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Abstract

It is unknown if near-term quantum computers are advantageous for machine learning
tasks. In this work, we address this question by trying to understand how powerful and
trainable quantum machine learning models are, relative to popular classical neural networks.
We propose the effective dimension—a measure that captures these qualities—and prove that
it can be used to assess any statistical model’s ability to generalize on new data. Crucially, the
effective dimension is a data-dependent measure that also depends on the Fisher information,
which allows us to gauge the ability of a model to train. We demonstrate numerically that a
class of quantum neural networks is able to achieve a significantly better effective dimension
than comparable feedforward networks and train faster, suggesting an advantage for quantum
machine learning, which we verify on real quantum hardware.

The power of a model lies in its ability to fit a variety of functions [1]. In machine learning, power
is often referred to as a model’s capacity to express different relationships between variables [2].
Deep neural networks have proven to be extremely powerful models, capable of capturing intricate
relationships by learning from data [3]. Quantum neural networks serve as a newer class of machine
learning models that are deployed on quantum computers and use quantum effects such as super-
position, entanglement, and interference, to do computation. Some proposals for quantum neural
networks include [4–11] and hint at potential advantages, such as speed-ups in training and faster
processing. Whilst there has been much development in the growing field of quantum machine
learning, a systematic study of the trade-offs between quantum and classical models has yet to be
conducted [12]. In particular, the question of whether quantum neural networks are more powerful
than classical neural networks, is still open.

A common way to quantify the power of a model is by its complexity [13]. In statistical learn-
ing theory, the Vapnik-Chervonenkis (VC) dimension is an established complexity measure, where
error bounds on how well a model generalizes (i.e., performs on unseen data), can be derived [14].
Although the VC dimension has attractive properties in theory, computing it in practice is noto-
riously difficult. Further, using the VC dimension to bound generalization error requires several
unrealistic assumptions, including that the model has access to infinite data [15,16]. The measure
also scales with the number of parameters in the model and ignores the distribution of data. Since
modern deep neural networks are heavily overparameterized, generalization bounds based on the
VC dimension, and other measures alike, are typically vacuous [17,18].

In [19], the authors analysed the expressive power of parameterized quantum circuits using
memory capacity, and found that quantum neural networks had limited advantages over classical
neural networks. Memory capacity is, however, closely related to the VC dimension and is thus,
subject to similar criticisms. In [20], a quantum neural network is presented which exhibits a higher
expressibility than certain classical models, captured by the types of probability distributions it can
generate. Another result from [21] is based on strong heuristics and provides systematic examples
of possible advantages for quantum neural networks.

We turn our attention to measures that are easy to estimate in practice and importantly
incorporate the distribution of data. In particular, measures such as the effective dimension have
been motivated from an information-theoretic standpoint and depend on the Fisher information; a
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quantity that describes the geometry of a model’s parameter space and is essential in both statistics
and machine learning [22–24]. We argue that the effective dimension is a robust capacity measure
through proof of a generalization error bound and supporting numerical analyses, and subsequently
use this measure to study the power of a popular class of neural networks in both classical and
quantum regimes.

Despite a lack of quantitative statements on the power of quantum neural networks, another
issue is rooted in the trainability of these models. A nice connection between expressibility and
trainability for certain classes of quantum neural networks is outlined in [25, 26]. Often, quantum
neural networks suffer from a barren plateau phenomenon, wherein the loss landscape is perilously
flat, and consequently, parameter optimization is extremely difficult [27]. As shown in [28], barren
plateaus may be noise-induced, where certain noise models are assumed on the hardware. In
other words, the effect of hardware noise can make it very difficult to train a quantum model.
Additionally, barren plateaus can be circuit-induced, which relates to the design of a model and
random parameter initialization. Methods to avoid the latter have been explored in [29–32], but
noise-induced barren plateaus remain problematic.

A particular attempt to understand the loss landscape of quantum models uses the Hessian [33],
that quantifies the curvature of a model’s loss function at a point in its parameter space [34].
Properties of the Hessian, such as its spectrum, provide useful diagnostic information about the
trainability of a model [35]. It was discovered that the entries of the Hessian vanish exponentially
in models suffering from a barren plateau [36]. For certain loss functions, the Fisher information
matrix coincides with the Hessian of the loss function [37]. Consequently, we can examine the
trainability of quantum and classical neural networks by analysing the Fisher information matrix,
which is incorporated by the effective dimension. In this way, we may explicitly relate the effective
dimension to model trainability [38].

We find that a class of quantum neural networks is able to achieve a significantly higher capacity
and faster training ability numerically, than comparable classical feedforward neural networks. A
higher capacity is captured by a higher effective dimension, whilst faster training implies that
a model will reach a lower training error than another comparable model for a fixed number of
training iterations. More generally, trainability is assessed by leveraging the information-theoretic
properties of the Fisher information, which we connect to the barren plateau phenomenon. Our
experiments reveal that how you encode data in a quantum neural network influences the likelihood
of your model encountering a barren plateau. A quantum neural network with a data encoding
strategy that is easy to simulate classically, seems more likely to encounter a barren plateau,
whilst a harder encoding strategy shows resilience to the phenomenon. Noise, however, remains
problematic by inhibiting training in general.

Results

Quantum neural networks

Quantum neural networks are a subclass of variational quantum algorithms which comprise of
quantum circuits that contain parameterized gate operations [39]. Information (usually in the
form of classical data) is first encoded into a quantum state via a state preparation routine called a
quantum feature map [40]. The choice of feature map is geared toward enhancing the performance
of the quantum neural network and is typically neither optimized nor trained, though this idea was
discussed in [41]. Once data is encoded into a quantum state, a model, called a variational model,
is applied. The variational model contains parameterized gate operations which are optimized for
a particular task, analogous to classical machine learning techniques [5–7,42]. The final output of
the quantum neural network is extracted from measurements made to the quantum circuit after
the variational model is applied. These measurements are often converted to labels or predictions
through classical post-processing before being passed to a loss function, where the idea is to choose
parameters for the variational model that minimize the loss function.

The quantum models we use can be summarised in Figure 1 with details of the structure
and implementation in the Methods section. We create two model variants, one which we call a
quantum neural network and the other, an easy quantum model.
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Figure 1: Overview of the quantum neural network used in this study. The input x ∈ Rsin
is encoded into an S-qubit Hilbert space by applying the feature map |ψx〉 := Ux |0〉⊗S . This
state is then evolved via a variational form |gθ(x)〉 := Gθ |ψx〉, where the parameters θ ∈ Θ are
chosen to minimize a certain loss function. Finally a measurement is performed whose outcome
z = (z1, . . . , zS) is post-processed to extract the output of the model y := f(z).

The Fisher information

A way to assess the information gained by a particular parameterization of a statistical model is
epitomized by the Fisher information. By defining a neural network as a statistical model, we
can describe the joint relationship between data pairs (x, y) as p(x, y; θ) = p(y|x; θ)p(x) for all
x ∈ X ⊂ Rsin , y ∈ Y ⊂ Rsout and θ ∈ Θ ⊂ [−1, 1]d. This is achieved by applying an appropriate
post-processing function in both classical and quantum networks. In the classical network, we
apply a softmax function to the last layer. In the quantum network, we obtain probabilities based
on the parity of the output bit strings. The input distribution, p(x) is a prior distribution and
the conditional distribution, p(y|x; θ) describes the input-output relation of the model for a fixed
θ ∈ Θ. The full parameter space Θ forms a Riemannian space which gives rise to a Riemannian
metric, namely, the Fisher information matrix

F (θ) = E(x,y)∼p

[ ∂
∂θ

log p(x, y; θ)
∂

∂θ
log p(x, y; θ)T

]
∈ Rd×d ,

that can be approximated by the empirical Fisher information matrix

F̃k(θ) =
1

k

k∑
j=1

∂

∂θ
log p(xj , yj ; θ)

∂

∂θ
log p(xj , yj ; θ)

T , (1)

where (xj , yj)
k
j=1 are i.i.d. drawn from the distribution p(x, y; θ) [37]. By definition, the Fisher

information matrix is positive semidefinite and hence, its eigenvalues are non-negative, real num-
bers.

