
Lecture 11 . Relative
,
rubber stable maps

• Expanding the target

• Predeformability

* An example of Double Ramification cycles



§ 1
. Relative stable maps

Let X =
nonsingular projective variety I ¢ .

D c X : nonsingular effective divisor

For B. Etkcx.ZI
,

CB - D) =m
,
let

µ= (Ma ,

-
- - Mn )

,
Mi 31

bethe partition of m .

We want to consider stable maps
with the incident condition along the divisor D

M (X1Dm ) = { f : Ccp. . . - pas ) → X / flanD= ER
' - - Pn / and}f *D = E Mi Pi

Fan!"

f-(C)

Our incidence condition is not a closed condition .

In the limit, components of C can fall into D .



Example Let L C B
'

: lire inside P? Consider a

one parameter family of quadrics inside P2

ft : CIP
'
o )-CIP?L)

s.ttto ⇒ fe CP'T is tangent to L
f-o ⇒ fo Clp1) =L

On an affine chart : ftCz) = t-22

.

i EE.
f.ape,

a- L K
Z

Q : How to compactly MCXID.nl ?

One can take the closure inside ttgin CX- B) .
⇒ In most cases , this is wrong thing to do (no
virtual fund. class , not appropriate for our purpose . . . )

Idea :(Jun Li) Expand the target X along D !



⇒ Degeneration to the normal come
Consider D xo c X x Htt

.

Blow (xx IA'THE] - .

X
.
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*

Af I r At
t to

We consider a flat family of targets XUI -

X if t to

× t
= { IpfOp ④ Np X ) ¥ X tf t-- o -

✓
Do

IPCOp ⑦ NpX )
""

Let's go back to our example & see why expanding X
helps us .



Example We consider the family of maps {fel as

F : Ipt x CIA' - lol )- p
-

HA
'

CBL↳o (PSA
'

)
z . t 1- ft th . t )

On an affine chart :

A1 x ( At
'
- 2031 - IA

'

aHtc Blexo (HE HAD
⇐ - t) c- (z. tz? t)

If we take the closure inside Blhxo (Pk IA
'

)
,
the limit

fo meets Do properly !
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In general we allow further degeneration of the
target :

an
oz de

Ii -

-

-

i

on :-- xe

-
l copies of Ppc Op ④ NoX) .

→ I moduli space of expansions of X along D .



A- Predeformability condition

Xe '

e X y PC Qs
⑦ NDX) y

' - -

y PCOD ⑦ NoX)

ec

Sing (Xe) = th Di : singular locus of Xe

Det A morphism f : C- Xe satisfies the predeformability
condition if

(9) f
- '

(D ; ) c c.
nodes

(993 let a c- f-' Di be an intersection of two Timed components
C- & C+ St FCC- ) c Qi

,
fat) Cd e-+a -and e- c et are

contact orders of fl c - & flat .
Then e

-

=et

a

e- -

&
ditz
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Example The second condition happens when we try to
smooth out the relative stable map . Let's look at the

local picture when dimX = I

f : C - X xa nun
, ya Bum ,

d.p E¢
×

4

Specflu.rs/cuu)
"

spec ftp.yT/cay , mm 70

at
c TC¥

×

Suppose we want to lift f to a family over arbitrary
base

,
for simplicity we consider the base

Sd = Spec Rd .

Rd = I [E) Iced-11 )

( Cdt' ) th neighborhood of o E Hf )



SpecRdEunHuo - ad )
"

Cd Ids Xd = SpecRdGay] Kay- ba )

/ TL/ ad
,
bd E CE)✓

<

Sd

s -t fol l -Sd - e = fd- 1 & fo = f-

Exercise : If n #m
,
this is not possible to find

systematic choice of {fd}
.

TimC Jun Li) 7- moduli space M-CXID.ir) of stable

maps toX relative toD with the Thedevice conditionµ .

Moreover NTCXID.µ) is a proper DMstuck with

a virtual fundamental class

G - points : f : C- Xe

• f
*
Do = I Mipi

"

predeformability condition

. I Aut Cf) I so

we have a map M-gCXID.fr) → U-g.ncx.rs)
.



§ The predeformability condition is only locally closed
condition inside all maps to Xe .

⇒ This creates substantial difficulties to study the geometry
of M-gCXID.nl & its virtual fundamental class .

- logarithmic geometry

• Relative vs rubber stable maps .

ttg ( pyo .off is aCd
't
- fixed) component of ttg (PHAM ) .

Mr i i - Ue
I

.

E- l l 'ii.- l
,

•
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1121
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Double Ramification cycle
Read A = Can

.

- -
- an) E Fi . Ai to and Jai = O .

µ
-

- gun .

. - - ) : positive parts of A
w = Cue

,

-
- - ) : negative parts of A .

Abel-Jacobi picture :

Jac leg. 1µg.)

Oc → o ( J AJA ← Oc ( II.a:P i)

kg .
n

DRg.is = LAIT co)] ERIK
' (Mgm)
E Porteous formula -i GRR

E How to extend this construction to ttgm
=D Stable

maps to the rubber P
"
loco !



We have

E : ttgCIPHo.com? - Agin
u

[ f : CC . F
') → IP?u - - u IP

'

] 1- [cc . psst ]

Z -

- Im Ce ) ← the image has many ineducable components
with different dimensions

.

Def DRG . A
: = E * [ ttg (P' lo . o )µI J

"
E

'HH Cttgn , Q)

Q1) Is DRg.A ERH
"

Atgm .

Oh ) ? If so ,
how canwe

compute DRg.tt?CEilashberg 's question )

Q2) In which sense DRg.A extends the Abd-Jacobi

construction ?



Examine 9=1 A -- k
, -27

.

Let's see some possible configuration of Cf] Etta (pyo .#
~

" t

z • 2 → 2£72
t t

"" ④
<If -t z : a Galois cover

""



Let's consider the Abel -Jacobi side :
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Fitt"-
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CA) on the locus Mra : for given (E . pi) Ellen .

Pico CEI EE
.

0€42 -2Pa ) - OE ⇐ Pz-Pa is 2 torsion point
of Pico CE)

.
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(B) On the locus Ims :

IP' 0*442 -2Pa) ~ Ope always holds

(C) On the locus : NOT clear from naive AT

picture !

Pa⑦ pa ← 0 Gpa -2Pa) has multi degree (2 .-2)

Ipa
IPI


