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Abstract. This is the first part in a series of papers on counting surfaces
on Calabi-Yau 4-folds. Besides the Hilbert scheme of 2-dimensional sub-
schemes, we introduce two types of moduli spaces of stable pairs. We show
that all three moduli spaces are related by GIT wall-crossing and parame-
trize stable objects in the bounded derived category.

We construct reduced Oh-Thomas virtual cycles on the moduli spaces via
Kiem-Li cosection localization and prove that they are deformation invariant
along Hodge loci. As an application, we show that the variational Hodge
conjecture holds for any family of Calabi-Yau 4-folds supporting a non-zero
reduced virtual cycle.
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1. Introduction

1.1. Background. Counting curves on a space X is one of the central topics
in modern enumerative geometry. It is a rich subject with links to many other
fields of mathematics as well as physics (string theory). In [Kon] Kontsevich
introduced the concept of hidden smoothness of moduli spaces of stable maps

1



2 Y. BAE, M. KOOL, H. PARK

in order to define algebraic Gromov-Witten (GW) invariants of X. The math-
ematical foundation of its virtual cycles was established by Li-Tian [LT] and
Behrend-Fantechi [BF]. When X is a 3-fold, an alternative enumeration can be
carried out using Grothendieck’s Hilbert schemes. This change of perspective
represents the difference between viewing curves on X as being parametrized
or cut out by equations. In [Th], Thomas then defined virtual cycles on Hilbert
schemes of a 3-fold X, which yields Donaldson-Thomas (DT) invariants1 of X.
A remarkable connection between GW and DT invariants for 3-folds was dis-
covered by Maulik-Nekrasov-Okounkov-Pandharipande [MNOP]. This corre-
spondence was further refined by Pandharipande-Thomas via stable pair (PT)
invariants [PT1, PT2, PT3]. We refer the reader to [PT4] for an overview.

It was recently found that a similar relation between curve counting invari-
ants exists on Calabi-Yau 4-folds X. The structure of GW invariants of X
was studied by Klemm and Pandharipande [KP]. On the sheaf side, the ob-
struction theories are not 2-term, and a new discovery was needed. Inspired
by work of Donaldson and Thomas [DT], Cao and Leung [CL] defined such a
virtual cycle in special cases. The general case was subsequently established
by Borisov and Joyce [BJ] using methods of derived differential geometry. The
algebraic counterpart was obtained by Oh and Thomas [OT1]. Both construc-
tions [BJ, OT1] deeply rely on the derived structure of the moduli space — the
shifted symplectic structures of Pantev-Toën-Vaquié-Vezzosi [PTVV] and the
derived Darboux theorem of Brav-Bussi-Joyce [BBJ]. Another feature of the
theory is that it requires orientations. The existence of orientations was shown
by Cao-Gross-Joyce [CGJ]. An explicit GW-PT correspondence on Calabi-Yau
4-folds was conjectured by Cao, Maulik and Toda [CMT1, CMT2, CT3]. Vir-
tual counts of points and curves on Calabi-Yau 4-folds recently attracted quite
some attention. In physics, Nekrasov-Piazzalunga’s Magnificent Four conjec-
ture [Nek2, NP] provides a formula for counting points on the Calabi-Yau 4-fold
C4. For the case of counting points on X we refer to [CK1, Par1, Boj, KR] and
for the case of counting curves on X we refer to [CK2, CKM, CT1, CT2, Par1].

The next natural step in enumerative geometry is counting higher-dimensional
objects, such as surfaces on Calabi-Yau 4-folds — the topic of this paper. It is
not clear at present how to define virtual cycles on the stable map side (e.g.,
see Alexeev [Ale] for the moduli space and Jiang [Jia] for some recent devel-
opments). On the sheaf side, a natural starting point is the virtual cycle of
[BJ, OT1] on Hilbert schemes of 2-dimensional subschemes. However, we will
see that for enumeration of surfaces, this virtual cycle generally does not suffice
and has to be modified.

1[Th] defines DT invariants for stable sheaves of any rank on Fano and Calabi-Yau 3-folds.
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1.2. Counting surfaces. The aim of this project is to count surfaces on
Calabi-Yau 4-folds X via sheaf theory. This goal leads to two immediate chal-
lenges.

(A) The Hilbert scheme parametrizes subschemes which are not pure dimen-
sional, i.e. 2-dimensional subschemes may have 0- and 1-dimensional
components. Informally: Hilbert schemes allow for free roaming curves
and points thereby obscuring the contribution of genuine surfaces.

(B) A Hodge class of type p2, 2q on X generally does not remain of type
p2, 2q as the complex structure of X deforms. When this happens, the
virtual cycle vanishes.

The main purpose of this paper is to resolve (A) and (B).
Inspired by Pandharipande-Thomas’s work on curves on 3-folds [PT1], we

settle (A) by constructing moduli spaces of stable pairs on X. We find that
for 2-dimensional pairs, there is more structure than for 1-dimensional pairs,
and we obtain two types which we call PT0 and PT1 pairs. The stable pair
moduli spaces give smaller compactifications — roughly speaking, PT0 pairs
prevent free roaming points on X and PT1 pairs prevent free roaming points
and curves on X. The Hilbert scheme and two stable pair moduli spaces each
have desirable features and should be studied together.

We overcome (B) by constructing reduced virtual cycles using the cosection
localization method of Kiem and Li [KL]. This method was generalized to
the case of isotropic cosections by Kiem and the third-named author [KiPa2].
Instead in this paper, we use a variant, namely non-degenerate cosections.
For a class γ P H2pX,Ω2

Xq, virtual cycles of moduli spaces parametrizing 2-
dimensional pairs in class γ generally vanish. Similar vanishing for curve count-
ing theories on surfaces/3-folds led to reduced theories e.g. [MPT, KT1] (we
refer the reader to the introductions of these papers for more references). From
the perspective of curves on surfaces/3-folds X, reducing is often needed when
X has a holomorphic 2-form. Therefore, for compact Calabi-Yau 3-folds satisfy-
ing h0,1pXq “ h0,2pXq “ 0, it is of no concern. As we will see, even for surfaces
on compact Calabi-Yau 4-folds satisfying h0,1pXq “ h0,2pXq “ h0,3pXq “ 0
reducing is almost always necessary.

1.3. Moduli spaces of stable pairs. There are three types of stability con-
ditions on 2-dimensional pairs.

Definition 1.1 (Definition 2.1). Let X be a smooth projective variety of di-
mension n ě 2. Let F be a 2-dimensional coherent sheaf on X, s : OX Ñ F a
section, and Q :“ cokerpsq. The pair pF, sq is called

(i) DTp“ PT´1q-stable if s is surjective,
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(ii) PT0-stable if T0pF q “ 0 and dimpQq ď 0,
(iii) PT1-stable if T1pF q “ 0 and dimpQq ď 1.

Here TdpF q denotes the maximal d-dimensional subsheaf of F .

The DT-stable pairs correspond to ideal sheaves. The PT1-stable pairs are
natural generalizations of Pandharipande-Thomas’s stable pairs [PT1], which
are a special case of Le Potier’s coherent systems [Pot1, Pot2]. The underly-
ing sheaf of a PT0-stable pair is usually not pure and this stability condition
appears to be new. We introduce PT0-stability as a bridge between DT- and
PT1-stability.

Suppose pF, sq is a PTq pair on X with cokernel Q and smooth scheme-
theoretic support S, which generally has 0-, 1-, and 2-dimensional connected
components. For q “ 0, S has no 0-dimensional connected components and Q
is supported on the 1-dimensional connected components of S. For q “ 1, S
has no 0- or 1-dimensional components and the pair pF, sq can be equivalently
described by a nested triple Z Ă C Ă S, where C is an effective divisor and Z is
a 0-dimensional subscheme (Corollary 2.13). We give various characterizations
of PTq pairs with singular support in Section 2.

Example 1.2 (Proposition 2.6). Suppose pF, sq is a pair which is PT0- and
PT1-stable, i.e., F is pure and Q is 0-dimensional. Then Q is a quotient sheaf
of the 0-dimensional sheaf E xtn´1

X pOS, KXq, which is supported on the locus
where S is not Cohen-Macaulay.

Our first main result (Section 3) is the construction of projective moduli
spaces of PTq-stable pairs via geometric invariant theory (GIT).

Theorem 1.3 (Theorem 3.10). Let X be a smooth projective variety and v P
H˚pX,Qq. Then, for each q P t´1, 0, 1u, there exists a fine moduli space

Ppqq
v pXq of PTq-stable pairs on X with chpF q “ v as a projective scheme.

Moreover, there exists a projective scheme M, an action of PGLN on M,
and an SLN -equivariant ample line bundle Lpqq P PicSLN pMqQ, for each q P
t´1, 0, 1u, such that

Ppqq
v pXq “ rMst

pLpqqq{PGLN s “ rMss
pLpqqq{PGLN s.

In particular, Ppqq
v pXq is the GIT quotient M{{LpqqSLN .

Theorem 1.3 shows that PTq pair moduli spaces are related by GIT wall-
crossing. Since the underlying sheaves of PT0 pairs are not pure, we needed
finer arguments than the standard ones for pure sheaves. This approach is
inspired by an analogous result of Stoppa-Thomas on 1-dimensional pairs [ST].
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Following [PT1], we show that the moduli space of PTq pairs consists of open

components of the moduli space of perfect complexes. Denote by PerfpXqspl
OX

the moduli space of simple perfect complexes on X with trivial determinant.

Theorem 1.4 (Theorem 3.19, Proposition 3.28). Let X be a smooth projective
variety of dimension n ě 4, v P H˚pX,Qq, and q P t´1, 0, 1u. The canonical
map

(1) Ppqq
v pXq Ñ PerfpXqspl

OX , pF, sq ÞÑ I‚ “ rOX
s
ÝÑ F s

is an open embedding. Moreover, there is a polynomial Bridgeland stability
condition ρpqq on Db

cohpXq such that the image of the map (1) is the locus of
ρpqq-stable objects.

For q “ 1, Theorem 1.4 was also shown by Gholampour-Jiang-Lo [GJL].
The connection to Bayer stability is inspired by [GJL].

1.4. Reduced virtual cycles. Let X be a Calabi-Yau 4-fold, i.e., a smooth
projective variety of dimension 4 with trivial canonical bundle. In particular,
X could be a hyperkähler 4-fold or an abelian 4-fold. Fix a trivialization

ω : OX
–
ÝÑ Ω4

X .

Throughout this section, let q P t´1, 0, 1u and let P :“ Ppqq
v pXq be the

moduli space of PTq pairs pF, sq on X with Chern character

chpF q “ v “ p0, 0, γ, β, n´ γ ¨ td2pXqq P H
˚
pX,Qq.

By Theorem 1.4, we have an Oh-Thomas virtual cycle [OT1]

rPs
vir
P Avd pPq , vd “ n´

1

2
γ2,

which maps to Borisov-Joyce’s virtual cycle [BJ] under the cycle class map by
[OT2].2 The Oh-Thomas virtual cycle is constructed from the canonical 3-term
symmetric obstruction theory

φ : E :“ RHomπpI‚, I‚q0r3s Ñ LP , SD : E_r2s – E,

of Huybrechts-Thomas [HT] and an orientation

o : OP
–
ÝÑ detpEq

of Cao-Gross-Joyce [CGJ]. Then the intrinsic normal cone is isotropic by the
derived Darboux theorem of Brav-Bussi-Joyce [BBJ], which is necessary to
define the virtual cycle. We refer to Section 4 for the precise statements.

2Here A˚p´q denotes the Chow group with rational coefficients. We also use the conven-
tion that Aip´q “ 0 for i P QzZ.
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For a generic surface class γ, the Oh-Thomas virtual cycle rPsvir vanishes
due to the following two heuristics:

(a) When deforming X, the codimension of the Hodge locus of γ in the
base is generally positive. Therefore deformation invariance of virtual
cycles implies the vanishing.

(b) In general, there exist non-degenerate cosections given by semi-regularity
maps. They give trivial factors O of E which imply the vanishing.

We present a motivating example which reveals the above two phenomena.

Example 1.5. Let X Ď P5 be a smooth sextic hypersurface which contains a
plane S Ď X. Let v “ chpOSq P H

˚pX,Qq and q P t´1, 0, 1u.

‚ The virtual dimension is ´19
2

.
‚ The codimension of the Hodge locus of γ “ v2 “ rSs is 19.
‚ There are 19 non-degenerate cosections.

We first discuss the codimension of the Hodge locus in (a). By Bloch [Blo],
the obstruction to deforming the Hodge class γ P H2pX,Ω2

Xq Ď H4pX,Cq is
governed by the symmetric bilinear form

Bγ : H1
pX,TXq bH

1
pX,TXq Ñ C, ξ1 b ξ2 ÞÑ

ż

X

ιξ1ιξ2γ Y ω ,

where ι denotes the contraction map. In particular, its rank

ργ :“ rkpBγq

is the codimension of the Hodge locus of γ.3

We now discuss the cosections in (b). By Buchweitz-Flenner [BuFl1], a
perfect complex rI‚s P P gives rise to a semi-regularity map

(2) sr : Ext2
XpI

‚, I‚q0 Ñ H3
pX,Ω1

Xq – H1
pX,TXq

_, e ÞÑ trpAtpI‚q ˝ eq,

where AtpI‚q is the Atiyah class. This semi-regularity map relates the obstruc-
tions of deforming the perfect complex I‚ and the Hodge class γ “ ch2pI

‚q via

3Let f : X Ñ B be a smooth proper morphism of smooth analytic spaces such that the
fibre X0 over a point 0 P B is Xan and B is contractible. Then there exists a unique lift rγ
of γ P H4pX,Qq as a section of the local system R4f˚Q. The Hodge locus of γ is defined
as the subset Hdγ :“ tb P B : rγb P H

2,2pXbqu and has a natural analytic scheme structure
(see [Voi2]). If the Kodaira-Spencer map KS : TB,0 Ñ H1pX,TXq is an isomorphism, then
ργ “ dimpTB,0q´dimpTHdγ ,0q by [Blo]. We will not use the Hodge locus in this paper except

for heuristic arguments.
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the commutative triangle

(3) H1pX,TXq
ob“sr_

//

Bγ ''

Ext2
XpI

‚, I‚q0

sr
vv

H1pX,TXq
_

.

The symmetry of the above triangle given by ob “ sr_ is a special feature of
Calabi-Yau 4-folds X and p2, 2q-classes γ P H2pX,Ω2

Xq. The semi-regularity
maps sr can be extended to cosections on the moduli space,

SR : E_r1s “ RHomπpI‚, I‚q0r2s Ñ H1
pX,TXq

_
bOP .

Then SR2 :“ SR ˝ SR_ “ Bγ b 1P , which can be shown by extending the
triangle (3). See section 4 for details.

Choose a non-degenerate subspace V Ď H1pX,TXq with respect to the bi-
linear form Bγ. Then V – V _. Assume that V is maximal, i.e., dimpV q “ ργ.

(a’) From the perspective of Hodge theory, V is a transversal slice to the
Hodge locus of γ. Heuristically, we want to constrain virtual cycles to
be deformation invariant only on the Hodge locus of γ.

(b’) From the perspective of cosections, V induces non-degenerate cosections

Σ : E_r1s SR
ÝÑ H1

pX,TXq
_
bOP Ñ V _ bOP .

Here non-degeneracy means that the square Σ2 :“ Σ ˝Σ_ is an isomor-
phism. In particular, we have a direct sum decomposition

E “ Ered
‘ pV bOPqr1s

and we want to remove the trivial factors from the obstruction theory.

The second main result in this paper achieves (a’) and (b’).

Theorem 1.6 (Theorem 4.5, Proposition 4.19). Let X be a Calabi-Yau 4-fold,
v P H˚pX,Qq, and q P t´1, 0, 1u. For any maximal non-degenerate subspace
V Ď H1pX,TXq with respect to Bγ, the composition

φred : Ered p1,0q
ÝÝÑ E φ

ÝÑ L
P
pqq
v pXq

is a symmetric obstruction theory such that the reduced closed substack of the
intrinsic normal cone is isotropic (see Section 4 for the precise definition).
Consequently, given orientations of E and H1pX,TXqγ :“ H1pX,TXq{ kerpBγq,
there exists a canonical reduced virtual cycle

“

Ppqq
v pXq

‰red
P Arvd

`

Ppqq
v pXq

˘

, rvd “ n´
1

2
γ2
`

1

2
ργ,

which is independent of the choice of V .
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We prove that φred is an obstruction theory via the algebraic twistor fam-
ily [KT1] associated to the transversal slice V and prove the isotropic condi-
tion via a variation of the cosection localization in [KL, KiPa2] for the non-
degenerate cosections Σ. In contrast to the isotropic cosections in [KiPa2], the
non-degenerate cosections considered in this paper allow us to handle cases
where the virtual dimension n´ 1

2
γ2 is not an integer, but the reduced virtual

dimension n ´ 1
2
γ2 ` 1

2
ργ is an integer, which actually occurs quite often (e.g.

Example 1.5).
We note that the algebraic twistor method alone does not produce a reduced

virtual cycle since the isotropic condition for φ does not imply it for φred. The
cosection localization method alone produces the reduced virtual cycle as a
short-cut, but does not give a reduced obstruction theory. Combining the
two methods enables us to directly apply all the known tools for handling Oh-
Thomas virtual cycles (torus localization [OT1], cosection localization [KiPa2],
virtual pullback [Par1]) to the reduced virtual cycle. We will indeed apply these
tools in the sequels to this paper.

We observe that the reduced virtual cycle is closely related to semi-regularity.
In [BuFl1], a perfect complex rI‚s P P is called semi-regular if the semi-
regularity map sr in (2) is injective.

Theorem 1.7 (Theorem 4.6). Let X be a Calabi-Yau 4-fold, v P H˚pX,Qq,
and q P t´1, 0, 1u. For any PTq pair rpF, sqs P Ppqq

v pXq, the associated com-

plex I‚ is semi-regular if and only if the moduli space Ppqq
v pXq is smooth of

dimension rvd “ n´ 1
2
γ2 ` 1

2
ργ at rI‚s.

As a direct corollary of Theorem 1.7, if all rpF, sqs P Ppqq
v pXq are semi-

regular, the reduced virtual cycle equals the fundamental cycle (for a certain
choice of orientations). Thus, heuristically, we view the semi-regular case as
the ideal situation. Put differently, we view the reduced virtual cycle as the
correct virtual generalization of the fundamental cycle in the semi-regular case.

For Calabi-Yau 4-folds, Theorem 1.7 generalizes the results of Bloch [Blo]
and Buchweitz-Flenner [BuFl1]. Indeed, it is shown in loc. cit. that semi-
regularity implies smoothness, whereas Theorem 1.7 also provides a formula
for the dimension and a converse.

Example 1.8. We revisit Example 1.5. All planes S – P2 in a smooth sex-

tic 4-fold X are semi-regular and the moduli space Pp´1q
v pXq – Pp0q

v pXq –

Pp1q
v pXq, with v “ chpOSq, consists of isolated reduced points (Corollary 4.28).

Hence the reduced virtual dimension is zero and the contribution of any plane
S Ă X to the reduced virtual cycle is ˘rtSus.
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More generally, we give a simple description of the semi-regularity map for
local complete intersection surfaces. This identification is important for com-
puting ργ and the reduced virtual dimension. Determining ργ is an interesting
new aspect of the surface counting theory. For example, ργ is only sub-additive
in γ, e.g., ρdγ “ ργ for any d P Zą0.

Proposition 1.9 (Proposition 4.24). Let i : S ãÑ X be a local complete inter-
section surface inside a Calabi-Yau 4-fold X. Then there exists an isomorphism

θS : H1
pS,NS{Xq Ñ Ext2

XpIS{X , IS{Xq0

preserving non-degenerate symmetric bilinear forms induced by Serre duality.
Under this isomorphism, the sheaf theoretic obstruction and semi-regularity
maps (3) match with the ones from the deformation theory of subschemes.

We identify the dual of the semi-regularity map (2) with the obstruction
map obS{X : H1pX,TXq Ñ H1pS,NS{Xq for Hilbert schemes, which is easier to
determine. This leads to the following corollary:

Corollary 1.10 (Corollary 4.28, 4.30).

p1q Let X Ă PN be a smooth complete intersection Calabi-Yau 4-fold. Sup-
pose S Ă X is a complete intersection surface in PN . Then IS{X is

semi-regular. Moreover if v “ chpOSq and q P t´1, 0, 1u, then Ppqq
v pXq

is smooth of dimension rvd “ h0pNS{Xq at IS{X .
p2q Let X be a Calabi-Yau 4-fold with non-degenerate holomorphic 2-form.

Suppose i : S ãÑ X is a smooth lagrangian surface and v “ chpOSq.
Then rvd “ h1,0pSq´1

2
dim cokerpi˚q where i˚ : H1pX,Ω1

Xq Ñ H1pS,Ω1
Sq.

For Corollary 1.10 (1) and X a sextic 4-fold, we show that rvd is often
zero, but can be positive in some cases. For Corollary 1.10 (2), we find that
lagrangian planes are semi-regular with rvd “ 0, but we also consider Schoen
surfaces [Sch] embedded in their Albanese 4-fold which are semi-regular with
rvd “ 4. Furthermore, for Corollary 1.10 (2), we also consider non-semi-regular
cases on hyperkähler 4-folds with lagrangian fibration and the Hilbert square
K3r2s. Finally, we show that ργ vanishes when h2,0pXq “ 0 and the class γ is
a product of two p1, 1q-classes. In this case, non-reduced virtual cycles contain
non-trivial information. See Section 4.6 for a precise list of examples.

1.5. Deformation invariance. Let

f : X Ñ B
be a family of Calabi-Yau 4-folds, i.e., a smooth projective morphism of relative
dimension 4 to a smooth connected affine scheme B such that ωX {B – OX and
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with connected fibres. Consider a horizontal section

rv P
4
à

p“2

F pH2p
DRpX {Bq,

where F pH2p
DRpX {Bq is the pth filtered piece of the Hodge bundle H2p

DRpX {Bq.
Then rvb P H

˚pXb,Cq is a locally constant family of cohomology classes on the
fibres Xb :“ X ˆB tbu over b P B. The component rv2 induces a section rγ of
R2f˚Ω

2
X {B. The bilinear forms B

rγb on H1pXb, TXbq for b P B extend to a bilinear

form B
rγ on the vector bundle R1f˚pTX {Bq.

Let Ppqq
rv pX {Bq be the moduli space of PTq-stable pairs on the fibres of

f : X Ñ B for some q P t´1, 0, 1u. This relative moduli space fits into the fibre
diagram

Ppqq
rvb
pXbq

� � //

��

Ppqq
rv pX {Bq

��

tbu �
� ib

// B
for each b P B. We have a relative obstruction theory φX {B : EX {B Ñ L

P
pqq
rv
pX {Bq{B.

Our third main result (Section 5) is the deformation invariance of the reduced
virtual cycle in Theorem 1.6.

Theorem 1.11 (Theorem 5.1). Let f : X Ñ B be a family of Calabi-Yau 4-
folds. Let rv P

À

p F
pH2p

DRpX {Bq be a horizontal section and rγ P ΓpB, R2f˚Ω
2
X {Bq

be the induced section. Assume that the function b P B ÞÑ ρ
rγb is constant and

there exist orientations

O
P
pqq
rv
pX {Bq – detpEX {Bq, OB – detpR1f˚pTX {Bq{ kerpB

rγqq.

Then there exists a cycle class
”

Ppqq
rv pX {Bq

ıred

P Arvd`dimpBq

´

Ppqq
rv pX {Bq

¯

such that, for all b P B, we have
”

Ppqq
rvb
pXbq

ıred

“ i!b

”

Ppqq
rv pX {Bq

ıred

P Arvd

´

Ppqq
rvb
pXbq

¯

for the induced orientation. Here i!b denotes the refined Gysin pullback.

In general, reduced virtual cycles given by cosection localization [KL] are
deformation invariant only under an additional assumption. In Theorem 1.11,
this assumption follows from the fact that the Hodge locus of rγ in B is B itself.
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The existence of a relative orientation is required in Theorem 1.11. We con-
jecture (Conjecture 5.7) that a relative orientation exists after a finite étale base
change of the base B and we prove its topological counterpart (Corollary C.2).
The existence of a relative orientation is crucial for deformation invariance of
numerical invariants, but is not needed in the main application below.

Variational Hodge Conjecture. The Hodge conjecture predicts that for any
smooth projective variety X, all rational pp, pq-classes on X are algebraic. In
[Gro1] Grothendieck introduced a variant of the Hodge conjecture.

Conjecture 1.12 (variational Hodge conjecture). Let X be a smooth projec-
tive variety and γ an algebraic pp, pq-class on X. For any smooth projective
morphism f : X Ñ B to a smooth connected scheme B and a horizontal sec-
tion rvp of F pH2p

DRpX {Bq such that X0 – X and prvpq0 “ γ for some closed point
0 P B, the cohomology classes prvpqb are algebraic for all closed points b P B.

Our fourth main result is an affirmative answer to Conjecture 1.12 when
there exists a non-zero reduced virtual cycle.

Theorem 1.13 (Theorem 5.13). Let X be a Calabi-Yau 4-fold and let γ be a
p2, 2q-class on X. If for some v P H˚pX,Qq with v2 “ γ, q P t´1, 0, 1u, and

choice of orientation on Ppqq
v pXq we have

rPpqq
v pXqs

red
‰ 0 P ArvdpP

pqq
v pXqq

then Conjecture 1.12 holds for X and γ.

We prove Theorem 1.13 via the deformation invariance in Theorem 1.11.
Here we do not require the two technical assumptions in Theorem 1.11. The
function b P B ÞÑ ρ

rγb P Z is lower semi-continuous and the reduced virtual cycle
vanishes if ρ

rγb drops at 0 P B (Proposition 5.5). The assumption on orientations
can be removed by working with virtual cycles instead of invariants.

We view Theorem 1.13 as a virtual generalization of a result of Buchweitz-
Flenner [BuFl1] (see also [Blo]) for Calabi-Yau 4-folds. In fact, [BuFl1] implies
that Conjecture 1.12 holds if there exists a semi-regular PTq pair I‚ “ rOX Ñ

F s on X with ch2pF q “ γ. Theorem 1.13 recovers the result of [BuFl1] for
Calabi-Yau 4-folds, because the reduced virtual cycle equals the fundamental
cycle near a semi-regular point (Theorem 4.6).

This application to the variational Hodge conjecture shows that it can be
useful to work with the virtual cycle instead of invariants, because one can
restrict to each connected component of the moduli space.

Example 1.14 (Example 5.16). We give a non-semi-regular application of
Theorem 1.13. Let X “ S1 ˆ S2 be a product of two K3 surfaces. Let β1 P
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H1,1pS1q, β2 P H
1,1pS2q be two irreducible effective classes with β2

1 ě 2 and

β2
2 “ 0. Let γ “ β1 Y β2. Then, for any q P t´1, 0, 1u, we have Ppqq

v pXq “
|OS1pβ1q| ˆ P1 for some v P H˚pX,Qq with v2 “ γ. In this case, the reduced
virtual cycle is ˘h0pOS1pβ1qq ¨ rpt ˆ P1s. Therefore Conjecture 1.12 holds for
such γ. This is a non-semi-regular case since the reduced virtual cycle differs
from the fundamental cycle.

1.6. Moduli stack of semi-stable sheaves. In Appendix B, we generalize
the construction of reduced virtual cycles to Artin stacks (which are global
quotient stacks). In particular, we consider the moduli stack MH,ss

v pXq of
Gieseker semi-stable sheaves on X (with respect to a polarization H) with
Chern character v P H˚pX,Qq, rigidified by the action of BGm. The Chern
character v is arbitrary so this includes moduli of 2-dimensional torsion sheaves
and moduli of higher rank sheaves.

Theorem 1.15 (Theorem B.6). Let pX,Hq be a polarized Calabi-Yau 4-fold
and v P H˚pX,Qq. For any choice of orientation on MH,ss

v pXq, there exists a
canonical reduced virtual cycle

rMH,ss
v pXqsred

P A1´ 1
2
χpv,vq` 1

2
ργ
pMH,ss

v pXqq

where γ :“ v2 and χpv, vq :“
ş

X
v_ ¨ v ¨ tdpXq. Moreover, if rMH,ss

v pXqsred ‰ 0,
then Conjecture 1.12 holds for X and γ.

We construct the reduced virtual cycle as a class in Kresch’s Chow group
[Kre1] by extending Oh-Thomas’s construction [OT1] and Kiem-Li’s cosection
localization [KL] to Artin stacks (which are global quotients). This virtual cycle
does not provide numerical invariants since there is no push-forward map for
MH,ss

v pXq Ñ Spec pCq in general. Nonetheless, this virtual cycle is sufficient
for applications to the variational Hodge conjecture.

There is a “fixed determinant version” of Theorem 1.15 under the assumption
v1 “ 0 (Theorem B.10).

1.7. Derived algebraic geometry. In Appendix A, we revisit Theorem 1.6
via derived algebraic geometry. The main result is the following:

Theorem 1.16 (Corollary A.15). In the situation of Theorem 1.6, there exists

a p´2q-shifted symplectic derived enhancement of Ppqq
v pXq inducing the reduced

symmetric obstruction theory φred.

We first introduce general reduction methods via p´1q-shifted closed/exact

1-forms (Theorem A.1). In order to apply this to the moduli space Ppqq
v pXq,

we show that the semi-regularity maps can be enhanced to p´1q-shifted closed
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1-forms (Proposition A.13). This is achieved by generalizing the integration
map of [PTVV] (Theorem A.6).

As a byproduct, we obtain a new proof of Bloch’s conjecture for surfaces on
Calabi-Yau 4-folds (Remark A.18). The general case of Bloch’s conjecture was
shown by Pridham [Pri] and Bandiera-Lepri-Manetti [BLM] (and by Iacono-
Manetti [IM] when the normal bundle is extendable).

1.8. Relations to physics. Finding connections between surface counting on
Calabi-Yau 4-folds and string theory is an interesting direction. We briefly
point out relations to two (disjoint) parts of the physics literature:

‚ In M-/F-theory, the complex moduli of a Calabi-Yau 4-fold X are fixed
by fixing a rational 4-cycle class called the G4-flux. Then Gukov-Vafa-
Witten [GVW] introduced an associated superpotential giving rise to a
symmetric bilinear form which (up to change of coordinates) coincides
with Bγ. Explicit bounds on the rank ργ of Bγ appear to be of interest
to physicists [BCV, BV, BBGL, GGHHP, LVWX].4

‚ In the series of papers starting from [Nek1], Nekrasov studied the mod-
uli space of (non-commutative) instantons on origami spacetimes in C4.
Our choice of K-theoretic insertions for toric Calabi-Yau 4-folds in the
sequels (and the choice in [CKM, KR]) are motivated by Nekrasov-
Piazzalunga’s study of SUSY Yang-Mills theory on C4 [Nek2, NP].

1.9. Sequels. We briefly mention the content of the sequels to this paper:

‚ In Part II we study the DT{PT0 correspondence. We conjecture a
general correspondence and provide evidence on toric Calabi-Yau 4-
folds via a vertex formalism, and on compact Calabi-Yau 4-folds via a
virtual Lefschetz principle.

‚ In Part III we study the PT0{PT1 correspondence in special cases. We
consider virtual projective bundles and Weierstrass 4-folds.

‚ In Part IV we compute PT1 invariants in some examples including local
surfaces and Calabi-Yau 4-folds with a nondegenerate holomorphic 2-
form.

We will also further explore the link between the variational Hodge conjecture
and the reduced virtual cycles.

1.10. Related work. Reduced virtual cycles for curves on hyperkähler 4-folds
were studied by Cao-Oberdieck-Toda in [COT1, COT2]. For the moduli space
of PT1-pairs on X, Theorem 1.4 was independently proven by Gholampour-
Jiang-Lo [GJL]. Correspondences for PTq invariants in the context of Joyce’s

4We thank Grimm for pointing us to the physics literature, specifically [BCV].
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wall-crossing framework [GJT, Joy1, Joy2] will be an interesting direction to
study.

There are two types of generalizations of cosection localization [KL] to
Donaldson-Thomas theory of Calabi-Yau 4-folds [BJ, OT1]. In [Sav], Sav-
vas showed vanishing of Borisov-Joyce virtual cycles with a nowhere vanishing
isotropic cosection. In [KiPa2], Kiem and the third-named author studied co-
section localization for Oh-Thomas virtual cycles [OT1].

Acknowledgements. We thank Rahul Pandharipande for encouraging us
to study surfaces on Calabi-Yau 4-folds, which prompted this project. The
second-named author wishes to thank Richard Thomas for previous collabo-
rations on reduced virtual cycles for curves on surfaces, which obviously im-
pacted this paper. He also thanks Yalong Cao for their collaborations which
led him to study Calabi-Yau 4-folds in the first place. The third-named au-
thor thanks Young-Hoon Kiem for teaching him the cosection localization
and a previous collaboration on its generalization to Calabi-Yau 4-folds. We
are also grateful to Markus Upmeier for conversations on orientation prob-
lems. We thank Dhyan Aranha, Arkadij Bojko, Amin Gholampour, Thomas
Grimm, Yunfeng Jiang, Dominic Joyce, Woonam Lim, Jason Lo, Sergej Mon-
avari, Georg Oberdieck, Jeongseok Oh, Jørgen Rennemo, and Cumrun Vafa for
many interesting conversations. Y.B. is supported by ERC Grant ERC-2017-
AdG-786580-MACI and Korea Foundation for Advanced Studies (KFAS). The
project has received funding from the European Research Council (ERC) un-
der the European Union Horizon 2020 research and innovation program (grant
agreement No. 786580). M.K. is supported by NWO grant VI.Vidi.192.012.

1.11. Notation and conventions. We use the following notation and con-
ventions throughout the paper.

‚ All schemes and algebraic stacks are assumed to be of finite type over
the field C, unless stated otherwise. A variety is a separated integral
scheme. A point x P X in a scheme or an algebraic stack X means a
C-valued point.

‚ A Calabi-Yau n-fold is a smooth projective variety X of dimension n
with KX – OX .

‚ For a coherent sheaf F on a smooth quasi-projective variety X, we use
the following notation for the various duals:

– F_ :“ RHomXpF,OXq;
– FD :“ E xtcXpF,KXq, where c is the codimension of F in X.

‚ For a smooth projective variety X, we denote by
– CohpXq the abelian category of coherent sheaves on X;
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– C ohpXq the moduli stack of coherent sheaves on X;
– Db

cohpXq the bounded derived category of coherent sheaves on X.
‚ For a perfect complex F on a scheme X of tor-amplitude p´8, 0s, denote

by CpFq :“ h1{h0pF_q the associated abelian cone stack [BF, Prop. 2.4].
‚ An orthogonal bundle on a scheme X is a pair of a vector bundle E and

an isomorphism q : E Ñ E_ such that q “ q_. By abuse of notation,
we also denote by q : E Ñ A1

X the corresponding quadratic function.
An orientation of an orthogonal bundle E is an isomorphism o : OX –

detpEq such that detpqq “ p´1q
rpr´1q

2 po ˝ o_q´1 where r “ rankpEq.
‚ A symmetric complex on a scheme X is a pair of a perfect complex E on
X of tor-amplitude r´2, 0s and an isomorphism θ : E_r2s – E such that
θ_r2s “ θ. An orientation of a symmetric complex E is an isomorphism

o : OX – detpEq such that detpθq “ p´1q
rpr´1q

2 o˝o_ where r “ rankpEq.5
‚ For a morphism f : X Ñ Y of algebraic stacks, we denote by LX{Y

the full cotangent complex [Ill] ([Ols]) and by τě´1LX{Y the truncated
cotangent complex.

‚ For any algebraic stack X, we denote by A˚pXq the Chow group of
Kresch [Kre1] with Q-coefficients. For any d P QzZ, we let AdpX q :“ 0.

‚ For a morphism f : X Ñ Y and a coherent sheaf (resp. a perfect com-
plex) E on Y, we denote the pullback f˚E (resp. the derived pullback
Lf˚E) by E|X.

2. Stable pairs

In this section, we introduce the PTq-stability conditions on 2-dimensional
pairs for q P t´1, 0, 1u, and present basic properties which will be used through-
out the paper and its sequels. The PT´1-stable pairs coincide with DT-stable
pairs (i.e. ideal sheaves), PT1-stable pairs are PT-stable pairs (i.e. Le Potier
stable pairs [Pot1, Pot2, PT1]), and PT0-stable pairs is a new intermediate
notion

DT :“ PT´1  PT0  PT1 “: PT.

Any PTq pair pF, sq on a smooth variety X has an associated complex

I‚ :“ rOX
s
ÝÑ F s

in Db
cohpXq — the bounded derived category of coherent sheaves on X. We

study PTq pairs through these associated complexes. We provide descriptions
of these associated complexes under some various assumptions on the singu-
larities of the support of F . The results in this section provide some insights

5This convention is slightly different from [Par1]. In loc. cit., all symmetric complexes are
assumed to be equipped with an orientation.
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into the geometric meaning of PTq-stability. They will also play an important
role in the sequels to this paper.

Throughout this section, we fix a smooth projective variety X of dimension
n over the complex field C.

2.1. PTq-stability. For any integer q ě ´1, consider the two full subcategories

CohďqpXq :“ tF P CohpXq : dimpF q ď qu,

Cohěq`1pXq :“ tF P CohpXq : TqpF q “ 0u.

Definition 2.1. Let F be a coherent sheaf on X with 2-dimensional support
and let s : OX Ñ F be a section. For q P t´1, 0, 1u, we say that the pair pF, sq
is PTq-stable if

F P Cohěq`1pXq and Q :“ cokerpOX
s
ÝÑ F q P CohďqpXq.

By abbreviation, we also refer to PTq-stable pairs as PTq pairs.

Example 2.2. The PTq-stability conditions for the following two extreme
cases are well-known.

DT) A pair pF, sq is PT´1-stable if and only if s : OX Ñ F is surjective.
Hence PT´1 pairs on X correspond to 2-dimensional closed subschemes
of X (which may have irreducible components of dimension 0 and 1).
Thus we refer to PT´1-stability as DT-stability.

PT) A pair pF, sq is PT1-stable if and only if F is pure and dimpQq ď 1.
Hence PT1 pairs are exactly the 2-dimensional stable pairs in the sense
of Le Potier [Pot1, Def. 4.2].6 Their 1-dimensional analogs are used in
[PT1, CMT2] (and many other places). Thus we sometimes refer to
PT1-stability as PT-stability.

We present some elementary properties of PTq pairs. We begin with an
observation on the supports.

Lemma 2.3. Given a PTq pair pF, sq on X, the scheme theoretic support of
the coherent sheaf F is the scheme theoretic support of the section s.

Proof. The proof is analogous to [PT1, Lem. 1.6]. Let Annpsq Ď OX be the
ideal sheaf of the support of s. Away from the support of Q “ cokerpsq,
the sheaf F is generated by the section s. Hence Annpsq ¨ F Ď F is set-
theoretically supported in the support of Q, and thus Annpsq ¨ F P CohďqpXq.
Since F P Cohěq`1pXq, we obtain Annpsq ¨ F “ 0. �

6Equivalently, PT1 pairs are the 2-dimensional α-stable pairs in the sense of [Pot2, Def. 4.4]
for sufficiently big αptq P Qrts.
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We note that the PTq pairs have limit descriptions.

Proposition 2.4. Let W Ď Z Ď X be closed subschemes such that OZ P

Cohěq`1pXq and OW P CohďqpXq. Suppose W is reduced and denote its ideal
by I Ď OZ. Then PTq pairs pF, sq with support Z and cokernel Q satisfying
SupppQqred Ď W are equivalent to coherent subsheaves of lim

ÝÑ
HomXpI

r,OZq{OZ.

