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Abstract This note surveys two fundamental tools that unlock several topological
properties of contact and symplectic manifolds; open book decompositions and
Lefschetz fibrations. In particular, we will focus on planar contact manifolds, those
that correspond to an open book decomposition with genus zero pages, and provide
some fundamental results concerning planar open book decompositions and planar
Lefschetz fibrations. We also introduce a higher-dimensional notion of planarity,
iterated planarity as in [2], and present an exposition of generalizations of some of
those results to higher dimensions.

1 Introduction

A contact manifold (M, ξ) is a smooth (2n + 1)-dimensional manifold M equipped
with a maximally nonintegrable hyperplane distribution ξ ⊂ T M . That is, locally
ξ = ker λ whose defining 1-form λ on M satisfies

λ ∧ (dλ)n , 0,

i.e. λ ∧ (dλ)n is a volume form on M . Then ξ is called a contact structure and the
1-form λ, which locally defines ξ, is called a contact form which locally defines ξ.
Observe that the condition λ ∧ (dλ)n , 0 is a property of the contact structure ξ,
hence independent of the choice of the defining 1-form λ. A symplectic manifold
(W, ω), on the other hand, is a 2n-dimensional manifold equipped with a 2-form ω
on W satisfying the non-degeneracy condition ωn , 0. The 2-form ω is then called
a symplectic structure. Notice that if λ ∧ (dλ)n , 0, then dλ is a nondegenerate
2-form when restricted to ξ on a contact manifold M . That is to say, there is a strong
formal link between symplectic and contact manifolds. For this reason, and many
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other fruitful relations, contact geometry is viewed as the odd-dimensional sibling
of symplectic geometry.

Contact and symplectic manifolds have been central objects of a very active
subject of study in which topology, geometry, and dynamics on manifolds mix and
interact in several interesting ways. Over the last two decades, the global topology
and geometry of symplectic and contact manifolds have undergone a vast expansion
following the groundbreaking results of Giroux [17]who outlined a program for char-
acterizing contact manifolds in all dimensions in terms of open book decompositions
with certain symplectic pages, of Gromov [19] who introduced pseudoholomorphic
curve theory studying solutions to Cauchy-Riemann like PDEs and also of Donald-
son [8] introducing Lefschetz fibrations on symplectic manifolds. The goal of this
note is to survey these fundamental notions and introduce iterated planarity as in
[2] to present some generalizations of the results in planar contact and symplectic
topology. It also carries the, perhaps naive, optimism to provide some insight while
exposing the already published results exploring the topology of contact and sym-
plectic manifolds and their context to a broader audience in a reasonable number of
pages.

2 Open Books and Lefschetz Fibrations

Open book decompositions

In this section, we will overview open book decompositions and some fundamen-
tal results concerning this topological machinery in contact geometry. For a more
comprehensive discussion, we refer the reader to the lecture notes on open book
decompositions by Etnyre [13].

An abstract open book decomposition is a pair (F,Φ), where

• F is a compact 2n-dimensional manifold with boundary, called the page and
• Φ : F → F is a diffeomorphism preserving ∂F, i.e. Φ|∂F = id. This diffeomor-

phism is called the monodromy.

Given a compact oriented manifold M , an open book decomposition of M is a
pair (B, π), where

• B is a codimension 2 submanifold of M with trivial normal bundle so that a
tubular neighborhood of B looks like a product and

• the map π : M − B → S1 is a fiber bundle of the complement of B and the fiber
bundle π restricted to a neighborhood of B agrees with the angular coordinate θ
on the normal disk.

Define Fθ := π−1(θ) and observe that ∂Fθ = B for all θ ∈ S1. We call the
closure of the fiber F = Fθ , for any θ, a page and B the binding of the open
book. The monodromy of the fiber bundle π determines an isotopy class in the
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(E. Giroux, What is...an Open Book?)

Fig. 1 Local behavior of the map π in a neighborhood of the binding B.

orientation preserving diffeomorphism group of a page F fixing its boundary, i.e.,
in Diff+(F, ∂F) which we call the monodromy of the open book.

By using this description, one can construct a closed oriented (2n+1)-dimensional
manifold M from an abstract open book with oriented pages in the following way:

Consider the mapping torus

FΦ = [0, 1] × F/(0,Φ(z)) ∼ (1, z).

