
1. Complex toi

* Complex tous mo compact, connected
complex Lie group

g
= dim
,
(x)

V = ToX
X is commutative

,
so

exp : i =Tox X ↑
gives an isomaphism X =CA=Vo
where 1 V is a lattice of rank Ig

.

Cohomology of X

Singularcohomology :

H(X
,
2) = Hom (1,)

H (x
.
2) =Alt (1

,
2) = 1

*
Hom(1

,
2.)



Doubleant cohomology
2 : = Hom

,
(V

,
e)

E : = Hom (V ,
()

↳ this means f(z .v) = ef(v)

HPf(x) = HF(X
,2]) = 1P2152

Line bundles on X

From the exponential equence ,
we

obtain
See the proof of
Rieman's bilin rel's2for the discusion around

this

H(X
,
8x)a C2

0 -

H (X
,
2)

· Hi(X
, 09) c HX

,De>
Yo

H"(x
,01) = Pic(X) = Seimebull,en

H2(X
,

2) ~H"(x) = Néron-Severi
group

NS(x)



An element of H2(X ,
2) is the same

an

E : Vxv > IR (Elviv) = o

such that EC1
,
1) -*. If

H(r
,
w) = E(i

, w) + iE(v
,w)

Lemma Et H **(X) His Hermitian

So NS(X) =(VVHermitirSe 3
The fibers of c

Let HENS(X)
.

A semicharacter for H

is X : 1 : $ such that

~ (x =u) = x(x) x (u) exp(n : [mH(xu)) .

Define
*

a(H
,
x)

: A x v > I

(x
,0)1 X(x) e

H(, 0)+ H(t, X)



Ther

·
(H

,

x)(7 +u ,
0) =

a(t
,
x)(t ,m+)a(H,)(M ,w)

so a (H
, x)

is a factor of automophy ,
and

defines a line bundle LCH ,:

sections of <H ,
X)

= [VI+(]
We have said that Pic(X) = H'(X

,
08) ,

but

line bundles on V are trivial
,

so

H(X
, 04) = H"(te()

,
He v

,04) =

=LaiVTe 3

Apell-Humbert theorem

((H ,
2) : HENS(X) and

3 / Pic(x)
X is a semicharacter

is an isomorphism ,
and the induced

map b from the exponential requence



p : H (X
, 0x) · ke ((1)

Si Si

- ------- Hom (1
,
151)

satisfies p(3) = e
zwi < E,

e Hom (1 ,
$')

= Homy (V,
()

With bench

↑: = [3 : Im (3(A)) z3 = Hom (1 , 4)

The dual complex toms is

k(22) = Pico(X) = F.



2. Line bundes & cohomology
Let L = (CH

,
1)

be a line bundle

on X
-

Since H is Hermitian
,

it
gives a map

v
+ (-t)
,

such that H(x , -)E- and so
,

an

homomophism

: X , xv

One can check that Yo) = tLL ·

Since H is Hermitian
,
it can be

diagonalized with real eignvalues

(#positive eigenvalues , #negative eigenvaluer (
is the signature of H.

-> We
say
that L is non-degenerate if

&L is sujective E) H is non-degenerate
El it is of type (g-i , i)



-> The number i is the index of L,
i (2)

.

If i(L) = 0
,

we say L is positive
-> Im (H) is a symplectic form ,

so it

can be written a

(18)
over 2

,
where D = diag (dy ,

---

,
de

+ ss
0
, ..., b)

where (2 ,
5) is the signature of H,

di di + 1

-> We define Pfr(L) =dj · ...dets

Theorev (Cohomology of I .
b

.)

If L is nom-degenerate,

hi(x
,
4) = [P()

if i = i(h)

otherwise

In general , if (2, s) is the signature,

hi (X
,
h) =(( )

. Pfr(4) if stig -e

and L/ben (Pro is trivial
O of herwise



> Note that Le Pic°(X) iff Ke (4) = X
,

so if Le Pic (X (1203
,

hi (X
,
L) = 0 Fi.

-> If L is ample (in the ecuse that

↳ embech Xin PV for some n)

then Lis positive .
In fact ,

the

converse is also true .

m x (2) = (727)
. Pf(h) if h is now

degenerate
O othewise

And so
, deg(42) = X (2)?

The Poincare bundle

Since XV is a fine moduli space ,
there

is line bundle P-XXX" such

that the unique

Ploxxv = Que Play L

Given L
,
consider the Munford bundle



u(l) = mopL"opEL-

on XxX
,
where m

, pa , pa
: X*X - X

are the multiplication& projections.
Ther

,

·r(2)(x + (x
=t-

·u(L)(02x = Q

so it gives wire to the map

2 : X (X

Now consider

A (id
,
42)

X > +X > X + Xv
J

idx 4

Then (idx41)
*
P = 1(u(1)) = [2]

*

LQL2

where [23 : X > X
x11x+ x

We will see later that (2]L =

= Lo(-1]
*

L



Lemma : Pis a non-degenerate buen-

de of index g and type (1 ...., 1)

Proof: Let

H : (Vx)(vies . 4

(v2
. 52) .

