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Abstract

In this introductory talk about contact geometry � the �counterpart�
of symplectic geometry � we discuss the key actors, contact manifolds,
along with some �rst properties, and get a feeling of how they �look like�
with help of some examples (and counterexamples).

1 The de�nition of contact manifold

The de�nition of contact manifold requires a choice of certain tangent spaces
at each footpoint, that is, involves a speci�c type of distribution on the base
manifold (refer to [Mer19] for a reminder on the theory of distributions).

De�nition 1.1. Consider a smooth manifold Mn with tangent bundle TM .
We denote by ξ any smooth �eld of hyperplanes onM , that is, any codimen-
sion 1 distribution {ξx ⊂ TxM (n− 1)-dim. linear subspace}x∈M on M , then a
smooth subbundle ξ ⊂ TM .

The seeds of modern contact geometry were planted by Sophus Lie, who in
his work Zur Theorie partieller Di�erentialgleichungen, dating 1872, introduced
the notion of contact transformation (Berührungstransformation) as a geometric
tool for the study of di�erential equations. His starting point was precisely a
collection of hyperplanes such as in De�nition 1.1:

Remark 1.2. A contact element is a pair (x,Π), where x ∈ M2n is called
contact point and Π ⊂ TxM is a choice of hyperplane at x. The collection

C := {(x,Π) | x ∈M, Π ⊂ TxM is hyperplane}

is the space of contact elements of M , a (2n− 1)-dimensional smooth man-
ifold which can be naturally identi�ed (see [Gei09, Lemma 1.2.2] or [CdS06,
Homework 7]) with the projectivised cotangent bundle

P∗M := (T ∗M \ {oM})/ ∼ ,
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where oM ∈ Γ(T ∗M) is the zero section and (x, φ1) ∼ (x, φ2) i� φ1 = λφ2 for
some λ ∈ R \ {0}.

Lemma 1.3. The �eld of hyperplanes ξ ∈ Γ(TM) as de�ned above can be locally
written as ξx = kerαx for some (non-unique) α ∈ Ω1(M). This holds globally,
hence ξ = kerα, if and only if ξ is coorientable (that is, i� the line bundle TM/ξ
is trivial).

Proof. Choose a Riemannian metric g on M and de�ne the orthogonal comple-
ment ξ⊥ of ξ pointwise by ξ⊥x := {v ∈ TxM | gx(v, w) = 0 ∀w ∈ ξx}, so that
TM ∼= ξ ⊕ ξ⊥ and TM/ξ ∼= ξ⊥. Let 0 6= X ∈ Γ(U, ξ⊥) on a neighbourhood
x ∈ U ⊂ M such that ξ⊥|U ∼= U × R, and de�ne αU := g(X, ·) ∈ Ω1(U).
The so obtained α ∈ Ω1(M) locally satis�es αU (Y ) = 0 i� Y ∈ Γ(U, ξ), i.e.
ξ|U = kerαU .
Concerning globality of α, ξ coorientable implies ξ⊥ orientable, thus trivial

as a line bundle, which makes X and α as above globally de�ned. Conversely,
coorientability of ξ = kerα follows from the orientation on ξ⊥ obtained by
imposing g(X,X) ≡ 1 and α(X) > 0 for all global sections X ∈ Γ(TM).

Notice how the proof of Lemma 1.3 coincides with the natural intuition of ξx
as being the collection of all tangent vectors at x ∈M which are orthogonal to
a given one in ξ⊥x through the scalar product αx.
Non-uniqueness of α ∈ Ω1(M) is due to the invariance under scaling of the

kernel: kerαx = kerβx i� αx = λβx for some λ ∈ R \ {0}.

Remark 1.4. Recall that a distribution ∆ ⊂ TM on a manifold M is called
integrable if for any two X,Z ∈ Γ(∆) also1 [X,Z] ∈ Γ(∆). In the particular
case of ∆ = ξ = kerα on M2n+1, one can in fact prove this condition to be
equivalent to2 α ∧ (dα)n ≡ 0 (the Frobenius integrability condition), as
shown in [Mur14, section 3] through the use of suitable local bases.

