
Degenerations of cbelian
varieties & construction of

the moduli
spaces

O
.
Semiabelian schemes and

semistable reduction

Def : A semiabeliar variety G is1 a commutative
,
reductive

connected group scheme/R

G semiabelian

L

0 .7 16
, A10
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Te D h-dimensional
a belian variety

r = tor us rank

g = dim(G)



I
Def : A semiabelian scheme is

a group scheme
GIS

whose fibers G, are semi

abelian varieties

· s1 > r(Gs) is NOT constant

just lower-semicant.

eg
:()) me&
ell

. curve torm

· If si <r(Gs) is constant then

0 T = G >A 30

globally on S , where AlS is an
abelian scheme .

· Semiabelian schemen satisfy
remistable reduction !



· Example ,

at wast nodal

· C prestable auve m Pic&C) is
an ab . variety

0 >T > Pic
=
c) < Pic

*()-> 0

turs of rank b
, (T)

P

↳ stable
malina

-

graph

· Split semiabelian schemen

0 <T 06 > X10

are clansified by
Hom (M

, X)

M = Hom (T,m)

N = Hom (6m
,
T) = Mu



1
. Degeneration data

Degeneration zetup (A)

5 = Spec (normal domain R)

v = Spec (k) = Spec (Frac(R)

So = Spec (R/l)
G13 = semiabelian so here

Assume Gy is an ab . variety ,
7 : Gn G polarization

Go has constant torm rauk r

&A
sat

Ag-z
Ag



Want to produce simples data
that has some moduli

1. 1
. Raynaud extensions

Over 5 (the I-adic completion),
one can extend

01 To > Go < Xo 10

to a split semiabelian scheme :

0 . T . 5 -X10

E is the Raynaud extension

of 6.

· Raynaud extensions are fuctor
rial and do not depend on
choices

· Raynaud extensions preserve
duality .



Example:

i e#

D

on
·

So
S

Jac((m)=W
2

0To < Jac(Go) Jac(5) co
11 11

HOCo
,
Wes Holo

,Wij
< B1 , <2 , B2) (42

, B2)

If S = disk
,
one can find



an open neighbourhood of O such
that G

.. B ,, <2 , Be ore rections

of the local system
si H

, (Cs , 2)

Then the Rayhand extension
is

S >
HolCs

,Was)
<B , (s) ,Gy(s) , (z(s))

In the degeneration setup (A),

we obtain the following over
:

O -T - < X , 0
X

TX ↑

xx

00 Th ju >X >0

Why ? In extends to 46 : 6+E

and



Which is classified by Hom's

Ms
C
· Xv

& ↳ *
X

&

Ns
V -

where I is injective .

1. 2
.
The period subgroup

Motivation : In

⑭un
①
disk= S

⑧

I , did not appear in the

Rayhaud extension

SI O

H· Cs
,
wes)"

= Es
(B , (s) , <2 (s) , By(s))



but over S1603
,
we have

Ho(Cs
,
ws)

22
, (s) C < B , (s), a2(s), 12(s)]

this is called a PERIOD

Theorm (Chai-Faltings) I
In the degeneration setup
(A ) , there is an homomophism
N · T

2

making the diagram

in En

N =Nz Xe
commute

We want to unpack this



E = Specy
So i : N , Ejoven N , X

is the same as an homomorphism

(Nin
which is the same as sections

= (n
,
m)c +(gimi)

(cYn)xc(m))5p
-

satisfying
T (n , + mz , m) = + (n ,, m) +t(nz , m)

-(n
,
mi +mz) = =(n , m ,) + =(n , mz)

under canonical isomophisms .



Theorem (Chai-Faltings(II
- satisfies two extra conditions :

· -(n , +(nz)) = -(nz , p(n , )I
L

& n1s [ (n , p(n) extends

to arection of 24n) xc(p(n)P,
for all m

,
and this section

vanishes at Jo if n + 0

2. 3. The tropicalization
# we choose trivializations

Gu = k
- o((n)xc(m))P

then I defines a function

: NXMo K

such that



· [ (m ,, f(nz))
- =(nz

, P(ni)

· = (n ,p(n) E R An and

-(n , p(n)) In + 0.