We set
M(F,Φ) = FΦ ∪∂FΦ

(
∂F × D2

)
,

by gluing ∂(∂F ×D2) = ∂F × S1 to the boundary of the mapping torus FΦ. Here the
boundary of each disk {pt} × S1 in ∂F × D2 gets glued to S1 × {pt} in the mapping
torus. Then (F,Φ) is an open book decomposition of a closed oriented (2n + 1)-
dimensional manifold M if M(F,Φ) is diffeomorphic to M . Note that the mapping
torus FΦ carries the structure of a smooth fibration FΦ → S1 whose fiber is the page
F of the open book decomposition.

In this note (and in the literature), we often use abstract open books and (nonab-
stract) open book decompositions interchangeably. However, there is a basic differ-
ence between these two notions: For instance, observe that when studying regular
open books, we discuss pages up to isotopy in M , whereas in abstract open books,
we only discuss pages up to diffeomorphism.

Open books vs. Contact manifolds

By the works of J. W. Alexander [7] in dimension 3 (1923) and T. Lawson [22] in
higher odd dimensions (1977), open book decompositions are known to exist in all
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odd dimensional manifolds. Hence, studying open books on contact manifolds is
one good way to understand the topology of these manifolds by factoring them into
lower dimensional pieces. Moreover, many different properties of contact manifolds
such as symplectic fillability1 can be read off from their associated open book
decompositions.

A contact structure ξ on a manifold M is said to be supported by an open book
(B, π) of M if it is the kernel of a contact form λ satisfying the following:

• λ > 0 on the binding2 and
• dλ is a positive symplectic form on the pages and the associated Liouville vector

field on the pages is pointing outward along the binding. Equivalently, the orien-
tation on the binding induced by the contact form λ agrees with the orientation
on the pages induced by the symplectic form dλ on the pages.

If these two conditions hold, then the open book (B, π) is called a supporting open
book for the contact manifold (M, ξ) and the contact form λ is said to be supported
by the open book (B, π).

Example 1 Consider the unit sphere (S3, ξstd) as the contact-type boundary of unit
4-ball in C2. Here the standard contact structure ξstd is the set of complex tangents.
That is,

ξstd = T S3 ∩ i(T S3)

which can also be described as

ξstd = ker(r2
1dθ1 + r2

2dθ2)

where (z1, z2) = (r1eiθ1, r2eiθ2 ) denote the complex coordinates on C2. Let the
binding B = ∂D2 × {0} ⊂ S3 ⊂ C2. Notice that the map

π : S3 − B → S1

(z1, z2) 7→
z2
|z2 |

defines an open book decomposition for S3 with pages diffeomorphic to the 2-disk.
We take the monodromy to be identity since all compactly supported diffeomor-
phisms of the open disk are isotopic in dimension 2.

Alternatively,

Example 2 Consider the following open book for S3 supporting the standard contact
structure. Let B ⊂ S3 be the Hopf link, i.e.

B = (∂D2 × {0}) ∪ ({0} × ∂D2).

1 Simply put, a symplectic filling is a cobordism between the empty set and a contact manifold. It
comes in several flavors such asweak, strong, exact, and Steinwith suitable compatibility conditions.
2 Recall that the binding and the pages are oriented.
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Similarly, define

π : S3 − B → S1

(z1, z2) 7→
z1z2
|z1z2 |

.

This fibration defines another open book decomposition for S3 with pages diffeo-
morphic to annulus and, this time, monodromy isotopic to a right-handedDehn twist.
We remark that the notion of monodromy is subtle to define and compute. For the
purposes of the present note, we will not focus on the computation of monodromy.

As Examples 1 and 2 suggest, one can find two topologically different open book
decompositions that support the same contact structure. Furthermore, any open book
can be modified (by attaching a topological 1-handle to its page and modifying the
monodromy) to a new one without changing the supported contact structure. This
operation is called positive stabilization.