Proof. The proof is analogous to [PT1, Prop. 1.8]. Choose a PTq pair pF, sq.
By Lemma 2.3, we can form a short exact sequence

(4) 0 // OZ
// F // Q // 0,

where Z is the support of F and Q is the cokernel of s. Since OZ P Cohěq`1pXq
and Q P CohďqpXq, we have HomXpQ,OZq “ 0. Hence the short exact se-
quence (4) gives us an inclusion

HomXpF,OZq ãÑ HomXpOZ ,OZq “ OZ ,

which is an isomorphism away from the support of Q. Hence HomXpF,OZq

is an ideal such that Ir Ď HomXpF,OZq for some integer r. Since F P

Cohěq`1pXq, we have

F Ď HomXpHomXpF,OZq,OZq Ď HomXpI
r,OZq Ď lim

ÝÑ
rÑ8

HomXpI
r,OZq,

where the last inclusion map follows from HomXp
Ir

Ir`1 ,OZq “ 0.
On the other hand, choose a coherent subsheaf F Ď lim

ÝÑ
HomXpI

r,OZq

containing OZ . Since F is coherent, we have F Ď HomXpI
r,OZq for some

sufficiently large r. Let s : OX Ñ OZ ãÑ F be the composition. Consider a
subsheaf G Ď F of dimension ď q. By adjunction, the inclusion map G ãÑ

HomXpI
r,OZq corresponds to a map G b Ir Ñ OZ , which is zero since OZ P

Cohěq`1pXq. Hence G “ 0. This means that F P Cohěq`1pXq. Therefore
pF, sq is a PTq-stable pair. �

Remark 2.5. Some results in this paper hold for d-dimensional pairs. For a
coherent sheaf F on X with a d-dimensional support, a section s : OX Ñ F ,
and any q P t´1, 0, . . . , d´ 1u, we define the pair pF, sq to be PTq-stable if

F P Cohěq`1pXq and Q :“ cokerpOX
s
ÝÑ F q P CohďqpXq.

Then Lemma 2.3 and Proposition 2.4 hold for d-dimensional PTq pairs as well
(as is immediately obvious from the proofs). However, most parts of the paper
require d “ 2, so we restrict to this case.
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2.2. Special cases. Given a PT0 pair pF, sq on an n-dimensional smooth pro-
jective variety X, we may consider the following two special cases:

(1) pF, sq is additionally DT-stable, i.e. s : OX Ñ F is surjective.
(2) pF, sq is additionally PT1-stable, i.e. F is pure.

The first case (1) is very clear. It consists of 2-dimensional subschemes Z Ă X
with no (possibly embedded) 0-dimensional components. The second case (2)
is more interesting. This case depends on the singularities of the support.

Proposition 2.6. Let S be a pure 2-dimensional subscheme of X. Then the
following three conditions are equivalent:

piq S is not Cohen-Macaulay.
piiq E xtn´1

X pOS, KXq ‰ 0.
piiiq There exists a PT0 pair pF, sq with support S and non-zero cokernel Q.

Furthermore, for any m ě 0, the PT0 pairs pF, sq with support S and χpQq “ m
are in bijective correspondence with the closed points of the Quot scheme

QuotXpE xt
n´1
X pOS, KXq,mq

parametrizing length m quotients of the 0-dimensional sheaf E xtn´1
X pOS, KXq.

Proof. Since S is pure, E xtiXpOS, KXq “ 0 for i ‰ n´2, n´1 and E xtn´1
X pOS, KXq

is 0-dimensional [HL, Prop. 1.1.6, 1.1.10]. Let i : S ãÑ X denote the inclusion
map. Since RHomXpOS, KXq “ Ri˚i

!KX , we have E xtn´1
X pOS, KXq “ 0 if and

only if S is Cohen-Macaulay.
For any 0-dimensional sheaf Q, we have

(5) Ext1
XpQ,OSq – HomXpE xt

n´1
X pOS, KXq, Q

D
q

where QD :“ E xtnXpQ,KXq. Hence (iii) implies (ii). On the other hand, if
E xtn´1

X pOS, KXq ‰ 0, we can always find a closed point P P X in the support
of E xtn´1

X pOS, KXq and a non-zero map E xtn´1
X pOS, KXq Ñ OP . By (5), we

find a non-split extension in Ext1
XpOD

P ,OSq ‰ 0 from which we obtain a PT0

pair pF, sq with non-zero cokernel. By Lemma 2.3, the support of this PT0 pair
is S. This proves (ii) ùñ (iii).

Finally, it follows from (5) that there exists a bijection between the collec-
tions

´

ğ

Q

Ext1
XpQ,OSq

¯

{ –,
´

ğ

Q

HomXpE xt
n´1
X pOS, KXq, Qq

¯

{ –

where the union is over all 0-dimensional sheaves on X and we divide out by
isomorphisms. This bijection is obtained by dualizing the short exact sequence
0 Ñ OS Ñ F Ñ Q Ñ 0. Since F is pure if and only if E xtn´1

X pF,KXq is 0-
dimensional and E xtnXpF,KXq “ 0 [HL, Prop. 1.1.10], it follows that the short
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exact sequences with F pure correspond precisely to the surjective morphisms.
The result follows. �

Now consider a PT1 pair pF, sq. We can similarly consider the following two
special cases:

(3) pF, sq is additionally PT0-stable, i.e. Q is 0-dimensional.
(4) F is additionally reflexive.

Case (3) is exactly case (2) above. Case (4) is a “dual” version of case (1)
above, in the sense of the following proposition:

Proposition 2.7. Let pF, sq be a pair of a coherent sheaf F on X and a section
s : OX Ñ F .

p1q If pF, sq is PT0-stable and χpF q is minimal among all PT0 pairs with
Chern characters chn´2pF q and chn´1pF q, then pF, sq is DT-stable.

p2q If pF, sq is PT1-stable and χpF q is maximal among all PT1 pairs with
Chern characters chn´2pF q and chn´1pF q, then F is reflexive.

In Proposition 2.14, we will show that χpF q is bounded below for DT and
PT0 pairs pF, sq with fixed Chern characters chn´2pF q and chn´1pF q, and
bounded above in the PT1 case.

Proof of Proposition 2.7. (1) Form the short exact sequence

0 // OZ
// F // Q // 0,

where Z is the support of F and Q is the cokernel of s. Then we have

chn´2pOZq “ chn´2pF q, chn´1pOZq “ chn´1pF q, and χpOZq “ χpF q´χpQq.

Since pOZ , 1 : OX � OZ) is a PT0 pair, and χpF q is minimal, we have Q “ 0.
Therefore pF, sq is a DT pair.

(2) Consider the canonical map

θF : F Ñ FDD.

The purity of F implies E xtn´1
X pF,KXq P Cohď0pXq and E xtnXpF,KXq “ 0 by

[HL, Prop. 1.1.10]. Moreover, the spectral sequence

E xtpXpE xt
´q
X pF,KXq, KXq ñ F

in [HL, Lem. 1.1.8] gives us a short exact sequence

0 // F // FDD // E xtn´1
X pF,KXq

D // 0,

where E xtn´1
X pF,KXq

D P Cohď0pXq. Hence pFDD, θF ˝ sq is also a PT1 pair
such that

χpFDD
q “ χpF q ` χpE xtn´1

X pF,KXq
D
q ě χpF q.
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Since χpF q is maximal, we have F “ FDD. �

2.3. Associated complexes. Let X be a smooth projective variety of dimen-
sion n. Given a PTq pair pF, sq on X, we can form an associated complex

I‚ :“ rOX
s
ÝÑ F s,

with OX in degree zero. We view I‚ as an element of Db
cohpXq — the bounded

derived category of coherent sheaves on X. In this subsection, we analyze PTq

pairs in terms of the associated complex I‚.
We first note that a PTq pair is equivalent to its associated complex.

Lemma 2.8. Assume X is a smooth projective variety of dimension n ě 4.
Consider two PTq pairs pF1, s1q and pF2, s2q. Then the two associated com-

plexes I‚1 :“ rOX
s1
ÝÑ F1s and I‚2 :“ rOX

s2
ÝÑ F2s are quasi-isomorphic if and

only if the two PTq pairs pF1, s1q and pF2, s2q are isomorphic.

Proof. The proof is analogous to [PT1, Prop. 1.21]. Since

Extď1
X pF1,OXq – Hěn´1

pX,F1 bKXq
˚
“ 0,

by F1 P Cohď2pXq, the map

C “ HomXpOX ,OXq Ñ HomXpI
‚

1,OXq

is an isomorphism. Therefore, any quasi-isomorphism φ : I‚1 Ñ I‚2 can be
completed to an isomorphism of distinguished triangles

I‚1 //

φ

��

OX
s1
//

c

��

F1
//

ψ

��

I‚2 // OX
s2
// F2

//

for some dotted arrows c and ψ. Since c P ΓpX,O˚
Xq “ C˚ is a non-zero

constant, c´1 ¨ ψ : F1 Ñ F2 is an isomorphism of sheaves with ψps1q “ s2. �

We show that a PT0 pair, for which the pure part of its scheme theoretic
support is Cohen-Macaulay, can be expressed by a map from a DT pair to a
1-dimensional pure sheaf.

Proposition 2.9. For any PT0 pair pF, sq on X such that S “ SupppF qpure

is Cohen-Macaulay, we have a natural quasi-isomorphism

(6) I‚ – rIS{X Ñ T1pF qs,

where T1pF q is zero or pure 1-dimensional and IS{X denotes the ideal sheaf of
S in X.
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In particular, when dimpXq “ 3, we have IS{X “ OXp´Sq and

I‚ – rOX Ñ T1pF qpSqsp´Sq

which, for T1pF q ‰ 0, is a 1-dimensional stable pair on X as in [PT1].

Proof. We may assume T1pF q ‰ 0, because otherwise the result is immediate
from Proposition 2.6. Note that F {T1pF q is a pure 2-dimensional sheaf and
T1pF q is a pure 1-dimensional sheaf. Hence the support of the PT0-stable
pair OX Ñ F {T1pF q is also pure. Let Z “ SupppF q, so S “ Zpure. Since
T1pOZq “ IS{Z by definition, the support of the PT0 pair OX Ñ F {T1pF q is S.
By Proposition 2.6 above, we obtain the desired isomorphism OS – F {T1pF q.
Moreover, since the commutative square

IS{X //

��

T1pF q

��

OX
// F

is cartesian and cocartesian, we have the desired quasi-isomorphism (6). �

Dually, PT1 pairs (with Cohen-Macaulay support) can be expressed by maps
between 1-dimensional pure sheaves and DT pairs.

Proposition 2.10. For any PT1 pair pF, sq on X with Cohen-Macaulay sup-
port S, we have a natural quasi-isomorphism

I‚ – conepQr´2s Ñ IS{Xq,

where the cokernel Q is zero or pure 1-dimensional.

Proof. The quasi-isomorphism follows from the canonical distinguished triangle

IS{X // I‚ // Qr´1s // IS{Xr1s.

Thus it suffices to assume Q ‰ 0 and show it is pure 1-dimensional. Applying
HomXpT0pQq,´q to the short exact sequence 0 Ñ OS Ñ F Ñ Q Ñ 0, we
obtain a long exact sequence

¨ ¨ ¨ // HomXpT0pQq, F q // HomXpT0pQq, Qq // Ext1
XpT0pQq,OSq // ¨ ¨ ¨ .

By purity of F and Proposition 2.6, we deduce T0pQq “ 0, which implies that
Q is pure 1-dimensional. �

For PT1 pairs with Gorenstein support, we also have the following charac-
terization.
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Proposition 2.11. For any PT1 pair pF, sq on X with Gorenstein support S
and non-zero cokernel Q, we have a natural quasi-isomorphism

(7) F_ bKXrn´ 2s – rOS Ñ QD
bK_

S s bKS

where QD :“ E xtn´1
X pQ,KXq is a pure 1-dimensional sheaf supported on S.

Moreover, this induces an equivalence between PT1 pairs supported on S with
non-zero cokernel and 1-dimensional PT pairs on S.

Proof. Since S is Gorenstein, we have RHomXpOS, KXq – KSr´pn ´ 2qs.
Moreover, Q is pure 1-dimensional by Proposition 2.10. Applying the functor
RHomXp´, KXq to the short exact sequence 0 Ñ OS Ñ F Ñ Q Ñ 0, we
obtain a distinguished triangle

F_ bKXrn´ 2s // KS
// QD // F_ bKXrn´ 1s,

which implies the desired quasi-isomorphism (7).
Since Q is pure 1-dimensional, we have Q – QDD and QD is pure 1-

dimensional as well. Moreover F is pure, hence the cokernel E xtn´1
X pF,KXq of

the map KS Ñ QD is 0-dimensional. It is easy to see that all these operations
are invertible thereby establishing an equivalence. �

The equivalence in Proposition 2.11 implies that PT1 pairs on Gorenstein
(and smooth) supports have simple descriptions. Fix a 2-dimensional pure
subscheme S of X.

Corollary 2.12. Assume that S is Gorenstein. A PT1 pair pF, sq on X with
support S and non-zero cokernel is equivalent to a pair pC, tq where C Ă S is
a pure 1-dimensional subscheme and t : ωC � R is a 0-dimensional quotient.

Proof. By the previous lemma, we may view a PT1 pair on X with support S
and non-zero cokernel as a 1-dimensional PT pair on S. The support of this
stable pair is a 1-dimensional pure subscheme C Ă S and the stable pair is
determined by a short exact sequence

0 Ñ OC Ñ GÑ QÑ 0,

whereG is pure 1-dimensional andQ is 0-dimensional. ApplyingRHomSp´, KSq

and using E xt2SpG,KSq “ 0 (purity of G), we obtain a quotient

t : ωC “ E xt1SpOC , KSq� E xt2SpQ,KSq.

Note that applying RHomSp´, KSq again, and using the fact that ODD
C – OC

and OD
C is pure 1-dimensional, we can recover the original 1-dimensional PT

pair on S, and hence PT1 pair on X. �
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Corollary 2.13. Assume that S is smooth. A PT1 pair pF, sq on X with
support S and non-zero cokernel is equivalent to a pair pC,Zq of an (non-zero)
effective divisor C Ď S and a 0-dimensional subscheme Z Ď C.

Proof. Since any pure 1-dimensional subscheme C of a smooth surface S is a
local complete intersection, C is Gorenstein and KC is invertible. Hence the
proof follows directly from Corollary 2.12. �

2.4. Numerical bounds. Let X be a smooth projective variety of dimension
n with fixed very ample line bundle OXp1q. For any coherent sheaf F on X,
we denote its Hilbert polynomial by

PF ptq “
ÿ

iě0

αipF q ¨
ti

i!
,

where α0pF q “ χpF q is the Euler characteristic. In this subsection, we derive
boundedness results on αipF q for PTq pairs pF, sq which are crucial in the GIT
construction in subsection 3.2.

Proposition 2.14. Fix rational numbers α2 ą 0 and α1.

p1q For each q P t´1, 0, 1u, the set

tα1pF q : PTq pairs pF, sq such that α2pF q “ α2u

is bounded below.
p2q The two sets

tχpF q : DT pairs pF, sq such that α2pF q “ α2, α1pF q “ α1u

tχpF q : PT0 pairs pF, sq such that α2pF q “ α2, α1pF q “ α1u

are bounded below, and the set

tχpF q : PT1 pairs pF, sq such that α2pF q “ α2, α1pF q “ α1u

is bounded above.

Proof. (1) The DT case is shown in [Pot1, Cor. 2.13]. The PT0 case follows
directly from the DT case by considering the short exact sequence 0 Ñ OZ Ñ

F Ñ QÑ 0 since α2pF q “ α2pOZq and α1pF q “ α1pOZq. Finally, the PT1 case
also follows directly from the DT case by considering the short exact sequence
0 Ñ OS Ñ F Ñ QÑ 0 since α2pF q “ α2pOSq and α1pF q ě α1pOSq.

(2) (DT) Choose a DT pair pOZ , 1 : OX � OZq such that α2pOZq “ α2,
α1pOZq “ α1, and χpOZq ă 0. Consider the map

(8) pXzZqr´χpOZqs Ñ HilbpX, 1
2
α2t

2
` α1tq : W ÞÑ Z \W



24 Y. BAE, M. KOOL, H. PARK

from the Hilbert scheme of points to the Hilbert scheme of closed subschemes
with Hilbert polynomial v “ 1

2
α2t

2 ` α1t. Since the map (8) is injective and
the Hilbert scheme HilbpX, vq is of finite type, the Euler characteristic χpOZq

has a lower bound which only depends on X, α2, and α1.

(PT0) Given a PT0 pair pF, sq, we can form a short exact sequence

0 // OZ
// F // Q // 0,

where Z is the support of F and Q is the cokernel of s. Since

α2pF q “ α2pOZq, α1pF q “ α1pOZq, and χpF q “ χpOZq ` χpQq,

a lower bound in the case (DT) also gives us a lower bound for the case (PT0).

(PT1). Choose a PT1 pair pF, sq and form a short exact sequence

0 // OS
// F // Q // 0,

where S is the support of F and Q is the cokernel of s. By Lemma 2.15(2)
below, it suffices to show that µminpF q is bounded below. Note that there exists
a surjective map F � Fmin to a 2-dimensional µ-semistable sheaf Fmin such
that µminpF q “ µpFminq. We can assume that Fmin is pure. We can form an
induced short exact sequence

0 // OZ
// Fmin

// R // 0

for a subscheme Z Ď S and a quotient sheaf Q� R. Note that we have

µminpOSq ď µminpOZq ď µpFminq “ µminpF q

(cf. [HL, Lem. 1.3.3]). Since S is pure, the minimal slope µminpOSq is bounded
below by [Pot1, Cor. 2.13]. Therefore µminpF q is also bounded below. �

We need the following lemma to complete the proof of Proposition 2.14(2)
for PT1 pairs.

Lemma 2.15. Let X be a smooth projective variety with a fixed very ample
line bundle OXp1q and let α2, α1 be rational numbers such that α2 ą 0.

p1q The set of integers
"

α0 :
µ-stable reflexive sheaves F on X such that

PF ptq “
1
2
α2t

2 ` α1t` α0

*

is bounded above.
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p2q For a fixed rational number C, the set of integers
"

α0 :
pure sheaves F on X such that

PF ptq “
1
2
α2t

2 ` α1t` α0 and µminpF q ě C

*

is bounded above.

Proof. (1) The proof is similar to [GK, Prop. 3.6(2)]. Choose a µ-stable reflex-
ive sheaf F with PF ptq “

1
2
α2t

2 ` α1t` α0. Assume that α0 ą 0. Let Z be the

support of F . Let U Ď Zred be a non-empty smooth connected open subscheme
of the reduced subscheme Zred of Z . After shrinking U to a possibly smaller
non-empty open subscheme, we may assume that F |U – O‘r

U is a trivial vector
bundle on U .

We first claim that there is a map

Φ : U rα0s ÑMµ
pX, 1

2
α2t

2
` α1tq

from the Hilbert scheme of points on U to the moduli space of µ-stable pure
sheaves on X such that there is a short exact sequence

(9) 0 // ΦpW q // F // OW
// 0,

for all W P U rα0s. Indeed, let W Ď U rα0s ˆ U Ď U rα0s ˆ X be the universal
family. Then we have a surjective map OU rα0s b F |U � OU rα0sˆU � OW
induced by some projection map O‘r

U Ñ OU . Hence we can form a short exact
sequence

(10) 0 // F 1 // OU rα0s b F // OW // 0

of sheaves on U rα0s ˆX, which are flat over U rα0s. Hence F 1 defines the map
Φ and by taking the fibres of (10) over W P U rα0s, we obtain (9). From (9)
and the fact that F is reflexive, it follows that ΦpW q is pure 2-dimensional and
ΦpW qD – FD. Moreover, ΦpW q – F P Coh2,1pXq :“ Cohď2pXq{Cohď0pXq so
that ΦpW q is µ-stable.

We then claim that the map Φ is injective. Choose two 0-dimensional closed
subschemes W1,W2 Ď U and let Fi “ ΦpWiq for both i “ 1, 2. Assume

that there is an isomorphism φ : F1
–
ÝÑ F2 of sheaves. Then we can form a

commutative square

F1

φ

��

� � // FDD
1

φDD

��

F
–
oo

ψ

��

F2
� � // FDD

2 F
–
oo



26 Y. BAE, M. KOOL, H. PARK

since FDD
1 – FDD – FDD

2 and F is reflexive. Since F is µ-stable, F is stable,
and thus simple, i.e. HomXpF, F q “ C. Therefore by replacing φ by c ¨ φ for
some constant c P C˚, we may assume that the dotted arrow ψ is the identity
map idF . Hence F1 – F2 as subsheaves of F , and thus the cokernels are
isomorphic, OW1 – OW2 . Therefore W1 “ W2 and Φ is injective.

Since Φ is injective and dimpU rα0sq ě dimpUq ¨α0, the Euler characteristic α0

is bounded above by the dimension of the finite type scheme MµpX, 1
2
α2t

2 `

α1tq. This proves (1).

(2) Case 1. We first show that

tα0 : µ-stable pure sheaves F on X such that PF ptq “
1
2
α2t

2
` α1t` α0u

is bounded above. Let F be a µ-stable pure sheaf with PF ptq “
1
2
α2t

2`α1t`α0.
Since F is pure, we can form a short exact sequence

0 // F // FDD // R // 0

for some 0-dimensional sheaf R by [HL, Prop. 1.1.10]. Then FDD is a re-
flexive µ-stable sheaf with PFDDptq “

1
2
α2t

2 ` α1t ` pα0 ` χpRqq. Since
α0pF

DDq “ α0 ` χpRq is bounded above by Lemma 2.15(1), α0pF q is also
bounded above.

Case 2. We then show that

tα0 : µ-semistable pure sheaves F on X such that PF ptq “
1
2
α2t

2
` α1t` α0u

is bounded above. Choose a µ-semistable pure sheaf F with PF ptq “
1
2
α2t

2 `

α1t` α0. Consider the Jordan-Hölder filtration

0 “ F0 Ď F1 Ď ¨ ¨ ¨ Ď Fl “ F

of F with respect to µ-stability [HL, Thm. 1.6.7(ii)]. Since F is pure, we can
assume that all Fi{Fi´1 are also pure. Since each Fi{Fi´1 is a µ-stable pure
sheaf with the slope µpFi{Fi´1q “ µpF q, the result in Case 1 proves Case 2 by
induction.

Case 3. Finally, we consider the general case. Let F be a pure sheaf with
PF ptq “

1
2
α2t

2 ` α1t` α0. Choose a Harder-Narasimhan filtration

0 “ F0 Ď F1 Ď ¨ ¨ ¨ Ď Fl “ F

of F with respect to the µ-stability [HL, Thm. 1.6.7(i)]. Since F is pure, we
may assume that Fi{Fi´1 are µ-semistable pure sheaves. If α2pF q, α1pF q are
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fixed and µminpF q is bounded below, then there are only finitely many possible
α1pFi{Fi´1q (and α2pFi{Fi´1q). Therefore

α0pF q “
ÿ

i

α0pFi{Fi´1q

is also bounded above by the result in Case 2. �

3. Moduli spaces

In this section, we construct moduli spaces of PTq pairs via geometric in-
variant theory and prove that they are open subschemes of the moduli space
of perfect complexes parametrizing polynomially Bridgeland stable objects.

3.1. Moduli stack of pairs. In this subsection, we introduce the moduli stack
of all pairs and prove that the PTq-stability conditions are bounded and open
conditions.

Definition 3.1. Let X be a smooth projective variety over C.

(1) We define the moduli stack of pairs on X as a 2-functor

ČPairpXq : Schop
C Ñ Groupoid

sending a scheme T to the groupoid of (not necessarily 2-dimensional)
pairs pF, sq of T -flat coherent sheaves F on X ˆ T and sections s P
ΓpX ˆ T, F q. The morphisms pF1, s1q Ñ pF2, s2q in the groupoid are
isomorphisms φ : F1 Ñ F2 of sheaves such that φps1q “ s2.

(2) We define the moduli stack of non-zero pairs on X as the substack

PairpXq ĎČPairpXq

consisting of the pairs pF, sq such that st ‰ 0 P ΓpX,Ftq for all t P T .

The moduli stacks ČPairpXq and PairpXq are algebraic stacks. Moreover,
they have explicit descriptions as unions of open substacks which are global
quotient stacks. We will now review the proofs of these facts.

Let us first fix some notation. Let X be a smooth projective variety of
dimension n with a fixed very ample line bundle OXp1q. Fix v P H˚pX,Qq and
let Pvptq P Qrts be the associated Hilbert polynomial. Choose an integer m.
Fix a vector space V of dimension Pvpmq. Let

(11) Q :“ QuotpX, V bOXp´mq, vq

be the Quot scheme of quotients ρ : V bOXp´mq� F with chpF q “ v. Let

(12) V bOQ bOXp´mq� F
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be the universal quotient on QˆX and let π : QˆX Ñ Q be the projection
map. Consider the open subscheme

(13) Q˝ :“
!

pF, ρq P Q : V
–
Ñ H0

pX,F pmqq and H i
pX,F pmqq “ 0 @i ą 0

)

,

where V Ñ H0pX,F pmqq is the map induced by ρ. Then the canonical map

(14) V bOQ Ñ Rπ˚pFpmqq
induced by (12) is an isomorphism over Q˝.

Proposition 3.2. The moduli stack PairpXq has the following properties:

p1q We have a decomposition

PairpXq “
ğ

vPH˚pX,Qq

PairpX, vq

by disjoint open substacks PairpX, vq consisting of the pairs pF, sq on
X with chpF q “ v P H˚pX,Qq.

p2q We have

PairpX, vq “
ď

mě0

PairpX, vqm

for open substacks PairpX, vqm consisting of the pairs pF, sq on X such
that F pmq is globally generated and Hą0pX,F pmqq “ 0.

p3q We have a global quotient stack presentation

PairpX, vqm “ rPQ˝pRπ˚Fq{PGLpV qs .

where PQ˝pRπ˚Fq :“ Proj Symh0ppRπ˚Fq_q denotes the projective cone.

Consequently, the moduli stack PairpXq is an algebraic stack (locally of finite
type).

Proof of Proposition 3.2. Let C ohpXq denote the moduli stack of coherent
sheaves on X. Then

C ohpXq “
ğ

vPH˚pX,Qq

C ohpX, vq and C ohpX, vq “
ď

mě0

C ohpX, vqm

for open substacks C ohpX, vqm Ď C ohpX, vq Ď C ohpXq such that

C ohpX, vqpCq “ tF P C ohpXqpCq : chpF q “ v P H˚
pX,Qqu,

C ohpX, vqmpCq “
"

F P C ohpX, vqpCq :
F pmq globally generated and
H ipX,F pmqq “ 0 for all i ą 0

*

.

Let FC be the universal family on C ohpXq ˆX and let πC : C ohpXq ˆX Ñ

C ohpXq be the projection map. Then RπC˚ pFCpmqq is a vector bundle over



COUNTING SURFACES ON CALABI-YAU 4-FOLDS I 29

C ohpX, vqm and the associated GLPvpmq bundle is exactly Q˝. Hence we have
a global quotient stack presentation (see also [LMB, Thm. 4.6.2.1])

C ohpX, vqm “ rQ˝
{GLpV qs .

By definition, the moduli stack of pairs is the abelian cone

ČPairpXq “ CpE xtnπC pF
C , KXqq “ Spec Sym E xtnπC pF

C , KXq

associated to the coherent sheaf E xtnπC pF
C , KXq “ h0ppRπC˚ FCq_q on C ohpXq

and the moduli stack of non-zero pairs is the complement

PairpXq “ČPairpXqz0C ohpXq Ď
ČPairpXq

of the zero section 0C ohpXq : C ohpXq ãÑ ČPairpXq. Hence, we have (1) and
(2) for the open substacks PairpX, vq :“ PairpXq ˆC ohpXq C ohpX, vq and
PairpX, vqm :“ PairpXq ˆC ohpXq C ohpX, vqm. Moreover, we have a global
quotient stack presentation

PairpX, vqm “ rpCQ˝pE xt
n
πpF, KXqqz0Q˝q{GLpV qs “ rPQ˝pRπ˚Fq{PGLpV qs

since PGLpV q “ GLpV q{Gm. �

Proposition 3.3. There exists an open substack PairpqqpX, vq of PairpX, vq,
for any q P t´1, 0, 1u, such that the C-points are given by

PairpqqpX, vqpCq “ tpF, sq P PairpX, vq : pF, sq is PTq-stableu

Moreover, the moduli stack PairpqqpX, vq is an algebraic space of finite type.

We will prove Proposition 3.3 through three steps. We first prove that PTq

pairs are simple pairs.

Lemma 3.4. For any PTq pair pF, sq on X, we have

AutPairpXqpF, sq “ 1.

Proof. Consider the short exact sequence of sheaves

0 // OZ
// F // Q // 0

where Z is the support of F and Q is the cokernel of s. By the PTq-stability
condition, we have HomXpQ,F q “ 0. Hence we have an injective map

(15) HomXpF, F q ÝÑ HomXpOZ , F q “ ΓpX,F q : φ ÞÑ φpsq.

Since AutPairpXqpF, sq is the fibre of the above map (15) over the point s P
ΓpX,F q, the automorphism group AutPairpXqpF, sq is trivial. �

Secondly, we prove that the collection of PTq pairs is bounded.
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Lemma 3.5. The collection of sheaves

tF P C ohpX, vqpCq : Ds P ΓpX,F q such that pF, sq is PTq-stableu

for fixed X and v is bounded in the sense of [Gro2, Def. 1.1].

Proof. The boundedness of the DT “ PT´1 pairs follows from [Gro2, Thm. 2.1]
and the boundedness of the PT “ PT1 pairs follows from [Pot1, Thm. 4.11].
Thus it suffices to consider the PT0 pairs.

Given a PT0 pair pF, sq with chpF q “ v, let Z be the support of F and Q
the cokernel of s. By Proposition 2.14(2) for DT-stability, χpOZq is bounded
below. On the other hand χpOZq is bounded above since χpQq ě 0. Moreover,
chipOZq “ chipF q for i ă n. Hence there are only finitely many possible
Chern characters chpOZq, and the collection of all such OZ is bounded by
[Gro2, Thm. 2.1]. Therefore, there exists an integer m such that for all OZ

as above, we have H ipX,OZpm ´ iqq “ 0 for all i ą 0. For any PT0 pair
pF, sq with chpF q “ v, we then also have H ipX,F pm ´ iqq “ 0 for all i ą 0
(H ipX,Qpm ´ iqq is automatically zero since Q is 0-dimensional). By [HL,
Lem. 1.7.6], we deduce the required boundedness for PT0 pairs. �

The proof of Lemma 3.5 also proves the following lemma, which will be used
in the proof of Proposition 3.17 in the next subsection.

Lemma 3.6. The collection of sheaves

tF P C ohpX, vqpCq : Ds P ΓpX,F q such that cokerpOX
s
ÝÑ F q P Cohď0pXqu

for fixed X and v is bounded.

Lastly, we show that the PTq-stability conditions are open.

Lemma 3.7. Let pF, sq be a T -flat family of pairs on X parametrized by a
scheme T of finite type over C. Then

tt P T pCq : the fibre pFt, stq of pF, sq is PTq-stableu

is a Zariski open subset of T pCq.

Proof. We first show that the condition

Qt :“ cokerpOX
st
ÝÑ Ftq P CohďqpXq

is an open condition. By [Gro2, Prop. 1.2(i)], the set tPQt : t P T pCqu of Hilbert
polynomials is finite. Hence the result follows from upper semi-continuity of
Hilbert polynomials of non-flat families of coherent sheaves.

Now we consider the second condition

Ft P Cohěq`1pXq.
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Firstly, if q “ ´1, then this condition is always satisfied. Secondly, if q “ 1,
this condition is open by the openness of purity [HL, Prop. 2.3.1]. Finally,
assume that q “ 0. We show that the set of the Hilbert polynomials

(16) tPFt{T0pFtq : t P T pCqu
is finite. It suffices to show that χpT0pFtqq is bounded above. Note that the
short exact sequence 0 Ñ T0pFtq Ñ Ft Ñ Ft{T0pFtq Ñ 0 induces a short exact
sequence

0 // E xtnXpFt{T0pFtq, KXq // E xtnXpFt, KXq // E xtnXpT0pFtq, KXq // 0

of 0-dimensional sheaves by [HL, Prop. 1.1.6]. Then we have

χpT0pFtqq “ χpE xtnXpT0pFtq, KXqq ď χpE xtnXpFt, KXqq ď dimC ExtnXpFt, KXq

where πT : XˆT Ñ T is the projection map, it : ttu ãÑ T is the inclusion map,
and the last inequality follows from the local-to-global spectral sequence. Since
ExtnXpFt, KXq are the fibres of the coherent sheaf E xtnπT pF,KXq on a scheme
T of finite type, their dimensions are bounded above.

Since, for any t P T pCq, the relative Quot schemes

QuotpX ˆ T {T, F, PFt{T0pFtqq Ñ T

are proper over T , their images are closed. The claim follows from finiteness
of (16). �

Proposition 3.3 follows directly from the above results.

Proof of Proposition 3.3. By Lemma 3.7, we can form PairpqqpX, vq as an open

substack of PairpX, vq. Then Lemma 3.4 proves that PairpqqpX, vq is an

algebraic space and Lemma 3.5 proves that PairpqqpX, vq is of finite type. �

Remark 3.8. By [Gro2, Pot1], the moduli spaces PairpqqpX, vq of PTq pairs
are projective schemes for q “ ´1 and q “ 1. In the next subsection, we will
show that the space Pairp0qpX, vq is also a projective scheme.

We end this subsection with a remark on the natural derived enhancement
of the moduli stack of pairs. This derived structure will not be used in the rest
of the paper.

Remark 3.9. There is a derived stack RČPairpXq whose classical truncation

is ČPairpXq and the tangent complex at a point pF, sq is

T
RČPairpXq

|pF,sq “ RHomXpI
‚, F q

where I‚ “ rOX
s
ÝÑ F s. We sketch the construction here. Recall that there

exists a derived moduli stack RC ohpXq of coherent sheaves as an open substack
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of the derived moduli stack RPerfpXq of perfect complexes. Let F denote the
universal family on RC ohpXq and let π : RC ohpXq ˆX Ñ RC ohpXq denote
the projection map. Define the derived moduli stack of pairs as the total space

RČPairpXq :“ TotRC ohpXqpRπ˚Fq

of the perfect complex Rπ˚F on RC ohpXq. Moreover, the derived loop stack

L
RČPairpXq,pF,sq

:“ Spec pCq ˆh
pF,sq,RČPairpXq,pF,sq

Spec pCq

is an open substack of the fibre of the map between derived linear stacks

TotpRHomXpF, F qq
s
ÝÑ TotpRHomXpOX , F qq

at the point s P HomXpOX , F q. From the distinguished triangle

RHomXpI
‚, F qr´1s // RHomXpF, F q

s
// RHomXpOX , F q

the cotangent complex can be computed as

T
RČPairpXq

|pF,sq – TL
RČPairpXq,pF,sq

|0r1s – RHomXpI
‚, F q.

3.2. Geometric invariant theory. In this subsection, we construct mod-
uli spaces of PTq pairs as projective schemes via geometric invariant theory.
Although we largely follow [Pot1], our arguments differ since the underlying
sheaves F of PTq-stable pairs pF, sq are not pure for q “ ´1, 0. Our approach
is inspired by [ST].

Theorem 3.10. Let X be a smooth projective variety and v P H˚pX,Qq. Then
there exists a projective scheme M, an action of PGLN on M, and SLN -
equivariant ample line bundles Lpqq P PicSLN pMqQ, for each q P t´1, 0, 1u,
such that

PairpqqpX, vq “ rMst
pLpqqq{PGLN s “ rMss

pLpqqq{PGLN s.

In particular, the moduli spaces PairpqqpX, vq are the GIT quotients M{{LpqqSLN
and hence projective schemes.

The rest of this subsection is devoted to the proof of Theorem 3.10. By
the boundedness result in Lemma 3.5, we have PairpqqpX, vq Ď PairpX, vqm
for sufficiently large m. Denoting the Hilbert polynomial determined by v by
Pvptq, we then define

V :“ CPvpmq, Rm :“ ΓpX,OXpmqq.

We use the notation from subsection 3.1 (e.g., the Quot scheme Q in (11),
the universal family (12), and the open subscheme Q˝ in (13)). Moreover, by
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Proposition 3.2, we have a presentation of the moduli stack as a global quotient
stack,

PairpX, vqm “ rPQ˝pRπ˚Fq{PGLpV qs.

We would like to use geometric invariant theory on PQ˝pRπ˚Fq. Thus we
need to consider a PGLpV q-equivariant compactification of PQ˝pRπ˚Fq and
linearizations on it.

We define the parameter space M as follows:

Definition 3.11. Define a projective scheme

M :“ PQ˝pRπ˚Fq Ď Qˆ PpV bR˚mq
as the closure of PQ˝pRπ˚Fq in Qˆ PpV bR˚mq with respect to the embedding

(17) PQ˝pRπ˚Fq �
�

// PQ˝pRπ˚pFpmqq bR˚mq

PQ˝pOQ˝ b V bR
˚
mq

?�

–

OO

� � // Qˆ PpV bR˚mq.

Here the first map in (17) is the closed embedding induced by the canonical
map

ΓpX,OXpmqq bRπ˚FÑ Rπ˚pFpmqq,
the second map in (17) is an isomorphism induced by the canonical map (14),
and the last map in (17) is the open embedding induced by Q˝ ãÑ Q.

Remark 3.12. The parameter space M in this paper is larger than the param-
eter space of Le Potier in [Pot1, Pot2]. Le Potier considered QpureˆPpV bR˚mq
where Qpure Ď Q is the closure of the open subscheme Qpure Ď Q. The dif-
ference arises from the fact that we want to realize all three moduli spaces
PairpqqpX, vq for q “ ´1, 0, 1, as GIT quotients of the same scheme M by the
same group PGLpV q (with respect to different linearizations).

We consider the linearizations Lgptq,l on M defined as follows:

Definition 3.13. For a sufficiently large l, consider the standard Grothendieck
embedding into the Grassmannian

Q ãÑ G :“ G rasspV bRl´m, Pvplqq : pF, ρq ÞÑ pV bRl´m � ΓpX,F plqqq.

Fix a polynomial gptq P Qrts with positive leading coefficient. Define the
SLpV q-equivariant very ample line bundle

Lgptq,l :“ OGp1q|Q b OPpVbR˚mqpgplqq P PicSLpV q
pMqQ,

where OGp1q is the polarization on G induced by the standard Plücker embed-
ding of G.
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We describe the Lgptq,l-stable points via the Hilbert-Mumford criterion.

Lemma 3.14. A point pF, ρ, sq in Q ˆ PpV b R˚mq is Lgptq,l-semistable if and
only if the following two conditions are satisfied:

p1q for all non-zero proper subspaces V 1 Ď V , we have

(18)
PF 1plq

dimpV 1q
ě
PF plq ´ gplq

dimpV q

where F 1 :“ ρpV 1 bOXp´mqq Ď F , and
p2q for all non-zero proper subspaces V 1 Ď V with s P V 1 bR˚m, we have

(19)
PF 1plq ´ gplq

dimpV 1q
ě
PF plq ´ gplq

dimpV q
,

where again F 1 :“ ρpV 1 bOXp´mqq Ď F .

Moreover, pF, ρ, sq is Lgptq,l-stable if and only if the above two inequalities hold
strictly.

Proof. This is standard by [HL, Lem. 4.4.3, Lem. 4.4.4] (see also [ST, Lem. 3.12]).
For completeness, we briefly go through the argument.

Note that Q has a right SLpV q-action and PpV b R˚mq has a left SLpV q-
action. Here we will use the left-action convention, i.e., φ ¨ pF, ρq “ pF, ρ ˝φ´1q

for φ P SLpV q.
Choose a 1-parameter torus λ : Gm Ñ SLpV q. Equivalently, choose a weight

decomposition
V “

à

iPZ
Vi

such that
ř

iPZ i dimpViq “ 0. Let Vďi :“
À

jďi Vj, Fďi :“ ρpVďi b OXp´mqq,

Fi :“ Fďi
Fďi´1

, and ρi : Vi b OXp´mq � Fi be the induced surjective map. Let

s “
ř

i si such that si P Vi b R˚m and let imax be the maximal integer i such
that si ‰ 0.

As in [HL, Lem. 4.4.3], the limit point is

lim
tÑ8

λptq ¨ pF, ρ, sq “ p
à

i

Fi,
à

i

ρi, simaxq.

Since the fibre of the line bundle Lgptq,l over a point pF, ρ, sq is given as

Lgptq,l|pF,ρ,sq “ detpH0
pX,F plqqq b Cxsyb´gplq

where Cxsy Ď V b R˚m is the subspace generated by s, we can easily compute
the Hilbert-Mumford weight

µλ
´1

Lgptq,lpF, ρ, sq “
ÿ

i

p´i ¨ PFiplq ` imax ¨ gplqq
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“
ÿ

i

ˆ

`

PFďiplq ´ dimpΓďiq ¨ gplq
˘

´
dimpVďiq

dimpV q
¨ pPF plq ´ gplqq

˙

where Γďi :“ Cxsy X pVďi bR˚mq.
By [MFK, Thm. 2.1], the point pF, ρ, sq is semistable if and only if

PF 1plq ´ dimpΓ1q ¨ gplq

dimpV 1q
ě
PF plq ´ gplq

dimpV q

for all proper subspaces V 1 Ď V , where F 1 :“ ρpV 1 b OXp´mqq and Γ1 :“
Cxsy X pV 1 bR˚mq. This completes the proof. �

We will focus on the following three types of linearizations:

Definition 3.15. Recall that Pvptq P Qrts is the Hilbert polynomial associated
to v P H˚pX,Qq.
(DT) For any rational number a ą 0, we define a polynomial

gp´1q
ptq :“ Pvptq ` a ¨ t

2.