De�nition 1.5. Let Y 2n+1 be a smooth manifold of odd dimension 2n + 1.
A contact structure on Y is a maximally non-integrable hyperplane �eld
ξ = kerα ⊂ TY (where the equality is not necessarily global!), which is possible
if and only if α ∈ Ω1(Y ) ful�lls

α ∧ (dα)n 6= 0

(cfr. Remark 1.4), i.e. when α ∧ (dα)n ∈ Ω2n+1(Y ) is nowhere vanishing and
thus a volume form on Y . Then we call α contact form and the pair (Y, α) a
contact manifold.
A submanifold Ỹ

ι
↪−→ Y with contact structure ξ̃ is a contact submanifold

of (Y, ξ = kerα) as soon as T Ỹ ∩ ξ|Ỹ = ξ̃ (or equivalently, if ξ̃ = ker(ι∗α)).

Remark 1.6. Here are a few important remarks about De�nition 1.5:

� Since a contact manifold (Y, α) admits α∧(dα)n 6= 0 as possible volume form,
it must be oriented. The non-vanishing of the (2n+1)-form also tells us that
dα|ξ ∈ Ω2(Y ) is non-degenerate, hence a symplectic form! In literature, this

1This is just a notational cue meaning that X,Z ∈ Γ(TM) are such that X(x), Z(x) ∈ ∆x

∀x ∈M . In words, X,Z are said to be tangent (or belong) to ∆.
2Recall that (dα)n = dα∧ n...∧dα; actually, n being in general greater than 1, the provided

condition amounts to say that ξ is maximally integrable.
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is sometimes used to de�ne contact manifolds (see [CdS06, chapter 10]): the
�eld of hyperplanes ξ = kerα ⊂ TY is a contact structure on Y if dα|ξ is
non-degenerate (whence dim(ξx) = 2n � which forces the dimension of Y
to be odd! � and (dαx)n|ξx 6= 0 is a volume form on ξx).

� Actually, for any smooth function λ : Y → R \ {0} holds

(λα) ∧ (d(λα))n = λα ∧ (λdα+ dλ ∧ α)n = λn+1α ∧ (dα)n 6= 0 ,

which is then a property of ξ = kerα itself, independent of the speci�c choice
of α ∈ Ω1(Y ) (�scaling doesn't a�ect orthogonality�). Therefore, one can also
write (Y, ξ) without mentioning the selected 1-form.
In particular, if n is odd, the sign of the volume form α∧(dα)n is independent
of α, thus producing a natural orientation of Y .

� The case n = 0 demands a non-vanishing α ∈ Ω1(Y ) and hence kerαx =
{0TxY } for each x ∈ Y , so that ξ = oY ∈ Γ(TY ) is just the zero section of
TY . An example is given by S1 equipped with dϕ = (xdy−ydx)|S1 ∈ Ω1(S1).

� If n = 1, the contact condition reduces to dα|ξ 6= 0 and the equivalent non-
integrability condition simpli�es to [X,Z](x) /∈ ξx ∀x ∈ Y ∀ ptw linearly in-
dependent X,Z ∈ Γ(ξ) (since dα(X,Z) = X(α(Z))−Z(α(X))−α([X,Z]) =
−α([X,Z])). A theorem of Martinet3 shows that if Y 3 is compact and ori-
entable, then it is contact.

� If n = 2, it is known4 that �ve-dimensional compact simply connected ho-
mogeneous contact manifolds are di�eomorphic to either S5 or S2 × S3.

