV (0r — )Hiﬁ?% < Cllvg — vl = 0,
which shows that v, — v strongly in W12(B,). O

We now discuss a result about the composition of Lipschitz functions with C? functions.
This result is far from being sharp in terms of the assumptions, but it suffices for our purposes.
For its proof (as well as for other results proved in this paper) we shall need the coarea formula,
which we recall here for the convenience of the reader (we refer to [28, Theorem 18.8] for a
proof):

Lemma A.2. Let 2 C R"™ be an open set, and let u : 2 — R be a Lipschitz function. Then,
for every function g : @ — R such that g € LY(Q), the integral of g over {u = t} is well
defined in (—oo, +00] for a.e. t € R and

/g \Vu| dz = / (/ gd’H”_1> dt.
Q R {u=t}

We recall that, given a locally Lipschitz function f, we defined
f(t) := liminf Jt+h) = f(t)

h—0 h

Lemma A.3. Let Q C R” be a bounded open set and let u € C*(Q)NCY(Q) solve —Au = f(u)
in 2, where f: R — R is locally Lipschitz. Then:

(i) Inside the region {Vu # 0} the function f'(u) is well-defined and it coincides a.e.
with f" (u).
(i) u € W2P(Q) for every p < co and —AVu = f'(u)Vu = f" (u)Vu in the weak sense
and also a.e. in 2.
(iit) If dQ N By is of class C° and ulpons, = 0, then u € (WP N C?)(Q N By) for every

loc
p < 00.

Proof. The first point is a simple application of the coarea formula. Indeed, if we set M :=
|lu|| oo (), given any Borel set £ C {Vu # 0} we can apply Lemma [A.2{ with g = Wu|f’ (u)

(in fact we apply the lemma to both g% and ¢g~, the positive and negative part of g, obtaining
finite quantities for both [, ¢*|Vu| dx since f’(u) € L=()) to get

/E £ () dz = / SL@ge(dewith gs(t) = /{ Lo (aa

u=t}NE [Vul

Then, since

/gE(t)dtg/(/ —d’H” 1)dt=‘Qﬂ{Vu;£O}}<oo,
R {u=t}n{|Vu|£0} [Vl

it follows that the function gg belongs to L'(R). Thus, since f’ (t) belongs to L>([—M, M]),
this proves that the right hand side in is independent of the specific representative
chosen for f’; and therefore so is the left hand side. Since FE is arbitrary and f’ (t) = f'(¢)
a.e., (i) follows.
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To prove (ii) we first notice that, since f(u) is Lipschitz inside Q (because both u and f
are so), it follows that f(u) € WP and by interior elliptic regularity (see for instance [25]
Chapter 9]) that u € WP(Q) for every p < oo. This means that Vu € W2, and therefore
it suffices to show that the identities in (ii) hold a.e. (because then they automatically hold
in the weak sense).

Now, in the region {Vu = 0}, we have
f(w)Vu=f (u)Vu=0 and AVu=0 ae.

(see, e.g., [38, Theorem 1.56]), so the result is true there.
On the other hand, in the region {Vu # 0}, for h > 0 and 1 <i < n, let

S — w(-+ he;) —w
tw - .
Since —Au = f(u) in €, given Q' CC €, for h > 0 sufficiently small we have
— Adtu =6 (f(u) inside . (A.5)

Thus, if we define by Dy C R the set of differentiability points of f, we see that
SHf(W)] = f(w)ou= f (u)du  for all x € Q' such that u(z) € Dy
as h — 0. On the other hand, if we set N := R\ Dy, since N has measure zero (be-

cause f is differentiable a.e., being Lipschitz) it follows from Lemma applied with
g = ﬁ 1Q/m{vu¢0} 1N ou that

1
/ Ly (u(z)) dz = / L(®) ( / L d’l—["1) dt =0
Q'N{Vuz£0} R {u=t}NQYN{Vuz£0} V|

which proves that u(x) ¢ N for a.e. x € ' N {Vu # 0}.

Hence, we have shown that 0%[f(u)] — f'(u)d;u for ae. z € Q' N{Vu # 0} (and so
also in LP for any p < oo, by dominated convergence). Letting A — 0 in (A.5) we deduce
that —AVu = f'(u)Vu a.e. in ', since we already checked the equality a.e. in {Vu = 0}.
Recalling that ' CC Q is arbitrary, this proves (ii).

Finally, (iii) follows by elliptic regularity up to the boundary (see for instance [25, Chapter
9] or [27), Section 9.2]). O

We conclude this section with a general abstract lemma due to Simon [35] (see also [17,
Lemma 3.1]):

Lemma A.4. Let § € R and Cy > 0. Let o : B — [0, +00| be a nonnegative function defined
on the class B of open balls B C R™ and satisfying the following subadditivity property:

N N
if Bc|JB; then o(B)<> a(By).
j=1 j=1

Assume also that 0(By) < 0.
Then, there exists 6 > 0, depending only on n and (3, such that if

0 (B,4(y)) < 0r’o(B,(y)) + Coy whenever B,(y) C By,

then
U(Bl/g) S CC@,
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where C' depends only on n and (.

APPENDIX B. A UNIVERSAL BOUND ON THE L' NORM

In this section we recall a classical and simple a priori estimate on the L' norm of solutions
when f grows at infinity faster than a linear function with slope given by the first eigenvalue
of the Laplacian.

Proposition B.1. Let Q2 C R"™ be a bounded domain of class C*, and let u € C°(Q2) N C%(N)
solve

—Au= f(u) inQCR"
u=>0 on 0f)

for some f: R — [0, +00) satisfying
f(t)> At— B for all t >0, with A> X\ and B >0, (B.1)

where Ay = A\1(Q2) > 0 is the first eigenvalue of the Laplacian in Q with Dirichlet homogeneous
boundary condition. Then there exists a constant C, depending only on A, B, and €2, such
that

||U||L1(Q) S C

Proof. First of all we note that, since f > 0, then u > 0 inside 2 by the maximum principle.
Let ®; > 0 be the first Dirichlet eigenfunction of the Laplacian in €2, so that —A®; = \{®,
in © and ®; = 0 on 0¥2. Then

)\1/ufl)ldx:—/uACI)ldx:—/Au@ldx:/f(u)cbldx. (B.2)
Q Q Q Q
Thanks to assumption (B.1)), we have

/f(u)@lda: > A/uCI)ld:E—B/CI)ldx,
Q Q Q
that combined with (B.2)) gives

Q Q

Note that, using (B.2) again, this implies that

B
/f(U)(I)ld.I':)\l/u(I)ldl'S)\l /q)ldl’
Q Q A_)\l Q

[ rweiar<c (B.3)

for some constant C' depending only on A, B, and §2.
Consider now ¢ : 2 — R the solution of

—Ap=1 in
¢=0 on Of.

This proves that

We claim that
0<op<CP in €Q, (B.4)
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with C' depending only on €. Indeed, the nonnegativity of ¢ follows from the maximum
principle, while the second inequality follows from the boundary Harnack principle in [2]
Lemma 3.12]] after rescaling.

Thus, using (B.3) and (B.4]) we get

/Qudx:—/Qquﬁdx:/Qf(u)(bdng/Qf(u)cbldng,
as desired. U
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