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Abstract

In this talk we discuss a modified version of the Darboux theorem. If we have in addition a compact
Lie group G acting on the manifold M , then a natural question would be whether the diffeomorphism that
we have seen in the Darboux-Weinstein theorem can be chosen to be G-equivariant. Then we focus on
hamiltonian torus actions and get a normal form near a Tk-invariant point.

1 Equivariant Darboux

Let’s first recall the Darboux-Weinstein theorem:

Theorem 1 (Darboux-Weinstein Theorem). Let M be a manifold, X a submanifold of M , i : X ↪−→ M the
inclusion map, ω0, ω1 symplectic forms on M . Suppose that the two symplectic forms coincide on X. Then
there exist neighborhoods U0 and U1 of X in M and a diffeomorphism ϕ : U0 → U1 which is identity on X and
ϕ∗ω1 = ω0.

sketch of proof. 1. Pick a tubular neighborhood U0 ofX. The 2-form ω1−ω0 is closed on U0, and (ω1−ω0)p =
0 at all p ∈ X. By the homotopy formula on the tubular neighborhood, there exists a 1-form µ on U0

such that (ω1 − ω0) = dµ and µp = 0 at all p ∈ X.
2. Consider the family ωt = (1 − t)ω0 + tω1 = ω0 + tdµ of closed 2-forms on U0. Shrinking U0 if necessary,

we can assume that U0 is compact and ωt is symplectic for 0 ≤ t ≤ 1.
3. Solve the Moser equation: ιVt

ωt + µ = 0 and then integrate Vt. This gives an isotopy ρ : U0 × [0, 1] → U0

with ρ∗tωt = ω0, for all t ∈ [0, 1]. Just let U1 = ρ1(U0) and ϕ = ρ1.

The first step in the proof follows from the follwoing result:

Proposition 1.1. Let X be a submanifold of M and let U be a tubular neighborhood of X. If a closed l-form
ω on U , is 0 on X, then ω is exact, i.e. ω = dµ for some µ ∈ Ωl−1(U). Moreover, we can choose µ to be 0 on X.

Proof. View U as a convex neighborhood of X in NX, the normal bundle of X. Define ρt : U → U for t ∈ [0, 1]
to be

ρt(q, v) = (q, (1− t)v)

Then ρ0 is the identity and ρ1 = i ◦ π where π : U → X is the projection and i : X ↪−→ U is the embedding.
We have that (i ◦ π)∗ − id = dQ + Qd, where d is the de Rham differential and Q : Ωl(U) → Ωl−1(U) is

defined as:

Q(ω) =

∫ 1

0

ρ∗t (ιVt
ω)dt

where Vt is the vector field associated with ρt.
If ω is closed and vanishes on X, then we have ω = −dQ(ω). Let µ = −Q(ω) then we are done.

Now suppose that a compact Lie group G acts on M and with submanifold X being G-invariant and that
the two symplectic forms are also G-invariant. Then ϕ may be chosen to be G-equivariant:
Consider the proof of Theorem 1. ρt being G-equivariant is equivalent to Vt being G-invariant. To have Vt being
G-invariant, it suffices to let both ωt and µ to be G-invariant. Since ωt = ω0 + tdµ, we just need to choose µ to
be G-invariant. Indeed, by choosing a G-invariant metric (for example averaging over G any riemannian metric)
we can get a G-invariant tubular neighbourhood of X. And by equivariant tubular neighborhood theorem we
are allowed to consider this as a convex subspace of the normal bundle. Since the homotopy operator Q is
G-equivariant, we are done.

In this way we have proved the equivariant Darboux theorem:
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Theorem 2 (Equivariant Darboux theorem). Let M be a manifold and G be a compact Lie group acting on
M . Let X be a G-invariant submanifold of M , i : X ↪−→ M the inclusion map. ω0, ω1 are two G-invariant
symplectic forms on M . Suppose that the two symplectic forms coincide on X. Then there exist neighborhoods
U0 and U1 of X in M and a G-equivariant diffeomorphism ϕ : U0 → U1 which is identity on X and ϕ∗ω1 = ω0.

2 Toric Darboux theorem

In the following we will focus on the case of a hamiltonian torus action. Let (M,ω,Tk, µ) be a hamiltonian
torus space and p ∈ M be a fixed point under the action of Tk. Then there is an induced representation of Tk

on the tangent space TpM . This is called the isotropy representation at the point p.