Remark 1.7. Let's go back to a generic manifold M with space of contact
elements C = {(x,Π) | x ∈ M, Π ⊂ TxM is hyperplane} ∼= P∗M and footpoint
map π : P∗M → M . For a given u = uΠ = (x, φ) ∈ P∗xM , let ξu ⊂ Tu(P∗M)
be the hyperplane ful�lling Tπ(ξu) = Π ⊂ TxM . Then the resulting ξ is a
contact structure on P∗M , called the natural contact structure (see [Gei09,
Lemma 1.2.3] � where the cases P∗R2 ∼= R2 × RP 1 and P∗T2 ∼= T2 × RP 1 are
also discussed � or [CdS06, Homework 7]). This induces a well-de�ned contact
structure E on C, so that the pair (C, E) is in fact a contact manifold.
Furthermore, the manifold

Co := {(x,Πo) | x ∈M, Πo ⊂ TxM is oriented hyperplane}

of oriented contact elements of M is isomorphic to the cotangent sphere
bundle

S∗M := (T ∗M \ {oM})/ ≈ ,
where (x, φ1) ≈ (x, φ2) i� φ1 = λφ2 for some λ ∈ R+. Latter admits a contact
structure similar to that of P∗M , thus making Co contact as well.
Lie de�ned a contact transformation to be a di�eomorphism between

spaces of contact elements preserving their natural contact structure. This
became relevant in the theory of di�erential equations (again, refer to [Gei09,
section 1.2] for a reconstruction of Lie's steps), and is in fact a precursor of the
concept of contactomorphisms, which we proceed to discuss in the next section.

3In Formes de contact sur les variétés de dimension 3, Proceedings of Liverpool Singu-
larities Symposium II (1969/1970), 142�163, Lecture Notes in Math. 209, Springer, Berlin,
1971.

4Consult for example: D. Perrone, L. Vanhecke, Five-dimensional homogeneous contact

manifolds and related problems, Tôhoku Math. J. 43 (1991), 243�248, (March 16, 1990).
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2 Examples and the notion of contactomorphism

Let us now take a look at the easiest incarnation of contact manifold: the odd-
dimensional euclidean space R2n+1.

Example 2.1.

� We start with the three-dimensional case R3 when n = 1. Setting

α0 := dz + xdy ∈ Ω1(R3) ,

the contact condition is straightforwardly veri�ed:5

α0 ∧ dα0 = (dz + xdy) ∧ (d2z + dx ∧ dy) = dz ∧ dx ∧ dy = dx ∧ dy ∧ dz 6= 0 .

Therefore, the induced distribution

ξ0 = spanR({∂x, x∂z − ∂y}) ⊂ TR3 ∼= R3

is well de�ned. We call it the standard contact structure on R3. Note
that imposing α0 = 0 we obtain the equation dz/dy|~x = −x, which character-
izes the hyperplane in ξ0 at any ~x = (x, y, z) ∈ R3, indeed a two-dimensional
plane spanned by ∂x and x∂z − ∂y whose slope varies according to the x-
coordinate.6 The situation is depicted in Figure 1 left.

� If we consider instead cylindrical coordinates (r, ϕ, z) on R3 and

αot := cos rdz + r sin rdϕ ∈ Ω1(R3)(
with dαot = − sin rdr ∧ dz + (sin r + r cos r)dr ∧ dϕ and αot ∧ dαot =

(r+sin r cos r)dr∧dϕ∧dz 6= 0
)
, we get the standard overtwisted contact

structure

ξot = spanR({∂r, cos r∂ϕ − r sin r∂z}) ⊂ R3 .

In this case, the requirement αot = 0 yields the equation dz/dϕ|(r,ϕ,z) =
−r tan r for any 2-plane in ξot, which then follows a radial periodic evolution.
The situation is depicted in Figure 1 right.

� On R2n+1, with Cartesian coordinates (x1, y1, ..., xn, yn, z), we consider

α0 := dz +

n∑
j=1

xjdyj ∈ Ω1(R2n+1) .