Thurston-Winkelnkemper [30] in dimension 3 and, thirty years later in 2002,
Giroux [17] generalizing the construction in Thurston-Winkelnkemper’s proof in
higher dimensions showed that every open book decomposition gives rise to a
supporting contact manifold. In a rather fancier language, to each triple (F2n, λ,Φ),
where (F2n, dλ) is an exact symplectic manifold with boundary and the monodromy
Φ ∈ Symp(F, dλ, ∂F)3, we can associate a contact manifold (M2n+1, ξ). In 2002,
Emmanuel Giroux [17] announced the following groundbreaking result in three
dimensional contact topology known as the Giroux correspondence 4:

Theorem 1 (Giroux Correspondence, [17]) Let M be a closed oriented 3-manifold.
Then there exists a 1-1 correspondence between

{contact structures on M up to isotopy}
m

{abstract open book decompositions of M up to positive stabilization}.

The question of whether there is a unique open book decomposition, up to positive
stabilization, supporting a given contact structure is still open in higher dimensions.

Giroux correspondence plays a pivotal role in understanding Floer-theoretic in-
variants of contact structures, particularly those defined by Ozsváth and Szabó [27],
and symplectic cobordisms of contact structures. Note that a filling of a contact
manifold M is a special case of a cobordism (from empty set to M). A better
understanding of filling properties of contact structures naturally leads to various
important topological results in contact geometry such as results of Eliashberg [9],
Etnyre [11, 12], Etnyre-Honda [14], and that of Gay [16].

3 Here, Symp(F, ω, ∂F ) ⊂ Diff+(F, ∂F ) is the symplectomorphism group of (F, ω) consisting
of all orientation-preserving diffeomorphismsΦ onF that keep the boundary ∂F fixed and preserve
the symplectic form ω.
4 For an illuminating visual introduction to the Giroux correspondence, we refer the reader to [24].
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Open books whose pages have zero genus, as in Example 1, play a particularly
significant role in three dimensional contact topology. An open book decomposition
on a 3-manifold is called planar if its pages have zero genus. A contact manifold is
said to be planar if it is supported by a planar open book decomposition. Some other
examples of planar contact manifolds are S1 × S2 and the lens spaces L(k, k − 1),
see [34, Section 9.3].

While every contact structure is supported by some open book decomposition,
not all contact structures are supported by planar open books. In 2004, Etnyre [11]
proves that all overtwisted5 contact 3-manifolds are planar. However, we know that
there are examples of nonplanar contact manifolds: The simplest examples are the
tori (T3, ξk ), see [34, Section 9.2].

Lefschetz fibrations

Another natural way to characterize the topology of a contact manifold M is to look
at Lefschetz fibration on its symplectic filling, if any.

A Lefschetz fibration on a 2n-dimensional manifoldW with boundary and corners
is a surjective map f : W → D2, where D2 is a 2-disk, with finitely many nonde-
generate critical points all of which lie in the interior of W . Near each critical point,
one can choose complex coordinates (z1, . . . , zn) such that in these coordinates

f (z1, . . . , zn) = z2
1 + · · · + z2

n.

Away from critical values, f is a trivial fibration. Note that this is a purely
topological notion. However, we can adapt it to the case where the total space W
is a symplectic manifold with boundary. Then we require that a generic fiber is a
(2n − 2)-dimensional symplectic submanifold with boundary away from the critical
points, while at the critical points the coordinates in which f looks locally like a
complex Morse function can be chosen to be holomorphic for some compatible
almost complex structure.

Lefschetz fibrations are known to exist on certain classes of exact symplectic
manifolds. AWeinstein domain is a quadruple (W, ω, Z, φ) where (W, ω) is an exact
symplectic manifold with nonempty boundary, Z is a Liouville vector field (that
is LZω = ω) on W pointing outward transversely along the boundary of W , φ is
a Morse function for which Z is gradient-like, and ∂W is a regular level set of φ.
In 2016, Giroux and Pardon [18] showed that every Weinstein domain admits a
Lefschetz fibration with fibers that are Weinstein domains.

5 In the world of contact geometry, there is a fundamental dichotomy between overtwisted and
tight contact structures, that is, those that do contain overtwisted disks (embedded 2-disk D whose
boundary is tangent to ξ and interior is transversal to ξ everywhere except at one point) and those
that do not, respectively.
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W 4

D2
c1 z c2

Fig. 2 A Lefschetz fibration with two singular fibers over the critical values c1 and c2.