The Fisher information conveniently helps capture the sensitivity of a neural network’s out-
put relative to movements in the parameter space [43]. In [44], the authors leverage geometric
invariances associated with the Fisher information, to produce the Fisher-Rao norm, a robust
norm-based capacity measure defined as the quadratic form ‖θ‖2fr := θTF (θ)θ for a vectorized
parameter set, θ. Notably, the Fisher-Rao norm acts as an umbrella for several other existing
norm-based measures [45–47] and has demonstrated desirable properties both theoretically, and
empirically.

The effective dimension

The effective dimension is a complexity measure motivated by information geometry, with useful
qualities. The goal of the effective dimension is to estimate the size that a model occupies in model
space—the space of all possible functions for a particular model class, where the Fisher information
matrix serves as the metric. Whilst there are many ways to define the effective dimension, a useful
definition is presented in [22] which is designed to be operationally meaningful in settings where
data is limited. More precisely, the number of data observations determines a natural scale or
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resolution used to observe model space. This is beneficial in practice where data is oftentimes
scarce and can help in understanding how data availability influences the accurate capture of
model complexity.

The effective dimension is motivated by the theory of minimum description length which is a
model selection principle favoring models with the shortest description of the given data. Based
on this principle, it can be shown that the complexity at size n of a model is given by

d

2
log

n

2π
+ log

(∫
Θ

√
detF (θ)dθ

)
+ o(1) ,

where o(1) vanishes as n → ∞ [48]. The first term containing d is usually interpreted as the
dimension of the model, whilst the second term is known as the geometric complexity. Information
geometric manipulations allow us to combine both terms into a single expression, referred to as
the effective dimension [22].

Definition 1. The effective dimension of a statistical model MΘ := {p(·, ·; θ) : θ ∈ Θ} with
respect to γ ∈ (0, 1], a d-dimensional parameter space Θ ⊂ Rd and n ∈ N, n > 1 data samples is
defined as

dγ,n(MΘ) := 2

log

(
1
VΘ

∫
Θ

√
det
(

idd + γn
2π logn F̂ (θ)

)
dθ

)
log
(

γn
2π logn

) , (2)

where VΘ :=
∫

Θ
dθ ∈ R+ is the volume of the parameter space. The matrix F̂ (θ) ∈ Rd×d is the

normalized Fisher information matrix defined as

F̂ij(θ) := d
VΘ∫

Θ
tr(F (θ))dθ

Fij(θ) .

Remark 2 (Properties of the effective dimension). In the limit n → ∞, the effective dimension
converges to the maximal rank r̄ := maxθ∈Θ rθ, where rθ ≤ d denotes the rank of the Fisher
information matrix F (θ). The proof of this result can be seen in Section 2.1 in the Supplementary
Information, but it is worthwhile to note that the effective dimension does not necessarily increase
monotonically with n, as explained in Section 2.2 in the Supplementary Information. The geometric
operational meaning of the effective dimension only holds if n is sufficiently large. We conduct
experiments over a wide range of n and ensure that conclusions are drawn from results where the
choice of n is sufficient.

Another noteworthy point is that the effective dimension is easy to estimate. To see this, recall
that we need (i) to estimate the Fisher information matrix F (θ) and (ii) calculate the integral over
the parameter space Θ given in (2). Both of these steps can be done via Monte Carlo integration
which, in practice, does not depend on the model’s dimension.

There are also two minor differences between (2) and the effective dimension from [22]: the
presence of the constant γ ∈ (0, 1], and the log n term. These modifications are helpful in proving
a generalization bound such that the effective dimension may be interpreted as a bounded capacity
measure, serving as a useful tool to analyse the power of statistical models. We demonstrate this
in the Methods section.

The Fisher information spectrum

Classically, the Fisher information spectrum reveals a lot about the optimization landscape of a
model. The magnitude of the eigenvalues illustrates the curvature of a model for a particular
parameterization. If there is a large concentration of eigenvalues near zero, the optimization
landscape will be predominantly flat and parameters become difficult to train with gradient-based
methods [38]. On the quantum side, we show in Section 4 of the Supplementary Information that
if a model is in a barren plateau, the Fisher information spectrum will be concentrated around
zero and training also becomes unfeasible. We can, thus, make connections to capacity via the
spectrum of the Fisher information matrix by using the effective dimension. Looking closely at (2),
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we see that the effective dimension converges to its maximum the fastest if the Fisher information
spectrum is evenly distributed, on average.

We analyse the Fisher information spectra for the quantum neural network, the easy quantum
model and all possible configurations of the fully connected feedforward neural network—where
all models share a specified triple (d, sin, sout). To be robust, we sample 100 sets of parameters
uniformly on Θ = [−1, 1]d and compute the Fisher information matrix 100 times using a standard
Gaussian prior for the data. The resulting average distributions of the eigenvalues of these 100
Fisher information matrices are plotted in the top row of Figure 2 for d = 40, sin = 4 and sout = 2.
A sensitivity analysis is included in Section 3.1 of the Supplementary Information to verify that 100
parameter samples are reasonable for the models we consider. In higher dimensions, this number
will need to increase. The bottom row of Figure 2 contains the distribution for eigenvalues less
than 1.

The classical model depicted in Figure 2 is the one with the highest average rank of Fisher
information matrices. The majority of eigenvalues are negligible (of the order 10−14), with a few
very large values. This behavior is observed across all classical configurations that we consider
and is consistent with results from literature, where the Fisher information matrix of non-linear
feedforward neural networks is known to be highly degenerate, with a few large eigenvalues [38].
The concentration around zero becomes more evident in bottom row of the plot, depicting the
eigenvalue distribution of just the eigenvalues less than 1.

The easy quantum model also has most of its eigenvalues close to zero, and whilst there are
some large eigenvalues, their magnitudes are not as extreme as the classical model.

The quantum neural network, on the other hand, has a distribution of eigenvalues that is more
uniform, with no outlying values. This can be seen from the range of the eigenvalues on the y-axis
in Figure 2. This distribution remains more or less constant as the number of qubits increase,
even in the presence of hardware noise (see Section 3.2 of the Supplementary Information) and has
implications for capacity and trainability which we examine next.

Capacity analysis

In Figure 3a, we plot the normalized effective dimension for all three model types. The normal-
ization ensures that the effective dimension lies between 0 and 1 by simply dividing by d. The
convergence speed of the effective dimension to its maximum is slowed down by smaller eigenvalues
and uneven Fisher information spectra. Since the classical models contain highly degenerate Fisher
matrices, the effective dimension converges the slowest, followed by the easy quantum model. The
quantum neural network has non-degenerate Fisher information matrices and more even spec-
tra, hence, it consistently achieves the highest effective dimension over all ranges of finite data
considered. Intuitively, we would expect the additional effects of quantum operations such as en-
tanglement and superposition—if used effectively—to generate models with higher capacity. Thus,
the quantum neural network with a strong feature map is expected to deliver the highest capacity,
but recall that in the limit n→∞, all models will converge to an effective dimension equal to the
maximum rank of the Fisher information matrix (see Remark 2).

To support these observations, we calculate the capacity of each model using a different measure,
the Fisher-Rao norm [44]. The average Fisher-Rao norm after training each model 100 times is
roughly 250% higher in the quantum neural network than in the classical neural network, with the
easy quantum model in between (see Section 3.3 of the Supplementary Information).

Trainability

The observed Fisher information spectrum of the feedforward model is known to have undesir-
able optimization properties, where the outlying eigenvalues slow down training and loss conver-
gence [35]. These large eigenvalues become even more pronounced in bigger models, as seen in
Supplementary Figure 5. Upon examining the easy quantum model over an increasing system size,
the average Fisher spectrum becomes more concentrated around zero. This is characteristic of
models encountering a barren plateau, presenting another unfavorable scenario for optimization.
The quantum neural network, however, maintains its more even distribution of eigenvalues as the
number of qubits and trainable parameters increase. Additionally, a large amount of the eigen-
values are not near zero. This highlights the importance of a feature map in a quantum model.
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Figure 2: Average Fisher information spectrum distribution. Here, box plots are used to
reveal the average distribution of eigenvalues of the Fisher information matrix for the classical
feedforward neural network and the quantum neural network with two different feature maps. The
dots in the box plots represent outlier values relative to the length of the whiskers. The lower
whisker is at the lowest datum above Q1 - 1.5*(Q3-Q1), and the upper whisker at the highest
datum below Q3 + 1.5*(Q3-Q1), where Q1 and Q3 are the first and third quartiles. This is a
standard method to compute these plots. The easy quantum model has a classically simulable
data encoding strategy, whilst the quantum neural network’s encoding scheme is conjectured to be
difficult. In each model, we compute the Fisher information matrix 100 times using parameters
sampled uniformly at random and plot the resulting average distribution of the eigenvalues. We
fix the number of trainable parameters d = 40, input size sin = 4 and output size sout = 2. The
top row contains the average distribution of all eigenvalues for each model, whilst the bottom row
contains the average distribution of eigenvalues less than 1 for each model.