This induces the standard contact structure

ξ0 = spanR({∂x1 , ..., ∂xn , x1∂z − ∂y1 , ..., xn∂z − ∂yn}) ⊂ R2n+1

on R2n+1. Indeed, the contact property is ful�lled: α0 ∧ (dα0)n = (dz +∑n
j=1 xjdyj) ∧ (

∑n
j=1 dxj ∧ dyj)n = n! · dz ∧ dx1 ∧ dy1 ∧ ... ∧ dxn ∧ dyn 6=

0. Therefore, (R2n+1, α0) is a contact manifold, which we may call the
standard contact manifold.

5By Remark 1.6, last bullet, we can also simply argue that [∂x, x∂z − ∂y ] = ∂z /∈ Γ(ξ).
6Observe that literature tends to favour the choice α := dz − ydx, inducing positively-

oriented propelling directions along the y-axis; compare to the discussion of Figure 1.
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� Alternatively, R2n+1 can be given polar coordinates (rj , ϕj) in the (xj , yj)-
plane and the form

αpol := dz +

n∑
j=1

r2
jdϕj = dz +

n∑
j=1

(xjdyj − yjdxj) ∈ Ω1(R2n+1) ,

satisfying αpol ∧ (dαpol)
n 6= 0. Then

ξpol = spanR({∂r1 , ..., ∂rn , ∂ϕ1 − r2
1∂z, ..., ∂ϕn − r2

n∂z})
= spanR({x1∂z − ∂y1 , ..., xn∂z − ∂yn , y1∂z + ∂x1 , ..., yn∂z + ∂xn})

in R2n+1, and (R2n+1, αpol) is contact as well.

� Also the (2n + 1)-dimensional sphere S2n+1 ι
↪−→ R2n+2 can be made into

a contact manifold. Consider Cartesian coordinates (x1, y1, ..., xn+1, yn+1).
Then

α0 :=

n+1∑
j=1

(xjdyj − yjdxj) ∈ Ω1(R2n+2)

induces a 1-form ι∗α0 ∈ Ω1(S2n+1) ful�lling the contact property, and thus
yielding the standard contact structure on the sphere.
One can also recur to α0 := iY ωstd, for Y :=

∑n+1
j=1 (xj∂xj + yj∂yj ) = r∂r

and ωstd :=
∑n+1
j=1 dxj ∧ dyj the standard symplectic form on R2n+2.

Figure 1: The standard contact structure on R3 (left) and the overtwisted counterpart
(right). The former is an �in�nite lattice� of 2-planes which rotate clockwise along the
x-direction from a slope of +∞ to one of −∞ (never reaching the actual verticality
along the z-axis), while the second follows this pattern radially with a counterclockwise,
periodic turn. Notice that in both cases the planes at any (0, 0, z) ∈ R3 are parallel
to the xy-plane and all rays along the respective �propelling directions� are tangent to
each plane they cross. [Pictures from [Gei09]]

It is important to keep the Euclidean case well in mind, since a theorem
of Pfa� guarantees that every contact manifold (Y 2n+1, ξ) locally looks like
(R2n+1, ξ0), as we will �nd out in the next talk about contact geometry. (This
is the reason why there are no local invariants in contact geometry; everything
just looks the same locally.)

5



Explicitly, Pfa�'s Theorem proves the existence of contactomorphisms f :
(U ⊂ Y 2n+1, ξ) → (V ⊂ R2n+1, ξ0) centered at any x ∈ Y and de�ned on
an open neighbourhood U 3 x. These constitute an important class of maps
relating di�erent contact manifolds and their structures:

De�nition 2.2. Two contact manifolds (Y1, ξ1 = kerα1) and (Y2, ξ2 = kerα2)
are said to be contactomorphic if there exists a di�eomorphism f : Y1 → Y2

with

Df [ξ1] = ξ2 , ⇐⇒ f∗α2 = λα1 for some non-vanishing λ ∈ C∞(Y1)

(implying that α1 and f∗α2 ∈ Ω1(Y1) determine the same hyperplane �eld on
Y1). Such f is called contactomorphism, moreover strict when preserving
the contact 1-forms, i.e. if λ ≡ 1.