Definition 2.1 (Isotropy representation). Let (G, σ) be a Lie group action on M . Denote by Gp the stablilizer
of a point p ∈ M . For each g ∈ Gp, σg : M → M fixes p. Therefore differentiating σg gives

Dσg(p) : TpM → TpM

Note that Dσgh(p) = Dσg(p)Dσh(p). Hence we get a representation r : Gp → GL(TpM).

Now we want to make TpM into a complex vector space so we can view the isotropy representation as a
complex representation. To do this we need some preparation work.

2.1 Compatible almost complex structures

As usual, we start with linear spaces.

Definition 2.2 (Complex vector space). Let V be a vector space. A complex structure on V is a linear map

J : V → V

with
J2 = −Id.

The pair (V, J) is called a complex vector space.

Definition 2.3 (Compatible complex structure). Let (V,Ω) be a symplectic vector space. A complex structure
J on V is said to be compatible if

Gj(u, v) := Ω(u, Jv)

is a positive inner product on V , i.e. {
Ω(Ju, Jv) = Ω(u, v)

Ω(u, Ju) > 0,∀u ̸= 0

Remark. For a given symplectic vector space, compatible complex structure always exists. (proof see [1]12.2)

Definition 2.4 (Almost complex structure). An almost complex structure on a manifold M is a smooth field
of complex structures on the tangent spaces:

x 7→ Jx : TxM → TxM and J2
x = −Id.

The pair (M,J) is then called an almost complex manifold.

Definition 2.5 (Compatible almost complex structure). Let (M,ω) be a symplectic manifold. An almost
complex structure J on M is called compatible if

x 7→ gx : TxM × TxM → R

is a riemannian metric on M , where gx(u, v) = ωx(u, Jxv).

Remark. Let M be a manifold with symplectic form ω, riemannian metric g and almost complex structure J .
Then the triple (ω, g, J) is called a compatible triple if g(., .) = ω(., J.).

Proposition 2.1. Let M be a manifold with symplectic form ω and riemannian metric g. Then there exists a
canonical almost complex structure J on M which is compatible.

Remark. Note that the construction of the compatible almost complex structure J depends on the riemannian
metric g, but the riemannian metric defined by ω(., J.) is not necessarily equal to g, i.e. (ω, g, J) may not be a
compatible triple ([1]12.3.)

Now, back to our story, starting with a Tk-invariant riemannian metric ĝ (for example, averaging over Tk any
riemmanian metric), we get a Tk-equivariant compatible almost complex structure J , which makes (TpM,Jp)
into a complex vector space by defining iv = Jpv for any v ∈ TpM . As being said, we now view the isotropy
representation as a complex representation.
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2.2 Some representation theory

Now we make a digression into representation theory of compact Lie groups. We will quickly go through some
important ideas and results. Some proofs are omitted.

2.2.1 Character

Let G be a compact Lie group and σ : G → GL(V ) be a complex representation of G.

Definition 2.6 (Character). If V is a representation of G, then its character χV is a complex valued function

χV : G → C, g 7→ Tr(σg).

Remark. Note that if g and h are in the same conjugacy class, then χV (g) = χV (h). This kind of functions are
called class functions.

Proposition 2.2. Let V and W be representations of G. Then
• χV⊕W = χV + χW

• χV⊗W = χV · χW

• χV ∗ = χV

The importance of characters is that any representation is determined by its character up to isomorphism,
which we will see in the following.

Denote by V G the subspace of all fixed points in V . Since G is compact, there exists a left and right invariant
(normalized) Haar measure on it. Hence we can define the map

ρ : V → V, v 7→
∫
G

σgvdg

which is a projection onto V G.
We can then calculate

dim(V G) = Tr(ρ) =

∫
G

χV (g)dg (∗)

Let W be another representation of G. Let G act on Hom(V,W ) by (g · f)v = σgf(σ
−1
g v). With this action

Hom(V,W )G = HomG(V,W ), where HomG(V,W ) is the space of G-module homomorphisms from V to W .
Therefore we have

ρ : Hom(V,W ) → HomG(V,W ), f 7→
∫
G

g · fdg.

