Announcement of a few asymptotic results

1. for fixed design: if [|5°]1 = o(, / 15575 )s then

IX(5 = 8%)13/n = op(1)

slow rate, just consistency

2. for fixed design which satisfies a “compatibility condition’
(restricted eigenvalue condition) with constant ¢3 > 0:

1X(B — 8°)|8/n = Op (So'g(PH)

ngsg

A | 1
13— 8% = Op (So og(p) >

n¢§

So = |Sol = [{J; 5} # O}

¢2 close to zero means “badly conditioned (highly
correlated)” columns of X



therefore:

> ifsp =0 (%gbg)i
IX(3 — 8%3/n = Op (s"'g(W) S0 (. o0)

n gbg
> if 5o = o(1 /%qﬁ%):

18- = O (50 '°g,§p)¢‘g) = 0(p.n )




Developing the theory for announced results

Corollary 6.1. in Bihlmann and van de Geer (2011)
Corollary 6.1
assume:

> e NNn(O,O'2/)
» scaled columns aj? =1V

For
2
N 45 [t +2nlog(p)

where 6 is an estimator for . Then, with probability at least
1 — a where

o =2exp(—t2/2) + P[6 < o]

we have that

IX(3—8)13/n < SME



Implications and Asymptotic viewpoint
the proper \ =< /log(p)/n (take e.g. t?> = log(p))

Corollary 6.1 implies:

IX(3 — 8°)I5/n = Op( X 18°111) = Op(+/log(p)/nl|3°|1)
~\/log(p)/

even for very sparse case with ||3°(|; = O(1):
slow convergence rate of order Op(+/log(p)/n)

benchmark: OLS oracle on the variables from Sy = {j; ﬁ}’ # 0}

||X(BOLS—oracle - IBO)HS/I’T = OP(SO/n)v So = |SO‘

we will later derive for the Lasso, under additional assumptions on X: fast
convergence rate

IX(B - B%)|3/n= Op(log(p)s—r;)) (if ¢2 bounded away from zero)



for slow rate: no assumptions on X (could have perfectly
correlated columns)



Proof of such results: see visualizer



Extensions

the proof technique decouples into a deterministic and
probabilistic part (the set T)

the deterministic part remains the same for other probabilistic
structures (other analysis for P[7]) such as:

» heteroscedastic errors with
Ele;] = 0, Var(ej) = 02 # const.

» dependent observations ~ for fixed design, dependent
errors

» non-Gaussian errors
sub-Gaussian distribution
second moments plus bounded X: see Example 14.3 in
Bdhlmann and van de Geer (2011)

» random design: assume that ¢ is independent of X
~» condition on X: invoke the results for fixed design and
integrate out



heteroscedastic errors
e ~ N;y(0, D), where D = diag(o?, ..., 02)
assume that: 0?2 < o? < o0
~—~
some pos. const.

Then, Corollary 6.1 remains true with o2 as above

Proof:
exactly as before but exploiting that V; ~ N/(0, 77) with 7; < 1
and using that P[| V| > c] <P[ |Z| > ]
~—
~[N(0,1)]
Exercise: work out the details.



errors from stationary distribution

e ~Np(0,T), where I';; = R(i — j) = R(j — i)

assume that: 3°5° __|R(k)| < oo and [X¥| < Ky < oo
Then, Corollary 6.1 remains true with 0 = K2>%° __ |R(K)|

Proof:
Exercise. (A bit more tricky...)



Compatibility condition, Restricted eigenvalues,
Sparse eigenvalues

if we want to identify and estimate the regression parameter ;3°
~» need necessarily more assumptions

example:

if X() = X() ~ cannot distinguish between 9 and 33

—in low dimensions: typically assume rank(X) = p (< n)
—rank(X) < min(n, p) ~ for p > n: never achieve full rank p



how to measure “degree” of identifiability?

suppose X0 = X3°
then:

o
I

1X(0 = 8%)3/n = (0 = 8°)72(0 - 5°)
> )‘rznm( ) ||9_BOH§
———
min. eigenval. of &
=X"X/n

T

A~ . >
SInCe )\r2nm(z) = mlnu;u;éO m

for p > n: X2, (£) = 0~ bound above is “useless”



idea: restrict to small sub-matrices
~» sparse eigenvalues (Meinshausen & Yu, 2009)

Fan(m) = _min  (Xin(Es):18] < m)

SC{1,..p
N CLD ¥
320/ lo<rm 18113

= ¢o(m) =

Denote by sy = [|6]lo, So = [15%[l0
Then: if we require ¢2. (Sp + So) > 0:
since [0 — 3%|jo < Sp + So We obtain

0 =[IX(0 —B%)5/n > dhin(ss+ S0) 16 — 5°II5
~ 0 =0



Conclusion:

if we restrict to sparse vectors 8 with at most the sparsity of 89,
i.e., [|0]lo = so < [|5%]lo = So

~» can identify the regression parameter vector if ¢2. (2s) > 0

(have not shown that identification works with the Lasso...)