Example 2.3. Consider (R2n+1, α0) and (R2n+1, αpol) from Example 2.1. Then
the di�eomorphism f : (R2n+1, α0)→ (R2n+1, αpol) given by

f(x1, y1, ..., xn, yn, z):=
(x1 + y1

2
,
y1 − x1

2
, ...,

xn + yn
2

,
yn − xn

2
, z +

∑n
i=1 xiyi

2

)
is a well-de�ned contactomorphism. This motivates us to simply denote α0 and
αpol by αstd ∈ Ω1(R2n+1) as the standard contact form on R2n+1, inducing
the standard contact structure ξstd ⊂ TR2n+1 ∼= R2n+1. On the contrary, it can
be shown that (R3, αstd) and (R3, αot) are not contactomorphic.
Moreover, (S2n+1 \ {p}, α0) is contactomorphic to (R2n+1, αpol), hence to

(R2n+1, α0), for any p ∈ S2n+1 (see [Gei09, Proposition 2.1.8]). Accordingly, we
extend the notation ξstd to S2n+1.

Here is a couple of more exotic examples of contact manifold.

Example 2.4.

� Consider the three-dimensional torus T3 ' R3/Z3 and some n ∈ Z+. Then

αn := sin(2πnz)dx+ cos(2πnz)dy ∈ Ω1(T3)

satis�es αn ∧ dαn = 2πndx ∧ dy ∧ dz 6= 0, so that

ξn = kerαn = spanR({∂z, cos(2πnz)∂x − sin(2πnz)∂y})

is a well-de�ned contact structure on T3. The hyperplanes forming it have
slopes dy/dx|~x = − tan(2πnz) and propel along the z-direction, thus making
n full twists before closing their circular orbit parallel to the z-axis (due to
the quotienting by Z3). The di�erent behaviour depending on n ∈ Z+ also
explains why the various (T3, αn) are mutually non-contactomorphic (see
Figure 2).

� Consider the (2n + 1)-dimensional smooth manifold Y := Rn+1 × RPn
equipped with coordinates (x0, ..., xn, [y0 : ... : yn]) and �eld of hyperplanes
ξ := ker(

∑n
j=0 yjdxj). Then on the open submanifold Uk := {yk 6= 0} ∼=

Rn+1×R ⊂ Y holds ξ|Uk
= kerαk for αk := dxk+

∑
j 6=k(yj/yk)dxj ∈ Ω1(Uk),

but the various αk do not glue to a global 1-form α ∈ Ω1(Y ) such that
ξ = kerα (because such a ξ would not be coorientable; cfr. Lemma 1.3 and
[Gei09, Example 2.1.11]).
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Figure 2: My drawing skills unleashed: the identi�cation cube forming T3 ' R3/Z3.
The hyperplanes of the propelling circle on the right belong to ξ1 = ker(sin(2πz)dx+
cos(2πz)dy), while those on the left to ξ2 = ker(sin(4πz)dx + cos(4πz)dy) (twisting
once respectively twice before closing under the �gluing� operation).

On the other hand, according to the properties of contact manifolds we have
learned so far, it is rather straightforward to produce counterexamples: no even
dimensional or non-orientable manifold can possibly be contact (cfr. Remark
1.6)!
A more advanced criterion proved7 by Borman, Eliashberg and Murphy states

that any (2n + 1)-dimensional smooth manifold Y admits a (almost) contact
structure if and only if its structure group can be reduced to U(1) × 1 (the
unitary group times the trivial one), in turn equivalent to the vanishing of the
third Stiefel�Whitney class w3(TY ) ∈ H3(Y,Z). As soon as n ≥ 2, it is always
possible to �nd some counterexamples of odd-dimensional non-contact manifolds
(one such is SU(3)/SO(3)× S2n−4).8

Here, the take home message is that there are speci�c algebraic topological
constraints asserting whether a given manifold can be contact or not!