The harder data encoding strategy used in the quantum neural network seems to structurally
change the optimization landscape and remove the flatness, usually associated with suboptimal
optimization conditions, such as barren plateaus.

We confirm the training statements for all three models with an experiment illustrated in
Figure 3b. Using a cross-entropy loss function, optimized with ADAM for a fixed number of training
iterations = 100 and an initial learning rate = 0.1, the quantum neural network trains to a lower
loss, faster than the other two models over an average of 100 trials. To support the promising
training performance of the quantum neural network, we also train it once on real hardware using
the ibmq montreal 27-qubit device. We reduce the number of CNOT-gates by only considering
linear entanglement instead of all-to-all entanglement in the feature map and variational circuit.
This is to cope with hardware limitations and could be the reason the hardware training performs
even better than the simulated results, as too much entanglement has been shown to have negative
effects on model trainability [50]. The full details of the experiment are contained in Section 3.4 of
the Supplementary Information. We find that the quantum neural network tangibly demonstrates
faster training, however, the addition of hardware noise may still make training difficult, regardless
of the optimization landscape (see Section 3.2 of the Supplementary Information).
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Figure 3: Normalized effective dimension and training loss Figure 3a: Normalized effective
dimension plotted for the quantum neural network in green, the easy quantum model in blue and
the classical feedforward neural network in purple. We fix the input size sin = 4, the output size
sout = 2 and number of trainable parameters d = 40. Figure 3b: Using the first two classes of
the Iris dataset [49], we train all three models using d = 8 trainable parameters with full batch
size. The ADAM optimizer with an initial learning rate of 0.1 is selected. For a fixed number of
training iterations = 100, we train all models over 100 trials and plot the average training loss along
with ±1 standard deviation. We further verify the performance of the quantum neural network
on real quantum hardware and train the model using the ibmq montreal 27-qubit device. We
plot the hardware results till they stabilize, at roughly 33 training iterations. The actual hardware
implementation contains less CNOT-gates by using linear connectivity for the feature map and
variational circuit instead of all-to-all connectivity in order to cope with limited resources, leading
to the lower loss values.

Discussion

In stark contrast to classical models, understanding the capacity of quantum neural networks is not
well explored. Moreover, classical neural networks are known to produce highly degenerate Fisher
information matrices, which can significantly slow down training. For quantum neural networks,
no such analysis has been done.

This work attempts to address this gap but leaves room for further research. The feature map in
a quantum model plays a large role in determining both its capacity and trainability via the effective
dimension and Fisher information spectrum. A deeper investigation needs to be conducted on why
the particular higher order feature map used in this study produces a desirable model landscape
that induces both a high capacity, and faster training ability. Different variational circuits could
also influence the model’s landscape and the effects of non-unitary operations, induced through
intermediate measurements for example, should be investigated. The Fisher information spectra of
certain quantum models seem robust against hardware noise, but trainability remains problematic
and the possibility of noise-induced barren plateaus needs examination. Finally, understanding
generalization performance on multiple datasets and larger models with complexities that we would
be interested in practice, might prove insightful.

Overall, we have shown that quantum neural networks can possess a desirable Fisher infor-
mation spectrum that enables them to train faster and express more functions than comparable
classical and quantum models—a promising reveal for quantum machine learning, which we hope
leads to further studies on the power of quantum models.
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Methods

Quantum models used in this study

The quantum models used in this study first encode classical data x ∈ Rsin into an S-qubit Hilbert
space using a feature map, Ux. For the quantum neural network, we use a feature map originally
proposed in [51] and in the easy quantum model, we swap out this feature map for one that is easy
to simulate classically. Supplementary Figure 1 contains a circuit representation of the feature map
from [51] which we refer to as the hard feature map. Here, the number of qubits in the model is
chosen to equal the number of feature values of the data, i.e. S := sin. That way, we can associate
the same index for each qubit, with each feature value of a data point. For example, if we have
data that has 3 feature values, i.e. x = (x1, x2, x3)T, we will have a 3 qubit model with qubits
= (q1, q2, q3).

The operations in the hard feature map first apply Hadamard gates to each of the qubits,
followed by a layer of RZ-gates, whereby the angle of the Z−rotation on qubit i depends on
the ith feature of the data point x, normalized between [−1, 1]. Then, RZZ-gates are applied to
every pair of qubits. This time, the value of the controlled Z−rotations depends on a product of
feature values. For example, if the RZZ-gate is controlled by qubit i and targets qubit j, then the
angle of the controlled rotation applied to qubit j is dependent on the product of feature values
xixj . The RZZ-gates are implemented using a decomposition into two CNOT-gates and one RZ-
gate. Thereafter, the RZ and RZZ-gates are repeated once. The classically simulable feature map
employed in the easy quantum model, is simply the first sets of Hadamard and RZ-gates with no
entanglement between any qubits, as done in the beginning of Supplementary Figure 1. These
operations are not repeated.

After the feature map circuit is applied, we apply another set of operations that depend on
traiable parameters. We call this the variational circuit, Gθ. Supplementary Figure 2 depicts
the variational form deployed in both the easy quantum model and the quantum neural network.
The circuit consists of S qubits, to which parameterized RY-gates are applied to every qubit.
Thereafter, CNOT-gates are applied between each pair of qubits in the circuit. Lastly, another
set of parameterized RY-gates are applied to every qubit. This circuit has, by definition, 2S
parameters. If the depth is increased, the entangling layers and second set of parameterized RY-
gates are repeated. The number of trainable parameters d can be calculated as d = (D + 1)S,
where S is equal to the input size of the data sin due to the choice of both feature maps used in
this study and D is called the depth of the circuit (i.e. how many times the entanglement and
second set of RY operations are repeated).

We lastly measure all qubits in the σz basis and classically compute the parity of the output bit
strings. For simplicity, we consider binary classification, where the probability of observing class 0
corresponds to the probability of seeing even parity bit strings and similarly, for class 1 with odd
parity bit strings.

The reason for the choice of these models’ architecture is two-fold: the hard feature map is
motivated in [51] to serve as a useful data embedding strategy that is believed to be difficult
to simulate classically as the depth and width increase and the easy feature map allows us to
benchmark this; and the variational design aims to create more expressive models for quantum
algorithms [52]. We benchmark the quantum models against a class of classical models that forms
part of the foundation of deep learning, namely feedforward neural networks. We consider all
possible topologies with full connectivity for a fixed number of trainable parameters. Networks
with and without biases and different activation functions are explored.

Generalization error bounds for the effective dimension

Suppose we are given a hypothesis class, H, of functions mapping from X to Y and a training
set Sn = {(x1, y1), . . . , (xn, yn)} ∈ (X × Y)n, where the pairs (xi, yi) are drawn i.i.d. from some
unknown joint distribution p. Furthermore, let L : Y × Y → R be a loss function. The chal-
lenge is to find a particular hypothesis h ∈ H with the smallest possible expected risk, defined
as R(h) := E(x,y)∼p[L(h(x), y)]. Since we only have access to a training set Sn, a good strat-
egy to find the best hypothesis h ∈ H is to minimize the so called empirical risk, defined as
Rn(h) := 1

n

∑n
i=1 L(h(xi), yi). The difference between the expected and the empirical risk is the
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generalization error–an important quantity in machine learning that dictates whether a hypothesis
h ∈ H learned on a training set will perform well on unseen data, drawn from the unknown joint
distribution p [17]. Therefore, an upper bound on the quantity

sup
h∈H
|R(h)−Rn(h)| , (3)

which vanishes as n grows large, is of considerable interest. Capacity measures help quantify the
expressiveness and power of H. Thus, the generalization error in (3) is typically bounded by an
expression that depends on a capacity measure, such as the VC dimension [3] or the Fisher-Rao
norm [44]. Theorem 3 provides a bound based on the effective dimension, which we use to study
the power of neural networks from hereon.