(PT0) For any rational number 0 ă ε ă 1, we define a polynomial

gp0qptq :“ Pvptq ´ ε ¨ t.

(PT1) For any rational number 0 ă δ ă 1
2
, we define a polynomial

gp1qptq :“ Pvptq ´ δ ¨ t
2.

For each integer q P t´1, 0, 1u, we define a linearization

Lpqq :“ Lgpqqptq,l
for sufficiently large l.

Remark 3.16. We list the linearizations previously considered in the literature
[Pot1, Pot2, ST].

(1) In [Pot1], Le Potier considered OGpcqb OPpVbR˚mqp
ld

d!
q for c ą 1.

(2) In [Pot2], Le Potier considered OGp1 `
αpmq
Pvpmq

q b OPpVbR˚mqpPvplqq for

αptq P Qrts.
(3) In [ST], Stoppa-Thomas considered OGpcqb OPpVbR˚mqplq for c ą 0 (for

1-dimensional pairs).

The linearizations Lgptq,l in this paper are 2-dimensional versions of the lin-
earizations in [ST], which contain the linearizations in [Pot1] as a special case.
However our parameter space is larger than the one in [Pot1], as explained in
Remark 3.12.
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We now compare GIT stability for the line bundles Lpqq in Definition 3.15
and PTq-stability introduced in Definition 2.1.

Proposition 3.17. There exists an integer M which only depends on X and
v, and integers Lm which depend on X, v, and m such that for any m ě M ,
l ě Lm, and pF, ρ, sq PM, we have the following:

p1q pF, ρ, sq is Lpqq-semistable ùñ pF, ρq P Q˝ and pF, sq is PTq-stable;
p2q pF, ρq P Q˝ and pF, sq is PTq-stable ùñ pF, ρ, sq is Lpqq-stable.

We will consider the three stability conditions separately. We start with
PT0-stability.

Proof of Proposition 3.17 for PT0-stability.

(1) Assume that pF, ρ, sq is Lp0q-semistable.
We first claim that the induced map

Γpρpmqq : V Ñ ΓpX,F pmqq

is injective. Let V 1 be the kernel of the above map Γpρpmqq. Then the induced
sheaf F 1 :“ ρpV 1bOXp´mqq Ď F is zero. If V 1 ‰ 0, then the Lp0q-semistability
of pF, ρ, sq implies an inequality

0

dimpV 1q
ě

ε ¨ l

dimpV q

by Lemma 3.14(1). This leads to a contradiction for l ą 0. Hence V 1 “ 0.
We claim that pF, sq P PairpX, vq. More precisely, there exists a section

OX Ñ F that fits into the commutative diagram

C

s

��

// ΓpX,F q
� _

��

V bR˚m
� � Γpρpmqq

// ΓpX,F pmqq bR˚m

determined by the dotted arrow. Indeed, consider the open subscheme

Q‹ :“ tpF, ρq P Q : V
Γpρpmqq
ÝÝÝÝÑ ΓpX,F pmqq is injectiveu

of Q. Note that the restriction M|Q‹ of M is the closure of PQ˝pRπ˚Fq in
Q‹ ˆ PpV bR˚mq. Hence we can form a commutative diagram

M|Q‹
D

//
� _

��

PQ‹pRπ˚Fq� _

��

Q‹ b PpV bR˚mq
� � // PQ‹pRπ˚pFpmqq bR˚mq
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of closed embeddings of projective schemes over Q‹. By the result in the
previous paragraph, we have pF, ρ, sq PM|Q‹ , which proves the claim.

Next, we claim that Q :“ cokerpOX
s
ÝÑ F q P Cohď0pXq. Let

V 1 :“ V X ΓpX,OZpmqq in ΓpX,F pmqq,

where OZ :“ impOX
s
ÝÑ F q. Then the induced sheaf F 1 :“ ρpV 1 bOXp´mqq Ď

F is contained in OZ Ď F . Note that we have a commutative diagram

V 1 bR˚m
� � //

� _

��

ΓpX,OZpmqq bR
˚
m� _

s

��

ΓpX,OZq? _oo
� _

s

��

V bR˚m
� � ρpmq // ΓpX,F pmqq bR˚m ΓpX,F q? _oo

where the left square is cartesian. Hence we have s P V 1 b R˚m. By Lemma
3.14(2), we have inequalities

(20)
POZ plq ´ g

p0qplq

dimpV 1q
ě
PF 1plq ´ g

p0qplq

dimpV 1q
ě

ε ¨ l

dimpV q
,

for sufficiently large l, where the two collections

tOZ :“ impOX
s
ÝÑ F qu and tF 1 :“ impV 1 bOXp´mq

ρ
ÝÑ F qu

for fixed X, v, m are bounded by [Gro2, Prop. 1.2(i)]. Hence the set tPOZ ptqu
of Hilbert polynomials is finite. Since the leading coefficient of the left-hand
side of (20), as a polynomial in l, should be positive, we can take l sufficiently
large and deduce α2pOZq “ α2pF q and α1pOZq ą α1pF q ´ ε. Since ε ă 1, we
have α1pOZq “ α1pF q, and thus Q is 0-dimensional.

We now show that pF, ρq P Q˝. By Lemma 3.6, the collection of coherent
sheaves F with chpF q “ v and cokerpsq P Cohď0pXq is bounded for fixed X, v.
Hence we have Hą0pX,F pmqq “ 0 for sufficiently large m, as desired.

We finally claim that F P Cohě1pXq. Let T0pF q Ď F be the 0-dimensional
torsion sheaf and let

V 1 :“ ΓpX,T0pF qpmqq Ď ΓpX,F pmqq
–
ÐÝ V,

where the last isomorphism follows from the result in the previous paragraph.
Then the induced sheaf F 1 :“ ρpV 1 b OXp´mqq Ď F is T0pF q since the 0-
dimensional sheaf T0pF q is globally generated. If V 1 ‰ 0, then we have an
inequality

1 “
χpT0pF qq

χpT0pF qpmqq
“

χpF 1q

dimpV 1q
ě

ε ¨ l

dimpV q
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by Lemma 3.14(1). This leads to contradiction for big enough l. Therefore
V 1 “ 0 and F 1 “ T0pF q “ 0.

(2) Assume that pF, ρq P Q˝ and pF, sq is PT0-stable. We will prove the Lp0q-
stability of pF, ρ, sq through Lemma 3.14. Choose a proper non-zero subspace
V 1 Ď V and let F 1 :“ ρpV 1 b OXp´mqq Ď F be the induced subsheaf. Then
we have a commutative square

(21) V 1 �
�

//
� _

��

ΓpX,F 1pmqq
� _

��

V
–
// ΓpX,F pmqq.

We first prove the inequality (18) in Lemma 3.14(1). Note that the collection

tF 1 “ impV 1 bOXp´mq
ρ
ÝÑ F q : pF, ρq P Q˝ and V 1 Ď V u

for fixed X, v,m is bounded by [Gro2, Prop. 1.2.(i)]. Hence the set tPF 1ptqu
of the corresponding Hilbert polynomials is finite. Since F 1 P Cohě1pXq by
PT0-stability and χpF 1q has a lower bound, independent of the choices of F ,
V 1, l, we have an inequality

PF 1plq

dimpV 1q
ą
l ` χpF 1q

dimpV q
ą

ε ¨ l

dimpV q

for sufficiently large l. This proves (18).
We then prove the second inequality (19) in Lemma 3.14(2) when s P V 1 b

R˚m. Indeed, consider the canonical commutative diagram

(22) ΓpX,F 1q //
� _

��

ΓpX,F q //
� _

��

ΓpX,F {F 1q
� _

��

ΓpX,F 1pmqq bR˚m // ΓpX,F pmqq bR˚m // ΓpX,F {F 1pmqq bR˚m

induced by the short exact sequence 0 Ñ F 1 Ñ F Ñ F {F 1 Ñ 0. By (21), we
have s P ΓpX,F 1pmqq b R˚m. By a diagram chasing argument, we can deduce
that the left square in (22) is cartesian. Hence s P ΓpX,F 1q and we have
OZ :“ imps : OX Ñ F q Ď F 1 as subsheaves of F . Since pF, sq is PT0-stable,
we have α2pF

1q “ α2pF q and α1pF
1q “ α1pF q. Since χpF 1q has a lower bound,

independent of the choices of F , V 1, l, we have an inequality

ε ¨ l ` χpF 1q ´ χpF q

dimpV 1q
ą

ε ¨ l

dimpV q

for sufficiently large l. This proves (19). �
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By [Gro2, Pot1], the moduli spaces Pairp´1q
pX, vq and Pairp1qpX, vq are

projective schemes (see Remark 3.8). We will use these results to prove Propo-
sition 3.17 for the DT-stability and the PT1-stability.7

Proof of Proposition 3.17 for DT-stability.

(2) Assume that pF, ρq P Q˝ and pF, sq is a DT pair. Choose a proper non-zero
subspace V 1 Ď V and let F 1 “ ρpV 1 bOXp´mqq Ď F be the induced subsheaf.

We first prove the inequality (18). Note that the leading coefficient of the
right-hand side of (18), as a polynomial of l, is negative. On the other hand,
the leading coefficient of the left-hand side of (18) is always positive. Since the
collection tF 1u for fixed X, v, m is bounded by [Gro2, Prop. 1.2(i)], the set
tPF 1ptqu is finite. Hence we have (18) for sufficiently large l.

We then prove the second inequality (19) when s P V 1bR˚m. Indeed, we can
form the commutative square (21) and the commutative diagram (22) where
the left square is cartesian. Hence we have s P ΓpX,F 1q. Since pF, sq is a DT
pair, the coherent sheaf F is generated by the section s. Therefore F 1 “ F .
We claim that V 1 “ V , which then leads to a contradiction. Indeed, since
s P V 1 bR˚m, we have a commutative diagram

C – ΓpX,OXq //

��

ΓpX,F q
� _

��

V 1 bR˚m
� � // ΓpX,F pmqq bR˚m

for some dotted arrow. By adjunction, we can form a commutative diagram

Rm
//

��

ΓpX,F q bRm

��

V 1 �
�

// ΓpX,F pmqq.

The collection tIZ{X : chpOZq “ vu is bounded, so for m sufficiently large (with
lower bound only depending on X, v), we may assume that the map

Rm “ ΓpX,OXpmqq Ñ ΓpX,F pmqq

is surjective. Therefore, V 1 ãÑ V “ ΓpX,F pmqq is also surjective, which proves
the claim.

7Proposition 3.17 for the PT1-stability is not a consequence of the results in [Pot1], since
the parameter space M in this paper is larger than the parameter space in [Pot1] (see Remark
3.12).
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(1) We first claim that

pF, ρ, sq PMss
pLp´1q

q|Q˝ ùñ pF, sq is a DT pair

for sufficiently large m and l. Indeed, choose pF, ρ, sq PMsspLp´1qq|Q˝ and let
Z be the support of s and Q be the cokernel of s. Let V 1 “ ΓpX,OZpmqq Ď
V – ΓpX,F pmqq and let F 1 “ ρpV 1 b OXp´mqq Ď OZ Ď F . Then clearly
s P V 1 bR˚m. Thus we have the inequality (19). Also note

(23) ´
a

dimpV 1q
ă ´

a

dimpV q
.

As above, for fixed X, v,m the collection of tF 1u is bounded, so there are
finitely many tPF 1ptqu. Taking l sufficiently large, (19) contradicts (23). Hence
V 1 “ V and thus F 1 “ F . Therefore OZ “ F and pF, sq is a DT pair.

By the results in (2) and the previous paragraph, we have open embeddings
“

Mss
|Q˝pLp´1q

q{PGLpV q
‰

Ď Pairp´1q
pX, vq Ď

“

Mst
pLp´1q

q{PGLpV q
‰

which induces an open dense embedding

Pairp´1q
pX, vq ãÑMst

pLp´1q
q{{PGLpV q ãÑMss

pLp´1q
q{{PGLpV q.

Since Pairp´1q
pX, vq is proper and MsspLp´1qq{{PGLpV q is separated, the

above open embedding is an isomorphism. Hence MstpLp´1qq “ MsspLp´1qq

and Pairp´1q
pX, vq “ rMstpLp´1qq{PGLpV qs. �

Proof of Proposition 3.17 for PT1-stability.

(2) Assume that pF, ρq P Q˝ and pF, sq is a PT1 pair. Choose a proper non-zero
subspace V 1 Ď V and let F 1 “ ρpV 1 bOXp´mqq Ď F be the induced sheaf.

We first prove the inequality (18). Indeed, since F is pure, the subsheaf F 1 is
also 2-dimensional. Since δ ă 1

2
and dimpV 1q ă dimpV q, we have an inequality

α2pF
1q

2 dimpV 1q
ą

δ

dimpV q
,

between the leading coefficients of the both sides of (18), as polynomials of l.
For fixed X, v,m, the collection tF 1u is bounded by [Gro2, Prop. 1.2(i)], and
hence the set tPF 1ptqu is finite. Therefore we have (18) for sufficiently large l.

We then prove the inequality (19) when s P V 1 b R˚m. Indeed, we can form
the commutative square (21). We can also form the commutative diagram (22)
where the left square is cartesian. Hence we have s P ΓpX,F 1q. Since pF, sq is
a PT1 pair, α2pF q “ α2pF

1q. Since dimpV 1q ă dimpV q, we have an inequality

δ

dimpV 1q
ą

δ

dimpV q
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between the leading coefficients of the both sides of (19), as polynomials of l.
Since the collection tF 1u is bounded, we have (19) for sufficiently large l.

(1) We will show that

(24) pF, ρ, sq PMss
pLp1qq|Q˝ ùñ pF, sq is a PT1 pair

for sufficiently large m and l. Choose pF, ρ, sq P MsspLp1qq|Q˝ . Let Q “

cokerps : OX Ñ F q be the cokernel and OS “ imps : OX Ñ F q the image.
We first claim that Q P Cohď1pXq. Let V 1 “ ΓpX,OSpmqq Ď ΓpX,F pmqq –

V and let F 1 “ ρpV 1 b OXp´mqq Ď OS Ď F . Then clearly s P V 1 b R˚m and
in particular V 1 ‰ 0. Hence we have inequality (19). If α2pF

1q ă α2pF q, then
the leading term of the left-hand side of (19) is negative since δ ă 1

2
. Since

the collection tF 1u is bounded by [Gro2, Prop. 1.2(i)] for fixed X, v,m, this
leads to a contradiction for sufficiently large l. Hence α2pF

1q “ α2pF q and thus
α2pOSq “ α2pF q. This proves the claim.

We then claim that F is pure. Consider the torsion subsheaf TF Ď F . Let
V 1 “ ΓpX,TF pmqq Ď V and let F 1 “ ρpV 1 bOXp´mqq Ď TF Ď F . If V 1 ‰ 0,
then we have the inequality (18). Since the degree of the left-hand side of (18),
as polynomial of l, is ď 1 and the degree of the right-hand side of (18) is 2,
and the collection tF 1u is bounded, the inequality (18) leads to a contradiction
for sufficiently large l. Hence we deduce that

(25) ΓpX,TF pmqq “ 0.

Consider the short exact sequence

0 // TF // F // F {TF // 0.

Define OZ “ impOS Ñ F Ñ F {TF q. Then we obtain a short exact sequence

(26) 0 // OZ
// F {TF // R // 0,

where R “ cokerpOZ Ñ F {TF q P Cohď1pXq. Then both F {TF and OZ

are pure 2-dimensional sheaves such that α2pF {TF q “ α2pOZq “ α2pF q. In
particular, (26) defines a PT1 pair. Moreover, α1pF {TF q is bounded above
by α1pF q and bounded below α1pOZq, which is bounded below by a constant
depending on X,α2pF q but not on m by [Pot1, Cor. 2.13]. In particular,
α1pF {TF q takes finitely many values. By Proposition 2.14(2), χpF {TF q is
bounded above by a constant depending on X, v but not on m. Since χpTF q “
χpF q ´ χpF {TF q, we have

(27) χpTF q ě CpX, vq
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for a constant CpX, vq depending on X, v but independent of m. By the
Riemann-Roch formula, we have

χpTF pmqq “ r ¨m` χpTF q

where r “ α1pF q ´ α1pF {TF q ě 0 since TF P Cohď1pXq. Moreover, r ě 0
takes finitely many values independent of m. We deduce from (25) and (27)
that, for all F as above, we have r “ 0 for sufficiently large m, which means
TF is 0-dimensional. Hence TF is globally generated and thus (25) implies
TF “ 0. Therefore F is pure.

Combining the results in (2) and (24), we have open embeddings
“

Mss
|Q˝pLp1qq{PGLpV q

‰

Ď Pairp1qpX, vq Ď
“

Mst
pLp1qq{PGLpV q

‰

which induces an open dense embedding

Pairp1qpX, vq ãÑMst
pLp1qq{{PGLpV q ãÑMss

pLp1qq{{PGLpV q.

Since Pairp1qpX, vq is proper and MsspLp1qq{{PGLpV q is separated, the above

map is an isomorphism. Hence we have MstpLp1qq “MsspLp1qq and Pairp1qpX, vq “
rMstpLp1qq{PGLpV qs. �

Theorem 3.10 is a direct corollary of Proposition 3.17.

Proof of Theorem 3.10. Since the stacks

PairpqqpX, vq, rMst
pX,Lpqqq{PGLpV qs, rMss

pX,Lpqqq{PGLpV qs

are open substacks of PairpX, vqm “ rM|Q˝{PGLpV qs “ rPQ˝pRπ˚Fq{PGLpV qs,
it suffices to compare the C-points. Proposition 3.17 completes the proof. �

We end this subsection with the following question:

Question 3.18. Does Theorem 3.10 holds for d-dimensional PTq pairs with
d ą 2 as defined in Remark 2.5?

3.3. Moduli of complexes. In this subsection, we prove that the moduli
spaces of PTq pairs are open subschemes of the moduli space of perfect com-
plexes. We basically follow the reasoning in [PT1], but the actual proof requires
a finer argument.

Let X be a smooth projective variety and let v P H˚pX,Qq. Recall [Ina, Lie]
that there exists a moduli space

PerfpX, vqspl
OX

of simple perfect complexes I‚ on X with detpI‚q – OX and chpI‚q “ v, as an
algebraic space.
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Theorem 3.19. Let X be a smooth projective variety of dimension n ě 4,
v P H˚pX,Qq, and q P t´1, 0, 1u. Then we have an open embedding

(28) PairpqqpX, vq ãÑ PerfpX, v1qspl
OX : pF, sq ÞÑ I‚ :“ rOX Ñ F s

where v1 :“ 1´ v P H˚pX,Qq.

The rest of this subsection is devoted to the proof of Theorem 3.19. Through-
out this subsection, we use the notation in Theorem 3.19.

To any PTq pair pF, sq on X, we can associate a perfect complex

I‚ :“ rOX
s
ÝÑ F s

with detpI‚q – OX . We first show that I‚ is simple.

Lemma 3.20. Given a PTq pair pF, sq on X, we have

Extă0
X pI

‚, I‚q “ 0 and HomXpI
‚, I‚q “ C

for the associated perfect complex I‚ :“ rOX
s
ÝÑ F s.

Proof. The proof is analogous [PT1, Lem. 1.15]. Consider the two canonical
distinguished triangles

I‚ // OX
// F and IZ // I‚ // Qr´1s

where Z is the support of F and Q is the cokernel of s. We can form the
following three induced distinguished triangles

RHomXpF,OXq // RHomXpOX ,OXq // RHomXpI
‚,OXq ,(29)

RHomXpQ,F qr1s // RHomXpI
‚, F q // RHomXpIZ , F q ,(30)

RHomXpI
‚, I‚q // RHomXpI

‚,OXq // RHomXpI
‚, F q .(31)

The distinguished triangle (29) implies

(32) HomXpI
‚,OXq “ C and Extă0

X pI
‚,OXq “ 0

since Extď1
X pF,OXq “ Hěn´1pX,F q˚ “ 0. On the other hand, the distin-

guished triangle (30) implies

(33) Extă0
X pI

‚, F q “ 0

since HomXpQ,F q “ 0 by PTq-stability. Then the distinguished triangle (31)
and equations (32) and (33) prove that I‚ is simple. �
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Since PairpqqpX, vq is a fine moduli space, there exists a universal family

I‚ “ rOPairpqqpX,vqˆX ÝÑ Fs,

which defines a map

(34) PairpqqpX, vq
I‚
ÝÑ PerfpX, vqspl

OX

between the moduli spaces by Lemma 3.21 below.

Lemma 3.21. Let f : X Ñ Y be a smooth projective morphism of schemes.
Let F be a Y-flat coherent sheaf on X. If codimpSupppFyqq ě 2 for all y P Y,
then detpFq – OX.

Proof. This follows directly from [HK, Prop. 3.5]. �

We show that the above map (34) satisfies the infinitesimal lifting property.

Proposition 3.22. Let B0 Ď B be an nilpotent extension of 0-dimensional
schemes with a unique closed point b P B0. Let I‚ be a perfect complex on
X ˆ B with trivial determinant. Let i : X ˆ B0 ãÑ X ˆ B be the inclusion
map. If I‚|XˆB0 – rOXˆB0

s0
ÝÑ F0s for a B0-flat family pF0, s0q of PTq pairs

over B0, then there exists a B-flat family pF, sq of PTq pairs over B such that

I‚ – rOXˆB
s
ÝÑ F s and pF, sq|XˆB0 “ pF0, s0q.

Proof. We first take q “ 0, 1. The (easier) case q “ ´1 is discussed at the
end of the proof. Let pFb, sbq be the fibre of pF0, s0q over the point b P B0.
Since Fb P Cohě1pXq, we have depthOX,xppFbqxq ě 1 for all closed points x P

SupppFbq. By the Auslander-Buchsbaum formula, we have

pdOX,xppFbqxq ď n´ 1

for all x P X. Then I‚|Xˆtbu – rOX
sb
ÝÑ Fbs has tor-amplitude r´pn ´ 2q, 1s,

and thus we have a quasi-isomorphism with a complex of locally free sheaves

(35) I‚|Xˆtbu – rF
´pn´2q

Ñ ¨ ¨ ¨ Ñ F 0
Ñ F 1

s.

Since X ˆ B is quasi-projective, I‚ is quasi-isomorphic to a bounded com-
plex of locally free sheaves. Using Nakayama’s lemma, and the fact that a
morphism between locally free sheaves is injective on the fibres if and only if
it is injective with locally free cokernel, we see from (35) that there exists a
quasi-isomorphism with a complex of locally free sheaves

I‚ – rE´pn´2q
Ñ ¨ ¨ ¨ Ñ E0

Ñ E1
s.

Moreover since I‚ has amplitude r0, 1s by [Lie, Lem. 2.1.4], we have

I‚ – rAÑ E1
s
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where A “ cokerpE´1 Ñ E0q is B-flat.
We claim that the canonical map

h0
pI‚q Ñ h0

pI‚q˚˚

is injective. Indeed, let K be the kernel of the above map h0pI‚q Ñ h0pI‚q˚˚.
Note that h0pI‚q is a vector bundle away from the support of F0 by [Lie,
Lem. 2.1.4]. Hence dimpKq ď 2 ă n.

The support W of h1pI‚q is of dimension ď q. This follows from the fact
that i˚h1pI‚q – h1pI‚0q and Nakayama’s lemma. Away from W , the coherent
sheaf h0pI‚q is B-flat because A is B-flat. Since the ideal sheaf h0pI‚b q is torsion
free, all non-zero subsheaves of h0pI‚q|XˆBzW are n-dimensional by Lemma
3.23 below. Therefore K is (set-theoretically) supported in W . Thus we have
dimpKq ď dimpW q ď q.

Consider the local-to-global spectral sequence

H i
pX ˆB,E xtjXˆBpA,K b ωXqq ñ Exti`jXˆBpA,K b ωXq.

Since dimpKbωXq ď q ď 1 and there is a resolution A – rE´pn´2q Ñ ¨ ¨ ¨ Ñ E0s

of length n´ 2, we have

ExtnXˆBpA,K b ωXq “ 0.

By Serre duality RHomπpK,Aq – RHomπpA,K b ωXqq
_r´ns, we have

HomXˆBpK,Aq
˚
– ExtnXˆBpA,K b ωXq “ 0,

where the dual is taken as a ΓpB,OBq-module. Since K Ď A, we deduce K “ 0.
This proves the claim.

Since the rest of the proof is exactly the same as [PT1], we will only sketch
the remaining arguments. By [Kol1, Lem. 6.13], h0pI‚q˚˚ is a vector bundle
away from the support of Q “ h1pI‚q. In the proof of [Kol1, Lem. 6.13], it is
also shown that a reflexive rank 1 sheaf which is locally free outside a subset
of codimension n´ 1 ě 3, is in fact locally free everywhere. Therefore h0pI‚q˚˚

is locally free.
Next, we have detpI‚q – OXˆB and W Ă SupppF0q, thus

h0
pI‚q˚˚|pXˆBqzSupppF0q – h0

pI‚q|pXˆBqzSupppF0q – OpXˆBqzSupppF0q.

Since SupppF0q has codimension n´ 2 ě 2, we find h0pI‚q˚˚ – OXˆB globally
and IZ – h0pI‚q is an ideal sheaf of a closed subscheme Z Ď X ˆ B. The
distinguished triangle

IZ // I‚ // Qr´1s

defines an element

α P Ext2
XˆBpQ, IZq – Ext1

XˆBpQ,OZq
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since Ext1
XˆBpQ,OXˆBq “ Ext2

XˆBpQ,OXˆBq “ 0 (recall q ď 1 and n ě 4).
Hence we have a short exact sequence

0 // OZ
// F // Q // 0

of coherent sheaves on X ˆB. Therefore we have an isomorphism

I‚ – rOXˆB
s
ÝÑ F s

of perfect complexes. Since F and F0 are 2-dimensional, HomXˆBpI
‚,OXˆBq –

ΓpX ˆ B,OXˆBq – ΓpB,OBq and HomXˆB0pI
‚

0,OXˆB0q – ΓpB0,OB0q. As in
[PT1], we therefore have Li˚F – F0. Hence F is flat over B by [PT1, Lem. 2.5],
which completes the proof.

For q “ ´1, I‚ is only quasi-isomorphic to a bounded complex of locally
free sheaves rE´pn´1q Ñ ¨ ¨ ¨ Ñ E1s. However, this time W “ H, so h0pI‚q Ñ
h0pI‚q˚˚ is obviously injective (Lemma 3.23). The rest of the proof proceeds
as in the previous paragraph. �

We need the following lemma to complete the proof of Proposition 3.22.

Lemma 3.23. Let pA,mq be a local Artinian C-algebra and let X be a quasi-
projective scheme. Consider an A-flat family F of sheaves on X ˆ Spec pAq
whose fibre F0 “ F bA A{m is a pure sheaf. Then F is also a pure sheaf, i.e.,
for all non-zero subsheaves G Ď F , we have dimpGq “ dimpF q.

Proof. Since A is Artinian, we may take a sequence of ideals [Eis, Prop. 3.7]

0 “ mN Ă ¨ ¨ ¨ Ă m2 Ă m1 “ m, such that mi{mi`1 – A{m .

We let m0 “ A. Suppose we have a subsheaf G Ă F such that dimpGq ă
dimpF q. Since F is flat over A, we have a short exact sequence

(36) 0 // mi`1 ¨ F // mi ¨ F // F0
// 0

of sheaves on X ˆ Spec pAq, where mi bA F “ mi ¨ F . Consider the induced
morphism

0 // GXm ¨ F //
� _

��

G //
� _

��

G
GXm¨F

//
� _

��

0

0 // m ¨ F // F // F0
// 0

of short exact sequences. Note that

dimp G
GXm¨F

q ď dimpGq ă dimpF q “ dimpF0q.

Since F0 is pure, we have G
GXm¨F

“ 0. Therefore we deduce that

G Ď m ¨ F.
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Moreover, applying this argument to (36), we deduce that

G Ď mi ¨ F ùñ G Ď mi`1 ¨ F.

Therefore we obtain G Ď mN ¨ F “ 0 by induction on i. �

Now we can simply deduce Theorem 3.19 from Lemma 2.8 and Proposition
3.22 as follows:

Proof of Theorem 3.19. By Lemma 2.8, the map

PairpqqpX, vq
I‚
ÝÑ PerfpX, vqspl

OX

in (34) is injective on C-points. Since C is algebraically closed, the above map is
universally injective. In order to verify that the above map is formally smooth
it is enough to check the lifting property along extensions of local Artinian C-
algebras [Sta, 02HW] which is done in Proposition 3.22. Since PairpqqpX, vq
is of finite type, the above map is étale. Moreover the above map is universally
injective and étale, thus it is an open embedding ([Sta, tag 02LC]). �

Remark 3.24. The open embedding (28) in Theorem 3.19 induces a derived

enhancement of the moduli space PairpqqpX, vq of PTq pairs. The tangent

complex at pF, sq P PairpqqpX, vq is given as

T|pF,sq “ RHomXpI
‚, I‚q0r1s

where I‚ “ rOX
s
ÝÑ F s. This derived structure (of perfect complexes) is differ-

ent from the derived structure (of pairs) in Remark 3.9.

Remark 3.25. For PT1-stability, Theorem 3.19 was independently proved by
Gholampour-Jiang-Lo in [GJL, Prop. 2.18] using [Lo, Lem. 5.12].

Remark 3.26. In the proof of Proposition 3.22 we only used the fact that
T0pF q “ 0 and Q P Cohď1pXq, and the statement can be generalized as follows.
Let PerfpXqOX be the moduli stack of universally gluable perfect complexes
I‚ on X with detpI‚q – OX which is an algebraic stack locally finite type over
C [Lie, Thm. 4.2.1]. By the proof of Lemma 3.7 we have an open substack

Pairr0,1spXq :“
!

pF, sq P PairpXq : T0pF q “ 0 and Q P Cohď1pXq
)

inside PairpXq. For q “ 0, 1, we have

PairpqqpXq �
�

//
� u

''

Pairr0,1spXq �
�

//

ε

��

PairpXq ,

PerfpXqOX
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where the horizontal morphisms are open embedding and the morphism ε is
formally smooth by Proposition 3.22. We claim that the map

ε : Pairr0,1spXq Ñ PerfpXqOX

is an open embedding. Indeed, it suffices to show that the induced map εpCq
on the groupoids of C-valued points is fully faithful. By the same argument as
for Lemma 2.8, the induced map π0pεpCqq on the sets of isomorphism classes
is injective. By (31) (in fact by (78)), we have an exact sequence

0 Ñ Ext´1
X pI

‚, F q Ñ HomXpI
‚, I‚q0 Ñ Ext1

XpF,OXq “ 0

for pF, sq P Pairr0,1spXq and hence εpCq preserves stabilizers. This proves the
claim.

3.4. Polynomial Bridgeland stability. In this subsection, we prove that
the PTq-stability conditions can be realized as Bayer’s polynomial Bridgeland
stability conditions [Bri, Bay] on the derived category. The results of this sub-
section, which are inspired by [GJL], are not used elsewhere in the paper. We
use a different torsion pair compared to [GJL], which allows us to incorporate
2-dimensional (Gieseker) stable sheaves as well.

Let X be a smooth projective variety of dimension n ě 4. Let Db
cohpXq

be the bounded derived category of coherent sheaves on X. We consider the
perversity function

p : t0, 1, . . . , nu Ñ Z, pp0q “ pp1q “ pp2q “ 0, pp3q “ . . . “ ppnq “ ´1.

The perversity function defines a bounded t-structure on Db
cohpXq [AB] and

this t-structure coincides with the one associated to the torsion pair

pCohď2pXq,Cohě3pXqq,

[HRS, Cor. 2.2]. We denote the heart by

A :“ Ap :“ xCohď2pXq,Cohě3pXqr1s y .

The abelian category A consists of the objects E‚ P D
r´1,0s
coh pXq satisfying

h´1
pE‚
q P Cohě3pXq and h0

pE‚
q P Cohď2pXq.

A sequence 0 Ñ A‚ Ñ E‚ Ñ B‚ Ñ 0 is a short exact sequence in A if and
only if the associated sequence in Db

cohpXq is a distinguished triangle. For any
E‚ P A, the following sequence is exact in A

0 Ñ h´1
pE‚
qr1s Ñ E‚

Ñ h0
pE‚
q Ñ 0.

For any PTq pair I‚ on X, we have I‚r1s P A. Throughout this subsection,
we fix v P H˚pX,Qq such that vďn´3 “ 0 and vn´2 is non-zero effective.
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Denote the semi-closed upper half plane by

H “ tz P C : z P Rą0 ¨ e
iπφpzq 0 ă φpzq ď 1u,

where φpzq denotes the phase of z. Denote by H˝ Ă H the open upper half
plane. Recall [Bay] that a Bayer stability condition (also known as a polynomial
stability condition) is determined by a stability vector, i.e., a sequence

ρ “ pρ0, . . . , ρnq P pC˚qn`1

such that ρd{ρd`1 P H˝ for 0 ď d ď n ´ 1 and p´1qppdqρd P H for all d. We fix
a polarization H of X. Define the central charge Z : K0pXq Ñ Crxs as

ZpE‚
qpxq “

n
ÿ

d“0

xdρd

ż

X

Hd chpE‚
qtdpXq,

for any E‚ P K0pXq. For E‚ P A, let φ be the polynomial phase function, i.e.,

ZpE‚
qpxq P Rą0 ¨ e

πiφpE‚qpxq, x " 0,

for some continuous function germ φ. We say φ ă ψ if and only if φpxq ă ψpxq
for all 0 ! x ă `8, and similarly for φ ď ψ.

An object E‚ in A is called Bayer stable (resp. Bayer semi-stable) with
respect to the stability vector ρ if for all proper non-zero subobjects D‚ Ă E‚,
we have φpD‚q ă φpE‚q (resp. φpD‚q ď φpE‚q).

Definition 3.27. Consider stability vectors ρpqq for q P t´1, 0, 1u satisfying
the following:

(37)
ρp´1q φp´ρnq ą φpρ0q ą φpρ1q ą φpρ2q

ρp0q φpρ0q ą φp´ρnq ą φpρ1q ą φpρ2q

ρp1q φpρ0q ą φpρ1q ą φp´ρnq ą φpρ2q.

From the condition on the stability vector, we have

(38) φp´ρ3q, . . . , φp´ρn´1q ą φp´ρnq.

The following proposition is a minor modification of [Bay, Prop. 6.1.1].

Proposition 3.28. Fix v P H˚pX,Qq such that vďn´3 “ 0 and vn´2 ‰ 0. Let
E‚ P Db

cohpXq with chpE‚q “ v´1 and detpE‚q – OX . Let q P t´1, 0, 1u. Then
E‚ is a ρpqq-semistable object of A if and only if E‚ – I‚r1s for some PTq pair

pF, sq where I‚ “ rOX
s
ÝÑ F s is the associated complex. Moreover, E‚ cannot

be strictly ρpqq-semistable.
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Proof. Let E‚ be a ρpqq-semistable object of A satisfying the above conditions.
We first show that h´1pE‚q is a rank one torsion free sheaf. Since h0pE‚q P

Cohď2pXq, h
´1pE‚q has rank 1 and h´1pE‚q P Cohě3pXq. Suppose h´1pE‚q

has a non-trivial torsion subsheaf. Let T Ă h´1pE‚q be the maximal torsion
subsheaf. Then 0 Ñ T r1s Ñ h´1pE‚qr1s Ñ ph´1pE‚q{T qr1s Ñ 0 is a short
exact sequence in A and hence T r1s is a subobject of E‚ in A. Then (38) leads
to a contradiction. Therefore h´1pE‚q is a rank one torsion free sheaf with
trivial determinant. By the argument in Proposition 3.22, we have E‚ – I‚r1s,
I‚ “ rOX Ñ F s for some 2-dimensional coherent sheaf F . For q “ 1, we show
that F is pure and h0pE‚q P Cohď1pXq. Let T Ă F be the maximal torsion
subsheaf of F . Then 0 Ñ T Ñ I‚r1s Ñ rOX Ñ F {T sr1s Ñ 0 is a short exact
sequence in A and hence T is a subobject of E‚. By the stability vector (37),
we have T “ 0. Again by (37) we have h0pE‚q P Cohď1pXq. For q “ 0, similar
argument shows that F has no non-trivial 0-dimensional subsheaf and h0pE‚q

is 0-dimensional. For q “ ´1 we have h0pE‚q “ 0.

Conversely, suppose E‚ – I‚r1s for some PTq pair pF, sq where I‚ “ rOX
s
ÝÑ

F s. Then E‚ P A. We prove E‚ is a ρpqq-stable object. Take any short exact
sequence

0 Ñ A‚ Ñ E‚
Ñ B‚

Ñ 0

in A with A‚, B‚ ‰ 0. Consider its long exact sequence

0 Ñ h´1
pA‚q Ñ h´1

pE‚
q Ñ h´1

pB‚
q Ñ h0

pA‚q Ñ h0
pE‚
q Ñ h0

pB‚
q Ñ 0.

We distinguish three cases:

Case 1: 0 ‰ h´1pA‚q Ĺ h´1pE‚q. Then h´1pB‚q has rank 0. If h´1pB‚q ‰ 0,
then it has dimension in t3, . . . , n ´ 1u so we obtain φpE‚q ă φpB‚q from
(38). Suppose h´1pB‚q “ 0, then B‚ – h0pB‚q and since h0pE‚q is at most
1-dimensional, h0pB‚q has dimension ď 1. For q “ 1, (37) implies that
φpE‚q ă φpB‚q. For q “ 0, we have h0pB‚q is 0-dimensional so we also find
φpE‚q ă φpB‚q. Finally, for q “ ´1 we have h0pB‚q “ 0 contradicting the
assumption B‚ ‰ 0.

Case 2: h´1pA‚q “ h´1pE‚q. Then h´1pB‚q Ă h0pA‚q so h´1pB‚q “ 0 and
B‚ – h0pB‚q. Then φpE‚q ă φpB‚q follows as in Case 1.

Case 3: h´1pA‚q “ 0. Then A‚ – h0pA‚q has dimension ď 2 and hence
HompA‚, E‚q – HompA‚, F q. Since A‚ is a non-zero subobject of E‚ and pF, sq
is a PTq pair, we deduce that A‚ – h0pA‚q is 2-dimensional. Then (37) implies
φpA‚q ă φpE‚q. �
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We characterize rank zero ρpqq-semistable objects in A.

Proposition 3.29. Let q P t´1, 0, 1u and v P H˚pX,Qq such that vďn´3 “ 0
and vn´2 ‰ 0. An object E‚ P A with chpE‚q “ v is ρpqq-stable (resp. ρpqq-
semistable) if and only if E‚ – F for some Gieseker stable (resp. semistable)
sheaf F on X with chpF q “ v.

Proof. Let E‚ P A be a ρpqq-(semi)stable object with chpE‚q “ v. Since
h´1pE‚q P Cohě3pXq, we have h´1pE‚q “ 0 and hence E‚ – h0pE‚q. Then
h0pE‚q is Gieseker (semi)stable [Bay, Sect. 2.1]. Conversely, it is easy to show
that any Gieseker (semi)stable sheaf F on X with chpF q “ v determines a
ρpqq-(semi)stable object in A [Bay, Sect. 2.1]. �

3.5. Relative version. We now generalize the main results in this section to
the relative setting.

We first fix some notation. Let f : X Ñ B be a smooth projective morphism
of schemes of relative dimension n. Consider the algebraic de Rham complex

Ω‚X {B :“
”

OX
dDR
ÝÝÑ Ω1

X {B
dDR
ÝÝÑ Ω2

X {B
dDR
ÝÝÑ ¨ ¨ ¨

dDR
ÝÝÑ Ωn

X {B

ı

,

as in [Gro1, Del1]. Define the Hodge bundles as

(39) Hk
DRpX {Bq :“ Rkf˚

`

Ω‚X {B
˘

.

When B is an affine scheme, we write Hk
DRpX {Bq :“ ΓpB,Hk

DRpX {Bqq.
Note that there is a a natural spectral sequence

Epq
1 “ Rqf˚Ω

p
X {B ñ Hp`q

DR pX {Bq

given by the stupid truncations

ΩěpX {B :“
”

0 Ñ ¨ ¨ ¨ Ñ 0 Ñ Ωp
X {B

dDR
ÝÝÑ Ωp`1

X {B
dDR
ÝÝÑ ¨ ¨ ¨

dDR
ÝÝÑ Ωn

X {B

ı

.

