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Abstract

Let F' be a non-archimedean field of characteristic greater than 2. In
this expository note, we compute trace characters for the two irreducible
summands of the parabolic induction to SL2(F) of a non-trivial order 2
character x : F'’* — {£}, using endoscopic character identities. We then
compare this to the trace characters of regular supercuspidal representa-
tions, inspired by the limits of discrete series for SLo(R). *

Archimedean motivation:

In this section, let G := SLa(IR). There are two (stable) conjugacy classes of
maximal tori in G, represented by the split torus T' ~ R* consisting of diagonal
matrices, and the compact torus S = SO2(R).

The discrete series representations of G are parametrized by non-trivial char-
acters 0 : S — C*, corresponding to non-zero integers via
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To each integer & > 1, there are two discrete series representations 7% (.S, 6;)
whose trace characters are given by
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Let B C G denote the Borel subgroup, consisting of upper triangular ma-

trices. Inflating the sign character sgn : T — {£} to B and inducing to G
produces a representation Ig (sgn) which decomposes as a direct sum

IS (sgn) = nt @ 7.

The subrepresentations 7+ are irreducible and tempered, but not discrete series.

However, their trace characters are given by
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which match exactly with the trace character of the discrete series 7% (S, 6), if
we formally inserted the trivial character as 6.

These representations 7+ are called “limits of discrete series” and can be
denoted 7*(9,1). For more on the archimedean case, see [Kna86.

Non-archimedean case:

Let F' be non-archimedean field of odd residue characteristic. A non-trivial
character of order two x : F’* — {+£} corresponds via class field theory to a
quadratic extension E/F. We can view y as a character of the diagonal torus
T in G := SLy(F). The parabolic induction I§(x) splits into a direct sum of
irreducibles

IS(x)=nt@n.

* constitute an L-packet, whose parameter ¢ : Wg —

The representations
L@ factors

p: Wp —m8M8 La.
L

Here 'G = PGLy(C) xI' and LT = C* x T, where I' = Gal(F/F). The slanted
maps are

or 7= (x(7),7)

Lir o (z,7) — ({S ﬂ ,7).



where in the first line we have identified x : F* — {£1} with a character of
Wr by local class field theory.

Remark. The labeling 7+, 7~ is not unique, but upon fixing a Whittaker datum
v we can choose 71 to be the unique generic constituent of the L-packet.

By the additivity of trace characters and the parabolic induction formula,
we have

g split,
else.
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504(9) = (On+ +O0x-)(9) = Org,(9) = {ODc<g>|1/2
On the other hand, corresponding to the element

5= {(1) (1)} € S, = Cent(p, PGLy(C))

we have the factorization

p:Wp —m8 La.
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Here ©S = C* x I' where an element 0 € T' with non-trivial image in
Gal(E/F) acts by inversion on C*. This is the L-group of the unique non-split
FE-split F-torus S whose F' points are

S =S(F) = E' :=ker(Nmp,p : E* — F*).
The maps are
ps: 7= (x(7),7)

o (5 9):

(1,0) — ([(1) (1)} 7cf) ) o € Gal(E/F) non-trivial.

Proposition 1. The diagram
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commutes up to PGLy(C)-conjugacy.
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Proposition 2. The parameter pg : Wr — S corresponds under the local
Langlands correspondence for tori to the trivial character of S(F).

Proof. We have that (ps)|w, = 1. Let 0 € Wr \ Wg, so ¢g is determined by
s(0) = (z,0) € IS for some z € C*. For any x € C*, the inverse of (z,0) in
LS is (x,0). Tt follows that the conjugate (%) ¢ satisfies ¢p(0) = (z227',0). By
taking 22 = z, we get back the trivial L-parameter as claimed above. O

To isolate the individual characters © .+, we use the endoscopic character
identity:

Gg,s(g) = (@7T+ - @ﬂ*) (g) = Z A[m](’%g) SeSOs (7) (6)

NESST/ st
Here:

e The sum is over strongly regular semisimple elements of S up to stable
conjugacy. As S is abelian, stable conjugacy classes are singletons.

e The Langlands-Shelstad transfer factor

A, 5] : S x G = C

A[m]@ag)26(;,X*(T)C—X*(S)C,A> * % % % (7)

e the stable character SO, on S attached to g : Wp — LS, which in our
case is given by SO, (y) =1 for all y € S.

The endoscopic character identity in this case gives

ov =(0,.+ —
@’8(9) (O 0 else.

Or-)(9) = {A(Q,g) +AThg) geS

Remark. Note that g € S is an abuse of notation, since we want to consider g
stably conjugate to an element in S. The same holds for g € T later on.

Here A : S x G — C is the Langlands-Shelstad transfer factor. We have that

Alg~',9) = kpr(=DA(G g7,

so we can apply the explicit Kaletha formula [Kal, §3.6]

o
Alg.9) = NE/F.0) weye (22 ) la 317"

= XNE/F,%) kp/r (Im(g)) g — 97"



where A(E/F,) is the Langlands constant and Im(g) is the imaginary part of
g. Plugging in g—!, we see that

A(g_lvg_l) = "{E/F(_]')A(gag)

Thus

ENE/F, ) kp/r (Im(g)) lg —glF'. g€8

Proposition 3. Viewing the regular supercuspidal character formula ©rsg)
as a function of § and formally inputting 6 = 1, we have

x(9)
XL eT,
Orx(9) = {Dc(wll/"‘ g

1
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on elements whose centralizer is S.
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