(ve
,
32)1 < 32 (v) + 5

, (vz)

x = 1x T $

(v , )1 ein Im(5(v))

Then L(H
,
x)
satisfies the condition

of P . If v
, ..., vg is a baris of V and

3... - , Eg in a baris ofh then 55 ,
---

- Eg)
is a basis of E ,

and in this basis,

H =( ) = 1(-id)
so Spec (H) = 21

,.
3

,
1

,
-1,.., -1 . Moreover,

Im (H) isnimodular by definition of
I

, so it has type (1 , -... 13 i



In particular ,

h
=

(x = xy,p) = Gj ,
x(p)= 12



3. Torsion elements

A general tows just has I endome
phisms : the multiplication maps

[n] : X · X

a 1 sa+..
- + a

An element a t be ([n3) is a torsion

element .

XIn] = ke ([n3)
.

· X[n] = (2/2129

Lemma [n]*L L

Proof : We have

[n]
*

LCH
,
2)

* L
(n2H

,
me

L = ((BH
,(x)

↓
(H... )

* L
[Ha,>
*
L + Ha,2)



n(n+ 1)/z

and {at =>[ m(m-12
↳

In particular ,

Lidx4
_ (

*

P = [2) = LEIJL
.



4. Abelian varieties

We say that X is abelian if it has

a positive line bundle .

If it does
,

Lembeds X in projective
space,

so X is algebraic.
An homomorphism 9 : X .X"of
the form Th for Lample is a polari-
zation

,

Theorem (Riemann bilinear rela-
tions ( If X = 19/1

,
and v

...., Veg

are a basis of A,

M = (ve) ... (vug) eMgxzg (k)
is a period matiex of X .

X is

abelian iff JAESp(2g ,

I) :



· MA" Mt = 0

· iMA- Fit > 0

Proof : Let E : V = V > I have matrix A.

Ther

· Eliu
, iv) = Elev) # TA"T = 0

let H = Elio
,

· ) + i Elo
,

. ) .

The

· H(u
, 0) = 2i ut (MA" Mt) " :

,
20

H is positive idf iMA" M +0 .

Finally , any
Hermitian form has a

semicharacter .

Let z
, ..., zzgE

&'
,
and

define x (vi) = z.i and extend by linearity :

x([a: ) = (Tz) ·
eaiajImH(wi)

P

A principal polarization is 4 : X -X

that is an isomophism



5. Analytic moduli
Let X = V and HeNS(X) a pola-
vization of type D = (d , . . .

, dg)
Let 7 ,

,
. ..

, Ag ,u, . --ug
be a symplectic

baris for s wr.t. Im H.

On the barix Y,, M o V,en

period matrix of X is

n = (z1D)
· z = z1

,
Im (2):0 and Im(2)

is the matrix of H on the baris

% V.

Proof : Use Riemann bilinear relations

Let

H
g

= (t c Mg(() : + = E
-

,
[m(+ (x)



then we have a

map

Hg
↑ (polarized

abelian

Svarieties of type D

T( (¢1 , Imcel")

Let

6p = (Me Spag(Q)M+( (28 = (8)23)
act on Flg by

(- )z = (xt + p)(dz + y)
-

Lemma An isomorphism (2) = n (t2)

is the same as a matrix MEGD

such that Motz =E
2-

Proof" Suppoe that

F 1 +2)



is the isomophism ,
encoded by

matrices At Mg(() , ReMag(2) s
.

t.

(2)A(D(j) = (d( +z)R

(2) R
*

(-38)R = (38)

If V = ( b) (3) = (1)t
then A can be recovered form N :

A = [1y
+

+ gt

and tz = [2 = (at 1 + p)(Utz + 8)" .

Monover,

R integral & RE (*) R = ( : *)
#

NEGD D

Therefore , Ag ,
g = [Hg/GD]

y

stack quotient.



6. Glimpse of algebraic
moderli

An abelian ochue is X : S

proper group
scheme

, flat & with

gometrically integral fibers.

A polarization is

4 : X X = Pic
XIS

S
.

t
. over

any
seS

,

4 is a polarization
of abelian varieties .

I is a finite map

If d is invertible ink
, define

As./Schis
Theorem Ag ,

d is a smooth DM-

stack over Spec * [d] of dimen



sion 5(9) .
It is imeducible

"Proof" : Algebricity us use Hilbert schemen

(lid + y)p)
* m

embede X IS into IN

Finite stabilizers : Jere's lemma :
it

X is a polarized abelian variety ,

and

p : X -X is such that Plx[3] = id

then p = id.

Smoothness :

a) Deforming X as an abelian variety
is the same as deforming it a

an abstract variety (Grothendiesh)

b) Deformations of X are unobsticted

c) Deformations of (X, LI have di-

mension 9 (9 + 1)

z-



Idea of b) :
R- R a thickening

given by ICRY ,
X1 > SpecCR

abelian scheme extending X . Spec (R).
The obstruction clase

De +2(X
, TyI) =(x)aI

satisfies [1]
*

D = D
,
but El]

*
acts

as
- 1 ou (i=)S

(this works over characteristic #2) .

Idea of c) : IfL is a line bundle on

X,
HTx)

Def (x ,
2) = bu (c (7) : Def(x) < HOx)

But(7) :MotoEnt is

5031 . (4)(0)1 3

Since d is invertible
, (41o is an

isomophism on taugent spaces,



So

Pef(X ,
() = ke (Q --En )

= Sym(i) D

Note that the rector bundle

Eg R

↓ 6

Ag .
d = ( * ]

is the Hodge bundel . In particular,

Tagid Sym E