What do Lefschetz fibrations have to do with open book
decompositions?

Because all fibers and the base of the Lefschetz fibration f have boundary, ∂W
naturally decomposes into two pieces which meet at a codimension 2 corner:

∂W = ∂vW ∪ ∂hW

where

• ∂vW , vertical boundary, is the union of fibers over each point z ∈ ∂D2. That is,
∂vW = f −1(∂D2). Notice that ∂vW smoothly fibers over ∂D2 = S1 since there are
no critical values in ∂D2. In other words, ∂vW is (diffeomorphic to) the mapping
torus for some monodromy map on a (2n − 2)-dimensional symplectic manifold
with boundary.

• ∂hW , horizontal boundary, is the union of boundaries of all, including singular,
fibers. Namely, ∂hW = ∪z∈D2∂Fz where Fz is the fiber over z ∈ D2. Notice that
∂hW is diffeomorphic to a disjoint union ofD2 family of the boundaries of fibers6.
Hence, ∂hW naturally7 fibers over D2.

Looking at the boundary data above closely, one can observe that restricting a
symplectic Lefschetz fibration to the smoothed8 boundary of its total space induces

6 For instance, when dimRW = 4, ∂hW is diffeomorphic to a disjoint union of solid tori since each
fiber has boundary diffeomorphic to a disjoint union of S1, and there exists a D2-family of these.
7 Here we are imposing the condition that fibers meet the horizontal boundary transversely.
8 The corners of the total space can be rounded off to obtain a smooth manifold. See Lemma 7.6 in
[28].
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an open book decomposition of the boundary. In that case, the fibers of the vertical
boundary ∂vW are the pages and the boundary of the central fiber (i.e., central circles
when dimRW = 4) of the horizontal boundary is called the binding of the open book
decomposition of ∂W . Note that the fibers of ∂vW are precisely the fibers of f over
each point z ∈ ∂D2. Observe also that the pages of the open book are slightly larger
than, but diffeomorphic to, the fibers of the vertical boundary.

One can also reverse this process and abstractly build a manifold that is diffeo-
morphic to the boundary of a Lefschetz fibration f : W → D2. Let Fz be the fiber of
f over z ∈ ∂D2 and Φ be the monodromy of the fibration f | f −1 (∂D2) . Then one can
construct such a manifold diffeomorphic to ∂W as follows:

• Take Fz × [0, 1] and glue Fz × {0} and Fz × {1} by the monodromy Φ.
• Collapse the intervals on the boundary ∂Fz .

The most important topological fact about the relationship between open book
decompositions and Lefschetz fibrations is that the monodromy of the open book
decomposition depends on the critical points of the associated Lefschetz fibration.
For instance, consider the case where Lefschetz fibration has no critical points, then
the fibration is a regular fibration over the disk and thus trivial. Then the monodromy
of the associated open book is also trivial. On the other hand, in the presence of
critical points, the monodromy of the open book is nontrivial. See [26, Chapter 10]
for a comprehensive discussion on this relationship.

A planar Lefschetz fibration is a Lefschetz fibration whose fibers are planar
surfaces. In dimension three, there are several results studying the fillings of planar
contact manifolds in the context of Lefschetz fibrations. One of the most remarkable
ones reads as follows:

Theorem 2 (Wendl [33])
Suppose that π : M − B → S1 is a planar open book decomposition supporting

the contact structure on a contact manifold M . Then every strong9 symplectic filling
W of a planar contact manifold M admits a symplectic Lefschetz fibration f over
the disk that induces the planar open book decomposition π on its boundary f |∂W .

Equivalently, if M is a planar contact manifold andW is a strong filling of M , then
(after possibly adding a symplectic cobordism) W admits a Lefschetz fibration over
the disk inducing the given planar open book decomposition on M . An important
consequence of Theorem 2 is that strongly fillable planar contact manifolds are Stein
fillable10. That is, when the contact manifold is planar, strongly fillable and Stein
fillable are equivalent notions.