In this manuscript, we consider neural networks as models described by stochastic maps, pa-
rameterized by some θ ∈ Θ. As a result, the variables h and H are replaced by θ and Θ, re-
spectively. The corresponding loss functions are mappings L : P(Y) × P(Y) → R, where P(Y)
denotes the set of distributions on Y. We assume the following regularity assumption on the model
MΘ := {p(·, ·; θ) : θ ∈ Θ}:

Θ 3 θ 7→ p(·, ·; θ) is M1-Lipschitz continuous w.r.t. the supremum norm . (4)

Theorem 3 (Generalization bound for the effective dimension). Let Θ = [−1, 1]d and consider
a statistical model MΘ := {p(·, ·; θ) : θ ∈ Θ} satisfying (4) such that the normalized Fisher
information matrix F̂ (θ) has full rank for all θ ∈ Θ, and ‖∇θ log F̂ (θ)‖ ≤ Λ for some Λ ≥ 0 and
all θ ∈ Θ. Let dγ,n denote the effective dimension of MΘ as defined in (2). Furthermore, let
L : P(Y) × P(Y) → [−B/2, B/2] for B > 0 be a loss function that is α-Hölder continuous with
constant M2 in the first argument w.r.t. the total variation distance for some α ∈ (0, 1]. Then
there exists a constant cd,Λ such that for γ ∈ (0, 1] and all n ∈ N, we have

P

(
sup
θ∈Θ
|R(θ)−Rn(θ)| ≥ 4M

√
2π log n

γn

)
≤ cd,Λ

(
γn1/α

2π log n1/α

)dγ,n1/α

2

exp

(
−16M2π log n

B2γ

)
, (5)

where M = Mα
1 M2.

The proof is given in Section 5.1 of the Supplementary Information. Note that the choice of
the norm to bound the gradient of the Fisher information matrix is irrelevant due to the presence
of the dimensional constant cd,Λ. In the special case where the Fisher information matrix does

not depend on θ, we have Λ = 0 and (5) holds for cd,0 = 2
√
d. This may occur in scenarios

where a neural network is already trained, i.e., the parameters θ ∈ Θ are fixed. If we choose
γ ∈ (0, 1] to be sufficiently small, we can ensure that the right-hand side of (5) vanishes in the
limit n → ∞. This is explained in Section 5 in the Supplementary Information. To verify the
effective dimension’s ability to capture generalization behavior, we conduct a numerical analysis
similar to work presented in [53]. We find that the effective dimension for a model trained on
confusion sets with increasing label corruption, accurately captures generalization behavior. The
details can be found in Section 5.2 of the Supplementary Information.

The continuity assumptions of Theorem 3 are satisfied for a large class of classical and quantum
statistical models [54,55], as well as many popular loss functions. The full rank assumption on the
Fisher information matrix, however, often does not hold in classical models. Non-linear feedforward
neural networks, which we consider in this study, have particularly degenerate Fisher information
matrices [38]. Thus, we further extend the generalization bound to account for a broad range of
models that may not have a full rank Fisher information matrix.

Remark 4 (Relaxing the rank constraint in Theorem 3). The generalization bound in (5) can be
modified to hold for a statistical model without a full rank Fisher information matrix. By parti-
tioning the parameter space Θ, we discretize the statistical model and prove a generalization bound
for the discretized version of MΘ := {p(·, ·; θ) : θ ∈ Θ} denoted by M(κ)

Θ := {p(κ)(·, ·; θ) : θ ∈ Θ},
where κ ∈ N is a discretization parameter. By choosing κ carefully, we can control the discretiza-
tion error. We then proceed similarly as in the proof of Theorem 3, i.e., first connecting the
generalization error to the covering number and then relating the covering number to the effective
dimension. This is explained in detail, along with the proof, in Section 5.3 of the Supplementary
Information.
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Training the quantum neural network on real hardware

The hardware experiment is conducted on the ibmq montreal 27-qubit device. We use 4 qubits
with linear connectivity to train the quantum neural network on the first two classes of the Iris

dataset. We deploy the same training specifications as in Section 3.3 of the Supplementary Infor-
mation and randomly initialize the parameters. Once the training loss stabilizes, i.e. the change in
the loss from one iteration to the next is small, we stop the hardware training. This occurs after
roughly 33 training steps. The results are contained in Figure 3b and the real hardware shows
remarkable performance relative to all other models. Due to limited hardware availability, this
experiment is only run once and an analysis of the hardware noise and the spread of the training
loss for differently sampled initial parameters would make these results more robust.

We plot the circuit that is implemented on the quantum device in Supplementary Figure 8. As
in the quantum neural network discussed in Section 1 of the Supplementary Information, the circuit
contains parameterized RZ and RZZ rotations that depend on the data, as well as parameterized
RY-gates with 8 trainable parameters. Note the different entanglement structure presented here as
opposed to the circuits in Supplementary Figures 1 and 2. This is to reduce the number of CNOT-
gates required, in order to incorporate current hardware constraints and could be the reason the
actual hardware implementation trains so well as too much entanglement has been shown to have
a negative effect on model trainability [50]. The full circuit repeats the feature map encoding once
before the variational form is applied.
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1 Details of the quantum models

The quantum models considered in this study are of the form given in Figure 1 of the main
manuscript. In the following, we depict the circuits used for the feature map and variational form
of the quantum neural network.

1.1 The feature map

Supplementary Figure 1 contains a circuit representation of the hard feature map used in the
quantum neural network. The Z-rotations are about angles which depend on the feature values
of the data, xi. A more detailed explanation is contained in the Methods section of the main
manuscript.

. . .

. . .

. . .

...
. . .

. . .

|0〉 H RZ(x1)

|0〉 H RZ(x2) RZ(x1x2)

|0〉 H RZ(x3) RZ(x1x3) RZ(x2x3)

... H

|0〉 H RZ(xS) RZ(xS−1xS)

1

Supplementary Figure 1: Feature map from [1], used in the quantum neural network. First,
Hadamard gates are applied to each qubit. Then, normalized feature values of the data are encoded
using RZ-gates. This is followed by CNOT-gates and higher order data encoding between every
pair of qubits, and every pair of features in the data. The feature map is repeated to create a
depth of 2. The easy quantum model, introduced in the results section, applies only the first sets
of Hadamard and RZ-gates.

1.2 The variational form

Supplementary Figure 2 contains a circuit diagram of the variational form used in the quantum
neural network, as well as the easy quantum model. There are layers of parameterized Y-rotations
and all-to-all qubit entanglement. More details can be found in the Methods section of the main
manuscript.

1



. . .

. . .

. . .

...
. . . ...

. . .

|0〉 RY(θ1) RY(θS+1)

|0〉 RY(θ2) RY(θS+2)

|0〉 RY(θ3) RY(θS+3)

...

|0〉 RY(θS) RY(θ2S)

1

Supplementary Figure 2: Variational circuit used in both quantum models is plotted in this
figure. The circuit contains parameterized RY-gates, followed by CNOT-gates and another set of
parameterized RY-gates.

2 Properties of the effective dimension

2.1 Effective dimension converges to maximal rank of Fisher informa-
tion matrix

The effective dimension converges to the maximal rank of the Fisher information matrix denoted
by r̄ := maxθ∈Θ rθ in the limit n→∞. Since the Fisher information matrix is positive semidefinite,
it can be unitarily diagonalized. By definition of the effective dimension, we see that, without loss
of generality, F (θ) can be diagonal, i.e. F (θ) = diag(λ1(θ), . . . , λrθ (θ), 0 . . . , 0). Furthermore we
define the normalization constant

β := d
VΘ∫

Θ
trF (θ)dθ

,

such that F̂ (θ) = βF (θ). Let κn := γn
2π logn and consider n to be sufficiently large such that κn ≥ 1.

By definition of the effective dimension we find

dγ,n = 2 log

(
1

VΘ

∫
Θ

√
det(idd + κnF̂ (θ))dθ

)
/ log (κn)

= 2 log

(
1

VΘ

∫
Θ

√(
1 + κnβλ1(θ)

)
. . .
(
1 + κnβλrθ (θ)

)
dθ

)
/ log (κn)

≤ 2 log

(
1

VΘ

∫
Θ

√
κrθn
(
1 + βλ1(θ)

)
. . .
(
1 + βλrθ (θ)

)
dθ

)
/ log (κn)

≤ 2 log

(
κ
r̄/2
n

VΘ

∫
Θ

√(
1 + βλ1(θ)

)
. . .
(
1 + βλr̄(θ)

)
dθ

)
/ log (κn) ,

where the final step uses that the Fisher information matrix is positive definite. Taking the limit
n→∞ gives

lim
n→∞

dγ,n ≤ r̄ + lim
n→∞

2 log

(
1

VΘ

∫
Θ

√(
1 + βλ1(θ)

)
. . .
(
1 + βλr̄(θ)

)
dθ

)
/ log (κn) = r̄ .