By [Del1], the spectral sequence degenerates at E1. Hence we have a filtration

F pHp`q
DR pX {Bq :“ im

´

Rp`qf˚
`

ΩěpX {B
˘

Ñ Rp`qf˚
`

Ω‚X {B
˘

¯

of the Hodge bundles Hp`q
DR pX {Bq such that

(40) F pHp`q
DR pX {Bq – Rp`qf˚

´

ΩěpX {B

¯

and
F pHp`q

DR pX {Bq
F p`1Hp`q

DR pX {Bq
– Rqf˚Ω

p
X {B.

Moreover, the Hodge bundles Hp`q
DR pX {Bq, the filtrations F pHp`q

DR pX {Bq, and
the quotients Rqf˚Ω

p
X {B are vector bundles and stable under base change, by

[Del1, Thm. 5.5].
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Consider the Gauss-Manin connection

∇ : Hk
DRpX {Bq Ñ Hk

DRpX {Bq b Ω1
B.

As in [KO], the Gauss-Manin connection ∇ can be defined via the canonical
filtration of

Źp Ω1
X given by the short exact sequence

0 // f˚Ω1
B

// Ω1
X

// Ω1
X {B

// 0 .

Indeed, the first two terms of the filtration give us a map

Ωp
X {B Ñ Ωp´1

X {B b f
˚Ω1

Br1s.

Then by gathering the above maps for all p and taking the derived pushforward
Rqf˚, we obtain a flat connection ∇ called the Gauss-Manin connection.

Following [Blo], we define the notion of horizontal sections of Hodge bundles.

Definition 3.30 (cf. [Blo, Rem. 3.9]). Let f : X Ñ B be a smooth projective
morphism of schemes of constant relative dimension. We say that a section
rv P ΓpB,Hk

DRpX {Bqq is horizontal if

∇prvq “ 0 P ΓpB,Hk
DRpX {Bq b Ω1

Bq.

Roughly speaking, the horizontal sections rv of Hk
DRpX {Bq are locally con-

stant families of cohomology classes rvb P H
˚pXb,Cq on the fibres Xb :“ XˆBtbu.

The following remark justifies this interpretation.

Remark 3.31. Let f : X Ñ B be a smooth projective morphism of schemes
of constant relative dimension.

(1) By considering the associated analytic spaces, we have

Hk
DRpX {Bqan

– Rkf an
˚ CbC OBan and ∇an

– idbdBan

when B is smooth [KO]. Thus a section rv of Hk
DRpX {Bq is horizontal

if and only if rvan “ v b 1 for some v P ΓpB, Rkf an
˚ Cq.

(a) Firstly, assume that B “ Spec pAq for a local Artinian C-algebra
A. Then we have isomorphisms

Hk
DRpX {Bq – Hk

DRpXq bC A

by [Blo, Prop. 3.8], where X is the fibre of f : X Ñ B over the
unique closed point and Hk

DRpXq :“ Hk
DRpX{ Spec pCqq. Then the

horizontal sections are exactly the sections of the form

v b 1 P Hk
DRpXq bC A

for some v P Hk
DRpXq – HkpX,Cq.
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(b) Secondly, for general B, a section rv P ΓpB,Hk
DRpX {Bqq is horizontal

if and only if its pullbacks

rv|A P ΓpA,Hk
DRpXA{Aqq

are horizontal for all morphisms A “ Spec pAq Ñ B from local
Artinian C-algebras A. Here XA :“ X ˆB A. This can be shown
by the Krull intersection theorem.

We have a relative moduli space of PTq pairs on the fibres of f : X Ñ B.

Theorem 3.32. Let B be a quasi-projective scheme and f : X Ñ B a smooth
projective morphism of relative dimension n. Let rv P

À

p ΓpB,H2p
DRpX {Bqq be a

horizontal section and q P t´1, 0, 1u. Let PairpqqpX {B, rvq be the moduli stack
consisting of triples pb, F, sq of a morphism b : T Ñ B, a T -flat coherent sheaf
F on XT :“ X ˆB T , and a section s P ΓpXT , F q such that for all t P T pCq
the pair pFt, stq is a PTq pair with chpFtq “ rvt P H

˚pXt,Cq. Then we have the
following properties:

p1q The canonical map

PairpqqpX {B, rvq Ñ B, pb, F, sq ÞÑ b

is a projective morphism of schemes.
p2q If n ě 4, then the canonical map

PairpqqpX {B, rvq Ñ PerfpX {Bqspl
OX
, pb, F, sq ÞÑ pb, rOXT

s
ÝÑ F sq

is an open embedding.

Proof. Fix a polynomial P ptq P Qrts and let PairpqqpX {B, P q be the moduli
stack of PTq pairs on the fibres of f : X Ñ B with Hilbert polynomial P ptq
with respect to some relative very ample line bundle. Note that we can find
a closed embedding X ãÑ PNB over B since f : X Ñ B is projective and B is
quasi-projective. Consider the canonical maps

PairpqqpX {B, P q ãÑ PairpqqpPNB {B, P q
–
ÝÑ PairpqqpPN , P q ˆ B

where the first map is a closed embedding, the second map is an isomorphism,
and the last term is a projective scheme over B by Theorem 3.10. Indeed,
as a functor over PairpqqpPNB {B, P q, PairpqqpX {B, P q is the zero locus of the
canonical map

IX {PNB
b FÑ F

where IX {PNB
is the ideal sheaf of X Ď PNB and pF, sq is the universal pair on

PairpqqpPNB {B, P q ˆB PNB . By [EGA3, Cor. 7.7.8], the map IX {PNB
bFÑ F can

be represented by the abelian cone of a coherent sheaf on PairpqqpPNB {B, P q



54 Y. BAE, M. KOOL, H. PARK

since F is flat. Hence the desired map is a closed embedding since the abelian
cone is separated over the base. Therefore we have (1) since PairpqqpX {B, rvq is

an open and closed subscheme of the projective scheme PairpqqpX {B, P q (for
appropriate P ). This proves (1).

All the arguments in subsection 3.3 also works in the relative setting. This
proves (2). �

We end this subsection with a technical proposition stating that the relative
Chern character of a perfect complex is horizontal. This fact will be used
several times in section 4 and 5.

Let f : X Ñ B be a smooth projective morphism of schemes of constant
relative dimension. Let I‚ be a perfect complex on X . Let

AtX {BpI
‚
q : I‚ Ñ I‚ b Ω1

X {Br1s

be the (relative) Atiyah class of I‚. Let

AtpX {BpI
‚
q :“ AtX {BpI

‚
q ^ ¨ ¨ ¨ ^ AtX {BpI

‚
q : I‚ Ñ I‚ b Ωp

X {Brps

be the induced map. We define the (relative) Chern character chppI
‚q of I‚ as

(41) Hp
pX ,Ωp

X {Bq Ñ ΓpB, Rpf˚Ω
p
X {Bq,

1

p!
trpAtpX {BpI

‚
qq ÞÑ chppI

‚
q.

The Chern character chppI
‚q in (41) is horizontal. More precisely, we have

the following:

Proposition 3.33. Let f : X Ñ B be a smooth projective morphism of schemes
of constant relative dimension. Let I‚ be a perfect complex on X . Then there
exists a section

ĂchppI
‚
q P ΓpB, F pH2p

DRpX {Bqq
satisfying the following properties:

p1q Under the projection map F pH2p
DRpX {Bq � Rpf˚Ω

p
X {B given by (40),

the section ĂchppI
‚q maps to the Chern character chppI

‚q in (41).

p2q Under the inclusion map F pH2p
DRpX {Bq ãÑ H2p

DRpX {Bq given by (40),

the section ĂchppI
‚q maps to a horizontal section.

p3q Under the restriction map ΓpB,H2p
DRpX {Bqq Ñ H2p

DRpXb{ Spec pCqq for

any C-point b P B, the section ĂchppI
‚q maps to the usual Chern charac-

ter chppI
‚

b q P H
2ppXb,Cq.

The section ĂchppI
‚q is uniquely determined by properties p2q and p3q.

Remark 3.34. We note that an analogous statement for the fundamental class
rZs of a local complete intersection Z Ď X was shown in [Blo, Prop. 5.6].
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We briefly summarize how we prove Proposition 3.33. We use the theory of
Hochschild homology and cyclic homology, see Loday [Lod] for the case of rings
and Weibel [Wei2, Wei3] for the case of schemes.8 By the Hochschild-Kostant-
Rosenberg (HKR) theorem [HKR], we may identify the Hodge bundles, the
filtrations, and the associated quotients in (39) and (40) with the periodic
cyclic homology, the negative cyclic homology, and the Hochschild homology,
respectively. Moreover, the Chern character in (41) can be identified with the
Dennis trace map. Then the key to proving Proposition 3.33 is Goodwillie’s
lift of the Dennis trace map to the negative cyclic homology [Goo2].9

The proof was inspired by Pridham [Pri].

Proof of Proposition 3.33. Note that the uniqueness of the section ĂchppI
‚q fol-

lows immediately from the properties (2) and (3) in Proposition 3.33 and Re-
mark 3.31(2). Hence it suffices to consider the statement locally on the base B.
Thus we may assume that B is an affine scheme. Then (41) is an isomorphism.

By the HKR theorem in [Wei3, Thm. 3.3], we have natural isomorphisms

HNipX {Bq –
à

p

F pH2p`i
DR pX {Bq, HPipX {Bq –

à

p

H2p`i
DR pX {Bq,(42)

HHipX {Bq –
à

p

Rp`if˚pΩ
p
X {Bq, HCipX {Bq –

à

p

H2p`i
DR pX {Bq

F p`1H2p`i
DR pX {Bq

where HN, HP, HH, and HC denote the negative cyclic homology, the periodic
cyclic homology, the Hochschild homology, and the cyclic homology, respec-
tively, with the cohomological convention. More specifically, the isomorphisms
(42) are induced by the left inverse (π in [Lod, Lem. 1.3.14] and e in [Wei1,
Cor. 9.4.4]) of the antisymmetrization map.

The relative Chern character chX {BpI
‚q :“ pchppI

‚qqp in (41) comes from the
absolute Chern character. More precisely, we have a commutative diagram

(43) OX
chX pI

‚q
//
À

p L
p
X rps

��

OX
chX {BpI

‚q

//
À

p Ωp
X {Brps

in the derived category of X , where LX denotes Illusie’s cotangent complex [Ill]
of X , LpX :“

Źp LX :“ Symp
pLX r1ssqr´ps denotes the derived wedge product

8By Keller [Kel], the cyclic homologies defined in [Wei3] coincide with the cyclic homolo-
gies defined in McCarthy [McC] via the dg category of perfect complexes.

9In the language of [PTVV], Chern characters lift to p-shifted closed p-forms [TV2, TV3].
By [HSSS], the Chern character of [TV3] matches with the classical Dennis trace.
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of LX , and chX pI
‚q denotes the absolute Chern character defined as the trace

of the exponential of the absolute Atiyah class AtX pI
‚q : I‚ Ñ I‚ b LX r1s [Ill].

Under the HKR ismorphism, the Chern character chX pI
‚q can be identified

with the Dennis trace chDpI‚q. More precisely, we have a commutative diagram

(44) OX
chDpI‚q

zz

chX pI
‚q

%%

Lr∆˚
r∆˚OX –

//

��

À

p L
p
X rps

��

L∆˚∆˚OX –

HKR
//
À

p Ωp
X {Brps

in the derived category of X where r∆ : X Ñ X ˆX and ∆ : X Ñ X ˆB X are
the diagonal maps. The horizontal isomorphisms are given by the exponentials
of the universal Atiyah classes as in Buchweitz-Flenner [BuFl2, Thm. 6.2.1]
(see Markarian [Mar] and Căldăraru [Cal] for the smooth case). The hyperco-
homology of the left column of (44) computes the Hochschild homology,

Hi
pX , Lr∆˚

r∆˚OX q – HHipX q, Hi
pX , L∆˚∆˚OX q – HHipX {Bq

by Yekutieli [Yek, Prop. 3.3]. The lower horizontal isomorphism in (44) is
compatible with the corresponding isomorphism in (42), by the arguments in
[Cal, Prop. 4.4] since X Ñ B is smooth. The map chDpI‚q in (44) is the Euler
map of I‚ in the sense of [BNT, 4.3], which agrees with the Dennis trace map
for the dg category PerfpX q [McC], as desribed in [BNT, 4.5, 4.7].

As explained in [Wei3, 3.8], the Dennis trace map chD can be extended to
the Goodwillie Chern character chG [Goo2] via descent [WG],

(45) K0pX q
chD

yy
chG

�� %%

HH0
pX q HN0

pX qoo // HP0
pX q.
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Consider the canonical commutative diagram

(46) HH0
pX q

��

HN0
pX qoo //

��

HP0
pX q

��

HH0
pX {Bq

– HKR

��

HN0
pX {Bqoooo � � //

– HKR
��

HP0
pX {Bq

– HKR
��

À

pR
pf˚Ω

p
X {B

À

p F
pH2p

DRpX {Bqoooo � � //
À

pH
2p
DRpX {Bq.

Denote by

(47) ĂchppI
‚
q P F pH2p

DRpX {Bq

the image of chGpI‚q P HN0pX q under the vertical maps in (46). We now show

that ĂchppI
‚q in (47) satisfies the three properties in Lemma 3.33 separately.

(1) Clearly ĂchppI
‚q maps to the Chern character chppI

‚q in (41). This fol-
lows from the commutative diagrams (43), (44), (45), and (46).

(2) We now claim that ĂchppI
‚q is horizontal. Indeed, we may assume that

B “ Spec pAq for a local Artinian C-algebra A (Remark 3.31). Let
X :“ X0 be the fibre over the C-point 0 P B. By the Feigin-Tsygan
theorem [FT, Thm. 5] (see also [Emm, Thm. 2.2], [Wei3, Thm. 3.4]),
we have a commutative square with bijective horizontal arrows

(48) HP0
pX q –

//

��

À

pH2pp pY , pΩ‚Yq

��

HP0
pX {Bq –

//
À

pH2ppX ,Ω‚X {Bq

where
À

pH2pp pY , pΩ‚Yq is Hartshorne’s algebraic de Rham cohomology

[Har] given by an embedding X ãÑ Y into a smooth scheme Y . Here
the lower isomorphism in (48) coincides with the corresponding iso-
morphism in (42) since they both are given by the same left inverse (µ
in [Emm] and e in [Wei3]) of the antisymmetrization map. By [Har,
Thm. IV.1.1] (and [Del1, Lem. 5.5.3]), we have a commutative diagram

H2pp pY , pΩ‚Yq
–
//

��

H2pp pYan, pΩ‚Yanq

��

H2ppX an,Cq–
oo

��

H2ppXan,Cq

��

H2ppX ,Ω‚X {Bq
–
// H2ppX an,Ω‚X an{Banq H2ppX an, Aq

–
oo H2ppXan, Aq
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where the last vertical map is induced by the canonical map of constant
sheaves CÑ A on Xan. Hence the image of the vertical map consists of
the horizontal sections (see Remark 3.31), which proves the claim. We

finally claim that the restriction ĂchppI
‚q to the fibre of a point b P B is

the usual Chern character. Indeed, we may assume that B “ Spec pCq
since Chern characters are compatible with base change. Then the
claim follows from [Wei3, Prop. 3.8.1].

This completes the proof. �

4. Virtual cycles

In this section, we construct reduced virtual cycles for the moduli spaces
of PTq pairs on Calabi-Yau 4-folds. We use Kiem-Li’s cosection localization
technique [KL, KiPa2] to reduce the Oh-Thomas virtual cycles [OT1] on the
moduli spaces. The semi-regularity map of Buchweitz-Flenner [BuFl1] will
provide the necessary cosections.

Throughout this section, we fix a (smooth projective) Calabi-Yau 4-fold X

and a Calabi-Yau 4-form ω : OX
–
ÝÑ Ω4

X .

4.1. Non-reduced virtual cycles. In this preliminary subsection, we con-
struct non-reduced virtual cycles for the moduli spaces of stable pairs. We
review Oh-Thomas’s construction of virtual cycles in [OT1] for the reader’s
convenience. Instead of following [OT1] directly, we will use the setup intro-
duced in [Par1].

Let P :“ Ppqq
v pXq be the moduli space of PTq pairs pF, sq on X satisfying

chpF q “ v “ p0, 0, γ, β, n´ γ ¨ td2pXqq P H
˚
pX,Qq.

By Theorem 3.19, we have an open embedding

P ãÑ PerfpX, vqspl
OX

into the moduli space of perfect complexes with fixed trivial determinant. Thus,
by [OT1], we can construct an Oh-Thomas virtual cycle on P.

Theorem 4.1 ([OT1]). There exists a virtual cycle

rPs
vir
P Avd pPq

of virtual dimension

vd “ n´
1

2
γ2,

which depends10 on the choice of an orientation (50) below.

10A different choice of orientation changes the signs of the virtual cycles on the connected
components.
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We call the virtual cycle rPsvir in Theorem 4.1 the non-reduced virtual cycle.
We use this terminology since we will construct a canonical reduced virtual cycle
rPsred for any Calabi-Yau 4-fold X and a surface class γ in the next subsection
(see Theorem 4.5).

There are three key ingredients for defining the Oh-Thomas virtual cycle (in
the language of [Par1]):

(1) Symmetric obstruction theory. The moduli space P has a (3-term)
symmetric obstruction theory

(49) φ : E :“ RHomπpI‚, I‚q0r3s
AtpI‚q
ÝÝÝÑ τě´1LP , θ : E_r2s SD

ÝÑ E
induced by the Atiyah class AtpI‚q of the universal complex I‚ and the
relative Serre duality for the projection map π : P ˆX Ñ P. Here φ
and θ satisfy the following properties:
(a) φ : E Ñ τě´1LP is an obstruction theory, [BF] i.e., h0pφq is bijec-

tive and h´1pφq is surjective;
(b) E is a symmetric complex (of tor-amplitude r´2, 0s), i.e., θ is an

isomorphism and θ “ θ_r2s.
The symmetric obstruction theory (49) is constructed by Huybrechts-
Thomas [HT].11

(2) Orientation. There exists an orientation for the virtual cotangent
complex E, i.e., an isomorphism of line bundles

(50) o : OP
–
ÝÑ detpEq

such that o2 “ p´1q
p2vdqp2vd´1q

2 ¨detpθq : detpE_q Ñ detpEq. The existence
of an orientation was shown by Cao-Gross-Joyce [CGJ].

(3) Isotropic condition. The intrinsic normal cone CP is isotropic in the
virtual normal cone CpEq :“ h1{h0pE_q with respect to the canonical
quadratic function qE : CpEq Ñ A1 (defined in Remark 4.2 below), i.e.,
the restriction

qE|CP
: CP ãÑ CpEq qE

ÝÑ A1
P

vanishes. This isotropic condition can be shown by the Darboux theo-
rem of Brav-Bussi-Joyce [BBJ] for the p´2q-shifted symplectic derived
enhancement [PTVV, STV]. Indeed, by [Par1, Lem. 1.11], the argu-
ments in [OT1, Prop. 4.3] proves the isotropic condition.12

We recall the definition of the canonical quadratic function qE from [Par1].

11Alternatively, we can also use the derived enhancement of PerfpXqsplOX in [ToVa, STV].
12One does not need the full proof of [OT1, Prop. 4.3], but only the part involving

MacPherson’s graph construction [Ful, Rem. 5.11].
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Remark 4.2. Given a symmetric complex E on a quasi-projective scheme X,
there is a canonical quadratic function

qE : CpEq Ñ A1
X

induced by the symmetric form of E. Indeed, if E “ rB Ñ E Ñ B_s is a
symmetric resolution, then CpEq “ rCpDq{Bs for D “ cokerpB Ñ Eq, and the

restriction qE|CpDq : CpDq ãÑ E
qE
ÝÑ A1 of the quadratic function qE of E is

B-invariant. The quadratic function qE is defined via descent of qE|CpDq, which
is independent of the choice of the symmetric resolution. See [Par1, Prop. 1.7]
for details.

Note that from the above data, we can form a commutative diagram

(51) QpEq //
� _

��

P� _

0
��

CP
� � //

<<

CpEq qE
// A1

P

where QpEq is the quadratic cone stack associated to the symmetric complex
E, defined as the zero locus of the quadratic function qE on CpEq.

We can construct the Oh-Thomas virtual cycle rPsvir from the closed em-
bedding CP ãÑ QpEq in (51).

Proof of Theorem 4.1. We first construct a square root Gysin pullback
b

0!
QpEq : A˚pQpEqq Ñ A˚pPq

for the zero section 0QpEq : P Ñ QpEq. Note that we can find a symmetric
resolution

(52) E –
”

B
d
ÝÑ E – E_

d_
ÝÑ B_

ı

for some special orthogonal bundle E and a vector bundle B. Indeed, this can
be shown by the proof of [OT1, Prop. 4.1], see also [Par1, Prop. 1.3]. Here an
orientation of E induces an orientation of E via the canonical isomorphism

detpEq – detpB_q b detpE_q_ b detpBq – detpEq

of line bundles. By considering the stupid truncation
”

0 Ñ E_
d_
ÝÑ B_

ı

Ñ

”

B
d
ÝÑ E – E_

d_
ÝÑ B_

ı

,
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we can form a fibre diagram

(53) Q �
�

//

r
��

E

��

QpEq � � // CpEq � � // rE{Bs

for some cone Q. The horizontal maps in (53) are closed embeddings and the
vertical maps in (53) are B-torsors. Then Q is isotropic subcone of E since

qE|Q “ qCpEq|Q “ 0

by [Par1, Prop. 1.7(3)]. Consider a factorization

E|Q

��

P � � 0Q
//

0QpEq ""

Q

τ

XX

r
��

QpEq

of the zero section 0QpEq, where τ is the tautological section induced by the
embedding Q ãÑ E in (53). Note that the zero section 0Q : P ãÑ Q is the
zero locus of the tautological section τ P ΓpQ,E|Qq. We define the square root
Gysin pullback as the composition

(54)
b

0!
QpEq :“

?
epE|Q, τq ˝ r

˚ : A˚pQpEqq ÝÑ A˚`bpQq ÝÑ A˚`b´ 1
2
epPq

where b :“ rkpBq, e :“ rkpEq, vd “ b ´ 1
2
e, and

?
epE|Q, τq denotes Oh-

Thomas’s localization [OT1, Def. 3.2] of Edidin-Graham’s square root Euler
class [EG1].13 The arguments in [OT1, pp. 31–34] show that the square root
Gysin pullback in (54) is independent of the choice of the symmetric resolution
(52).

We then define the Oh-Thomas virtual cycle as

(55) rPs
vir :“

b

0!
QpEq rCPs P Avd pPq

where rCPs P A0pQpEqq is the fundamental class of the intrinsic normal cone
with respect to the closed embedding CP ãÑ QpEq in (51).

13See also [KiPa2, Def. 4.1] for an alternative construction of the localized square root
Euler class

?
epE|C , τq using the blowup method.
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We can easily compute the virtual dimension via the Hirzebruch-Riemann-
Roch formula [Ful, Cor. 15.2.1]. Indeed, we have

2 ¨ vd “ rankpRHomXpI
‚, I‚q0r1sq

“ ´

ż

X

chpI‚q_ chpI‚qtdpXq `

ż

X

tdpXq

“ ´p´2n` 2td2pXqγ ` td4pXq ´ 2td2pXqγ ` γ
2
q ` td4pXq

“ 2n´ γ2.

It completes the proof. �

We provide a simple analogy between the above description (55) of the Oh-
Thomas virtual cycles [OT1] and the Behrend-Fantechi virtual cycles [BF].

Remark 4.3. Fix an arbitrary (separated) Deligne-Mumford stack X.
Recall that a perfect obstruction theory ψ : K Ñ τě´1LX of tor-amplitude

r´1, 0s is equivalent to a closed embedding of cone stacks14 CX ãÑ CpKq, for
some vector bundle stack CpKq. In [Kre1], Kresch constructed a Gysin pullback

0!
CpKq : A˚pCpKqq Ñ A˚pXq

for any perfect complex K of tor-amplitude r´1, 0s. In [BF, Kre1], the Behrend-
Fantechi virtual cycle for a closed embedding CX ãÑ CpKq was defined as

rXsvir
BF :“ 0!

CpKqrCXs.

Analogously, a symmetric obstruction theory φ : EÑ τě´1LX of tor-amplitude
r´2, 0] satisfying the isotropic condition is equivalent to a closed embedding of
cone stacks CX ãÑ QpEq, for some quadratic cone stack QpEq associated to a
symmetric complex E. Note that we can define the square root Gysin pullback

b

0!
QpEq : A˚pQpEqq Ñ A˚pXq

for any symmetric complex E of tor-amplitude r´2, 0s and an orientation OX
–
ÝÑ

detpEq as in the proof of Theorem 4.1.15 Thus the Oh-Thomas virtual cycle
for a closed embedding CX ãÑ QpEq and an orientation can be defined as

rXsvir
OT :“

b

0!
QpEqrCXs.

14A morphism of cone stacks is always assumed to be A1-equivariant as in [BF, Def. 1.8].
15The proof of Theorem 4.1 works when X is a quasi-projective scheme. Using the Kimura

sequence for Artin stacks [BP], this can be generalized to the case when X is a separated
Deligne-Mumford stack, see [Par1, A].
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4.2. Reduced virtual cycles. Recall that the standard curve counting in-
variants (GW/PT) on K3 surfaces vanish due to the following two reasons:

(1) There exists a surjective cosection [KL];
(2) the codimension of the Noether-Lefschetz locus is positive [KT1, MPT].

To obtain non-zero invariants, one should consider reduced virtual cycles.
An analogous phenomenon occurs when we want to count surfaces on Calabi-

Yau 4-folds. Given a surface class γ, there are as many natural cosections
as the codimension ργ of the Hodge locus. Thus in a generic situation, the
non-reduced virtual cycle in Theorem 4.1 vanishes and we want to construct a
reduced virtual cycle. This can be achieved by the DT4 version of the cosection
localization technique developed in [KiPa2]. In this subsection, we present the
main results on the reduced virtual cycles and we provide the proofs in the
subsequent subsections.

We first introduce an important bilinear form Bγ on H1pX,TXq associated
to each surface class γ on X. We also fix some notation.

Definition 4.4. Let γ P H2pX,Ω2
Xq be a (2,2)-class on X.

(1) We define a symmetric bilinear form Bγ on H1pX,TXq as

Bγ : H1
pX,TXq bH

1
pX,TXq Ñ C, ξ1 b ξ2 ÞÑ

ż

X

ιξ1ιξ2γ Y ω

where ιξ1 and ιξ2 denote the contraction maps and ω is the (chosen)
Calabi-Yau 4-form.16

(2) We denote the rank of the bilinear form Bγ by

ργ :“ rankpBγq.

(3) For the induced non-degenerate quadratic space of dimension ργ, we
write

H1
pX,TXqγ :“

H1pX,TXq

kerpBγq
.

The bilinear form Bγ is closely related to the Hodge theory of the (2,2)-class

γ P H2
pX,Ω2

Xq Ď H4
pX,Cq.

. Essentially, the rank ργ is equal to the codimension of the Hodge locus of γ
[Blo] (see footnote (3)).

We now state our main result.

16For ξ1 P H
ipX,TXq and ξ2 P H

jpX,TXq, we have ιξ2ιξ1 “ p´1qp1`iqp1`jqιξ1ιξ2 (see for
example [BBJ, Lem. 2.5]).
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Theorem 4.5. Let X be a Calabi-Yau 4-fold, v “ p0, 0, γ, β, n´ γ ¨ td2pXqq P
H˚pX,Qq, and q P t´1, 0, 1u. Then there exists a canonical reduced virtual
cycle

“

Ppqq
v pXq

‰red
P Arvd

`

Ppqq
v pXq

˘

of reduced virtual dimension

rvd “ n´
1

2
γ2
`

1

2
ργ

depending on the choices of orientation of the symmetric complex E and the

quadratic space H1pX,TXqγ. Moreover, rPpqq
v pXqsred is deformation invariant

in the sense of Theorem 5.1.

The reduced virtual cycle rPpqq
v pXqsred has a relation to the notion of semi-

regularity of perfect complexes I‚ associated to pairs rpF, sqs P Ppqq
v pXq (Defi-

nition 4.8(2)).

Theorem 4.6. Let X be a Calabi-Yau 4-fold, v “ p0, 0, γ, β, n´ γ ¨ td2pXqq P

H˚pX,Qq, and q P t´1, 0, 1u. For any PTq pair rpF, sqs P Ppqq
v pXq, the asso-

ciated perfect complex I‚ :“ rOX
s
ÝÑ F s is semi-regular if and only if Ppqq

v pXq
is smooth of dimension rvd “ n´ 1

2
γ2 ` 1

2
ργ at rpF, sqs.

By Theorem 4.6, if all point in Ppqq
v pXq are semi-regular, then it is smooth

and the reduced virtual cycle is equal to the fundamental cycle

“

Ppqq
v pXq

‰red
“
“

Ppqq
v pXq

‰

P Arvd

`

Ppqq
v pXq

˘

.

Remark 4.7. The role of ργ in the surface counting theory is an interesting
new feature compared to known enumerative geometry. Indeed ργ is not a
topological datum of γ P H4pXq but rather it is a Hodge theoretic datum of
γ P H2,2pXq. In particular rank of Bγ is not additive in γ in general, but it is
only sub-additive, i.e., ργ1`γ2 ď ργ1 ` ργ2 . For example ργ remains the same
when taking multiples of γ.

We now explain the main ideas in the proof of Theorem 4.5. We will consider
three different, but interrelated, approaches to the reduced theory.

(1) Cosection localization. In subsection 4.4, we will prove Theorem 4.5
using the cone reduction lemma of Kiem-Li [KL]. The semi-regularity
map of Buchweitz-Flenner [BuFl1] will provide the necessary cosections.
This cosection localization method is the simplest way to construct the
reduced virtual cycle.
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(2) Algebraic twistor family. In subsection 4.5, we will construct a
reduced obstruction theory using the algebraic twistor family introduced
by the second-named author and Thomas [KT1]. The main idea is to
consider an infinitesimal deformation of X such that the Hodge locus
of γ is just the origin. The algebraic twistor family method alone does
not provide a reduced virtual cycle without the cone reduction lemma
due to the isotropic condition. See Remark 4.22.

(3) Reduction by p´1q-shifted 1-forms. In Appendix A, we will con-
struct a reduced p´2q-shifted symplectic derived enhancement. The cru-
cial part is that the cosections arising from the semi-regularity map
have natural extensions to p´1q-shifted closed 1-forms.

4.3. Semi-regularity map. In this subsection, we revisit the semi-regularity
map of Buchweitz-Flenner [BuFl1] and show that the key commutative triangle
in [BuFl1] is symmetric for Calabi-Yau 4-folds.

We first recall the definition of the semi-regularity map.17

Definition 4.8 (cf. [Blo, BuFl1]). Let I‚ be a perfect complex on X.

(1) We define the semi-regularity map by

(56) sr : Ext2
XpI

‚, I‚q0 Ñ H3
pX,Ω1

Xq, e ÞÑ trpAtpI‚q ˝ eq,

where AtpI‚q : I‚ Ñ I‚ b Ω1
Xr1s denotes the Atiyah class of I‚.

(2) We say that I‚ is semi-regular if sr is injective.

The semi-regularity map connects the obstruction to deforming a perfect
complex I‚ and its Chern character chpI‚q by the key commutative triangle
in [BuFl1, Cor. 4.3]. For Calabi-Yau 4-folds, this commutative triangle has a
symmetric description.

Proposition 4.9. Let I‚ be a perfect complex on X such that ch1pI
‚q “ 0 P

H1pX,Ω1
Xq and ch2pI

‚q “ γ P H2pX,Ω2
Xq. Then the obstruction map

(57) ob : H1
pX,TXq Ñ Ext2

XpI
‚, I‚q0, ξ ÞÑ ιξ AtpI‚q

17Here we consider the fixed-determinant version of the semi-regularity map. For strict
Calabi-Yau 4-folds, this is identical to the 2-semi-regularity map in [BuFl1]. Also we use a
different sign convention compared to [BuFl1].
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fits into the commutative diagram

(58) H1pX,TXq
ob

//

Bγ

''

ι´pγq

''

Ext2
XpI

‚, I‚q0

ob_

ww

sr

vv

H3pX,Ω1
Xq

SD–

��

H1pX,TXq
_

where the vertical isomorphism SD is induced by the Serre duality pairing

H3
pX,Ω1

Xq bH
1
pX,TXq Ñ C, αb ξ ÞÑ

ż

X

ιξpαq Y ω

and we identified pExt2
XpI

‚, I‚q0q
_ “ Ext2

XpI
‚, I‚q0 via the Yoneda pairing

Y : Ext2
XpI

‚, I‚q0 b Ext2
XpI

‚, I‚q0 Ñ C, ub v ÞÑ

ż

X

trpu ˝ vq Y ω.

Proof. Note that the obstruction map ob in (57) is well-defined since

tr ˝obpξq “ ιξ ch1pI
‚
q “ 0.

The commutativity of the three triangles in (58) can be shown as follows:

(1) (top triangle) We have sr ˝ ob “ ι´pγq by [BuFl1, Cor. 4.3].
(2) (left triangle) For any ξ1, ξ2 P H

1pX,TXq, we have

SDpιξ1pγqqpξ2q “

ż

X

ιξ2ιξ1γ Y ω “

ż

X

ιξ1ιξ2γ Y ω “ Bγpξ1, ξ2q.

(3) (right triangle) For any ξ P H1pX,TXq and e P Ext2
XpI

‚, I‚q, we have

ob_peqpξq “

ż

X

trpιξ AtpI‚q ˝ eq Y ω “

ż

X

ιξ trpAtpI‚q ˝ eq Y ω “ SDpsrpeqqpξq.

This completes the proof. �

The commutative triangle (58) says that the map of vector spaces

ob “ sr_ :
`

H1
pX,TXq,Bγ

˘

ÝÑ
`

Ext2
XpI

‚, I‚q0,Y
˘

is compatible with the corresponding symmetric bilinear forms. Equivalently,
we may write Bγ “ ob˚pYq.

In the following subsections, we will develop the reduced theory with respect
to a non-degenerate subspace V Ď H1pX,TXq. We provide a simple observation
on such non-degenerate subspaces.
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Corollary 4.10. Let I‚ be a perfect complex on X with ch1pI
‚q “ 0 and

ch2pI
‚q “ γ. Choose a non-degenerate subspace

V Ď H1
pX,TXq

with respect to the bilinear form Bγ. Then the restriction

pob “ sr_q|V : pV, Bγ|V q ãÑ
`

Ext2
XpI

‚, I‚q0, Y
˘

is an injective map of non-degenerate quadratic spaces.

Proof. If obpvq “ 0 for some v P V , then we have

Bγpv,´q “

ż

X

tr
`

obpvq ˝ obp´q
˘

“ 0 P H1
pX,TXq

_.

Thus the non-degeneracy of Bγ|V implies that v “ 0. �

For reader’s convenience, we review how the maps ob and Bγ in the commuta-
tive triangle (58) determine the obstructions of deforming the perfect complex
I‚ and the Hodge class γ P H2pX,Ω2

Xq, respectively. For simplicity, we only
consider the first-order deformations here. We refer to [Blo, Prop. 4.2] and [Ill,
Prop. IV.3.1.5] (cf. [HT, Cor. 3.4]) for the general case.

Lemma 4.11. Consider a first-order deformation of X, i.e., a fibre diagram

X �
�

//

��

X
f
��

tou �
�

// A

where f : X Ñ A is a smooth projective morphism and A is a square zero
extension of Spec pCq. Let o P A be the unique point.

p1q Given a p2, 2q-class γ P H2pX,Ω2
Xq Ď H4pX,Cq, there exists a hori-

zontal section rγ P F 2H4
DRpX {Aq such that rγo “ γ if and only if the

composition

To,A
KSX {A
ÝÝÝÝÑ H1

pX,TXq
Bγ
ÝÑ H1

pX,TXq
_

vanishes.
p2q Given a perfect complex I‚ on X with ch1pI

‚q “ 0, there exists a perfect

complex rI‚ on X with detprI‚q – OX such that rI‚o – I‚ if and only if the
composition

(59) To,A
KSX {A
ÝÝÝÝÑ H1

pX,TXq
ob
ÝÑ Ext2

XpI
‚, I‚q0

vanishes.
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Proof. (1) follows directly from [Blo, Prop. 4.2]. We would like to deduce (2)
from [Ill, Prop. IV.3.1.5] (or [HT, Cor. 3.4]). Consider a diagram

LX – LX {A|X

��

KSX {A|X

))

RHomXpI
‚, I‚qr´1s AtX{ApI

‚q //

AtXpI
‚q

44

AtX{X pI
‚q **

LX{A KSX{A //

pr2

OO

pr1

��

LA|Xr1s

LX{X – Lo{A|X

OO

KSo{A|X

55

where the left two triangles commute with the dotted arrows and the right two
triangles commute with the solid arrows. Moreover, the composition of the
middle arrows is zero because AtX{ApI

‚q factors through AtXpI
‚q. Hence the

total big square commutes (up to sign). Therefore, the map (59) corresponds
to the composition

I‚
AtX{X pI

‚q

ÝÝÝÝÝÝÑ I‚ b LX{X r1s Ñ I‚ b IX{X r2s “ I‚ b Io{Ar2s

via adjunction. �

4.4. Cosection localization. In this subsection, we construct the reduced
virtual cycle and prove Theorem 4.5 via the cosection localization technique of
Kiem-Li [KL], as in [KiPa2]. We also prove Theorem 4.6 as a corollary.

Let P :“ Ppqq
v pXq be the moduli space of PTq pairs on X with fixed Chern

character v “ p0, 0, γ, β, n ´ γ ¨ td2pXqq P H
˚pX,Qq. Let φ : E Ñ τě´1LP be

the standard symmetric obstruction theory of P in (49).
We first observe that the semi-regularity maps provide cosections.

Proposition 4.12. There exists a natural map

SR : E_r1s Ñ H1
pX,TXq

_
bOP

satisfying the following properties:

p1q The fibre of the map SR over rpF, sqs P P is the composition18

SR|pF,sq : RHomXpI
‚, I‚q0r2s Ñ Ext2

XpI
‚, I‚q0

sr
ÝÑ H1

pX,TXq
_,

where sr is the semi-regularity map (Definition 4.8(1)) for the associated

complex I‚ :“ rOX
s
ÝÑ F s.

18The first map is given by the canonical quasi-isomorphism C‚ –
À

i h
ipC‚qr´is for any

complex of vector spaces ([GM, Prop. III.2.4]).
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p2q The square of the map SR is

SR2
“ Bγ b 1 : H1

pX,TXq bOP Ñ H1
pX,TXq

_
bOP ,

where γ P H2pX,Ω2
Xq.

Here we identified H3pX,Ω1
Xq “ H1pX,TXq

_ via Serre duality and the Calabi-
Yau 4-form, as in Proposition 4.9.

Proof. Let I‚ denote the universal complex. Consider the map

RHomπpI‚, I‚q0r2s
AtPˆX{PpI‚q
ÝÝÝÝÝÝÝÝÑ RHomπpI‚, I‚ b Ω1

Xqr3s
tr3

ÝÑ H3
pX,Ω1

Xq bOP ,

where the third trace map is defined as (see footnote 18)

tr3 : RHomπpI‚, I‚ b Ω1
Xqr3s

tr
Ñ RΓpX,Ω1

Xq bOPr3s Ñ H3
pX,Ω1

Xq bOP .

The map SR is then defined by composing the above with the isomorphism
H3pX,Ω1

Xq – H1pX,TXq
_. The functoriality of the Atiyah classes ensures

that the fibres of SR are the semi-regularity maps. This proves (1).
Next, we claim that the square

SR2 : H1
pX,TXq bOP

SR_
ÝÝÑ Er´1s – E_r1s SR

ÝÑ H1
pX,TXq

_
bOP

is given by contraction with the Chern character

ch2pI‚q :“
1

2
trpAt2

pI‚qq P H2
pX,Ω2

Xq b ΓpP,OPq.

Statement (2) then follows because Proposition 3.33 implies that the Chern
character ch2pI‚q is a horizontal section, i.e.,

ch2pI‚q “ γ b 1.

