The de-sparsified or de-biased Lasso

Recap: if p < nand rank(X) = p, then:
BOLS,;' =YTZ0 ) (XU\T ZU)
70 — x() _ x(—/’)ﬂ(/)
= OLS residuals from XD vs. XD = {(XK); Kk £}
40) = argmin_ | XUV — (|2

idea for high-dimensional setting:
use the Lasso for the residuals Z0)



The de-sparsified estimator

consider

20 = X0 _ x(D50)
= Lasso residuals from X0 vs. X(=) = {x(0); k = j}
49 = argmin_ [|X0 — XCD 5+ Ajll7)4

build projection of Y onto Z0):

YTz B 0 (XUNT Z0) 0 4
X020 = 2 o200 Ok xayz0
Y=XB0+¢ k#j

bias



estimate bias and subtract it:

— (x(k))Tx(/') N
/

~» de-sparsified estimator

N yTzW) ( X (k) ) TZz0)
)T X0)Z0 £ (x(/))Tz(/)“‘(/ +P)

not sparse! Never equal to zeroforallj=1,...,p
can also be represented as

(Y - XB)Tz0

(X(/'))—TZ(/') de-biased estimator



using that

yTz(0) g Z M 54 eTZz0)
(X)TZG e (XU)TZ0) KT (XU T Z0)
we obtain
(XK Tz(f> eTz0)
V(b WZ (X0 rz o R =P+ Vg

bias term fluctuation term

so far, this holds for any ZU)



assume fixed design X, e.g. condition on X
Gaussian error ¢ ~ Ny(0, o21)

fluctuation term:

4 n—1/2:T z0) a2HZ(f)H§/n

TXO)TZO ~ x0)Tz0/n =~ X0 TZ0 jnp2



bias term: we exploit two things

> |13 = B°ll1 = Op(s0+/log(p)/n)
> KKT condition for Lasso (on XU) versus X(=)):
|(X(k))TZ(f)/n| < )\-/2

therefore: TZ()

\fz ))TZ(J — )
T Z()) ~
_ f% a8 — i
-/
(KT N
< Ve SR 205 - o)
)j/2
< \/ﬁmOP(SO log(p)/n)
— Op(s0log(p)/V) = 0p(1) if 59 < \f)

if \; =< \/log(p)/n and (XU)TZW) /n < O(1)



summarizing ~»
Theorem 10.1 in the notes
assume:

> ¢~ N(0,02)
> )\ = Cj/log(p)/nand |ZV|2/n> L >0
> so = o(v/n/ log(p))

> [|8 = B+ = Op(s0+\/log(p)/n)
(i.e., compatibility constant ¢2 bounded away from zero)

Then:

XU))TZ/)/n A.

=1 /ml
VI 20T vn 1ZD]|2/v/n

5j)=>/\/(o 1) (=1,...,p)



more precisely:

(X0)7Z0/n

_1 g .
VP 20 rn O ) = Wik
(Wy,..., W) ~ Np(0,0%Q), max 1A = op(1)
j 7777
confidence intervals for BIQ:
. ()
bjié}n_1/2 HZ HQ/ﬁ ¢—1(1 —Oé/2)

(XU)TZW) /n

6% = ||Y — XB|3/nor 8 =|Y — XB[5/(n—11B15)



can also test
Ho, : 5] =0 versus Hy; : B] #0
can also test group hypothesis: for G C {1,...,p}

Hog: B} =0vje G
Ha : 3 € Gsuch that 8 # 0

under Hy g
4 (XU Z0 /)
max o f— b = max W + Al < max | W;

N——
distr. simulated

and plug-in & for o



Choice of tuning parameters

as usual: 3 = B(Acv); what is the role of \;?

1 1Z915/n
(XU)TZ0) /n[2

variance = o2n~ = o?/|ZV|3

if \; \, then || ZW)|2 \, i.e. large variance

error due to bias estimation is bounded by:

Aj/2

N T O

15 = Bl o< A
assuming J; is not too small
if A; \( (but not too small) then bias estimation error

~> inflate the variance a bit to have low error due to bias
estimation: control type | error at the price of slightly decreasing
power



How good is the de-biased Lasso?

asymptotic efficiency:
for the de-biased Lasso to “work” we require
> sparsity: sp = o(y/n/ log(p))
this cannot be beaten in a minimax sense
» compatibility condition for X

for optimality in terms of the lowest possible asymptotic
variance achieving the “Cramer-Rao” lower bound:

> require in addition that XU) versus X(-/) is sparse:
sj < n/log(p)
then... skipping details, the de-biased Lasso achieves (see
Theorem 10.2):

vn(b; — 7) = N(0, 720; )
N——~—
Cramer-Rao lower bound

© =%, = Cov(X) "~ as for OLS in low dimensions!



Empirical results

R-software hdi
de-sparsified Lasso

rigina " m m MMM%MmeW@MWM”“ 965

86 90 90 90 90 91 91 91 91 91 91 91 91 91 91

“W“mmﬁmmmmmﬁmmmﬁmMMWM%z

Robust " 95 87 88 88 89 90 90 90 91 91 91 91 91 91 91
Bootstrap WM mmwmwwwwmmmmwmwm 9%

black: confidence interval covered the true coefficient
red: confidence interval failed to cover