To see the other direction, let A := {θ ∈ Θ : rθ = r̄} and denote its volume by |A|. By definition
of the effective dimension we obtain

lim
n→∞

dγ,n ≥ lim
n→∞

2 log

(
1

VΘ

∫
A

√
det(idd + κnF̂ (θ))dθ

)
/ log (κn)

= lim
n→∞

2 log(|A|/VΘ)/ log (κn) + lim
n→∞

2 log

(
1

|A|

∫
A

√
det(idd + κnF̂ (θ))dθ

)
/ log (κn)

≥ lim
n→∞

2 log

(
1

|A|

∫
A

√
det(κnF̂ (θ))dθ

)
/ log (κn)

2



= r̄ + lim
n→∞

2 log

(
1

|A|

∫
A

√
det(F̂ (θ))dθ

)
/ log (κn)

= r̄ .

This proves the other direction and concludes the argument.

2.2 A geometric depiction of the effective dimension

The effective dimension defined in the main document does not necessarily increase monotonically
with the number of data, n. Recall that the effective dimension attempts to capture the size of
a model, whilst n determines the resolution at which the model can be observed. Supplementary
Figure 3 contains an intuitive example of a case where the effective dimension is not monotone
in n. We can interpret a model as a geometric object. When n is small, the resolution at which
we are able to see this object is very low. In this unclear, low resolution setting, the model can
appear to be a 2-dimensional disk as depicted in Supplementary Figure 3. Increasing n, increases
the resolution and the model can then look 1-dimensional, as seen by the spiralling line in the
medium resolution regime. Going to very high resolution, and thus, very high n, reveals that the
model is a 2-dimensional structure. In this example, the effective dimension will be high for small
n, where the model is considered 2-dimensional, lower for slightly higher n where the model seems
1-dimensional, and high again as the number of data becomes sufficient to accurately quantify the
true model size. Similar examples can be constructed in higher dimensions by taking the same
object and allowing it to spiral inside the unit ball of the ambient space Rd. Then, the effective
dimension will be d for small n, it will go down to a value close to 1, and finally converge to 2 as
n → ∞. In all experiments conducted in this study, we examine the effective dimension over a
wide range of n, to ensure it is sufficient in accurately estimating the size of a model.

Medium resolution High resolution 

Supplementary Figure 3: Geometric picture of a model at different resolution scales. In
the low resolution scale, the model can appear as a 2-dimensional disk and the effective dimension
attempts to quantify the size of this disk. As we enhance the resolution by increasing the number
of data used in the effective dimension, the medium scale reveals a 1-dimensional line, spiralling.
Adding sufficient data and moving to high resolution allows the effective dimension to accurately
capture the model’s true size, which in this case is actually a 2-dimensional object. Thus, the
effective dimension does not necessarily increase monotonically with the number of data used.

3 Numerical experiments

3.1 Sensitivity analysis for the effective dimension

We use Monte Carlo sampling to estimate the effective dimension. The capacity results will, thus,
be sensitive to the number of data samples used in estimating the Fisher information matrix for
a given θ, and to the number of θ samples then used to calculate the effective dimension. We
plot the normalized effective dimension with n fixed, in Supplementary Figure 4 over an increasing
number of data and parameter samples using the classical feedforward model. For networks with
less trainable parameters, d, the results stabilize with as little as 40 data and parameter samples.
When higher dimensions are considered, the standard deviation around the results increases, but
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100 data and parameter samples are still reasonable given that we consider a maximum of d = 100.
For higher d, it is likely that more samples will be needed.

Supplementary Figure 4: Sensitivity analysis of the normalized effective dimension to different
numbers of data and parameter samples, used in calculating the empirical Fisher information
matrix, and subsequently, the effective dimension.

3.2 The Fisher information spectra for varying model size

Supplementary Figure 5 plots the average distribution of the Fisher information eigenvalues for
all model types in box plots, over increasing input size, sin, and hence, increasing number of
parameters, d. The dots in the box plots represent outlier values relative to the length of the
whiskers. The lower whisker is at the lowest datum above Q1 - 1.5*(Q3-Q1), and the upper
whisker at the highest datum below Q3 + 1.5*(Q3-Q1), where Q1 and Q3 are the first and third
quartiles. This is a standard method to compute these plots.

These average distributions are generated using 100 Fisher information matrices with parame-
ters, θ, drawn uniformly at random on Θ = [−1, 1]d. Row A contains the distribution of eigenvalues
for models with sin = 6, row B for sin = 8 and row C for sin = 10. In all scenarios, the classical
model has a majority of its eigenvalues near or equal to zero, with a few very large eigenvalues.
The easy quantum model has a somewhat uniform spectrum for a smaller input size, but this de-
teriorates as the input size (also equal to the number of qubits in this particular model) increases.
The quantum neural network, however, maintains a more uniform spectrum over increasing sin

and d, showing promise in avoiding unfavorable qualities, such as barren plateaus.

3.2.1 The Fisher information spectra with hardware noise

Similar to Supplementary Figure 5, Supplementary Figure 6 contains the average distribution of
the Fisher information eigenvalues where the outputs of both quantum models are attained from
a a shot-based simulation of the ibmq montreal 27-qubit chip which includes a model for the
underlying physical noise. Row A contains models with sin = 4, row B with sin = 6, row C
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Supplementary Figure 5: Average Fisher information spectrum depicted as a boxplot plot
for all three model types, over increasing input size, sin. Row A contains models with sin = 6 and
d = 60, row B has sin = 8 and d = 80 and row C has sin = 10 and d = 100. In all cases, sout = 2.

with sin = 8 and row D with sin = 10. The effect of hardware noise does not seem to change the
eigenvalue distributions significantly. The easy quantum model continues to display uneven spectra
as the model’s size increases, whereas the quantum neural network’s spectra remains stable.

3.3 Training the models using a simulator

To test the trainability of all three model types, we conduct a simple experiment using the Iris

dataset. In each model, we use an input size of sin = 4, output size sout = 2 and d = 8 trainable
parameters. We train the models for 100 training iterations, using 100 data points from the first
two classes of the dataset. Standard hyperparameter choices are made, using an initial learning
rate = 0.1 and the ADAM optimizer. Each model is trained 100 times, with initial parameters θ
sampled uniformly on Θ = [−1, 1]d each trial. We choose Θ = [−1, 1]d as the sample space for the
initial parameters, as well as for the parameter sample space in the effective dimension. Another
convention is to use [−2π, 2π]d as the parameter space for initialization of the quantum model,
however, we stick with [−1, 1]d to be consistent and align with classical neural network literature.
We note that for the effective dimension, using either parameter space does affect the observed
results. The average training loss and average Fisher-Rao norm after 100 training iterations, is
captured in Supplementary Table 1. The quantum neural network notably has the highest Fisher-
Rao norm and lowest training loss on average.
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Supplementary Figure 6: Average Fisher information spectrum for the easy quantum model
and the quantum neural network with hardware noise. Row A contains models with sin = 4 and
d = 40, row B with sin = 6 and d = 60, row C with sin = 8 and d = 80 and row D with sin = 10
and d = 100.

Model Training loss Fisher-Rao norm

Classical neural network 37.90% 46.45

Easy quantum model 43.05% 104.89

Quantum neural network 23.14% 117.84

Supplementary Table 1: Average training loss and average Fisher-Rao norm for all three
models, using 100 different trials with 100 training iterations.
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3.3.1 Training with hardware noise

Training quantum models can be drastically effected by the impact of hardware noise. In order
to explore this further, we investigate the training performance under noisy hardware conditions
for the quantum neural network and the easy quantum model using a shot-based simulation of the
ibmq montreal 27-qubit device and plot the results in Supplementary Figure 7. As one would
expect, the introduction of noise slows down the loss convergence for the quantum neural network.
Interestingly, the easy quantum model’s training performance improves when noise is added. The
quantum neural network with noise still outperforms the easy quantum model with/without noise.
But in both noisy situations, the models struggle to train using the ADAM optimizer.