In order to prove the claim, it suffices to take hypercohomology H0pP,´q
of the composition SR2 and show that this equals contraction with ch2pI‚q. By
[BuFl1, Prop. 4.2], the following triangle commutes

H1pP ˆX,TPˆX{Pq //

ιch2pI‚q **

Ext2
PˆXpI‚, I‚q0

uu

H3pP ˆX,Ω1
PˆX{Pq,

where the top map is induced by SR_ and the right map by SR. Using the
decomposition (see footnote 18)

Hm
pP ˆX,TPˆX{Pq “

à

i`j“m

H i
pX,TXq bH

j
pP,OPq
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and similarly for Ω1
PˆX{P , we obtain the commutative diagram

H1pX,TXq bH
0pP,OPq

H0pP,SR_q
//

ιch2pI‚q ++

Ext2
PˆXpI‚, I‚q0

H0pP,SRqtt

H3pX,Ω1
Xq bH

0pP,OPq

as desired. �

Remark 4.13. The map SR in Proposition 4.12 is the collection of all cosec-
tions associated to p3, 1q-forms in [KiPa2, Ex. 9.2]. More precisely, if we choose
a p3, 1q-form ξ P H1pX,TXq – H1pX,Ω3

Xq, then the composition

E_r1s SR
ÝÑ H1

pX,TXq
_
bOP

ξ
ÝÑ OP

is exactly the cosection σξ associated to the p3, 1q-form ξ considered in [KiPa2].

We sometimes call the symmetric complex E in the obstruction theory φ :
E Ñ τě´1LP the virtual cotangent complex. Following this perspective, we
define the reduced virtual cotangent complex Ered

V as follows:

Definition 4.14. Choose a non-degenerate subspace V Ď H1pX,TXq with
respect to the bilinear form Bγ.

(1) We denote by

SRV : E_r1s SR
ÝÑ H1

pX,TXq
_
bOP � V _ bOP

the composition. Then the square

SR2
V “ Bγ|V b 1 : V bOP

SR_V
ÝÝÑ Er´1s – E_r1s SRV

ÝÝÑ V _ bOP

is an isomorphism by Proposition 4.12(2).
(2) We define Ered

V :“ conepSR_V r1sq. Since the natural map SR_V r1s has a
left inverse, we have a splitting

(60) E – Ered
V ‘ pV bOPr1sq .

Moreover, pEred
V q

_r2s Ñ E_r2s θ
ÝÑ E Ñ Ered

V induces a symmetric form
on Ered

V and (60) is a splitting of symmetric complexes.
(3) We denote by

QpEred
V q Ď CpEred

V q

the quadratic cone stack induced by the above symmetric form.

The main result in this subsection is the following cone reduction property:
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Proposition 4.15. Given a non-degenerate subspace V Ď H1pX,TXq with
respect to Bγ, there exists a commutative diagram

QpEred
V q� _

��

� � // CpEred
V q� _

��

pCPqred
� � //

99

QpEq � � // CpEq

for a unique dotted arrow and where the square is cartesian. Here the closed
embedding pCPqred ãÑ QpEq is given by (51).

Proof. We will form a commutative diagram

(61) QpEred
V q
� � //

� _

��

CpEred
V q

//
� _

��

P� _

0
��

pCPqred
� � //

99

QpEq � � //

��

CpEq
lSRV

//

qE
��

V |_P

P � � 0
// A1

P

with cartesian squares, where lSRV :“ CpSR_V r1sq is the linear function induced
by SR_V : V b OP Ñ Er´1s and qE is the quadratic function induced by
θ : OP Ñ pE b Eqr´2s. Indeed, the lower square in (61) is cartesian since
the quadratic cone stack QpEq is defined as the zero locus of the quadratic
function qE. The upper right square in (61) is cartesian since Ered

V is defined
as the cone of SR_V r1s : V b OPr1s Ñ E, see the proof of Lemma 4.16. The
middle upper square is cartesian since (60) is a direct sum decomposition of
symmetric complexes. Indeed, we have

(62) qE “ qEred
V
˝ p1 ` qV |P ˝ p2 : CpEq “ CpEred

V q ˆP V |_P Ñ A1
P

where p1, p2 are the projection maps and qV : V ˆV Ñ C denotes the quadratic
function induced by Bγ|V . Then the formula (62) implies that the triangle

CpEred
V q

qEred
V

##

� _

��

CpEq
qE

// A1
P

commutes. Hence the middle upper square in (61) is also cartesian. Finally,
by Kiem-Li’s cone reduction lemma [KL] in the form of Lemma 4.16 below, we
can find the dotted arrow that fits into the commutative diagram (61). �
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We rephrase Kiem-Li’s cone reduction lemma as follows. This lemma is
required to complete the proof of Proposition 4.15.

Lemma 4.16 (cf. [KL, Prop. 4.3]). Let φ : E Ñ τě´1LX be an obstruction
theory for an arbitrary Deligne-Mumford stack X. Let Σ : E_r1s Ñ F be a map
for a vector bundle F . Then there exists a commutative diagram

(63) CpEΣq //
� _

��

X� _

0F
��

pCXqred

::

� � // CpEq lΣ
// F

with a unique dotted arrow and where the square is cartesian. Here the closed
embedding pCXqred ãÑ CpEq is induced by the obstruction theory φ, the linear
function lΣ :“ CpΣ_r1sq : CpEq Ñ F is induced by the map Σ, and the perfect
complex EΣ is the cone of the map Σ_r1s : F_r1s Ñ E.

Proof. Note that the statement is local on X. Thus we may assume that X

is a quasi-projective scheme and F “ O‘r
X is a trivial vector bundle. By the

resolution property of X, we can find a chain complex of vector bundles that
represents E,

E – rE´e ÝÑ ¨ ¨ ¨ Ñ E´2 d´1

ÝÝÑ E´1 d0

ÝÑ E0
s

and a morphism of chain complexes that represents Σ,

E_r1s

Σ
��

–

E0
//

��

E1
//

rΣ
��

E2
//

��

¨ ¨ ¨

��

// Ee

��

F 0 // F // 0 // ¨ ¨ ¨ // 0

where we denoted Ei :“ pE´iq_. Then we also have

EΣ – rE
´e
ÝÑ ¨ ¨ ¨ Ñ E´2

‘ F_
pd´1,rΣ_q
ÝÝÝÝÝÑ E´1 d0

ÝÑ E0
s.

Firstly, we will show that the square in (63) is cartesian. Indeed, note that
the cokernels

D :“ cokerpd´1 : E´2
Ñ E´1

q, D
rΣ :“ cokerppd´1, rΣ_q : E´2

‘ F_ Ñ E´1
q

fit into a right exact sequence of coherent sheaves

F_ // D // D
rΣ

// 0 .
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By taking the associated abelian cones, we obtain a cartesian square

CpD
rΣq

//
� _

��

A1
X� _

0F
��

CpDq
rΣ|CpDq

// F.

Since CpEq “ rCpDq{E0s and CpEΣq “ rCpD
rΣq{E0s, we obtain the desired

cartesian square via descent.
Secondly, we will find a dotted arrow that fits into the commutative dia-

gram (63). The uniqueness is obvious. Consider the induced (2-term) perfect
obstruction theory

φτ : Eτ :“ rE´1 d0

ÝÑ E0
s
t
ÝÑ E φ

ÝÑ τě´1LX

and an induced cosection Στ that fits into the commutative diagram

E_r1s

t_r1s

��

Σ
// F

pEτ q_r1s.
Στ

;;

Since F is a trivial vector bundle, we may write

Στ
“ pσ1, ¨ ¨ ¨ , σrq : pEτ q_r1s Ñ F – O‘r

X .

Then σi : pEτ q_r1s Ñ OX are cosections for the perfect obstruction theory φτ .
Hence by [KL, Prop. 4.3], we have

pCXqred Ď CppEτ qσiq
as substacks of CpEτ q, where pEτ qσi :“ conepσ_i r1sq. Here CppEτ qσiq are set-
theoretically the kernel cone stacks in [KL]. Hence we have a commutative
diagram

CpEΣq
� � //

� _

��

Ş

i CppEτ qσiq //
� _

��

X� _

0F
��

pCXqred
� � //

44::

CpEq � �
Cptq

//

lΣ

55CpEτ q
lΣτ

// F

where the squares are cartesian by the result in the previous paragraph. Hence
the dotted arrow in the above diagram gives us the desired dotted arrow in
(63). �

Now Theorem 4.5 is a direct corollary of Proposition 4.15.
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Proof of Theorem 4.5. We first construct a reduced virtual cycle with respect
to a maximal non-degenerate subspace V Ď H1pX,TXq. Here maximal means
that dimpV q “ rankpBγq “ ργ. Thus the composition

(64) V ãÑ H1
pX,TXq� H1

pX,TXqγ

is an isomorphism.
As in the proof of Theorem 4.1 (see also Remark 4.3), we can construct a

square root Gysin pullback

b

0!
QpEred

V q
: A˚

`

QpEred
V q

˘

Ñ A˚ pPq

for the symmetric complex Ered
V . Here the orientation of Ered

V is determined by
the orientations of E and H1pX,TXqγ via the canonical isomorphisms

detpEq – detpEred
V q b detpV q – detpEred

V q b detpH1
pX,TXqγq

of line bundles, induced by the decomposition (60) and the isomorphism (64).
By the cone reduction property in Proposition 4.15, we may consider the

fundamental class of the intrinsic normal cone CP as a cycle class in QpEred
V q,

rCPs P A0

`

QpEred
V q

˘

.

Indeed, this can be defined as the pushforward of the fundamental class rCPs P

A˚ppCPqredq “ A˚pCPq under the closed embedding pCPqred ãÑ QpEred
V q.

Analogous to the definition of the non-reduced virtual cycle in (55), we define
the reduced virtual cycle as

(65) rPs
red
V :“

b

0!
QpEred

V q
rCPs P Arvd pPq .

Then the reduced virtual dimension is

rvd “ vd`
1

2
dimpV q “ n´

1

2
γ2
`

1

2
ργ.

We now claim that the reduced virtual cycle rPsred
V in (65) is independent

of the choice of a maximal non-degenerate subspace V Ď H1pX,TXq. Note
that a choice of a maximal isotropic subspace V of H1pX,TXq is equivalent to
a choice of a section of the surjection H1pX,TXq � H1pX,TXqγ. Thus, if we
fix one splitting

H1
pX,TXq “ H1

pX,TXqγ ‘ kerpBγq,
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then any other splitting corresponds to a map H1pX,TXqγ Ñ kerpBγq. There-
fore, any two splittings are connected via a family of splittings parametrized
by A1. A deformation argument proves the claim.19 �

Remark 4.17. We view the cosection localization (Proposition 4.15) in this
paper as an orthogonal version to the one in [KiPa2]. Indeed, there are two
types of cosections Σ : E_r1s Ñ F in DT4 theory:

(1) isotropic cosections, i.e., Σ2 “ 0,
(2) non-degenerate cosections, i.e., Σ2 is an isomorphism.

In [KiPa2], cosection localization for the first case is studied, whereas we in-
troduced the second case in this paper.

In the second case, if the orthogonal bundle pF,Σ2q is of even rank and has a
maximal isotropic subbundle, then we can reduce to the first case. Then both
approaches give the same reduced virtual cycle.

However, for surfaces on Calabi-Yau 4-folds, there are many examples (e.g.
Example 1.5) that have an odd number of cosections. Therefore we indeed need
cosection localization as in the second case for counting surfaces.

Remark 4.18. In general, the cone reduction property in Proposition 4.15 does
not assure the existence of a reduced obstruction theory, see [MPT, Appendix

A]. However, in our situation for Ppqq
v pXq, we will see in the next subsection

that there indeed exists a reduced obstruction theory.

We now prove Theorem 4.6. The implication pñq can be shown using the
infinitesimal lifting criterion as in [Blo, Thm. 7.3]. We provide an alterna-
tive proof, more in line with DT4 theory, using the cone reduction property
(Proposition 4.15).

Proof of Theorem 4.6. (ñ) Let rpF, sqs P P be a PTq pair for which the asso-

ciated perfect complex I‚ :“ rOX
s
ÝÑ F s is semi-regular.

Choose a maximal non-degenerate subspace V Ď H1pX,TXq with respect to
Bγ. We first claim that the restriction of the obstruction map ob in (57) to V

ob|V : V ãÑ H1
pX,TXq� Ext2

XpI
‚, I‚q0

is an isomorphism. Indeed, by Corollary 4.10, the above map ob|V is injective.
On the other hand, the semi-regularity of I‚ implies that the obstruction map
ob “ sr_ : H1pX,TXq Ñ Ext2

XpI
‚, I‚q0 is surjective. Hence we have

dimpV q “ ργ “ rankpBγq “ rankpob˚pYqq “ rankpYq “ dimC Ext2
XpI

‚, I‚q0.

19Generally, we need to be careful when we apply the cone reduction in the relative setting.
But in this case, the map PˆA1 Ñ A1 is flat, so we can detect the cone reduction property
fibrewise.
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Therefore the above map ob|V is bijective. This proves the claim.
By the derived Darboux theorem [BBJ, Thm. 5.18(ii)], we can find a diagram

E

��

Uptq �
�

// U,

t

[[

where U is a smooth affine scheme, E is an orthogonal bundle over U , t P
ΓpU,Eq is an isotropic section, and Uptq is the zero locus of t in U , with a
Zariski open embedding Uptq ãÑ P whose image contains rI‚s P P. Also, the
standard symmetric obstruction theory φ : EÑ τě´1LP in (49) can be written
as

E|Uptq
φ

��
“

TU |Uptq
dt
//

��

E|_Uptq
dt
//

t

��

ΩU |Uptq

τě´1LP |Uptq 0 // I{I2 d
// ΩU |Uptq

where I “ IUptq{U is the ideal sheaf of Uptq Ď U . Moreover, by choosing
a minimal Darboux chart (in the sense of [BBJ, Def. 2.13]), we can further
assume that the fibre of the map dt : TU |Uptq Ñ E|_Uptq at rI‚s P Uptq is zero.

Consider the map SRV in Definition 4.14(1). Then we have a diagram

ΩU |Uptq //

''

E|Uptq
SRV
��

// rTU |Uptq Ñ E|_Uptq Ñ 0s

V _ bOUptqr1s

where the last term is the stupid truncation and the dotted arrow is the compo-
sition. Since Uptq is affine, the dotted arrow is zero and we obtain a morphism
of cochain complexes

E|Uptq
SRV
��

“

TU |Uptq
dt

//

��

E|_Uptq
dt

//

ĆSRV
��

ΩU |Uptq

��

V _ bOUptqr1s 0 // V _ bOUptq
// 0

for some map ĄSRV . By Proposition 4.12(1), and the fact that the fibre of dt

at rpF, sqs is zero, the fibre of the map ĄSRV over rpF, sqs P P can be identified
with the composition

(66) ĄSRV |pF,sq : Ext2
pI‚, I‚q0

sr
ÝÑ H1

pX,TXq
_ � V _.
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Since ob|V is an isomorphism, Proposition 4.9 implies that the map (66) is an
isomorphism. Therefore, by shrinking U further, we may assume that the map
ĄSRV is an isomorphism.

Consider Uptq as the zero section Uptq Ă E|Uptq. By the cone reduction
property in Proposition 4.15, we have

„

pCUptq{Uqred

TU |Uptq



“
`

CUptq
˘

red
Ď CpEred

V q “

„

Uptq

TU |Uptq



as substacks of CpEq Ď rE|Uptq{TU |Uptqs since kerpĄSRV q “ 0. Therefore, we have

pCUptq{Uqred “ Uptq.

Equivalently, the ideal
À

ną0
In

In`1 Ď
À

ně0
In

In`1 is nilpotent. Hence, we have
In

In`1 “ 0 for some n, and Nakayama’s lemma implies p1´ iq ¨ In “ 0 for some
i P I. Since U is integral and Uptq is nonempty, we have I “ 0 and thus t “ 0.
Therefore, Uptq “ U is smooth of dimension

dimpUq “

ˆ

dimpUq ´
1

2
rankpEq

˙

`
1

2
rankpEq “ vd`

1

2
ργ “ rvd.

This completes the proof of (ñ) since Uptq is an open neighborhood of rI‚s P P.
(ð) Assume that P is smooth of dimension rvd at rI‚s P P. Choose a

maximal non-degenerate subspace V of H1pX,TXq with respect to Bγ. By
Corollary 4.10, the restriction of the obstruction map to V

ob|V : V ãÑ H1
pX,TXq

ob
ÝÑ Ext2

XpI
‚, I‚q0

is injective. On the other hand, since P is smooth at rI‚s P P, we have

dimpV q “ ργ “ 2 ¨ prvd´ vdq “ 2 ¨

ˆ

ext1
´ pext1

´
1

2
ext2

q

˙

“ ext2

where ext1 :“ dimC Ext1
XpI

‚, I‚q0 and ext2 :“ dimC Ext2
XpI

‚, I‚q0. Hence the
above map ob|V is bijective. Then the obstruction map ob is surjective, and its
dual sr is injective (Proposition 4.9). Therefore rI‚s P P is semi-regular. �

4.5. Algebraic twistor family. In this subsection, we construct a reduced
obstruction theory via the algebraic twistor family introduced by the second-
named author and Thomas in [KT1].

We use the notation from the previous subsections. Let Ppqq
v pXq be the

moduli space of PTq pairs pF, sq on a Calabi-Yau 4-fold X with fixed cohomo-
logical Chern character chpF q “ v “ p0, 0, γ, β, n ´ γ ¨ td2pXqq P H

˚pX,Qq.
The main result in this subsection is the following:
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Proposition 4.19. Given a non-degenerate subspace V Ď H1pX,TXq with
respect to Bγ, the composition

(67) φred
V : Ered

V Ñ E φ
ÝÑ τě´1L

P
pqq
v pXq

is also a symmetric obstruction theory, i.e., h0pφred
V q is bijective and h´1pφred

V q

is surjective. Here the first map in (67) is given by the decomposition (60) and
the second map is the standard symmetric obstruction theory in (49).

The rest of this subsection is devoted to the proof of Proposition 4.19. By
the deformation theory of algebraic varieties, any subspace V Ď H1pX,TXq
corresponds to a fibre diagram

X �
�

//

��

XV

fV
��

Spec pCq � � // AV

where XV Ñ AV is a smooth projective morphism over the spectrum of the
local Artinian C-algebra AV :“ OV {m

2 “ C‘ V _, where m Ă OV denotes the
maximal ideal of functions vanishing at the origin. Here Ω1

AV “ V _bOAV and
the (restriction) of the (classical) Kodaira-Spencer map

KSXV {AV |X : Ω1
X Ñ V _ bOXr1s

corresponds to the given inclusion V Ď H1pX,TXq via adjunction. Let

rv “ v b 1 P H˚
DRpXV {AV q – H˚

DRpXq bC AV

be the unique horizontal lift of v P H˚
DRpXq (see subsection 3.5 for the def-

initions of the de Rham cohomology and horizontal sections). Form a fibre
diagram

(68) Ppqq
v pXq

� � //

��

Ppqq
rv pXV {AV q

��

Spec pCq � � // AV

where Ppqq
rv pXV {AV q is the relative moduli space of PTq pairs on the fibres of

XV Ñ AV . The key observation is the following:

Proposition 4.20. If V Ď H1pX,TXq is a non-degenerate subspace, then the
canonical inclusion map

Ppqq
v pXq ãÑ Ppqq

rv pXV {AV q

is an isomorphism of schemes.
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Proof. The proof is similar to [KT1, Lem. 2.1] and [KT1, Prop. 2.2]. We first
claim that the Hodge locus of the horizontal section

γ b 1 P H4
DRpXV {AV q – H4

DRpXq b AV

is just the unique closed point in AV . More precisely, the scheme-theoretical
zero locus of the induced section

γ b 1 P
H4
DRpXV {AV q

F 2H4
DRpXV {AV q

is the closed point in AV . Indeed, choose a subspace W Ď V and let

AW :“ Spec pC‘W_
q Ď AV

be the corresponding subscheme. Assume that the section γ b 1 vanishes on
AW , i.e.,

γ b 1|AW “ 0 P
H4
DRpXW {AW q

F 2H4
DRpXW {AW q

.

Equivalently, the unique horizontal lift of γ over AW is a Hodge class. By [Blo,
Prop. 4.2] (cf. Lemma 4.11(1)), we deduce that the composition

Bγ|W : W ãÑ H1
pX,TXq

ι´pγq
ÝÝÝÑ H3

pX,Ω1
Xq – H1

pX,TXq
_

is zero. Hence we have

W Ď V X kerpBγq “ 0

by the non-degeneracy of V . This proves the claim.
We will now show that any morphism

(69) t : T Ñ Ppqq
rv pXV {AV q

from an affine scheme T factors through Ppqq
v pXq. Indeed, let

I‚ “ rOXT
s
ÝÑ F s

be the family of PTq pairs that corresponds to the map (69), where

XT
//

��

XV

��

T
t
// AV

is the induced fibre diagram. By Proposition 3.33, we have

t˚pγ b 1q “ Čch2pI‚q P F
2H4

DRpXT {T q
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where Čch2pI‚q P F
2H4

DRpXT {T q is the unique horizontal lift of the Chern char-
acter ch2pI

‚q :“ 1
2

trpAt2
pI‚qq P H2pXT ,Ω

2
XT {T q. Thus we have

t˚pγ b 1q “ 0 P
H4
DRpXT {T q

F 2H4
DRpXT {T q

.

Hence the map t : T Ñ AV factors through the zero locus of γ b 1, which is
the unique closed point in AV by the result in the previous paragraph. Now
the fibre diagram (68) proves the desired property.

Finally, since the map Ppqq
v pXq ãÑ Ppqq

rv pXV {AV q is a closed embedding, the
result in the previous paragraph proves that the map is an isomorphism. �

By Proposition 4.20, the reduced obstruction theory of Ppqq
v pXq can be ob-

tained as the obstruction theory of Ppqq
rv pXV {AV q.

Proof of Proposition 4.19. By Proposition 4.20, the fibre diagram (68) can be
expressed as

AV

��

Ppqq
v pXq //

88

Spec pCq

EE

where the two triangles commute. Hence we have a canonical direct sum de-
composition of the cotangent complexes

(70) L
P
pqq
v pXq

// L
P
pqq
v pXq{AV

oo
// LAV |Ppqq

v pXq
r1soo

where the upper arrows and the lower arrows are the canonical distinguished
triangles (cf. [Qu, Lem. 2.10]). Let

φXV {AV : EXV {AV Ñ τě´1L
P
pqq
v pXq{AV

be the standard relative obstruction theory for Ppqq
rv pXV {AV q Ñ AV where

EXV {AV “ E by Proposition 4.20. We will consider the induced absolute ob-
struction theory. Indeed, form a morphism of distinguished triangles

(71) Ered
V

φred
V

��

// E
SRV r1s

//

φXV {AV
��

V _ bO
P
pqq
v pXq

r1s

τě´1L
P
pqq
v pXq

// τě´1L
P
pqq
v pXq{AV

KS
// Ω1

AV |Ppqq
v pXq

r1s

for some dotted arrow φred
V , where the upper distinguished triangle is induced

by (60), the lower distinguished triangle is the truncation of (70), and the
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right square commutes by Lemma 4.21 below. By the long exact sequence
associated to (71), we can deduce that the map φred

V : Ered
V Ñ τě´1L

P
pqq
v pXq

is an

obstruction theory, in the sense of [BF]. Moreover since the lower distinguished
triangle in (71) splits, the obstruction theory φred

V : Ered
V Ñ τě´1L

P
pqq
v pXq

is

uniquely determined by the diagram (71). Thus the map φred
V in (71) is equal

to the composition (67) since the composition

E “ EXV {AV
φXV {AV
ÝÝÝÝÝÑ τě´1L

P
pqq
v pXq{AV

Ñ τě´1L
P
pqq
v pXq

is the original (non-reduced) obstruction theory for Ppqq
v pXq. �

We need the following compatibility result between the Kodaira-Spencer
maps to complete the proof of Proposition 4.19. Here we consider a more
general version than needed for Proposition 4.19. This will be used later in the
proof of deformation invariance in Theorem 5.1.

Lemma 4.21. Let f : X Ñ B be a smooth projective morphism of relative

dimension 4 over a quasi-projective scheme B. Let P :“ Ppqq
rv pX {Bq be the

relative moduli space of PTq pairs on the fibres of f : X Ñ B. Let

P ˆB X

π
��

// X

f

��

P :“ Ppqq
rv pX {Bq // B

be a fibre diagram. Then we have a commutative diagram

(72) EX {B :“ RHomπpI‚, I‚ b ωX {Bq0r3s
SRX {B

//

φX {B

��

Rf˚pΩ
1
X {B b ωX {Bq|Pr4s

´KSX {B
��

LP{B
KSP{B

// LB|Pr1s

where the relative obstruction theory φX {B and the relative cosection SRX {B are
given by the two components

AtPˆBX {X pI
‚
q : I‚

AtPˆBX {BpI‚q
ÝÝÝÝÝÝÝÝÑ I‚ b LPˆBX {Br1s

pr1
ÝÝÑ I‚ b LP{Br1s

AtPˆBX {PpI
‚
q : I‚

AtPˆBX {BpI‚q
ÝÝÝÝÝÝÝÝÑ I‚ b LPˆBX {Br1s

pr2
ÝÝÑ I‚ b Ω1

X {Br1s

of the Atiyah class AtPˆBX {BpI‚q of the universal complex I‚. For φX {B, we use
the adjunction Rπ˚p´q % Lπ˚p´q b ωX {Br4s.
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Proof. The proof is similar that that of Lemma 4.11. Consider the diagram
(73)

LX {B|PˆBX

��

KSX {B

**

RHomPˆBX pI‚, I‚qr´1s AtPˆBX {BpI‚q //

AtPˆBX {PpI‚q
33

AtPˆBX {X pI‚q ++

LPˆBX {B KSPˆBX {B //

pr2

OO

pr1

��

LB|PˆBX r1s

LP{B|PˆBX

OO

KSP{B

44

where the left two triangles commute with the dotted arrows, and the right two
triangles commute with the solid arrows. Since AtPˆBX {BpI‚q factors through
AtPˆBX pI‚q, the composition of the two horizontal arrows in (73) vanishes

KSPˆBX {B ˝ AtPˆBX {BpI
‚
q “ 0.

We deduce that the big square in (73) commutes (up to sign)

(74) KSX {B ˝ AtPˆBX {PpI
‚
q “ ´KSP{B ˝ AtPˆBX {X pI

‚
q.

The commutativity of (72) follows from (74) by adjunction. �

Remark 4.22. The main limitation of the algebraic twistor family approach in
this subsection is that the reduced obstruction theory is given as a composition,
but not as a factorization,

(75) Ered
V

//

φred
V %%

id

))

E

φ

��

// Ered
V

?
yy

τě´1L
P
pqq
v pXq

.

In classical reduced theory, e.g. [KT1], this was sufficient to construct reduced
Behrend-Fantechi virtual cycles [BF]. However, in DT4 theory, this is not
sufficient to construct reduced Oh-Thomas virtual cycles [OT1] since we need
to know whether the reduced obstruction theory φred

V satisfies the isotropic
condition

QpEq E
//

� _

��

QpEred
V q� _

��

C
P
pqq
v pXq

� � //
� w

algebraic twistor

55

?

55

, �

::

CpEq // // CpEred
V q.
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Thus we additionally need the cone reduction property in the previous subsec-
tion (Proposition 4.15) to construct a reduced virtual cycle from φred

V .
To conclude, the cone reduction property in Proposition 4.15 and the reduced

obstruction theory in Proposition 4.19 give us a commutative diagram

(76) pC
P
pqq
v pXq

qred
� _

��

� � cone reduction
// QpEred

V q� _

��

C
P
pqq
v pXq

� � //� �

algebraic twistor
// CpEred

V q.

This proves Theorem 1.7.
In Appendix A, we will construct a diagonal arrow C

P
pqq
v pXq

ãÑ QpEred
V q in

commutative diagram (76) using derived algebraic geometry, see Remark A.16.

Remark 4.23. By Proposition 4.20, the standard derived enhancement on

Ppqq
v pXV {AV q gives us the reduced derived enhancement on Ppqq

v pXq. How-
ever, since the canonical map between the two derived enhancements is given

as RPpqq
v pXq ãÑ RPpqq

v pXV {AV q, it is not clear how to pullback the p´2q-

shifted symplectic form of RPpqq
v pXq to the reduced derived enhancement. In

Appendix A, we will construct a reduced derived enhancement with a map

pRPpqq
v pXqqred ãÑ RPpqq

v pXq so that we can pullback the p´2q-shifted sym-

plectic form. Eventually, we find pRPpqq
v pXqqred – RPpqq

v pXV {AV q since they
have the same classical truncations and induced obstruction theories.

4.6. Reduced virtual dimension. In this subsection, we present various
methods to compute the number ργ and the reduced virtual dimension.

Local complete intersection surfaces. Let X be a Calabi-Yau 4-fold. We
take i : S ãÑ X a local complete intersection (lci) surface, v “ chpOSq “

p0, 0, γ, β, χpOSq ´ γ ¨ td2pXqq P H
˚pXq. Our goal is to make the key diagram

from Proposition 4.9 more explicit and determine the reduced virtual dimension
rvd “ χpOSq ´

1
2
γ2 ` 1

2
ργ. The normal sheaf NS{X is locally free because S is

lci. Since X has trivial canonical bundle, we have

KS – NS{X ^NS{X

and the Serre duality pairing gives a non-degenerate symmetric bilinear pairing

SDS : H1
pS,NS{Xq – H1

pS,NS{Xq
_.
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The space H1pS,NS{Xq maps to the obstruction space of IS{X . From the
short exact sequence

(77) 0 Ñ IS{X Ñ OX Ñ OS Ñ 0 ,

we get an exact triangle

RHomXpIS{X ,OSq Ñ RHomXpIS{X , IS{Xqr1s Ñ RHomXpIS{X ,OXqr1s .

By taking cones of maps from RΓpX,OXqr1s to the second and the third factor,
we get an exact triangle

(78) RHomXpIS{X ,OSq Ñ RHomXpIS{X , IS{Xq0r1s Ñ RHomXpOS,OXqr2s .

Consider the map

(79) θS : H1
pS,NS{Xq Ñ Ext1

XpIS{X ,OSq Ñ Ext2
XpIS{X , IS{Xq0 ,

where the first map is defined by adjunction.
We give local descriptions of the obstruction map (57) and the semi-regularity

map (56) for local complete intersection surfaces. The map defined by

obS{X : H1
pX,TXq Ñ H1

pS, TX |Sq Ñ H1
pS,NS{Xq

is the obstruction map for deforming S Ă X along a deformation of X [Blo,
Prop. 2.6]. Let dS : OS Ñ IS{Xr1s be the map induced by (77). Let α :

Ext1
XpIS{X ,OSq Ñ H3pX,Ω1

Xq be the map defined by the trace of

IS{X Ñ OSr1s
AtpOSq
ÝÝÝÝÑ OS b Ω1

Xr2s
dSbid
ÝÝÝÑ IS{X b Ω1

Xr3s .

The local semi-regularity map is defined by

(80) srS{X : H1
pS,NS{Xq Ñ Ext1

XpIS{X ,OSq
α
ÝÑ H3

pX,Ω1
Xq.

The main result of this subsection consists of the following compatibilities.

Proposition 4.24. Let i : S ãÑ X be a local complete intersection surface
inside a Calabi-Yau 4-fold X.

p1q The map (79) is an isomorphism between two vector spaces with non-
degenerate symmetric bilinear forms

θS :
`

H1
pS,NS{Xq, SDS

˘ –
ÝÑ

`

Ext2
XpIS{X , IS{Xq0,Y

˘

.

p2q The following diagram commutes

H1pX,TXq
obS{X

//

ob
((

H1pS,NS{Xq
srS{X

//

θS–

��

p21q p22q

H3pX,Ω1
Xq.

Ext2
XpIS{X , IS{Xq0

sr

66
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Proof. To simplify the notation, denote I :“ IS{X . We first prove that the
map θS is an isomorphism. The compatibility of the two bilinear forms will be
proved at the end. The exact triangle (78) gives a long exact sequence

0 Ñ Ext2
XpOS,OXq

looooooomooooooon

–H0pS,KSq

(i)
ÝÑ Ext1

XpI,OSq
(ii)
ÝÑ Ext2

XpI, Iq0

Ñ Ext3
XpOS,OXq

looooooomooooooon

–H1pS,KSq

(iii)
ÝÝÑ Ext2

XpI,OSq
(iv)
ÝÝÑ Ext3

XpI, Iq0

Ñ Ext4
XpOS,OXq

(v)
ÝÑ Ext3

XpI,OSq Ñ 0

(81)

since HomXpI,OSq Ñ Ext1
XpI, Iq0 is an isomorphism (Theorem 3.19). The

map (v) is Serre dual to

Ext1
XpOS, Iq

(v’)
ÝÝÑ HomXpOX ,OSq.

Applying E xt‚XpOS,´q to (77), we have

HomXpOS, Iq “ 0, E xt1XpOS, Iq – HomXpOS,OSq

since HomXpOS,OXq “ E xt1XpOS,OXq “ 0. Therefore (v’) can be identified
with the map induced by the isomorphism HomXpOS,OSq – HomXpOX ,OSq

and (iv) is surjective.
Consider the local-to-global spectral sequence

Hp
pX,E xtqXpI,OSqq ñ Extp`qX pI,OSq.

Since S is lci, there are isomorphisms

E xtqXpI,OSq – E xtq`1
X pOS,OSq –

q`1
ľ

NS{X , @q ě 0

by [SGA6, Prop.VII.2.5]. Since E xtqXpI,OSq “ 0, for all q ě 2, the local-to-
global spectral sequence collapses to the long exact sequence

0 Ñ H1
pS,NS{Xq ÝÑ Ext1

XpI,OSq
paq
ÝÑ H0

pS,NS{X ^NS{Xq
loooooooooooomoooooooooooon

H0pS,KSq

Ñ H2
pS,NS{Xq ÝÑ Ext2

XpI,OSq
pbq
ÝÑ H1

pS,NS{X ^NS{Xq
loooooooooooomoooooooooooon

H1pS,KSq

Ñ 0.
(82)

Combined with (81), we obtain morphisms

H0
pS,KSq

(i)
ÝÑ Ext1

XpI,OSq
paq
ÝÑ H0

pS,KSq,
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H1
pS,KSq

(iii)
ÝÝÑ Ext2

XpI,OSq
pbq
ÝÑ H1

pS,KSq.

We show that the composition is an isomorphism. Since OS is Cohen-Macaulay,
we have E xtqXpOS,OXq “ 0, for q “ 3, 4 (Lemma 2.6). Therefore we have

HppX,E xt2XpOS,OXqq – Extp`2
X pOS,OXq for all p. By functoriality of the

local-to-global spectral sequence, the map paq ˝ piq is induced by

Ext2
XpOS,OXq

(i)
// Ext1

XpI,OSq

paq
��

H0pX,E xt2XpOS,OXqq

–

OO

p‹q
// H0pX,E xt2XpOS,OSqq

where the map p‹q is induced by applying E xt‚XpOS,´q to (77). By the fun-
damental local isomorphism, p‹q is induced by

E xt2XpOS,OXq – KS b i
˚OX – E xt2XpOS,OSq .

Hence the composition is an isomorphism. Similar arguments show that the
second composition is also an isomorphism. Consequently, (81) and (82) split
into two short exact sequences and hence the composition

θS : H1pS,NS{Xq Ext1
XpI,OSq Ext2

XpI, Iq0
(ii)

is an isomorphism.
The commutativity p22q follows from the compatibility of AtpIq and AtpOSq

along dS. To prove the commutativity p21q, we first show that the following
diagram commutes

(83)

Ext2
XpOS,OSq

H1pX,TXq H1pS,NS{Xq.
obS{X

obpOSq
θ1S

Here the map θ1S is obtained similarly to (79). Consider the composition

θ2S : H1
pS,NS{Xq

–
ÝÑ Ext1

SpI{I
2,OSq Ñ Ext1

Xpi˚I{I
2, i˚OSq Ñ Ext2

XpOS,OSq ,

where the second map is the pushforward and the third map is induced by the
exact sequence

(84) 0 Ñ I{I2
Ñ OX{I

2
Ñ OS Ñ 0 .
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The map θ1S can be identified with θ2S by comparing (77) and (84). Therefore
the commutativity of (83) follows from the commutative diagram

OS I{I2r1s

OS OS b Ω1
Xr1s ,

eS

δ

AtpOSq

where eS is induced from (84) and δ is defined by the conormal sequence. By
the naturality of Atiyah classes, the following diagram commutes

H1pX,TXq Ext2
XpI, Iq0

Ext2
XpOS,OSq Ext3

XpOS, Iq .

ob

obpOSq dS

dS

The right vertical map is injective because it is dual to (ii). Therefore if suffices
to check p21q after post-composing with dS. Since (83) commutes, this follows
from the following diagram

H1pS,NS{Xq Ext2
XpI, Iq0

Ext2
XpOS,OSq Ext3

XpOS, Iq.

θS

θ1S dS

dS

Finally we prove that the map θS preserves pairings. We first show that θ1S
preserves pairings. Let i! be the right adjoint of i˚. Then θ1S decomposes as

Ext1
SpI{I

2,OSq Ñ Ext1
SpI{I

2, i!i˚OSq
–
ÝÑ Ext1

Xpi˚I{I
2, i˚OSq

eS
ÝÑ Ext2

Xpi˚OS, i˚OSq

where the first map is the adjoint, the second map is Grothendieck duality, and
the third map is induced by (84). By the functoriality of Serre duality, we are
reduced to checking commutativity of the diagram

Ext1
SpI{I

2, i!i˚OSq
–

//

SDS
��

Ext1
Xpi˚I{I

2, i˚OSq

SDX
��

Ext3
SpLi

˚i˚OS, I{I
2q_ Ext3

Xpi˚OS, i˚I{I
2q_

–
oo

where the bottom isomorphism is induced by the adjunction Li˚ % i˚. Since S
is lci, we have i! “ SDS ˝ Li

˚ ˝ SD´1
X . Therefore the above diagram commutes

and θ1S preserves pairings. The pullbacks of quadratic forms on Ext2
XpI, Iq0

and Ext2
XpOS,OSq to Ext1

XpI,OSq coincide because trpdS ˝ u ˝ dS ˝ uq “
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trpu ˝ dS ˝ u ˝ dSq for u P Ext1
XpI,OSq. Since θS, θ

1
S both factor through

Ext1
XpI,OSq, the compatibility of quadratic forms under pullback along θS

follows from compatibility under pullback along θ1S.
�

Remark 4.25. The map (80) coincides with Bloch’s semi-regularity map
[BuFl1, Prop. 8.2]. Furthermore, we have a map

sr1 “ trpAtpOSq ˝ ´q : Ext2
XpOS,OSq Ñ H3

pX,Ω1
Xq.

By Proposition 4.24p22q, compatibility of Atiyah classes, and cyclicity of trace,
the following diagram commutes

Ext2
XpOS,OSq

H1pS,NS{Xq H3pX,Ω1
Xq.

sr1
θ1S

srS{X

The following simple observation is useful for computing the reduced virtual
dimension.

Remark 4.26. Let J be a complex invertible symmetric m ˆ m matrix. In
general, a complex m ˆ n matrix A does not satisfy rkpATJAq “ rkpAq. This
equality holds if and only if J is non-degenerate on impAq.

We now compute the reduced virtual dimension when v “ chpOSq for some
lci surfaces.

Corollary 4.27. Let i : S ãÑ X be a local complete intersection surface inside
a Calabi-Yau 4-fold X. If v “ chpOSq then

rvd “
1

2
χpNS{Xq `

1

2
rkpob_S{X ˝ SDS ˝ obS{Xq.

In particular when obS{X is surjective, i.e. S is semi-regular, we have

rvd “ h0
pS,NS{Xq.

Proof. By the Hirzebruch-Riemann-Roch theorem we have

χpNS{Xq “

ż

S

chpNS{Xq tdpSq “ 2χpOSq ´

ż

S

c2pNS{Xq “ 2χpOSq ´ rSs
2,

where we used c1pNS{Xq “ c1p
Ź2NS{Xq “ c1pKSq and the self-intersection

formula i˚i˚rSs “ c2pNS{Xq. Thus the formula for the reduced virtual di-
mension follows from Proposition 4.24. In the semi-regular case, we have
rkpob_S{X ˝ SDS ˝ obS{Xq “ rkpobS{Xq “ h1pNS{Xq (Remark 4.26). The result

follows from the fact that h0pNS{Xq “ h2pNS{Xq (see also Theorem 4.6). �
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Complete intersection Calabi-Yau 4-folds The following result is inspired
by Steenbrink [Ste].

