
FourierTransformforpact. JacobiansI

(after D
.

Arinkin)
.

I
.

Abelian schemes
.

Bism/k #T : A-B : abelian sch .

reldim = g

~ TN : A-PicB+B : dual abelian sch

P - ABA : Poincare line bundle

Strivialized along the unit

A BAV
Pl P

A A
-
A

BL

↑ Dn(A) -Din(A)
,

3r RP+ (p
*30P)

Thm (Mukai) :Don(A)=, Don(A) / B

· Thm of Cube

· Cohomology of Poincare line bundle :

RP2* P = ex (det#) Eg] in Dcon(A)



Taking Chem character Ch(P) CH
*

(AyAlo
,

&

F : CH
*(A) CH*(*) Q.

& is an important tool to study Chow group/Q

[N] : A-+A "multiplication by N map"

CH (A) := 2 de Ch* (A) : [NJ* =NUL ENEE]
.

#m /Beauville ,
Deninger-Mure]

DCative

· Multip. splitting of relative Chow motive h(A/B)

· Motivic Lefschetz decomposition [Kinnemann] ·

Main Questions :

1/What would be a generalization of abeliam scheme ?

2) Can we extend Fourier-Mukai transform ?

3) Which properties can be extended ?

loc

Today : -Birred. planar curve Jc-B : comp . Jac.

following Arickin.
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. Compactified Jacobians. ③

p : C-B : Tred curve
,
loc planar sing ,

of genus = 9.
(with section

Jx-B : relative Jacobian (deg = 0 line bundles

# : J B : compactified Jacobian
Crank 1

.
torsion free sheaves , deg = 0)

- . It is proper surjective .
->

[Altman . - irred
,
at worst lci singularity

- Kleiman]

· s-regularity :

A+B : finite type com group scheme

[Chevalley) 0-Affe-Ab --
m

affine abelian variety

8 : B+ 0
bl dim (Affe)

Ref
.

A-B is calledf-regular if

codimEB : S(blzk4k
Yo

Example· Joi--Man
is 8-regular

gin

(locus of K-self noces has codim = k)

· [Diaz-Harris] e + B : semiuniversal deform C/k
T

Je-T is S-regular loc

planar

(see also [Manlik -Yun]



[Fantechi-Gottsche - van Straten] : P :C-B irred plane curve

T is smooth = JC+B is f-regular.

As a generalization of abelian schemes , we consider
a tuple : C+ B

(5 B . J+B. M : Jc* -Tc) .
-S-regular

Em : Degenerate abeliam scheme [Arinkin
-Fedorov].

· C : Sm = Je is principally polarized (Jc= JC)
.



5 3. Outline of Arinkin's Fourier transform. Ef

C/k :Tredcurve loc planar singularity . (po = CSM)

p :CTXTc ·

L
.

E : unir sheaves (triv alongp

P := (4
.

F2) : = det Rpx(L ,@Fa) det RPx(4)
② det RPx(E)" det RP* (0)

Cism = (- -
-) : Deligne pairing (recovers Poincare linebdl)

Thm (Arinkin) JaxJc* Jo. Then

RPP EkIe) E-g] .

in DBcn(Jc

P i
↓ ↓

5

.Ju5JcxJo
-
codim of complement = 2

Argument in two steps

Step 1 : Extend P to maximal CM sheaf PECoh(5cxJC)

Step 2 : Consider C+B where Jets is 8-regular
= dimension bound of Supp)5" . F)

Bound + CM => extend auto-equivalence.
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.
Cohen-Macaulay sheaf. &

Ref (C . A)
.

R : loc ring.
M : finite R-mod. M is CM if

dim M = depth M.

It is maximal CM if CM + dimpM = dimR

↳ FeCoh(X) : CM .

Lemma F : maximal (M on X
.
24. X

,
codim 2 ? 2.

j :X12 X. Then

#E, (x)
* F

-

wieDon(X) : dualizing complex

- D : Dion(X)= Don(X) E: Rhomox(E:WY) .

Example X : Gorenstein # Wi is a line bundle.

Ref(ID) . FECoh(X) is CM of codim =&if and onlyif

7(i(DF) = 0 if itd

Emma Suppose &"ED"on (X) satisfies

i) codim (supp = d

ii) 7)i (2% = 0 is o

iii) It
:
(D2% = 0 is &

Then 5: is a CM sheaf of codim = d.



& 5. Abel map .

⑰

Poe C
, supt .

Cin = Hilbert scheme ofa points

We define the Abel map

4 (in-Jc
,

DcCt[(-upo)
.

Ifn29-1· [is smooth
& Surj (proj bundle).

Idea) 1) Construct maximal CM sheaf Q on CTmxJ<
extending (axid) * P.

2) Maximal (M gives a descent data along

a xid : (i)x- 55c

3) fppf descent -> E De Coh(5cxJc) , xid)
+ P = Q

# FEP and is flat/JC
#

Baby case : C : sm proj.

(xid) + P = (Oc(D -upo) , (2)
6 hlp = Oc

= <Oc (D)
.
(2)

= detRellk-OdIp)

=> Fiber of (axid)
* P over (D .

(2)

= NHP((u(p) @ (det Ho(Opl)"



& G
.