Supplementary Figure 7: Training with hardware noise using a cross entropy loss function
and the ADAM optimizer. As expected, the quantum neural network’s performance is negatively
impacted by hardware noise. On the other hand, noise seems to improve the training performance
of the easy quantum model, but overall, the quantum neural network (even with noise) performs
better than the easy quantum model with and without noise.

3.4 Training the quantum neural network on real hardware

The hardware experiment is conducted on the ibmq montreal 27-qubit device. We use 4 qubits
with linear connectivity to train the quantum neural network on the first two classes of the Iris

dataset and plot the circuit in Supplementary Figure 8.

4 The Fisher spectrum and the barren plateau phenomenon

The Fisher information spectrum for fully connected feedforward neural networks reveals that the
parameter space is flat in most dimensions, and strongly distorted in a few others [2]. These dis-
tortions are captured by a few very large eigenvalues, whilst the flatness corresponds to eigenvalues
being close to zero. This behavior has also been reported for the Hessian matrix, which coincides
with the Fisher information matrix under certain conditions, e.g., under the use of certain loss
functions [3–5]. These types of spectra are known to slow down a model’s training and may ren-
der optimization suboptimal [6]. In the quantum realm, the negative effect of barren plateaus on
training quantum neural networks has been linked to the Hessian matrix [7]. It was found that
the entries of the Hessian vanish exponentially with the size of the system in models that are in
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Supplementary Figure 8: Circuit implemented on quantum hardware. First, Hadamard
gates are applied. Then the data is encoded using RZ-gates applied to each qubit whereby the
Z-rotations depend on the feature values of the data. Thereafter, CNOT entangling layers with
RZ-gates encoding products of feature values are applied. The data encoding gates, along with the
CNOT-gates are repeated to create a depth 2 feature map. Lastly, parameterized RY-gates are
applied to each qubit followed by linear entanglement and a final layer of parameterized RY-gates.
The circuit has a total of 8 trainable parameters.

a barren plateau. This implies that the loss landscape becomes increasingly flat as the size of the
model increases, making optimization more difficult.

The Fisher information can also be connected to barren plateaus. Assuming a log-likelihood
loss function, without loss of generality, we can formulate the empirical risk over the full training
set as

Rn(θ) = − 1

n
log
( n∏
i=1

p(yi|xi; θ)
)

= − 1

n

n∑
i=1

log p(yi|xi; θ),

where p(yi|xi; θ) is the conditional distribution for a data pair (xi, yi). From Bayes rule, note that
the derivative of the empirical risk function is then equal to the derivative of the log of the joint
distribution summed over all data pairs, i.e.,

∂

∂θ
Rn(θ) = − ∂

∂θ

1

n

n∑
i=1

log p(yi|xi; θ) = − ∂

∂θ

1

n

n∑
i=1

log p(xi, yi; θ) = − 1

n

n∑
i=1

∂

∂θ
log p(xi, yi; θ) ,

since the prior distribution p(·) does not depend on θ. From [8], we know that we are in a barren
plateau if, for parameters θ uniformly sampled from Θ, each element of the gradient of the loss
function with respect to θ vanishes exponentially in the number of qubits, S. In mathematical
terms this means∣∣∣∣Eθ[ ∂

∂θj
Rn(θ)

]∣∣∣∣ =

∣∣∣∣∣Eθ[ 1

n

n∑
i=1

∂

∂θj
log p(xi, yi; θ)

]∣∣∣∣∣ =

∣∣∣∣∣ 1n
n∑
i=1

Eθ
[ ∂

∂θj
log p(xi, yi; θ)

]∣∣∣∣∣ ≤ ωS ,
for all j = 1, . . . d and for some nonnegative constant ωS that goes to zero exponentially fast with
increasing S. The barren plateau result also tells us that Varθ[

∂
∂θj

Rn(θ)] ≤ ωS for models in a

barren plateau. By definition of the empirical Fisher information (see main document), the entries
of the Fisher matrix can be written as

F (θ)jk =
∂

∂θj
Rn(θ)

∂

∂θk
Rn(θ) ,

for j, k = 1, . . . , d. Hence we can write

Eθ[F (θ)jj ] = Eθ

[(
∂

∂θj
Rn(θ)

)2
]

= Varθ

[
∂

∂θj
Rn(θ)

]
+

(
Eθ
[
∂

∂θj
Rn(θ)

])2

≤ ωS + ω2
S ,

which implies tr(Eθ[F (θ)]) ≤ d(ωS + ω2
S). Due to the positive semidefinite nature of the Fisher

information matrix and by definition of the Hilbert-Schimdt norm, all matrix entries will approach
zero if a model is in a barren plateau, and natural gradient optimization techniques become unfea-
sible. We can conclude that a model suffering from a barren plateau will have a Fisher information
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spectrum with an increasing concentration of eigenvalues approaching zero as the number of qubits
in the model increase. Conversely, a model with a Fisher information spectrum that is not con-
centrated around zero is unlikely to experience a barren plateau.

5 Generalization properties of the effective dimension

5.1 Proof of generalisation bound

Here we provide a proof for the generalisation bound stated as a theorem in the main document.
Given a positive definite matrix A ≥ 0, and a function g : R+ → R+, we define g(A) as the
matrix obtained by taking the image of the eigenvalues of A under the map g. In other words,
A = U†diag(µ1, . . . , µd)U implies g(A) = U†diag(g(µ1), . . . , g(µd))U . To prove the assertion of the
theorem, we start with a lemma that relates the effective dimension to the covering number.

Lemma 1. Let Θ = [−1, 1]d, and let N (ε) denote the number of boxes of side length ε required to
cover the parameter set Θ, the length being measured with respect to the metric F̂ij(θ). Under the
assumption of the theorem (see main document), there exists a dimensional constant cd <∞ such
that for γ ∈ (0, 1] and for all n ∈ N, we have

N
(√

2π log n

γn

)
≤ cd

(
γn

2π log n

)dγ,n/2
.

Proof. The result follows from the arguments presented in [9]. More precisely, thanks to the bound
‖∇θ log F̂ (θ)‖ ≤ Λ, which holds by assumption, it follows that

‖F̂ (θ)− F̂ (0)‖ ≤ cdΛ‖F̂ (0)‖ and ‖F̂ (θ)− F̂ (0)‖ ≤ cdΛ‖F̂ (θ)‖ ∀ θ ∈ Θ . (1)

In the following, we set ε :=
√

2π log n/(γn). Note that, if Bε(θ̄k) is a box centered at θ̄k ∈ Θ

and of length ε (the length being measured with respect to the metric F̂ij), then this box contains
(1 + cdΛ)−1/2Bε(θ̄k), where

Bε(θ̄k) := {θ ∈ Θ : 〈F̂ (0) · (θ − θ̄k), θ − θ̄k〉 ≤ ε2} .

Up to a rotation, we can diagonalize the Fisher information matrix as F̂ (0) = diag(s2
1, . . . , s

2
d).

Then, we see that n the number of boxes of the form (1 + cdΛ)−1/2Bε(θ̄k) needed to cover Θ is
given by

ĉd(1 + cdΛ)d/2
d∏
i=1

⌈
ε−1si

⌉
≤ ĉd(1 + cdΛ)d/2

√√√√ d∏
i=1

(
1 + ε−2s2

i

)

= ĉd(1 + cdΛ)d/2

√
det

(
idd +

γn

2π log n
F̂ (0)

)

≤ ĉd(1 + cdΛ)d/2

√
det

(
idd +

γn

2π log n
(1 + cdΛ)F̂ (θ)

)

≤ ĉd(1 + cdΛ)d

√
det

(
idd +

γn

2π log n
F̂ (θ)

)
,

where the second inequality follows from (1) and the fact that the determinant is operator monotone
on the set of positive definite matrices, i.e., 0 ≤ A ≤ B implies det(A) ≤ det(B) [10, Exercise 12
in Section 82]. Here ĉd depends on the orientation of [−1, 1]d with respect to the boxes Bε(θ̄k). In
particular ĉd ≤ 2

√
d (the length of the diagonal of [−1, 1]d), and if the boxes Bε(θ̄k) are aligned

along the canonical axes, then ĉd = 2.
Since the number of boxes of size ε (with respect to the metric F̂ij) needed to cover Θ is

bounded by the number of boxes of the form (1 + cdΛ)−1/2Bε(θ̄k), averaging the bound above with
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respect to θ ∈ Θ we proved that

N (ε) ≤ ĉd(1 + cdΛ)d
1

VΘ

∫
Θ

√
det

(
idd +

γn

2π log n
F̂ (θ)

)
dθ ,

which implies the inequality in the statement of Lemma 1 by recalling the definition of the effective
dimension and ε :=

√
2π log n/(γn).