Restricted eigenvalues

instead of sparse eigenvalues:
Lasso identifies 5° under weaker conditions

idea: can restrict to additional cone condition:

for a subset S C {1,..., p}, consider cone
[8sellh < 3 IBsl (1)
arbitrary

the /1-norm in the (large) complement S¢ of S is small
Restricted eigenvalue (Bickel, Ritov & Tsybakov, 2009):

o
H2(m’3): min min B Zg
Si1slsm g0, g fulfills (1) [1Bsll3




Why such a cone?

can show that for Lasso, with high probability (on 7):
cone condition is fulfilled for 5 — 5% for S = S,

on T : 11(8 = B)ssllt = I1Bssllv < 31(3 - 8%, I

if ©2(sg,3) > 0: can identify 5% with the Lasso
Proof: an incomplete version, see visualizer



Compatibility constant

slightly weaker condition the restricted eigenvalue
Compatibility constant for the set Sy (van de Geer, 2007):

2 = min S0

i min (So =S| = ”BOHO)
70 |8l <3ls, I [ Bs, 12

see also Bihlmann and van de Geer, p. 106
It holds that

08 > K2(S0,3)
Proof: Cauchy-Schwarz inequality

185,111 < VS0l Bs, l2

In the denominator of x2(sy, 3) we have ||3g,|/3
~ ¢g > Hz(So, 3)



compatibility condition holds:
¢5 >0

and this is still enough to identify the true parameter with Lasso
using only qbg > 0 (instead of the stronger assumption
K2(S0,3) > 0)



Oracle inequality for the Lasso

Y=X8"+¢, p>n

for the Lasso:

Theorem 6.1 in Bihlmann and van de Geer (2011)
assume: compatibility condition holds with compatibility
constant ¢3 (> L > 0)

Then, on 7 and for A > 2\q:

IX(B — B°3/n+ 1B — 81 < 4X2s0/ %

recall: T ={2 max eTXW /n| < Ao}
J=10p

77777

P[T] large if A\g < +/log(p)/n

When does the compatibility condition hold?



Corollary 6.8 from Biihimann and van de Geer (2011) —
modified form

Assume that the row vectors of X are i.i.d. sampled from a
sub-Gaussian distribution with mean zero and covariance
matrix . Assume that

> )2 (£)>0

min

> S0 = |Sol = O(v/n/log(p))

Then, for some C > 0:
¢8> CX2,.(X) > 0 with probability — 1 (n — o)

Example: Toeplitz matrix £; = pl' /1 (0 < p < 1):
A2 (¥) > L, > 0where L, is independent of p

min



Implications of oracle inequality

assume that ¢2 > L > 0
on Tt [|X(3 — B°13/n+XIB — Bl < 4X2s0/¢§
if \(=2Xg) < +/log/n:asp>n— oo,

IX(3 — B°[13/n = Op(s0 log(p)/n)

13 — 8%t = Op(s0v/log(p)/n)

thus, when compatibility condition holds:

1. fast rate of convergence for prediction
if So with sy = o(n) would be known:

IXBors — 8°|[3/n = Op(so/n)
~> factor log(p) is the (small!) price for not knowing S

2. estimation error for 5° in terms of the ¢1-norm



Variable screening
active set (of variables): Sy = {j; BIQ £ 0}
estimated active set: Sy = {j; f; # 0}

make an assumption that true regression coefficients are not
too small

"beta-min condition” : min |57| > 4\so/ 08
j€So ~——

bound for ||3 — 59|

— P[S D Sp] > P[T] = “large”

with high probab: Lasso selects a superset of the active set Sy
~» Lasso does not miss an important active variable!



P[S D Sy] > P[T] = “large”

Proof:

Suppose that S 2 Sp: ~ there exists j* € Sy with Bj* =0
But then, on 7

18— B%1 > 18 — 821 = 189 > 450/

which is a contradiction to the oracle inequality

(for || 3 — 8|1 < Mso/¢?)
|



Theory versus Practice

theory:
P[5 D Sp] — 1

if the following hold:
» compatibility condition for the (fixed) design X
» beta-min condition
» i.i.d. Gaussian errors (can be relaxed)

in addition: | S| < min(n, p)
hence: huge dimensionality reduction if p > n



in practice: P[S D Sy] may not be so large...
even if one chooses A very small which results in a typically
larger set S...

possible reasons to explain with theory:

> compatibility constant ¢7 might be very small (due to highly
correlated columns in X or near linear dependence among
a few columns of X)

~ |18 = 8%l < 4rso/¢B
~» requires a stronger beta-min condition!

» errors are non-Gaussian (heavy tailed)
it is “empirically evident” though: }P’[S 2 Sqbstandial(c)] large
where Ssubstantial(C) = {/, |6_/0| 2 N c ,}
large



The Lasso workhorse

motif regression
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Variable selection

under more restrictive irrepresentable condition or
neighborhood stability condition on the design X

and assuming beta-min condition mincg, |6j°| > /8 log(p)/n:

P[S = So] — 1 (n — o)

the irrepresentable condition is sufficient and essentially
necessary for consistent variable selection

this condition is often not fulfilled in practice
(and choosing the correct A would be difficult as well)

~» variable screening is realistic (“choose A\ by CV”)
variable selection is not very realistic



Variable selection

under more restrictive irrepresentable condition or
neighborhood stability condition on the design X

and assuming beta-min condition mincg, |6j°| > /8 log(p)/n:

P[S = So] — 1 (n — o)

the irrepresentable condition is sufficient and essentially
necessary for consistent variable selection

this condition is often not fulfilled in practice
(and choosing the correct A would be difficult as well)

~» variable screening is realistic (“choose A\ by CV”)
variable selection is not very realistic
better “translation”:
LASSO = Least Absolute Shrinkage and Screening Operator



version of Table 2.2 in the book:

property | design condition | size of non-zero coeff.

slow prediction conv. rate no requirement no requirement

fast prediction conv. rate compatibility no requirement

estimation error bound |5 — 3°||4 compatibility no requirement

variable screening compatibility beta-min condition
or restricted eigenvalue | weaker beta-min cond.

variable selection neighborhood stability beta-min condition
< irrepresentable cond.