3 Connections to classical mechanics and sym-

plectic geometry

Last week, we saw how symplectic geometry and Hamiltonian dynamics �t into
the physics realm of classical mechanics. They key point is that, according to
the Hamiltonian formalism, a mechanical system is described by a con�guration
space Qn ⊂ Rn (the smooth manifold spanned by the n degree of freedom) and
its dynamics is studied on the associated phase space T ∗Q. This cotangent

7See: M.S. Borman, Y. Elishberg, E. Murphy, Existence and classi�cation of overtwisted

contact structures in all dimensions, (October 12, 2014), https://arxiv.org/abs/1404.6157.
8More references about this topic at https://mathoverflow.net/questions/325397/

examples-of-odd-dimensional-manifolds-that-do-not-admit-contact-structure.
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bundle is endowed with the Liouville form λ ∈ Ω1(Q) = Γ(T ∗Q), locally given
by

λ =

n∑
j=1

pjdq
j

(where q = (q1, ..., qn) are the local position coordinates on Q with dual coordi-
nates p = (p1, ..., pn) on T ∗qQ � the conjugate momenta).
We observe that kerλ de�nes the natural contact structure on the space of

contact elements P∗Q described in Remark 1.2, and we recall that the closed,
non-degenerate 2-form ω := −dλ ∈ Ω2(T ∗Q) makes (T ∗Q,ω) a symplectic
manifold.

De�nition 3.1. Let (M,ω) be a symplectic manifold. A Liouville vector

�eld Z ∈ Γ(TM) is a vector �eld onM with respect to which the Lie derivative
preserves the symplectic form, LZω = ω.

Lemma 3.2. Let (M2n, ω) be a symplectic manifold with Liouville vector �eld
Z ∈ Γ(TM). Then α := iZω = ω(Z, ·) ∈ Ω1(M) is a contact form on any
hypersurface E2n−1 ⊂ M transverse to Z (i.e. such that Z(x) /∈ E for all
x ∈ E), then said of contact type.

Proof. We observe that by Cartan's magic formula holds ω = LZω = d(iZω) +
iZ(dω) = d(iZω). Then we compute:

α ∧ (dα)n−1 = iZω ∧ (d(iZω))n−1 = iZω ∧ ωn−1 = iZ(ωn)/n .

But ωn is a volume form for M , in particular nowhere vanishing, hence α ∧
(dα)n−1 6= 0 in Ω2n−1(M) as well if we restrict it to hypersurfaces E transverse
to Y (so that iZ(ωn) won't vanish either). Therefore, α is a contact form on
any such E.

Example 3.3.

� On the symplectic manifold ((T ∗Q)2n, ω = −dλ), a Liouville vector �eld
Z ∈ Γ(T (T ∗Q)) can be de�ned by requesting that iZω = −λ (then indeed
LZω = diZω = −dλ = ω).
In the language of classical mechanics, the hypersurface E2n−1 := {(q, p) ∈
T ∗Q | H(q, p) = e} de�ned as a level surface of the Hamiltonian H ∈
C∞(T ∗Q) at some �xed (regular!) energy value e ∈ R is actually of contact
type when endowed with the restriction iZω|E = −λ|E .

� Given a contact manifold (Y 2n−1, ξ = kerα), the 2n-dimensional manifold
M := R × Y is made symplectic by endowing it with the symplectic form
ω := d(etα) ∈ Ω2(R× Y ) (since ωn = nentdt ∧ α ∧ (dα)n−1 6= 0). One calls
it the symplectisation of (Y, ξ). A Liouville vector �eld for ω is given by
∂t ∈ Γ(TM).

� Consider (R4, ωstd), where ωstd = dx1 ∧ dy1 + dx2 ∧ dy2. Then Y = 1
2r∂r =

1
2 (x1∂x1+y1∂y1+x2∂x2+y2∂y2) ∈ Γ(R4) is Liouville and induces the standard
contact form α0 := iZω = 1

2 (x1dy1 − y1dx1 + x2dy2 − y2dx2) ∈ Ω1(S3) on
S3 ⊂ R4.
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