Lemma 2. Let ε ∈ (0, 1). Under the assumption of the theorem (see main document), we have

P
(

sup
θ∈Θ
|R(θ)−Rn(θ)| ≥ ε

)
≤ 2N

(( ε

4M

)1/α
)

exp

(
− nε

2

2B2

)
,

where N (ε) denotes the number of balls of side length ε, with respect to F̂ , required to cover the
parameter set Θ.

Proof. The proof is a slight generalization of a result found in [11, Chapter 3]. Let S(θ) :=
R(θ)−Rn(θ). Then

|S(θ1)− S(θ2)| ≤ |R(θ1)−R(θ2)|+ |Rn(θ1)−Rn(θ2)| ≤ 2M‖θ1 − θ2‖α∞ , (2)

where the final step uses the fact that R(·) as well as Rn(·) are α-Hölder continuous with constant
M for M = Mα

1 M2. To see this recall that by definition of the risk, we find for the observed input
and output distributions r ∈ P(X ) and q ∈ P(Y), respectively,

|R(θ1)−R(θ2)| =
∣∣∣Er,q[L(p(y|x; θ1)r(x), q(y)

)]
− Er,q

[
L
(
p(y|x; θ2)r(x), q(y)

)]∣∣∣
≤ Er,q

[∣∣L(p(y|x; θ1)r(x), q(y)
)
− L

(
p(y|x; θ2)r(x), q(y)

)∣∣]
≤M2Er

[
‖p(y|x; θ1)r(x)− p(y|x; θ2)r(x)‖α1

]
≤M2 ‖p(y|x; θ1)− p(y|x; θ2)‖α∞ Er

[
‖r(x)‖α1

]
= M2 ‖p(y|x; θ1)− p(y|x; θ2)‖α∞
≤M2M

α
1 ‖θ1 − θ2‖α∞ ,

where the third step uses the continuity assumption of the loss function and the fourth step follows
from Hölder’s inequality. The final step uses the Lipschitz continuity assumption of the model.
Equivalently we see that

|Rn(θ1)−Rn(θ2)| ≤M2M
α
1 ‖θ1 − θ2‖α∞ .

Assume that Θ can be covered by k subsets B1, . . . , Bk, i.e. Θ = B1 ∪ . . . ∪ Bk. Then, for any
ε > 0,

P
(

sup
θ∈Θ
|S(θ)| ≥ ε

)
= P

(
k⋃
i=1

sup
θ∈Bi

|S(θ)| ≥ ε
)
≤

k∑
i=1

P
(

sup
θ∈Bi

|S(θ)| ≥ ε
)
, (3)

where the inequality is due to the union bound. Finally, let k = N (( ε
4M )1/α) and let B1, . . . , Bk

be balls of radius ( ε
4M )1/α centered at θ1, . . . , θk covering Θ. Then the following inequality holds

for all i = 1, . . . , k,

P
(

sup
θ∈Bi

|S(θ)| ≥ ε
)
≤ P

(
|S(θi)| ≥

ε

2

)
. (4)

To prove (4), observe that by using (2) we have for any θ ∈ Bi,

|S(θ)− S(θi)| ≤ 2M‖θ − θi‖α∞ ≤
ε

2
.

The last inequality implies that, if |S(θ)| ≥ ε, it must be that |S(θi)| ≥ ε
2 . This in turns implies (4).
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To conclude, we apply Hoeffding’s inequality, which yields

P
(
|S(θi)| ≥

ε

2

)
= P

(
|R(θi)−Rn(θi)| ≥

ε

2

)
≤ 2 exp

(−nε2

2B2

)
. (5)

Combined with (3), we obtain

P
(

sup
θ∈Θ
|S(θ)| ≥ ε

)
≤

k∑
i=1

P
(

sup
θ∈Bi

|S(θ)| ≥ ε
)

≤
k∑
i=1

P
(
|S(θi)| ≥

ε

2

)
≤ 2N

(( ε

4M

)1/α
)

exp

(−nε2

2B2

)
,

where the second step uses (4). The final step follows from (5) and by recalling that k =
N (( ε

4M )1/α).

Having Lemma 1 and Lemma 2 at hand we are ready to prove the assertion of the theorem
stated in the main document. Lemma 2 implies for ε = 4M

√
2π log n/(γn)

P
(

sup
θ∈Θ
|R(θ)−Rn(θ)| ≥ 4M

√
2π log n/(γn)

)
≤ 2N

((2π log n

γn

) 1
2α

)
exp

(
−16M2π log n

B2γ

)
≤ 2N

((2π log n1/α

γn1/α

) 1
2

)
exp

(
−16M2π log n

B2γ

)

≤ 4cd

(
γn1/α

2π log n1/α

)dγ,n1/α

2

exp

(
−16M2π log n

B2γ

)
, (6)

where the penultimate step uses(2π log n

γn

) 1
2α ≥

(2π log n1/α

γn1/α

) 1
2

,

for all λ ∈ (0, 1] and α ∈ (0, 1]. The final step in (6) uses Lemma 1.

Remark 3 (Choice of γ parameter). As mentioned in the main text the parameter γ ∈ (0, 1]
needs to be chosen sufficiently small to ensure that the right-hand side of the generalisation bound
vanishes in the limit n → ∞. A simple calculation reveals that this occurs if γ scales at most as
γ ∼ 32παM2/(dB2). To see this, we use the fact that dγ,n ≤ d+τ/| log n| for some constant τ > 0.

Remark 4 (Improved scaling for relative entropy loss function). The relative entropy is commonly
used as a loss function. Note that the relative entropy is log-Lipschitz in the first argument which
is better than Hölder continuous. Recall that the function f(t) = t log(t) is log-Lipschitz with
constant 1, i.e., |f(t)− f(s)| ≤ |t− s| log(|t− s|) for |t− s| ≤ 1/e. As a result we can improve the
bound from Lemma 2 to

P
(

sup
θ∈Θ
|R(θ)−Rn(θ)| ≥ ε

)
≤ 2N

(
ε/(4M)

| log(ε/4)|

)
exp

(
− nε

2

2B2

)
,

by following the proof given above and utilizing the log-Lipschitz property of the relative entropy
in its first argument and the fact that the inverse of t| log(t)| behaves like s/| log(s)| near the origin.

More precisely we can choose k = N ( ε/(4M)
| log(ε/4)| ) in the proof above.

Remark 5 (Boundedness assumption of loss function). By utilizing a stronger concentration
bound than Hoeffding’s inequality in (5), one may be able to relax the assumption that the loss
function in the generalisation bound has to be bounded.
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5.2 Generalization ability of the effective dimension

In order to assess the effective dimension’s ability to capture generalization behavior, we conduct a
numerical experiment originally introduced in [12]. The authors argue that a capacity measure is
able to capture generalization behavior across local minima, if it is positively correlated with the
test error on a dataset. To demonstrate this, we fix the architecture of a classical neural network
model where we use a feedforward network with a single hidden layer, an input size of sin = 6,
output size sout = 2 and number of trainable weights d = 880, and train it on multiple confusion
sets constructed from scikit-learn’s make blobs dataset [13]. A confusion set is a dataset where
the training labels are randomized to some degree.

We first generate 1000 data points and separate them into training and test datasets using an
80%−20% split. Then, we create confusion sets by gradually increasing the entropy in the training
data through randomizing the labels in increments of 10%. Using a cross entropy loss function, we
train the neural network to zero error on the original training dataset (i.e. with no randomization).
Then we calculate the effective dimension using the trained parameters, as well as the test error
on the test dataset. Next, we repeat this process by training the same model to zero error on each
of the confusion sets and calculate the resulting effective dimension and test error.

We plot the normalized effective dimension and test error over the increasing degree of ran-
domization in Supplementary Figure 9. As we would expect, the test error (also referred to as the
generalization error) increases as the randomization in the training set increases. This is because
the model is being trained on data that is increasingly noisy and eventually starts to overfit the
data (i.e. starts to fit the noise). Thus, the model’s ability to accurately classify the test data
diminishes and it’s generalization error increases.