If R is a DVR with valuation& ,

the polarized tropical abelian

variety associated with this
degeneration data is the data of

(N , p , Q) :

· N is a lattice of rank reg
· p : No NV is injective
· Q : NXN I is symmetric :
& (n

, a(nz))= Q(n2 , p(a ,)

and positive definite :

Q(n
, P(u)) > 0 if n + o



Summary : semistable
reduction

6207 j 615

abelian scheme, semiabelian

: 62.% 7 : 6 : 6V

Ray hand ext. -

X/5 abelian ocheme

ac: t
/
Noxin /periodP : N - M

: ONXM · (cx(
*
p
-

X,

symmetric", "positive" trivializ



Claim : (X
, Xx , P , c, c, t)

determine GIS

I
will come back later

2. Local picture of Ag
If we assume that 6/S is

principally polarized them

6 , Xx are isomophisms, c determine
c"so the only data is :

(X , xx)t te
r times

[ m . XJe Hanen

A section of (cxxoc)
*

PX
that "degenerates. "



a) Identify the miv -
bundle

H((cP) 2

&

[c : M · xxx]e([x-xa
Si *

& X. + ... + &X+

HSym)(cx1oc)Py) =
= 0 P/c(xi)xxyc(xj) =ij

i
j
PiPX



· CEx ...x)

XxoTi 2Pij y j
D

Ah - CreC
After identifying Cr = Hi,

( "E ')
U = km-bundle given by

piPX (izj) , pag
4

universal symmetric
divisor

,
trivialized.

b) Compactify the univ .
bundle

Es
allow rections to degenerate



cocharacter(group = Sym2 (MYof e

D We want

~Sym(Me=meteems]E
B :Mr*MirR

but only forms that are positive-
- definite

,
so tMie,d

this is exacty a come that appears
in an admissible decomposition
oftrop

&v = compactification of
2 along o

sectionswhose degeneration
is in 5.



E (r) = locally closed stratum
coresponding toa

zpantial(a) = /z(5)
a'so

int(r')+

53

r2
J

T23
J

M
12

g

n -z
Here

,

D

&,
" =partial() =

= L zirl

pr WisU
,Te

123
Mo



Choice of A is not canonical

&
This identifies E = 2" if

5, r' are Ghr(2)-translates.

Given compatible decompositions

o, [z
Il 11

Gra3 Eras ... 4523
N MI M)

- e
such that int()+

(like in Johannes' talk)



Choose finitely many maximal
cone Was ...., R that

represent the GLg(I)-orbits.

A pantia
c()]

A

stabilizer of
the core

Johannes'
autow

. groups



lower

-. Gluing (overview) torusok

↑
How to glue Zo(5) and

Z

z?
9
has the same
dim as Ag !!

3. 1. Munford's construction

Let So be the formal comple
tion of 2along Z

°

(r).

On So we have the degeneration
data : (X

, 2x ,
c : M c XY

, t)



Mumford constructs a semiabelian

scheme

/Su, : G ,G

such that

· G -En
is an ab .

scheme

extension of X
· Grirs

given by a

Mumfad's construction is HARD

but is the origin for construc

ting compactifications of 6/Ag
Locally in the étale topology
G? lifts to a semiabelian scheme
on Ja



3. 2. How to glue

Pick étale neighbourhoods of
all the partial() such
that the Mumford family
lifts. Let U be their union.

Because the Gr are abelian,
one has a relation R c UXU.

R = normalization (R')

Ig = /R



4. Example 2
1

[

· I = [[0]
, Routr : ve29]

gives a partial compactifica-
tion

,
which is canonical because

the
rays IRsovtv are extremal

G
=
= fg4PxAm-bundle
Ctxt = 1]

(g-1) -dim

&

-(Ag
D

normal Automaphisms
bundle is 0-2 of the come :

Vi - v



zver
me ene

5

8

-c

-
Ta

T23
T23

T =2 = 53 mod Glz

Viz = Tzz = +13 mod GL2

An = An4(/11][2
zio) En cualPatial(r)

Compare with M2 Ez



M2=
So parametrized by
zero section= (1) = Sin So

not stratum

-

M
,z = CEs ·
i =

(.) = zir)

(] = nodal fiber = So = zpantial(a)

Note : S , and Sons , ane not strata

of Az !!