9 A symplectic manifold (W, ω) is a strong filling of its contact boundary (M, ξ ) if ξ = kerιZω
for some vector field Z defined near M which points transversely outward at the boundary and
satisfies LZω = ω

10 A properly embedded complex submanifold of an affine space in Cn is called a Stein manifold.
Note that such manifolds are necessarily noncompact. By intersecting with a sufficiently large ball
in Cn , we obtain a compact manifoldW with boundary called a Stein domain. The symplectic form
ω onW induces a contact structure ξ on the boundary ∂W . We then call (W, ω) a Stein filling of
the boundary contact manifold (∂W, ξ ).
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Theorem 2 also implies the first classification result in the study of symplectic
fillings that reads as follows:

Theorem 3 (Gromov [19], Eliashberg [10])
(D4, ωstd) is the unique (weak) symplectic filling of (S3, ξstd) up to symplectic

deformation equivalence and blowup.

Let us see how Theorem 3 follows directly from Theorem 2:

Proof (Sketch) Let W be a symplectic filling of (S3, ξstd) and π be the open book
decomposition of S3 induced by the Lefschetz fibration on (D4, ωstd) whose pages
are annuli, binding is the Hopf link, and monodromy is a right-handed Dehn twist.
By Theorem 2, W admits a symplectic Lefschetz fibration f over the disk inducing
the open book on ∂W = S3. In particular, regular fibers of the symplectic Lefschetz
fibration f are annuli. It also has exactly one singular fiber. Notice that this is the same
symplectic Lefschetz fibration carried by (D4, ωstd). On the other hand, ∂W can be
smoothed so that W becomes (up to symplectic deformation) a symplectic filling
of the contact structure supported by the induced open book at the boundary [35,
Theorem 5.5]. This implies that W is (D4, ωstd) (up to deformation equivalence).�

3 Iterated Planar Open Books and Lefschetz Fibrations

Planar open book decompositions and planar Lefschetz fibrations have been im-
mensely studied to unlock several topological aspects of three dimensional contact
geometry. However, generalizations of some of these results to higher dimensions
are still mostly open due to absence of several consequences (such as automatic
transversality, positivity of intersection, and filling properties) of these tools in
higher dimensions. In what follows, we will define iterated planarity, introduced in
[2], and provide a survey of some generalizations of these results to the case of
iterated planar contact manifolds.

Planarity in high dimensions

There are natural generalizations of planarity in higher dimensions. For instance,
one can consider standard open books in high dimensions, keeping S1 as the base of
the symplectic fibration, but imposing the condition that the fibers carry a suitable
structure built inductively from a low-dimensional planar structure. In this vein, we
can define the following notion as in [2]:

Definition 1 Given a 2n-dimensional Weinstein domain (W2n, ω), we say that W2n

admits an iterated planar Lefschetz fibration fn if

• ∃ a sequence f i : W2i → D2, for i = 2, . . . , n, of symplectic Lefschetz fibrations
where the regular fiber of f i is the total space of f i−1, and
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• f2 : W4 → D2 is a planar Lefschetz fibration.

Observe that when n = 2, an iterated planar Lefschetz fibration is a planar
Lefschetz fibration. Iterated planar Lefschetz fibrations are seemingly powerful tools
in studying high dimensional contact manifolds given by a symplectic manifold with
convex boundary.

Example 3 Consider the unit disk bundle W2n = T∗Sn which can be symplectically
identified in Cn+1 with {z2

1 + · · · + z2
n+1 = 1} and take the Lefshetz fibration on W

to be the projection on the last coordinate zn+1. Now observe that the regular fiber
of the Lefschetz fibration on T∗Sn is T∗Sn−1 and the Lefschetz fibration on T∗S2 is
planar with fibersT∗S1 = [0, 1]×S1. Hence,W2n admits an iterated planar Lefschetz
fibration.

Definition 2 An iterated planar contact manifold (M2n+1, ξ) is a contact manifold
supported by an open book whose pages admit an iterated planar Lefschetz fibration.

For instance, consider the overtwisted contact structure ξOT on S5. (S5, ξOT ) is
iterated planar since it is supported by the open book whose pages are T∗S2 and
T∗S2 admits a planar Lefschetz fibration (as in Example 3) whose pages are annuli
and monodromy is a left-handed Dehn twist.