If V and W are irreducible, then by Schur’s lemma{
HomG(V,W ) ∼= C if V ∼= W

HomG(V,W ) = 0 if V ≇ W

Since Hom(V,W ) ∼= V ∗ ⊗W , we have χHom(V,W ) = χV · χW . Replace V by Hom(V,W ) in (*) we get
∫
G

χV (g) · χW (g)dg = 1 if V ∼= W∫
G

χV (g) · χW (g)dg = 0 if V ≇ W

Consider the space of all square integrable class functions on G, denoted by C2
class(G). Let’s define an

Hermitian inner product on it:

(α, β) =

∫
G

α(g) · β(g)dg.

Hence we have proved the following result:

Theorem 3. In terms of this inner product, the characters of the irreducible representations of G are orthonor-
mal.

Corollary 2.1. Any representation of G is determined by its character.

Proof. If V = V ⊕a1
1 ⊕ ...⊕ V ⊕ar

r where Vi’s are distinct irreducible representations (representations of compact
Lie groups are semisimple), then χV = a1χV1 + ...+arχVr . Since χVi ’s are linear independent, we are done.

Corollary 2.2. A representation V is irreducible if and only if (χV , χV ) = 1.

Let G and H be two compact Lie groups. Assume that V and W are irreducible representations of G and
H respectively. Then using Corollary 2.2 we can check that V ⊗W is an irreducible representation of G ×H
with the action (g, h)(v ⊗ w) = (g · v)⊗ (h · w). Moreover, we can show that any irreducible representation of
G×H is a tensor product of this form.
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2.3 Representations of tori

A torus Tk is equal to S1 × ...×S1. From the last subsection we know that, if we want to study the irreducible
representations of Tk, it suffices to study irreducible representations of S1. Our aim is to find out all the
irreducible representations of S1. Let’s view S1 as {θ ∈ R/2πZ} with addition as group operation.

First note that any irreducible representation of S1 is one-dimensional. Actually, any irreducible represen-
tation V of an abelian Lie group G is one-dimensional. Indeed, since G is abelian, σg : V → V is a G-module
homomorphism for all g ∈ G. By Schur’s lemma this is multiplication by some constant c, which implies that
any subspace of V is G-invariant. This forces V to be one-dimensional. In this case, the character is just the
representation itself.

First note that {(C, ρk)} are irreducible representations of S1, where ρk(θ) acts vis multiplication by eikθ.
We claim that all irreducible representations of S1 are of this kind. Indeed, C2

class(S
1) is actually L2(−π, π;C).

Since L2(−π, π;C) is separable, it admits a Hilbertian basis given by {eikθ; k ∈ Z}, hence there can not exist
other characters orthogonal to {eikθ; k ∈ Z}, i.e. no other irreducible representations. Moreover, note that these
irreducible representations are also unitary.

Now it’s easy to conclude all irreducible representations of Tk. Denote (θ1, ..., θk) ∈ Tk by [θ]. Any irreducible
representation must be of the form (C, ρ̂k), where

ρ̂k([θ]) = ei
∑k

j=1 ajθj

for some integers a1, ...ak. This is again unitary.
Therefore, for arbitrary representation V of Tk we have a weight space decomposition

V =
⊕
j

W
⊕αj

j

whereWj are distinct irreducible representations of Tk on which [θ] acts via multiplication by ei·⟨λ
j ,θ⟩ for weights

λj = (aj1, ..., a
j
k). W

⊕αj

j is called a weight space.

2.4 Toric Darboux theorem and its application

Theorem 4 (Toric Darboux). Let (M,ω,Tk, µ) be a 2n-dimensional hamiltonian torus space and p be a fixed
point. Let λ1, ..., λn be the weights (may not be distinct) of the isotropy representation of Tk on TpM . Then
there is a Tk-invariant neighborhood U of p in M and coordinate functions (x1, ..., xn, y1, ..., yn) centered at p
with respect to which we have

1. ω|U =
∑n

j=1 dxj ∧ dyj =
i
2

∑n
j=1 dzj ∧ dzj, where zj = xj + iyj and zj = xj − iyj;

2. The action of Tk on U with this chart becomes

[θ] · (z1, ..., zn) = (ei·⟨λ
1,θ⟩z1, ..., e

i·⟨λn,θ⟩zn)

[θ] · (z1, ..., zn) = (e−i·⟨λ1,θ⟩z1, ..., e
−i·⟨λn,θ⟩zn)