Corollary 4.28. Let X Ă PN be a complete intersection Calabi-Yau 4-fold
defined by a regular section of E1 “ ‘

N´4
i“1 OPN peiq, ei ě 2. Suppose S Ă X

is a complete intersection surface of PN defined by a regular section of E2 “

‘
N´2
j“1 OPN pdjq, dj ě 1. Then the ideal sheaf IS{X is semi-regular. Moreover if

v “ chpOSq, then

rvd “ dimpkerpH0
pE2|Sq Ñ H0

pE1|Sqq

where the map is induced by the morphism E2|S “ NS{PN Ñ NX{PN |S “ E1|S.

Proof. By the short exact sequence

(85) 0 Ñ NS{X Ñ NS{PN Ñ NX{PN |S Ñ 0

and Proposition 4.24, it is enough to show that obS{X is surjective. We note
that the following diagram commutes

H0pPN , E1q H0pS,E1|Sq H1pS,NS{Xq

H0pX,E1|Xq H1pX,TXq.

obS{X

Therefore it suffices to show that two top horizontal maps are surjective. Con-
sider a Koszul resolution

Ź‚`1E_2 Ñ IS{PN and the associated spectral se-
quence [Sta, Tag 07A9]

ExtpPN pE1 b

q`1
ľ

E_2 , KPN q ñ Extp`qPN pE1 b IS{PN , KPN q .

Since, on line bundles, HppPN ,´q is nonzero only when p “ 0 orN , this spectral
sequence degenerates and we have 0 “ ExtN´1

PN pE1bIS{PN , KPN q – H1pPN , E1b

IS{PN q
_. Therefore the first horizontal map is surjective. Similarly we have

H2pPN , E2 b IS{PN q “ 0. Consequently H1pS,E2|Sq “ H1pS,NS{PN q “ 0 and
hence the second horizontal map is surjective. Therefore obS{X “ psrS{Xq

_ is
surjective and IS{X is semi-regular. �

Corollary 4.28 allows us to compute rvd and ργ for semi-regular cases.

Example 4.29. Suppose X :“ Xe1,...,eN´4
Ă PN is a complete intersection

Calabi-Yau 4-fold. The possible cases are X6, X2,5, X3,4, X2,2,4, X2,3,3, X2,2,2,3,
X2,2,2,2,2. Consider complete intersection surfaces S Ă PN of type pd1, . . . , dN´2q

such that S Ă X. By Corollary 4.28 the ideal sheaf IS{X is semi-regular.
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(1) Suppose for all i we have

(86) ´ di `
N´2
ÿ

j“1

dj ă N ` 1.

Then we claim S Ă X is rigid, i.e. h0pNS{Xq “ 0, so in particular rvd “
0. This can be seen by showing that H0pS,NS{Xq

_ – H2pS,NS{Xq “ 0
as follows. Using (85) it suffices to show thatH1pS,E1|Sq “ H2pS,E2|Sq “

0. This follows by showing H2pPN , E1bIS{Xq “ H3pPN , E2bIS{Xq “ 0
by a Koszul calculation as in the proof of Corollary 4.28. E.g. for N “ 5
all solutions to (86) are (up to permutations)

p1, 1, 1q, p1, 1, 2q, p1, 1, 3q, p1, 2, 2q; p1, 2, 3q, p2, 2, 2q, p1, 1, 4q; p2, 2, 3q.

In cases 1–4, S is del Pezzo. In cases 5–7, S is K3. In case 8, S is general
type. Using the formula rvd “ χpOSq ´

1
2
γ2 ` 1

2
ργ, and determining

χpOSq, γ
2 in terms of d1, d2, d3, this produces the following values for

ργ in the above cases

19, 32, 37, 54; 62, 92, 32; 106.

(2) Suppose X “ X6 is defined by a homogeneous polynomial f P R :“
Crx0, ..., x5s of degree 6 and S Ă X is defined by homogeneous poly-
nomials ps1, s2, s3q of degrees pd1, d2, d3q, then f “ s1t1 ` s2t2 ` s3t3
for some t1, t2, t3. Using the Koszul resolution of IS{P5 , as in proof of
Corollary 4.28, it is easy to see that H1pP5, IS{P5pnqq “ 0 for all n. If
the ideal ps1, s2, s3q Ă R is saturated then H0pS,NS{Xq is the kernel of
the following map

H0
pE2|Sq –

3
à

i“1

´

R{ps1, s2, s3q

¯

pdiq
Ñ H0

pE1|Sq –

´

R{ps1, s2, s3q

¯

p6q

pu1, u2, u3q ÞÑ u1t1 ` u2t2 ` u3t3

where p´qpnq denotes the degree n part. This can be implemented
in Maccaulay2. E.g. for the Fermat sextic and certain S of degrees
p1, 3, 3q, p2, 3, 3q, p3, 3, 3q, we obtain rvd “ h0pNS{Xq “ 1, 1, 3 respec-
tively. Using the formula rvd “ χpOSq ´

1
2
γ2 ` 1

2
ργ, we obtain that ργ

is 71, 122, 141 respectively.

The value of ργ can also be computed by Griffiths’ residue calculus [Gri]. In
the cases of the sextic 4-fold listed above, our values for ργ reproduce [Mov,
Table 17.3]. Corollary 4.28 gives an algebraic method for determining ργ.

Holomorphic symplectic 4-folds When a Calabi-Yau 4-fold X has a non-
degenerate holomorphic 2-form, the rank ργ of Bγ is easy to determine.
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The following computation is inspired by Voisin [Voi1].

Corollary 4.30. Suppose X has a non-degenerate holomorphic 2-form σ P
H0pX,Ω2

Xq. Let i : S ãÑ X be a (possibly disconnected) smooth lagrangian
surface, i.e., i˚σ “ 0. If v “ chpOSq then

rvd “ h1,0
pSq ´

1

2
dim cokerpi˚q

where i˚ : H1pX,Ω1
Xq Ñ H1pS,Ω1

Sq.

Proof. We prove the case when S is connected. The disconnected case then
follows easily. Since S is a lagrangian, we have an isomorphism

0 // N˚
S{X

//

–

��

Ω1
X |S

//

σ–

��

Ω1
S

//

–

��

0

0 // TS // TX |S // NS{X
// 0.

Therefore obS{X can be identified with i˚. Under this identification, SDS cor-
responds to the cup product. By the Hodge index theorem, the cup product is
non-degenerate on the image of i˚. Therefore Remark 4.26 and Corollary 4.27
imply that the reduced virtual dimension equals

rvd “
1

2
χpΩ1

Sq `
1

2
rkpi˚q. �

Example 4.31. Suppose X has a non-degenerate holomorphic 2-form. Con-
sider a lagrangian plane P2 – S Ă X and let v “ chpOSq. Since i˚ is non-
trivial and h1,1pSq “ 1, S is semi-regular. Moreover, NS{X – Ω1

S implies

that S is rigid and rvd “ 0. When Ppqq
v pXq only contains lagrangian planes,

degprPpqq
v pXqsredq is a (signed) count of lagrangian planes in X in class v.

Example 4.32. In [Sch] Schoen constructed minimal surfaces S of general
type related to the Hodge conjecture for abelian 4-folds. These surfaces satisfy
h1,0pSq “ 4, h2,0pSq “ 5, and h1,1pSq “ 12. Let S be a Schoen surface, then
its Albanese variety X “ AlbpSq is an abelian 4-fold. The Albanese map i :
S Ñ X is an embedding of S as a lagrangian surface (for some non-degenerate
σ P H0pX,Ω2

Xq) [CMLR], and the cohomology class rSs P H2,2pXqXH4pX,Qq
is not the product of divisor classes on X [Sch]. Let v “ chpOSq. From the
constructions in [Sch], one can see that there exist semi-regular Schoen surfaces
S Ă X. Then i˚ is surjective. Therefore rvd “ 4 and ρrSs “ 12. We revisit this
example in future work.
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Remark 4.33. Combining Theorem 4.6 and Corollary 4.30, we obtain a nu-
merical criterion for a smooth lagrangian surface i : S ãÑ X to be non-
semi-regular. Consider i˚ : H1,1pXq Ñ H1,1pSq. Indeed if rkpi˚q is odd or
b1pSq ă dim cokerpi˚q, then S is not semi-regular.

For example, let π : X Ñ B be a hyperkähler 4-fold with lagrangian fibration
over a smooth base. The general fibre S “ F is a lagrangian abelian surface
and the base B is isomorphic to P2 ([Hwa, HX]). For v “ chpOF q and any
q P t´1, 0, 1u, we have a morphism

B Ñ Ppqq
v pXq, P ÞÑ π˚IP {B.

This is a bijection on C-points and using the fact that Rπ˚OX – OB‘Ω1
Br´1s‘

Ω2
Br´2s [Mat1], one can also show that it is an isomorphism on tangent spaces

at C-points. Thus, since B is smooth, the map is an isomorphism. Let ∆ Ă

B ˆ B denote the diagonal and πB : X ˆ B Ñ B projection. Using again
Rπ˚OX – OB‘Ω1

Br´1s‘Ω2
Br´2s, we obtain the following obstruction bundle

E xt2πBpπ
˚I∆, π

˚I∆q0 – TB b Ω1
B – EndpTBq.

The natural pairing TB b Ω1
B Ñ OB is the unique cosection (up to scaling).

Since i˚ is non-zero, we deduce rk i˚ “ 1. A direct computation of rk i˚ “ 1
can be found in [SY, Mat2]. We deduce rvd “ 1

2
so S is not semi-regular.

Example 4.34. Let C Ă K3 be a smooth curve of genus g on a K3 surface.
Then the Hilbert square X “ K3r2s is a hyperkähler 4-fold and the symmetric
product S “ Cr2s is a smooth lagrangian surface. Since S is cut out transver-
sally by a tautological section of the vector bundle OpCqr2s, we have

χpΩ1
Sq “

ż

S

chpΩ1
Sq ¨ tdpSq “

ż

X

c2pOpCqr2sq chpΩ1
X ´OpCqr2s_q tdpXq

tdpOpCqr2sq
.

This tautological integral can be easily determined e.g. using [EGL]. The
result is ´pC2q2{4 “ ´pg ´ 1q2. Moreover, rk i˚ “ 1 when g “ 0 and rk i˚ “ 2
otherwise ([Voi1, Sect. 3]). By Corollary 4.30 we find

rvd “ ´
1

2
pg ´ 1q2 `

"

1
2

if g “ 0
1 otherwise.

This number is only non-zero for g “ 0, 1, 2, then rvd “ 0, 1, 1
2

respectively. In
particular, for g ě 2 we deduce that S is not semi-regular (Remark 4.33). For
g “ 0, S – P2 is a lagrangian plane.

When X is a product of two K3 surfaces, we determine ργ for diagonal
classes, see also Example 5.16.
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Proposition 4.35. Let X be a product of two K3 surfaces S1 and S2. If
γ “ η1 Y η2 for some non-zero η1 P H

1,1pS1q and η2 P H
1,1pS2q, then we have

ργ “ 2.

Proof. Let σ1 P H
2,0pS1q and σ2 P H

2,0pS2q be two nowhere vanishing holomor-
phic 2-forms. Take ω “ σ1 Y σ2 P H

0pX,Ω4
Xq. Consider the isomorphism

H1
pX,TXq – H1

pS1, TS1q ‘H
1
pS2, TS2q.

The symmetric bilinear form Bγ on H1pX,TXq can be related to the two rank
one maps

A` : H1
pS`, TS`q Ñ C, ξ ÞÑ

ż

S`

η` Y ιξpσ`q “ ´

ż

S`

ιξpη`q Y σ` , ` “ 0, 1 .

Namely, if ξ1 P H
1pS1, TS1q and ξ2 P H

1pS2, TS2q, then

Bγpξ1, ξ2q “

ż

X

ιξ1ιξ2pη1 Y η2q Y σ1 Y σ2

“

ż

S1

η1 Y ιξ1pσ1q ¨

ż

S2

η2 Y ιξ2pσ2q

“ A1pξ1q ¨ A2pξ2q

and for ξ1, ξ2 P H1pS1, TS1q or ξ1, ξ2 P H1pS2, TS2q, we have Bγpξ1, ξ2q “ 0.
Therefore the rank of Bγ is two. �

Vanishing of ργ. Let X be an arbitrary Calabi-Yau 4-fold and γ P H2,2pXq.
There are interesting cases for which ργ “ 0 and hence the non-reduced virtual
cycle equals the reduced virtual cycle.

Proposition 4.36. Assume that H2pX,OXq “ 0. If γ “ η1 Y η2 for some
p1, 1q-classes η1 and η2 on X, then we have ργ “ 0.

Proof. For ξ P H1pX,TXq, we have ιξpη1 Y η2q “ ιξpη1q Y η2 ` η1 Y ιξpη2q “ 0
because ιξpη1q, ιξpη2q P H

2pX,OXq. Hence ργ “ 0 by definition. �

Proposition 4.37. Let Y Ă X be a smooth divisor with H2pY,OY q “ 0. If
γ “ rSs for some effective divisor S Ă Y with H1pY,OY pSqq “ 0, then ργ “ 0.

Proof. By Proposition 4.24 it is enough to show that obS{X is zero. Consider
the commutative diagram

H1pTY q H1pNS{Y q

obS{X : H1pTXq H1pTX |Y q H1pNS{Xq

obS{Y
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where the left vertical map is surjective by the vanishing of H1pNY {Xq –

H1pOY pY qq – H1pKY q – H2pOY q
_. By the vanishing of H1pY,OY pSqq, we

have H1pNS{Y q “ 0, therefore obS{X “ 0. �

For example, the hypotheses of the previous proposition are satisfied for
P3 – Y Ă X and any effective divisor S Ă Y .

5. Deformation invariance

In this section, we prove the deformation invariance of reduced virtual cycles.
As a corollary, we prove the variational Hodge conjecture for surface classes
that carry non-zero reduced virtual cycles.

5.1. Deformation invariance. In this subsection, we prove that the reduced
virtual cycles on the moduli spaces of PTq pairs are deformation invariant along
the Hodge loci.

We first fix some notation. Let f : X Ñ B be a morphism of schemes
satisfying the following conditions:

(1) f : X Ñ B is a smooth projective morphism of relative dimension 4
with connected fibres;

(2) B is a smooth connected affine scheme;
(3) ωX {B is trivial, i.e., there exists an isomorphism w : OX – ωX {B.

We denote by Xb :“ X ˆB tbu the fibre of f : X Ñ B over a point b P B.
Choose a horizontal section

rv “ prvpqpě0 P
à

pě0

F pH2p
DRpX {Bq

in the sense Definition 3.30. We may regard rv as a locally constant family of
cohomology classes rvb P H

˚pXb,Cq by Remark 3.31. Let

rγ P ΓpB, R2f˚Ω
2
X {Bq

be the family of p2, 2q-classes induced by rv2 P F
2H4

DRpX {Bq, see (40).
Consider a vector bundle

T :“ R1f˚pTX {Bq

on B with a canonical symmetric bilinear form

B
rγ : T b T idbrγ

ÝÝÝÑ T b T bR2f˚pΩ
2
X {Bq ÝÑ R4f˚pOX q

w
ÝÑ R4f˚Ω

4
X {B – OB.

If the function b P B ÞÑ ρ
rγb P Z is constant, then we can form an induced

orthogonal bundle of rank ρ :“ ρ
rγb as

T
rγ :“ T {kerpB

rγq.
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Let P :“ Ppqq
rv pX {Bq be the moduli space of PTq pairs on the fibres of

f : X Ñ B, defined in Theorem 3.32. We can form a fibre diagram

(87) Pb
� � jb //

��

P

p

��

tbu �
� ib

// B

where Pb :“ Ppqq
rvb
pXbq is the moduli space of PTq pairs on the fibre Xb. By

Theorem 3.32(2) and [HT], we have a relative symmetric obstruction theory

(88) φ : EÑ τě´1LP{B

for p : P Ñ B. Moreover, the induced map

φb : Eb :“ Lj˚bE
Lj˚b φ
ÝÝÝÑ Lj˚b pτ

ě´1LP{Bq Ñ τě´1LPb

is the standard symmetric obstruction theory for the fibre Xb in (49).
Now we can state our main theorem in this section.

Theorem 5.1. Let f : X Ñ B be a smooth projective morphism of relative
dimension 4 with connected fibres to a smooth connected affine scheme B such
that ωX {B – OX . Let rv P

À

p F
pH2p

DRpX {Bq be a horizontal section and let

rγ P ΓpB, R2f˚Ω
2
X {Bq be the section induced by rv2. Assume that the function

b P B ÞÑ ρ
rγb P Z is constant. For every orientation

o1 : O
P
pqq
rv
pX {Bq – detpEq, o2 : OB – detpT

rγq

of the symmetric complex E on Ppqq
rv pX {Bq and the orthogonal bundle T

rγ on
B, respectively, there exists a cycle class

”

Ppqq
rv pX {Bq

ıred

P Arvd`dimpBq

´

Ppqq
rv pX {Bq

¯

such that
”

Ppqq
rvb
pXbq

ıred

“ i!b

”

Ppqq
rv pX {Bq

ıred

P Arvd

´

Ppqq
rvb
pXbq

¯

for all b P B. Here i!b : A˚pP
pqq
rv pX {Bqq Ñ A˚pP

pqq
rvb
pXbqq denotes the refined

Gysin pullback [Ful] with respect to the fibre diagram (87) and rPpqq
rvb
pXbqs

red

denotes the reduced virtual cycle in Theorem 4.5 with respect to the orientations
induced by o1 and o2.

We briefly explain how we prove Theorem 5.1. We use the cosection localiza-
tion technique of Kiem-Li [KL] as in subsection 4.4. Most of the arguments are
just straightforward generalizations of the proof of Theorem 4.5 to the relative
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setting. However there is one key difference. Kiem-Li’s cone reduction lemma
(cf. Lemma 4.16) fails in the relative setting. Thus as in [KiPa2], we need to
modify the relative obstruction theory/cosection for P Ñ B to an absolution
obstruction theory/cosection for P. In general, we need an additional condi-
tion on the cosection to do this. In our case, this additional condition can be
deduced from the fact that the Hodge locus of rγ P H4

DRpX {Bq in B is equal to
B itself.

Proof of Theorem 5.1. Form a fibre diagram

P ˆB X q
//

π
��

X
f

��

P
p

// B
where π and q denote the projection maps. Let I‚ denote the universal complex
on P ˆB X .

We have a relative version of the cosections in Proposition 4.12,

SR : E_r1s “ RHomπpI‚, I‚q0r2s ÝÑ T |_P .

Indeed, consider the composition
(89)

RHomπpI‚, I‚q0r2s
AtPˆBX {PpI‚q
ÝÝÝÝÝÝÝÝÝÑ RHomπpI‚, I‚ b Ω1

X {Bqr3s
tr3

ÝÑ pR3f˚Ω
1
X {Bq|P

where the third trace map is defined as

tr3 : RHomπpI‚, I‚ b Ω1
X {Bqr3s

tr
Ñ pRf˚Ω

1
X {Br3sq|P Ñ pR3f˚Ω

1
X {Bq|P .

Here the last arrow uses Deligne’s decomposition theorem [Del1, Thm. 6.1],

Rf˚Ω
i
X {B –

à

j

Rjf˚Ω
i
X {Br´js,

which replaces footnote 18 in the relative setting. The map SR is then de-
fined by composing the above map (89) with the Serre duality isomorphism
R3f˚Ω

1
X {B – pR

1f˚TX {Bq
_ “ T _.

Note that we can form a relative version of the commutative triangle (58) in
Proposition 4.12, i.e., we have a commutative triangle

(90) T |P
SR_

//

B
rγ |P ""

Er´1s

SR{{

T |_P
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where we identified Er´1s – E_r1s via the symmetric form of E. Here we used
that

ch2pI‚q “ p˚prγq P ΓpP, R2π˚pΩ
2
PˆBX {Pqq – ΓpP, p˚pR2f˚pΩ

2
X {Bqqq

since both sections extend to horizontal sections Ăch2pI‚q and p˚prv2q of the vector
bundle F 2H4

DRpP ˆB X {Pq by Lemma 3.33 (see our convention (41)). Then
the commutativity of (90) follows from [BuFl1, Prop. 4.2] as in the proof of
Proposition 4.12.

Since B is affine, we can find a subbundle V Ď T such that the composition

(91) V � � //

–

66T // // T
rγ

is an isomorphism. Then the restriction

B
rγ|V : V b V Ñ OB

is non-degenerate. Thus we may regard V as an orthogonal bundle over B.
Moreover, the orientation of V is determined by the orientation o2 of T

rγ via
the isomorphism V – T

rγ in (91). We may view V Ď T as a family of maximal
non-degenerate subspaces of H1pXb, TXbq.

As in Definition 4.14, the composition SRV : E_r1s SR
ÝÑ T |_P Ñ V |_P induces

a direct sum decomposition of symmetric complexes

E “ Ered
V ‘ V |Pr1s.

More precisely, we let Ered
V :“ conepSR_V r1sq and consider the symmetric form

induced by the symmetric form of E.
Note that the relative symmetric obstruction theory φ : E Ñ τě´1LP{B in

(88) satisfies the isotropic condition. More precisely, we have

CP{B Ď QpEq
as substacks of CpEq. Indeed, this follows from the relative version of the
Darboux theorem [BBJ, BG] for the relative p´2q-shifted symplectic form for
p : P Ñ B in [PTVV] since rγ P F 2H4

DRpX {Bq. See [Par2] and Remark 5.2
below.

We claim that the relative cone reduction property holds for p : P Ñ B.
More precisely, we claim that we can form a commutative diagram

(92) QpEred
V q� _

��

� � // CpEred
V q

//
� _

��

P� _

0
��

pCP{Bqred
� � //

77

QpEq � � // CpEq
CpSR_V r1sq

// V |_P
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for some dotted arrow, where the embedding pCP{Bqred ãÑ QpEq is given by
the obstruction theory φ as in the previous paragraph.

We first modify the relative obstruction theory φ : E Ñ τě´1LP{B into an
absolute one. Indeed, we can form a morphism

(93) Eabs m
//

φabs

��

E //

φ

��

Ω1
B|Pr1s

τě´1LP
// τě´1LP{B

KSP{B
// Ω1

B|Pr1s

of distinguished triangles on P, where the lower triangle is exact since B is
smooth. The associated long exact sequence assures that φabs : Eabs Ñ τě´1LP

is an obstruction theory. Moreover, by considering the associated abelian cone
stacks, we have a cartesian diagram

(94) CP{B

����

� � // CpEq

Cpmq
����

CP
� � // CpEabsq

where the horizontal arrows are closed embeddings given by the obstruction
theories φ, φabs, and the vertical arrows are TB-torsors.

We then modify the relative cosection SR : E_r1s Ñ T |_P into an absolute
one. We will find a map SRabs : pEabsq_r1s Ñ T |_P that fits into the commuta-
tive diagram

(95) E_r1s SR
//

m_r1s
��

T |_P

pEabsq_r1s.
SRabs

99

We need to show that the composition

(96) T |P
SR_
ÝÝÑ Er´1s

φr´1s
ÝÝÝÑ τě´1LP{Br´1s

KSP{B
ÝÝÝÝÑ Ω1

B|P

vanishes.
The vanishing of (96) is the key part of the proof of Theorem 5.1. By the

commutative triangle (90) and the compatibility result in Lemma 4.21, we have
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a commutative diagram

T |P
SR_

//

B
rγ |P %%

Er´1s

SR
��

φr´1s
// τě´1LP{Br´1s

´KSP{B
��

T |_P
KSX {B|P

// Ω1
B|P

where KSX {B denotes the Kodaira-Spencer map. Thus it suffices to show that
the composition

T
B
rγ
ÝÑ T _

KSX {B
ÝÝÝÝÑ Ω1

B

vanishes. Since B is smooth, it suffices to show that the composition

(97) TB,b
KSX {B,b
ÝÝÝÝÑ H1

pXb, TXbq
B
rγb
ÝÝÑ H1

pXb, TXbq
_

vanishes for all b P B. By [Blo, Prop. 4.2] (see also Lemma 4.11(1)), the
composition (97) indeed vanishes since the horizontal section rv2 is contained
in F 2H4

DRpX {Bq.
Now we can apply Kiem-Li’s cone reduction lemma [KL] for the absolute

versions of the obstruction theory φabs in (93) and cosection SRabs in (95).
Indeed, by Lemma 4.16, we have a commutative diagram

(98) CppEabsqred
V q� _

��

// P� _

0
��

pCPqred
� � //

88

CpEabsq
l
SRabs

// T |_P // // V |_P

for some dotted arrow, where lSRabs :“ CppSRabs
q_r1sq and

pEabs
q
red
V :“ conepV |Pr1s Ñ T |Pr1s

pSRabsq_r1s
ÝÝÝÝÝÝÝÑ Eabs

q.

The existence of the dotted arrow in (98) tells us that the lower horizontal
composition in (98) is zero. Since the diagrams (94) and (95) are commutative,
the lower horizontal composition in (92) is also zero, which gives us the desired
dotted arrow in (92).

We define the relative reduced virtual cycle as

rPs
red :“

b

0!
QpEred

V q
rCP{Bs P A˚pPq,
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where the square root Gysin pullback
b

0!
QpEred

V q
is defined as in the proof of

Theorem 4.1. By Vistoli’s rational equivalence [Vis, Lem. 3.16],20 we have

i!brCP{Bs “ rCPb
s P A˚pCP{B|Pb

q

where we denote Pb :“ Ppqq
rvb
pXbq. Since Oh-Thomas’s localized square root

Euler classes [OT1] are bivariant classes by [KiPa2, Lem. 4.4(3)], the square

root Gysin pullback
b

0!
QpEred

V q
commutes with the ordinary Gysin pullback i!b.

Therefore, we have
i!brPs

red
“ rPbs

red,

which completes the proof. �

Remark 5.2. The relative version of the Darboux theorem [BBJ, BG] works
only under an additional assumption. If X is a derived scheme over a scheme
B with a p´2q-shifted symplectic form θ P HN´4

pX{Bqp2q – A2,clpX{B;´2q, we
have a global Darboux chart only if θ maps to zero under the canonical map

(99) HN´4
pX{Bqp2q Ñ HP´4

pX{Bqp2q
to the periodic cyclic homology.

There is a simple example where there is no Darboux chart for a p´2q-shifted
symplectic derived scheme. Consider the origin in the affine plane

X :“ Spec pCrt1, t2s{pt1, t2qq Ď B :“ Spec pCrt1, t2sq – A2.

Using the quasi-free resolution pCrt1, t2sry1, y2s, dyi “ tiq
qis
ÝÑ Crt1, t2s{pt1, t2q,

we can find a p´2q-symplectic form

θ :“ dDRy1 ^ dDRy2 P HN
´4
pX{Bqp2q.

The isotropic condition fails in this case since CX{B “ CpLX{Bq “ A2 for the

induced symmetric obstruction theory LX{B
id
ÝÑ LX{B. This implies that there

is no Darboux chart. Moreover, we have θ ÞÑ t1t2 ‰ 0 P HP´4
pX{Bqp2q –

Crrt1, t2ss under the canonical map (99).
However, we still have the desired isotropic condition in the situation of

Theorem 5.1. This will be shown in [Par2], and we briefly summarize the results
here. Let f : X Ñ B be a smooth projective morphism of relative dimension 4

with ω : OX
–
ÝÑ Ω4

X {B. Let M be any moduli space of perfect complexes on the
fibres of f : X Ñ B. The isotropic condition can be detected infinitesimally
so we may assume that B “ Spec pAq for a local Artinian C-algebra A. Let

20In [Vis], it is stated for unramified maps between DM stacks, but the result holds for
arbitrary DM type morphism between Artin stacks. This can be deduced from the proof of
[Kre2, Prop. 4] (cf. [Qu, Prop. 2.5]).
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γ “ ch2pEq P H4pX0,Cq for any rEs P M and let rγ P H4
DRpX {Bq be the

horizontal lift. Then the p´2q-symplectic form on the derived enhancement of
M [PTVV, ToVa] maps to zero under the map (99) if and only if

(100) rγ P F 1H4
DRpX {Bq “ H4

pX ,Ωě1
X {Bq Ď H4

DRpX {Bq “ H4
pX ,Ω‚X {Bq.

In the situation of Theorem 5.1, the condition (100) is satisfied since we already
assumed rγ P F 2H4

DRpX {Bq.
Heuristically, the result in [Par2] tells us that the relative isotropic condition

is satisfied along the locus in the base where the deformations of ch2pEq do
not have a p0, 4q-Hodge piece. This condition is compatible with the gauge-
theoretical point of view since the holomorphic bundles are the solutions of

ż

X0

αpEq Y ω “ 0

where αpEq “ 2 ch2pEq, see [OT1, Appendix A]. We thank Richard Thomas for
the explanation of the gauge-theory perspective and the expectation that (100)
is the necessary additional condition to obtain the deformation invariance.

Consequently, we have the deformation invariance of numerical invariants.

Corollary 5.3. In the situation of Theorem 5.1, the function

b P B ÞÑ
ż

rP
pqq
rvb
pXbqsred

j˚b p‹q P Q

is constant for any insertion ‹ P ArvdpPpqq
rv pX {Bqq.

There are two technical assumptions in Theorem 5.1:

A1) The function b P B ÞÑ ρ
rγb P Z is constant.

A2) The symmetric complex E on Ppqq
rv pX {Bq and the orthogonal bundle

T
rγ on B are orientable.

We first discuss the assumption A1 on ρ
rγb .

Remark 5.4. The assumption A1 is generically satisfied. Indeed, the function
b P B ÞÑ ρ

rγb P Z is a lower semi-continuous function. Hence if we let ρmax be
the maximal value, then

B˝ :“ tb P B : ρ
rγb “ ρmaxu

is an open dense subscheme of B. Consequently, we can form an orthogonal
bundle of rank ρmax on B˝ as

T
rγ :“ pT |B˝q{ kerpB

rγq.

On the other hand, for the special cases when assumption A1 is not satisfied,
we have a vanishing result by Proposition 5.5 below.
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Proposition 5.5. Let f : X Ñ B be a smooth projective morphism of relative
dimension 4 with connected fibres to a smooth connected affine scheme B such
that ωX {B – OX . Let rv P

À

p F
pH2p

DRpX {Bq be a horizontal section and let

rγ P ΓpB, R2f˚Ω
2
X {Bq be the section induced by rv2. Let B˝ :“ tb P B : ρ

rγb “ ρmaxu

as in Remark 5.4. If b P B is a point such that b R B˝, then we have
”

Ppqq
rvb
pXbq

ıred

“ 0 P A˚

´

Ppqq
rvb
pXbq

¯

for any orientation.

Before we prove Proposition 5.5, we discuss the assumption A2 on orien-
tations. The following simple observation shows that the orientability of the
orthogonal bundle T

rγ is a minor issue.

Remark 5.6. There exists a canonical 2-fold étale cover u : rB Ñ B˝ such that
T
rγ| rB is orientable. Indeed, we can form a fibre diagram

rB //

��

Spec pCq

��

B˝
detpT

rγq
// Bµ2

where the horizontal map B˝ Ñ Bµ2 corresponds to the pair of the line bundle
detpT

rγq and the isomorphism OB˝ – detpT
rγq
b2 induced by B

rγ. Then we have
a canonical bijection

torientations of T
rγu – tsections of rB Ñ B˝u.

Consequently, there exists a canonical orientation of the pullback T
rγ| rB.

On the other hand, the orientability of the symmetric complex E is more
subtle. The orientability result of Cao-Gross-Joyce [CGJ] for the fibres does
not imply the orientability for the relative case. We suggest two strategies:

a) Use the canonical orientation on the canonical 2-fold étale cover of the
moduli space P as in Remark 5.6.

b) Find an orientation after a base change by a finite étale cover B1 Ñ B.

Strategy a) is sufficient for applications to the variational Hodge conjecture in
the next subsection. However, if we want to obtain the deformation invariance
of numerical invariants (Corollary 5.3), strategy a) is not enough and we need
strategy b). We expect that the following conjecture holds.

Conjecture 5.7. Let f : X Ñ B be a smooth projective morphism with con-
nected fibres of relative dimension 4 to a smooth connected affine scheme B
such that ωX {B – OX . Let rv P

À

p F
pH2p

DRpX {Bq be a horizontal section.
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p1q Then there exists a finite étale cover u : B1 Ñ B such that E|
P
pqq

rv1
pX 1{B1q

is orientable, where X 1 “ X ˆB B1 and rv1 “ u˚prvq.
p2q Moreover, we can further assume that the degree of the étale cover u :

B1 Ñ B in (1) divides

|K0
toppX an

b qtor|!

where K0
toppX an

b qtor Ď K0
toppX an

b q is the torsion subgroup of the complex
topological K-theory of X an

b , which is finite.

We will provide evidence for Conjecture 5.7 in Appendix C. Indeed, we will
prove that the topological analog of Conjecture 5.7 is true (see Corollary C.2).

Remark 5.8. Assuming Conjecture 5.7, E is orientable in the following cases:

(1) Ban is simply-connected.
(2) H˚pX an

b ,Zq has no torsion elements for some b P B, e.g., all complete
intersection Calabi-Yau 4-folds in smooth projective toric varieties.

In case (2), we have K0
toppX an

b qtor “ 0 by [AH, Cor. 2.5(i)].

We now prove Proposition 5.5.

Proof of Proposition 5.5. We may assume that

B˝ “ B ´ tbu.

Indeed, we can find a smooth connected affine curve C with a map g : C Ñ B
such that g´1pB˝q “ C ´ tcu for some point c P C. Replace B by C.

We claim that there exists a non-degenerate subbundle

V Ď T

of rank ρ
rγb , after replacing B by some open neighborhood of b P B. Indeed,

choose a maximal non-degenerate subspace V Ď H1pXb, TXbq. Then we can
extend this to a map V :“ V bOB Ñ T of vector bundles.

Since its dual T _ Ñ V_ is surjective over b P B, by shrinking B, we may
assume that V is a subbundle of T . Since B

rγ|V is non-degenerate over b P B,
by shrinking B, we may assume that B

rγ|V is non-degenerate on B.

Let ĂP Ñ P be the canonical 2-fold étale cover induced by the line bundle
detpEq b detpVq_ and the symmetric forms of E and V (as in Remark 5.6).
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Form a fibre diagram

ĂPb
� � j //

��

ĂP

��

ĂP˝? _k
oo

��

Pb
� � //

��

tb

EE

P

p

��

P˝

��

? _oo

tbu �
� ib

// B B˝.? _oo

Since the symmetric complex Eb on the fibre Pb is orientable by [CGJ] and
the vector space Vb is always orientable, we have

ĂPb “ Pb \Pb.

Let tb : Pb ãÑ ĂPb denote the inclusion to the first component.
Although the rank of B

rγ jumps at b, the rank of B
rγ|V does not jump, so the

argument in Theorem 5.1 can indeed be used. Hence there exists a cycle class

rĂPs
red
V P A˚pĂPq

such that

(101) i!br
ĂPs

red
V “

`

rPbs
red,´rPbs

red
˘

P A˚pĂPbq “ A˚pPbq ‘ A˚pPbq.

Indeed, we have a decomposition of symmetric complexes

E – Ered
V ‘ pV |Pr1sq

for some symmetric complex Ered
V and the relative cone reduction property

pCP{Bqred Ď QpEred
V q.

We can define the desired cycle class as

rĂPs
red
V :“

c

0!
QpEred

V |
ĂPq

”

C
ĂP{B

ı

P A˚pĂPq

since the pullback Ered
V |ĂP is orientable by the definition of ĂP.

Since there are additional cosections on P˝, we claim that

(102) k˚rĂPs
red
V “ 0 P A˚pĂP

˝
q.

Indeed, the orthogonal bundle T
rγ is well-defined on B˝, and the composition

V |B˝ ãÑ T |B˝ � T
rγ

is injective on the fibres. Thus by considering a section of the surjection

T |B˝
V |B˝

�
T
rγ

V |B˝
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we can find a non-degenerate subbundle W of T |B˝ properly containing V |B˝ ,
V |B˝ ĹW Ď T |B˝ .

Then we have W “ V |B˝ ‘ U for the orthogonal complement U of V |B˝ in W .
Moreover, we have a decomposition of symmetric complexes

E|P˝ “ Ered
W ‘ pW |P˝r1sq “ Ered

W ‘ pV |P˝r1sq ‘ pU |P˝r1sq

for some symmetric complex Ered
W . Hence we have

pEred
V q|P˝ – Ered

W ‘ pU |P˝r1sq.

By shrinking B further, we find a section w P ΓpB˝,Uq such that w2 is nowhere
vanishing. Consequently, we can find a cosection

σ : Ered
V |P˝r1s Ñ OP˝

such that σ2 is nowhere vanishing. Lemma 5.9 below proves the claim.
By the localization sequence

A˚pĂPbq
j˚
// A˚pĂPq

k˚
// A˚pĂP˝q // 0,

and the vanishing (102), we have

rĂPs
red
V “ j˚pαq

for some α P A˚pĂPbq. By the self-intersection formula, we have

i!br
ĂPs

red
V “ i!b ˝ j˚pαq “ epNb{Bq ¨ α “ 0.

Then the formula (101) proves the desired vanishing result. �

We need the following lemma to complete the proof of Proposition 5.5.

Lemma 5.9 (cf. [KiPa2, Thm. 8.12]). Let E be any symmetric complex on
a quasi-projective scheme X. Let σ : E_r1s Ñ OX be a cosection such that
σ2 P ΓpX,OXq is nowhere vanishing. Consider a fibre diagram

QpEσq //
� _

l
��

X� _

0
��

QpEq lσ
// A1

X

where Eσ :“ conepσ_r1s : OX Ñ Eq. Then the composition

b

0!
QpEq ˝ l˚ : A˚pQpEσqq

l˚
ÝÑ A˚pQpEqq

b

0!
QpEq

ÝÝÝÝÑ A˚pXq

vanishes.

Proof. We omit the proof. See [KiPa2, Sect. 8.3]. �
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5.2. Variational Hodge conjecture. As an application of the deformation
invariance in the previous subsection, we prove that the variational Hodge
conjecture holds for surface classes with non-zero reduced virtual cycles.

Fix a smooth projective variety X over C.

Definition 5.10. Let γ P H2ppX,Cq be a cohomology class on X.

(1) We say that γ is a Hodge class if

γ P HdgppXq :“ H2p
pX,Qq XHp

pX,Ωp
Xq Ă H2p

pX,Cq.

(2) We say that γ is an algebraic cohomology class if γ contained in the
image of the cycle class map,

γ P impcl : AppXqQ Ñ HdgppXqq.

The Hodge conjecture predicts that every Hodge class on X is algebraic.
Grothendieck’s variational Hodge conjecture [Gro1, footnote 13] (cf. [Blo]) pre-
dicts that a deformation of an algebraic cohomology class as a Hodge class is
algebraic.

Thus we make the following definition:

Definition 5.11. Let X be a smooth projective variety and γ P H2ppX,Cq
an algebraic cohomology class. We say that the variational Hodge conjecture
holds for the pair pX, γq if the following condition is satisfied: for any smooth
projective morphism f : X Ñ B to a smooth connected scheme B and any
horizontal section rvp P ΓpB, F pH2p

DRpX {Bqq such that X0 – X and prvpq0 “ γ

for some 0 P B, the cohomology classes prvpqb P H
2p
DRpXbq are algebraic for all

b P B.

Remark 5.12. In some of the literature, the variational Hodge conjecture is
stated for any horizontal section of the Hodge bundle H2p

DRpX {Bq, instead of the

filtration F pH2p
DRpX {Bq. Deligne’s global invariant cycle theorem [Del2, (4.1.1)]

assures that the two versions are equivalent (see also [CS, Prop. 11.3.5]).

We now state the main theorem of this subsection.

Theorem 5.13. Let X be a Calabi-Yau 4-fold and let γ P H2pX,Ω2
Xq. If

rPpqq
v pXqs

red
‰ 0 P ArvdpP

pqq
v pXqq

for some v P H˚pX,Cq with v2 “ γ and q P t´1, 0, 1u, then the variational
Hodge conjecture holds for pX, γq.

For Calabi-Yau 4-folds, we would like to regard Theorem 5.13 as a virtual
generalization of the results of Bloch and Buchweitz-Flenner [Blo, BuFl1] since
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the semi-regular case is heuristically the ideal case (see Theorem 4.6). In par-
ticular, for Calabi-Yau 4-folds, we recover the result of Buchweitz-Flenner as
an immediate corollary.

Corollary 5.14. Let X be a Calabi-Yau 4-fold and let γ P H2pX,Ω2
Xq. If there

exists a PTq pair pF, sq on X such that ch2pF q “ γ, for some q P t´1, 0, 1u, and

the associated complex I‚ :“ rOX
s
ÝÑ F s is semi-regular, then the variational

Hodge conjecture holds for pX, γq.