CM extension of Poincare line bundle &

<S : sm surface (Altman-Kleiman ).

~ (inix J
,

2 girl xT
- construct a sheaf here

1 attempt :

Sins"= (DCS : D c (sm curve) [0, Si)
#

Op = TT k[t]/thi

"Curvilinear part" codim (Sin)/S[n] ) = 2 .

#lag = [P = DoEP1 ? - · [Dm : DuESiny

Sin Flagquin's"&G
En [in

=> For each FeJ , we consider

(P+ ** ( F
*/59 deta

anti-inv I.* faut bundle HOCOD)
· Suppor (in)gins -

· Compare to baby case (axid)
*

PI(D
.
L
* # H°(((b) @detCo



2nd attempt : ⑨

· Haiman's isospectral Hilbert scheme.

Jins, Sh Fred = reduced fiber

↑ I Ared I
product

sin, gl ="In

· 4 is finite flat
.

· Jin is normal Gorenstein.

· Sins'-Flaghs-s"
1 It 1

& I

Sinin tS
n

On ChxJa

Fn := PinFo-- - PF

sin, Sin5SJ

Q : = (4x ** (Fn)s@detA" on
Sin , Jo



& Q is a CM sheaf supp on CinxJc.
Do

1. : Jim : Govenstein
,

0 : finite For dim => &*2x En is CM.

↑: finite flate = (4x **LFn)594 is CM)

ThmA I ! maximal CM sheaf Pon JcxJc extending
Poincare line bundle

Sketch) · We have

QE(xid)
* P

outside codim-2 locus.

· Q is maximal CM .

=> desent data extends across codim >2.

=> PECoh(5cxJc) is maximal CM.
Appf

· Complement of

Jax5cu5gx]>Es JaxJc

has codim = 2.

TFL P
so it is unique.

E
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.

Arinkin's autoduality. ⑪
If P induces an auto-equivalence , the inverse Kernel

should be:

↑
"
= T **Wa [g]

·

T= Hom (5
.0)

.

· I : = Rpx(p@PrsP) e Dion(ExJc)
.

To show P" opid , it is enough to
show :

ThmB = On det EEg] in Don(Tixfc)
.

↳ A : -JexJ
.

Idea) 1/ Compute codim (SuppE) by spreading out (
to a S-regular family

2) Use coherent duality to show E is CM sheaf

3/Use extension property to extend isomorphism.

#

For Fe Jc
,

let

Pr : = PlJF- Jo

· line bundle on JC



Pop (Fi .FlESuppE ,
then PFEPE .

It

Pf Hilt
,
PPE) to ,

Zi

LetT, J assoc to PYQPF2
.

T is a comm group scheme FFF

T Hil
.
POPE)

Schur's lemma -X :T- Gm
.

st
. XIm = id

- T = Fc x &m Th

Pull back along Abel map : n :C-J

(x) (F
.F)eSupp = Flcsm = Falcsm

Er Let 5 = g() (g. [- C : normalization. Then

dim (Supp) < 29-g

Pf) Mxid : JaxJx- JaxJc : sm
.
reldim =

g.

Enough to show :

dim (uxid)"Supp13g-g
Consider projection :

(Mxid)"SuppEFP, FaxEy
(x )

=> dim of fibers 19-g El

I strict inequality involves more work).



Proof of ThmB)
.

I = OndetEEg]. ⑬

· Take C+ B S
.
t
. Jc + B is S-regular

&univ := RPisa(PF) =Don(cJc) .

Step 1) codim SuppEuniv = 9.

B(j) : = 2( B : g() = 5)

S - regular
-> codim Big) g-

Cor = codim Suppluniv 39 lover Big , = (

In fact all codim =

g components meet it" (Big)
with A.

El

Step 2) Funiv[g] is a CM sheaf of codim = 9

We use Lemma after Def (D).

· zi(Zuniv) = 0 is g ). : rel dim Pi
= 9)

· zi (DEuniv) =0 T20 C: coherent duality along Pis]

Step3) Euniv[g]eOrdetE

· Supp(Euniv) = A

· By previous work
of Arinkin,two sides are

isom on JCJ

· Both sides are maximal CM sheaf on A

Apply extension property. #
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.

What's next ? ⑭

· Generalization to reducible place cure

6/k : reduced reducible planar curve

Let E
,, 32 : two non-degenerate st . conditions

C-B : miniversal family.

#hm [Melo-Rapagneta-Viviani] E ! P maximal (Mun
F =- : D(5)=Don(5) .

· Properties of h(JcIB) .

Beauville-Deninger-Mume gives multiplicative splitting of

h(A/B)
↓
orthogonal projectors

#m [Maulik-Shen-Yin] There exists "multiplicative filtration"

on h(J)/B) whose homological realization gives

perverse filtration on
H
*(JcQ).

R On the other hand I multiplicative splitting for general
=> IB

.
[B-Manlik-Shen-Yin] ·

① What if JCB is Lagrangian fibration?



· Extending to other degenerate abelian schemes. At
(M-B

.

A- B
. M : ASM- M)

↑
S-regular

[Arinkin - Fedorov] : Poincare line bundle on MxPiciusis.
Q Can we extend P to a "CM object" ?

I
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