3. The moment map on U with this chart becomes

µ(z) = µ(p) +
1

2

n∑
j=1

λj |zj |2

Proof. The idea is the same as proving the Darboux theorem by applying the Darboux-Weinstein theorem.
Let J be the Tk-equivariant compatible almost complex structure. By the weight decomposition we can give

a basis {v1, ..., vn, Jv1, ..., Jvn} to TpM , where vj and Jvj , viewed as complex vectors, belong to Wj . Since ω is
Tk invariant, we have that ωp(vi, vj) = 0 for vi, vj from different weight spaces. By the Gram-Schmidt method,
even if vi and vj are in the same weight space, we can choose them to be orthogonal. By normalizing this basis
we get a symplectic basis for ω, denoted by (v′1, ..., v

′
n, u

′
1, ..., u

′
n).

Consider the metric given by ω(·, J ·). Using the exponential map with respect to this metric, we construct
coordinates (x′

1, ..., x
′
n, y

′
1, ..., y

′
n) centered at p and valid on some neighborhood U ′, with ∂

∂x′
j
|p = v′j and

∂
∂y′

j
|p =

u′
j . Then we have

ωp =

n∑
j=1

dx′
j ∧ dy′j |p.

It remains to check that on (U ′, (x′
1, ..., x

′
n, y

′
1, ..., y

′
n)) the symplectic form

∑n
j=1 dx

′
j ∧ dy′j is Tk-invariant.

Indeed, consider the following triangle:
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TpM U ′

R2n

exp

basis choice ϕ

Clearly
∑n

j=1 dx
′
j ∧ dy′j is Tk-invariant on R2n. Note that both the exponential map and basis choice are Tk-

equivariant, we can choose ϕ to be Tk-equivariant as well (just compose the inverse of exponential map and
basis choice).

By applying equivariant Darboux theorem and by the same argument as in the proof of Darboux theorem
we prove the first statement.

The last two statements are trivial given the representation of Tk on TpM .

Remark. Note that the first statement can be generalized to general G-actions. In our case we form a symplectic
basis explicitly by weight space decomposition, but actually a symplectic basis always exists. Another point
that we have to pay attention to is that unlike in the Darboux theorem, we can only find a normal form near a
fixed point. This is because we need to use the fact that the exponential map is G-equivariant.

In the last talk we have seen the Delzant’s correspondence, which says there is a one to one correspondence
between symplectic toric manifolds (up to equivalence) and unimodular polytopes (up to translation). The idea
is to consider the moment polytope of a symplectic toric manifold. By applying toric Darboux theorem we can
prove that the moment polytope of a symplectic toric manifold is indeed unimodular.

Proposition 2.3. Let (M,ω,Tn, µ) be a symplectic toric manifold. Then the image ∆ of µ is a unimodular
polytope.

Proof. By the Atiyah-Guillemin-Sternberg convexity theorem the image ∆ is the convex hull of the images of
the fixed points of the action (discussed in Alessandro’s talk).

Let τ be a vertex of ∆. Then there is p ∈ M fixed by Tn with µ(p) = τ .
By toric Darboux we have a Darboux chart (U, x1, ..., xn, y1, ..., yn) centered at p such that:

µ(z1, ..., zn) = τ +
1

2

n∑
j=1

λj |zj |2.

Since the Tn action is effective, {λj} forms a basis of Zn. The points in image of U by µ then have the form

τ +

n∑
j=1

tkλ
k

with tk ≥ 0. Hence the simplicity, rationality and smoothness are satisfied locally at vertex τ .
Moreover, by the Atiyah-Guillemin-Sternberg theorem µ−1(τ) is connected. The arguments above shows

that µ−1(τ) = {p}. Indeed, if not, then there exists (t1, ..., tn) ̸= 0 such that
∑n

j=1 tkλ
k = 0, which contradicts

the fact that {λk}’s are linear independent. We apply the arguments above to all the vertices in the moment
polytope then the simplicity, rationality and smoothness are satisfied globally.
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[3] T. Bröcker and T. Dieck, Representations of Compact Lie Groups. Graduate Texts in Mathematics, Springer
Berlin Heidelberg, 2003.

[4] A. da Silva, “Seminar on symplectic toric manifolds,” 2019.

5


	Equivariant Darboux
	Toric Darboux theorem
	Compatible almost complex structures
	Some representation theory
	Character

	Representations of tori
	Toric Darboux theorem and its application

	References