Proof. By Theorem 4.6, there exists a non-empty smooth open subset U Ď

Ppqq
v pXq such that rPpqq

v pXqsred|U “ ˘rU s P A˚pUq. Hence rPpqq
v pXqsred ‰ 0

and Theorem 5.13 completes the proof. �

We now prove our main theorem in this subsection.

Proof of Theorem 5.13. Let f : X Ñ B be a smooth projective morphism to
a smooth connected scheme B and rγ be a horizontal section of F 2H4

DRpX {Bq.
Assume that X0 – X and rγ0 “ γ for some point 0 P B.

Heuristically, Theorem 5.13 follows from the deformation invariance in Theo-
rem 5.1. However, to obtain a rigorous proof, we need to overcome the following
technical issues:

(1) existence of a horizontal lift rβ P ΓpB, F 3H6
DRpX {Bqq of β “ v3;

(2) f : X Ñ B may not be relatively Calabi-Yau (i.e., ωX {B – OX );
(3) the function b P B ÞÑ ρ

rγb may not be constant;
(4) orientability of the orthogonal bundle T

rγ on B;

(5) orientability of the virtual cotangent complex E of Ppqq
rv pX {Bq Ñ B;

(6) the reduced virtual cycles rPpqq
rvb
pXbqs

red live in the Chow groups of dif-
ferent schemes for each b P B.

We first resolve issue (1). Denote by Pvptq the Hilbert polynomial determined
by v with respect to some polarization on X. We will consider a small variation

on the moduli space Ppqq
rv pX {Bq, namely

P :“ Ppqq
rγ,Pv
pX {Bq “

"

pF, s, bq :
pF, sq is a PTq pair on the fibre Xb of b P B

such that ch2pF q “ rγb and PF ptq “ Pvptq

*

.

The basic properties of Ppqq
rv pX {Bq in Theorem 3.32 also holds for P. More

precisely, the projection map

p : P Ñ B
is projective and the canonical map

P ãÑ PerfpX {Bqspl
OX
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is an open embedding. Consequently, we have a symmetric obstruction theory

φ : EÑ τě´1LP{B

for p : P Ñ B that satisfies the isotropic condition. To prove Theorem 5.13,
it suffices to show that the projection map p : P Ñ B is surjective. Since
p : P Ñ B is projective, it suffices to show that the image of p : P Ñ B
contains a non-empty open subset of B.

Secondly, we resolve the issue (2). We claim that there exists a nonempty
open neighborhood B1 of 0 P B such that

ωXˆBB1{B1 – OB1 .

Indeed, by [Del1, Thm. 5.5], the pushforward f˚pωX {Bq is a vector bundle that
commutes with base change. Since the fibre X0 is Calabi-Yau, f˚pωX {Bq is a
line bundle. Consider the canonical map of line bundles

f˚f˚pωX {Bq Ñ ωX {B

given by adjunction. Since it is an isomorphism over 0 P B, it is an isomorphism
over an open subscheme of X containing the fibre X0. Since f : X Ñ B is
projective, by shrinking B, we may assume that the map f˚f˚pωX {Bq Ñ ωX {B
is an isomorphism. Moreover, by shrinking B again, we may assume that
f˚pωX {Bq – OB, and thus ωX {B – f˚f˚pωX {Bq – OX . It proves the claim.

Next, the vanishing result in Proposition 5.5 resolves issue (3). Indeed, since

rPpqq
v0 pX0qs

red ‰ 0 by assumption, we have 0 P B˝. Replace B by B˝. Then we
may assume that the function b P B ÞÑ ρ

rγb is constant.
Issue (4) is resolved by simply replacing B by a 2-fold étale cover B1 Ñ B

such that T
rγ|B1 is orientable (Remark 5.6).

We resolve issue (5) via an infinitesimal trick. (Alternatively, we can also use
a 2-fold étale cover of P as in the proof of Proposition 5.5.) Assume that p :
P Ñ B is not surjective. Since the image is closed, there exists a 1-dimensional
integral closed subscheme C Ď B such that 0 P C and C Ę impp : P Ñ Bq.
By replacing B by the normalization rC Ñ C of C, we may assume that B is a
smooth quasi-projective curve, and the (set-theoretical) image impp : P Ñ Bq
consists of finitely many points. By shrinking B further, we may assume that
the image contains a single point 0 P B. Then we have pPqred “ pP0qred and
hence E is orientable by Lemma 5.15 below.

Finally, we explain how to avoid issue (6). We follow the situation in the
previous paragraph so that B is a smooth curve and the set-theoretical image
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of p : P Ñ B contains a single point 0 P B. Form a fibre diagram

P0
� � j //

��

P

p

��

t0u �
� i0

// B.

Since P0 ãÑ P is a nilpotent thickening and the Chow groups are invariant
under nilpotent thickenings, we may write

rPs
red
“ j˚pαq

for some α P A˚pP0q. By Theorem 5.1 and the self-intersection formula, we
have

rP0s
red
“ i!0r

ĂPs
red
“ i!0j˚pαq “ epN0{Bq X α “ 0

since the normal bundle N0{B is a trivial line bundle. This contradicts the

assumption rPpqq
v pXqsred ‰ 0, and hence we conclude that p : P Ñ B is

surjective. �

We need the Lemma 5.15 to complete the proof of Theorem 5.13.

Lemma 5.15. Let X ãÑ X1 be a nilpotent embedding of quasi-projective schemes.
Let E be an orthogonal bundle on X1. If E|X is orientable, then E is orientable.

Proof. Consider the canonical short exact sequence of algebraic groups

1 // SOpnq // Opnq
det

// µ2
// 1

where n is the rank of E. Note that the orthogonal bundle E defines a function

X1
E
ÝÑ BOpnq to the classifying stack BOpnq :“ rSpec pCq{Opnqs of Opnq.

Consider the fibre diagram

U |X //

��

U //

��

BSOpnq //

��

Spec pCq

��

X // X1
E
// BOpnq

det
// Bµ2.

Since E|X is orientable, the principal µ2-bundle U |X Ñ X is trivial. Hence
U |X “ U1

Ů

U2 for some open subschemes such that the compositions U1, U2 ãÑ

U |X Ñ X are isomorphism. Since U and U |X have the same Zariski topology,

we can decompose U “ ĂU1

Ů

ĂU2 by disjoint open subschemes ĂU1,ĂU2 extending

U1, U2. Then ĂU1,ĂU2 Ñ X1 are both finite étale bijective maps. Hence they
are both isomorphisms. This means that the µ2-bundle U Ñ X1 has a section.
Hence E is orientable. �
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The following example illustrates Theorem 5.13 in some non-semi-regular
cases.

Example 5.16. Let X “ S1 ˆ S2 be a product of two K3 surfaces. Let
β1 P H1,1pS1q, β2 P H1,1pS2q be two irreducible effective curve classes with
β2

1 “ 2h ´ 2, h ě 2 and β2
2 “ 0. Let v :“ chpOC1ˆC2q for any C1 P |OS1pβ1q|

and C2 P |OS2pβ2q|. Then we have an isomorphism

(103) φ : |OS1pβ1q| ˆ P1
Ñ Pp1q

v pXq .

Under this isomorphism we have

rPp1q
v pXqs

red
“ h0

pOS1pβ1qq ¨ rptˆ P1
s

for some orientation.
We briefly illustrate the argument. The proof will appear in one of the

sequels to this paper. By the choice of β2, there exists an elliptic fibration
p : S2 Ñ P1 such that β2 is the class of a fibre. By Proposition 4.35 the

reduced virtual dimension of Pp1q
v pXq is one. Let I‚ “ rO|OS1

pβ1q|ˆS1 � OCs be

the universal pair on |OS1pβ1q| ˆ S1. Consider the fibre diagram

S1 ˆ S2
� � j

//

��

pr

{{

S1 ˆ P1 ˆ S2

idˆ idˆp
��

S1 S1 ˆ P1 � � idˆ∆
// S1 ˆ P1 ˆ P1

where ∆ : P1 Ñ P1 ˆ P1 is the diagonal. Then the universal pair j˚pr˚I‚ on
|OS1pβ1q| ˆ P1 ˆ X induces the morphism (103). Using [Par1, Prop. 1.18],
we can show that φ is an isomorphism and the reduced obstruction theory of

Pp1q
v pXq reduces to a 2-term obstruction theory on |OS1pβ1q| ˆ P1.

By Theorem 4.6, the points of Pp1q
v pXq are not semi-regular. Since the

reduced virtual cycle of Pp1q
v pXq is non-zero, Theorem 5.13 applies to the class

γ “ β1 Y β2.

Remark 5.17. The original version of the variational Hodge conjecture by
Grothendieck [Gro1] is stated for all geometric points, while Definition 5.11 only
considers C-points. In the situation of Theorem 5.13, since we have shown that

the map p : Ppqq
rγ,Pv
pX {Bq Ñ B is surjective on C-points, it is also surjective for

all geometric points. Hence we also deduce the original form of the variational
Hodge conjecture.

Remark 5.18. In the situation of Theorem 5.13, we further speculate that

rPpqq
v pXqsred ‰ 0 implies smoothness of the Hodge locus of γ in the moduli
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space of Calabi-Yau 4-folds near X.21 We note that not much is known about
singularities of the Hodge locus. At least when the scheme-theoretical Hodge

locus is reduced near X and rPpqq
v pXqsred ‰ 0, then Proposition 5.5 proves

smoothness near X since the dimension of the tangent space is constant near
X. We hope to pursue this direction in a future work.

Appendix A. Reductions via p´1q-shifted 1-forms

In this section, we construct a reduced p´2q-shifted symplectic derived en-

hancement on Ppqq
v pXq. In particular, this construction shows that the reduced

obstruction theory constructed from the algebraic twistor family in section 4.5
satisfies the isotropic condition.

In subsection A.1, we present general reduction procedures by cosections
that come from p´1q-shifted closed/exact 1-forms. In subsection A.2, we show

that the cosections on Ppqq
v pXq induced by the semi-regularity map can be

enhanced to p´1q-shifted closed 1-forms.
We use the following conventions/notations in this section:

(1) We use the language of 8-categories in the sense of Lurie [Lur1, Lur2].
‚ We write MapCp´,´q for the mapping space of an 8-category C.

We consider the following 8-categories:
‚ Let cdga be the 8-category of commutative differential graded C-

algebras and let cdgaď0
Ď cdga be the full subcategory of non-

positively graded objects.
‚ Let dSt be the 8-category of derived stacks, i.e., 8-sheaves on
cdgaď0 with respect to the étale topology.

‚ Let ε-dggr (resp. dggr) be the symmetric monoidal stable8-category
of graded mixed complexes (resp. graded complexes), see [PTVV].
We use the weight-shift notation Eppmqq :“ ‘pEpp `mq for any
E “ ‘pEppq P ε-dg

gr and m P Z.
(2) We use the language of derived Artin stacks of Toën-Vezzosi [TV1].

‚ All derived Artin stacks are assumed to be of finite type, i.e., their
classical truncation are (higher) Artin stacks of finite type.

‚ Let DpMq be the symmetric monoidal stable 8-category of quasi-
coherent sheaves on a derived Artin stack M. Let f˚ : DpM2q Ñ

DpM1q be the pullback functor for a morphism f : M1 Ñ M2 of
derived Artin stacks and let f˚ be the right adjoint.

21For simplicity for Calabi-Yau 4-folds with h0,1 “ h0,2 “ h0,3 “ 0, there exists a mod-
uli space of Calabi-Yau 4-folds as a smooth separated Deligne-Mumford stack with quasi-
projective coarse moduli space by Viehweg [Vie] (see also Kollár [Kol2, Cor. 8.23]) and the
Bogomolov-Tian-Todorov theorem [Bog, Tia, Tod].
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‚ A derived Artin stack M is homotopically finitely presented if the
cotangent complex LM P DpMq is perfect (see [TV1, Prop. 2.2.2.4]).

‚ A derived Artin stack M is a derived scheme if the classical trun-
cation Mcl is a scheme.

(3) Let DRp´q : dStop
Ñ ε-cdgagr be the 8-functor of derived de Rham

complexes of Pantev-Toën-Vaquié-Vezzosi [PTVV], defined as follows:
‚ Let ε-cdgagr (resp. cdgagr) be the 8-category of graded mixed com-

mutative differential graded C-algebras (resp. graded commutative
differential graded C-algebras), see [CPTVV].

‚ Define DR as the left Kan extension of the 8-functor DRaff |cdgaď0 :

cdgaď0
Ñ ε-cdgagr, where DRaff is the left adjoint of the 8-functor

ε-cdgagr
Ñ cdga : E ÞÑ Ep0q.

Abusing notation, we use the same symbol DRp´q to denote the com-

positions dStop DR
ÝÝÑ ε-cdgagr

Ñ cdgagr and dStop DR
ÝÝÑ ε-cdgagr

Ñ dggr.
(4) Let NCp´q : ε-cdgagr

Ñ cdgagr (resp. CCp´q) be the 8-functor of
weighted negative cyclic complexes (resp. weighted cyclic complexes),
defined as the right adjoint (resp. left adjoint) of the8-functor of trivial
mixed structures, cdgagr

Ñ ε-cdgagr : E ÞÑ pE, ε “ 0q.
‚ Abusing notation, we use the same symbols NC,CC to denote the

compositions dStop DR
ÝÝÑ ε-cdgagr NC,CC

ÝÝÝÝÑ cdgagr.

A.1. Three reductions of derived schemes. In this subsection, we revisit
Kiem-Li’s cone reduction [KL] via derived algebraic geometry. We will see that
there are three levels of reductions for derived schemes.

We consider the following hierarchy of structures

tderived schemesu

paq

��

tschemes with obstruction theoriesu

pbq

��
"

schemes with closed embedding of
their intrinsic normal cone into an abelian cone stack

*

.

More precisely, the above two arrows can be given as follows:

(a) For any homotopically finitely presented derived scheme X, there is an
induced obstruction theory

φ : E :“ LX|X Ñ LX Ñ τě´1LX
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on the classical truncation X :“ Xcl by [STV, Prop. 1.2].
(b) For any scheme X with an obstruction theory φ : EÑ τě´1LX, there is

an induced closed embedding

ι : CX ãÑ CpEq

of the intrinsic normal cone CX into the abelian cone stack CpEq.

In derived algebraic geometry, p´1q-shifted 1-forms are the natural analogs
of cosections. We have a similar hierarchy for them:

(a) Let α : OX Ñ LXr´1s be a p´1q-shifted 1-form on a homotopically
finitely presented derived scheme X. Then we have an induced cosection

σ :“ α|_X : E_r1s Ñ OX

for the induced obstruction theory φ : E :“ LX|X Ñ τě´1LX on the
classical truncation X :“ Xcl.

(b) Let σ : E_r1s Ñ OX be a cosection for an obstruction theory φ : E Ñ
τě´1LX on a scheme X. Then we have an induced linear function

lσ :“ Cpσ_r1sq : CpEq Ñ A1
X

on the associated abelian cone stack CpEq.

We now state the main result in this subsection. We refer to Appendix B for
the generalizations of intrinsic normal cones, obstruction theories, and abelian
cone stacks to (higher) Artin stacks.

Theorem A.1. Let X be a homotopically finitely presented derived Artin stack.
Let φ : E :“ LX|X Ñ τě´1LX be the induced obstruction theory on the classical
truncation X :“ Xcl and let ι : CX ãÑ CpEq be the induced closed embedding.

p1q (Cone reduction, [KL]) For any p´1q-shifted 1-form α P A1pX;´1q,
we have a commutative diagram of cone stacks

CpEσq� _

��

// X� _

0
��

pCXqred

ιred

55

� � // CX
� � ι

// CpEq lσ
// A1

X

for a unique dotted arrow where σ :“ α|_X and Eσ :“ conepσ_r1sq.
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p2q (Obstruction theory reduction) For any p´1q-shifted closed 1-form
rα P A1,clpX;´1q, we have a commutative diagram of complexes

OXr1s
σ_r1s

// E //

φ
��

Eσ

φred
{{

τě´1LX

for a unique dotted arrow where α :“ rα0 is the underlying p´1q-shifted
1-form, σ :“ α|_X , and Eσ :“ conepσ_r1sq.

p3q (Derived reduction, [STV]) For any p´1q-shifted exact 1-form r

rα P
A1,expX;´1q :“ A0pX;´1q (see Remark A.2 below), we have a homo-
topy commutative diagram of derived Artin stacks

Xred //

��

X

0
��

X //

>>

X
r

rα
// A1

Xr´1s

for some Xred where the square is homotopy cartesian and the triangle
induces isomorphisms X – pXredqcl – Xcl.

Moreover, if the classical truncation X of X is a quasi-projective scheme, then
(2) and (3) are equivalent by Proposition A.4 below.

In Theorem A.1, we use the following definitions of shifted closed/exact
forms.

Remark A.2. Let X be a homotopically finitely presented derived Artin stack.

(1) The space of d-shifted p-forms is defined as the mapping space

Ap
pX; dq :“MapdggrpCpp´pqq,DRpXqrd´ psq

–MapDpXqpOX,^
pLXrdsq

(2) The space of d-shifted closed p-forms is defined as the mapping space

Ap,cl
pX; dq :“MapdggrpCpp´pqq,NCpXqrd´ psq

–Mapε-dggrpCpp´pqq,DRpXqrd´ psq
(3) The space of d-shifted exact p-forms is defined as

Ap,ex
pX; dq :“ Ap´1

pX; dq.

Then we have canonical maps of spaces

Ap,expX; dq “ Ap´1pX; dq
dDR

// Ap,clpX; dq
p´q0

// AppX; dq,
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see [PTVV, Rem. 1.17].

Before we prove Theorem A.1, we explain how the three reductions in The-
orem A.1 are related.

Remark A.3. In the situation of Theorem A.1, we have the following:

(1) The obstruction theory reduction in Theorem A.1(2) is equivalent to
the scheme-theoretical cone reduction, i.e., there exists a commutative
diagram of cone stacks

CpEσq� _

��

// X� _

0
��

CX

<<

� � ι
// CpEq lσ

// A1
X

for some dotted arrow. Hence the obstruction theory reduction in The-
orem A.1(2) clearly implies the cone reduction in Theorem A.1(1).

(2) The derived reduction in Theorem A.1(3) implies the obstruction the-
ory reduction in Theorem A.1(2). Indeed, the commutative diagram
of derived Artin stacks induces a commutative diagram of cotangent
complexes

OXr1s “ LXred{X|Xr´1s
dDRprrαq0

// LX|X //

��

LXred |X

xx

LX

where LXred{X|X “ LX{A1
Xr´1s|X “ OXr2s. By composing with the canon-

ical map LX Ñ τě´1LX, we obtain the desired obstruction theory re-
duction.

Note that the cone reduction in Theorem A.1(1) was shown by Kiem-Li
[KL] (see Lemma 4.16) and the derived reduction in Theorem A.1(3) is trivial.
(This approach was first introduced by Schürg-Toën-Vezzosi [STV].) Thus the
essential part of Theorem A.1 is the obstruction theory reduction in Theorem
A.1(2). We will deduce this from the derived Poincaré lemma (which was
essentially shown by Brav-Bussi-Joyce [BBJ]):

Proposition A.4. Let X be a derived scheme such that the classical truncation
X :“ Xcl is quasi-projective and the diagonal is affine. Then the canonical map

A1,ex
pX;´1q :“ A0

pX;´1q
dDR
ÝÝÑ A1,cl

pX;´1q

is an equivalence.
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Proof. Let PCpXq be the cofibre of the map B : CCpXqpp´1qqr1s Ñ NCpXq in
dggr induced by the map DRpXqpp´1qqr1s Ñ NCpXq in [PTVV, Rem. 1.6] via
adjunction. Consider the induced morphism of cofibre sequences

(104) NCpXqppq I
//

��

PCpXqppq S
//

��

CCpXqpp´ 1qr2s

DRpXqppq I
// CCpXqppq S

// CCpXqpp´ 1qr2s

in dg. Note that we have canonical equivalences

(105) PCpXqppq – PCpXqppq – RΓppY, pΩ‚Yqr2ps – RΓpXan,Cqr2ps

in dg where pΩ‚Y is Hartshorne’s algebraic de Rham complex [Har] for an embed-
ding X ãÑ Y into a smooth scheme Y and Xan is the analytic space associated
to X. Based on the HKR isomorphism [TV2, BZN] (see also [Hoy]), the first
equivalence follows from Goodwillie’s nil-invariance [Goo1, Thm. IV.2.1], the
second equivalence follows from the Feigin-Tsygan theorem [FT, Thm. 5] (see
also [Emm, Thm. 2.2] and [Wei3, Thm. 3.4]), and the third equivalence follows
from Hartshorne’s comparison theorem [Har, Thm. IV.1.1].

We first claim that the canonical map given by the upper sequence in (104)

(106) MapdgpC,CCpXqp0qr´1sq
B
ÝÑ MapdgpC,NCpXqp1qr´2sq

is an equivalence. Indeed, since Hkp´q of (105) vanishes for p “ 1 and k ď ´3,
it suffices to show that

H´2
pPCpXqp1qq B

ÝÑ H0
pCCpXqp0qq

is injective. We may assume that X is connected. Choose a non-empty affine
open subscheme Spec pAq Ď X. Then we have a commutative square

H´2pPCpXqp1qq S
//

–

��

H0pCC0
pXqp0qq

��

H´2pPCpAqqp1q �
� S

// H0pCC0
pAqp0qq

where the left vertical arrow is bijective by (105) and the lower horizontal arrow
is injective by [Emm, Prop. 2.6]. Hence we have the desired injectivity.

Then the canonical map given by the lower sequence in (104)

(107) MapdgpC,DRpXqp0qr´1sq
I
ÝÑ MapdgpC,CCpXqp0qr´1sq
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is an equivalence since CCpXqp´1q – 0. By combining the two equivalences
(106) and (107), we can deduce that the canonical map

MapdgpC,DRpXqp0qr´1sq
dDR
ÝÝÑ MapdgpC,NCpXqp1qr´2sq

is an equivalence as desired. �

Remark A.5. The derived Poincaré lemma also appears in [AKLPR, Lem. 6.11].
We refer readers who are interested in a generalization of Kiem-Li’s cosection
localization [KL], using derived algebraic geometry and homotopical methods
in intersection theory, to [AKLPR] (we only consider the cone reduction part
in this paper).

A.2. Shifted closed 1-forms on moduli of perfect complexes. In this
subsection, we prove that the cosections given by the semi-regularity maps can
be enhanced to shifted closed 1-forms. This is achieved by generalizing the
integration map of [PTVV] and defining the hat product for derived mapping
stacks.

We first generalize the integration map in [PTVV] for Calabi-Yau varieties
to arbitrary smooth projective varieties.

Theorem A.6. Let X be a smooth projective variety of dimension n. Let M
be a derived Artin stack. Then there exists a natural map

ż

π

p´q : DRpX ˆMq Ñ DRpMqpp´nqq

in ε-dggr where π : X ˆMÑM is the projection map. Consequently, we have
a natural homotopy-commutative square

Ap,clpX ˆM, iq

ş

πp´q
//

��

Ap´n,clpM, i´ nq

��

AppX ˆM, iq

ş

πp´q
// Ap´npM, i´ nq.

Proof. By the Künneth formula in Lemma A.7 below, we have a canonical
equivalence

DRpMq b DRpXq
–
ÝÑ DRpX ˆMq

in ε-cdgagr. Hence it suffices to construct a natural integration map for X,
ż

X

p´q : DRpXq Ñ Cpp´nqq

in ε-dggr. Equivalently, it suffices to construct a natural map

CCpXqpnq Ñ C
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in dg since we have an adjunction CCp´qpnq % p´qpp´nqq. The canonical
equivalence

H0
pCCpXqpnqq – H2n

pX,ΩďnX q
–
ÐÝ Hn

pX,Ωn
Xq

–
ÝÑ C

gives us the desired map. �

We provide a Künneth formula for DR in the following lemma. This lemma
is required to complete the proof of Theorem A.6.

Lemma A.7. Let X be a smooth projective variety. Let M be a derived Artin
stack. Then there is a canonical equivalence

DRpXq b DRpMq Ñ DRpX ˆMq
in ε-cdgagr.

Proof. Form a homotopy-cartesian square of derived Artin stacks

(108) X ˆM
q

//

π

��

X

��

M // Spec pCq.

Consider the canonical map

(109) q˚p´q Y π˚p´q : DRpXq b DRpMq Ñ DRpX ˆMq
in ε-cdgagr given by the universal property of the coproduct. It suffices to show
that the map (109) induces an equivalence in dggr since the forgetful functor

ε-cdgagr
Ñ cdgagr

Ñ dggr

is conservative.
Note that we have a canonical equivalence

(110) DRpMq –
à

p

RΓpM,^pLMrpsq

in cdgagr, if we forget the mixed structure in DRpMq (see [CPTVV, Rem. 2.4.4]).
Moreover, since we have a canonical equivalence LXˆM – q˚pLXq ‘ π˚pLMq in
DpX ˆMq, we also have an induced canonical equivalence

^
pLXˆM –

à

p“p1`p2

q˚p^p1LXq b π˚p^p2LMq

in DpX ˆMq. Applying (110) for X,M, X ˆM to the canonical map (109), it
suffices to show that the canonical map

(111) RΓpX,^p1LXqbRΓpM,^p2LMq Ñ RΓpXˆM, q˚p^p1LXqbπ˚p^p2LMqq

in dg is an equivalence.
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We will factor the map (111) as follows: Firstly, consider the canonical map

(112) π˚q
˚
p^

p1LXq b ^p2LM Ñ π˚pq
˚
p^

p1LXq b π˚p^p2LMqq

in DpMq given by the adjunction π˚ % π˚. Secondly, consider the canonical
base change map

(113) RΓpX,^p1LXq bOM Ñ π˚q
˚
p^

p1LXq

in DpMq given by the cartesian square (108). Finally, consider the canonical
map

(114) RΓpX,^p1LXq bRΓpM,^p2LMq Ñ RΓpM, RΓpX,^p1LXq b ^p2LMq

in dg given by the adjunction p´qbOM % RΓpM,´q. Then the map (111) is the
composition of (114), RΓpM, p´qb^p2LMq of the map (113), and RΓpM,´q of
the map (112). Hence it suffices to show that the three maps (112),(113),(114)
are equivalences.

The map (112) is the projection formula for π : X ˆM Ñ M and the map
(113) is the base change formula for the square (108). Both of these maps are
equivalences by [BZFN, Prop. 3.10] since X Ñ Spec pCq is a perfect morphism
in the sense of [BZFN, Def. 3.2] by [BZFN, Cor. 3.23, Prop. 3.19].

The map (114) is an equivalence since RΓpX,^p1LXq is a perfect complex in
dg and both the functors p´qbRΓpM,^p2LMq, RΓpM, p´qb^p2LMq commute
with finite colimits. �

We compare the integration map in Theorem A.6 and the one in [PTVV].

Remark A.8. Let X be a Calabi-Yau n-fold with fixed Calabi-Yau n-form
ω : OX

–
ÝÑ Ωn

X . Let M be a derived Artin stack. Then the integration map in
[PTVV] can be expressed as

(115)

ż

π,PTVV

p´q –

ż

π

pp´q Y q˚ωq : DRpX ˆMq Ñ DRpMqr´ns

where q : X ˆM Ñ X and π : X ˆM Ñ M are the projection maps. More
precisely, the second term in (115) is defined as the composition

DRpX ˆMq idbω
ÝÝÝÑ DRpX ˆMq b DRpXqppnqqr´ns

idbq˚
ÝÝÝÝÑ DRpX ˆMq b DRpX ˆMqppnqqr´ns

Y
ÝÑ DRpX ˆMqppnqqr´ns

ş

π
ÝÑ DRpMqr´ns

where ω P H0pX,Ωn
Xq – HnpX,ΩěnX q is regarded as an element in

π0MapdgpC,NCpXqpnqr´nsq – π0Mapε-dggrpC,DRpXqppnqqr´nsq
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and the cup product Y is given by the multiplicative structure of DRpX ˆMq.
We now explain how we can obtain the equivalence (115). Recall that the

integration map in [PTVV] is based on the construction of the canonical map

κ : DRpX ˆMq Ñ RΓpX,OXq b DRpMq
in ε-dggr. This can be reinterpreted as the composition

DRpX ˆMq –ÝÑ DRpXq b DRpMq Ñ RΓpX,OXq b DRpMq
where the first arrow is given by the Künneth formula in Lemma A.7 and the
second arrow is induced by the canonical map DRpXq Ñ RΓpX,OXq that corre-

sponds to the canonical isomorphism CCpXqp0q
–
ÝÑ RΓpX,Ωď0

X q via adjunction.
Hence it suffices to show that

ş

X,PTVV
p´q –

ş

X
p´q Y ω : DRpXq Ñ Cr´ns

holds in ε-dggr. This follows from the homotopy-commutative diagram

CCpXqp0q –

p´qYω

��

RΓpX,Ωď0
X q

p´qYω
��

ω
// RΓpX,Ωn

Xq
//

��

HnpX,Ωn
Xqr´ns

–
//

–

��

Cr´ns

CCpXqpnqr´ns – RΓpX,ΩďnX rnsq RΓpX,ΩďnX rnsq
// H2npX,ΩďnX qr´ns

–
// Cr´ns

in dg via adjunction.

We note that the integration map in Theorem A.6 without the closing struc-
tures can be described quite simply as follows.

Remark A.9. Let X be a smooth projective variety of dimension n. Let M
be a derived Artin stack. Then the integration map

ż

π

p´q : Ap
pX ˆM; iq Ñ Ap´n

pX; i´ nq

can be described as follows: Consider the projection map

^
pLXˆM –

à

p“p1`p2

q˚p^p1LXq b π˚p^p2LMq Ñ π˚p^p´nLMq b q
˚
pΩn

Xq

in DpX ˆMq. The adjunction π˚ % π! – π˚ b q˚pΩn
Xqrns gives us a canonical

map
π˚p^

pLXˆMq Ñ ^
p´nLMr´ns

in DpMq. Applying MapDpMqpOMr´is,´q, we obtain the above integration map.

Based on the generalized integration map in Theorem A.6, we can define the
hat products for derived mapping stacks. We first collect some basic facts on
derived mapping stacks.



COUNTING SURFACES ON CALABI-YAU 4-FOLDS I 121

Remark A.10. Let X be a smooth projective variety. Let Y be a derived Artin
stack. The derived mapping stack RMappX,Yq is the derived stack determined
by the adjunction

MapdStpU, RMappX,Yqq – MapdStpX ˆ U,Yq

for any U P dSt. By [HLP], RMappX,Yq is a derived Artin stack when Y has
a quasi-affine diagonal or the classical truncation of Y is a 1-Artin stack with
affine stabilizers.

The cotangent complex can be computed as follows. For simplicity, assume
that Y is homotopically finitely presented and has quasi-affine diagonal. Let

ev : X ˆRMappX,Yq Ñ Y

be the evaluation map. By taking differential, we have a canonical map

ev˚ : TXˆRMappX,Yq – q˚pTXq ‘ π
˚
pTRMappX,Yqq Ñ ev˚pTYq

where π, q are the projection maps. The second component of ev˚ induces an
isomorphism

pev˚q2 : TRMappX,Yq – π˚ ev˚pTYq.

in DpRMappX,Yqq by [HLP, Prop. 5.1.10].
We note that the first component of ev˚ gives us

RΓpX,TXq bORMappX,Yq – π˚q
˚TX

pev˚q1
ÝÝÝÝÑ π˚ ev˚pTYq

pev˚q2
ÐÝÝÝÝ
–

TRMappX,Yq,

and thus we obtain a canonical map

(116) p´ : H i
pX,TXq Ñ Hi

pRMappX,Yq,TRMappX,Yqq

between shifted vector fields.

We now define the hat product for a derived mapping stack.

Definition A.11. Let X be a smooth projective variety of dimension n. Let
Y be a derived Artin stack. Assume that RMappX,Yq is representable by a
derived Artin stack. We define the hat product

z´ ¨ ´ : DRpXq b DRpYq Ñ DRpRMappX,Yqqpp´nqq

as the composition

DRpXqbDRpYq q˚p´qYev˚p´q
ÝÝÝÝÝÝÝÝÑ DRpXˆRMappX,Yqq

ş

π
ÝÑ DRpRMappX,Yqqpp´nqq
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in ε-dggr, where ev is the evaluation map and π, q are the projection maps.
Consequently, we also have a homotopy-commutative square

Ap,clpX; iq ˆAq,clpY; jq
z´¨´
//

��

Ap`q´n,clpRMappX,Yq; i` j ´ nq

��

AppX; iq ˆAqpY, jq
z´¨´

// Ap`q´npRMappX,Yq; i` j ´ nq.

We can describe the shifted symplectic forms of [PTVV] on the derived
moduli spaces of perfect complexes in terms of the hat product.

Remark A.12. Let X be a Calabi-Yau n-fold with a fixed Calabi-Yau n-form
ω : OX – Ωn

X .
Let RPerf be the derived moduli stack of perfect complexes (of fixed tor-

amplitude ra, bs). Then the cotangent complex can be computed as

LRPerf – I_ b Ir´1s

for the universal complex I on RPerf . Moreover, the 2-shifted non-degenerate
2-form on RPerf given by the duality pLRPerf r1sq

_ – LRPerf r1s can be
enhanced to a 2-shifted symplectic 2-form

Θ P A2,cl
pRPerf ; 2q

using the negative cyclic homology valued second Chern character of I [TV3].
Let RPerfpXq :“ RMappX,RPerfq be the derived moduli stack of perfect

complexes on X. Then

θ :“ zω ¨Θ “

ż

π

q˚ω Y ev˚ Θ P A2,cl
pRPerfpXq, 2´ nq

is the p2´ nq-shifted symplectic form in [PTVV].

We now show that the cosections associated to the semi-regularity maps can
be enhanced to p´1q-shifted closed 1-forms.

Proposition A.13. Let X be a Calabi-Yau n-fold with a fixed Calabi-Yau n-
form ω P H0pX,Ωn

Xq. For each pn ´ 3q-shifted vector field ξ P Hn´3pX,TXq,
we can form a p´1q-shifted closed 1-form

αξ P A1,cl
pRPerfpXq;´1q

such that the induced cosection on the obstruction theory pRHomπpI, Iqr1sq_ Ñ
LPerfpXq of the classical truncation PerfpXq :“ RPerfpXqcl is equal to the
composition

RHomπpI, Iqr2s
AtpIq
ÝÝÝÑ RHomπpI, Ib LXˆPerfpXqqr3s
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ÝÑ RHomπpI, Ib Ω1
Xqr3s

tr
ÝÑ RΓpX,Ω1

Xq bOPerfpXqr3s

ÝÑ H3
pX,Ω1

Xq bOPerfpXq

´
ş

Xp´qYιξω
ÝÝÝÝÝÝÝÝÑ OPerfpXq

where I is the universal complex.

Proof. Note that we have

H2n´4
pX,Ωěn´1

X q “
à

pěn´1

H2n´4´p
pX,Ωp

Xq Ď H2n´4
DR pXq

by the Hodge decomposition. Hence ιξω P H
n´3pX,Ωn´1

X q induces an element

rιξωs :“ pιξω, 0, . . . , 0q P H
2n´4

pX,Ωěn´1
X q.

We define the p´1q-shifted closed 1-form as the following hat product in Defi-
nition A.11

αξ :“ {rιξωs ¨Θ P A1,cl
pRPerfpX;´1qq.

It remains to compute the induced cosection of αξ in the classical truncation.
By Lemma A.14 below, the underlying p´1q-shifted 1-form can be written as

pαξq0 “ {pιξωq ¨Θ0 “ ι
pξp
{ω ¨Θ0q “ ι

pξpθ0q P A1
pRPerfpXq;´1q

where pξ is defined by (116) in Remark A.10. Here p´q0 denotes the underly-
ing form after forgetting the closing structure as in Remark A.2. By [STV,
Rem. A.1], we have

ev˚ “ AtpIq : TXˆRPerfpXq Ñ RHompI, Iqr1s

for the evaluation map ev : X ˆRPerfpXq Ñ RPerf . Since pξ is defined by
the first composition of ev˚, we have the desired formula by taking dual and
classical truncation. �

We need the following technical lemma to complete the proof of Proposition
A.13. This formula is inspired by [Viz, Lem. 8].

Lemma A.14. Let X be a smooth projective variety of dimension n. Let Y be a
homotopically finitely presented derived Artin stack. Assume that RMappX,Yq
is a derived Artin stack. Then we have

ι
pξp
zα ¨ βq – ´ {pιξαq ¨ β P Ap`q´n´1

pRMappX,Yq; i` j ´ n` kq

for α P AppX; iq, β P AqpY; jq, ξ P HkpX,TXq, where pξ is defined by (116) in
Remark A.10.
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Proof. For simplicity of notation, let M :“ RMappX,Yq and

rξ :“ pq˚ξ,´π˚pξq P Hk
pXˆM,TXˆMq “ Hk

pXˆM, q˚TXq‘Hk
pXˆM, π˚TMq.

By the definition of pξ in (116), we have

ev˚prξq “ 0 P Hk
pX ˆM, ev˚pTYqq.

Firstly, we have

ι
rξpq

˚
pαq Y ev˚pβqq “ pιq˚rξq

˚
pαqq Y ev˚pβq ˘ q˚pαq Y pιev˚ rξ ev˚pβqq

“ q˚pιξpαqq Y ev˚pβq

in Hi`j`kpX ˆM,^p`q´1LXˆMq.
Secondly, we have

ż

π

ι
rξpq

˚
pαq Y ev˚pβqq “ ´ι

pξ

ż

π

pq˚pαq Y ev˚pβqq

in Hi`j`k´npM,^p`q´n´1LMq (see Remark A.9).
Combining these two formulas, we have

{pιξαq ¨ β “

ż

π

ι
rξpq

˚
pαq Y ev˚pβqq “ ´ι

pξ

ż

π

pq˚pαq Y ev˚pβqq “ ´ι
pξp
zα ¨ βq,

which completes the proof. �

Now we have the desired reduced obstruction theory as follows:

Corollary A.15. Let X be a Calabi-Yau 4-fold, v P H˚pX,Qq, and q P

t´1, 0, 1u. Let P :“ Ppqq
v pXq and let φ : E Ñ τě´1LP be the standard sym-

metric obstruction theory. Choose a non-degenerate subspace V Ď H1pX,TXq
with respect to the symmetric bilinear form Bγ for γ :“ v2 P H

2pX,Ω2
Xq. Then

we have a reduced obstruction theory φred that fits into the commutative diagram

V bOPr1s
SR_V r1s

// E //

φ
��

Ered
V

φred
zz

τě´1LP .

Moreover, this reduced obstruction theory φred comes from a canonical p´2q-
shifted symplectic derived enhancement.

Proof. Choose a basis ξ1, ¨ ¨ ¨ , ξργ P V . For the first statement, by Theorem

A.1(2), it suffices to show that the associated cosections SRpξiq : E_r1s SR
ÝÑ

H1pX,TXq
_ b OP

ξ
ÝÑ OP can be enhanced to p´1q-shifted closed 1-forms on

the standard derived enhancement RP of P. By Proposition A.13, SRpξiq
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are the underlying cosections of the p´1q-shifted closed 1-forms u˚pαξiq, where
u : RP Ñ RPerfpXq is given by the universal complex on X ˆRP.

For the second statement, since the classical truncation P is quasi-projective,
by Proposition A.4, the closed 1-forms u˚pαξiq can be lifted to unique ex-

act 1-forms Ču˚pαξiq P A1,expRP;´1q “ A0pRP;´1q. By taking the derived
zero locus of these p´1q-shifted functions, we have a reduced derived scheme
RPred Ď RP which induces the reduced obstruction theory as above. More-
over, we can pullback the p´2q-shifted symplectic form θ P A2,clpRP;´2q via
the inclusion map RPred ãÑ RP, which is also non-degenerate. �

Remark A.16. In the situation of Corollary A.15, the existence of the reduced
obstruction theory is equivalent to the scheme-theoretical cone reduction (see
Remark A.3(1)). Hence we have a commutative diagram

QpEred
V q
� � //

� _

��

CpEred
V q� _

��
qEred
V

��

CP

D

;;

� � //

44

QpEq � � //

��

CpEq
qE
��

P
0

// A1
P .

In particular, the existence of a dotted arrow implies the isotropic condition.
The main difference between Corollary A.15 and Proposition 4.19 is that

the reduced obstruction theory in Corollary A.15 is given as a factorization,
whereas the one in Proposition 4.19 is given as a composition. However note
that by (75), the two actually coincide.