Similarly in that regard, if a proposed capacity measure accurately captures generalization
ability, we would expect to see an increasing capacity as the percentage of randomized labels in the
confusion set increases. Intuitively, this is because the model requires more expressive power to
fit these random labels which leads to overfitting and a higher generalization error. The effective
dimension displays exactly this behavior, increasing as the entropy in the training data increases
and in line with the generalization error. This experiment nicely motivates that the effective
dimension can be used to capture a model’s generalization ability.

Supplementary Figure 9: Generalization behavior of the effective dimension. On the left,
we plot the normalized effective dimension for the same network trained on confusion sets with
increasing randomization, averaged over 10 different training runs, with one standard deviation
above and below the mean. The effective dimension correctly increases as the data becomes “more
random” and is thus, able to accurately capture a model’s generalization behavior. The test error,
also referred to as generalization error, is plotted on the right. As the noise in the data increases,
we see the generalization error increasing as the model starts to overfit (i.e. fit the noise).
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5.3 Removing the rank constraint via discretization

The aim of this section is to find a suitable generalization of the results in Section 5.1 when the
Fisher information matrix does not satisfy the bound ||∇θ log F̂ || ≤ Λ. Indeed, this is a rather
strong bound as it forces F̂ to have constant rank, so it is desirable to find a variant of Lemmas 1
and 2 that do not require such an assumption.

Our approach to this general problem is based on the idea that, in practical applications, the
Fisher matrix is evaluated at finitely many points, so it makes sense to approximate a statisti-
cal model with a discretized one where the corresponding Fisher information matrix is piecewise
constant.

Let Θ = [−1, 1]d and consider a statistical model MΘ := {p(·, ·; θ) : θ ∈ Θ} with a Fisher
information matrix denoted by F (θ) for θ ∈ Θ. Given an integer κ > 1, we consider a discretized
version of the statistical model. More precisely, we split Θ into κd disjoint cubes {Gi}κ

d

i=1 of size
2/κ. Then, given one of these small cubes Gi, we consider its center xi and we split Gi into 2d

disjoint simplices, where each simplex is generated by xi and one of the faces of ∂Gi. We denote the
set of all these simplices by {Θ`}m`=1, where m = 2dκd. Note that {Θ`}m`=1 is a regular triangulation
of Θ.

Now, let M(κ)
Θ := {p(κ)(·, ·; θ) : θ ∈ Θ} be a discretized version of MΘ such that p(κ) is affine

on each simplex Θ`. For this, it suffices to define p(κ)(·, ·; θ) = p(·, ·; θ) whenever θ coincides with
one of the vertices of Θ` for some `, and then one extends p(κ) inside each simplex Θ` as an affine
function. Note that, with this definition, the Fisher information matrix of the discretized model
F (κ)(θ) is constant inside each simplex Θ`. We note that, by construction, θ 7→ p(κ)(·, ·; θ) is still
M1-Lipschitz continuous. Indeed, recall that we defined p(κ) = p on the vertices of the simplices
and then we extended p(κ) as an affine function inside each simplex. With this construction, the
Lipschitz constant of p(κ) is bounded by the Lipschitz constant of p (since the affine extension does
not increase the Lipschitz constant).

The risk function with respect to the discretized model is denoted by R(κ).

Theorem 6 (Generalization bound for effective dimension without rank constraint). Let Θ =
[−1, 1]d and consider a statistical model MΘ := {p(·, ·; θ) : θ ∈ Θ} satisfying Equation (4) from the
main document. For κ ∈ N, let M(κ)

Θ := {p(κ)(·, ·; θ) : θ ∈ Θ} be the discretized form as described
above. Let d

(κ)
γ,n denote the effective dimension of M(κ)

Θ as defined in the main document. Further-
more, let L : P(Y)×P(Y)→ [−B/2, B/2] for B > 0 be a loss function that is α-Hölder continuous
with constant M2 in the first argument w.r.t. the total variation distance for some α ∈ (0, 1]. Then,
there exists a dimensional constant cd such that for γ ∈ (0, 1] and for all n ∈ N, we have

P

(
sup
θ∈Θ
|R(κ)(θ)−R(κ)

n (θ)| ≥ 4M

√
2π log n

γn

)
≤cd

(
γn1/α

2π log n1/α

)d(κ)γ,n1/α

2

exp

(
−16M2π log n

B2γ

)
, (7)

where M = Mα
1 M2.

To prove the statement of the theorem we need a preparatory lemma that is the discretized
version of Lemma 1.

Lemma 7. Let Θ = [−1, 1]d, and let N (κ)(ε) denote the number of boxes of side length ε required
to cover the parameter set Θ, the length being measured with respect to the metric F̂

(κ)
ij (θ). Under

the assumption of Theorem 6, there exists a dimensional constant cd <∞ such that for γ ∈ (0, 1]
and for all n ∈ N, we have

N (κ)

(√
2π log n

γn

)
≤ cd

(
γn

2π log n

)d(κ)γ,n/2

.

Proof. Recall that we work in the discretized model M(κ)
Θ , so our metric F̂

(κ)
ij (θ) is constant on

each element Θ` of the partition. So, we fix `, and we count first the number of boxes of side length
ε required to cover Θ`.
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Up to a rotation, we can diagonalize the Fisher information matrix F̂ (κ)|Θ` as diag(s2
1, . . . , s

2
d).

Note that Θ` has Euclidean diameter bounded by 2κ−1 and volume κ−d. Also, if Bε(θ̄`) is a ball
centered at θ̄` ∈ Θ` and of length ε, then

Bε(θ̄`) ∩Θ` :=
{
θ ∈ Θ` :

d∑
i=1

s2
i [(θ − θ̄`) · ei]2 ≤ ε2

}
.

Then, the number of balls of size ε needed to cover Θ` is bounded by

ĉd

d∏
i=1

⌈
2κ−1ε−1si

⌉
≤ ĉd2dκ−d

d∏
i=1

⌈
ε−1si

⌉

≤ ĉd2dκ−d
√√√√ d∏
i=1

(
1 + ε−2s2

i

)
= ĉd2

d

∫
Θ`

√
det
(

idd + ε−2F̂κ(θ)
)

dθ ,

where ĉd is a positive dimensional constant, and the last equality follows from the fact that the
volume of Θ` is equal to κ−d and that F̂ (κ) is constant on Θ`.

Summing this bound over ` = 1, . . . ,m, we conclude that (note that VΘ = 2d)

N (κ)(ε) ≤ ĉd2d
m∑
`=1

∫
Θ`

√
det
(

idd + ε−2F̂ (κ)(θ)
)

dθ = ĉd4
d 1

VΘ

∫
Θ

√
det
(

idd + ε−2F̂ (κ)(θ)
)

dθ .

Applying this bound with ε =
√

2π log n/(γn) and recalling the definition of the effective dimen-
sion, the result follows.

Proof of Theorem 6. We start be noting that Lemma 2 remains valid for the discretized setting
and under the assumption of Theorem 6, where Lemma 2 does not require the full rank assumption
of the Fisher information matrix, i.e.,

P
(

sup
θ∈Θ
|R(κ)(θ)−R(κ)

n (θ)| ≥ ε
)
≤ 2N (κ)

(( ε

4M

)1/α
)

exp

(
− nε

2

4B2

)
, (8)

where N (κ)(ε) denotes the number of balls of side length ε, with respect to F̂ (κ), required to
cover the parameter set Θ. This can be seen by going through the proof of Lemma 2. Hence, by
Lemma 7, we find for ε = 4M

√
2π log n/(γn)

P
(

sup
θ∈Θ
|R(κ)(θ)−R(κ)

n (θ)| ≥ 4M
√

2π log n/(γn)

)

≤ 4cd

(
γn1/α

2π log n1/α

)d(κ)γ,n1/α

2

exp

(
−16M2π log n

B2γ

)
. (9)

Remark 8 (How to choose the discretization parameter κ). In this remark we discuss conditions
such that the generalization bound of Theorem 6 for the discretized model M(k)

Θ is a good ap-
proximation to a generalization bound of the original model MΘ. Assume that the model MΘ

satisfies an additional regularity assumption of the form ‖∇θF̂ (θ)‖ ≤ Λ for some Λ ≥ 0 and for
all θ ∈ Θ, then choosing the discretization parameter κ � Λ ensures that that MΘ ≈M(κ)

Θ and
F (θ) ≈ F (κ)(θ). Furthermore,

√
n � κ is required to ensure that the balls used to cover each

simplex of the triangulation are smaller than the size of each simplex.
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