Obstructions to iterated planarity

A contact 3-manifold (M3, ξ) is called weakly fillable if it is the smooth boundary
of a symplectic 4-manifold (W4, ω), i.e. ∂W = M as oriented manifolds, such that
ω |ξ > 0. Namely, (W4, ω) is a weak filling of (M3, ξ). One can generalize this idea
to higher dimensions, as in [25], by requiring that ω + τdλ |ξ is symplectic for every
τ ≥ 0, for one choice of contact form λ. The contact structure ξ on M is then called
weakly dominated by ω and (W, ω) is called a weak filling of (M, ξ). In dimension
three, this definition of weak filling reduces to the standard one.

We say that (M, ξ) is weakly co-fillable if there exists a connected weak filling
(W, ω) whose boundary is the disjoint union of (M, ξ) with an arbitrary nonempty
contact manifold. (M, ξ) is then said to admit a connected semi-filling with discon-
nected boundary. Massot, Niederkrüger, and Wendl [25] construct several examples
of (exactly) co-fillable higher-dimensional contact manifolds. It is then natural to
wonder which contact manifolds can fit into a symplectic co-filling. In dimension 3,
we have the following result:

Theorem 4 (Etnyre [12]) If W is a weak filling of a planar contact manifold M , then
M is connected.

That is, if M admits a semi-filling with disconnected boundary (i.e. M is weakly
co-fillable), then it cannot be a planar contact manifold. The following result is a
generalization of Etnyre’s three dimensional result above to iterated planar contact



Contact Open Books and Symplectic Lefschetz Fibrations 11

manifolds which provides an obstruction to iterated planarity. The statement reads
as follows:

Theorem 5 (Acu-Moreno [4])
Iterated planar contact manifolds are not weakly co-fillable.

Put another way, if a contact manifold is weakly co-fillable, then it cannot be
iterated planar. A further obstruction to iterated planarity, generalizing a result by
Albers-Bramham-Wendl [5], is the following:

Theorem 6 (Acu-Moreno [4])
Iterated planar contact manifolds do not embed as nonseparating weak contact-

type hypersurfaces in closed symplectic manifolds.

This can be equivalently stated as follows: If an iterated planar contact manifold
admits a weak contact-type embedding into a closed symplectic manifold, then it
separates the latter into two disjoint pieces.

The Weinstein conjecture

TheWeinstein conjecture has been one of themajor driving forces in the development
of contact and symplectic geometry leading to many fruitful interactions between
analysis, geometry and topology, hence deserves a separate section.

Given a contact form λ for a contact manifold (M, ξ), there exists a unique vector
field called the Reeb vector field R, defined by ιRdλ = 0 and λ(R) = 1. Note
that R is a contact vector field. The flow of this vector field preserves not only the
contact structure ξ, but also the defining contact form, i.e. LRλ = 0. The conjecture,
formulated by Alan Weinstein in 1978, poses one of most famous questions in the
field of symplectic geometry in regard to the existence of closed orbits of such vector
fields:

Conjecture 1 (Weinstein Conjecture, [32]) On a compact contact manifold, any Reeb
vector field carries at least one periodic orbit.

For any given contact manifold, there exists a supporting open book decomposi-
tion whose binding is a closed Reeb orbit. That is, any contact form is isotopic to a
form that admits a closed Reeb orbit. However, this does not automatically prove the
Weinstein conjecture since the conjecture states that every contact form (not a form
that is only isotopic to the given form) admits a closed Reeb orbit.

The conjecture was proven for all closed 3-dimensional manifolds by Taubes [29].
Despite an extensive literature due to Abbas, Albers, Etnyre, Floer, Hofer, Viterbo
in [1], [6], [12], [15], [20], [21], and [31], it is still open in higher dimensions.

When M is a planar contact manifold, the Weinstein conjecture is known to be
true by the work of Abbas, Cieliebak, and Hofer [1]. The generalization of this result
to the case of iterated planar contact manifolds reads as follows:
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Theorem 7 (Acu-Moreno [3], [4])
Let (M, ξ) be a closed, oriented, (2n + 1)-dimensional iterated planar contact

manifold. Then (M, ξ) satisfies the Weinstein conjecture.

Notice that when n = 1, M is a planar contact manifold. The technical input for
obtaining Theorems 5, 6, and 7 is a suitable symplectic handle attachment directly
inspired by the handle attachments in [9] and [23].
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