Similarly, the reduced derived enhancement given by the algebraic twistor
method in Remark 4.23 coincides with the one in Corollary A.15 since they
have same the classical truncations and induced obstruction theories.

Remark A.17. The result in this section does not replace section 4. Corollary
A.15 only replaces Kiem-Li’s cone reduction lemma in Lemma 4.16. We still
need the other arguments in section 4 to define an Oh-Thomas virtual cycle
from Corollary A.15. Indeed, we need to compute the square of SR to show that
SRV is a non-degenerate cosection (see Remark 4.17) and hence the induced
symmetric form on Ered

V is non-degenerate.

Remark A.18. Corollary A.15 provides a simple alternative proof of the Bloch
conjecture for surface classes on Calabi-Yau 4-folds, which was shown in general
by Pridham [Pri] and Bandiera-Lepri-Manetti [BLM] (and by Iacono-Manetti
[IM] when the normal bundle is extendable).
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Let X be a Calabi-Yau 4-fold and S Ď X be a local complete intersection
surface. Consider an extension A ãÑ A of local Artinian C-schemes such that
mA ¨ J “ 0 where J :“ IA{A. Let S Ď X ˆA be a A-flat extension of S. Let

obpSq P H1
pX,NS{Xq b J – Ext2

XpIS{X , IS{Xq0 b J

be the obstruction of deforming S Ď X ˆA to X ˆA in [Blo, Prop. 2.6]. By
[Blo], the obstruction obpSq lies in the kernel of the semi-regularity map

sr : H1
pX,NS{Xq – Ext2

XpIS{X , IS{Xq0 Ñ H3
pX,Ω1

Xq

when the canonical map

(117) dDR : J Ñ Ω1
A bOA

is injective. The Bloch conjecture states that the same result holds without the
assumption on the injectivity of (117). (See Proposition 4.24 for the comparison
of the obstruction/semi-regularity maps for closed subschemes [Blo] and ideal
sheaves [BuFl1].)

Let P :“ Pp´1q
v pXq be the Hilbert scheme of subschemes of Chern character

v “ chpOSq. Let u : A Ñ P :“ Pp´1q
v pXq be the canonical map given by S.

By [BF, Thm. 4.5], the obstruction obpSq is equivalent to the composition

u˚E u˚φ
ÝÝÑ u˚pτě´1L

P
pqq
v pXq

q Ñ τě´1LA Ñ τě´1LA{A – J r1s

where φ : E Ñ τě´1L
P
pqq
v pXq

is the standard obstruction theory. Instead of

choosing a non-degenerate subspace V in Corollary A.15, we now consider all
the cosections that come from H1pX,TXq. By the arguments in Corollary A.15,
we can form a reduced obstruction theory φ1 that fits into the diagram

H1pX,TXq bOPr1s
SR_r1s

// E //

φ
��

E1

φ1
{{

τě´1LP .

Hence the obstruction obpSq comes from the left term in the exact sequence,

h1pE1|_
rSs b J q // h1pE|_

rSs b J q – Ext2
XpIS{X , IS{Xq0 b J sr

// H1pX,TXq
_ b J ,

which implies srpobpSqq “ 0.

Remark A.19. The results in this section can also be applied to the re-
duced curve counting theory for Calabi-Yau 3-folds with holomorphic 2-forms
in [KT1]. Indeed, Proposition A.13 assures that the cosections associated to
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the semi-regularity map and a p2, 0q-form in [KT1] can be enhanced to a p´1q-
shifted closed 1-form. This in particular provides reduced derived enhance-
ments.

However, the reduced curve counting theory for K3 surfaces in [MPT] does
not require the result in this subsection A.2 (but only the previous subsection
A.1), and was already studied in [STV]. The main reason is that the cosections
in [MPT] do not involve the Atiyah classes and we can see directly that it comes
from the de Rham differential of p´1q-shifted functions.

Appendix B. Moduli stack of semi-stable sheaves

In this section, we generalize the results in the previous sections to the moduli
stack of semi-stable sheaves. In particular, we construct reduced Oh-Thomas
virtual cycles on these moduli stacks and prove that they are deformation
invariant along Hodge loci.

We will use the following notations/conventions in this section.

(1) We use the language of 8-categories [Lur1, Lur2] and derived algebraic
geometry [TV1] as in Appendix A.
‚ An algebraic stack will always be a classical 1-Artin stack.

(2) We use the following concepts developed by Aranha-Pstragowski [AP].
These are natural generalizations of analogous notions for DM stacks
in [BF, Man].
‚ To any algebraic stack X and a derived category object E P DpXq,

we can associate a (higher) abelian cone stack [AP, Section 3]

CpEq :“ Spec SymEr´1s : T P Sch ÞÑ MapDpT qpEr´1s|T ,OT q.

When τě´1E – rD Ñ B_ Ñ S_s for a coherent sheaf D and vector
bundles B, S, then we write CpEq :“ rCpDq{rB{Sss.

‚ Let CX{Y Ď CpLX{Yq denote the intrinsic normal cone for a mor-
phism of algebraic stacks f : XÑ Y, see [AP, Thm. 6.2, Thm. 6.3].

‚ An obstruction theory22 is a morphism φ : E Ñ τě´1LX{Y in DpXq
such that h0pφq, h1pφq are bijective, and h´1pφq is surjective. An
obstruction theory φ : E Ñ τě´1LX{Y induces a closed embedding
CX{Y ãÑ CpEq by [AP, Prop. 8.2].

(3) We consider the following generalizations of [OT1, Par1].
‚ We consider the symmetric complexes of tor-amplitude r´3, 1s as

in [Par1, Def. C.1]. They are perfect complexes E on algebraic

22In [AP, Def. 8.1], the full cotangent complex LX{Y is used in the definition of an ob-

struction theory, but here we use the truncated cotangent complex τě´1LX{Y.
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stacks X equipped with p´2q-shifted symmetric forms θ : OX Ñ

Sym2
pEr´1sq such that ιpθq : E_r2s – E.

Note that there is a canonical quadratic function qE : CpEq Ñ A1
X

associated to the symmetric form θ. We denote by QpEq Ď CpEq
the zero locus of qE.

‚ An orientation of a symmetric complex E of tor-amplitude r´3, 1s
is an isomorphism of line bundles o : OX Ñ detpEq such that

detpιpθqq “ p´1q
rpr´1q

2 o ˝ o_ where r “ rankpEq.
‚ A symmetric obstruction theory for a morphism f : X Ñ Y of

algebraic stacks is a pair of a symmetric complex E of tor-amplitude
r´3, 1s on X and an obstruction theory φ : EÑ τě´1LX{Y for f .

B.1. Reduced virtual cycles for Artin stacks. In this subsection, we ex-
tend Oh-Thomas virtual cycles [OT1] (more generally, square root virtual pull-
backs [Par1]) and Kiem-Li’s cone reduction lemma [KL] to Artin stacks (which
are global quotients). Consequently, we have reduced Oh-Thomas virtual cy-
cles for these Artin stacks.

We first generalize Oh-Thomas virtual cycles [OT1] (and square root virtual
pullbacks [Par1]) to Artin stacks.

Theorem B.1. Let f : X Ñ Y be a morphism of algebraic stacks. Let φ :
EÑ τě´1LX{Y be a symmetric obstruction theory of tor-amplitude r´3, 1s such
that pCX{Yqred Ď QpEq as substacks of CpEq. Let o : OX Ñ detpEq be an
orientation. Assume that X is a global quotient stack, i.e., there exists a quasi-
projective scheme P with a linear action of a linear algebraic group G such that
X – rP {Gs. Then there is a canonical square root virtual pullback

a

f ! : A˚pYq Ñ A˚pXq.

Moreover, for any cartesian square

X1 �
�

//

f 1

��

X

f
��

Y1 �
� i

// Y

where i is a regular closed embedding, we have

(118) i! ˝
a

f ! “
a

pf 1q! ˝ i! : A˚pYq Ñ A˚pX
1
q.

Remark B.2. In the situation of Theorem B.1, when Y “ Spec pCq, we define
the Oh-Thomas virtual cycle as

rXsvir :“
a

f !rYs P A˚pXq.



COUNTING SURFACES ON CALABI-YAU 4-FOLDS I 129

Then the formula (118) gives us the deformation invariance.

Proof of Theorem B.1. We prove Theorem B.1 in four steps.

Step 1. We first show that there exists a symmetric resolution

(119) E – rS e
ÝÑ B

d
ÝÑ E – E_

d_
ÝÑ B_

e_
ÝÑ S_s

as in [OT1, Prop. 4.1]. More precisely, (119) is an equivalence in DpXq for
some vector bundles B, S and a special orthogonal bundle pE, qEq such that
the symmetric form of E is represented by

E_r2s
ιpθq
��

S
e
// B

d
// E

d_˝qE
//

qE
��

B_
e_
// S_

E S
e
// B

qE˝d
// E_

d_
// B_

e_
// S_.

Since the global quotient stack X has the resolution property [Tho, Lem. 2.6],
we can find a resolution E – rA´3 Ñ A´2 Ñ A´1 Ñ A0 Ñ A1s such that
ιpθq : E_r2s Ñ E is represented by a self-dual cochain map. Since the three
middle terms are exactly the same as in [OT1, Prop. 4.1], if we let

E :“ cokerpA´2
Ñ A´1

‘ pA0
q
_
q – kerppA´1

q
_
‘ A0

Ñ pA´2
q
_
q “ E_,

then we have E – rpA1q_ Ñ pA0q_ Ñ E Ñ A0 Ñ A1s as claimed.

Step 2. We then construct
a

f ! as follows: Consider the fibre diagram

CpDq �
�

//

����

E

����

CpEq � � // rE{rB{Sss

where D :“ cokerpd : B Ñ Eq. The horizontal maps are closed embeddings
and the vertical maps are rB{Ss-torsors. Then we have

qE|CpDq “ qE|CpDq

since the symmetric forms of E and E map to the same (degenerate) symmetric

form on rS
e
ÝÑ B

d
ÝÑ E Ñ 0 Ñ 0s. Let τ P ΓpCpDq, E|CpDqq be the tautological

section. Then we have a localized Edidin-Graham class

(120)
?
epE|CpDq, τq : A˚pCpDqq Ñ A˚pXq

since CpDq is a global quotient stack. See [KiPa2, Rem. 3.3] for the extension
of the localized Edidin-Graham class [OT1, Def. 3.2] to the equivariant Chow
groups [EG2, Tot]. Here the orientation of E is induced by the orientation of
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E via the isomorphism detpEq – detpEq induced by the symmetric resolution
(119).

Consider a global factorization

(121) Z

h
��

X

g
??

f
// Y

into a representable morphism g and a smooth morphism h for some algebraic
stack Z. Such factorization exists since X can be embedded into a smooth
algebraic stack W by assumption and we may take g : XÑ Z :“Wˆ Y. Let

C
s

//

r

��

C �
� j

//

��

CpDq

��

CX{Z
// CX{Y

� � // CpEq

be a fibre diagram of higher Artin stacks. Then we can form maps
(122)

A˚pYq
h˚
ÝÑ A˚pZq

spX{Z
ÝÝÝÑ A˚pCX{Zq

r˚
ÝÑ A˚pCq

ps˚q´1

ÝÝÝÝÑ A˚pCq
j˚
ÝÑ A˚pCpDqq

between the Chow groups of algebraic stacks(=1-Artin stacks). Here the spe-
cialization map spX{Z is well-defined as in [Man] since g : X Ñ Z is repre-
sentable, and the smooth pullbacks r˚, s˚ are isomorphisms by [Kre1, Prop. 4.3.2]
since r is a rB{Ss-torsor and s is a TotpTZ{Yq-torsor. By composing the two
maps (120) and (122), we can define the square root virtual pullback

(123)
a

f ! : A˚pYq Ñ A˚pXq

It is easy to show that
a

f ! is independent of the choice of a global factor-
ization (121). Indeed, we just have to show that (122) is independent of (121),
which can be seen by the arguments in [KiPa1, Lem. 4.6].

Step 3. Next we show that the square root virtual pullback
a

f ! in (123)
is independent of the choice of the symmetric resolution (119), as in [OT1,
Sect. 4.2]. This part is quite technical so we will only focus on the main
difference with [OT1]. By a deformation argument as in [OT1] and adding an
acyclic symmetric complex of the form

rT1
id
ÝÑ T1 Ñ 0 Ñ T_1

id
ÝÑ T_1 s ‘ r0 Ñ T2

p1,0q
ÝÝÑ T2 ‘ T

_
2

p0,1q
ÝÝÑ T_2 Ñ 0s,
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it suffices to consider the following special case. Consider a commutative dia-
gram

0 // M �
�

//
� _

��

N // //
� _

��

K //
� _

��

0

S
e
// B

d
// E

where the upper row is exact and the vertical arrows are injective. We will
compare the two symmetric resolutions

E – rS e
ÝÑ B

d
ÝÑ E

d_
ÝÑ B_

e_
ÝÑ S_s

E – rpS{Mq e
ÝÑ pB{Nq

d
ÝÑ pKK

{Kq
d_
ÝÑ pB{Nq_

e_
ÝÑ pS{Mq_s.

Consider the fibre diagram

CpDq �
�

//

t
��

KK � � //

��

E

��

CpGq �
�

//

��

KK{K

��

CpEq � � // rpK
K{Kq{rpB{Nq{pS{Mqss

� � // rE{rB{Sss

where G :“ cokerppB{Nq Ñ pKK{Kqq. Let rτ P ΓpCpGq, KK{K|CpGqq be the
tautological section. Then the formula

?
epE|CpDq, τq “

?
epKK

{K|CpGq, rτq ˝ t
˚

in [KiPa2, Cor. 4.7] proves the claim.

Step 4. Finally, we prove (118). Consider the factorization X1 Ñ Z1 Ñ Y1

induced by the base change of (121) along i : Y1 Ñ Y. By Vistoli’s rational
equivalence [Vis, Kre2] (cf. [Qu, Prop. 2.5]), we have a commutative square

A˚pZq
spX{Z

//

i!

��

A˚pCX{Zq

i!

��

A˚pZ 1q
spX1{Z1

// A˚pCX1{Z1q // A˚pCX{Z|X1q.

Since the localized Edidin-Graham class (120) commutes with the refined Gysin
pullback i! by [KiPa2, Lem. 4.4(3)], we obtain the desired formula (118). �

Next, we generalize Kiem-Li’s cone reduction lemma [KL] to Artin stacks.
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Theorem B.3. Let X be an algebraic stack. Let φ : E Ñ τě´1LX be an
obstruction theory. Let Σ : E_r1s Ñ F be a map to a vector bundle F . Then

pCXqred Ď CpEΣq

as substacks of CpEq where EΣ :“ conepΣ_r1s : F_r1s Ñ Eq.

Proof. Choose a smooth surjection rXÑ X from an affine scheme rX. We claim
that we can form a morphism of distinguished triangles

(124) E|
rX

//

φ

��

// rE //

rφ

��

Ω1
rX{X

// E|
rX
r1s

φr1s

��

τě´1pLX|rXq
// τě´1L

rX
// Ω1

rX{X
// τě´1pLX|rXqr1s

in the underlying triangulated category DpXq :“ rDpXqs. Indeed, the dotted

arrow exists since rX is affine and conepφr1sq P DprXq has amplitude p´8,´3s.

Then rE and rφ can be defined by the axioms of triangulated categories.

The long exact sequence associated to (124) ensures that rφ is an obstruction

theory. Moreover we can define a map rΣ as the composition

rΣ : rE_r1s Ñ E|_
rX
r1s

Σ|
rX

ÝÝÑ F |
rX
.

Then we can apply Kiem-Li’s cone reduction lemma (see Lemma 4.16) for the

scheme rX. Hence we have

pC
rX
qred Ď CprE

rΣq

as substacks of CprEq, where rE
rΣ :“ coneprΣ_r1s : F |_

rX
r1s Ñ rEq. By (124), we

have a fibre diagram

pC
rX
qred
� � //

����

C
rX

� � //

����

CprEq

����

CprE
rΣq

? _oo

����

pCX|rXqred
� � // CX|rX

� � // CpE|
rX
q CppEΣq|rXq

? _oo

where the horizontal maps are closed embeddings and the vertical maps are
BT

rX{X
-torsors by [AP, Lem. 5.12(1), Thm. 6.3(2)]. Hence we can deduce the

desired property via descent. �

Finally, we generalize the construction of reduced Oh-Thomas virtual cycles
for non-degenerate cosections in this paper (cf. [KiPa2]) to Artin stacks.
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Theorem B.4. In the situation of Theorem B.1, consider a map Σ : E_r1s Ñ
F to a special orthogonal bundle pF, qF , oF q on X such that Σ2 “ qF . We
further assume that Y is smooth scheme and the composition

(125) F_
Σ_
ÝÝÑ Er´1s

φ
ÝÑ pτě´1LX{Yqr´1s

KS
ÝÑ Ω1

Y|X

is zero. Then there is a canonical reduced square root virtual pullback
b

f !
red : A˚pYq Ñ A˚pXq

such that
a

f ! “
?
epF q ˝

a

f !
red. Moreover, for any cartesian square

X1 �
�

//

f 1

��

X

f
��

Y1 �
� i

// Y

where i is a closed embedding of smooth schemes, then we have

(126) i! ˝
b

f !
red “

b

pf 1q!red ˝ i
! : A˚pYq Ñ A˚pX

1
q.

Proof. Let E – Ered‘F r1s be a decomposition of symmetric complexes induced
by Σ2 “ qF . By a standard argument as in Theorem 5.1, we can modify
the relative obstruction theory φ into an absolute obstruction theory. The
vanishing of the composition (125) ensures that the relative cosection Σ can
be lifted to the absolute obstruction theory. Hence we can apply the cone
reduction lemma in Theorem B.3. As in Theorem 5.1, we now have a closed
embedding pCX{Yqred ãÑ QpEredq. Then we can define the reduced square root

virtual pullback
a

f !
red as in Theorem B.1 using the data pCX{Yqred ãÑ QpEredq.

Here we consider the orientation of Ered induced by the canonical isomorphism
detpEredq – detpEq b detpF r1sq_. The argument in Theorem B.1 also proves
formula (126). �

Remark B.5. We hope to remove the global quotient hypothesis in Theorem
B.1 and Theorem B.4. At least when X has reductive stabilizers and quasi-
affine diagonal, then the authors expect that this will not be very difficult.
Indeed, we sketch the following argument. By Alper-Hall-Rydh [AHR], there
exists an étale cover X 1 Ñ X by a global quotient stack X 1. By the Chow
lemma [BP] (cf. [LMB]), we can form a proper surjection X 2 Ñ X from a
global quotient stack X 2 using X 1. Since we have a Kimura sequence [AKLPR,
Cor. 1.23] for the Chow groups of higher Artin stacks developed by Khan [Kha],
we can reduce the situation to the global quotient case.
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If this expectation works, then we can apply Theorem B.4 to any open
substack of the moduli stack PerfpXq of a perfect complexes on a Calabi-Yau
4-fold X which has a good moduli space [Alp].

B.2. Moduli stack of semi-stable sheaves. In this subsection, we apply
the results in the previous subsection to the moduli stack of sheaves.

We first consider the rigidified version. Let pX,Hq be a polarized Calabi-Yau
4-fold. Let C ohpXq be the moduli stack of coherent sheaves on X. Then there
exists a natural BGm-action on C ohpXq. Let C ohpXq(Gm :“ rC ohpXq{BGms

be the quotient stack.23 Let

MH,ss
v pXq Ď C ohpXq( Gm

be the open substack of (Gieseker) H-semi-stable sheaves with Chern character
v P H˚pX,Qq. Here semi-stability is an open condition by [HL, Prop. 2.3.1].

Theorem B.6. Let pX,Hq be a polarized Calabi-Yau 4-fold and v P H˚pX,Qq.
Then there is a canonical reduced virtual cycle

rMH,ss
v pXqsred

P A1´ 1
2
χpv,vq` 1

2
ργ
pMH,ss

v pXqq

depending on the choice of an orientation. Moreover, if rMH,ss
v pXqsred ‰ 0,

then the variational Hodge conjecture holds for X and v2.

Proof. We first fix some notation. Let M :“ MH,ss
v pXq and λ : ĂM Ñ M be

the Gm-gerbe induced by C ohpXq Ñ C ohpXq( Gm. Let E be the universal

sheaf on X ˆ ĂM and π : X ˆ ĂM Ñ ĂM be the projection map. Note that we
have a weight decomposition

DpĂMq –
ź

wPZ

DpMq

by Bergh-Schnürer [BS], where DpĂMq :“ rDpĂMqs and DpMq :“ rDpMqs are
the underlying triangulated categories of the stable 8-categories.24 Moreover,

λ˚ : DpMq Ñ DpĂMq

is fully faithful and the essential image consists of weight zero objects.

We describe the canonical symmetric obstruction theory on ĂM as follows.
Let RC ohpXq be the derived moduli stack of coherent sheaves on X. Then the

23Since the BGm-action on C ohpXq is free, i.e., the induced Gm-action on the stabilizers
AutpEq are free for all E P C ohpXq, we can alternatively use the rigidification of classical
1-Artin stacks, see [AOV, Thm. A.1].

24For an 1-Artin stack, the derived category defined via descent in the context of derived
algebraic geometry [TV1] and the derived category defined as a full subcategory of sheaves
of modules on the lisse-étale site in [LMB, Ols] coincide by Hall-Rydh [HR, Prop. 1.3].
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canonical map ĂM E
ÝÑ RC ohpXq induces an open embedding on the classical

truncations. Hence we have an induced symmetric obstruction theory

rφ : rE :“ LRC ohpXq|ĂM “ pRHomπpE,Eqr1sq
_ AtpEq
ÝÝÝÑ τě´1L

ĂM,

which satisfies the isotropic condition by [BBBBJ] and is orientable by [CGJ].

Since rE P DpĂMq is a weight zero object, we have λ˚pλ˚rEq – rE for λ˚rE P DpMq.
We note that the canonical obstruction theory on M given by the standard

derived enhancement is not symmetric. Indeed, the BGm-action on C ohpXq
extends to RC ohpXq and the canonical map MÑ rRC ohpXq{BGms induces
an open embedding on the classical truncations. Hence we have an induced
obstruction theory

φ1 : E1 :“ LrRC ohpXq{BGms|M Ñ τě´1LM

where the virtual cotangent complex E1 fits into the distinguished triangle

LrRC ohpXq{BGms|ĂM
// LRC ohpXq|ĂM

// LBGm |ĂM

λ˚E1
// rE t

// O
ĂMr´1s.

Here t_ : O
ĂMr1s Ñ

rE_ “ RHomπpE,Eqr1s is given by the identity idE :
E Ñ E since the induced Gm-action on the derived loop space LRC ohpXq,E Ď

TotpRHomXpE,Eqq at rEs P RC ohpXq is the homothety.
We then symmetrize the obstruction theory φ1 via reduction operation in

[Par1, Lem. C.2]. Indeed, since

HomDpMqpOMr3s,OMr´2sq “ 0,

we can form a reduction diagram (in the sense of [Par1, Lem. C.2])

(127) OMr3s

��

OMr3s

λ˚t_r2s
��

E1

α_r2s
//

β_r2s

��

λ˚rE
λ˚t

//

α

��

OMr´1s

E
β
// E_1 r2s // OMr´1s

in the triangulated category DpMq where E is a symmetric complex. Since

HomDpMqpOMr3s, τ
ě´1LMq “ HomDpMqpOMr4s, τ

ě´1LMq “ 0,
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there exists a unique symmetric obstruction theory

φ : EÑ τě´1LM

which fits into the commutative diagram

OMr3s // E1

β_r2s
//

φ1 ##

E //

Dφ
��

OMr4s

τě´1LM

as the dotted arrow. The isotropic condition for φ follows from the one for rφ.

Indeed, we can form a commutative diagram of (higher) cone stacks on ĂM

C
ĂM
� � //

��

Cpλ˚E_1 r2sq
� �

–

Cpλ˚αq
//

Cpλ˚βq

��

CprEq

��

CM|ĂM
� � // Cpλ˚Eq � �

–
// Cpλ˚E1q

where the horizontal maps are closed embeddings and the vertical maps are
TotpT

ĂM{Mq – BGa-torsors. From the reduction diagram (127), we can deduce

that the two quadratic functions qE and q
rE restrict to the same function on

C
ĂM. Since the composition

C
ĂM � CM|ĂM � CM

is smooth surjective, we obtain the desired isotropic condition via descent.

Moreover, an orientation of E can be induced by one of rE since we have

detpEq – λ˚ detprEq
by the reduction diagram (127).

We will now form a cosection SR : E_r1s Ñ H1pX,TXq
_ b OM for the

obstruction theory φ on M. Firstly, define a cosection for the obstruction

theory rφ on ĂM as the composition

ĂSR : rE_r1s “ RHomπpE,Eqr2s
AtpEq
ÝÝÝÑ RHomπpE,Eb LXˆĂMqr3s

ÝÑ RHomπpE,Eb Ω1
Xqr3s

tr
ÝÑ RΓpX,Ω1

Xq bO
ĂMr3s

ÝÑ H3
pX,Ω1

Xq bO
ĂM

–
ÝÑ H1

pX,TXq
_
bO

ĂM.

Then we have ĂSR
2
“ Bγ b 1O

ĂM
by the argument in Proposition 4.12. Then

there exists a unique cosection

SR : E_r1s Ñ H1
pX,TXq

_
bOM
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which fits into the commutative diagram

OMr3s // E1

β_r2s
//

α_r2s
��

E //

DSR
��

OMr4s

λ˚rE
λ˚ĂSR

// H1pX,TXq
_ bOMr1s

since

HomMpOMr3s, H
1
pTXq

_
bOMr1sq “ HomMpOMr4s, H

1
pTXq

_
bOMr1sq “ 0.

Moreover, we have SR2
“ λ˚ĂSR

2
“ Bγ b 1OM by the reduction diagram (127).

Therefore, if we choose a maximal non-degenerate subspace V Ď H1pTXq,

then we have a non-degenerate cosection SRV : E_r1s SR
ÝÑ H1pTXq

_bOMr1s Ñ
V _ b OMr1s for the symmetric obstruction theory φ : E Ñ τě´1LM. Hence
we can apply Theorem B.4 and define a reduced Oh-Thomas virtual cycle

rMs
red
P A˚pMq

where M is a global quotient stack [HL].
Finally, we show that rMsred is deformation invariant and rMsred ‰ 0 implies

the variational Hodge conjecture. Let f : X Ñ B be a family of Calabi-Yau
4-folds (as in Theorem 5.1). Let rγ P F 2H4

DRpX {Bq be a horizontal section and
let Pvptq P Qrts be the Hilbert polynomial determined by v. Then we have a
relative moduli stack MsspX {Bq of semi-stable sheaves E on the fibres Xb of f :
X Ñ B over b P B with ch2pEq “ rγb and PEptq “ Pvptq as a global quotient open
substack of C ohpX {Bq [HL]. Then all the arguments above also work for the
relative setting so that we have a relative symmetric obstruction theory φX {B :
EX {B Ñ τě´1LMpX {Bq and a cosection SRX {B : E_X {Br1s Ñ pR1f˚TX {Bq|

_
MpX {Bq.

As in Lemma 4.21, we have an analogous commutative square

EX {B
SRX {B

//

φX {B
��

pR1f˚TX {Bq|
_
MpX {Bqr1s

KSX {B
��

τě´1LMpX {Bq
KSMpX {Bq{B

// Ω1
B|MpX {Bqr1s

since HomMpX {BqpOMpX {Bqr4s,Ω
1
B|MpX {Bqr1sq “ 0. Then, based on Theorem

B.4, all the remaining arguments in Theorem 5.1 work in this setting. More-
over, the analog of Theorem 5.13 also works in this setting, since there is a
good moduli space of MpX {Bq which is proper over B. �
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Remark B.7. In the proof of Theorem B.6, if we restrict to the moduli scheme
MH,st

v pXq of stable sheaves, then the reduction in (127) is just the truncation

τ r´2,0s
pRHomπpE,Eqr1sq

_,

which is used in [OT1, KiPa2].

Remark B.8. Theorem B.6 also holds for the non-rigidified moduli stack
ĂMH,ss

v pXq Ď C ohpXq. However, we will not use this approach since this will
give us a weaker statement for the application to the variational Hodge con-

jecture since rĂMH,ss
v pXqsred “ λ˚rMH,ss

v pXqsred.

Remark B.9. Assuming the expectation in Remark B.5, then the first part
of Theorem B.6 holds for any 1-Artin open substack MpXq Ď PerfpXq( Gm

with good moduli space. Moreover, if we can form a 1-Artin open substack
MpX {Bq Ď PerfpX {Bq(Gm with proper good moduli space for any family of
Calabi-Yau 4-folds X Ñ B, then the second part of Theorem B.6 also holds.

Next, we consider the fixed determinant version. Let pX,Hq be a polar-
ized Calabi-Yau 4-fold. Note that there is a canonical determinant map det :
C ohpXq Ñ PicpXq to the moduli stack PicpXq of line bundles on X. Let
C ohpXqOX :“ C ohpXq ˆdet,PicpXq,OX Spec pCq be the fibre over the trivial line
bundle. Let

MH,ss
v pXqOX Ď C ohpXqOX

be the open substack of H-semi-stable sheaves with Chern character v P

H˚pX,Qq.

Theorem B.10. Let pX,Hq be a polarized Calabi-Yau 4-fold and v P H˚pX,Qq.
Assume that v0 ‰ 0 and v1 “ 0. Then there is a canonical reduced virtual cycle

rMH,ss
v pXqOX s

red
P A 1

2
χpOXq´ 1

2
χpv,vq` 1

2
ργ
pMH,ss

v pXqOX q

depending on the choice of an orientation. Moreover, if rMH,ss
v pXqOX s

red ‰ 0,
then the variational Hodge conjecture holds for X and v2.

Proof. This follows from the arguments in Theorem 4.5, Theorem 5.1, and
Theorem 5.13, based on Theorem B.4. This is possible by the existence of the
relative moduli stack of semi-stable sheaves as a global quotient stack with
proper good moduli space over the base. We omit the details. �

Remark B.11. Assuming the expectation in Remark B.5, we can generalize
Theorem B.10 to any 1-Artin open substack of PerfpXqOX with (proper) good
moduli space, as in Remark B.9.



COUNTING SURFACES ON CALABI-YAU 4-FOLDS I 139

Appendix C. Orientations for relative moduli spaces

In this subsection, we prove that family orientations exist on the topological
versions of the moduli spaces. We regard this result as heuristic evidence for
Conjecture 5.7.

C.1. Orientations for fibrations of topological spaces. We consider the
following purely topological statement.

Proposition C.1. Let p : C Ñ B be a (locally trivial) fibration of topological
spaces. Assume that the base B is path connected and locally path connected,
and the fibre Cb :“ C ˆB tbu over a point b P B has finitely many connected
components. Let O Ñ C be a principal Z2-bundle. If the fibres O|Cb are trivial
for all b P B, then there exists a finite-sheeted covering u : B1 Ñ B such that
the pullback O|CˆBB1 is trivial.

Moreover, we can further assume that degpuq “ |π0pCbq|!.

Proof. Fix a point c P C and let b :“ ppcq P B. Consider the fibre diagram

Oc
//

��

Ob
//

��

O

��

tcu // Cb //

��

C
p

��

tbu // B

where Ob :“ O|Cb . Since the two maps O Ñ C and O Ñ B are fibrations, there
are monodromy actions

(128) m : π1pC, cq ü π0pOcq, n : π1pB, bq ü π0pObq.

Moreover, the canonical map

π0pOcq Ñ π0pObq

is compatible with the above two monodromy actions in (128). Since we have
Ob “ Cb

Ů

Cb by assumption, there is a canonical bijection

(129) π0pObq – π0pCbq ˆ π0pOcq.

We can form a commutative diagram of groups

(130) π1pC, cq
p˚

//

m

��

π1pB, bq
n

��

Autpπ0pOcqq // Autpπ0pObqq
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where the vertical maps are given by the monodromy actions in (128), the upper
horizontal map is the canonical pushforward for p, and the lower horizontal map
is given by the decomposition (129).

To show that the Z2-bundle O Ñ C is trivial, it suffices to show that the left
vertical map m : π1pC, cq Ñ Autpπ0pOcqq in (130) is trivial. Since the lower
horizontal map in (130), given by (129), is injective, it suffices to show that
the right vertical map n : π1pB, bq Ñ Autpπ0pObqq in (130) is trivial.

Note that π0pObq is finite since π0pCbq is finite by assumption and we have
(129). Hence the kernel of the map n : π1pB, bq Ñ Autpπ0pObqq is a normal
subgroup of π1pB, bq of finite index. Hence there exists a covering map

u : B1 Ñ B

such that the composition

π1pB1, b1q
u˚
ÝÑ π1pB, bq

n
ÝÑ Autpπ0pObqq

is trivial and the degree of u divides the order of the finite group Autpπ0pObqq.
Then the pullback O|CˆBB1 is trivial since the commutative square (130) is
compatible with base change.

Finally, replacing B1 by its covering, we can further assume that the degree
of u : B1 Ñ B is exactly the order of the group Autpπ0pObqq. �

C.2. Orientations for relative topological moduli spaces. Let f : X Ñ

B be a smooth projective morphism of smooth quasi-projective schemes. Con-
sider the mapping space

CpX {Bq :“ MapTop
{Btop

pX top,Btop
ˆBU ˆ Zq,

where p´qtop denotes the underlying topological space (with the analytic topol-
ogy). Here we used the modified compact-open topology on the mapping space
MapTop{Btopp´,´q which satisfies adjunction ([BB]). Then we have a homotopy
fibre diagram

CpXbq //

��

CpX {Bq

��

tbu // B

for each b P B, where CpXbq :“ CpXb{tbuq. Note that

π0pCpXbqq “ K0
toppXbq

is the topological K-theory of Xb.
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Let rv be a horizontal section of
À

pH
2p
DRpX {Bq. Then rvtop can be regarded

as a section of the C-local system
À

pR
2pf top

˚ C (Remark 3.31(1)). Hence we
can consider an open subspace

CpX {B, rvq Ď CpX {Bq
which fits into the fibre diagram

CpXb, rvbq //

��

CpX {B, rvq

��

tbu // B

for each b P B, where CpXb, rvbq “ CpXb{tbu, rvbq Ď CpXbq is the union of con-
nected components α Ď CpXbq whose corresponding K-theory classes rαs map
to rvb P H

˚pXb,Cq under the topological Chern character map

chtop : K0
toppXbq Ñ H˚

pXb,Qq.

Corollary C.2. Let f : X Ñ B be a smooth projective morphism of smooth
quasi-projective schemes. Assume that B is connected. Let rv be a horizontal
section of

À

pH
2p
DRpX {Bq. Let O Ñ CpX {B, rvq be a principal Z2-bundle. If the

fibres O|CpXb,rvbq are trivial for all b P B, then there exists a finite étale cover
u : B1 Ñ B such that the pullback O|CpX 1{B1,rv1q is trivial, where X 1 :“ X ˆB B1
and rv1 :“ u˚prvq.

Moreover, we can further assume that degpuq “ |K0
toppXbqtor|! where p´qtor

denotes the torsion subgroup.

Proof. By Ehresmann’s theorem CpX {B, rvq Ñ B is a locally trivial fibration.
To apply Proposition C.1, it suffices to show that

π0pCpXb, rvbqq “ pchtop
q
´1
prvbq

is finite. This set is bijective to kerpchtop
q “ K0

toppXbqtor. Since K0
toppXbq is a

finitely generated abelian group (by the Atiyah-Hirzebruch spectral sequence),
π0pCpXb, rvbqq – K0

toppXbqtor is also finite.
Finally, there is a natural equivalence of categories

tfinite étale covers of Bu – tfinitely-sheeted topological coverings of Btop
u

by [SGA1, Exposé XII, Cor. 5.2]. Hence the finite covering in Proposition C.1
comes from a finite étale map. �

Remark C.3. Let f : X Ñ B be a smooth projective morphism of smooth
quasi-projective schemes of relative dimension 4 with connected fibres. Assume
that the relative canonical bundle ωX {B is trivial and B is connected. Let rv
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be a horizontal section of
À

pH
2p
DRpX {Bq. Let PerfpX {B, rvq be the moduli

stack of all perfect complexes on the fibres of f (which exists as a higher Artin
stack) whose Chern characters are pullbacks of rv. Then there exists a canonical
Z2-bundle O Ñ PerfpX {B, rvq given by the determinant line bundle detpEq
of the restriction E of the cotangent complex of the derived enhancement of
PerfpX {B, rvq. We want to know whether the Z2-bundle O is trivial.

If the canonical map

ptop : PerfpX {B, rvqtop
Ñ Btop

(given by the topological realization functor [Sim, Bla]) were a locally trivial
fibration, then this will follow from Proposition C.1. However, ptop is not locally
trivial in general.

What we can use instead is the topological mapping space. There is a canon-
ical map

PerfpX {B, rvqtop
Ñ CpX {B, rvq

and the map
c : CpX {B, rvq Ñ Btop

which is a locally trivial fibration.
In view of Corollary C.2, the remaining ingredients required to prove Con-

jecture 5.7 are as follows:

(1) construct a natural Z2-bundle on CpX {Bq whose fibres on CpXbq are the
ones defined by Joyce-Tanaka-Upmeier [JTU], and

(2) compare the Z2 bundle in (1) with the natural orientation on PerfpX {Bq.
We note that this strategy is exactly the same as the fibrewise result of

Cao-Gross-Joyce [CGJ]. They showed the orientability on PerfpXbq by (1)
constructing an orientation bundle on CpXbq, (2) showing the compatibility
of orientations of PerfpXbq and CpXbq, and (3) showing the orientability of
CpXbq. In their setting, (3) was the most difficult part using topological facts
on 5-manifolds. In our situation, we only need to generalize parts (1) and (2)
to the relative setting.
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[Cal] A. Căldăraru, The Mukai pairing—II: the Hochschild–Kostant–Rosenberg isomor-
phism, Adv. Math. 194 (2005), no. 1, 34–66.

[CGJ] Y. Cao, J. Gross, and D. Joyce, Orientability of moduli spaces of Spin(7)-
instantons and coherent sheaves on Calabi-Yau 4-folds, Adv. Math. 368 (2020),
107134.

[CK1] Y. Cao and M. Kool, Zero-dimensional Donaldson-Thomas invariants of Calabi-
Yau 4-folds, Adv. Math. 338 (2018), 601–648.

[CK2] Y. Cao and M. Kool, Curve counting and DT/PT correspondence for Calabi-Yau
4-folds, Adv. Math. 375 (2020), 107371.

[CKM] Y. Cao, M. Kool, and S. Monavari, K-theoretic DT/PT correspondence for toric
Calabi-Yau 4-folds, Comm. Math. Phys. (2022), doi:10.1007/s00220-022-04472-0.

[CL] Y. Cao and N. C. Leung, Donaldson-Thomas theory for Calabi-Yau 4-folds,
arXiv:1407.7659.

[CMT1] Y. Cao, D. Maulik, and Y. Toda, Genus zero Gopakumar-Vafa type invariants
for Calabi-Yau 4-folds, Adv. Math. 338 (2018), 41–92.

[CMT2] Y. Cao, D. Maulik, and Y. Toda, Stable pairs and Gopakumar-Vafa type invariants
for Calabi-Yau 4-folds, J. Eur. Math. Soc. 24 (2022), 527–581.

[COT1] Y. Cao, G. Oberdieck, and Y. Toda, Gopakumar-Vafa type invariants of holo-
morphic symplectic 4-folds, arXiv:2201.10878.

[COT2] Y. Cao, G. Oberdieck, and Y. Toda, Stable pairs and Gopakumar-Vafa type in-
variants on holomorphic symplectic 4-folds, Adv. Math. 408 (2022), 108605.

[CT1] Y. Cao and Y. Toda, Curve counting via stable objects in derived categories of
Calabi-Yau 4-folds, Adv. Math. 406 (2022), 108531.

[CT2] Y. Cao and Y. Toda, Tautological stable pair invariants of Calabi-Yau 4-folds,
Adv. Math. 396 (2022), 108176.

[CT3] Y. Cao and Y. Toda, Gopakumar-Vafa type invariants on Calabi-Yau 4-folds via
descendent insertions, Comm. Math. Phys. 383 (2021), no. 1, 281–310.

[CS] F. Charles and C. Schnell, Notes on absolute Hodge classes, in: Hodge theory,
469–530, Math. Notes, 49, Princeton Univ. Press, 2014.

[CMLR] C. Ciliberto, M. Mendes Lopes, and X. Roulleau, On Schoen surfaces, Com-
ment. Math. Helv. 90 (2015), 59–74.
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